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The notion of the metric measure foliation was introduced by
Galaz-Garcfa, Kell, Mondino, and Sosa in [9]. They studied the
relation between a metric measure space with a metric measure
foliation and its quotient space. They showed that the curvature-
dimension condition and the Cheeger energy functional preserve
from a such space to its quotient space. Via the metric measure
foliation, we investigate the convergence theory for a sequence of
metric measure spaces whose dimensions are unbounded.
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1. Introduction

In recent years, the geometry and analysis on metric measure spaces with
Ricci curvature bounded from below are actively studied. A notion of Ricci
curvature bounded from below, called the curvature-dimension condition
CD(K, N), on a metric measure space has been introduced by Lott-Villani
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[18] and Sturm [22,23]. The curvature-dimension condition CD(K, N) for
K € Rand N € [1,00] is defined by using the optimal transport theory and
corresponds to the Ricci curvature bounded from below by K and the di-
mension bounded from above by N. The class of CD(K, N) spaces includes
not only Riemannian geometries, but also Finsler geometries. In order to iso-
late Riemannian from Finslerian, Ambrosio-Gigli-Savaré [5] introduced the
Riemannian curvature-dimension condition RCD(K, N) which is stronger
than CD(K, N).

The pmG-convergence introduced by Gigli-Mondino-Savaré [13] is one of
the notions of convergence of metric measure spaces. Roughly speaking, this
convergence is defined by the following condition: there exists a metric space
such that all metric measure spaces in a given sequence are embedded into it
isometrically and the sequence of the embedded measures weakly converges.
Gigli-Mondino-Savaré proved that the pmG-convergence is independent of
the choice of embeddings and constructed the distance function metrizing
the pmG-convergence on the set of all metric measure spaces. Then they
proved many results for the pmG-convergence, for example the stability of
the curvature-dimension condition, the Mosco convergence of the Cheeger
energy functionals and the descending slopes of the relative entropy, the
convergence of the heat flows, and the spectral convergence of the Laplacians
ete.

The main question of our study is whether we can obtain analogous re-
sults for a sequence which does not pmG-converge. It is known that many
sequences of metric measure spaces whose dimensions are unbounded do
not pmG-converge. For example, the sequence of n-dimensional unit spheres
S™(1) in R**! n =1,2,... with the standard Riemannian metric does not
pmG-converge as n — oo (see Corollary 5.20 and Remark 4.16 in [21]).
On the other hand, the following phenomenon occurs for sequences of n-
dimensional spheres. For n-dimensional spheres S™(ry,) of radii r, > 0, we
take an arbitrary point z,, € S™(r,) and define a map p,, : S"(r,) — R by

- T
(1.1) pn(x) = dSn(TH)(x,xn) — §rn

for x € S"(rn), where dgn(, ) is the Riemannian distance on S"(r,). We
define a metric measure space X, for each n by

T ™
X, = (|:_§Tna §Tn:| 7| ’ |apn*0ﬂ) )
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where ¢™ is the normalized Riemannian volume measure on S"(ry,) and

Pnyo’ is the push-forward measure of ¢ by p,,. These X, behave the fol-
lowing.

Xnﬁ)* if r,/\/n — 0,

Xn 25 (R, |, 75c2) if /vl = K € (0,400),

X, does not pmG-convergence otherwise,

where * is a one-point metric measure space and 7,2 the 1-dimensional cen-
tered Gaussian measure on R with variance a?. In the case that 7,//n —
K, the Ricci curvature Ricgn(,, ) = (n —1)/(r2) of S™(r,) converges to the
weighted Ricci curvature Ricg || ,.) = 1/K 2 of the 1-dimensional Gaussian
space (R, |- |,vx2) of variance K* as n — oco. Moreover, for k =0,1,2,...,
the k-th (up to multiplicity) eigenvalue k(k +n — 1)/(r2) of the Laplacian
on S™(r,) converges to the k-th eigenvalues k/(K?) of the weighted Lapla-
cian on (R, |- |,vx2) as n — oo (see [19, Subsection 2.1]). By this observation
of n-dimensional spheres, we expect the existence of a convergence theory
extended to metric measure spaces whose dimensions are unbounded.
Actually, the reason of the convergence of the lower bound of the Ricci
curvature of these spheres has already been understood. This is that the map
pn, of induces a metric measure foliation on S™ (7). The metric measure
foliation is introduced by Galaz-Garcia, Kell, Mondino, and Sosa in 9] and
corresponds to the notion of the Riemannian submersion for metric measure
spaces. The definition and other details of the metric measure foliation is
described in Section 3. Galaz-Garcia, Kell, Mondino, and Sosa studied the
relation between a metric measure space (X,d, m) with a metric measure
foliation and its quotient metric measure space (X*,d*, m*) induced by the
foliation. One of their results is that the strong curvature-dimension con-
dition for X implies the same condition for the quotient space X*. In the
observation of spheres, the space X,, inherits the lower bound of the Ricci
curvature from S™(r,) and then this lower bound converges to the lower
bound of the Ricci curvature of the pmG-limit space. In the smooth setting,
Lott |17] had shown that a Riemannian submersion between two weighted
Riemannian manifolds preserves the lower bound of the Ricci curvature.
Galaz-Garcia, Kell, Mondino, and Sosa generalized this phenomenon to the
framework of metric measure spaces properly. Furthermore, they showed
the formula between the Cheeger energy functionals on a metric measure
space X with a metric measure foliation and on its quotient space X*. How-
ever, their result for the Cheeger energy functional does not lead to the
convergence of the eigenvalues of the Laplacian seen in the observation of
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spheres. In this paper, focusing on the various convergence phenomena in
the pmG-convergence, we study the metric measure foliation deeply.

Before describing the main theorem, we need to explain one more condi-
tion. A metric measure space (X, d, m) is said to satisfy the volume growth
condition (VG) if

(1.2) / e~ =2 dm(z) < +oo
X

for some point z € X and some real number C' > 0. Any CD(K, c0) space
satisfies the condition (VG) (see Proposition [2.8).

The main result in this paper is the following theorem on the variational
convergence of the g-Cheeger energy functionals Ch,. We denote by N the
set of positive integers.

Theorem 1.1. Let {(X,,d,, mn,ZTn) }nen be a sequence of pointed metric
measure spaces and (Y, d, m, ) a pointed metric measure space and let K €
R. Assume that each X, has a metric measure foliation and its quotient
space X/ satisfies the condition (VG) and pmG-converges to Y as n — oo.
Then we have the following (1) — (4).

(1) If each X, satisfies CD(K, c0), then Y also satisfies CD(K, 00).
(2
(3
(

Under the same assumption as in (1), Chg(” Mosco converges to Chd .

)
)
) If each X, satisfies RCD(K, 00), then Y also satisfies RCD (K, c0).
4) Under the same assumption as in (3), Ch;i" I-converges to Cth if
{qn}nen C (1,+00) converges to a real number ¢q € (1,400).

Remark 1.2. (1) We are able to discuss a foliation consisted of not
only bounded leaves, but also unbounded leaves. In original setting
of [9, Definition 8.5], we assume the leaves are bounded.

(2) In the case that X,, pmG-converges to Y (i.e., each X,, has the trivial
foliation induced by the identity), (1) — (3) was proved by Gigli-
Mondino-Savaré [13] and (4) was proved by Ambrosio-Honda [6].

As an application of the Mosco convergence of the Cheeger energy func-
tionals, we obtain the lower semicontinuity of the spectra of Laplacians on
metric measure spaces satisfying RCD (K, c0). The Laplacian A x on a metric
measure space X satisfying RCD(K, 00) is defined as the self-adjoint linear
operator associated with the quadratic form Chs . We denote by o(Ax) the
spectrum of Ax.
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Corollary 1.3. Under the same assumptions as in Theorem (3), we
have

(1.3) o(Ay) C lim o(Ax,),

n—oo

that is, for any A € o(Ay), there exists a sequence A, € o(Ax,) convergent
to A.

The following is a special case of Corollary

Corollary 1.4. Let (X,d,m) be a metric measure space satisfying
RCD(K, 00) for K € R. Assume that X has a metric measure foliation and
its quotient space X* satisfies (VG). Then we have

(1.4) o(Ax+) Co(Ax).

Furthermore, we obtain the I'-convergence of the descending slopes
|D~Ent,,| of the relative entropy Ent,.

Theorem 1.5. Let {(X,,dn, mn,Tn)}nen be a sequence of pointed met-
ric measure spaces and (Y, d, m,y) a pointed metric measure space and let
K € R. Assume that each X, satisfies CD(K, 00) and has a metric measure
foliation and that its quotient space X satisfies (VG) and pmG-converges
to Y as n — oco. Then | D~ Ent,,, | I'-converges to | D~ Ent,,|.

In the pmG-convergent case, Gigli-Mondino-Savaré proved the Mosco
convergence of the descending slopes. However, since we do not know a
suitable weak convergence of measures in our framework, we do not obtain
the Mosco convergence. For the convergence of the heat flows, we obtain a
result generalizing the result in the pmG-convergent case. The details of the
descending slope of the relative entropy and the heat flow are written in the
last subsection in this paper.

Acknowledgement. The author would like to thank Professor Takashi
Shioya, Hiroki Nakajima, and Yuya Higashi for their comments and encour-
agement. He is also grateful to Professor Martin Kell for his helpful advice
and for his information about Lemma and its proof. He would like to
thank Professor Shouhei Honda for his advice about L% -convergence.
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2. Preliminaries

In this section, we prepare some basic notions of the optimal transport, the
Sobolev space, and the curvature-dimension condition on metric measure
spaces. We use most of these notions along [13]. As for other details, we refer
to [1,24] for optimal transport, [4,|11] for Sobolev space, and [2,5},18,22] for
curvature-dimension condition.

