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Local and global gradient estimates for
Finsler p-harmonic functions

QIAOLING XIA

In this paper, we give the local and global gradient estimates for
positive Finsler p-eigenfunctions on a complete Finsler manifold
M with the weighted Ricci curvature bounded from below by a
negative constant. As applications, we obtain some Liouville and
Harnack theorems, and the global gradient estimates for positive
Finsler p-harmonic functions. As a by-product of the global esti-
mate, we obtain an upper bound of the first p-eigenvalue A; , for
Finsler p-Laplacian A,. Further, we study the geometric structure
at infinity of Finsler manifolds with A, achieving its maximum
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1. Introduction

Harmonic functions on Riemannian manifolds have been one of the impor-
tant research objects in geometric analysis. It is well known that Cheng-
Yau’s local gradient estimate for positive harmonic functions is a standard
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result in Riemannian geometry ([CY]), which implies that a harmonic func-
tion with sublinear growth on a manifold with nonnegative Ricci curvature
is a constant. Cheng-Yau’s local gradient estimate has been generalized in
different settings by many mathematicians. For example, Wang-Zhang ob-
tained a local gradient estimate for positive p(> 1)-harmonic functions in a
geodesic ball Br(o) on a Riemannian manifold M ([WZ]) and Munteanu-
Wang generalized the above local gradient estimate to the weighted Rieman-
nian manifold with nonnegative weighted Ricci curvature ([MW]). Recently,
this local gradient estimate has been extended to Alexandrov spaces by
Zhang-Zhu (|ZZ]) and Finsler measure spaces by C. Xia ([Xc]). On the other
hand, R. Moser recently established an interesting connection between the p-
harmonic functions and the inverse mean curvature flow in [Mo] and proved
the existence of the weak solution to the inverse mean curvature flow starting
from the boundary of any smooth compact domain in the Euclidean space.
After that, Kotschwar-Ni in [KN] had succeeded in carrying out the same
scheme on general Riemannian manifolds with sectional curvature bounded
from below. The existence of the weak solutions for these inverse mean cur-
vature flows strongly relies on a uniform gradient estimate (independent
of p) for the function v = —(p — 1) logu with u being p-harmonic. Inspired
by these, one of the objectives of this paper is to establish the local and
global gradient estimates for Finsler p(> 1)-harmonic functions and give
some applications. The further applications of the global gradient estimates
for Finsler p-harmonic functions will be studied elsewhere.

Recall that a Finsler manifold (M,F) means a smooth manifold M
equipped with a Finsler metric (or Finsler structure) F : TM — [0, 400)
such that F, = F|p,a is a Minkowski norm on T,M at each point z €
M. Given a smooth measure m, the triple (M, F,m) is called a Finsler
measure space. A Finsler measure space is not a metric space in usual sense
because F' may be nonreversible, i.e., F'(z,y) # F(z, —y) may happen. This
non-reversibility causes the asymmetry of the associated distance function.
We say that F satisfies uniform convexity (resp. uniform smoothness or
concavity) if there exists a positive constant «* (resp. k) such that for any
xeM,VeT,M\{0} and y € T, M, we have

(L1)  &F*(z,y) <gv(yy),  (resp. gv(y,y) < cF*(z,y)),

where gy = (g;(V)) is the Riemannian metric on M induced by F with
reference vector V. implies that 0 < k* <1 < k < o and F has finite
reversibility A (see below). The uniform smoothness and the uniform
convexity were first introduced in Banach space theory by Ball, Carlen and
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Lieb in [BCL]. Recently S. Ohta gave their geometric explanations in Finsler
geometry ([Oh)]). In fact there are many Finsler metrics satisfying ((1.1]). For
example,

e any reiular Randers metric F' = a4+ 8 on a closed manifold M sat-

2
isfies (1.1) with x = (%—‘_”2) and k* = (}—j) , where « is a Rieman-
nian metric and g is a 1-form with b = maxgens ||B]la < 1 on M ([ZY],

Corollary 6.3).

e any regular Randers metric F' = a 4+ 8 on a noncompact manifold sat-
isfies uniform smoothness and convexity with xk and x* as above, where
B is a closed and conformal, in particular, parallel 1-form with respect
to a. In this case, b = || ]| is a constant.

Note that F'is not smooth at the zero section and F' is nonlinear. This causes
that the gradient Vu of a smooth function v on M is only continuous on
M and the Finsler Laplacian A,, or p-Laplacian A, ;,, is not linear and not
well defined on the whole manifold. It should be understood in a weak sense.
The precise definitions of the gradient V and the Finsler p(> 1)-Laplacian
A, will be given in Section 2.

Moreover, it is well known that Ricci curvature plays a prominent role
in Riemannian geometric analysis and geometric topology. In Finsler ge-
ometry, the global (analytic or topological) properties of manifolds are af-
fected by not only Riemannian quantities, for example, flag curvature and
Ricci curvature, but also non-Riemnanian quantities, such as, S-curvature,
Douglas curvature and Landsberg curvature etc., which vanish in Rieman-
nian geometry ([BCS], [Sh]). S.Ohta introduced the weighted Ricci curvature
Ricy for N € [n,00] in terms of the Ricci curvature and S-curvature, and
proved that the condition that Ricy has a lower bound is equivalent to
the curvature-dimension condition, introduced by Lott-Villani and Sturm
([Oh1l], [LV], [Sti]-[St2]). Studies show the weighted Ricci curvature plays
an important role in global Finsler geometry. Some progress of comparison
geometry and geometric analysis on Finsler manifolds with weighted Ricci
curvature bounded below has been made in recent years ([Oh1]-[Oh2], [OS1]-
[0S2], [WX], [Xd, [Xial]-[Xia3] and references therein). In this paper, we
continue to pursue the study on this aspect. In particular, we give the local
and global gradient estimates of eigenfunctions for the Finsler p-Laplacian
on a complete Finsler manifold (M, F') equipped with a uniform smooth and
uniform convex Finsler metric F' if the weighted Ricci curvature is bounded
from below by a negative constant. As applications, we obtain the Harnack
or Liouville properties for Finsler p-harmonic functions. Further we obtain



454 Qiaoling Xia

a global upper bound estimate for Finsler p-harmonic functions and a upper
bound estimate of the first p-eigenvalue.

Theorem 1.1. Let (M, F,m) be an n(> 2)-dimensional forward complete
and noncompact Finsler measure space equipped with a uniformly convex
and uniformly smooth Finsler metric F' and a smooth measure m. Assume
that Ricy > —K for some N € [n,00) and K > 0. Let u be a positive p-
eigenfunction corresponding to the eigenvalue \,, i.e.,

(1.2) Apu = —NplulP2u

in a weak sense in a forward geodesic ball B;R(q) C M foranyq € M. Then
there exists a positive constant C = C(N, p, k, k*) depending on N, the uni-
form constants k and k*, such that

1++vVKR

(1.3) sup {F(z,Vlegu(z)), F(z,V(—logu(x)))} <C 7

z€B;;(q)

In particular, F(xz,Vlogu(z)) and F(x,Vlog(—u(x))) are bounded on M.

The precise definitions of the gradient V, the Finsler p(> 1)-Laplacian
A, and the weighted Ricci curvature Ricy etc. will be given in Section 2.
When p =2 and A\, = 0, that is, v is a harmonic function, Theorem @ is
reduced to Theorem 1.1 in [Xc]. If (M, F') is Riemnnian and A, =0 (i.e.,
u is a p-harmonic function), then Theorem is exactly Theorem 1.1 in
[WZ]. It is worth mentioning that Theorem does not coincide with the
local gradient estimate for positive p-harmonic functions on weighted Rie-
mannian manifold (M, gv,, m) since Ricy and the weighted Ricci curvature
RicY\* of (M, ggu, m) are different ([Oh], [Xc]). In fact, Ricy depends only
on the Finsler structure F' and the measure m, while Ric%“ depends on wu.
Moreover, in [CY], Cheng-Yau combined the Bochner technique and max-
imum principle to prove the local gradient estimates of eigenfunctions on
Riemannian manifolds. Cheng-Yau’s approach turned out to be very useful
to estimate the first (Riemannian) eigenvalue, heat kernel and so on ([Li]). It
also can be used to prove the local gradient estimate for harmonic functions
on a compact Finsler manifold with the weighted Ricci curvature bounded
below (Theorem 1.3, [ZX]), but does not work on a complete noncompact
Finsler manifold because of the nonlinearity of Finsler Laplacian. We will
use the method of Moser’s iteration to prove Theorem which is inspired
from recent works by Wang-Zhang ([WZ]) in Riemannian case and C. Xia
(IXc]) in Finslerian case.
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It is worth mentioning that the local gradient estimate for eigenfunctions
has a uniform bound independent of A,. This is because the terms containing
Ap in and in §3 are just cancelled. Theorem is also true in
Riemannian case (see the proof of Theorem 2.2 in [SW]). In particular, when
Ap = 0, the weak solution of is a p-harmonic function (cf. §2). Thus
Theorem [I.1] also implies a local gradient estimate for p-harmonic functions
on a Finsler manifold. As applications, one obtains the Harnack and Liouville
properties by standard arguments (cf. §1.3 in [SY], [Xd], [ZZ]).

Corollary 1.1. Let (M, F,m), Ricy be as in Theorem and u be a posi-
tive p(> 1)-eigenfunction or p-harmonic function in a geodesic ball By5(q) C
M. Then there exists a constant C = C(N,p, k,k*) such that

sup u(x)SeC(H\/KR) inf  u(z).
z€B}(q) zeB(q)

If K =0, then we have a uniform constant ¢ = ¢(N,p, k, k*) independent of
R such that

sup u(x) <c inf wu(x).
z€B}(q) z€Bf(q)

Corollary 1.2. Let (M, F,m) be as in Theorem with Ricy > 0. If u
s a p-eigenfunction bounded from below on M or uw is a p-eigenfunction
of sublinear growth on M, then w is constant. In particular, any positive
p-harmonic function on M must be a constant.

Based on the local gradient estimate, we obtain a global gradient esti-
mate for p-eigenfunctions as follows. In Riemannian case, A =xk =x* =1
and Ricy is the usual Ricci curvature on M. Such an estimate is due to
Sung-Wang ([SW]).

Theorem 1.2. Let (M, F,m) be an n(> 2)-dimensional forward complete
and noncompact Finsler measure space equipped with a uniformly convex and
uniformly smooth Finsler metric F' and a smooth measure m. Assume that
Ricy > —K for some N € [n,00) and K > 0. Let u be a positive p(> 1)-
eigenfunction on M corresponding to the first eigenvalue A1 ,. Then

(1.4) xsgA%{F(x, Vlogu(z)), F(z,V(—logu(x)))} < x,

where x 1is the largest positive root of the equation

(1.5) (p—Dx" = AV/(N = KX+ Ay, =0,
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where A is the reversibility of F.

