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We study Hermitian metrics with a Gauduchon connection be-
ing “Kahler-like” , namely, satisfying the same symmetries for cur-
vature as the Levi-Civita and Chern connections. In particular,
we investigate 6-dimensional solvmanifolds with invariant complex
structures with trivial canonical bundle and with invariant Her-
mitian metrics. The results for this case give evidence for two
conjectures that are expected to hold in more generality: first, if
the Strominger-Bismut connection is Kéhler-like, then the metric
is pluriclosed; second, if another Gauduchon connection, different
from Chern or Strominger-Bismut, is K&hler-like, then the metric
is Kéhler. As a further motivation, we show that the Kéahler-like
condition for the Levi-Civita connection assures that the Ricci flow
preserves the Hermitian condition along analytic solutions.
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Introduction

We study Hermitian manifolds whose curvature tensor, with respect to a
“canonical” connection, satisfies further symmetries, as initiated by A. Gray
[Gra76], and by B. Yang and F. Zheng [YZ16]. Symmetries clearly include
the case of flat curvature [Boob8, WYZ16, [GK06, DSV11, YZ17, VYZIS|
HLY18]. This is ultimately related to Yau’s Problem 87 [Yau93|] concerning
compact Hermitian manifolds with holonomy reduced to subgroups of U(n).

The setting is the following. Let X be a complex manifold endowed with
a Hermitian metric. One may wonder which connection is more “natural”
to investigate the complex geometry of X.

On the one side, the Levi-Civita connection VZC is the only torsion-free
metric connection. In general, it does not preserve the complex structure,
this condition forcing the metric to be Kéahler. The absence of torsion yields
that its curvature tensor REC satisfies the symmetry called first Bianchi
identity:

Z RYC(oz,09)0z = 0.
oced

On the other side, the Chern connection VE" is another tool to investi-
gate the differential complex geometry of X. It is the only Hermitian con-
nection (namely, that preserves both the metric and the complex structure,)
being compatible with the Cauchy-Riemann operator on the holomorphic
tangent bundle. This yields that its curvature tensor RC" satisfies the type
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condition symmetry:
R € AM(X; End(T10X)).

The condition R“" = REC forces the metric to be Kéhler, as proven in
[YZ16, Theorem 1.1]. In the same spirit, in [LY17, Corollary 4.5], the authors
prove that if the total scalar curvatures sqp, = src, then the metric is bal-
anced. Notwithstanding, there are plenty of non-Kéahler Hermitian metrics
such that either RYC or R" satisfies both the symmetries of the Levi-
Civita curvature and the symmetries of the Chern curvature. Such metrics
are called G-Kahler-like, respectively Kdhler-like by B. Yang and F. Zheng
[YZ16].

Notice that no locally homogeneous examples of compact complex Her-
mitian surfaces with odd first Betti number exist such that the Levi-Civita
connection is Kéhler-like, thanks to a result by Muskarov [Mus01] that pre-
vents J-invariant Ricci tensor.

We point out three remarks that motivate the (G-)Ké&hler-like condi-
tions. First, they imply the cohomological property of the metric being bal-
anced in the sense of Michelsohn [Mic82], as proven in [YZ16l, Theorem 1.3].
This property plays a role in the Strominger system, and this is a first moti-
vation in [YZ16]. Second, symmetries are clearly satisfied by zero curvature:
classification results in case of certain specific connections are investigated in
[Boo58l WYZ16l (GK06, YZ17, VYZ1§|. This is related to Yau’s Problem 87
in [Yau93|] on compact Hermitian manifolds with holonomy reduced to a
subgroup of U(n) (here the connection needs not to be the Levi-Civita con-
nection). Third, we prove that the Kahler-like condition for the Levi-Civita
connection assures that the Ricci flow preserves the Hermitian condition
along (analytic, compare [Kot15]) solutions:

Theorem Let go be a Hermitian metric on a compact compler man-
ifold, and consider an analytic solution (g(t))ie(—c) for € >0 of the Ricci

flow

(RF) & gt) = —Riclg(t),  9(0) = g0

If the Levi-Clivita connection of go is Kdhler-like, then g(t) is Hermitian for
any t.
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In fact, there are infinitely-many Hermitian connections, namely, pre-
serving both the metric and the complex structure, but possibly having tor-
sion. Prescribing components of the torsion selects a special family of Hermi-
tian connections V¢ called canonical connections in the sense of Gauduchon
[Gau97], varying € € R. Such family includes and interpolates the Chern
connection V" = V0 and the Strominger-Bismut connection V1t = V',
both of which have a role in complex geometry and heterotic string theory
[Str86]. In this note, we extend the notion of Kdhler-like (Definition {4)) to
the family {V®}.cr of Gauduchon connections.

Whereas the balanced condition is related to the Bott-Chern cohomology
and to the Chern connection, the Strominger-Bismut connection is related to
the Aeppli cohomology and to the notion of pluriclosed metrics (also known
as SKT), see e.g. [Bis®9]. Therefore, as a Strominger-Bismut counterpart of
[YZ16l Theorem 1.3] (see Theorem, the following conjecture is suggested:

Conjecture 1. Consider a compact complexr manifold endowed with a Her-
mitian metric. If the Strominger-Bismut connection is Kahler-like, then the
metric 1s pluriclosed.

Notice that the particular case of Strominger-Bismut-flat metrics is stud-
ied in [WYZ16], where it is proven that a compact Hermitian manifold whose
Strominger-Bismut connection is flat admits, as finite unbranched cover, a
local Samelson space, given by the product of a compact semisimple Lie
group and a torus, [WYZ16, Theorem 1].

Moreover, they prove in [WYZ16, Theorem 2| that a balanced
Strominger-Bismut-flat metric is actually Kéhler. It is known that Hermi-
tian metrics that are both pluriclosed and balanced are in fact Kahler, see
e.g. [AIO1, Remark 1] or [FPS04, Proposition 1.4]. In fact, it is conjectured
that no compact non-Kéahler complex manifold can admit at the same time
a balanced metric and a pluriclosed metric, see [FV15, Problem 3]. This
conjecture has proven to be true, for example, for the twistor spaces of
compact anti-self-dual Riemannian manifolds [Verl4], for compact complex
manifolds in the Fujiki class C [Child], for £;,S3 x S? for k > 2 endowed with
the complex structures constructed from the conifold transition [FLY12],
for nilmanifolds with invariant complex structures [FPS04, EV15, [FVI6].
So this last theorem of Wang, Yang, and Zheng is explained by the fact that
the flatness of the Strominger-Bismut connection implies that the metric is
pluriclosed, which gives a partial evidence for the above Conjecture [1| (see
Section (1.5 for details).
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The canonical connections by Gauduchon allow to tie the Chern and
Strominger-Bismut connections. So, one may claim that a generic canonical
connection shares properties with both of them. Again since no non-Kéahler
metric can be both balanced and pluriclosed, we conjecture the following,
that extends [YZ17, Conjecture 1.3] on Gauduchon-flat connections.

Conjecture 2. Consider a compact complexr manifold endowed with a Her-
mitian metric. Consider a canonical connection in the Gauduchon family,
different from the Strominger-Bismut connection and the Chern connection.
If it is Kahler-like, then the metric is Kahler.

We test these conjectures on a class of compact complex manifolds of
complex dimension three given by quotients of Lie groupsﬂ More precisely,
we restrict to Calabi- Yau solvmanifolds, that is, compact quotients of solv-
able Lie groups by discrete subgroups, endowed with an invariant complex
structure having a non-zero invariant closed (3,0)-form, which implies that
the canonical bundle is holomorphically-trivial. We choose this class because
of their role e.g. in constructing explicit invariant solutions to the Strominger
system with respect to a Gauduchon connection [EY15, [OUV17]. They will
be equipped with an invariant Hermitian metric. When the group is nilpo-
tent, we get nilmanifolds and they always satisfy the latter condition on triv-
iality of the canonical bundle by [Sal0l, BDV09]. Invariant complex struc-
tures on 6-dimensional nilmanifolds are ultimately classified by [COUV16]|,
see also the references therein, and they never admit Kahler metrics, un-
less the nilmanifold be a torus, by topological obstructions [BG88| [Has89).
Invariant complex structures on 6-dimensional solvmanifolds with trivial
canonical bundle are classified by [FOU15].

The following theorem is a consequence of direct inspection performed
with the help of the symbolic computation softwares, Sage [ST09] and Math-
ematica.

Theorem Consider the class of compact 6-dimensional solvmanifolds
endowed with an itnvariant complex structure with holomorphically-trivial
canonical bundle and with an invariant Hermitian metric.

o [f the Strominger-Bismut connection is Kahler-like, then the metric is
pluriclosed.

! After the appearence of our note, recent progress on the Conjectures [1] and
has been made by Zhao and Zheng [ZZ19] and by Fu and Zhou [FZ19], respectively.
Moreover, at the time of the correction of the proofs of the article, we have also
added the references [LS22] and [Z2Z22] for further progress on the subject.
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e If a canonical connection in the Gauduchon family, different from the
Strominger-Bismut connection and the Chern connection, is Kdhler-
like, then the metric is Kdhler.

Therefore, Congectures[1] and[3 are satisfied for this class of manifolds.

A more detailed statement can be found in Theorem and Proposi-
tion |34] finalizes the study showing that, on six-dimensional solvmanifolds
with holomorphically-trivial canonical bundle endowed with an invariant
Hermitian non-K&ahler metric, the Levi-Civita connection is never Kahler-
like.

In particular, we observe here some evidence following from the per-
formed study.

Holomorphically-parallelizable complex structures are Chern-flat and
then their Chern connection is clearly Kéahler-like. Conversely, by [Boo5§],
compact Hermitian Chern-flat manifolds are given by quotients of com-
plex Hermitian Lie groups. We have examples of non-Strominger-Bismut-flat
metric whose Strominger-Bismut connection is Kéhler-like.

The examples here confirm [YZI17, Conjecture 1.3], stating that com-
pact Hermitian manifolds with a flat Gauduchon connection (different from
Chern or Strominger-Bismut) must be Kéhler. The analogous question for
invariant Hermitian structures on Lie groups is asked and investigated in
[VYZ18, Question 1.1], and our result gives further evidence for a positive
answer, since our computations are also valid on Lie groups endowed with
left-invariant structures (see Remark [14)).

On a compact complex manifold, being balanced is a necessary condi-
tion for either the Levi-Civita or the Chern connections being Kéhler-like,
thanks to [YZ16, Theorem 1.3], but the converse does not hold true, as
many examples below also show. It is expected that compact complex man-
ifolds satisfying the 00-Lemma admit balanced metrics. We ask whether the
00-Lemma property has any relation with the Kdhler-like property.