2.1. Metric measure spaces and optimal transport theory

In this paper, (X,d) denotes a complete separable metric space and m a
locally finite Borel measure on X with full support, that is, 0 < m(B,(z)) <
+oo for any point € X and any real number r > 0. Such a triple (X, d, m)
is called a metric measure space, or an m.m. space for short. In Section 4,
we consider pointed metric measure spaces. We call a quadruple (X, d, m, )
a pointed metric measure space, or a p.m.m. space for short, if (X,d, m) is
an m.m. space and T € suppm a base point.

We denote by #,.(X) the set of locally finite Borel measures on X
and by Z(X) the set of Borel probability measures on X. Further we
denote by Cp(X) the set of bounded continuous functions on X and by
Chs(X) the set of all functions of Cy(X) with bounded support in X. Then
a topology of #,.(X) is defined by the following convergence: a sequence
{in} C Moc(X) converges weakly to p € Moc(X) provided

lim | () dun(z) = /X () dps(z)

n—oo X

for any ¢ € Cps(X). In the case where p,, pu are finite Borel measures (for
example, u,, u € P (X)), the above condition is equivalent to the condition
defined by C},(X) instead of Chg(X).

Given two Borel probability measures po, 1 € Z(X), we denote by
II(po, p1) C P(X x X) the set of transport plans between them. That means
each element 7w € II(uo, pu1) satisfies pr;, m = p; for i = 0,1, where pr; is the
projection to each coordinate and pr, 7 is the push-forward of m by pr;.

Let p € [1,400) be a real number. For two probability measures u,v €
P (X), the LP-Wasserstein distance W, between them is defined by

mel(p,v)

Wy(,v) = _inf (/XXX d(%x,)pdﬂ(x’x,)y
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If Wp(u,v) < 400, then there exists an optimal transport plan attaining
the infimum. We denote by £2,(X) the set of Borel probability measures
on X with finite p-th moment. Then (Z2,(X), W) is a complete separable
metric space and it is called the LP-Wasserstein space of X. In some cases,
we may consider the extended metric space (Z(X), W),), where the distance
W, takes values in [0, +00].

The following lemma gives a simple property of Wasserstein distance.

Lemma 2.1. Let X,Y be two complete separable metric spaces and p:
X — Y a 1-Lipschitz map and let ¢ € [1,+00). Then, for any pg, 11 € P(X),
we have

(2.1) Wo(pspo, pep) < Wolpo, p1).
In other words, the map

(2:2) ps: P(X) 2 prpp€ Z(Y)
is 1-Lipschitz with respect to Wj.

Proof. We take any po, 1 € Z(X) such that Wy (uo, 1) < +o00. Let m €
Z(X x X) be an optimal transport plan for Wy(uo, p1). We see that (p x
p)s«7 is a transport plan between p,po and p.uq. In fact, since pr; o (p X p) =
p o pr;, where pr, is the projection to the i-th coordinate for ¢ = 0, 1, we have

pr; (P X p)um = (pr; 0 (p X p))um™ = (P O PI;) T = PuPI; T = Dsfli-

Therefore,

Wo(pstio, Papin)? S/ dy (y,y")? d(p x p)«m(y,y)
Y XY
_ / dy (p(), p(a'))" dr (e, ')
XxX
S/ dx(z,2)dr(x,2") = W (o, p1)?.
XxX
(2.1)) is obtained. This completes the proof. O

2.2. Sobolev space on metric measure spaces

Let (X,d) be a complete separable metric space and I C R a non-trivial
interval. A curve v on X defined on I means a continuous map ~v: [ — X.
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By C(I; X), we denote the space of curves on X defined on I. We endow this
space with the uniform distance and then C(I;X) is a complete separable
metric space.

Let p € [1,400) be a real number. We define a class ACP(I; X) of curves
on X in the following. A curve v € C([; X) is the element of ACP(I; X) if
and only if there exists f € LP(I) satisfying

(2.3) dwaﬂms/fmw

for any s,t € I with s < t. If p =1, then ~ satisfying is called an ab-
solutely continuous curve and we write AC(I; X) as AC(I; X). For each
curve v € AC(I; X), it is well-known that there exists a minimal function,
in the a.e. sense, of f satisfying . This is called the metric derivative of
~ and is known to be provided by the following:

(2.4) |’7|(7f) = }llli% d(V(t +|hh|)77(t))

for a.e. t € I (see [3, Theorem 1.1.2]).
We define a map &, : C(I; X) — [0, +o0] for p > 1 by

. /[|7|(t)pdt if y € ACP(I; X),

+00 otherwise

(2.5) &b

for any v € C(I; X). The map &, is lower semicontinuous and then ACP(I; X)
is a Borel subset of C(I; X). For t € I, a continuous map e; : C([; X) - X
is defined by e(7y) := ().

We consider a curve p: I — Z(X) on the space (Z(X), W,). We often
write p¢ as p(t). Even if the distance W), takes values in [0, +00], we can
define C(I; (2 (X),Wp)) and ACY(I; (P (X),Wp)) for q € [1,400) in the

same way as above.

Proposition 2.2. Let p € ACP(I;(#(X),W,)) and 7 € Z(C(I; X)) sat-
isfy e;m = py for any t € I. Then, it holds that

(2.6) tﬁMWﬁslwm&MWM-

It is shown in [16] that there exists m € Z2(C(I; X)) satisfying equality

of.
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Proposition 2.3 ([16, Corollary 1]). For any pu € ACP(I;(2(X),Wp)),
there exists 7 € Z(C(I; X)) such that e;,m = u; for any t € I, and

(2.7) ﬂmpﬁ‘/mfmmm.

Let (X,d,m) be an m.m. space and let p € (1,400) be a real number
and ¢ the conjugate exponent of p.

Definition 2.4 (¢-Test plan). We call 7 € Z(C([0,1]; X)) a g-test plan
provided that there exists a constant C' > 0 such that e;, 7 < Cm for any
t €10,1], and

(2.8) /C o EaD) < 4o

Definition 2.5 (p-Weak upper gradient). Let f: X — R be a Borel
measurable function. We call a Borel measurable function g : X — [0, 4+o00]
a p-weak upper gradient of f provided that

(2.9) /‘ FO (D) = F(1(0))] dn()
C([0,1];X)

/ / ) |y](t) dtdm ()
C([0,1;X)

for any ¢-test plan 7 € Z(C([0,1]; X)). We denote by SP(X,d, m) the space
of all Borel measurable functions on X whose weak upper gradients belong
to LP(X,m).

Given f € SP(X,d,m), it is known that there exists a unique minimal
function, in the m-a.e. sense, of p-weak upper gradients of f. This is called
the minimal p-weak upper gradient of f and is denoted by |D f|., that is,
for any p-weak upper gradient g, it holds that

(2.10) 1D flw(z) < g(z)

for m-a.e. x € X. A more appropriate notation would be |D f|,, ,. We omit p
because we use only |D flyp, for f € SP(X,d, m). The details of the relation
between | D f|,, , and |D f/|,, for a function f are stated in [11, Remark 2.5].

The Sobolev space W'P(X,d, m) on an m.m. space (X,d,m) is the sub-
space LP(X,m) N SP(X,d,m) of LP(X, m) equipped with the following norm
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-l

(2.11) 1A% = 1A + 1D flwl7,-

The Sobolev space WP(X, d, m) is a Banach space. However it is not a
Hilbert space in general even if p = 2. Thus there is not always the Dirichlet
form on L?(X,m) associated with the Sobolev space W2(X, d, m). Instead
of the Dirichlet energy, we consider the following Cheeger energy, which
is not necessarily quadratic even if p = 2. We define the p-Cheeger energy
functional Chy, : LP(X,m) — [0, 4+o00] by

! )P dm(x) i Lp m
(2.12) Chy(f) = p/X|Df|w( Ydm(z) if fe WHP(X,d,m),

+00 otherwise

for f € LP(X,m). The functional Ch, is lower semicontinuous and convex.
2.3. Curvature-dimension conditions

Let (X,d,m) be an m.m. space. The relative entropy functional Ent,, :
P(X) — [—00,+00] is defined by

lim/ p(x)log p(x) dm(z) if p = pm,
(213)  Entm(u) = { o0 )., P17 08 ple) dmlz)

+00 otherwise

for p € Z(X). It coincides with [, plogpdm € [—oco,+00) if the positive
part of plog p is m-integrable, and it is equal to +o0o otherwise. We denote by
D(Ent,,) the set of all u € Z(X) satisfying Ent,, (1) < +o0. The following
three properties are most important in this paper among the several basic
properties of Ent,,.

e Let Y be a complete separable metric space and p: X — Y a Borel
measurable map such that p,m € #o.(Y'). Then, for any p € Z(X),
it holds that

(2.14) Enty,m(pape) < Entp,(p).

e The map Z(X) x Z(X) > (m, u) — Ent,,(u) is jointly lower semi-
continuous with respect to weak convergence in the two variables.

o Let K C Moe(X) and m € Z(X). If sup,,¢xc Enty, (1) < +00, then £
is tight.
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Note that second and third properties hold only for m € Z(X).
The condition of Ricci curvature bounded from below on an m.m. space
(X,d,m) is provided the following.

Definition 2.6 (CD(K,00)). Let K € R. An m.m. space (X, d, m) satis-
fies the curvature-dimension condition CD(K, oco) if for any two measures
o, 11 € P2(X) N D(Ent,y,), there exists a Wa-geodesic p: [0,1] Dt — uy €
P5(X) joining pp and pq satisfying that

K
(2.15) Ent,, (1) < (1 —t)Enty, (uo) + tEnty, (u1) — Et(l — ) Wa(po, p11)*
for any ¢ € [0, 1].