We should point out that has two positive roots and the value
X is the bigger one, which is well defined by Theorem below. A direct
consequence of Theorem gives a global gradient estimate for positive
p-harmonic functions.

Corollary 1.3. Let (M,F,m) and Ricy be as in Theorem [1.9 If u is a
positive p-harmonic function, then

(1.6) sup{F(z,Vlogu(z)), F(x,V(—logu(z)))} < A(N_—ll)K
zeM D

As a by-product of the proof of Theorem [I.2] we obtain a upper bound
estimate for the first eigenvalue of p(> 1)-Laplacian on a forward complete
and noncompact Finsler manifold as follows (also see Corollary . By
the way, several (sharp) lower bound estimates for the first eigenvalue of p-
Laplacian on a compact Finsler manifold without boundary or with smooth
boundary were given by the author of the present paper, according to dif-
ferent arrange of p ([Xiall]-[Xiad]).

Theorem 1.3. Let (M, F,m) be an n-dimensional forward complete non-
compact Finsler manifold with finite reversibility A and X1, be the first
eigenvalue for the Finsler p(> 1)-Laplacian on M. Assume that Ricy > —K

p
for some N € [n,+00) and K > 0. Then A\;p < (A(NP_UK> )

When (M, F') is Riemannian, Theorem was given by S. Cheng in
[Ch] for p =2 and Sung-Wang for general p > 1 in [SW] in different ways.
A natural question is to ask what geometric structure of Finsler manifolds
with maximal eigenvalue A1) is, which is another objective of this paper.
In Riemannian case, this question has been studied by P. Li and J. Wang
etc. in different settings ([LW1]-[LW2], [SW]). Inspired by these works, one
obtains the following result.

Theorem 1.4. Let (M, F,m) be an n(> 2)-dimensional complete and non-
compact Berwald space containing a straight line v : R — M and bs the
Busemann function associated to 4. Assume that I satisfies

(1.7) K F?(z,y) < gvb, (v,y) < F*(z,y), y€TuM
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for some constant 0 < k* <1 and Ricy > —K for some N € [n,00) and

K>0.If \p = <p*1A\/(N — I)K)p, then either (M, F,m) has no finite
volume ends containing 7 or (M, F,m) has a splitting as follows.

(1) (M, m) admits a diffeomorphic measure splitting (M, m) = (R x M,
e tVIN-DE Ly 1), where L' is the one-dimensional Lebesque measure and
m = ml,; is the induced measure on M = bgl(()).

(2) (M, F) is reversible and Apyv = — X1 p|v[P~2v in the distribution sense,
where A\ p = (p_l (N — 1)K>p and v = exVN=DK by Further, let M; :=
b;l(t) and {p} be the one-parameter family of C*®°-transformations of M
generated from Vbs. Then ¢ is a homothetic transformation of (M, F)
with a homothetic factor 3\/K/(N —1). Moreover, it holds (M,F) =
Uer (My, Fy), the union of a family of reversible Finsler submanifolds
(My, Fy), where My = py(M) with ¢ (F,) = e VE/WN=DE (M F) is a com-
pact and reversible Finsler manifold with nonnegative weighted Ricci curva-
ture and F (resp.Fy) is the induced Finsler metric on M (resp.M;) from F.

It is worth mentioning that there are non-Riemannian reversible Berwald
metrics (cf. [CS|, Example 4.3.1). It is not known if there is a splitting as
in Theorem 1.4 for a complete Finsler space (M, F,m) equipped with a
uniformly smooth and convex Finsler metric under the same assumptions
on Ricy and Ay, as in Theorem 1.4. Moreover, it is a natural question to
study the structure of manifolds at infinity with maximal A\q , if M admits
a straight line contained in an end with infinite volume. If F' is Riemannian,
then the equalities in hold identically, N = n and Ricy is the usual
Ricci curvature in Riemannian geometry. Thus Theorem (also Proposi-
tion is exactly Theorem 3.1 in [SW]. It is very interesting that there
exists a splitting phenomenon on a weighted Riemannian manifold with the
weighted Ricci curvature Ricy bounded from below for N < 0 ([Mail).

2. Preliminaries

In this section, we briefly review some basic concepts in Finsler geometry,
as well as some recent progress on the global analysis on Finsler manifolds.
For more details, we refer to [BCS|, [Sh], [Oh1], [OS2], [WX] and [Xia2].

2.1. Finsler metrics and geodesics

Let M be an n-dimensional smooth manifold and T'M the tangent bun-
dle of M. A Finsler metric F' on M means a function F': TM — [0, 00)
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with the following properties: (1) F is C* on TMy :=TM \ {0}; (2) for
each x € M, F, := F|r,p is a Minkowski norm on T,M, ie., F satisfies
F(z,A\y) = AF(x,y) for all A > 0 and the matrix [g;;(z,y)] = [5(F?)yiy] is
positive definite for any nonzero y € T, M. Such a pair (M, F) is called a
Finsler manifold and g := g;;(x, y)dx'dz’ is called the fundamental tensor
of F. Given a smooth measure m, the triple (M, F,m) is called a Finsler
measure space. For any Finsler metric F', its dual F*(x, &) = supp, (y)—1 §(v)
is a Finsler co-metric on M, where £ € TX(M).

We define the reverse metric F of F by F(x,y):= F(z,—y) for all
(r,y) € TM. It is easy to see that is also a Finsler metric on M. A
Finsler metric F' on M is said to be reversible if ?(m,y) = F(x,y) for all
y € TM. Otherwise, we say F' is nonreversible. In this case, we define the
reversibility A = A(M, F') of F by

A= F(:L‘a _y)

Sup .
(@y)erm\{o} F(z,y)

Obviously, A € [1,00] and A =1 if and only if F is reversible.
Given a non-vanishing smooth vector field V', one introduces the weighted
Riemannian metric gy on M given by

(2.1) gv(y,w) = gij(x, Va)y'w?,  for y,w € T,M and x € M.

Thus, we have F2(V) = gy(V, V). If F satisfies the uniform smoothness or
convexity (see (1.1])), then A is finite with

(2.2) 1 <A < min{vk, /1/K*}.

F' is Riemannian if and only if x = 1 if and only if x* = 1 ([OhL]).
For x1,x9 € M, the distance from x1 to x5 is defined by

1
dF(l'l,.’L'Q) = lgf/o F(")/(t))dt,

where the infimum is taken over all C! curves ~y : [0,1] — M such that v(0) =
x1 and (1) = xe. Note that dp(x1,z2) # dp(x2,z1) unless F is reversible.
If A < oo, then dp(z1,22) and dp(ze,z1) are comparable. Now we define
the forward and backward geodesic balls of radius R with center at © € M
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by
B (z):={z€ M |dp(z,z) <R}, Bg(z):={2€ M |dp(z,z) < R}.

A C*' curve n:[0,£] — M is called a geodesic if it has constant speed
(i.e., F(n,n) is constant) and if it is locally minimizing. Such a geodesic is
in fact a C*° curve. Given x € M and v € T, M, we define the exponential
map by exp, v = 1(1) if there exists a geodesic n : [0, 1] — M with n(0) =z
and 1(0) =v. A Finsler manifold (M, F) is said to be forward complete
(resp. backward complete) if each geodesic defined on [0, ) (resp. (—¢,0])
can be extended to a geodesic defined on [0,00) (resp. (—o0,0]). (M, F) is
backward complete if and only if (M, F') is forward complete. We say (M, F')
is complete if it is both forward complete and backward complete. By Hopf-
Rinow Theorem (Theorem 6.6.1, [BCY]), if (M, F) is forward complete, then
any two points x, z € M can be connected by a minimal geodesic from x to
z and the forward closed balls BE(m) are compact. For x € M and a unit
vector v € T, M, let tg = sup{t € (0, o0]|dp(z, exp,(tv)) = t}. If o < oo, we
call exp,(tov) a cut point of x. The set of all cut points of z is said to be the
cut locus of x, denoted by Cut(z). Cut(z) has zero measure and dp(z,-) is
smooth on M \ (Cut(x) U {x}). Moreover, F(Vdp) =1 ([BCS], [Sh]).

2.2. Connection and curvatures

Let m : TMy — M be the projective map. The pull-back 7#*T M on T' My ad-
mits a unique linear connection, which is called the Chern connection. Given
a nonzero vector field V' = Vi%, the Chern connection D is determined by
the following equations

(2.3) DYY - DY X = [X,Y],

where X, Y, Z € TM, gy is defined by ([2.1)) and

i 1 BF2(z,V) e
Cv(X,Y,Z) = Cijp(a, VXYVIZF = - —— 2 L X'yizF
VXY, Z) = Gy, V) 10ViQVIgVF
is the Cartan tensor of F'. D}/(Y is the covariant derivative with respect to
the reference vector V. Note that Cy(V, X,Y) =0 from the homogeneity
of F ([BCS], [Sh]). In terms of the Chern connection, a geodesic v satisfies
D?f'y = 0. If V is a geodesic field, i.e., all integral curves of a non-vanishing
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smooth vector field V' are geodesics, then we have
(2.5) DYW =D{¥W, Dy V=DV

for any differentiable vector field W, where D9% stands for the covariant
derivative with respect to the Levi-Civita connection of the Riemannian
metric gy (Lemma 6.2.1, [Sh]). A Finsler space (M, F,m) is said to be a
Berwald space if the connection coeflicients Ffj of the Chern connection
are constants on T,M \ {0} for every x € M, which shows that the par-
allel translation along any geodesic with respect to the Chern connection
preserves the Minkowski norms on T, M for each x € M ([Sh]).

Given a non-vanishing vector field V on M, the Riemannian curvature

RY is defined by
RY(X,Y)Z := DXDyZ — DY'DXZ — Dy y, 7,

for any vector fields X,Y,Z on M. RV is independent of the choices of
connections. For two linearly independent vectors v, w € T, M \ {0}, the flag
curvature with the pole v is defined by

g (RY (v, w)w, v)
gV(U, U)gV(wv ’LU) - gV(”? ’U))2 ’

K(v,w) =

where v € T, M is extended to a geodesic field V' near z, i.e., DKV = 0.
The flag curvature K(v,w) coincides with the sectional curvature of the
2-plane spanned by v, w with respect to the Riemannian metric gy on a
neighbourhood of x. The Ricci curvature is defined by

n—1
Ric(v) :== Z K(v,e;),
i=1
where ey, ,e,_1, ﬁv) form the orthonomal basis of T, M with respect to

gv-
For any v € T, M\{0}, let n(t) be a geodesic with n(0) ==z, 7(0) =v
and dm = o(z)dz. Then the distortion of F is defined by 7(z,v):=

log W}, and S-curvature S is defined as a rate of change of

the distortion 7 along the geodesic v(t), i.e.,
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Next we recall the definition of the weighted Ricci curvature on a Finsler
manifold, which was introduced by S.Ohta ([Oh1]).