According to [FV15, Problem 3], no compact complex non-Kéhler man-
ifold is expected to bear both a balanced metric and a pluriclosed met-
ric. Then, according to [YZ16, Theorem 1.3] and Conjecture [1, we expect
that a compact compler manifold admitting both a Hermitian metric with
Kiabhler-like Chern connection and a (possibly different) Hermitian metric
with Kdahler-like Strominger-Bismut connection admits a Kdhler metric. By
Theorem [11] this is obviously confirmed in the class of Calabi-Yau solvman-
ifolds of complex dimension 3. More in general, we ask whether it is possible
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to admit two different connections (with respect to possibly different metrics)
being both Kdhler-like.

The Iwasawa manifold and its small deformations show that the property
of being Kéahler-like with respect to the Chern connection is not open under
deformations of the complex structures. It is not even closed, i.e. the central
limit of a holomorphic family of compact Hermitian manifolds with the
Kahler-like property may not admit any Hermitian metric satisfying the
Kahler-like property with respect to the Chern connection, see Corollary
We ask whether the Kahler-like property with respect to the Strominger-
Bismut connection (or, more generally, any other Gauduchon connection,)
is open and/or closed by holomorphic deformations of the complex structure.
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Jose Fernando for his warm hospitality at the Facultad de Matematicas of
the Universidad Complutense de Madrid. The authors would like to thank
Francesco Pediconi, Fabio Podesta, Cristiano Spotti, and Luigi Vezzoni for
several interesting discussions. Many thanks also to the anonymous Referees
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1. Kahler-like connections
1.1. Curvatures
Let X be a manifold endowed with a complex structure J and a Hermitian
structure h = g — v —1w.

Let V be any linear metric connection on X, that is, preserving the
Riemannian metric g, namely, Vg = 0. (Denote with the same symbol its
C-bi-linear extension to T'X ®g C.) Consider its curvature operator:

Rv(xa y) = vz(‘r’y) = [vma vy] - v[z,y]u
and define also the (4, 0)-tensor

Notice that, by the very definition, respectively by the condition Vg = 0,

RY(., ) € A*(X;End(TX)) and RY(, .)€ A’X ® A’X.
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The first Ricci curvature and the second Ricci curvature are, respectively,
the traces

Ric¥ (z,y) = tr RY (z,y) € N2X,
Ric™ (z,w) = tr,RY (L, z,w) € A’X C End(TX).
The scalar curvature is
Scal = trgRic(i) = trRic™ e C®(X;R).

1.2. Gauduchon connections

We focus on the canonical connections in the Gauduchon family as defined in
1—t 14t

[Gan97, Definition 2J: for ¢ € R, the Hermitian connection V& =: V& "4
associated to (J, g) is defined by

1—1¢ 14+t
g(vgfyv Z) = g(vﬁ()% Z) + T T(LE,y, Z) + T C(l‘,y, Z)a

where
T:=Jdw:= —dw(J_,J_J.), C:=dw(J, ),

and V€ denotes the Levi-Civita connection, that we can compute by

g(VECy,2) = % (zg(y, 2) +yg(z, 2) — zg(x,y)
+9([z,y], 2) — 9([y, 2], ) — g([z, 2], 9)) -

Note that, in the space of metric connections V&* as defined in [OUVIT],

Gauduchon connections sit on the line € + p = 3

5-
Other than
vLiC — y0.0
special values are

Veh=yO =0, vr=vOii=vi0 v =V

corresponding to the Chern, Strominger-Bismut, and anti-Strominger-
Bismut connections, respectively. Moreover,

VO = vii = vl

is the first canonical connection, also called associated connection [Gau97,
GKO06], namely the projection onto the holomorphic tangent bundle of the
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Levi-Civita connection. Another important connection is given by
G
\V/ 1/37

called the minimal Gauduchon connection [Gau97, [YZ17] because it is dis-
tinguished by the property that it has the smallest total torsion among
Gauduchon connections.

1.3. Symmetries of the curvature

If we focus on the Levi-Civita connection V€, (namely, the unique met-
ric torsion-free connection on X,) respectively on the Chern connection
VvV, (namely, the unique Hermitian connection being compatible with the
Cauchy-Riemann operator d on the holomorphic tangent bundle,) we have
further symmetries.

The Levi-Civita connection V := V¢ satisfies the first Bianchi identity:

(1Bnc) Z RY (ox, 0y)oz = 0.
oce®

(This follows by the Levi-Civita connection being torsion-free, where the
torsion is defined as

TV (z,y) := Vuy — Vyz — [2,9],

and by the Jacobi identity for the Lie bracket [, |.) More in general, for a
metric connection V with possibly non-zero torsion TV, we have (compare
e.g. [Gauldl §1.16]):

Z RY(ox,09)0z = dVT(z,y, 2).
oced®

The Chern connection V := V" satisfies the type condition:
RY € AMY(X; End(TH0X)),
namely,
(Cplx) RY (z,y,z,w) = RY(x,y,Jz, Jw) = RY(Jz,Jy,z,w) .

(The J-invariance in the third and fourth arguments, namely the property
RY € A*(X;End(T"0X)), follows from V.J = 0 and g(J_,J_) = g(-, -). The
conclusion follows from V%! = 9 yielding (V%!)? = 0 and by V being real.)
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Remark 3. Condition (1Bnc) for a metric connection implies
(Symm) RY € §? A2 X,
namely, RV (z,y,z,w) = RV (z,w, x,y). In this case, the first Bianchi iden-

tity holds for the (4,0)-tensor RY for permutations of any triple of indices. If
moreover RY € A2(X; End(T°X)), then actually RY € A (X ; End(T1°X)).

1.4. Kahler-like symmetries
On a Kéahler manifold, we have
vLC — vCh
since VXC.J = 0. In particular, V := V¢ satisfies both (IBnd) and (Cplx]).

Definition 4. Let X be a complex manifold endowed with a Hermitian
structure. Let V be a metric connection on it. We say that V is Kahler-like
if it satisfies (1Bnd|) and (Cplx]).

Remark 5 (comparison with Yang and Zheng’s [YZ16]). We claim
that the above definition specializes to Yang and Zheng’s definitions in [YZ16]
in case of Chern connection and Levi-Civita connection. Recall that, in
|YZ16, page 2/, B. Yang and F. Zheng call a Hermitian structure:

e Kahler-like (in the sense of [YZ16]) if, for any (1,0)-tangent vector X,
Y, Z, and W, it holds

RMX,Y,Z,W) = R™MZY, X, W);

e G-Kahler-like (in the sense of [YZ16)]), in honour of Gray, if, for any
(1,0)-tangent vector X, Y, Z, and W, it holds

RLYC(X,Y,Z,W) = RIY(X,)Y,ZW) = 0.
Then:

1) a Hermitian structure is Kdhler-like in the sense of [YZ10] if and only
if its Chern connection is Kahler-like in the sense of Definition [J];

2) a Hermitian structure is G-Kdahler-like in the sense of [YZ16] if and
only if its Levi-Civita connection is Kdahler-like in the sense of Defini-

tion[4)
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Proof. (1) Assume that the Chern connection V" is Kihler-like in the sense
of Definition 4} In particular, by , we get:
RMX,Y,Z,W)=—-R°MY,Z,X,W)—R"(Z,X,Y,W)
= RMZ,Y X, W) + g(R°"(X, Z2)Y, W)
= RMZ,Y, X, W),
since g(RCM(X, Z2)Y, W) = 0.

Conversely, assume that the Hermitian structure is Kéhler-like in the
sense of [YZ16]. We already noticed that the Chern connection satisfies

(Cplxl). We prove (1Bnc)). It suffices to prove it for
(z,y,z,w) € {(X,Y,Z,W), (X,Y,Z W), (X,Y,Z, W)},

where X, Y, Z, and W are (1,0)-tangent vector fields. For example, in the
first case, we have:

RY(X,Y,Z, W)+ RY(Y,Z,X,W)+RY(Z,X,Y,W)
= —RY(Y,X,Z,W)+RY(Z,X,Y,W) =0,
where we used the skew-symmetries of RV, the type properties of RV, and
the condition of Kéhler-like in the sense of [YZI6].

(2) Assume that the Levi-Civita connection VI is Kéhler-like in the
sense of Definition {4} In particular, by (Cplx]), we get: for any (1, 0)-tangent
vector fields X, Y, Z, and W,

RYC(X,Y,Z,W)=RL(X,Y,JZ,JW) = —RXO(X,Y, Z, W),
whence
RIYX,Y,Z,W)=0;
moreover, by using (Symm)), we get:
RYC(X,Y,Z, W) =R (ZW,X,Y) =R (ZW,JX,JY)
= —RIC(ZW,X,Y)=-RNX,Y,Z, W),
whence
RY(X,Y,Z,W) = 0.

Conversely, assume that the Hermitian structure is G-Kéahler-like in the
sense of [YZ16]. By [Gra76], we have also: for any (1,0)-tangent vector fields
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X, Y, Z and W,

(Gray) RI(X,Y,Z,W) = 0.

We already noticed that the Levi-Civita connection satisfies . We
prove (Cplx)). By , it suffices to show R(z,y, z,w) = R(z,y, Jz, Jw).

By the definition of G-Ké&hler-like and by (Gray]), and up to conjugation and
(skew-)symmetries, we are reduced to the terms of curvatures:

R(X,Y,Z,W)=—R(Y,X,Z,W), R(X,Y,Z,W),
R(X,Y,Z,W) =0, R(X,Y,Z,W) =0,
R(X,Y,Z,W) =0, R(X,Y,Z, W) =0,
R(X,Y,Z,W) =0, R(X,Y,Z,W) =0,

whence to the case: (z,y, z,w) = (X,Y, Z,W). Of course, in this case (Cplx])
holds. ]

We will use also the following characterization of the Kahler-like condi-
tion.

Remark 6. A metric linear connection V on a manifold endowed with a
Hermitian structure is Kdhler-like in the sense of Definition[]] if and only if,
for any (1,0)-tangent vector fields X, Y, Z, and W, for any tangent vector
fields x, y, z, and w,

(1Bnc’) B(X,Y,Z,W):=RY(X,Y,Z,W)—-RY(Z,Y,X,W) =0,

(Cplx’) RY(z,y,Z,W) =RV (X,Y,z,w) = 0.

Proof. Assume that V is Kahler-like in the sense of Definition [4] Moreover,

we get also (Symml). Then:

RY(z,y,Z,W) = RY (2,y,JZ,JW) = =R (z,y,Z,W)
RY(X,Y,z,w) = RY(z,w,X,Y) = RY(z,w,JX,JY)
= —RY(z,w,X,Y) = —RV(X,Y,z,w),
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whence we get (Cplx’). Now, we have:
RVY(X,Y,Z,W)=—-RY(Y,Z,X,W) - RY(Z,X,Y,W)
=RY(Z,Y,X, W),

that is, (TBnc).
On the other hand, up to anti-symmetries and conjugation, the only
non-zero terms of the curvature are

RY(X,Y,Z,W).

Therefore, (Cplx]) is satisfied. Also, it follows that (1Bnc’)) yields (1Bnc)). O

Remark 7. We notice that the possible several traces become equal as soon
as we assume further symmetries of the curvature tensor. In this direction,
compare the results by Liu and Yang in [LY1], comparing scalar curvatures.
In particular, [LY17, Corollaries 4.4 and 4.5] state conditions concerning
equalities between total scalar curvatures that force the metric to be Kahler,
respectively balanced.