Note that a curve v:[0,1] — Z on a metric space (Z,d) is called a
(minimal) geodesic joining z and z' provided that v(0) = z, v(1) = 2’ and

d(v(s),7(t)) = |s — t|d(v(0),v(1))

for any s,t € [0, 1].
Let (X, d,m) be an m.m. space and assume that there exists a Lipschitz
function V' : X — [0, +00) with

(2.16) z:= / e V@ dm(z) < +o0.
X

We define 1 := z~'e~V"m € 2(X) and denote by Py (X) the set of all u €
P (X) satisfying [y V?du < +o00. Since V is Lipschitz, we have 25(X) C
Py (X). More generally, for any p € Py (X) and v € Z(X) with Wa(u, v) <
+o00, we have v € Py (X) and

(2.17) (/X V2 du)é < Lip(V)Wa (i, v) + (/X V2d,u,>2,

where Lip(V) is the Lipschitz constant of V.
Given pu € Py (X), using the formula for the relative entropy

I~

(2.18) Ent,, () = Enty, (1) — / VZdu —log z,
X

we see that Ent,,(u) > —oc.
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Definition 2.7 (VG). Anm.m. space (X, d, m) satisfies the volume growth
condition (VG) if there exist Z € X and C' > 0 such that

(2.19) / e~ =) dm(x) < +oo,
X

that is, the Lipschitz function V := Cd(-, Z) satisfies (2.16]).
The following proposition means any CD(K, co) space satisfies (VG).

Proposition 2.8 (|22, Theorem 4.24]). Let (X,d,m) be an m.m. space
satisfying CD(K, 00) for K € R and let Z € X be a fixed point. Then there
exists a constant C' > 0 such that

(2.20) m(B,(z)) < CellTH-r?
for every r > 0, where K_ := max {—K,0}.
The following lemma gives an equivalent condition for CD(K, 00).

Lemma 2.9. Let (X, d, m) be an m.m. space satisfying CD(K, c0) for K €
R and let V be a Lipschitz function satisfying (2.16)). Then for any two
measures po, 1 € Py (X) N D(Ent,,) with Wa(po, 1) < +00, there exists a
Wa-geodesic 1 : [0,1] 2 ¢ = pp € Py(X) joining po and py satisfying (2.15).

The proof of this lemma is described in the appendix.

Definition 2.10 (Infinitesimally Hilbertian). An m.m. space (X, d, m)
is said to be infinitesimally Hilbertian if the 2-Cheeger energy functional
Chy : L?(X, m) — [0, 4+0oc] is a quadratic form on L?(X,m), that is,

(2.21) Cha(f + g) + Cha(f — g) = 2Cha(f) + 2Cha(g)

holds for any two functions f,g € L?(X,m). It follows that X is infinitesi-
mally Hilbertian if and only if the Sobolev space W2(X,d, m) is a Hilbert
space.

The Riemannian curvature-dimension condition was introduced by [5] for
normalized m.m. spaces with finite variance. After that, by [2], its concept
was extended to m.m. spaces with o-finite measures and it was simplified to
the following condition.
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Definition 2.11 (RCD(K,o0)). Let K € R. An m.m. space (X, d, m) sat-
isfies the Riemannian curvature-dimension condition RCD(K, c0) if X sat-
isfies CD(K, 00) and is infinitesimally Hilbertian.

Remark 2.12. We say that an m.m. space (X, d, m) satisfies the strong
CD(K, 00) condition if all Wa-geodesics on Po(X) satisfy (2.15). It is known
that any RCD(K, 0o) space satisfies the strong CD(K, 0o) condition (see [2]
and [8]).

3. Metric measure foliation
3.1. Metric measure foliation

In this subsection, we describe the metric measure foliation introduced by
Galaz-Garcia, Kell, Mondino and Sosa in [9]. We review the classical metric
foliation before we explain the metric measure foliation.

Definition 3.1 (Metric foliation). Let (X, d) be a metric space and F
a family of closed subsets of X. We call F a (topological) foliation provided
that any two elements of F are disjoint to each other and F is a covering of
X. An element F' € F is called a leaf. Furthermore, a foliation F is called a
metric foliation if for any two leaves F, F’ € F and any x € F,

(3.1) d(F,F') = d(z, F').

Given a metric foliation F on a metric space (X,d), we consider the
equivalence relation defined by z ~ 2’ if and only if there exists F' € F such
that z,2" € F, and its quotient space X* := X/ ~. Let p: X — X* be the
quotient map. We define a distance function d* on X* as

(3.2) d*(y,y) =d(p~ (). p ' (%))

for y,3’ € X*. Thanks to , the function d* becomes a distance function
on X*. If (X,d) is complete and separable, then so is (X*,d*).

We next define a submetry f. On a metric space (X, d), we denote B, (z)
the open ball centered at z € X with radius r» > 0.

Definition 3.2 (Submetry). Let (X,dx),(Y,dy) be two metric spaces
and f: X — Y a map between them. We call f a submetry if for any z € X
and 7 > 0,
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Note that any submetry f is 1-Lipschitz and surjective.
The next lemma shows that the concepts of the submetry and the metric
foliation are equivalent.

Lemma 3.3 (|9, Lemma 8.4]). There is a one-to-one correspondence be-
tween metric foliations and submetries up to an isometry, that is, the fol-
lowing (1) and (2) hold.

(1) Given a metric foliation F on a metric space X, the quotient map

p: X — X* is a submetry.

(2) Given a submetry f: X — Y between two metric spaces X and Y,
the foliation {f~1(y)}yey is a metric foliation and there exists an
isometry iy : Y — X™ such that iy o f = p.

In order to define the metric measure foliation, we need the disintegration
obtained by the following disintegration theorem.

Theorem 3.4 (Disintegration theorem). Let X,Y be two complete
separable metric spaces and p : X — Y a Borel measurable map. Then, for
any Borel measure p on X satisfying p.u € #oc(Y), there exists a family
{1ty }yey of probability measures on X such that

(1) the map Y 3y — puy(A) € [0,1] is a Borel measurable function for
any Borel subset A C Y,

(2) (X \p~(y)) =0 (i-e., pupiy = ) for pyp-ae. y €Y,

(3) for any Borel measurable function f : X — [—o0, +0o0],

(3.4) [ f@aua) = | / 2) dpty (2)d(pops) ().

Moreover, {jy}yecy is unique in the p,pu-a.e. sense.

Definition 3.5 (Disintgration). The family {y,}ycy as in Theorem
is called the disintegration of u for p.

Definition 3.6 (Metric measure foliation). Let (X,d,m) be an m.m.
space and F a metric foliation. We call F a metric measure foliation if p,m €
Moc(X*) and there exists a Borel subset @ C X* with p,m(X*\ Q) =0
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such that

(3.5) Walpiy, ty) = d*(y,y') = dp™ (), p (%))

for any y,y" € Q, where p : X — X* is the quotient map and {, }yecy is the
disintegration of m for p.

Remark 3.7. We can weaken p,m € #,.(X*) to the condition that p.m
is o-finite because the disintegration of m exists even if p,m is o-finite. To
avoid some complex situations, we deal with only locally finite measures in
this paper. On the other hand, we do not assume the boundedness of the
leaves which always assume in the original setting in [9, Definition 8.5].

The metric measure foliation is independent of the choice of versions of
the disintegration {jiy}yex~. Moreover, since the map

QN{y € X pupry =0y} 2y = py € 2(X)

is isometric in the sense of and QN {y € X*| pspy = dy} is dense on X*,
this map extends to an isometric map on X*. This implies that there exists
a version of the disintegration {uy}yex- C Z(X) of m such that p,u, = 0,
for all y € X* and

Wa(py, try) = d*(y,9/)
for all two points ¥,y € X*. We say that this version is canonical and often

consider the canonical version of the disintegration of m in the case that F
is a metric measure foliation.

Lemma 3.8. Let (X,dx,mx),(Y,dy,my) be two m.m. spaces and p:
X — Y a1-Lipschitz map such that p.mx = my (so that, p.mx € Ao.(Y)).
Assume that there exists a Borel subset  C Y with my (Y \ Q) = 0 such
that

(3.6) WQ(Ny: My’) = dy (y, y/)

for any y,3’ € Q. Then p is a submetry. In particular, p induces the metric
measure foliation {p~!(y)},ey and Y is mm-isomorphic to X*.

Remark 3.9. The author studied the condition at first. He received
some important advice from Martin Kell and learned the notion of the metric
measure foliation. Lemma means that the condition always induces
the metric foliational structure. The proof of this lemma was given by Martin
Kell.
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We need the following proposition for the proof of Lemma [3.8

Proposition 3.10. Assume that the assumption of Lemmal[3.8] Let yo,y1 €
Y be a pair of points satisfying (3.6|) and p.p,, = &, for i = 0,1. Then any
optimal transport plan for Wa(py,, iy, ) is supported on

{(w,a") € p~ (yo) x ™" (y1) | dy (90, 1n) = dix (w,2")}.

Proof. Let m be an optimal transport plan for Wa(fuy,, tty, ). By the 1-
Lipschitz continuity of p and supp p,, C p~(y;) for i = 0,1, we see that
7 is supported on

{(w,2") € p~ (yo) x ™" (y1)l dy (9o, 11) < dix(w,2")}.

If T:={(z,2') €p~(yo) xp~(y1)| dy (yo, y1) <dx(z,2')} is not m-negligible,
then

7(T) - dy (yo, 1) < /Fdx(x, 2’ dr(z, o).