Definition 2.1. (JOh1]) Given a vector v € Ty M, let n: (—e,e) — M be
the geodesic with n(0) = = and 7(0) = v. We set dm = e~ Y1) yol; along
n, where vol; is the volume form of g;. Define the weighted Ricci curvature
involving a parameter N € (n,00) by

Ricn (v) == Ric(v) + (U on)"(0) — (\12]377_)/7(10)).

Also define Rics(v) := Ric(v) + (¥ on) (0) and Ric,(v) := ]\lfim Ricy as
—n

limits. Finally, for any A > 0 and N € [n, 0], define Ricy(\v) := A2 Ric(v).

We say that Ricy > K for some K € R if Ricy(v) > KF?(v) for all
v € TM. We remark that (¥ on) (0) = S(x,v) and (¥on)"(0) is exactly
the change rate of the S-curvature along the geodesic n(t). The following
point-wise Bochner-Weitzenbdck formula is very important to derive the
gradient estimates and study the structure of manifolds.

Theorem 2.1. ([0S2]) Given u € C*°(M), we have

F2(Vu)
2

(2.6) AV ( ) = D(Au)(Vu) + Ricoo(Vu) + | V2ull35(v4)

as well as

(Au)?
N

(2.7) AV <F2(2W> > D(Au)(Vu) + Rien(Vu) +

for N € [n, o], point-wise on M,, = {x € M|du(z) # 0}, where ”VQUH%Js(Vu)
stands for the Hilbert-Schmidt norm with respect to gv,,.

In fact, we have a more refined inequality than (2.7) (Theorem 2.2,
[WX]), that is,

AV <F2(2V“)> > D(Au)(Vu) + Ricy (Vu) + (Bu)®

N
N [(Au  D(F*(z,Vu))(Vu)\>
(28) TN <N  2F2(x,Vu) > '

All the above inequalities also hold on M in the integral sense ([OS2], [WX]).
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2.3. Gradient and p-Laplacian

Let J:T*M — T'M be the Legendre transform associated with F' and its
dual norm F*, that is, a transformation J from T*M to T'M, defined locally
by J(2,&) = J (2,8) 22 , J (z,€) == 3[F**(x,€)]e, (2, €), is sending £ € T*M
to a unique element y € T,,M such that F(z,y) = F*(z,€) and £(y) = F2(y)
([Shl). Let

* * 1 *
(gg)z'j = gij(%ﬁ) = §[F 2(x7§)]fi§j'
One can verify that gj;(x, &) = g% (z,y), where (9" (x,y)) = (gij(x,y)) " If
F is uniformly smooth and convex, then, by (1.1)), (¢*/) is uniformly elliptic
in the sense that there exist two constants & = (k*)~1
that for any x € M, £ € Ty M \ {0} and n € T M,

and £* = k~! such

(2.9) R F*(x,n) < gi(n,n) = g7 (x, J(©))min; < RF*(x,n).

In particular, F' is Riemannian if and only if #* = 1 if and only if K = 1.
For a smooth function w: M — R, the gradient vector Vu(zx) of u is
defined by Vu := J(du) € T, M. Obviously, Vu =0 if du=0. In a local

coordinate system, we can reexpress Vu as

Vu := gij(vu)%a%ﬂ z € My,
0 x € M\ M,,

where M,, = {x € M|du(z) # 0}. In general, Vu is only continuous on M,
but smooth on M,,.

Given a weakly differentiable vector field V on M and a smooth measure
dm = o(z)dz, the divergence of V' is defined by

/M odiv(V)dm = — /M D(V)dm,

where ¢ € C§°(M). The Finsler Laplacian A of a function w on M is formally
defined by Au = div(Vu). Note that Vu is weakly differentiable, the Finsler
Laplacian should be understood in a weak sense by

/ pAudm = —/ Dyo(Vu)dm
M M
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for ue WhH2(M) and ¢ € Cg°(M) ([Sh]). If we write the measure dm =
o(x)dz, then

10 . ou
(2.10) Au e <Ug (Vu) 81‘j>

locally on M,,. The Hessian of u is defined by
(2.11) Vu(X,Y) = gvu(DY"Vu,Y)

for any X,Y € TM, where DV* is the covariant differentiation with respect
to the Chern connection of F' with the reference vector Vu (see §2.2). It is
easy to check that V2u(X,Y) is symmetric with respect to X and Y.

If the vector field V' is smooth, then one can introduce the weighted gra-
dient vector and the weighted Laplacian on a weighted Riemannian manifold
(M, gv) given by

v 49z, V) g;fj 8?:1' for VeT,M\ {0},
(2.12) vV ._{ : for V=0,

and AVw :=div(VVu) respectively. We remark that VV%u = Vu and
AVUy = Au. Moreover, it is easy to see that Au = try, V2u — S(Vu) on M,.
Likewise, the Finsler p-Laplacian is defined by

/ Apudm = — / FP=2(Vu)Do(Vu)dm.

M M

It follows from the variation of the energy functional. It is easy to check that
(2.13) Apu = div [FP7?(z, Vu)Vu| = FP7*(Vu)[Au + (p — 2) H,]

on M,, where H, := % Obviously, if p = 2, then A, is the Finsler
Laplacian A. We say that u is a p-harmonic function on M if u is a weak
solution of Aj,u = 0. In particular, when p = 2, it is exactly a harmonic
function on M ([ZX], [Xd]).

For any n € C?(M), the linearization of A, on M, is given by

Lu(n) = div {FP7*(Vu) [VV + (p — 2)F*(Vu) Du(VY ") Vu] }
(2.14) = div [FP72(Vu)h(VV)]

where h,, =id+ (p — 2) ?;‘(%?)” (Xia2]). Obviously, Ly (u) = (p — 1)Apu. If

p = 2, then £, is reduced to the weighted Laplacian AV*.
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Let WLP(M)(p > 1) be the space of functions w € LP(M) with
Sy [F(Vu)Pdm < oo and Wo P(M)(p > 1) is the closure of C§°(M) under
the (absolutely homogeneous) norm

215)  Jully = ||u||Lp<M>+f||F<w v + f||? )l zoan,

where %u is the gradient of u with respect to the reverse metric ? In fact,

(%u) = F(V(~u)). Then W1P(M) is a Banach space with respect to the
norm || - ||1,,- We define the energy functional E : W1P(M) \ {0} — [0, +00)
by

S [F* (2, Du)Pdm
Jo lupdm

(2.16) B(u) ==

Note that E is C* on W1P(M) \ {0}. It is easy to check that d, E = 0 if and
only if u satisfies (|1.2)) in a weak sense, i.e.,

(2.17) / Dcp[Fp_Q(Vu)Vu]dm:)\p/ olu|P2udm
M M

for any ¢ € Wol’p(M), where A\, = E(u) . In this case, ), is called an eigen-
value of A, or a p-eigenvalue, and u is called a p-eigenfunction of A, corre-
sponding to Ap,. If M is compact and OM (possible 9M = () is smooth, then
there exists a p-eigenfunction u with [[ul|z»( M) = 1, which minimizes the en-
ergy functional £(u). In this case, we call A; , := inf E(u) the first eigenvalue
of A, or first p-eigenvalue, and a critical point u a first p-eigenfunction on
M correspondmg to A1p. Further, u e CH(M)NW2A(M)NWhP(M) if

loc

p>2 and ue CH¥(M)nN I/Vlof(M) NWYP(M) if 1 < p < 2. In particular,
u € L*(M). Moreover, u is smooth on the set M, for p =2 or M, \ My
for p > 1. If x € M, N My, then u(z) is of C** when p > 2 and of C**
when 1 < p < 2, where My := {z € M|u(z) = 0} (see [GS], [Xia2] for more
details).

For a noncompact Finsler manifold (M, F, m) (it needs not be complete),

we define the first p-eigenvalue on M by

. . o JolF*(x, Du)Pdm
= inf Q) =inf inf
Ap = iaf dip () = inf inf T updm

where € runs through all the compact subdomains with C'* boundary in M,
and the associating eigenfunctions are said to be the first p-eigenfunctions
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on M. Obviously, for an exhaustion Q1,Qs, - of M such that Q; C Q41
for all # > 1 and M = U52,Q;, {\1,,(%)} is a decreasing sequence with re-
spect to {€;}. Consequently, A;, = Zliglo A1,p(£;), which is independent of
the choice of {€;}. In this case, if F' satisfies the uniform convexity and
uniform smoothness, then the p-eigenfunctions have the same regularity as
the compact case from the proof of Theorem 1.1 in [Xia2].

3. Local gradient estimates for Finsler p-eigenfunctions

Let u be a positive p-eigenfunction in the forward geodesic ball Bsg :=
B, ( ) for any z € M, namely, (2.17 - holds on Bag. Then u € C1¥(Bag) N
I/Vloc (Bag) if p > 2 and u € CY*(Byg) N WP (Bag) if 1 < p < 2. Moreover,
u € L*(Bs2pr) and u is smooth on the set M, N Bar (see §2. 3)

Denote v = (p — 1)logu. Then Mu = M, and Vv = E— LVu. For any
@€ Wol’p(BgR) N L (Bag), we have 2 € W, ’p(BgR) ﬂ LOO(BQR) from the
regularity and boundness of . Thus 1t follows from ) that

/ Dy [Fp72(Vv)Vv] dm = / (p;pl)lp_ngo (Fp72(Vu)Vu) dm
M M

:/M(p 171D (m )(FP 2(Vu)Vu) dm
+ /M(p - 1)”<pr£§”) dm

(3.1) = /M @ [FP(Vv) + (p— 1P\ dm

Let f(z) := F%(z,Vv). Then f € VVl >(Bap) N C%(Bag) ifp>2and f €
VVZOC (Bar) N C*(Bag) if 1 < p < 2. Moreover, f is smooth on M, N Bag.
Since the LHS of (3.1} . ) is equal to

/M Dy (fp/2_1Vv) dm

= —/ @ {1(1) —2)fP22D f(Vv) + fp/Q‘lAv} dm
M
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(3.1) is equivalent to

(3.2) —/ o P27 Avdm
M

-/ so[;(p—2)f”/2‘2Df(Vv)+f”/2+(p—1)”‘% dm.
M

Note that df(Vv) = gy, (VVVf, Vv). It follows from Lemma 3.5 and the
proof of Theorem 3.6 in [0S2] that VVVf = 0 and Av =0 a.e. on f~1(0) =
M \ M,. Therefore the both sides of are actually integrated over M, N
Bog. Thus implies that on M, N Bag,

(3:3)  Av=—(p- 27 DAV) [~ (0 1P A

Lemma 3.1. For any N € [n, 0], we have

1

Ly(f) = 5(]9 - Q)fp/2_2||vvvf”%13(vu) + 2fp/2_1||v2v||§15(w)

(3.4) + 2P/ Ricoo (V) — pfP/2 D f(Vv)
as well as

1 2
Lo(f) 2 =5 /P Frscony + 20727 Riey (Vo) + 5 /72

_p(N—-2)+4

(3.5) e

fPRIDf (V)
point-wise on M, N Bag, where ||Vvfo§{S(W) = gvo (VYU £, VYV f).