1.5. Relations to special Hermitian metrics

A Hermitian metric w on a complex manifold is called balanced [Mic82] if
d*w = 0, where d* denotes the adjoint operator of d with respect to the L>-
pairing induced by the metric associated to w; in other words, dw” ! =0,
where n is the complex dimension of the manifold.

We recall the following obstruction to being Ké&hler-like, respectively
G-Kéhler-like in the sense of [YZ16].

Theorem 8 ([YZ16, Theorem 1.3]). If a Hermitian metric on a compact
complex manifold has either Levi-Civita or Chern connection being Kdhler-
like, then it is balanced in the sense of Michelsohn [Mic82).

A Hermitian metric w on a complex manifold is called pluriclosed (also
known as SKT) if 900w = 0 [Bis89]. Using a result in [WYZ16], and inspired
by the argument in [YZ17], we show the following result for Strominger-
Bismut-flat Hermitian manifolds, which can be seen as an evidence for Con-
jecture [1] in the special case of flat connection.
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Theorem 9. Let X be a complex manifold of complex dimension n endowed
with a Hermitian metric. If the Strominger-Bismut connection is flat, then
the metric is pluriclosed.

Proof. Denote by w the Strominger-Bismut-flat Hermitian metric on the
manifold X. The pluriclosed condition 00w = 0 is a local property. The
Strominger-Bismut connection V' being flat, we can choose an unitary
parallel frame (ej,€;); in a neighbourhood of any point p of X, that is,
Vte; = VTe; = 0. Furthermore, by [WYZ16), Proof of Theorem 1, page 14],
it has (local) structure constants

lei, ej] = cfjek, lei, €] = (:T.kek — cgkék,

where cf‘j € C are constants satisfying the required identities, and i, j, k €
{1,...,n}. In addition, the metric satisfies

<[X, Y]7Z> = _<[X7 Z],Y>,

for any X,Y,Z in (ej,&j)1<j<n. Hereafter, we shorten e.g. e :=e' A&,
where (e/,&7); is the dual coframe of (e;, €;);, and we use Einstein notation
on summation over repeated indices. In this notation, we have that with
respect to the unitary parallel frame (ej, €;); the metric w is expressed locally

as
w = Eekk.

2

In other words, we are locally reduced to the Lie algebra case where the
complex structure and the metric are both left invariant, and moreover, the
metric is actually bi-invariant. In these conditions one has 99w = 0 [SSTVSS]
(see also [Enrl3l page 568]), so the metric w is pluriclosed. O

2. Hermitian geometry on six-dimensional Calabi-Yau
solvmanifolds

We consider 6-dimensional solvmanifolds X = T'\G, namely, compact quo-
tients of connected simply-connected solvable Lie groups by co-compact dis-
crete subgroups. In particular, we consider solvmanifolds endowed with in-
variant Hermitian structures (J, g), that is, structures whose lift to the uni-
versal cover is invariant under left-translations. Such structures are encoded
in the associated Lie algebra g. As a matter of notation, we will denote Lie
algebras in the concise form in [Sal01]: e.g. ths = (0,0, —12,0) means that
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the four-dimensional Lie algebra th; admits a basis (e, e, e3, e4) such that
[e1, ea] = es, the other brackets being trivial. The notation actually refers
to the dual thi: the dual basis (e!,e?, €3 e?) satisfies de! = de? = de* =0
and de?® = —e! A €2, where we will shorten e'? := e! A e?. Here, we use the
following formula to relate the differential d: g¥ — A%gY and the bracket
] A2g— g

dOé(.’L"y) = —CY([I',y]).
2.1. Metric formulas

Let
(¢!, 0% ¢%)
be an invariant co-frame of (1,0)-forms with respect to J. With respect to

the frame (Sola V2,93, 91, P2, @3) dual to (801’ 9027 3037 951’ @27 (/_33)7 we first set
the structure constants

lor, pu =: s
(Capital letters here vary in {1,2,3,1,2,3} and refer to the corresponding

component; the Einstein summation is assumed.)
The generic invariant Hermitian structure w = g(-, J_) is given by

(2.1) 2w =+/—1r2 goﬁ +v/—1s* @22 + v/ —1t? @33
+u<p1§—ﬂ(pﬂ—|—U<p23—17<p3§—1—29013—2<,03i
where the coefficients satisfy [Uga07, page 189]
r? >0, s? >0, 2 >0,

r2s? > |ul?, r2t? > |z)?, st > |v]?,
2522 + 2Re (V—1120) > t*|u|* + r?|v]* + s2|2|°.

(Hereafter, we shorten e.g. goSI = 3 A@') That is to say, the matrix
(9K 1)K, is positive-definite. Its inverse is denoted by

KL)

(6" "k = (9xL) KL

Let 2 be the matrix associated to the Hermitian metric, i.e.

M)

1= u z
t72 2, 2

— _u 1 s v

o= 1 Vv 5,
z _ /18
2 2 12
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Then,

(2.2) 8v—1 det Q = r?s%t? — r2|v|? — 2|2 — t?|ul?
+ 2Re (\/—1 uvz) > 0.

We can express the Christoffel symbols of V€' as

1
(X = 5 9" (9(ler, on)son) — 9(len ol or) — g(lers el om))
1 1 1
5 ?H 5 KAgBICgA -3 QKAQBHCIBA-
T2 2 2
Therefore, for (g, p), we compute the Christoffel symbols of the V&* connec-
tion:
(TP = () o + 29" Trar + pg™ " Crare,
where

Trar = —dw(Jer, Jowu, Jor), Crur = dw(Jor, om,0L).

We can then express the (4,0)-Riemannian curvature of V& as

(B) kL = gaL(T°) Bk (D7) g — gar (T°) P T5F) i 5

— garcrp(T97) b
2.2. Complex structures

We consider 6-dimensional Calabi- Yau solvmanifolds, meaning that they
are endowed with an invariant complex structure having a non-zero invari-
ant closed (3,0)-form, thus their canonical bundle is holomorphically-trivial.
This includes nilmanifolds [Sal01l [Uga07, [COUV16] and the solvmanifolds
in [FOUI5|]. We recall here their classification.

Six-dimensional nilpotent Lie algebras have been classified by Morozov
in 34 different classes, 18 of which admit invariant complex structures by
Salamon [Sal01]: they are by, ..., b6, h1g, hag- The complex structures on
them are classified into four families in [COUVI16]. We recall the complex
structure equations and the underlying Lie algebras in Table

We also consider solvmanifolds other than nilmanifolds. Classification of
invariant complex structures in dimension 6 such that the canonical bundle is
holomorphically-trivial is obtained in [Otal4,[FOUT5|]. We recall the complex
structure equations and the underlying Lie algebras in Table
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‘ Name Complex structure Lie algebra
(Np) dp' = dp? =0, dp® = pp'?, where p € {0,1} p=0:h=(0,00,00,0)
p=1:bh5=1(0,0,0,0,13 442,14 + 23)
4o — s o, b = (0,0,0,0,12,34)
bs = (0,0,0,0,0,12 + 34)
o) dg® = p2 + o1+ X 12 + D22, ba = (0,0,0,0,12, 14 + 23)
bs = (0,0,0,0,13 + 42,14 + 23)
where p € {0,1},A € RZ°, D € C with ImD >0 he = (0,0,0,0,12,13)
bs = (0,0,0,0,0,12)
b7 = (0,0,0,12,13,23)
dpt =0, dp® = ', ho = (0,0,0,0,12, 14 + 25)
bio = (0,0,0,12,13,14)
06— pol® 4 Bt 4o, b1 = (0,0,0,12,13,14 + 23)
(Nii) bia = (0,0,0,12, 13, 24)
bis = (0,0,0,12,13 + 14, 24)
where p € {0,1}, B € C,c € R2°, with (p, B,¢) # (0,0,0) | 14 = (0,0,0,12, 14,13 4 42)
b1s = (0,0,0,12,13 + 42, 14 + 23)
b1 = (0,0,0,12, 14, 24)
(i) dpt =0, dp? =p!? + 13, b = (0,0,0,12,23,14 — 35)
dp® = V=Tpp"t £ V/=T(p1? — ),  where p € {0,1} | bj; = (0,0,12,13,23,14 + 25)

Table 1: Invariant complex structures on six-dimensional nilmanifolds up to
linear equivalence, see [ABD11l [UV14] [COUV16].

In particular, notice that the family (Np) and the family (Sivl) consist
of holomorphically-parallelizable structures, namely, such that the holomor-
phic tangent bundle is holomorphically-trivial. The case (Np) with p =10
corresponds to the complex torus, the case (Np) with p =1 corresponds
to the holomorphically-parallelizable Iwasawa manifold, and the case (Siv1)
corresponds to the holomorphically-parallelizable Nakamura manifold.

We recall that, by [Wanb4, Theorem 1], holomorphically-parallelizable
manifolds can be regarded, up to a holomorphic homeomorphism, as quo-
tients of a connected simply-connected complex Lie group by a discrete
subgroup. Clearly, any invariant metric on a holomorphically-parallelizable
manifold is Chern-flat. (On the other side, by [Boo58], a compact complex
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Name Complex structure Lie algebra
dp! = Ap™3 + Ap!3, a1 = (15,—25,—35,45,0,0) when § =0
(Si) dp? = —Ap® — Ap?,  dpd =0, 95 = (o x 15+ 25, —15 4 a x 25, —a x 35+ 45, =35 — a x 45,0,0)
where A = cos + /—1sin6,0 € [0,7) with o = S?:Z >0, when 6 #0
det =0, dp? = —50" — (5 + V1a) '+ VoTa o,
(Sii) dg = 1¢12+( F) P12 4 L g3 = (0,—13,12,0, —46, —45)

where 2 € R>?
o = =Tl 4 Tt
(Siiil) dp? = —/—1p? — /=1 g4 = (23, -36,26, —56,46,0)
d¢3 — ig;”

dipl — \fjlfi + Y,,IS

(Siii2) dg? = ,wﬂ . Wzé g5 = (24 + 35,26, 36, —46, —56,0)
dg® = ! + 2
dp' = /=T + y=Tp"
(Siii3) dp? = —/TTp% — /T2 96 = (24 + 35, —36,26, —56, 46, 0)

dg® = ' 4 o2
do' = /=T + y=Tp13

(Siiid) P2 = /T /T g7 = (24 + 35,46, 56, —26, 36, 0)
do® = £(p" — ¢*)
(Siv1) dp' =~ dp? = ¢*, dp® =0

dpt =2/ =TpB + 3, 2€{0,1}
dp? = 2/ "TpB 4 2%, dp =0
dpt = Apt3 — 13

(Siv2)

gs = (16 — 25,15 + 26, —36 + 45, —35 — 46,0,0)

(Siv3) dp? = —ApB + B dpP =0
A e Cwith [A4] #1

(Sv) dp? = L 12 41 9, — L 21 go = (45,15 + 36,14 — 26 + 56, —56,46,0)
3 _ *T‘/j’»’ﬂu+g9’“

dy

Table 2: Invariant complex structures on six-dimensional solvmanifolds non-
nilmanifolds with holomorphically-trivial canonical bundle up to linear
equivalence, see [Otald, [FOU15).