Therefore we have

dy (0, 11)? < / dx (v,2)? dn(, ') = Walge 1102
XxX

which contradicts (3.6]). This completes the proof. O

Proof of Lemma [3.8 Let {1, },cy be the canonical disintegration of mx-.
Note that we obtain the canonical one using only . In particular, the
property p.«p, = 0, for all y € Y implies that p is surjective.

Suppose that there are € X and r > 0 such that B,(y) \ p(B,(x)) # 0,
where y = p(x). By this assumption, there exist a neighborhood U of x and
a real number 1’ < r such that B, (y) \ p(V;r) # 0, where

Vo= |J Be@),

zeUnNp~1(y)

In fact, by B,(y) \ p(B.(z)) # 0, there exist ¢y € Y and ' < r such that
y' € By (y) \ p(Br(x)). Setting U := B,_,.(z) and V- as above, we have V- N
p~(y') = 0. If there is 2’ € V. Np~1(y'), then there exists # € U Np~L(y)
such that 2’ € B, (%) and

dx(z,2") < dx(x,7) +dx(%,2') < (r—r') +1" =,

which implies ¢’ € p(B;(x)). This contradicts the choice of 3. Thus Vv N
pH(y) =0, that is, y' € By (y) \ p(Viv).
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Let my, be an optimal transport plan for Wa(sy, py) for some y' €
By (y) \ p(Vir). By the choice of 3/, we see that

dY(yvy/) < < dX('i'v .%'/)

for all (Z,2') € (UNp~t(y)) x p~1(3/). Since mx has full support, we may
assume that , (U Np~1(y)) > 0. Thus we have

Ty ({(E@,2') € p™ (y) x p~ (W) dy (y,y') < dx(%,2)})
> 7y (UNp () x p~ ' (Y) = my (U p~(y)) > 0.

This contradicts Proposition [3.10} The proof is completed. O

Proposition 3.11. Let (X, d, m) be an m.m. space and F a metric measure
foliation. Then we have

(3.7) Wolpty, ty) = d*(y,y') = dp™ (v),p ' (v))

for any ¢ € [1,400) and any y,y’ € X* where {41y }yex- is the canonical
disintegration.

Proof. We take any ¢q € [1,400) and any y,y’ € X*. Let m,, be an optimal
transport plan for Wa(uy, p,). By Proposition we see that my, is
supported on

{(z,a') e p~H(y) x p ' ()| d*(y, ') = d(x,2")},

which means that

Wy py)? < / d(z, z") dmyy (z,2") = d*(y,y")".
XxX

On the other hand, by Lemma we see that d*(y,y") < Wy(uy, fty). The

proof is completed. O

We give some examples of metric measure foliation.

Example 3.12 (Riemannian submersion). The Riemannian submer-
sion between two weighted Riemannian manifolds induces a metric measure
foliation. The notion of the metric measure foliation is motivated by Lott’s
article |[17] about a relation between the weighted Ricci curvature and the
Riemannian submersion. This detail is described in [9].
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Let (M, g, pvoly), (N, h,¢voly) be two weighted Riemannian manifolds
and 7 : M — N a Riemannian submersion such that m,(¢voly) = 1vol,. For
any smooth curve v : [0,1] — N, we define a diffeomorphism p : 7=1(7(0)) —
7 1(7(1)) between the fibers of the extremal points of v as the corre-
spondence of the two extremal points of each horizontal lift of , that is,
p~(z) := 7,(1), where 7, is the horizontal lift of v with 7,(0) = x.

Assume that p.piy ) = py(1) for any smooth curve v on N. Then the
family {7~!(y)},en is a metric measure foliation on M.

Example 3.13 (l,-Product space). The product space of m.m. spaces is
a typical example of a metric measure foliation. Let (Y, dy, my ), (Z,dz, mz)
be two m.m. spaces and ¢ € [1,+00] an extended real number. We define the
lg-product Y x; Z of Y and Z as the product space Y x Z equipped with
the distance d;, and the measure my ® mz, where d;, is defined by

o e ] @y () dz(z, )0 i1 < g < oo,
(3'8) dlq((y7 ),(y, )) {max{dy(y,y’),dz(z,z')} if ¢ = +oo

for any two points (y, 2), (v, 2') € Y x Z, and my ® myz means the product
measure of my and myz.

The [)-product space Y x; Z has a metric measure foliation induced by
the projection p: Y x; Z — Y if myz has the finite mass.

Example 3.14 (Action of isometry group). An m.m. space with an
isometric action by a compact group is an important example of the metric
measure foliation. This is studied in [9] deeply.

Let (X,d,m) be an m.m. space and G a compact (topological) group.
Let G x X 3 (g,z) — gx € X be an isometric action of G on X. Then, the
distance function dx/; on the quotient space X/G is defined by

(39) dxsllel, ) = inf_d(ge,g's'

9,9'€G
for [z], [+'] € X/G, where [z] is the G-orbit of a point z € X. (X/G,dx/q)
is a complete separable metric space. Let p: X 3z [z] € X/G be the
projection. The triple (X/G,dx,q,p«m) is an m.m. space and is called the
orbit space of X for G.

An action G x X 3 (g,z) — gz € X is said to be mm-isomorphic if for
every g € G, the map X 3z +— gx € X is an isometry preserving the mea-
sure m.

The family F := {p~1(y) C X |y € X/G} of orbits of an mm-isomorphic
action by G is a metric measure foliation on X.
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Example 3.15 (Warped product). Warped products in the framework
of m.m. spaces are defined and studied by [12,/14] et al. The warped product
is an example of metric measure foliation. In the following, we define warped
products along [12]. We need to assume that two m.m. spaces defining the
warped product of them are intrinsic metric spaces and at least one of them
has finite measure.

Let (Y,dy,my),(Z,dz,mz) be two m.m. spaces with intrinsic metric
and wq, Wy, 1 Y — [0,400) two bounded continuous functions on Y such
that w,, # 0. We assume that my is finite. For a curve y = (o, ) on Y x Z
such that «, 8 are absolutely continuous curves on Y, Z respectively, the
wg-length [, [v] of 7 is defined by

1 .
(3.10) Loy = /0 V16102 + wa(a(t)2181(2)2 dt.

For any two points z,2' € Y x Z, we denote by Adm(z, ') the set of all
curves v = (o, 8) on Y X Z joining = and 2’ such that «, 8 are absolutely
continuous curve on Y, Z respectively. We define a pseudo-metric d,, on
Y x Z by

(3.11) dw(z,2') == inf {l,[y] | ¥ € Adm(z,2")}

for z,2’ € Y x Z. The pseudo metric d,, induces an equivalence relation
defined by z ~ 2’ if and only if dy(z,2') = 0. The quotient space @Q :=
(Y x Z)/ ~,dy) is a metric space. Since Y, Z are both separable, @ is also
separable. We write Q as the completion of Q and regard @) as a subset of
Q. Let ¢: Y X Z — @ be the quotient map. We define a Borel measure m,,

on Q by
(3.12) My = qx(Wymy @ my).

Since my is finite and w,, Z 0, we see that m,, is locally finite and non-
trivial. We define the warped product Y X, Z of Y and Z for the warping
functions w = (wg, wy,) by

(3.13) Y Xy Z = (SUpp muy, duy, May)-

Lemma 3.16. Let (Y,dy,my),(Z,dz,mz) be two m.m. spaces with in-
trinsic metric and wq, wy, : Y — [0, +00) two bounded continuous functions
on Y such that w,, £ 0. Assume that my is finite. Then the projection
p:Y Xy Z — Y induces a metric measure foliation.
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Proof. Weset C :=mgz(Z)and Q :={y € Y | wy,(y) > 0}. It is easy to prove
that p is 1-Lipschitz. Let us prove that p satisfies on €. Let @ be
the quotient space and ¢:Y X Z — () the quotient map in the definition
of the warped product. Since po g coincides with the natural projection
from Y X Z to Y, we obtain p,m,, = Cw,my. Moreover, we define a family
{1ty }yey of probability measures on Y x,, Z by

_ [ @,(C'mz) ifyeQ,
(3.14) My = { Lo otherwise

for any y € Y, where gy := q|{,1x 7 is the quotient map restricted on {y} x Z
and pg is an arbitrary probability measure on Y x,, Z. Then, since p,m, (Y \
) = 0, we see that {u, }ycy is the disintegration of m,, for p. We write v, as
the measure C~'my on {y} x Z. We have p, = gy, v, for any y € Q. Given
two points y,y’ € Q, we define a Borel measurable map vy, : {y} X Z —

{y'} x Z by
Py (1,2)) = (v, 2) €{y'} x Z

for (y,z) € {y} x Z. We set myy := (qy X (qy ©yy))svy and then have
Tyy € IL(fty, pty). Therefore,

Wa(py, :uy’)z < / du(, x/)2 dryy (2, ')
XxX

= [ (020, 0,20 2) = /.
On the other hand, by Lemma 2.1, we have

Wa(py, py) > dy (y, /).
These imply (3.6)). The proof is completed. O

Example 3.17. In Section 1, we consider the sequence of the n-dimensional
spheres S™(r,,) in R"*' n=1,2,... with radii r, > 0. We define a map
Pn : S™(rn) — R by

_ T
() := dgn(r,) (T, Tn) — 5Tn

for x € S™(ry,), where Z,, is a fixed point in S™(r,,). For each n, we see that
the map p,, induces a metric measure foliation from the following discussion.
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We define an m.m. space I, by

(3.15) L= ([=grm grm] 1L g )

and define two continuous maps wg, Wy, : I, — [0, +00) by

(3.16 ) t ()=
. w I=CoS—, w = - .
) a Tn m fl cosn—1 TL dt

We see that S™(ry,) is isomorphic to I,, x,, S" !(r,) as m.m. space and p,
corresponds to the projection from S™(r,) to I, if the fixed point Z, €
S™(ry) corresponds to [(—57n, %)] € I, X4 S" ! (ry). By Lemma the

map p, induces a metric measure foliation.
3.2. Quotient space induced by metric measure foliation

Let F be a metric measure foliation on an m.m. space (X, d, m). We denote
by (X*,d*,m*) the quotient m.m. space induced by F and denote by p:
X — X* the quotient map, where the measure m* is defined by m* := p,m.