Proof. Note that f > 0 and f,v are smooth on M, N Byr. By (2.14) and the
definition of h,,, one obtains

L,(f) = div [FP72(Vo)hy (VY f)]
= PPIAY S (p - 2) PP DAV
L —2)(p— 423D (Vo)

t3
+(p—2)fP*2Du(VV f) Av
+ (

b
(3.6) p—2)f"22D(Du(VVV§))(Vv),
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where we used Dv(VV?f) = Df(Vv). By Theorem and (3.3)), we have

PPIATY 92/ (D(A0)(V0) + Rica(V0) + 9203550
_ _fp/2—1{D [(p —2)f'Df(Vo) +2f
+2(p— 1PN f P/ 2“] (W)}
1 ofp/2-1 (Ricoo(Vv) + ||V2v||%15(v1;))

= (p—2)f"*3(Df (Vo))
— (p—2)fP*72D(Df(Vv))(Vv) — 277D f(Vv)
+(p—2)(p— 1PN DF(V0)
(3.7) 4o /21 (Ricoo(Vv) + ||v%||§ls(w)) ,

and the fourth term in the RHS of (3.6]) is equal to

(b =27 2DF(T0) |30~ 2 DFVO) - f
—(p- 1)p—1>\pf‘p/2“]
— 50 - DDAV (0 - 2 HDS(T)
(3.5) 22— 1
Plugging (3.7) and (3.8)) into (3.6) and using || VV?f]|2 o) = Df(VVVf)
i s

Next we prove the second assertion. It is clear if N = oo. For N € (n, o0),
we need to estimate ||V2v||§{5(vv). Choose a local normal coordinate system
{2%} with respect to gy, at ¥ € M, N Bag such that Vv = F(Vv)% and
I (Vu(z)) = 0 for all 4, j, k. Thus, we have

1 2
2112 2 2 2
IVl swe = E :Uij 2 E Vii 2 n (trge, V?v)
b,J (

(3.9) _ % [Av + S(Vo)2.
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Plugging (3.3) into the RHS of (3.9) and using the inequality (a — b)? >
1‘% — % with 6 = (N —n)/n > 0, one obtains

1 1
V20l s w0y = N [+ (p—2)Df(Vv)] - m52(vv)-

Combining this with (3.4]) yields (3.5)). The remaining case of N =n is de-
rived as the limit. O

Remark 3.1. — can not be simply derived from the the formula of
the weighted Riemannian manifold (M, gv,, m). This is because Ricso(Vv)
and ||V2U||%[S(V’U) are different from those for gv, unless all integral curves
of Vv are geodesics.

From now on, we assume that Ricy > —K, in particular, Ricy(Vv) >
—K f, where N € [n,00) and K > 0 are real numbers. For any nonnegative
smooth function ¢ with a compact support in Bog N M, by integrating
by parts, one obtains

/ Dy [ FPI2 1R (VI f)} dm
BarNM,

1 — v
<o PRI s dm
B2RmMU

2
+2K o fP2dm — = / o fP* dm
BarM, N JB,nam,
(3.10) + cl/ ©fPI>71D f(Vv)dm.
B2RﬁM'v
where ¢1 := W is a positive constant since N > n > 2.

To extend the above integral inequality to Bagr, we consider the function
fe = (f — &)™ for e > 0 and the nonnegative function € C§°(Bag) with 0 <
n < 1. Note that f. = f —e,Df. =Df ae.in {f >e} and f. =0,Df. =0
a.e. in {f < e}. Choose p = fin? as the test function in , where t > 1
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is to be determined later. Then we have

[ r [ o)
Bgfgm{f>€}

- 2/ nftDn [f”/Q‘lhu(Vv”f)} dm
BgRﬂ{f>6}

1

<o [ RPN gdm
BarN{f>e}

+2K n fLfP 2 dm
ByrN{f>e}

2
W fLPP  dm

a N BQRﬂ{f>€}
(3.11) —1—01/ n? fLP2ADf(Vo)dm.
ByrN{f>e}

Assume that the Finsler metric F' satisfies the uniform convexity and
uniform smoothness. Then, by (2.9)), we have

(3.12)  RF(2,Vf) < |VVflhsww = 97 (@, Vo) fifj < RE* (2, V).
From this and the Cauchy-Schwarz inequality, we get

(3.13) IDF(VYn)| = [Dn(VY? f)| < &F (2, V) F(z,Vf).
Consequently,

JEDF [ (9 )]
= [P g9 (V0) fify + (0 — 2)F N9 (V) fiv)?]
_ [ R G (V) fif if p>2
= (p— 1)L (V) fif;  ifl<p<2
(3.14) > coi* fLLPRTIFA(V ),
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where co = min{1,p — 1}. In a similar way, we have

2nf:Dn (f”/ 2‘1hv(VV“f))

S v Sy
+ (0 = 2)f (g7 (Vo) fivy) (g7 (Vo)vin)]

o [ 2= VEfLPPTIR(V ) (V) if p>2
= | 2B —panftfPPLE(V f)F (V) if 1<p<2
(3.15) = —csinfLfP/*T F(V )F(Vn),

where ¢3 = max{2(p — 1),2(3 — p)}. Plugging (3.12)-(3.15) into (3.11) and

passing € to 0 yield

cy%*t/ n? fPPP2E2 (0 fdm
Bar

e /B nfP/PHLE (Y £YF (Vi) dm

S g /B 772fp/2+t_2F2(Vf)dm + IK ; 772fp/2+tdm
2

(3.16) - —
N Bsyr

02 P2 g 4 ) / 72 fPD/2H R (Y fydm,
Bsr

where we used Cauchy-Schwarz’s inequality Df(Vv) < fY/2F(Vf) in the
last term. Now we choose a sufficiently large t > £/(cofk™) > 1, then cor*t —
%F@ > %02/%*75 and hence l) becomes

;cy%*t/ n? fPP2F2 (0 fdm
Bar

< csf / nfPPHEVR(V Y F(Vn)dm + 2K n? P24 dm
BQR B2R

(3.17) n? P Am 4 ¢ / n? fPN2H p(V fdm.

N Bsyr Bsr

Let ¢4 := 2(c3k)?/co and ¢35 := 2¢2 /c2. Obviously ¢4, c5 are positive constants
depending on p, &, N. Then the first term of the RHS in (3.17)) is less than
or equal to

coRk*t

(3.18) /B n? P2 E2 (0 fdm + f:ft /B PR E2(Vn)dm
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and the fourth term of the RHS in (3.17) is less than or equal to

-
G2k /B anp/2+t_2F2(Vf)dm+ C5 /B 772fp/2+t+1dm

8 K*t

(3.19) < 02/; t/ 772fp/2+t_2F2(Vf)dm+]b/ n2fP/2H L g
Bzr Bar

if we take t > max{k/(cak*),c5 N/k*} large enough. Hence, for

t > max{~/(c2k"),csN/&*} > 1,

it follows from (3.17)) and (3.18)-(3.19|) that

Cgfi*t/ n? P2 R (T f)dm

< - / fPIPHE2 (V) dm
K*t Bor

1
(3.20) + 2K n? PP dm — — n? fPI2H  gm,
Bar N Bar
Recall that F(Vf) = F*(Df) and F*({+n) < F*(§) + F*(n) (cf. Lemma
1.2.2, [Sh]). By (3.20)), there exist positive constants ¢; = ¢;(p, &, K*, N) (i =
6,7,8) depending only on p, &, £*, N such that

/BZR F*2 <D(nfp/4+t/2)) dm

<2 [ fPRYER(Dy)dm
Bar

2
t
+2 <Z + 2) /B n fPEI2 (D f)dm

<& [ pPYER(Dyydm + Kt / 2 P2 dm
Bar 4 B:ar

(3.21) - Cst/ 2 fPI L gy
4 Bar

for t > max{~/(cok*),c5sN/k*} large enough.
Summing up, one obtains the following lemma.

Lemma 3.2. Let (M,F,m) be an n(> 2)-dimensional forward complete
Finsler measure space equipped with a uniformly convexr and uniformly
smooth Finsler structure F' and a smooth measure m. Assume that Ricy >
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—K for some N € [n,00) and K > 0 and u is a positive p(> 1)-eigenfunction
corresponding to the eigenvalue A, in a forward geodesic ball Bog. Let v :=
(p—1)logu and f:= F*(Vv). Then there exist positive constants c; =
ci(p, R, K", N)(6<i<8) such that holds for t>max{k/(cak*),cs N/K*}
large enough.

The following local Sobolev inequality, which was due to C.Xia, plays
an important role in the subsequent arguments.

Lemma 3.3. ([Xd]) Let (M, F,m) be an n-dimensional forward complete
Finsler space equipped with a uniformly conver and uniformly smooth Finsler
structure F. Assume that Ricy > —K for some K >0 and N € [n,00).
Then there exist constants v > 2 and cy = co(k,k*, N) depending only on
Kk, k" and N, such that

</ ]u|v2y2dm> ’ SeCo(l—l—\/fR)RQm(BR)_%
Br

(3.22) X {F**(z, Du) + R~ *u?*}dm.
Br

for B C M and u € VVZIOS(M)

Let 7 := —%5. Taking u = nfP/A2 iy 1’ and using 1} one ob-

tains

(/ 1727'f7’(p/2+t) dm) "
Bar

< 4e@HVER) R Byp) =+

% {/ 2 <D<nfp/4+t/2)) dm+1R2/ n2fp/2+tdm}
Bsr 4 Bsr

X {06R2 FPPHE2(Dn)dm — st R / n? fP/AH
Bar Bar
(3.23) + max{ecr, 1}t(1 + VKR)? / 772fp/2+tdm}.
Bar

Note that £*, k only depend on x* and «. In the following, we always de-
note the positive constants ¢; as ¢; = ¢;(p, k, k*, N) depending on p, K, k*, N,
where i = 1,2,---. Now we use (3.23)) to prove the following lemma and The-
orem [L.11
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Lemma 3.4. There exits a positive constant ¢ = ¢(p, k, k*, N') such that for
to = co(1+VKR) and t; = 7(p/2 + to), we have f € L' (Bsg) with

c(1+ VKR)?