Hermitian manifold is Chern-flat if and only if its universal cover is holo-
morphically isometric to a complex Lie group endowed with an invariant
Hermitian metric.) In [YZ16l Theorem 1.2], the authors prove that, on a
compact complex manifold of complex dimension n > 3, a metric such that
both its Levi-Civita and its Chern connection are Kahler-like is actually
Kaéhler. Recall that, by [Wan54l, Corollary 2], holomorphically-parallelizable



On Gauduchon connections with Kéahler-like curvature 979

compact Kéhler manifolds are complex torus. Then, on holomorphically-
parallelizable nilmanifolds and solvmanifolds different than tori, the Chern
connection associated to an invariant Hermitian structure is always Kahler-
like, while the Levi-Civita connection is never.

Note that this case also includes the case of the special Lie algebra
s((2; C), with structure equations

(s12C) de' =, dp® =—p'%,  dp® = p'?

other than the already mentioned Iwasawa manifold (Np) with p = 1, and
Nakamura manifold (Sivl).

2.3. Special Hermitian metrics

In view of [YZ16, Theorem 1.3] and Conjectures 1| and [2, we are particu-
larly interested on nilmanifolds and solvmanifolds admitting invariant com-
plex structures with holomorphically-trivial canonical bundle and (invariant)
balanced or pluriclosed metrics.

As for balanced, according to [Uga07], and [COUV16, UV14, [UV15],
they are:

e cither h; with a holomorphically-parallelizable complex structure in
Family (Np) with p = 0; any Hermitian metric is in fact Kahler;

e or ho, ..., hg with a nilpotent complex structure in Family (Ni); a
generic Hermitian metric as in (2.1) is balanced if and only if 72 = 1,
v=2=0,and s>+ D =+/—1a\;

e or hs with a holomorphically-parallelizable complex structure in Fam-
ily (Np) with p = 1, corresponding to the Iwasawa manifold; in this
case, any invariant Hermitian metric is balanced;

e or by with a non-nilpotent complex structure in Family (Niii); bal-
anced metrics in ([2.1]) are characterized by v = z = 0, and either t? = 1
and v =0, or t> > 0 and v = 1;

e or g; or g§ with a splitting-type complex structure in Family (Si); a
generic metric as in (2.1)) is balanced if and only if v = z = 0; they are
non-Kihler except for g3 with u =v =2 = 0;

e or g3 (Sii) or gs (Siii2) or g7 (Siii4); balanced metrics in (2.1)) are
characterized by v = z = 0, and moreover in case g5 take u € R, re-
spectively in case g7 take r? = s2;
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e or gg with a holomorphically-parallelizable splitting-type complex
structure in Family (Sivl): any metric is balanced; or with a splitting-
type complex structure in Family (Siv3): balanced metrics as in
are characterized by v =z = 0.

As for pluriclosed metrics, they exist only on:

e h; with a holomorphically-parallelizable complex structure in Family
(Np) with p = 0; any Hermitian metric is in fact K&hler;

e ha, by, b5, bg in Family (Ni), and in this case any Hermitian metric is
pluriclosed, see [FPS04, Theorems 1.2, 3.2];

e gJ in Family (Si) and g4 (Siiil); pluriclosed metrics are given by u = 0
in the form (2.1)); see [FOUL5, Theorem 4.1].

Finally, we review the existence of Kahler metrics. By [BG88|] and, more
in general, [Has89], Kéhler metrics do not exist on non-tori nilmanifolds
(with invariant or non-invariant complex structures). On the other side,
Kéhler metrics exist on:

e b1, namely, the complex torus;

e gY in Family (Si), and the Kihler metrics are given by the diagonal
ones, u =v = z = 0, see [Otald] Theorem 5.1.3].

Remark 10. Observe that the Lie algebras bz, ..., big, h2+6 and g9 do not
admit neither balanced nor pluriclosed metrics.

3. Kahler-like Gauduchon connections on six-dimensional
Calabi-Yau solvmanifolds

In this section we study the existence of Kéhler-like connections on the class
of 6-dimensional Calabi-Yau solvmanifolds.

Let us denote the Gauduchon connections by V¢ := V&4 and by R®
their corresponding curvature. We recall that with respect to this notation,
Ve=0 = VOt and Ve='/2 = V.

Theorem 11. Let X =T\G be a siz-dimensional solvmanifold endowed
with an invariant complex structure J such that the canonical bundle is
holomorphically-trivial. Denote by g the Lie algebra associated to G and let
w be the (1,1)-form associated to any invariant J-Hermitian metric on X.
We have the following.
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o If the Chern connection V" is Kdihler-like, then g is isomorphic to
b1, bs, 91, ggzo, or gs, and the Hermitian metric w is balanced.

e If the Strominger-Bismut connection VT is Kdhler-like, then g is iso-
morphic to b1, ba, bs, 89, or g4, and the Hermitian metric w is pluri-
closed.

e If a Gauduchon connection V¢ is Kahler-like for some € € R\ {0, %},
then g is isomorphic to by or g, and the Hermitian metric w is Kihler.

Notice that Theorem [I1] yields that Conjectures[I] and [2] are satisfied for
such class of six-dimensional Calabi-Yau solvmanifolds. It also shows that
the property of being Kahler-like for the Chern connection is neither open
nor closed under holomorphic deformations of the complex structure: as for
non-closedness, it follows by

Corollary 12. The Lie algebra gg admits Chern-flat Hermitian metrics for
complex structures in Family (Siv3), which admit limits in Family (Sivl)
which are not even balanced [FOU1Y5, Theorem 5.2].

The following result makes Theorem [II] more precise, in specifying the
complex structures J and the J-Hermitian metrics w in each case when the
connections are Kahler-like.

Theorem 13. In the conditions of Theorem[11], we have the following.

e The Chern connection V" is Kihler-like precisely in the following

cases:

— b1, with J in Family (Np) with p =0, with any w given by ,
which is in fact Kahler and Chern-flat;

— b5, with J in the holomorphically-parallelizable Family (Np) with
p =1, with any w given by , which is in fact Chern-flat;

— g1, with J in Family (Si) with 0 =0, with w given by with
u=v=2z=0, which is in fact Chern-flat;

— 09, with J in Family (Si) with 0 = 5, with w given by with
u=v =2z =0, which is in fact Kdhler and Chern-flat;

— g% with o > 0, with J in Family (Si) with 0 € {0, 5}, with w given
by with w = v = z = 0, which is in fact Chern-flat;

— gg, with J in the holomorphically-parallelizable Family (Sivl), with
any w given by , which is in fact Chern-flat;

— g8, with J in Family (Siv3), with w given by with u =v =
z =0, which is in fact Chern-flat.
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In any case, the metric is balanced by |[YZ16, Theorem 1.3].

e The Strominger-Bismut connection VT is Kdhler-like precisely in the
previous Kdihler cases (see b1 and g3) and in the following cases:

— b, with J in Family (Ni) with p=X=0 and D = /-1, with w
given by with r?> =1, u = v =z = 0 (not Strominger-Bismut-
fiat);

— bs, with J in Family (Ni) with p =X = D =0, with any w given
by (not Strominger-Bismut-flat);

— g4, with J in Family (Siiil), with w given by with u=v =
z =0 (not Strominger-Bismut-flat).

In any case, the metric is pluriclosed.

e The Gauduchon connection V¢ for some € € R\ {0, 3} is Kdhler-like
precisely in the previous Kdihler cases (see b1 and g3).

The rest of the section is devoted to the proofs of Theorems [11] and
Recall that by Remark [6] we know that V¢ is Kahler-like if and only if the

identities (1Bnc’)) and (Cplx’) hold; more concretely,

£ o e _ e __
ikl " Rijke Rkjié =0,

1> _ & J—
R' = Rook( = 0, and BZ]

ijee
for any i,j,k,¢ € {1,2,3}, where for instance Bf;,; denotes Bf(X1, Xa,
X3, X1). Throughout this section, and also Section we make use of this
notation.

Remark 14. We remark that we are doing calculations at the level of the
Lie algebra, equivalently, on invariant objects on the Lie group. In particu-
lar, this means that our results hold true also at the level of the non-compact
Lie group. Compare also [VYZIS, Theorem 1.3], where no compactness as-
sumptions is supposed, but the extra assumption on invariant parallel frame,
to study flat Gauduchon connections on Lie groups.

3.1. Nilmanifolds

3.1.1. Holomorphically-parallelizable nilmanifolds in Family (Np).
Consider the complex structure equations

de' = dp* =0, dp® =,

and a generic (balanced) Hermitian metric given by (2.1)). Let { X1, X9, X3}
be the (1,0)-basis of vectors dual to {p!, p?, ©3}, that is, [ X7, Xo] = — X3.
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Proposition 15. The Gauduchon connection V¢ is never Kahler-like un-
less e = 0.
Proof. A direct calculation shows that Rf,,, = Rg,p = 0 for any i, j,k, 0 €
{1,2,3}. On the other hand, what symmetries of Bianchi-type concerns, we
can observe that:

22t (1242 — |z)?

8v/—1det )

Moreover, BY = 0, i.e. V" is Kéhler-like; in fact, this is true for any
holomorphically-parallelizable manifold. O

3.1.2. Nilmanifolds in Family (Ni). According to [UVI5 equations
(2.4)-(2.5)], any Hermitian structure can be expressed as:

(3.1) dp' = dp? =0, dg® = pp'? + o + X' + D2,
2% = V=T(o' 1 4 62 02 4 12 6%) +up? — a2,

where p € {0,1}, A >0, Im D > 0, and s? > |u|?, t? > 0; i.e. we can take v =
z =0 and r? = 1 in the generic expression (2.1)).

Lemma 16. In the notation as above, if V¢ is Kdahler-like, then ¢ = %,
p =0 and w is pluriclosed.

Proof. Let us take the element RS, 5 = &2/5;’1)%. It vanishes if and only if
ep=0.If e =0, then B

0o _ 21 —
1133 = —m = 0, hence p = 0.
Now, substituting p = 0 we find:
— (1 —2¢)%2

By = 5

1
:O<:>€:§or)\:0.

Finallv. if \ — e _ stte(2e—1) _1
inally, if A =0, then Biz,; = T # 0, hence € = 3.

For the last statement, according to [FPS04, equation (3)], the Hermitian
metric w is pluriclosed if and only if the parameters in the complex structure
(Ni) satisfy

p+I —(D+D)=0.