The quotient map p: X — X* induces a nice pullback of a probability
measure on X* (which is called the lift of measure in [9]).

Definition 3.18 (Pullback of measure). Let v € Z(X*). The pullback
measure p*v € P(X) of v by p is defined by

(3.17) wA) = [ (A aviy)
for any Borel subset A C X.

It follows from the definition of the pullback measure p*v that for any
Borel measurable function f : X — R,

19 [ @i = [ [ @)

Remark 3.19. For a function f: X* — R, the pullback function p*f :
X — R of f by p is defined by p*f := f o p naturally.

Proposition 3.20. Let v € Z(X*). We have the following (1) — (3).

(1) p«(p*v) = v.
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(2) If v = pm* for a Borel measurable function p : X* — R, then p*v =
(p*p)m.

(3) If v is absolutely continuous with respect to m*, then
Enty,- (v) = Ent,, (p*v).
Proof. We first prove (1). Given a Borel subset B C X*, it holds that
P )(B) = )67 (B) = [ a7 (B) vty
— [ sl dvly) = v(B).
X*

This means p.(p*v) = v.
We next prove (2) and (3). We assume v = pm*. For any Borel subset
ACX,

p() = [ nA)p() dm (o)
= 14(x) dpy(x)dm*
oo [ i
[ [ o) a) duy@dm )
X+ Jp=i(y)

- /X 14(2)p(p(x)) dm(z) = (p" p)m(A),

which implies p*v = (p*p)m. Moreover, we have

Ent (') = [ plp(a) 1og plp(a)) dm(a)
= /X p(y)log py) dm”(y) = Entpp- (v).
The proof is completed. O
Lemma 3.21. Let vp,v1 € Z(X*) and ¢ € [1,400). Then we have
(3.19) Wy (p* v, p 1) = Wy, 11).
In other words, the map

(3.20) pF i P2(XY) v pive Z(X)
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is isometric with respect to Wj,.

Proof. We take any two measures vy, € Z(X*) and fix them. The in-
equality W (vo,v1) < Wy(p*ro, p*r1) follows from Proposition [3.20(1) and
Lemma We prove the opposite inequality. Assume that W, (vp, 1) <
+oo. Let m € Z(X* x X*) be an optimal transport plan for Wy(vp,v1).
By Aumann’s measurable choice theorem (see [7]), there exists a family
{7yy Yy )ex-xx~ of probability measures on X x X such that the map
X*x X* 3 (y,y) — myy (A) € [0,1] is Borel measurable for any Borel sub-
set A C X x X and 7y, is an optimal transport plan for Wy (uy, pt,) for m-
a.e. (y,y) € X* x X*. (In Aumann’s theorem, it is easy to check the Borel
measurability of

{(y,y’ﬂr) € (X2 x 2(X2) ’ W11y 1y )7 = /XXX d(m,m’)qdw} ,

where £2(X?) has the weak topology, from (3.5)).) We define a measure
7e (X xX) by

(3.21) T(A) = /X*XX* Ty (A) dr(y,y')

for any Borel subset A C X x X. We see that 7 is a transport plan between
p*1y and p*r;. In fact, we have

pro,F(A) = [ (prg () ()
X*x X~
[ m@dns) = [ () dnt) =)
X*xX* X+
for any Borel subset A C X, where pr, is the projection to the first coor-

dinate. This means pry, 7™ = p*1 and we obtain pr;, ™ = p*r; in the same
way. Thus 7 is a transport plan between p*vy and p*vi. Then, we have

Wi (pvo, p*11)" < / d(z, ') di(z, ')
XxX

- / / Az, 2') deyy (@, ') (y, )
X*xX*JXxX

= / Wty py ) dr(y,yf")
X*xX*

- / d*(y, o) dr(y, o) = Wy(vo, 11)".
X*x X*
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By this, we obtain (3.19)). The proof is completed. O

In [9, Theorem 8.8], it is shown that the strong CD(K,oc) condition
(Remark is preserved via the metric measure foliation with bounded
leaves. The following theorem claims that the (usual) CD(K, co) condition
is preserved even if the foliation consists of unbounded leaves.

Theorem 3.22. Let (X,d,m) be an m.m. space with a metric measure
foliation and let K € R. Assume that X satisfies CD(K, c0) and X* satisfies
(VG). Then the quotient space X* satisfies CD(K, 00).

Note that if X* satisfies CD(K, 00), by Proposition[2.8] then X* satisfies
(VG), so that the condition (VG) is a natural assumption.

Proof. The outline of the proof is the same as that of [9, Theorem 8.8].
Since X* satisfies (VG), there exist § € X* and C > 0 such that

(3.22) / e~ WI dm* (y) < +o0.

We define V : X — [0,+00) by V(z) := Cd*(p(z),y) for z € X.

We take any two measures vg,v; € P2(X*) N D(Enty,~). Let po, p1 be
the densities of vy, with respect to m* respectively, that is, v; = p;m*
for i = 0,1. Then, by Proposition P*1p, p*r1 both belong to 2y (X) N
D(Ent,,). Moreover, by Lemma we have

Wa(p*vo, p*v1) = Wa(vg, v1) < +00.

Thus, by Lemmal2.9] there exists a Wa-geodesic p1 : [0,1] 3 t — p € Py (X)
joining p*1y and p*rq such that for any ¢ € [0, 1],
(3.23)

* * K E E
Enty, (p) < (1 —t)Ent, (p*vo) + tEnty, (p*v1) — ?t(l — ) Wa(p* g, p*rn)>.

We set vy := pypy € Po(X*) for any t € (0,1). Let us prove that v : [0,1] 2
t— v € Po(X*) is a Wa-geodesic joining 1y and vy satisfying (2.15)). By
Proposition (1), we have

Ptti = Px(P"V5) = v

for i =0,1. Combining Lemma [2.I] the definition of Wj-geodesic, and
Lemma yields that for any s,t € [0,1],

Wa(vs, 1) < Walus, pe) = [s — t|{Wa(po, pa) = [s — t|{Wa(vo, v1).
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On the other hand, by the triangle inequality,

Wa(vs, ) > Walvo, v1) — Wa(w, vs) — Wa(ug, 1)
> Wa(vo, v1) — sWa(vo, v1) — (1 — t)Wa (v, v1)
= (t — S)WQ(Z/Q, Ul),

which implies that for any s,¢ € [0, 1],
W2(V87Vt) = |8 - t|W2(V07 Vl)'

Thus, v : [0,1] 5t — 1, € Po(X™) is a Wa-geodesic joining vy and v;. More-

over, combining (3.23)), Proposition and Lemma yields that for any
te0,1],

Enty,« (v) < Enty, (1)

>k >k K % *
< (1 —1t)Enty,(p*ro) + tEnt,, (p* 1) — Et(l — ) Wa(p*vo, p*r1)?
K
= (1 = t)Entp- (1) + tEntym- (11) — S ¢(1 = 1) Wa(vo, v1)?,

which implies that v satisfies (2.15)). Therefore, we see that X™* satisfies
CD(K, ). The proof is completed. O

Theorem 3.23. Let (X,d,m) be an m.m. space with a metric measure
foliation and let ¢ € (1,+00). Then we have

(3.24) Chy (f) = Chy (" f)

for any f € L9(X*,m*).

This theorem corresponds to [9, Proposition 8.9 (4)]. In the proof of
|9, Proposition 8.9], some assumptions for the Sobolev space is required in
order to approximate by Lipschitz functions. We remove the assumptions
using a new technique which is to make a lift of g-test plan via a foliation on
the basis of the concept of the weak upper gradient. We prove the following
corollary using Theorem before we prove Theorem [3.23

Corollary 3.24. Let (X,d,m) be an m.m. space with a metric measure
foliation. Assume that X is infinitesimally Hilbertian. Then the quotient
space X* is infinitesimally Hilbertian.
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Proof. We take any two functions f,g € L?(X*,m*). Let us prove that
Chy” (f +g) + Chy' (f — g) = 2Chy" (f) + 2Chy" (g).

Since their pullback functions p* f, p*g belong to L?(X,m) and the functional
Chy is quadratic, it holds that

Chy (p* f + p*g) + Chy’ (p* f — p*g) = 2Ch3" (p* f) + 2Chy (p*g).
Thus, by Theorem we have

Chy (f +g) + Chy" (f — g) = Chy' (p*f + p*g) + Chy (p* f — p*g)
— 2ChY (") + 200 (1°g) = 20W (£) + 201 (g).

This completes the proof. [l

Combining Theorem and Corollary proves the following. This
is a stronger result than [9, Corollary 8.10]. We remove some technical as-
sumption and extend to the foliations whose leaves are unbounded.

Corollary 3.25. Let (X, d, m) be an m.m. space with a metric measure fo-
liation and let K € R. Assume that X satisfies RCD(K, o) and X* satisfies
(VG). Then the quotient space X* satisfies RCD(K, 00).

We prove Theorem Let (X,d,m) be an m.m. space with a met-
ric measure foliation and let ¢ € (1,40c). We write X, X* as C([0, 1]; X),
C([0,1]; X*) respectively for simplicity. Moreover, we set a map p : X - X*
by p(§) :=po& for any curve £ € X. The map p is 1-Lipschitz with respect
to the uniform distance. We first obtain the following proposition.