72 m(Bagr) ",

(3.24) 1 llzes By ) <

where cg := max{k/(cak*),cs N/k*} > 1.

Proof. Taking t = to in (3.23)), we have

</ UZTfT(p/2+to)dm> T
Bar

< eclotom(BgR)fg {c6R2 fp/2+t°F*2(Dn)dm
B2I?

(3.25) — cgtoR? / 7]2fp/2+t°+1dm + Clltg / 772fp/2+t°dm}.
Bar B

2R

Now we decompose the region By into two subregions, one is { f > %(%)2},
another is the complement of the first subregion in Bygr. Thus,

1

2R

tO p+2t0
(3.26) + Clgt% <R> m(BgR).

For the first term of the RHS in (3.25), we let 5 = opP/2Ho+] with ¢ (z) =
Y(dp(x,2)) € C§°(Bar) satisfying

<¢<1, $=1in [0,3R/2), [¢¥|<

Note that F*(Ddp(x,-)) = 1 a.e.in Bag. Thus ¢ satisfies 0 < ¢ < 1,9 =11in
Bsg/o and F*(Dy) < C”’A . Since F'is uniformly convex and smooth, we have

1<A<min{\/k,+/1/k* } Hence F*(D’QZJ)_CB, where ¢|3=¢]5(p, k, k*, N),
and cgR?F*?(Dn) < cl4t0771’/2+fo+1. By Holder’s and Young’s inequalities,
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one obtains

CGR2 / fp/2+t0 F*2 (Dn)dm
Bar

p+2tg
< cuaty / P2y dm
Bar
p/2+tg

p/2+tg+1 1
< cl4t3 </ n2fp/2+to+1dm> - m(Bypg) 77201
Bsr

CstoR2/ 772fp/2+t°+1dmJFC%ZHOtg/2+to+2R_(p+2t°)m(BzR)~
Bar

<

DO =

Plugging the above inequality and (3.26|) into (3.25)) yields

</ nZTfT(p/Q—i—to)dm) T
Br

t p+2to
<t Lo () s g e

2
cp/2+to crotoy3 [ 10 P2t 1-2

3
Note that t;°*”* < e3. Taking the W%to—th power on both sides of the above
inequality, we have

2
to 1
£y < ern (R) m(Ban)
which implies (3.24). This finishes the proof. O

Proof of Theorem [1.1. By (3.23)), we have

</ 772Tf7(p/2+t)dm) "
Bar

< e (Byg) v {C6R2/ fPEE2(Dn)dm
B

2R

(3.27) + cllt%t/ n2fp/2+tdm}.
Bar
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Let tg,t1 be those given in Lemma [3.4] and t;,1 = 7t;. Moreover we choose
Ry = R+ & and ), € C3°(Bg,) satistying

k

2
0§77k§17 Ukzl inBRk+17 F*(:L'aan)géEa k:1727a

where ¢ is a certain constant depending on the reversibility constant A on

Bsgjs. Denote c1g = max{cec®, c11}. Taking p/2 +t = tg,n = ni in (3.27),
one obtains

||f||Ltk+1(BRkH) < (c1ge™™) i m(Bag)” "ix (4% + t3t),) 11l Lo (B, )

2

= (erse™) i m(Bar) 7w (45 + 650500 ) " F Lo (i, -

Note that ), % = 5-and ) % converges. By the standard Moser iteration

and using Lemma we get

1F? (2, Vo)l e (Br) = 111 L (Br)
< c1g (e1se™") = W m(Bag) " =4 ()25 | fllpa B

(1+VKR)?
SO

By the same arguments as above, the above inequality also holds for %(x, %v)
Since F(z,V(—v)) = F(x, Vv), we get the conclusion. O

4. Global gradient estimates for Finsler p-eigenfunctions

In this section, we will focus on the global gradient estimate for p-eigen-
functions and prove Theorem based on Theorem For this, we need
a upper bound estimate of the first eigenvalue Ay ;.

Recall that Bpr := BE(:E) is the forward geodesic ball of radius R cen-
tered at any point € M and D, = M \ ({z} U Cut(z)), where Cut(z) is
the cut locus of x, which has zero Hausdorff measure in M. Then, for
any z € D,, we can choose the geodesic polar coordinates (r,6) centered
at x such that r(z) = F(v) and 6%(z) = Ga(%), where r(z) = dp(x, 2) is
the distance function on M from a fixed point 2 € M and v = exp~1(2) €
T.(M)\ {0}. It is well known that the distance function r starting from
x € M is smooth on D, and F(Vr)=1 ([BCS|, [Sh]). By Gauss Lemma
(Lemma 6.1.1, [BCSY]), the unit radial coordinate vector % is orthogonal to
coordinate vectors &% with respect to gy, for 1 <a <n—1. So, we can
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write dm/|exp (rvo) = o (7, 0)drdf, where vy = 7oy € e = {1) eT, M\F( ) =
1}. Set Do (r) = {vg € I;|rvo € exp~ (D, N Br)} and 7(r fD )do.
The volume of Br with respect to dm is given by

m(Bgr) = / dm = dm
BrND,

(4.1) / dr/ o (r, 0)d0 = /ORT(r)dr.

For any Finsler manifold (M, F,m) with Ricy > —K, K > 0, and any
0 < ry <re < R, by Laplacian comparison Theorem, we have the following
inequality (Proposition 5.1, [Xia3])

m(Br,) _ (12\" oK
(4.2) m(By,) = (7“1) ‘

In particular, for any r > 1, there is a positive constant ¢ = m(Bj) such that
(4.3) m(B,) < erNemVIN-DE,

Proposition 4.1. Let (M, F,m) be a forward complete Finsler manifold
with finite reversibility A and infinite volume, i.e., m(M) = 4+o00. Assume
that m(B,) < erked for any r > 19 >0, where ¢ >0, k>0 and a > 0 are
constants independent of r, and A\ is the first eigenvalue for the Finsler
p-Laplacian. (1) If a =0, then X\ p(M) =0. (2) If a > 0, then A\ (M) <

5
P

To prove Proposition [£.1] we need to study the oscillatory behavior of
the following ODE on ¢ = 9 (t):

(4.4) (WP DY 4 XDy =0, ¢ >t

where PV () = (t) P~ = |4 (t)[P~24(t), v := v(t) is a positive continu-
ous function on [tp, 00) and A is a positive constant. Recall that the equation
(4.4) is said to be oscillatory if all solutions of have arbitrary large ze-
roes on [T, 00).

Lemma 4.1. Let f v(€)d¢ = +oo and v(t j; (Q)d¢ < ctFe™ for
some nonnegative constants k,a and a posztwe constant c. Then 18

P
oscillatory provided either (i) a =0 or (i) A > (%) when a > 0.
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Proof. We argue this by a contradiction. Since (4.4)) is invariant up to a sign,
we may assume that there exist a solution ¢ of (4.4]) and a sufficiently large
positive constant T' > ¢y such that ¢ > 0 on [T, 00). Set

PPy

)= = € [T, ).

Then, by (4.4) and Young’s inequality, one obtains

(4.5) P =+ (p— )( |wrp> - > pAPL.

Obviously, 9(t) is increasing on [T, 00).
CCLS@ 1. fT Wd( < +4o00. B .
Note that ¢/ > Av, which means ¥ (t) > A(v(t) — v(T)) 4+ 9 (T). We may

assume 9(t) > 0 for t > T since . liin v(t) = +o00. Further, it follows from
—+00

li that ¥ (t) > ¢ (T)eP(t= T)¥YX_ On the other hand, 1) implies that

(4.6) ¥ > -1 (W) o

Solving the above inequality yields

o ()= (emn)” - Lt

Note that the assumption that [ Wd( < 400 ensures that the sec-
ond term on the right side of (4.7)) is meaningful for any ¢t > T'. By Hélder’s
inequality, one obtains

[ ([ o) ([ )

which implies

1 1

t 1 t Tp-1 1 p—1
/t 1 Vl/( dC & </t1 ydC) S (U(t>> '
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Plugging the above inequality into (4.7)) yields

()< ) - ()

1

-1 1 plj
B ctkeat

1 P
= (&(T)ep(tlT) W)

cth = 1 1 I
1/;(T)e[(px\l/P—a)t—px\l/P(1+T)] ctkeat '

Since A > 0, the RHS of the last equality is less than or equal to zero when

jZ
t is large enough if a = 0 or A > (%) when a > 0. We have a contradiction.
Case 2. [;° Wd{ = +00. Let

t 1
0= | e

be a non-degenerate transformation of parameters. Then we can write s =
s(t) and t = t(s), which is increasing, and

% (7/1/(t)(p—1)y(t)) — % (Q/)’(S)(p—l)) ' <V(15)>pll |

where we used that 1/(s) = L (1(t(s))) = w’(t)y(t)ﬁ. Thus, becomes

d

(4.8) —

(#/(5)27) + ()P Vu(s)77 = 0.

Let 1(s) := —%. Then, by |D and Young’s inequality,

p (s p
Y'(s) = Av(s)r1 + (p—1) ‘Ti((s))
(4.9) = (8) 7T + (p— D|(s)| 77 > pArw(s)i [(s).

Obviously, ¢/(s) > Av(s)71, which means

P(s) —P(s(T)) > )\/S v(s)rids = )\/ v(€)d( — +o0o ast — +oc.

(T) T
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So, we may assume t(s) > 0. Further, the inequality (4.9)) implies that

¥(s) > (s(T)) exp <p)\1/p /s u(s)pilds>
s(T)
(4.10) — B(s(T)) exp (pAV/P(t = T)).

where s = s(t). Note that s(t) and ¢(s) are increasing and s — +o0 if and
only if ¢ — 400 by the assumption. By (4.10|), we have liIJ]ra P(s) = +oo.
S—r+00

On the other hand, (4.9)) implies

W'(s) = (p— Do
By a similar argument to (4.7)), we have

o< (5t) " < (o) 10

for a sufficient large s. Thus we get a contradiction. The proof is completed.
O

Proof of Proposztwnm 4.1. By (4.1 ., we have
T

m(B,) = / ()t
0

Since m(M) = +oo, we have f;oroo T(t)dt = 400 for some 19 > 0. For each

P
A >0, by Lemma if a=0 or A> % when a > 0, there exists a

nontrivial oscillatory solution v of on [rg,4o00) in which v(t) is re-
placed by 7(t). Consequently, there exist two numbers 77,73 € [rg, +00) with
r} < 73 such that 1y (r?) = ¥x(r3) = 0 and ¢A( ) # 0 for any r € (r{,r3).
This means either 1,(r) > 0 or ¥ (r) < 0 on (r7,73). Let 7(2) := dr(z, 2),
Qx =By \ B,y CM and uy(2) := ¥x(r(2)). Then we have F*(Duy) =
F*(\Dr) < AlY)\| a.e. on Q. By the principle of the variation, we have

0 < App(M) < Ap(f)
' foA F*P(Duy)dm - AP ka |4 () [Pdm
= 1m
us fo, lualPdm T fo [a(r)[Pdm
N _ /
AP (T2 b (r)|Pr(r)dr Apf:f " Dy prdr
_ MR WP (A )0
S [oa(r)pr(r)dr S [alprdr
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In the case of a =0, A1 (M) = 0 since A is an arbitrary positive constant.
P
For the case when a > 0, A\ ,(M) < <%) since A is an arbitrary positive

P
constant greater than (%) . This finishes the proof. O

Corollary 4.1. Let (M, F,m) be an n-dimensional forward complete Finsler
manifold with finite reversibility A.