Now, in the case p = 0, we have that:

§ ot e ;
BﬂQQZ 7()‘ _(D+D))v
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whence the statement. O

Proposition 17. In the notation as above, V¢ is Kahler-like if and only if

1
£=3 and

o cither the Lie algebra is ha and the Hermitian structure is given by
(p, A\, D) =(0,0,v/—1) and u =0,

e or the Lie algebra is hg and the Hermitian structure is anyone defined
on the complex structure (p, A, D) = (0,0,0).

Proof. In [Uga07], it is shown that the only Lie algebras underlying equa-
tions with p = 0 admitting a Hermitian pluriclosed metric are hs and
hg. Moreover, Re D = )‘72 Taking into account the classification of complex
structures up to equivalence [COUVI6|, A can take only the value 0, so we
are forced to:

e (p,\,D)=(0,0,4/—1), namely, the Lie algebra ho;
e (p,\,D)=(0,0,0), namely, the Lie algebra bg.

We are going to study the two cases above. First, the computation of the cur-
vature elements for p = 0 and ¢ = 1/2 yields that, for any 4, j,k, ¢ € {1,2,3},
1 1
Ri2joo = Rfok‘Z =0.
With respect to the relations coming from the Bianchi identity, we sum-
marize the results of the computations in Appendix In particular, € = %,
p=0,A=0, and Re D = 0 yield that
L t*u(D — D)

O

Remark 18. In the cases above, the Strominger-Bismut connection is not

flat. In fact, REH = R%Qé =240 for by, and REH =12 40 for bg, the
other components of the curvature being zero.

3.1.3. Nilmanifolds in Family (Nii). Consider the complex structure
equations

de' =0, dp? =", de® = pe'? + Be'? + cp™,

where p € {0,1}, ¢ > 0, B € C satistying (p, B, ¢) # (0,0,0).
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Proposition 19. For nilmanifolds in Family (Nii), the Gauduchon con-
nection V¢ is never Kdhler-like.

Proof. For the Chern connection, i.e. € = 0, the result follows directly from
the fact that w is never balanced and by [YZ16, Theorem 1.3].
As a consequence, we consider € # 0 and the following elements:

t4 2t2— 2 1 1
v—1 detQ 2 4
et4 (%2 — |v]?) 1
Biaos 2_2BP (e—-=
3322 A/—1 det Q <50 | B <5 4>>,

where recall the expression for det €2 as in ([2.2)).

Observe first that R,,s = = 0 if and only if pB = 0. If
B =0, then

£
Bis03

( 5223’35322) = (0’0) A (P, C) = (0’0)

which is a contradiction. Therefore, we may assume B # 0 and p = 0. Now,

1 1
§§23:0<:>5:§OI'521.

If e = 7, then

1
1

BZ

1 242
but in this case one can check that By ; = ‘BLt #0.
1 1 =
_1 2 (st ?)? 3 _ —B(s*t2—|v]?)?
Ife =3, then Rjy)5 = J5 = qerq a0 Biso1 = —5 —Taern » therefore

RE

1
(R2 2321

23127 ) =(0,0) <= (B,c) = (0,0),

providing a contradiction. O

3.1.4. Nilmanifolds in Family (Niii). Consider the complex structure
equations

d801 =0, dSOQ _ 8013 +<)013’ d903 _ \/jly SOH + \/_*15(%012 _ S021)’
where v = {0,1} and § = +1.

Proposition 20. For nilmanifolds in Family (Niii), the Gauduchon con-
nection V¢ is never Kdhler-like.
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Proof. Consider the Bianchi identity relation Bgs,5. Now,

(4e? + de — 1)(—/—15% + 6t2)(s*? — [v|*)v

Biss = =0
3323 16y/—1det Q
v =20,
= — —1+v2
= —5".
We start supposing v = 0. Now, B5; 5 = 2522;‘/\/::18;;?;2)84 = 0if and only
. _ _ 0 _ —s*t?(s?+6y/—1¢2) .
if ze = 0. In the case € =0, one can check that Bys,; = eV Taea 8

always a non-zero element. On the other hand, if z = 0, just take

. SR8+ V=161 (2657 + /= 1(1 — 2¢)01%) (4e — 1)
2238 16y/—1det Q '

1
One has By, =0 <= ¢ = i. But in this case, B3 = —Ts2 £ 0.

Finally, if g = %ﬁ is a root of the polynomial 4e2 + 4¢ — 1, then:
€0 _
B39 =0

= (%2 — |u]?) ((52 + V168 [(;7 +5v2)s2 £ V_1t2(4 £ 3V2)
—V=ToP(F3 +2v2)) =0,

but the last expression is always non-zero. O

3.2. Solvmanifolds

3.2.1. Solvmanifolds in Family (Si). By Section [2.2] for this family of
complex structures the underlying Lie algebras are g; or g§ with a > 0.

Proposition 21. The Chern connection V" is Kihler-like if and only w
given by (2.1)) satisfies w = v = z = 0. Moreover, in these cases, the Chern
curvature vanishes identically.

Proof. Using [YZ16, Theorem 1.3], a necessary condition for V¢ to be
Kaéhler-like is that w must be a balanced metric. According to [FOUTL5|, The-
orem 4.5], w is balanced if and only if v = z = 0. Now, with this restriction,
it is immediate to see that B =0 if and only if u = 0 (see Appendix [I)).
The last statement follows by direct inspection. ([
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Remark 22. The previous result gives an example of a non-Kdhler met-
ric with Kahler-like Chern connection on a solvmanifold endowed with a
left-invariant complex structure which does not admit any basis of (left-
invariant) holomorphic vector fields.

Note indeed that the above diagonal metrics are Kdhler if and only
if the parameter satisfies A =+/—1, corresponding to the Lie algebra g9.
Clearly, by [Boob8], the complex solvmanifold is in fact biholomorphic to
a holomorphically-parallelizable manifold. But it is presented in a different
way as quotient of a Lie group, and as such it is not parallelizable by left-
mwvariant holomorphic vector fields.

Proposition 23. For ¢ # 0, the Gauduchon connection V¢ is Kaihler-like
if and only if g = g3 and w is Kdhler.

Proof. We prove firstly that the underlying Lie algebra must be g3, corre-
sponding to A = v/—1 in family (Si), as

e 80P )

12 8 /1 det Q

implies A = /=1 and u = 0.

Now, as it is shown in Appendix @], Bfi33 = Bisg3 = 0 if and only if
(2e—1)v=(2e—-1)z=0.

If v = z = 0, in particular the metric w is K&hler and one has that B = 0
and R° = 0.

On the other hand, consider now the Strommger Bismut connection, i.e.

. Then, B2 =0 if and only if (B 1333,322333) (\/;'Zy FU) (0,0),

Wthh 1mphes v=2=0. O

[(Re A)*(r*s? — [ul?) + [AP|ul*] = 0

3.2.2. Solvmanifolds in Family (Sii). By Section the Lie algebra
underlying this family of complex structures is gs.

Proposition 24. For any solvmanifold in Family (Sii), the Gauduchon
connection V¢ is never Kdhler-like.

Proof. First let us suppose € = 0. Using [YZ16, Theorem 1.3], a necessary
condition for V" to be Kihler-like is that w must be a balanced metric.
According to [FOUI5L Theorem 4.5], w is balanced if and only if u = z = 0.
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Now, with this restriction,

— (1% — 2¢/—15%2)(1 + 42?)
3222

0
Bzt = 70,
whence the statement.
In what follows, we will suppose that £ # 0 and a generic Hermitian
metric w. Consider the elements RZ. .- and RS

2323 2333
e _ e(V=1422) (82— |u]?) (= 42V =18 P e—dsta® + 2 (t* 4454 2”) -2/~ 1|v|°z)
2323 64x+/—1det Q ’
e _ e(W=1422) (822 —|u]?) (v(V=1(=1+2e)t* Hes’x) +4v/—1a (v —1et? — s’ a+42e5°2) D)
2333 64z+/—1det Q '
Now:

g = 0 == 2et? — v + 2/ 1a (%2 — [v]?) + 4s'2?(2c — 1) = 0,
5333 = 0 <= v (4V/—Tes’z — (2 — 1)t?)

—4xv (V-T1et? + (26 — 1)s°z) = 0.

Adding and subtracting the two expressions above, we obtain the equivalent
System:

(2v—T1 8% + 2e(t? — 2¢/—15%z) —v)(t? + 2/ 1%z + v + 2¢/—120) = 0,

(2v—1 8%z + 26(t? — 2¢/—15%z) +v)(t? + 2¢/—1 5%z — v — 2y/—120) = 0.
As a matter of notation, let us write the first equation as AB = 0 and the
second as CD = 0.

Let us focus our attention in the first equation and consider the case
A = 0. We can express v as:

v =2v—15%x 4+ 2e(t* — 2v/—1 s%x).

Substituting this value in the second equation we obtain that:

C = 4(et? — /—1s%x(2e — 1)) £ 0,

Re D = 0,

D = (1—2¢)(t? — 45%2?) + 4/~ Tex(s®> —1?) = 0 <=
ImD =0,
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Now,
ReD =0, (1 —2¢)(t? — 4s%2%) = 0,
ImD =0, 52 —t2 =0,
(1 —2¢)(1 —42?%) =0,
52 — 12 =0,
so, we obtain two different possibilities:
1 1
52:t2, E=—, or 52:752, Tr=—.
2 2

If we consider A # 0, then B = 0 and therefore v + 2y/—120 = —t? —
21/—1 s%x. Substituting this expression in D we get that

D =2(t* +2v/—1z%z) #0,

which implies that C' = 0. Observe that system B = C' =0 is the same as
A = D = 0 just changing the sign of v. One get the same solutions as before.
To finish the proof, we study first the case s> = t? and ¢ = % Directly,

1 t2(2x — /—1)

1212 — 162

£ 0.

_ V/—1e(2e—1)tt £ 0. 0

2231 = aryoiz

3.2.3. Solvmanifolds in Families (Siiil), (Siii3), (Siii4). Recall that
from Section [2.2] the Lie algebras underlying (Siiil), (Siii3), and (Siii4) are,
respectively, g4, g, and g7. In order to give an unified argument, we will
gather the complex equations as follows:

dp' = V=1 (0" +¢13),  dp? = —V=1(p* +¢®),

On the other hand, if s> = ¢? and = = %, B

dp® =z o' +y p*,
where (z,y) = (£1,0) for g4, (z,y)=(1,1) for g¢ and (z,y=—z)=
(£1,7F1) for g;. In particular, x # 0.

Proposition 25. The Chern connection V" is never Kihler-like.

Proof. Using [YZ16, Theorem 1.3], a necessary condition for VE* to be
Kahler-like is that w must be a balanced metric. A direct computation shows
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that w is balanced if and only if v = z = 0 and s?z + r?y = 0. Observe that
this last equation has no solutions on g4 and gg, which implies that V" is

never Kahler-like for these algebras. On g7, since x = —y, the only option
is 72 = s%. Now, if we compute the Bianchi identity-symmetries B°, we get
that BV, =4 #0. O

Proposition 26. In the notation as above, consider € # 0. Then, V¢ is
Kahler-like if and only if g is isomorphic to g4, € = %, andu=v=2z=01n
(2.1). In this case, the Strominger-Bismut connection is non-flat.