Proposition 3.26. Let (X,d, m) be an m.m. space with a metric measure
foliation and ¢ € (1, +00). Then, for any f € W14(X*, d*, m*), the pullback
p* f belongs to W14(X,d, m) and

(3.25) [D(p* f)lw(x) < |Dfluw(p(z))
holds for m-a.e. x € X. In particular, for any f € LI(X™*, m*), we have
(3.26) Ch¥ (" f) < Ch (f).

Remark 3.27. Proposition does not need the foliational structure.
We obtain the same result for a 1-Lipschitz map p: X — Y between two
m.m. spaces X and Y satisfying p,mx = my.
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Proof. We take any f € WH4(X* d* m*) and fix it. For the proofs of p* f €
Whd(X, d,m) and (3.25), it suffices to prove

/;? [(" (&) = (" F)(£(0))] dm(§)

</ / 1D fu(p(E))E|(¢) dtdm(€)

for any g*-test plan 7 € @(f() on X, where ¢* is the conjugate exponent
of g. We take any ¢*-test plan 7 € #(X) and fix it. Then the measure
D € P(X*) is a ¢*-test plan on X*. In fact, since 7 is a ¢*-test plan,
there exists a constant C' > 0 such that e;,m < Cm for any t € [0, 1]. Since
et op =poe for each t € [0, 1], we have

et*ﬁ*ﬂ- = PxCtxT < P*(Cm) = Cm*.

Moreover, it holds that

[ erblamo) = [ erbogan© < [ erldine) <+

which implies that p,7 is a g*-test plan on Y. Thus, by the definition of
|D flw, it holds that

[ 1£6W) = 6O dGa)6)
// D f|w(3(8)[31(2) dtd(Bo) (7).
This implies

/;? (" /)(E(D)) — (" F)(£(0))] dm(§)
(v(1)) = F(3(0)[ d(p+m)(7)

p'f)

/ /IDf!w DI dedm) )
= [ [ ipAutpteoniws o) aninto
< [ [ ipsatwenié e
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The proof is completed. O

It is sufficient to show the opposite inequality of for the proof of
Theorem . We prepare the following to prove it. Let {jy}yex+ be the
canonical disintegration of m for the quotient map p. We fix g € (1, 4+00)
and denote ¢* the conjugate exponent of q. -

We take any curve v € ACY (0,1]; X*) C X* and consider the curve
poy 2 [0,1] Dt pyy € P(X). Since we have

W (L (s) By(r)) = d7(7(8), (1))

for any s,t € [0,1], the curve p, belongs to AC? ([0, 1]; (Z(X), Wy-)) and
|ti|(t) = |7](t) holds for Ej-a.e. t € [0,1]. Thus, by Proposition there
exists a measure 7, € &(X) such that

(3.27) etsTly = () for any t € [0, 1],
1 1
(3.28) /X € €] dny (€) = /0 i (07 dt = /0 S0 dt = £

Since e; o p = p o ¢; for each t € [0, 1], we have (e;)«DP«7y = d,(4) for each
t € [0,1]. This implies p.ny = 6, € & (X*). By Aumann’s measurable choice
theorem (see |7]), whenever we take a probability measure m on X*, there
eiists a family {777}7 cx- of probability measures on X such that the map
X* 3y —mny(A) €[0,1] is Borel measurable for any Borel subset A C X
and, for 7-a.e. v € )/(v*, the measure 7, satisfies and .

From this discussion, we regard the family {777}7 cx: C Z(X) asa “nice”
lift of the disintegration {sy }yex~ C Z(X) of m. Using this family {777}7

we are able to lift all test plans on X* to X.

ex=

Proposition 3.28. Let 7 € 9()’{*) be a ¢*-test plan on X*. We define a
measure p*rm € Z(X) by

(3.29) Fr(A) = /),{ 1y (A) dr(7)

for any Borel subset A C X. Then p*m is a ¢*-test plan on X and satisfies
p«(p*m) = .

Proof. Let m € 9(5{*) be a ¢*-test plan on X*. By the definition of ¢*-test
plan, there exists a constant C' > 0 such that e;,m < Cm* for any ¢ € [0, 1].
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We first prove that

(3.30) / £, 7)(€) < +oo.

By the definition of p*7 and (3.28)), we see that

/X&I*[&]d( //6 ] d (€)dr (5 /5 dr(

We obtain (3.30]). We next prove that e, (p*n) < Cm for any ¢ € [0,1]. We
take any ¢ € [0, 1]. Then, for any Borel subset A C X,

0. (5)(A) = /XV (e H(A)) dr() = /Xv b0y (A) dr()

- / y(A) d(enm) () < C [ py(A) dm*(y) = Cm(A),
X* X*

which implies e, (p*7) < Cm. Thus, we see that p*m is a ¢*-test plan on X.
Moreover, we see that p*m satisfies p.(p*7) = 7 in the same way as in the
proof of Proposition (1). The proof is completed. O

Lemma 3.29. Let f € WY9(X,d, m). We define g € LY(X*, m*) by
(3:31) o) = [ 1@ duy(a)

for y € X*. Then g belongs to W9(X* d*, m*) and

(3.32) IDglu(0)" < [ 1D71ufa)" i @)

holds for m*-a.e. y € X*.

Remark 3.30. Given a function h € Wh4(X*, d*, m*), we apply Lemma
to the function f := p*h. Then ¢ coincides with h and

(3.33) IDhlu(y)? < /X D5 ) ()7 dpy ()

holds for m*-a.e. y € X*. For the proof of Theorem [3.23] it suffices to

prove (3.33)). We obtain the stronger formula (3.32)).
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Proof of Lemma [3.29 We take any f € WY9(X,d,m) and define g €
Li(X*,m*) by (3.31). For the proof of g € Wh4(X* d* m*) and (3.32)), it
is sufficient to prove

l9(v (0))] dr()
fe
//</ |D fluw (@) dpts ) (2 )>;|"y|(t)dtd7r(,y)

for any ¢*-test plan 7 € ﬁ(f(v*) on X*. We take any ¢*-test plan 7 € 9”(),(\;)
on X* and fix it. By Proposition the measure p*m defined by (3.29) is
a ¢*-test plan on X. By the definition of |D f|,,, we have

(3.34)

JAIG 0))] d(5*m)(€)
/ / 1D fu(€(0) ] (1) dtd(577) (€):

Moreover, taking e;,ny = p(;) into account, we have

/ f(@) dppy gy (@ / f(&@)) dny(6)
Therefore,

| 1s0 0))] dr ()
</ / G 0))| diny (€) ()

SIALG 0))| d(5*m)(€)
</ / IDf L (€(8))I€](1) dtd (7))

/// |D flu(£(2)) €] (t) dtdny (&) dm ()
/ / (/ [DF L (&))" dny (€ )(/ €(6)7 dn (€ ))ql*dtdw(fy)
/ / (/ | D fluw (@) dpt ) (2 ) (/ 1) dny () >"1*dtd7r(7)'
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In order to prove , it suffices to prove
(3.35) /)Z €107 dny (&) = 1315
for m-a.e. v € X* and Ll-ae. t € [0, 1]. Since p is 1-Lipschitz, we have

/X\é!(t)q*dm / (6 1) dny(€) = 3107

for m-a.e. v € X* and Llae. t € [0,1]. On the other hand, by 1 ,

/01 (/x €1(6)7 diny (€) - m(t)q*) g =0

holds for m-a.e. v € X*. These imply 1} Thus we obtain (3.34]). This
completes the proof. O

Proof of Theorem [3.23l We take any f € LI(X*, m*). By Proposition
we have

Chy' (p"f) < Chy™ ().

If Chgc (p* f) = 400, then we obtain Ché( (p*f) = Ché(* (f). We consider the
case of p*f € WH4(X,d, m). Then, by Lemma

DSu)' < [ 1DG"1)lofa)"din @)
holds for m*-a.e. y € X*. Therefore,
. 1 .
Cn ()= [ 1DAule)dnr )
q Jx-~
1 . .
< [ [ 1P Dt duy ) 0
=+ [ IDG" ot} dmia) = O ),
which implies Ch\ (p* ) = Ch;" " (f). The proof is completed. O
4. Convergence under the metric measure foliation

In this section, we study the stability of the curvature-dimension condition
and the convergence of the ¢-Cheeger energy functionals Ché(" and the de-
scending slopes |[D~Ent,, | (Definition 4.19)) of the relative entropies Ent,,,
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for a sequence of p.m.m. spaces (X, d,, my, T,) with a metric measure fo-
liation.

4.1. Variational convergence of g-Cheeger energy functionals

Our goal in this subsection is to prove Theorem [I.I] We denote by N the set
of positive integers.

Definition 4.1. Let {(X,,, dp, My, Tn) tnen be a sequence of p.m.m. spaces
and (Y,d,m,y) a p.m.m. space. We say that {X,}nen pmG-converges to
Y if there exist a complete separable metric space (Z,dz) and isometric
embeddings ¢, : X;, = Z, +: Y — Z such that ¢,,m, converges weakly to
tem in Mo (Z) and 1, (Zy,) converges to t(y) in Z as n — oo.

The following result was obtained by Gigli-Mondino-Savaré |13].

Theorem 4.2 (|13, Theorem 4.9 and 7.2]). Let {(Xy, dn, mMn, Tn) }nen be a
sequence of p.m.m. spaces and (Y, d, m,y) a p.m.m. space. Assume that X,
pmG-converges to Y and each X, satisfies CD (K, 00) (resp. RCD(K, o0)) for
a real number K € R. Then, Y also satisfies CD(K, 00) (resp. RCD(K, 00)).

Combining this theorem and Theorem and Corollary proves
Theorem [1.1] (1) and (3) directly.