(1) If m(M) < 400, then A1, = 0.

(i) If m(M) = +oo and Ricy > —K for some K >0 and N € [n,+00),

P
then Ay ,(M) < <A(Np_1)K) . In particular, A\, =0 when K = 0.
Proof. (i) Note that the variational principle of A\; ,(M) asserts that

(4.11) A p(M) /M |ulPdm < /M F*P(Du)dm

for any u € Wol’p(M). In particular, we choose u(z) = —(z), where 9 is a
cut-off function defined by

1 on BR
(4.12) P(z) = 2delez) on Bsr\ Br
0 on M\ Bap.

Then F*(Du) < % a.e. on Bog and hence (4.11)) implies that
)\me(BR) < Ripm(BgR),

which implies that A1 ,(M) = 0 by taking R — oo. The assertion (ii) follows

from (4.3]) and Proposition O
Proof of Theorem[I.3 Tt directly follows from Corollary O

Remark 4.1. In Proposition the assumption that m(B,) < crke® is
actually originated from . Obuviously, a = 0 corresponds to the case of
Ricy > 0. If F is a Riemannian metric with the Ricci curvature Ric> —(n —
1)K(K >0) and p =2, then Proposition implies that A\ < %,
which was first obtained by S. Cheng in a different way (see Theorem 4.2,
[CH)j).

Moreover, by the Bochner-Weitzenbdck formula, we can get a more re-
fined growth estimate for the volume measure of forward geodesic ball B,
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than (4.3). In Riemannian case, the volume estimate for a geodesic ball
directly follows from the volume comparison theorem.

Proposition 4.2. Let (M,F,m) be a forward complete Finsler measure
space satisfying Ricy > —K for some N € [n,+00) and K > 0. Then there
exists a positive constant C = C(K, N, m(B1)) depending on N, K, m(B)
such that

m(BT) < Ce" (N-1)K

for allr > 1.
Proof. Let 7 :[0,7(z)] = M be the minimizing geodesic from x to z with

7(0) =2 and 7(r(z)) = z, where r is the distance function from z. In a
geodesic polar coordinates (r, ), it follows from (2.10]) that

(4.13) Ar = ;log o(z,r,0).

In the following, we will omit the dependence of the quantities on 6. On the
other hand, applying (2.8) to the function r(z) = r(x, z) for any z € M and
using F'(Vr) =1 yield

1
D(AT)(VT) + R’LCN(VT‘) + m(AT)Q < O,
which implies that

2 2
8—(logo) + L (aloga> <K.

or? N —1\or
Integrating this inequality from 1 to r and letting u(r) := algrg” give
1 T

for some constant Cy > 0. The Cauchy-Schwarz inequality implies that

(4.14) u(r) + (Nil)r </1 u(t)dt>2 < Kr+Cp.

Now we estimate [ u(t)dt. Consider the function

(4.15) o(r) = — /1 u(t)dt + /(N — DK + Co/(N — 1)/K.
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Obviously, v(1) > 0. Assume that R > 1 is the first number such that v(R) =
0, namely,

/R u(t)dt = R/ (N — DK + Co/(N — 1)/K.

Then

o (o)

_ (N—ll)R [RVIN DK + /N~ DJE| > KR+ 20y,

2

Consequently, u(R) <—Cp <0 by (4.14)), which implies that v'(R)=—u(R)+
V(N —1)K > 0. Thus, there is a number ¢ > 0 small enough such that
v(R — €) < 0. This contradicts the choice of R. Hence v(r) > 0 for all r > 1.
From this and , we have

logo(r) —logo|,=1 <ry(N —1)K 4+ Co/(N —1)/K.

This implies that m(B,) < Ce"™VW=DE for some positive constant C de-
pending on N, K and m(By). O

With these preparations, we begin to prove Theorem

Proof of Theorem . As in Section 3, let v =(p—1)logu and f =
F2?(z,Vv). It suffices to consider the case when f > 0. To obtain the global
estimate, we need to estimate £,(f) in a more refined way than (3.5))

Choose a local orthonormal basis {ej,--- ,e,} with respect to gv, at
x € M, such that Vv = F(Vv)e; as in the proof of Lemma Then v; =
F(Vv) = f/2>0 and v; =0(2 <i<n). Differentiating f =v? yields
fIDf(Vv) = 2011 and f~Y/2Df(e;) = 2v1(Vj), where v;; stand for the co-
variant derivatives of v with respect to the Levi-Civita connection of gv,.
Thus, can be rewritten as

> i+ %(p —D)fIDF(Vo) = S(Vo) + f+ (p— 1PN f1P2 =0,
=2
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Hence,

1 n
||V2U||§{S(Vv Z Uzg > Zvlj — 1(2 Uii)Q
=2

t,j=1

1 2
(f+ (v >f1Df<w>+<p—1>p1Apf1p/2—s<w>)

nfl

+ Zf*1 gDﬂej)z

2
Z N 1 (f + = ( )f_lDf(VU) + (p _ 1)p—1/\pf1—p/2>

1 v
— Ni_SQ(Vv) + f 1||vv f“?{S(VU)’

where we used (a — b)? > 1+6 6 * with § = (N —n)/(n—1) > 0 in the last
inequality. Plugging this into , and using Ricy > —K and . 2.2)) yield

Lo(f) = %f“”” (/72 + AN = DRSO 4 (p— 177, )
(- AN =R IR 4 (p -1y,
+ (2](5: P - p) fPEDf (V)

2(p—1)

-1 DAV

(4.16)  +

Note that the above inequality holds only on M,,.
Next, let w be the largest positive root of the equation

4.17 wt — AN — DEw"s + (p— 1P\, = 0.
( p

root of (1.5). For any ¢ > 0, consider the nonnegative function f = (f —
(w+d)*. WedenotebyQ—{f>w+5}CM Then 0 <w+0 < f <
¢(N, K, k,k* p) on Q by Theorem. Since L,(f) = L,(f) and

In fact, ;iw exactly corresponds to (p — 1)x, where y is the largest positive

IDF(V)| <V f1 /g9 (V) fif; < VERVFF(V ),
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by (4.16), there exist positive constants ¢; = ¢;(N, K, k,k*,p,0)(i = 1,2)
such that

Lo(f) > e (fp/2 —AV(N =1DEfeD/2 4 (p - 1)P—1)\p)
(4.18) - CQF*(Df) on €.

Observe that
(4.19) P2 A (N = D)KfPD2 1 (p— 1PN, > e3f

for some positive constant cz = c3(N, K, A, p,d). In fact, (4.19)) clearly holds
when f = w for any choices of c3. On the other hand, we view both sides of
(4.19) as a function of f, and the derivative of the left side is given by

57 [pf? — - )AVIN DK

P
Now we take A\, = A1 ;. Then A1, < (A(Np_l)K> by Corollarya Hence

2
w > (%) A%(N — 1)K by (4.17). From this and f > w + §, we get pf1/? —
(p—DA/(N = 1)K > ¢(N,K,A,p,8) > 0. Thus, (4.19) is true on Q by

choosing 0 < ¢3 < c. Consequently,

(4.20) Lo(f) > caf — coF*(Df) on Q,

where ¢y = ¢4(N, K, k, k*, p,0) is a positive constant. Further, we claim (4.20)

N

holds on M in a weak sense. In fact, we have Z(f) = 0 for any nonzero vector

. X 2 . . -~ vf _ vf
field Z on 09, i.e., gvf(Vf,Z) = 0, which means that v = VR = T
is a normal vector field on 02 with respect to gvs. However, & points in-
ward. To apply the stokes theorem, we need a normal vector field point-

ing outward. Actually, v = % is a normal vector field pointing out-

ward with respect to gy(_s) on 9. Its dual is J~!(v) = —%. Note
that F(V(—f)) # F(Vf) in general. Hence, for any nonnegative function
e I/VOI’p(M)7 one obtains from the stokes theorem (Theorem 2.4.2, [Sh])
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that

/M FLo(p)dm = /Q FLo(p)dm = /Q oL f)dm
+ [ folv, P12 (VY ))dm,
o0
(4.21) - / 00 (v, P2 0y (VY F))dimy,
o0

where we used D f (VVp) = Dp(VVV f ) and dmy, is the volume measure on
09 induced from dm/|q by v. Note that f =0 on 9 and

= gu(v, fPP (VY F))
= F Y V(=) PP Df(ho (VY )
=F N V(=P DAVY ) + (0= 2)f T (Du(VY )]
(4.22) > min{1,p— LFE V(=) P2 VY Flldrsiwn = 0.

Consequently, combining(|4.20)-(4.22)) together yields

[ itueam = [ oe.(fim
M Q

> /Qcp (C4f - @F*(Df)) dm
(4.23) = /M @ (C4f — @F*(Df)) dm.

This proves the claim.

Finally, we prove that f =0 on M based on . In other words,
f < w since 0 < ¢ is arbitrary. Equivalently, F'(Vlogu) < x.

Let ¢ =n? ft be a cut-off function on M as in the proof of Lemma
for some constant ¢ > 1. Plugging this into yields

- /Q 727D f (ho (VY (2 £1))ydm
(4.24) > /M n? ft (C4f— CQF*(Df)) dm.
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By similar arguments to (3.12))-(3.15)) and the boundedness of f, we get

e / P2 FHdm < / 2 E(Df)dm + cs / nfLF*(DF)F(Vn)dm
M Q Q

(4.25) —cGt/ ? frLE (D f)dm
Q

for some positive constants ¢; = ¢;(N, K, p, k, k*,0)(i = 5,6). Thus, for any
0 < € < ¢4, we have

A 2 A A
64/ n? fdm < e/ant“derCQ/ n? f (D f)dm
M Q 4e Jo
+6/ft+1F2(V77)dm
Q

62 ft— * R ft—1 % R
(4.26) +4i/ﬂn2ff 'F Q(Df)dm—CGt/Qn2ft LE*2(D f)dm.
Choose t such that ¢ + ¢2 = 4ecgt. Therefore,
(4.27) (cq — e)/ n? f*ldm < e/ FHLR2(Vn)dm.