Proof. From now on, consider € # 0. Let us focus on Chern-symmetries R{,, 5

1 .
and R1223.

8\/—;1% (v [V=1(2¢ + Duwvz + z (s*x(2e + 1) — r?y(2e — 1))]

+v/—1(2e — 1)yuz?),

8\/—7{;% (v [V-1(2e — )uvz + = (821'(25 —1) —r?y(2e + 1)]

+v/—1 (2 + 1)yuz?).

€ —
R1213 -

€ —
R1223 -

Trivially, this two elements vanishes if v = z = 0. Suppose that vz # 0.

Then, the system R{, 5 = R{,,3 = 0 is equivalent to

A:=v [V=1(2e+ Duvz + 2z (s*x(2e + 1) — r?y(2e — 1))]
+v/—1(2e — 1)yuz? = 0,

B:=v [V-1(2¢ — N)uwvz + z (s*z(2e — 1) — r’y(2e + 1)) ]
+v/—=1(2e + 1)yuz? = 0.

Consider the following homogeneous system, whose solutions are precisely
A=B=0:

A(l1+2e)+ B(1—2¢) =0,
A(l —2¢)+ B(1+2¢) =0.
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This last system reduces to

8evax (v—1luv + s%2) =0, V—1uv + 5%z =0,

—
8ev/—1zy(v/—1r?v +uz) = 0. y (vV—1r%v + @z) = 0.
Yy V—1s%z
= v

v—1
Y2 (2ol - s22f%) = 0.
v
=152
Moreover, substituting u = VT8 E , we get:
v
242 23 (2[00 |2 _ <21 4]2
t — —
/T s - GBI )
v
So, we are forced to consider y = 0. However, in this particular case, R{,.5 =
4\/Te stz
s2t2—|v|? 7& 0.

Let us study now the case when vz = 0. Suppose first z =0 and v # 0.
Now, R{,5 = —quéizgz = 0 if and only if v = 0. But imposing this condition,
we get that RS, ; = —evx # 0. N

On the other hand, if v = 0 and 2z # O symmetry R, s = W =

0 is equivalent to (2e — 1)uy = 0. If ¢ =  (corresponding to the Strominger-
Bismut connection), then

Rf322 % =0,
— u=y=0
Rz _ _s*2xu 0
1211 — 8y/—IdetQ '
But now, R1333 FZ # 0.
Suppose now & 7é L If w =0, directly from R .5 = €yz one gets y = 0.
Analogously, if we suppose y = 0, then R}, ; = _‘/;‘3252% implies u = 0.

So, if e # 5 1 we may assume u = y = 0. At this point, observe that Rl 5=

£(2e— ?”\ﬁ‘(}é;“z) 2 — 0 if and only if € = 5.

Finally, if v = z = 0, then

e((—1+ 2¢)s%t*x? + (8er?u + 2/ —1t%uz)u)
8v/—1t2 det

if and only if the complex number

R§331 = =0

(2¢ — 1)t 2% + 8er?|ul> + V—1(2t%x|ul*) = 0
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Observe that the imaginary part vanishes if and only if u = 0. Furthermore,
one can check that if v = 0, then all the Chern-symmetries are zero if and

only if e = l As for Blanchl 1dent1ty—symmetr1es inthecaseu=v=2=0
and € = 2, we have RZ"’j“ Rf.kz = 0 for any 1, j, k,¢ € {1,2,3} if and only
if y =0, so the Lie algebra is isomorphic to g4.

Finally, note that Rfln = t2, whence the last statement. (]

Remark 27. We notice that any diagonal metric on g4 gives examples
of a non-flat Kdhler-like Strominger-Bismut connection on a non-Kahler
manifold. (For the existence of lattices, see [FOULS, Proposition 2.10].)

3.2.4. Solvmanifolds in Family (Siii2). By Section the underlying
Lie algebra is gs.

Proposition 28. The connection V¢ is never Kdhler-like.

Proof. Let us suppose € = 0. Using [YZ16, Theorem 1.3], a necessary condi-
tion for V" to be Kéhler-like is that w must be a balanced metric. According
to [FOUL5, Theorem 4.5, w is balanced if and only if v = 2 = 0 and u € R.
Now, with these restrictions,
0 2
Bty = =17 #0,

whence the statement.

From now on, consider € # 0 and a generic Hermitian metric w. Let us
focus on Chern-symmetries RS, ., and RS, .. and develop a similar argument
as that in Proposition

1213 1223

Riy3 = &/izdetﬂ (\/7 [(25—1— Dr?v? — 2(2e — 1) (vV—1uv + s z)]
+(2e + 1)avz),

Rig0s = 8\/;8(11}etQ (V-1 1 [(2e - Dr?v? — 2(2e 4+ 1) (V= 1uv + 522)]
+(2e — Dawz) .

Clearly, this two elements vanishes if v = z = 0. Suppose that vz # 0.

Then, the system RS, ., = R%, ., = 0 is equivalent to

1213 1223

A:=/—1 [(2e + 1)r?v? — 2(2e — 1)(vV—1uwv + s%2)] + (26 + 1)uvz = 0,
B := /=1 [(2e — 1)r*0? — 2(2e + 1)(vV/=1uv + s*2)] + (2 — 1)avz = 0.
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Consider the following homogeneous system, whose solutions are precisely
A=B=0:

A(1+42¢)+ B(1 —2¢) =0,
A(l —2¢)+ B(1+2¢) =0.

This last system is equivalent to

V—luv + s?z =0,
V=1r?v 4+ uz = 0.

which contradicts our initial hypothesis.
We can suppose now that vz = 0. In fact, in this case v =z =0 (use

e FEZ 4 2 - e \/752 4 2 -
Ris05 = Y5asia— =0 when v =0 and R1211 Qdem if z=0). Now,

Bty = (4e —1)r? = 0 if and only if & = ; but now 31133 —r2#£0. O

3.2.5. Solvmanifolds in Families (Sivl), (Siv2), and (Siv3). Recall
that by Section the underlying Lie algebra to these complex structures

is gs.

Proposition 29. For the holomorphically-parallelizable structure in Family
(Sivl), we have that the Chern connection V" is flat and V70 is never
Kahler-like.

Proof. The result about Chern connection comes from the fact that the

structure is complex-parallelizable. When ¢ # 0, one Can see that R, =

RS, =0 for any 4,4, k, 0 € {1,2 3} if and only if ¢ = 1 (see for example
RS,; = —(2e — 1)er?). But now, 31122 1(:\/8;<‘1U|t9 if and only if ris* —
lu|* = 0 which is a contradiction. O

Proposition 30. For the complex structures in Family (Siv2), V¢ is never
Kahler-like.

Proof. The result for the Chern connection (namely ¢ = 0) follows directly
observing that complex structures in Family (Siv2) do not admit balanced
metrics and by [YZ16, Theorem 1.3].
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If € # 0, then
R _52(r232 — |ul?)(2r?s? + z|u|® + 2/~ 1ra)
1231 2det Q ’
and
R e2(r?s? — |ul?)(r?s? — 2¢/—1zs?u + |ul?)
1232 2det Q2 '
Hence, R{,,; = Rjy35 = 0 if and only if

or?s® 4 zlul? + 2v/—=1r%u =0, 7%+ |ul* — 2v/—1zs?u = 0.

If x = 1, these equations imply Reu = 0, Imu = —r2, and 2 = s?, which is
a contradiction to the positive definiteness of the metric. Hence, x = 0 and
R ,45 1s always different from zero. O

Proposition 31. For the complex structures in Family (Siv3), V¢ is Kdhler-
like if and only if e = 0 and w is diagonal. Moreover, in these cases, V" is

flat.

Proof. Let us start with the case ¢ =0 and imposing w to be balanced.
In this situation, v = z = 0. Moreover, B” = 0 if and only if u = 0 (see for

2 2
example B%ﬁ = Tf;'_u‘LP). Observe that we do not get restriction on the

parameter A.

Finally, if € # 0, we focus on Bianchi identity-symmetry Bf{;,;. Observe
that
. 2e2(r2s% — |u?)(r?2s?|A — 1) + |[u?|A + 1]?)
Biigs = # 0,
8v—1 det Q2
whence the statement. |

3.2.6. Solvmanifolds in Family (Sv). By Section the underlying
Lie algebra is gg.

Proposition 32. The connection V¢ is never Kdhler-like.

Proof. If € =0, then the result follows directly by observing that gg does
not admit balanced metrics and by [YZ16, Theorem 1.3].
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From now on, consider £ # 0. Let us focus on the Chern-symmetry Rf,,5:

v [(2r2s% — |ul*)v — (V—1s%a) ]
32v/—1detQ

13 _
R =

Hence,
R, 5=0 < o[2r%*—|u*)v— (V-1s*0)z] =0
Suppose first that v # 0. Then, we can express

vV — S uz

U= 2252 — |2 |ul?

Observe that, since v # 0, also uz # 0. Usmg this partlcular value for v,

e(1 2)
RS0 = Wm = 0 if and only if ¢ = 5, but now R1312 m £ 0.
On the other hand, if v = 0, then R€ — ell-2e)s*za? = 0 holds if and

1223 — 16y/—1detQ
only if (2 — 1) uz = 0. None of the three cases leads to Kahler-like con-

nections: if € = 5, then R22333 = 32\/1‘; =0 to conclude that z = 0 but
then R12231 M # 0;if 2 = 0, then R{; 5 = @ vanishes if and
only if ¢ = that has already been studied; finally, if u =0, then take
RS, .- = i This element is zero if and only if z = 0, which has al-

1211 7= 4(r2s2—[z]2) "
ready been analysed. O

4. Kahler-like Levi-Civita connection
4.1. Hermitian condition along the Ricci-flow

In this section, we prove that the Kéhler-like condition for the Levi-Civita
connection assures that the Ricci flow preserves the Hermitian condition of
the initial metric along analytic solutions. We wonder whether, as an appli-
cation, one may prove that non-toral nilmanifolds do not admit invariant
Hermitian metrics whose Levi-Civita connection is Kéahler-like, thanks to
the results by Lauret [Laull] on the Ricci flow for nilpotent Lie groups. In
fact, we will prove that this is true in dimension six, see Proposition

Theorem 33. Let gg be a Hermitian metric on a compact compler man-
ifold, and consider an analytic solution (g(t))ie(—c) for € >0 of the Ricci
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flow

d

—9(t) = —Ric(g(?)),  9(0) = go.

(RF) o

If the Levi-Civita connection of go is Kdhler-like, then g(t) is Hermitian for
any t.