Proof of Theorem [L.1](1) and (3). We only prove (1). By Theorem [3.22]
if each X, satisfies CD(K, 00), then X satisfies CD(K, c0). Since X;* pmG-
converges to Y and by Theorem the space Y also satisfies CD(K, o0).
The proof is completed. We obtain (3) in the same way using Corollary

O

In order to prove Theorem [1.1| (2) and (4), we need to define the appro-
priate I'-convergence and Mosco convergence of Cheeger energy functionals
in our setting.

Let {(X,,, dn, M, Tn) Inen be a sequence of p.m.m. spaces and (Y, d, m, j)
a p.m.m. space. From now on, we assume that each X, has a metric measure
foliation and its quotient space X pmG-converges to Y as n — 0o. Let Z be
a complete separable metric space in Deﬁnition associated with X ﬁ)
Y. We are able to regard X, Y as the subsets on Z via the isometric
embeddings. Furthermore, we denote by p, : X,, = X the quotient map
and assume that every p.m.m. space X, satisfies (VG).
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Definition 4.3. Let {gy }nen C (1,400) be a sequence of real numbers con-
vergent to a real number ¢q € (1,400). Let f,, € L9 (X, my,) for each n € N
and f € LI(Y,m). We say that f,, LI -weakly converges to f if for any func-
tion ¢ € Cps(2),

1) lim [ p(n(@) (@) dma(z) = / o) () dm(y)

n—o00 X, Y
holds, and
(4.2) limsup || full Lan (x, m,.) < 400
n—oo
holds.

Definition 4.4. Let {¢y, }nen C [1,4+00) be a sequence of real numbers con-
vergent to a real number ¢ € [1,+00) as n — oo. Let f,, € L (X, m,) for
each n € N and f € LYY, m).

(1) In the case that g, = ¢ > 1, we say that f, Li-strongly converges to
fif f, Li-weakly converges to f and it holds that

(4.3) i {] foll Lo, m,) = 1l 2o vim)-

(2) In the case that ¢, = ¢ = 1, we say that f,, L'-strongly converges to
f if oo f, L?-strongly converges to o o f, where o(t) := sign(t)+/|t|
is the signed root.

(3) In the case that ¢, — ¢ > 1, we say that f,, LI -strongly converges to
fif fn Li-weakly converges to f and, for any € > 0, there exists a
decomposition f, = ay, + B, such that

o sup,, |[an|pe(x, m,) < +oo and ay L'-strongly convergent,
® Sup, ”/BnHL%(Xn,mn) <E.

Remark 4.5. In the case that (X,,,d,, my,Z,) = (Y,d,m,y) and p, = idy
for each n € N, the L9-convergence in Definition and [4.4] is equivalent to
the usual Li-convergence on L4(Y,m). In the case that X,, pmG-converges
to Y, Definition [4.3|and [4.4] coincide with [13] Section 6.1] and [6], Section 3].

A discussion in the same way as [13], |3, Section 5.4], [6, Section 3] yields
that the LI -convergence in Definition and has some basic properties
as follows. From now on, we assume that {gy}nen C (1,400) converges to
q € (1,400).
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Proposition 4.6. Let f, € L9 (X,,,m,), f € LYY, m) and assume that f,
L9 -weakly converges to f. Then, it holds that

(4.4) lim inf {| fol Lo (x,.m.) 2 ([Flla(vm)-

Moreover, any sequence f,, € L9 (X, m;) with (4.2)) has a L9 -weakly con-
verging subsequence.

This proposition is proved by the way in |3, Section 5.4] directly. On the
other hand, there is the following easier proof by admitting this property of
the L"-convergence in the pmG-convergent case in [6, Proposition 3.1].

Proof of Proposition We first prove (4.4)). We take any functions
fn € L (X, my), f € LYY, m) and assume that f, L% -weakly converges
to f. For each n, we define a function g, € L% (X}, m},) by

- /X ) A o),

where {7 }.ex: is the disintegration of m,, for p,. Actually, we have

[ amiey= [ ([ s b))

(4.5) "
< /X ) dma ),

which implies g, € L9 (X}:, m}). For any ¢ € Cps(Z), we have

/X RIOTC / / ) dp ()i (2)

—/ () ) din 2,
X

Thus, since f, Li"-weakly converges to f as n — oo, we obtain

Jm [ el dmi(2) = [ o)) dmw)
X Y

which implies that g, L9 -weakly converges to f on Z if we regard g, and
f as the functions on Z. By the lower semicontinuity of L% -norm in the
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pmG-convergent case, we obtain
(4.6) i inf gl Lan (xz.mz) 2 11| La(vam)-

Combining (£.5) and (4.6) leads to

We next prove the weak compactness of the L% -bounded sequence.
We take any functions f,, € L% (X, m,) satisfying . We define g, €
L% (X}, m}) as in the same way as above. By (4.5)), the sequence {gn }nen
also satisfies (4.2]). By the weak compactness in the pmG-convergent case,
there exists f € L4(Y,m) such that g, Li-weakly converges to f on Z as
n — oo. In the same way as above, we see that f,, L9 -weakly converges to f.
We obtain the weak compactness in our setting. The proof is completed. [J

Proposition 4.7. Let f,,g, € L9 (X,,my,) and f,g € LYY, m). Assume
that f,, g, L9 -strongly converges to f, g respectively. Then f,, + g, LI-
strongly converges to f + ¢ and it holds that

(4.7) i | fllLan (X, m,) = 1l 2a(yam)-

Proposition 4.8. Let f, € LY(X,,,m,), f€ LYY,m) and let g, €
LY (X,,my), g € LY (Y, m) with ¢* = q/(q — 1). Assume that f,, L9-strongly
converges to f and g, LY -weakly converges to g. Then it holds that

n—0o0

(4.8) lim . fn(2)gn(x) dmy(z /f (y).

Remark 4.9. (1) We do not need any continuity of p,, for the definition
of LI-convergence and some properties as above. We only use the
Borel measurability of p,.

(2) From the above properties, this L?"-convergence is an asymptotic re-
lation which defined by [15], so that this is regarded as a natural
extension of Li"-convergence in [13| Section 6.1] and [6, Section 3].

Under this L% -convergence, we define convergences of ¢-Cheeger energy
functionals.

Definition 4.10. We say that Chéi" I’-converges to Cth if

(1) for any sequence of functions f,, € L9 (X, m,) Li"-strongly converg-
ing to a function f € LY(Y, m), we have

lim inf Chy " (fa) > Chy (f),
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(2) for any f e L%(Y,m), there exists a sequence of functions f, €
L (X, m,) Li-strongly convergent to f such that

lim Chy"(fn) = Ch) (f).

n—o0

Moreover, we say that Chgi”’ Mosco converges to Ch}; if

(1") for any sequence of functions f,, € LI (X,,, m,) Li-weakly converg-
ing to a function f € L9(Y, m), we have

s s Xn Y
hnrggf Chg, " (fn) = Chy (f),
and above (2).

The following results obtained in [13] and [6] mean the pmG-convergent
case of Theorem (2) and (4). We need it for the proof of Theorem

Theorem 4.11 (|13, Theorem 6.8]). Let {X,}n,en be a sequence of
p.m.m. spaces satisfying CD(K,00) for a common number K € R and Y
a p.m.m. space. Assume that X,, pmG-converges to Y as n — co. Then
Ché(” Mosco converges to Chy as n — oc.

Theorem 4.12 (|6, Theorem 8.1]). Let {X,}nen be a sequence of
p.m.m. spaces satisfying RCD (K, co) for a common number K € R and Y a
p.m.m. space. Assume that X;,, pmG-converges to Y as n — oo. Then Chgi”
I"-converges to Ch}z/ as n — o0.

Proof of Theorem (2) and (4). Let {gn} C (1,+00) be a sequence
convergent to a real number ¢ € (1,+00). We take any functions f, €
L (X,,my), f € LY(Y,m) and assume that f,, L?-weakly converges to f
as n — oo. For each n, we define a function g, € L9 (X}, m}) by

on(y) == /X ful) dul (),

where {uy }yex is the disintegration of m,, for p,. By Lemma

Dgalu(y)® < /X 1D fo oo () dp ()
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holds for mj-a.e. y € X;. Thus we have
X* 1 qn *
Chy(gn) = — [ [Dgnlw(y)*™ dmy,(y)
an Jxx
1 n *
(4.9 < = [ [ DR d @m0
n JXx: JX,
1 q e
= o )x |D folw(z)? dmy(x) = Chy " (fn)-

Since f, Li"-weakly converges to f, the sequence {g,} L?-weakly converges
to f on Z in the same way as in the proof of Proposition [4.6]

In the case of ¢, = ¢ = 2, by Theoremunder the CD(K, 00) assump-
tion, Chg(’: Mosco converges to ChZY. Combining this with 1) implies

Chy (f) < liminf Chy" (gn) < lim inf Chy™ (f,).

We obtain (1’) in Definition in the case of ¢, = ¢ = 2.
In the general case, we further assume that f,, L% -strongly converges to
f. We prove the following claim.

Claim 4.13. g, L% -strongly converges to f on Z as n — oc.