M M

We choose the test functions 7, = —1 on By and 0 outside By as in the
proof of Corollary Then we have F(Vn) <1, where k is a positive
integer. Thus, we have

k
j?t+1dm > <C4 - 6) ft—f—ldm > <C4 - €> ft—&—ldm.
B}C Bl

Bii1 € €

Consequently, either f =0 or for all R > 1,
/ f-t+1dm > celtlog A
Br N

for some positive constant ¢ independent of e. However f is bounded and
m(BRr) < CeBVIN-DK f5p R > 1 by Proposition This leads to a contra-
diction if € is sufficiently small. So, f<_5 0. Since F(z,V(—v)) = F(z, Vv),
by the same arguments as above for F', we have F(z, Vv) < x. The proof
is finished. O
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5. Splitting of Finsler manifolds

Let (M, F,m) be a complete noncompact Finsler manifold. In this section,
we study geometric structure at infinity of manifolds M with maximal eigen-
value A1, and prove Theorem

Recall that a geodesic v : R — M is called a straight line if it is globally
minimizing and has the unit speed. In particular, a straight line defined on
[0,00) is called a ray. Since M is complete, for any two points z,z € M,
there is a minimal geodesic from z to z and the forward (resp. backward)
closed balls BEU (z) (resp. By, (z)) are compact. An end E of M, with respect
to a compact subset D C M, means a unbounded connected component of
M\ D. In general, we say that F is an end we mean that it is an end
with respect to some compact subset D. The number of ends with respect
to D is the number of unbounded connected components of M \ D. For all
practical purposes, we may assume that D = BEO (z) (resp. D = By, (z)) for
some x € M and Ry > 0, and denote by E* (resp. E~) the corresponding
end.

Definition 5.1. (/BK|) Let (M, F,m) be a Finsler measure space. For any
1 < g < oo, the end E is said to be g-parabolic if, for each U € M and e > 0,
there exists a Lipschitz function ¢ with a compact support, ¢ > 1 on U, such
that fE ggdm < e. Otherwise E is said to be g-nonparabolic, here gy(x) is
defined as

go(@) =lim inf sup LW =@
r=0" e ptp)  AR(T,Y)

Note that g,(z) = F(Vu) if ¢ = u € C1(M) (see P1393, [OS1]).

Assume that (M, F') admits a straight line 4 : R — M. Then v = 7| )
C M is a ray and the associated Busemann function b, : M — R is defined
by

by (2) := lim {t — dp(z,7(1))}.

It is well defined and differentiable almost everywhere on M (cf. [Oh2]).
Further, F(Vb,) = 1, and every integral curve of Vb, defined on [0, c0) is a
geodesic by Lemma 3.1(ii) in [Oh2]. Similarly, for the ray 7(t) = ¥(—t),t €
[0,00), we also have the Busemann function

bs(2) := lim {t — diz(,7(t))} = Jlim {t — dp(3(1), 2)}
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&
with respect to F'. It follows from the triangle inequality
(5.1) by(z) <dr(7(0),2), by+by<0.

Lemma 5.1. Assume that (M, F) is an n-dimensional Finsler manifold
containing a ray vy and Ricy > —K for some N € [n,00) and K > 0. Then

Aby > —/(N — 1)K in the distributional sense.

Proof. The conclusion follows directly from Proposition 3.2 in [Oh2] when
K = 0. It suffices to prove this in the case of K > 0. For any © € M, let
r(z) = dp(x, z) be the distance function from x to z € M. The Laplacian
comparison theorem (Theorem 5.2 in [OS1]) gives

V(N —1)K coth (r\/m)

(5.2) < Nr_l <1+r Nlil>

pointwise on D, and in the distributional sense on M \ {z}. Fix an arbi-

trary bounded open set 0 C M and a nonnegative function ¢ € WO1 ’Q(Q),

put 7i(z) := —dp(x,v(i)) for i € N. Then r; are differentiable almost ev-

erywhere and Vr;(x) coincides with the initial vector of the unique unit

speed minimal geodesic from z to «(i). By Lemma 3.1 (iii) in [Oh2], we

have lim Vri(x) = Vb, (x) for x at where b, is differentiable. Thus, by the
1—00

dominated convergence theorem, we have

Ar(z)

IN

A

(5.3) lim [ De(Vr;)dm = / Dyp(Vb,)

1—00 0

Observe that Vr; = —%(—ri) - v <<E('y(z), )) By and applying

— =
1) to the Laplacian A with respect to F', we get

Dp(Vb,)dm = lim @Z(—ri)dm
Q

1= JO

N-1 K
< 1 . PN
S Jm e (1 i N—1>dm
:/cp-\/(N—l)Kdm,
Q

which implies that Ab, > —4/(/N — 1)K. This finishes the proof. U




Finsler p-harmonic functions 489

Observe that 1 < A < \/% if F' satisfies 1} Based on Lemma we
further have

Proposition 5.1. Suppose that (M, F,m) contains a ray v C ET with

m(ET) < oo and F satisfies (1.7). If Ricy > —K for some N € [n,00) and
P

K >0 and Ay = (p_lA\/(Nf 1)K> , then F is reversible and Ab, =

—/(N = 1)K. Moreover, Apyv = —\1 ,|v[P~2v in the distribution sense, where

v — o2 VIN-DE b,

Proof. Consider the function v(z):= e*P+(*) for any z € M, where k =
%\/(N — 1)K. For any nonnegative function ¢ € C§°(M), it follows from
F(Vb,) =1 and Lemma [5.1] that

/ Dy [FP~2(Vv)Vo] dm
M

= kPt / e P=1bs Do (Vb )dm

M
=—(p— 1)/'617_1/ kcpek(p_l)b”dm — kp_l/ ¢ek(p_1)b”Ab7dm
M M
< kPt [ (N-1)K —(p— 1)k] / oo~ tdm
M

(5.4) —kp/ va‘ldmg)\l,p/ ovPLdm.
M M
Replacing ¢ with ¢Pv in (5.4) gives
(5.5) / D(Pv) [FP72(Vo)(Vv)] dm < )‘Lp/ (pv)Pdm.
M M

On the other hand, it follows that F*?(z,¢) < 9pb, (§,8) < kEF*2(x,¢) from
(1.7), where Db, = J~1(Vb,) and £ = 1/k*. The variation principle implies
that

Ay /M«ov)pdm < /M F*(D(pv))dm

(5.6) < /M [0, (D(v), D(0))]?'* dim.
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Since g;;(z, Db,) = g (x,Vby) = ¢g"(x, Vv), we have

(60, (D(ev). Dgw)]”

< [@*F?(Vv) + 2vpDp(Vv) + KUZF*2(D<,0)]I)/2

< QPFP(Vv) 4 pugP~t Dp(Vo) FP~2 (Vo) + coP F*2 (D)
= D(¢Pv) [FP72(Vv) Vo] + coP F*(Dyp)

for some constant ¢ = ¢(p, N, K, k) depending on p, N, K and k, where we
used F(Vv) = kv and the boundedness of F(Dy) (as R — oo, see the choice
of ¢ below) in the second inequality. Substituting this in (5.6)) yields

AMp /M(gpv)pdm < /M D(pPv) [FP72(Vv) Vo] dm

(5.7) + C/M VP E*2(Dy)dm.

Let Br = B};(z) as before, here z = ~(0). We choose a cut off function
p € C°(M) as in (4.12) such that ¢ is 1 on Br and 0 on M \ Bag, and
F(Vy) < 4. Then

2
/ VP F*2(Dp)dm < A2/ eVIN=DE by gy
M R? Jp+n(Bar\Br)

A2

5.8 /
( ) R2 (M\E+)Q(BZR\BR)

(&

Note that the assumption on completeness implies that (M, F, m) is proper,
i.e., closed forward (backward) geodesic balls are compact, and A, =
<p_1A\/(N — 1)K>p > (0 is equivalent to the statement that ET supports a
(p, p, A)-Sobolev inequality by the variation principle. For the p-nonparabolic
end, we have m(E™) = oo from the proof of Theorem 0.1(2) in [BK]. Thus,
by the assumption that m(E1) < co and Theorem 0.1 in [BK] again, E*
must be p-parabolic and

m(ET\ B,) < Ce "VIN-DE,
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From this and (/5.1]), one obtains

/ NNDE by g
E+M(Bax\Br)

[R]+1
Z / VDK by g
E+N(Br+i\Br+i-1)
[R ]+1
(5.9) <C Z (R+i)\/(N-DK | f(R+i71)\/m < CR,

where [R] means the integer part of R. Thus the first term on the right side
of (5.8) goes to zero as R goes to infinity. Moreover, Lemma 4.2 in [Oh2]
implies that

by(z) < —r(2)+C

for some constant C' on M \ E*. From this and Proposition we have

/ eVW=1K by g, < CR,
(M\E+)N(B2r\Br)

which means that the second term on the right side of (5.8) also goes to

zero as R — oo. Hence the equalities in (5.4) and (5.5) hold as limits of

R — oo, which imply that A =1, i.e., F is reversible, Ab, = —/(N — 1)K
P

and Apv = — (p_l (N — 1)K) |v|P~2v in a distribution sense. O

In fact, Proposition implies that Ab, = —/(N — 1)K in the point-
wise sense since F' is reversible and hence b, is C* (cf. Proposition 4.1,
[Oh2]). Note that Vb, is a geodesic field with F'(Vb,) = 1, namely, the inte-
gral curve 7 := 7)(t) of Vb, is a unit speed geodesic. Therefore, Ricy (Vb )=
Ric‘[]]\,Vb” (Vb,). Let dm = e_‘I’(ﬁ)Vol;] along 77. We have the isometric splitting
of the weighted Riemannian manifold (M, gvp_ ) as follows.