Proof. The proof follows by the evolution equation for the curvatures along
the Ricci flow in [Ham82l, Corollary 7.3 and Theorem 7.1]:

d _. . .

aRlC(t)JK = AtRIC(t)JK + 2g(t)PQg(t)RSR(t)pJKRRIC(t)QS
- 2g(t)PQRiC(t)JpRiC(t)QK,

d

—R(t)ryxr = AR() 1KLL

dt
+2 (g g R(t) rpsoR(t) K RLS
—g(t)"Rg(t)** R(t) 1P R(t) LRKS
—g(t) R g(t)®°R(t) 1pLoR(t) srKS
+9(t) g()** R(t) 1Pk R(t) sRLS)
— g(t)"? (R(t) psxLRic(t)gr + R(t)rprLRic(t)qs
+R(t)rsprRic(t)gx + R(t) rsxpRic(t)gr) -

Here, capital letters I, J, ...vary in {1,...,n,1,...,7} while small letters i,
J, ...vary in {1,...,n}, and for simplicity we just write the dependence in
t meaning to refer to the quantities for g(¢). The dot denotes the derivative
at zero, e.g. Ricjj, = dtL o Ricjk(t).

The Kéahler-like condltlon assures that

RinL(O) =0, RiCij(O) =0.

This, together with the formula for the evolution of the Ricci curvature
tensor, whence

Ricj; = 0,
yields that
9jk = gjk = 0.
Moreover, notice that the Kahler-like assumption forces Ryyxr(0) to be

zero whenever three or more of the indices in (I, .J, K, L) have the same
type. The same holds for the tensor g(0)"%g(0)?*R(0)prqsR(0)risL, that
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appears in the right-hand-side for R. From the evolution equation of the
Riemann curvature tensor, we get the same property also for Ryjxr. Then
we get

:q”jk =0
by straightforward computations.

Further derivatives behave similarly. Indeed, the only remark to be no-
ticed is that Rjsxy involves the tensors Reees(0), R...., Rices(0), Ric..,
other than the Hermitian metric gee(0) and its time-derivative Jee, whence
it still satisfies the property to vanish whenever three out of (I, J, K, L) have
the same type.

So we get that the solution g(t);, has vanishing time-derivatives of any
order at 0. Being analytic, it is constant, so g(t);r = ¢g(0);x = 0, that is, g(t)
is still Hermitian. O

4.2. Kahler-like Levi-Civita connection on six-dimensional
Calabi-Yau solvmanifolds

In this section, we prove the following:

Proposition 34. Let (X, J,g) be a complex siz-dimensional solvmanifold
with holomorphically-trivial canonical bundle endowed with an invariant Her-
mitian metric. The Levi-Civita connection is Kdhler-like if and only if the
metric is Kahler.

Proof. First, consider the nilpotent case. We provide explicit computations.
Without loss of generality, we can reduce to the case when the Hermi-
tian metric is balanced, thanks to [YZ16, Theorem 1.3], and we can ex-
clude the holomorphically-parallelizable case (Np) thanks to the fact that
holomorphically-parallelizable manifolds are Chern-flat and to [YZ16, The-
orem 1.2]. So we only remain with Family (Ni) with the exception of Lie
algebra bg, and the Family (Niii) in fact only for h;,. We distinguish com-
plex structures of nilpotent, respectively non-nilpotent type, see [UV15].
For nilpotent complex structures on nilpotent Lie algebras, argue as
follows. First of all, the generic Hermitian metric as in is balanced if
and only if it is equivalent to one with parameters r> = 1, v = z = 0, and also
s+ D = \/—1u\, see [UV15]. We compute, for example, R1LTC£2 = —% pt2.
So the Levi-Civita connection of a balanced metric on a nilmanifold with
complex structure in Family (Ni) with p = 1 is never Kéhler-like. This forces
p =0, and the Lie algebra to be either hs (with A =0 and D = —1) or b;
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(with A = Land D € [0, 1)). Moreover, since R?fg?) =3 \/;t‘ulléD then either
u=0 (case h3) or D = O (case bs).
In the first case, that is, when p=A =0 and D = —1, we compute

o (A24+pP4s? V=T u—v=1u)t! $2¢h
31133 S(E=um) that reduces to 31133 Y ) 7é 0, in
fact, B1L1C;;3 = 8 75 0, by using s2> = 1 and u = 0. Therefore, in this case, the

Levi-Civita connection is not Kahler-like.

In the second case, that is, when p=D =0 and A =1, we compute
Blng2 = —% ()\2 +2p2—D — 5) t? that reduces to B1L1C;2 = % t? # 0. There-
fore, also in this second case, the Levi-Civita connection is not Kéahler-like.

Finally, for non-nilpotent complex structure on nilpotent Lie algebras,
argue as follows. The generic Hermitian balanced metric as in forces
v = 0 (case hjy) and can be reduced to parameters u = z = 0, (and moreover
either v =1, or v =0 and t2 =1,) see [UVI5]. We compute, for example,
R§2023 = —548:}} # 0 and RLC_ — (. Therefore the Levi-Civita connection is
not Kahler-like.

We restrict now our attention to the solvable non-nilpotent case.

We remind that by [YZ16, Theorem 1.3], the Levi-Civita connection be
Kaéhler-like implies that the metric is balanced. Hence and by [FOU15] we
restrict our attention to the Lie algebras g1, g5, 93, 95, g7, and gs.

If the Lie algebra is isomorphic to g; or g§ (case (Si)) then:

2233

LO (A2 + A%)(r25% — |ul?) + 2|42 (r?s? + |ul?)
Riyis = 442

< (Re A)2r232 + (Im A)2|u|2 =0,
< ReA=0,u=0,
A=+v-1,u=0.

=0

That is, the Lie algebra is g3 and w is Kéhler.
If the Lie algebra is isomorphic to g (case (Sii)) then:

1+ 422)(t* + 4s*22
(

LC __
R2323 128’)“21'2

# 0.
If the Lie algebra is isomorphic to g5 (case (Siii2)) then:

R%ﬁ%g)—%_o & V14?2 +tHu=0 < u=0.

But v = 0 implies R2331 = _QtZ #0.
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If the Lie algebra is isomorphic to g7 (case (Siii4)) then:

RLC__ _ 82(t4 + 4|’U,‘2) 7& 0
2323 8(84 _ ”U,‘Q) '

If the Lie algebra is isomorphic to gs, then the complex structure belongs to
Families (Sivl) or (Siv3). In the first case we directly find that R]f:%i = % #
0. In the second case the Kéhler-like condition implies the following system:
RLC _ r2[(A—1)%r%s? — (A% — 6A+ 1)|ul?] _ 0
1331 8(r2s2 — [uf?) ’
—v—=1u [(A% + 6A + 1)r?s? — (A + 1)%|u/?]
8(r2s2 — [uP?)

=0.

LC_ _
R133§ -

If u = 0 then the first equation implies (A — 1)272s? = 0 which is not pos-
sible. On the other hand if u # 0 then the vanishing of the brackets corre-
sponds to a homogeneous linear system in r2s? and |u|?. The equations are
linear dependent if and only if A = 0, but in this case the second equation
reduces to r?s? — |ul? = 0. O

Appendix I. Bianchi and Chern symmetries for the
Gauduchon connections on nilmanifolds
in Family (Ni)

RE, 1 =2t¢(1—¢)p,

5 _ e
R1221 - )\R1211’

Riné =D Rizﬁj
5 t4€ 2 B
Rigs3 = 2 i |u|2p(25 - 1)(s*+ V-1 \u+ D),
. =2/t
Rizi3 = T2 _p P

- —2tte? =
Ris05 = 2Tl ‘u|2p(\/—1)\u + D),

—tte
Ripss = (26 — 1)(s* + V—1)w),

s2 — [uf?
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—/—1tte _

Ri33§ = 2 _ |u’2 (28 - 1)UD7
. 282t
Rygi3 = mﬁ%
2t g2 9 s
Rigp3 = mﬂ (As® — v/—1uD),
—tte _ .
Ryg1 = 5= 2 (2e — 1)(A\(s2 + V=1 u + D) — v—1uD),
—the _ _
R5a05 = m(% —1)D(vV—=1 u+ D).
Tio7 = _—t2(25 —1)% )
1121 = 75 ;
—t? _
Bliss = DN [2e(A* — D + 4pe) + D(4e* — 6 + 1)]
t! 2 .2
Biig3 = 3 [uP) [4pe” — s%(2e — 1)(4e — 1)]

t2 _
Bigy = 5 [26(4pe = D) + (D — X*)(4e” — 6 + 1],

€ _ e
BIQQQ - 13311217

tos3 = 2(82__% [4 V=1 pue? + (26 — 1)(4e — 1)(\s® + leuD)] ,
Bigys = SQQtinP(D +5° —v/=1)a),

1331 = 82__t4|22 [s7 +26(A\* — 5> = 2AImu)] ,

= g [0~ O+ VTTuD) —26D(3 + V],

2133 = %’

5333 = 2(52_—t4|u|2) (22 — 1)(4e — 1)(A*s® — 2Alm (uD) + | D|*) — 4s*pe?] ,
Bissi = Biag
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4
c t*e

A [(2e = 1)|D|* + (42 — 1)A(As® — 2Im (uD))] .

Appendix II. Bianchi symmetries for the Levi-Civita
connection on solvmanifolds g, and g3 in
Family (Si)

o 27‘2\u|2 0o —2v-1 r2s2qy
31331 262 \u|2’ Bl?,si T 262 |u\2 ’
— 2 52|ul?

BY%... =B B = 5515
2331 1332 2832 7 1252 _ [y2

Appendix III. Bianchi and Chern symmetries for the
Gauduchon connections on solvmanifolds
g9 in Family (Si)

e(2e — 1)r2s22?

15 _
R131§ -

8/—1detQ ’
. —(2e — 1)r?s%vz
Rig03 = )
8v/—1 det Q2
€z 2 2,2 2012 2012
Rigss = Sdot O [7" % — 2er?|v]” + 2(e — 1)s%|2| ] ,
Réalé = _R§3237

£(2e — 1)r2s0?

RE.x =
2323 8v/—1 detQ ’

R5q05 = Jﬁ [r?s*t? +2(e — D)r?jo|* — 2e5°|2|?] .
B _ —e(2e — 1)r?s%|z|?

133 8v—1detQ
B £(2e — 1)r?s2vz

1233 8y/—1detQ ’

(26 -1)(4e - 1)r2s?|z|?
1831 16/~ detQ
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B — (2 — 1)(4e — 1)r?s%vz
1332 16/—1 det Q ’

BSyys = m [(4e — 1)1 + 2(26% — e + V)2 o2 — 462522 ,

5133 = BTQ?,S’
e  _ —e(2e — 1)r2s%|v|?
2233 8v/—1detQ '
R —

Bigs1 = Bisss

(2 — 1)(4e — 1)r?s%|v|?

€ —

2332 16y/—1 det Q ’

)

5333 = m [(4e — 1)r?s?t? — 4er?|o)® + 2(26% — 4e + 1)s%|2)?] .

References

[AIO1] B. Alexandrov, S. Ivanov, Vanishing theorems on Hermitian man-
ifolds, Differential Geom. Appl. 14 (2001), no. 3, 251-265.

[ABD11] A. Andrada, M. L. Barberis, I. G. Dotti, Classification of abelian
complex structures on 6-dimensional Lie algebras, J. Lond. Math.
Soc. (2) 83 (2011), no. 1, 232-255. Corrigendum: Classification
of abelian complex structures on six-dimensional Lie algebras, J.
Lond. Math. Soc. (2) 87 (2013), no. 1, 319-320.

[BDV09] M. L. Barberis, I. G. Dotti, M. Verbitsky, Canonical bundles of
complex nilmanifolds, with applications to hypercomplex geome-
try, Math. Res. Lett. 16 (2009), no. 2, 331-347.

[BG88] C. Benson, C. Gordon, Kéhler and symplectic structures on nil-
manifolds, Topology 27 (1988), no. 4, 513-518.

[Bis89] J.-M. Bismut, A local index theorem for non-Kéahler manifolds,
Math. Ann. 284 (1989), no. 4, 681-699.

[Boo58] W. M. Boothby, Hermitian manifolds with zero curvature, Michi-
gan Math. J. 5 (1958), no. 2, 229-233.

[COUV16] M. Ceballos, A. Otal, L. Ugarte, R. Villacampa, Invariant com-
plex structures on 6-nilmanifolds: classification, Frolicher spec-
tral sequence and special Hermitian metrics, J. Geom. Anal. 26
(2016), no. 1, 252-286.



On Gauduchon connections with Kéahler-like curvature 1003

[Chil4] I. Chiose, Obstructions to the existence of Kéhler structures on
compact complex manifolds, Proc. Amer. Math. Soc. 142 (2014),
no. 10, 3561-3568.

[DSV11] A. J. Di Scala, L. Vezzoni, Chern-flat and Ricci-flat invariant
almost Hermitian structures, Ann. Global Anal. Geom. 40 (2011),
no. 1, 21-45.

[Enr13] N. Enrietti, Static SKT metrics on Lie groups, Manuscripta Math.
140 (2013), no. 3-4, 557-571.

[FY15] T. Fei, S.-T. Yau, Invariant solutions to the Strominger system
on complex Lie groups and their quotients, Comm. Math. Phys.
338 (2015), no. 3, 1183-1195.

[FOU15] A. Fino, A. Otal, L. Ugarte, Six-dimensional solvmanifolds with
holomorphically trivial canonical bundle, Int. Math. Res. Not.
IMRN 2015 (2015), no. 24, 13757-13799.

[FPS04] A. Fino, M. Parton, S. Salamon, Families of strong KT structures
in six dimensions, Comment. Math. Helv. 79 (2004), no. 2, 317—
340.

[FV15] A. Fino, L. Vezzoni, Special Hermitian metrics on compact solv-
manifolds, J. Geom. Phys. 91 (2015), 40-53.

[FV16] A. Fino, L. Vezzoni, On the existence of balanced and SKT met-
rics on nilmanifolds, Proc. Amer. Math. Soc. 144 (2016), no. 6,
2455-2459.

[FLY12] J. Fu, J. Li, S.-T. Yau, Balanced metrics on non-Kéhler Calabi-
Yau threefolds, J. Differential Geom. 90 (2012), no. 1, 81-129.

[FZ19] J. Fu, X. Zhou, Scalar curvatures in almost Hermitian geometry
and some applications, Sci. China, Math. 65 (2022), 2583-2600.

[GK06] G. Ganchev, O. Kassabov, Hermitian manifolds with flat associ-
ated connection, Kodai Math. J. 29 (2006), no. 2, 281-298.

[Gau97] P. Gauduchon, Hermitian connections and Dirac operators, Boll.
Un. Mat. Ital. B (7) 11 (1997), no. 2, suppl., 257-288.

[Gauld] P. Gauduchon, Calabi’s extremal Kdhler metrics: An elementary
introduction, http://germanio.math.unifi.it/wp-content/
uploads/2015/03/dercalabi.pdf, 2014.


http://germanio.math.unifi.it/wp-content/uploads/2015/03/dercalabi.pdf
http://germanio.math.unifi.it/wp-content/uploads/2015/03/dercalabi.pdf

1004 Angella, Otal, Ugarte, and Villacampa

[Gra76] A. Gray, Curvature identities for Hermitian and almost Hermitian
manifolds, Tohoku Math. J. (2) 28 (1976), no. 4, 601-612.

[Ham82] R. S. Hamilton, Three-manifolds with positive Ricci curvature, J.
Differential Geom. 17 (1982), no. 2, 255-306.

[Has89] K. Hasegawa, Minimal models of nilmanifolds, Proc. Amer. Math.
Soc. 106 (1989), no. 1, 65-71.

[HLY18] J. He, K. Liu, X. Yang, Levi-Civita Ricci-flat metrics on compact
complex manifolds, J. Geom. Anal. 30 (2020), 646—666.

[Kot15] B. Kotschwar, Time-analyticity of solutions to the Ricci flow,
Amer. J. Math. 137 (2015), no. 2, 535-576.

[LS22] R. A. Lafuente, J. Stanfield, Hermitian manifolds with flat
Gauduchon connections, arXiv:2204.08170v2.

[Laull] J. Lauret, The Ricci flow for simply connected nilmanifolds,
Comm. Anal. Geom. 19 (2011), no. 5, 831-854.

[LY17] K. Liu, X. Yang, Ricci curvatures on Hermitian manifolds, Trans.
Amer. Math. Soc. 369 (2017), no. 7, 5157-5196.

[Mic82] M. L. Michelsohn, On the existence of special metrics in complex
geometry, Acta Math. 149 (1982), no. 3-4, 261-295.

[Mus01] O. Muskarov, On Hermitian surfaces with J-invariant Ricci ten-
sor, J. Geom. 72 (2001), no. 1-2, 151-156.

[Otald] A. Otal, Solvmanifolds with holomorphically trivial canonical bun-
dle, PhD Thesis, Universidad de Zaragoza, 2014.

[OUV17] A. Otal, L. Ugarte, R. Villacampa, Invariant solutions to the Stro-
minger system and the heterotic equations of motion, Nuclear
Phys. B 920 (2017), 442-474.

ageMath, the Sage Mathematics Software System (Version 7.3),
S*t09] SageMath, the Sage Math ics S S Version 7.3
The Sage Developers, 2016, http://www.sagemath.orgl

[Sal01] S. M. Salamon, Complex structures on nilpotent Lie algebras, J.
Pure Appl. Algebra 157 (2001), no. 2-3, 311-333.

[SSTV88] Ph. Spindel, A. Sevrin, W. Troost, A. Van Proeyen, Complex
structures on parallelised group manifolds and supersymmetric
o-models, Phys. Lett. B 206 (1988), no. 1, 71-74.


http://www.sagemath.org

On Gauduchon connections with Kéahler-like curvature 1005

[Str86] A. Strominger, Superstrings with torsion, Nuclear Phys. B 274
(1986), no. 2, 253-284.

[Uga07] L. Ugarte, Hermitian structures on six-dimensional nilmanifolds,
Transform. Groups 12 (2007), no. 1, 175-202.

[UV14] L. Ugarte, R. Villacampa, Non-nilpotent complex geometry of
nilmanifolds and heterotic supersymmetry, Asian J. Math. 18
(2014), no. 2, 229-246.

[UV15] L. Ugarte, R. Villacampa, Balanced Hermitian geometry on 6-
dimensional nilmanifolds, Forum Math. 27 (2015), no. 2, 1025—
1070.

[Verl4] M. Verbitsky, Rational curves and special metrics on twistor
spaces, Geom. Topol. 18 (2014), no. 2, 897-909.

[VYZ18] L. Vezzoni, B. Yang, F. Zheng, Lie groups with flat Gauduchon
connections, Math. Z. 293 (2019), no. 1-2, 597-608.

[Wan54] H.-C. Wang, Complex parallisable manifolds, Proc. Amer. Math.
Soc. 5 (1954), 771-776.

[WYZ16] Q. Wang, B. Yang, F. Zheng, On Bismut flat manifolds, Trans.
Am. Math. Soc. 373 (2020), no. 8, 5747-5772.

[YZ16] B. Yang, F. Zheng, On curvature tensors of Hermitian manifolds,
Comm. Anal. Geom., 26 (2018), no. 5, 1195-1222.

[YZ17] B. Yang, F. Zheng, On compact Hermitian manifolds with flat
Gauduchon connections, Acta Math. Sin. (Engl. Ser.) 34 (2018),
no. 8, 1259-1268.

[Yau93] S.-T. Yau, Open problems in geometry, in Differential geome-
try: partial differential equations on manifolds (Los Angeles, CA,
1990), 1-28, Proc. Sympos. Pure Math., 54, Part 1, Amer. Math.
Soc., Providence, RI, 1993.

[ZZ19] Q. Zhao, F. Zheng, Strominger connection and pluriclosed
metrics, to appear in J. Reine Angew. Math., DOI:10.1515/
crelle-2023-0007.

[2722] Q. Zhao, F. Zheng, On Gauduchon Kéhler-like manifolds, J.
Geom. Anal., 32 (2022), no. 4, Paper No. 110, 27 pp.



1006 Angella, Otal, Ugarte, and Villacampa

DIPARTIMENTO DI MATEMATICA E INFORMATICA “ULISSE DINI”
UNIVERSITA DI FIRENZE, VIA MORGAGNI 67/A, 50134 FIRENZE, ITALY
E-mail address: daniele.angella@unifi.it, daniele.angella@gmail.com

CENTRO UNIVERSITARIO DE LA DEFENSA-I.U.M.A.
ACADEMIA GENERAL MILITAR, CTRA. DE HUESCA S/N. 50090 ZARAGOZA, SPAIN
E-mail address: aotal@unizar.es

DEPARTAMENTO DE MATEMATICAS-1.U.M.A.

UNIVERSIDAD DE ZARAGOZA, CAMPUS PLAZA SAN FRANCISCO
50009 ZARAGOZA, SPAIN

E-mail address: ugarte@unizar.es

DEPARTAMENTO DE MATEMATICAS-I1.U.M.A.

UNIVERSIDAD DE ZARAGOZA, CAMPUS PLAZA SAN FRANCISCO
50009 ZARAGOZA, SPAIN

E-mail address: raquelvg@unizar.es

RECEIVED SEPTEMBER 22, 2018
ACCEPTED NOVEMBER 4, 2019



	Introduction
	Kähler-like connections
	Hermitian geometry on six-dimensional Calabi-Yau solvmanifolds
	Kähler-like Gauduchon connections on six-dimensional Calabi-Yau solvmanifolds
	Kähler-like Levi-Civita connection
	Appendix Bianchi and Chern symmetries for the Gauduchon connections on nilmanifolds in Family (Ni)
	Appendix Bianchi symmetries for the Levi-Civita connection on solvmanifolds g1 and g2 in Family (Si)
	Appendix Bianchi and Chern symmetries for the Gauduchon connections on solvmanifolds g20 in Family (Si)
	References