Proposition 5.2. Assume that (M, F) admits a straight line 7 : R — M
and F satisfies (1.7). If chN > —K for some N € [n,00) and K >0 and
Mp= ( “IAV/(N -1) ) then either (M, F,m) has no finite volume ends
containing 7y or (M, gvyn,) splits isometrically as M =R x M with M =
b,;l(()) and gvp, = dt? + eQthyv]Dﬁ for some compact weighted Riemannian
manifold (M,g%i,m), where ¢ = /K /(N — 1). In the latter case, U(7(t)) =
(N —n)ct + ¥(7(0)), which is a linear function of t along the integral curve
7 of gvb, -
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Proof. First of all, we remark that F is reversible (i.e, A =1) by the as-
sumption and Proposition Thus the (forward) end E1 coincides with
the (backward) end E~. We write 7 = v U ¥, where v = 7| o) is a ray on
M and 7(t) = 7(—t) for t € [0,00). Note that m(M) = oo since A1, > 0 by
Corollary which implies that M must have an infinite volume end E'.
If 4 is contained in an end with infinite volume, then the first case occurs.
Otherwise, (M, F') has a finite volume end E containing 5. Note that it will
not happen that one of {7(+00),7(—00)} is contained in an end with finite
volume and the other is contained in an end with infinite volume. In fact,
if this is the case, then these two ends are connected into an end with in-
finite volume since 4 is connected. Let 2 = 4(0) € M be a fixed point such
that the compact set D = Bp,(z) separates the ends E and E’ for some
Ry >0, i.e., E and E’ are two disjoint connected components of M \ D.
Note that the Busemann function associated to a ray is invariant after a
linear parameter transformation preserving the orientation of the ray. Thus,
we always may assume that F = ET with m(E™) < oo such that v C ET
(maybe after a reparameterization preserving the orientation of 7) because
of the reversibility of F.

Applying (2.6) to b, and using Proposition one obtains
(5.10) Riceo(Vby) + ||v2b'y”%{S(va) =0.
Then, by Definition

- - S*(Vb,) S%(Vb.,)
(5.11) Ricoo(Vb,) = Ricy(Vb,) + ﬁ > K+ ﬁ,

where S(Vb,) = D¥(Vb,) is the S-curvature in the direction Vb, and
S(Vby) =0 if N = n. Plugging (5.11)) into (5.10)) yields

S%(Vb,)

(5.12) IV2by s (vp,) < K - N_n

On the other hand, choose a local orthonormal frame {e;}?_; with respect to
gvb, such that e; = Vb,. Thus Vb, = b;e;, where by = 1 and b; = 02<i<
n). Denote by b;; the components of V2b7 with respect to the Levi-Civita
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connection of gvb, - We have b1 = 0 and

n

2
1 1
Vb5 s wb,) = D b5 > — (Z b) = —[Ab, + S(Vb,))?
1,3

i=1

1 2 52(Vb
(5.13) = — {—\/(N—l)K+S(Vb7)] ZK—M,
where we used the inequality (a — b)? > 1‘f 5~ % with § = ]T\Z — when N >n

and S(Vby) =0 when N =n. Combining (5.12) and ([5.13]) together, one
obtains

S%(Vb.)
Vb, |[5rs(vb,) = K — ﬁ

and all the above inequalities become equalities, which imply

(5.14) Ricy(Vby) = —K, S(Vb,) = (N —n)c,
(5.15) b11 = bij = O(i 7A ]), b22 === bnn = —C,

Hv2bw”?15(vm) = (n—1)¢,

where we used Ab, = —/(N — 1)K and ¢ = /K/(N — 1). Consequently,
DU(i) = S(Vb,) = (N — n)e,

which means that U (7(t)) = (N —n)ct + ¥(77(0)) is a linear function of ¢
along 7.

Let {4} be a local one-parameter transformation group generated by
Vb, and

M; .= {x € M|by(z) =t}
be the level set of b,. Obviously, M = My and gvb., (Vb,, X) = 0 for any

X € Ty(M). Since F(Vb,) = ||Vb,|gswh,) =1, we have b, o, =t for
any fixed ¢ € R, which means ¢ (&) € M; for any & € M. Similarly, for
fixed t € R, we have ¢, (&) € M, for any & € M if we use v(—t) instead of
~4(t). This defines a map ® : R x M — M, ®(t, %) = ¢;(i). Obviously, it is
injective. For any ¢ € M, letting & € M be the nearest point to ¢ with respect
to F and 7 : [0,¢] — M be the unit speed minimal geodesic of F' from & to
q- By the first variation formula of 7, one obtains that g:)(7(0), X) =0
for any X € Tz M. Consequently, gvb, (Vby, X) = g:0)(7(0), X) =0 at &
for all X € TyM, which implies 7(0) = Vb, () by Lemma 1.2.4 in [Sh].
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Hence 7(t) = ¢¢(Z) by the uniqueness of the minimal geodesic. This means
g € 7 C Im(®) and hence ® is surjective. Thus, M; = ¢;(M) and ® is a
diffeomorphism.

Further, for any vector field X on M ,
gvb, (d®(0/0t),d®(X)) = gvb, (Vb,, (X)) = X (b, 0 @) = 0.

This shows that Vb, is a normal vector field on M; with respect to gyp. .
We choose a local orthonormal frame {e;}" ; as above. With respect to the
induced metric from gyy,, the second fundamental form I1 = (hqg) of M;
is given by hag = bag = —cap (2 < o, B < n) by . This implies that
gvb, = at* + eQCtévm, where gyp_ is a Riemannian metric on M induced
by gvb, . Since M has (at least) two disconnected ends E* and F/, M must
be compact. Otherwise ET and E’ are connected, which is a contracdiction.
This finishes the proof. U

Assume that (M, F, m) admits a straight line 4 contained in the end E with
m(E) < co. Then Proposition implies that

(5.16) dm= e_(N_")Ct_\I’(ﬁ(()))\/'ol;7 = ¢ WWN=DE gy e_‘y(ﬁ(o))VolmM

along 7 with 77 = Vbs, where W(7j(0)) = ¥(0, %) for & € M. Thus, we have
the following diffeomorphic splitting of (M, m).

Corollary 5.1. Let (M, F,m), Ricy and A1 be as in Proposition . If
(M, F,m) admits a straight line 5 contained in the end E with m(E) <
00, then (M,m) admits a diffeomorphic measure splitting (M, m) = (R x
M, e tVIN-DE T o m), where L' is the one-dimensional Lebesgue measure
and m := m|; is the induced measure on M.

Although we have an isometric splitting of (M, gvy, ) and a diffeomorphic
splitting of (M, m), it is not known whether the splitting in Proposition
and Corollary hold for Finsler mesure spaces (M, F,m) with the same
assumptions as in Proposition If (M, F,m) is a Berwald space, then one
can obtain a splitting of (M, F,m) stated in Theorem We remark that,
different from the Riemannian case, one can not simply write F?(z,y) as a
form of warped product since F'(x,y) is nonlinear in y.

Proof of Theorem[1.4) Assume that (M, F,m) has no finite volume ends
containing 4. Then it has a finite volume end containing 7 as in the proof of
Proposition Then F is reversible by Proposition [5.1|and (M, m) admits
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a diffeomorphic measure splitting (R x M, e tVIN-DE 1 o m) by Corol-
lary Next we further consider the geometric structure of (M, F').

Let {¢;} be the family of one-parameter transformation group generated
by Vb, as before. Then every integral curve ¢, is a geodesic and M; = got(M )
for any t € R from the proof of Proposition where M is compact. For
any I € M, choose a local coordinate system (R x U,z) on M with = =
(t,&) = (t,x?,--- ,2™) such that t = b,(z), and a local orthonormal frame
{a?c }ioq with respect to gyp, such that % = % = Vb, and {%}2:2 is
a local orthonormal frame on (M, gvb, ). Thus, the connection coefficients
115(2) = 115(Vby(2)) = ¢dF of gyp, . Given a vector X € Ty M for any & €
M, let V(t) = ¢1(X) be a vector field along ;. Note that the isometric
splitting of (M, gvp,) in Proposition shows that got*(aaa i) = e 0

=€ Preh

Then DiVb” V = V. Since (M, F) is Berwaldlan and V(0) = X, we have by
23)

d

gLV (V. V)] = 20v(DEV, V) = 2gv (DI V, V) = 2eF*(V),

—[F2(V)] =

which implies that F(V(t)) = e F(X), equivalently, ¥ (F,) = e F', where
F, = F|y, and F= F|;;, which are also reversible. In fact, for any vector
X € T, M, let V(t) = pu(X). We have F(V(t)) = e F(X) as above, i.e.,

©fF = e F, which means that Vb, is a homothetic vector field of F' and
@4 is a homothetic transformation of M with a homothetic factor § ([SX]).
Thus, (M, F) = Uer(M,, F), where M, = ¢y (M).

To see that Ric%_l >0, we first claim that RicIv» > 0. We simply
denote g := gyp, and g := gyp._ . In alocal coordinate system taken as above,
we can write §°(z,y) = (y')* + €*'§*(Z,9), where y = (y',9) = (', v*, -,
y") € R x T,U. For the Riemannian metric g, its geodesic coefficients (see
(5.2) in [Sh]) are given by

1 __C 2ct 3
(5.17) G(z,y) = —5e(& ),

G%(z,y) = G(&,79) + cy'y® (2 < a <n).

By (6.4) in [Sh|, the Riemannian curvature tensors of § are given by
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where R are Riemannian curvature tensors on (M, g). Thus, the Ricci
curvature of ¢ is

(5.18)  Ric(z,y) = RY(2,y) + R% (x,y) = Ric(#,) — (n — 1)c*§(z,y)%,

where Ric is the Ricci curvature of g. Note that Vb, is a nonzero geodesic
vector field with F2(Vb,) = §(Vb,, Vb,) = 1. Then the weighted Ricci cur-
vature of (M, g, m) satisfies Ric%,(Vby) = Ricy(Vb,) > —K. On the other
hand, along the integral curve 7) of Vb,, we have

=\ ()2
Ric%,(x,Vb,) = Ric(z,Vb,) + (¥ 0 7)"(0) — W = Ric(¥) — K,
where we used ¥(7j(t)) = (N — n)ct + ¥(7j(0)) (see Proposition [5.2). Hence,
RicI%% = Ric > 0. ]

Next we prove that Ric%fl > 0. Fix a unit vector g € Uy M (unit sphere
bundle), and extend it to a vector field Y on a neighbourhood U C M
of & such that all integral curves of Y are geodesic. We further extend
Y to Y on (—e,6) x U C M by Y(t,%) =Y (0,2) € T(; M. Then all in-
tegral curves of Y are geodesic. Thus, for any ¢ € Ty M , the Ricci curva-
ture Ric™ () = Ric™((0,7)) with respect to F' = F|;; coincides with the
Ricci curvature Ricv () = Ric?¥ ((0,%)) with respect to gy = gy|; (in par-
ticular, it is independent of the choice of Y). On the other hand, since
(M, F) is Berwaldian, the Ricci curvature Ric9” (y) with respect to gy co-
incides with the Ricci curvature Ric/* (y) with respect to gyp, for any
y € Tp M. In particular, Ric% () = Ric?* ((0,%)) with respect to gy co-
incides with Ric9v% () = Ric9v% ((0,7)) with respect to gvp,, which is
nonnegative by the above claim. Hence Ric™ () > 0. From Definition |2
and Corollary one obtains RicY | (y) = RicM (y) > 0, where we used
(N —1)—(n—1) = N — n. This finishes the proof. O
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