Proof. We take any € > 0. Since f,, Li-strongly converges to f, there exists
a decomposition f, = ay, + (B, such that a,, L!-strongly convergent and

sup ||an||L°°(Xn,mn) < 400, sup HﬂTLHLP"(Xmmn) <E.
neN neN

We define &, Bn by
%@:Aamwmm Mw:L@mmmm

where {HZ}ye x is the disintegration of m,, for p,. We see that g, = &, + Bn
and

l6nll Lo (x2mey < llanllpoe(xnmn)s  1Bnllzen (xzme)y < A1BnllLen (X, ,mn)-

Thus it suffices to prove the L!-strongly convergence of {d;,,} on Z. Splitting
o, in the positive and negative parts, we assume a, > 0. Let a be the L!-
strong limit of {a,} and let & be a L?-weak limit on Z of a convergent
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subsequence of {0 o &y}, where o(t) := sign(t)+/|t| is the signed root. For
any ¢ € Chs(Z), we see that

n

/. Ppula)) (7 0 an)() o) = / o) [ auta)® duny(a)am; o)
< [ oo an)w) dm; ()
which implies, by taking the limit as n — oo,
/ e(y)(ooa)(y)dm(y) < / e(y)a(y) dm(y).
Y

Y

Thus we have 0 o a(y) < &(y) for m-a.e. y € Y. On the other hand, we have

“&“L2(Y,m) S hmlnf HO’ o dnHLQ Xz m*)

< hmlnf HaoanHLz Xomn) = ||O'OO[”L2(y7m).

ny

Combining these leads to o o a(y) = &(y) for m-a.e. y € Y and

lim [|o o dnllz2(x:m2) = o0 allp2vm)-

n—o00

Therefore o o &, L2—strongly converges to o o «, that is, &, Ll—strongly con-
verges to a. This completes the proof. O

By Theorem under the RCD(XK, 00) assumption, Chgi: I'-converges
to Ch) . Combining this with Claim [4.13 and (4.9) implies

ChY (f) < liminf Ch)"(gn) < lim inf ChyX" (fn).
n—oo
We obtain (1) in Definition in the general case.
We next prove (2) in Definition .10} We take any function f € LI(Y, m).
By Theorem [£.11] and [£.12] the sequence of the Cheeger energy functionals
ChX" I'-converges to ChY as n — oco. Thus, there exists a sequence of func-
tions g, € LI (X}, m}) Lq" strongly convergent to f on Z such that

lim Chy " (gn) = ChY (f).

n—oo

We define a function f, by f, := pn*gn for each n. These f,, are what we
want. Let us prove that these f, satisfy the condition (2) in Definition [4.10]
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We see that

/xn f"(m)qndm”(x)_/ Gn(Pn(2))" dimn(z) = /X gn(y)? dm’,(y)

s
n n

holds, so that f,, € L9 (X,, my). Moreover, we obtain
(4.10) i | foll Lan (Xm0 = Il Lagyam)-

For any ¢ € Cps(Z), we have

/ ©(pn()) fr(z) dmp(x) :/ ©(Pn(x))gn(pn(z)) dmy ()
Xn Xn
= / () gn(y) dmy,(y).

Thus we obtain

(4.11) i [ p(pn(@)) (@) dimg (z) = / o) () dim(y)
X,

n—o0 Y

for any ¢ € Cps(Z). Combining (4.10)) and (4.11)) implies that f,, LI"-strongly
converges to f. By Theorem [3.23] we have

Chéi" (fn) = Chéi:b (gn)

and so
: X, _ Y
lim Chy " (fn) = Ch, (f).

n—oo

Therefore the sequence of functions f,, satisfies the condition (2). This com-
pletes the proof of Theorem (1.1 O

4.2. Semicontinuity of spectra and spectral gaps

As an application of the Mosco convergence of the Cheeger energy function-
als, we obtain the semicontinuity of the spectra of Laplacians on p.m.m.
spaces satisfying RCD(K, co). The Laplacian Ax on a p.m.m. space X sat-
isfying RCD(K, 00) is defined as the self-adjoint linear operator associated
with the quadratic form Chs'. We denote by o(Ax) the spectrum of Ax.

Proof of Corollary . This corollary follows from Theoremand [15]
Proposition 5.30] directly. O
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Proof of Corollary We take any A € o(Ax-). By Corollary[L.3] there
exists a sequence A\, € 0(Ax) convergent to . Since o(Ax) is closed in
[0,400), A belongs to 0(Ax). The proof is completed. O

Let (X,d,m) be an m.m. space with finite mass. For any real number
q € (1,400) and any f € L9(X,m), we set

1
q
acR

(112) cal) = (iut [ 17 = al” ame) )

We define the g-spectral gap A\ 4(X,d, m) by

ChX
(4.13) M g(X.d,m) = inf ch(qf)(f)

where f runs over all nonconstant L%-functions. It is well-known that the
infimum does not change if we minimize thé(( f) where f runs over all
nonconstant Li-functions with

1o = L. /X F@)2 £(z) dm(z) = 0.

Proposition 4.14. Let (X,d, m) be an m.m. space with a metric measure
foliation and let g € (1,+00) be a real number. Assume that m has finite
mass. Then we have

(4.14) A g(X*, d5,m™) > A o(X,d,m).
Proof. We take any f € LY(X*, m*). By Theorem we have
Chy"(f) = Chy (p*f).

Moreover, for any a € R, we see that
J 10w = am' ) = [ 1 @) = al” dm(a),

which implies that cq(f) = cq(p* f). Therefore we obtain

gChf (p*f)  qChy (f)
Cq(p*f)q B Cq(f)q

This completes the proof. [l

)\l,q(Xv dv m) S
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Proposition 4.15. Let {(X,,dy,, mn,Tn)}nen be a sequence of p.m.m.
spaces and (Y, d,m,y) be a p.m.m. space. Let {g,}nen C (1,400) be a se-
quence of real numbers convergent to g € (1,+00). Assume that the same
assumptions as in Theorem (3) and each m,, has finite mass. Then we
have

(4.15) lim sup A1 4, (Xn, dn, mp) < A1 (Y, d,m).

n—o0

Proof. We take any f € LI(Y,m). By Theorem [L.1| (4), there exists f, €
L% (X,,, m,) Li-strongly converging to f such that

lim ChX"(fa) = Ch) (f).

n—oo

Then we see that ¢4, (fy) converges to ¢,(f) in the same way as in [6, Lemma
9.2]. Thus we obtain

QnChXWV(fn) thY(f)
limsup A1 ¢ (X, dpn, my,) < limsu dn = 47
n—>oop 1.4» ( ) n—>oop Cq,, (fn)q" Cq(f)q

which leads to (4.15)). O

Remark 4.16. In our setting, we do not obtain the upper semicontinuity
of the spectra o(Ax, ) and the lower semicontinuity of the g,-spectral gap
Mg, (Xn, dn, my,). Via the metric measure foliation, the spectral information
is lost in general. The limit-like space Y does not have the full information
of the limit behavior of X,,.

Example 4.17. Consider the sequence {S™ x S},en of the Riemannian
product of the n-dimensional unit sphere S™ and the 1-dimensional unit
sphere S'. The product space S™ x S! has a metric measure foliation induced
by the trivial S'-fibration. We see that

)\13(5”) =n, )\1,2(5’” X Sl) = )\172(51) =1.

Example 4.18. Consider the sequence {S™(v/n — 1)}nen, the map p,, of
(1.1), and the space X,, in Section 1. X,, pmG-converges to 1-dimensional
standard Gaussian space (R, | -|,7) as n — oo (see |20, Lemma 3.9]), where



1342 Daisuke Kazukawa

~ is the 1-dimensional standard Gaussian measure (i.e., v = ~1). It is well-
known that

k
o(Bgn(yn=t)) = {’f <1+ — 1) ‘ k:0,1,2,...},
o(Agm) = {klk=0,1,2,...}.

By Corollary we see that 0(Ax,) C 0(Ag.(m=)). Moreover, by [13,
Theorem 7.8], k-th eigenvalue of Ay, converges to k-th eigenvalue of Ag |.| )
taking account of the multiplicity. Thus we see that o(Ax, ) = 0(Ag.(m=T))
and each multiplicity of eigenvalues of Ay, equals to 1.

4.3. Descending slope of the relative entropy and heat flow

In this subsection, we state the results for the (descending) slope of the
relative entropy and the heat flow. We first define these notions along [4L|13].
Let (X,d,m) be an m.m. space.

Definition 4.19 (Descending slope of Ent,,). We define the (descend-
ing) slope |D™Ent,,| : P2(X) — [0, +00] of the relative entropy Ent,, for m
by

3 . (Ent, (1) — Ent,, (v)) T
4.16 D™ Ent,|(¢) := limsup ,
( ) ‘ ‘( ) Wa(v,u)—0 " 2(“7 V)

where ()T means the positive part. |D~Ent,,|(1) is equal to +oo if p is

outside D(Ent,,) and 0 if p is an isolated measure in D(Ent,,).

Proposition 4.20. Let (X,d,m) be an m.m. space satisfying CD(K, co)
for a real number K € R. Then, for any u € P2(X), we have

(4.17) |D™Enty,|(n) =  sup

<Entm(,u) — Ent,, (v)
pAVE P (X)

K +
Waln.0) +2W2(“’”)> |

In particular, | D~ Ent,,| is lower semicontinuous with respect to Wa.

It is known that the slope |D~Ent,,| of Ent,, and the 2-Cheeger energy
functional Chy on an m.m. space satisfying CD(K, o0) have the following
relation. This relation is a deep result obtained in [4].
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Theorem 4.21 (|4, Theorem 7.6]). Let (X,d,m) be an m.m. space sat-
isfying CD(K, c0) for a number K € R. Then, for any measure pu € %(X)
that is absolutely continuous with respect to m, we have

(4.18) D™ Ent,, () = 8Cha(y/),

where p is the density of p with respect to m.

Let I C R be an interval of R. A curve v : I — X is said to be locally ab-
solutely continuous if there exists f € L} (I) satisfying for any s,t € I
with s < t. We denote by ACj,.(I; X) the set of locally absolutely continuous
curves on X. For each v € ACj,.(I; X), the metric derivative |§| € L} ()

loc

of v is defined by ([2.4]) locally and is the minimal function, in the a.e. sense,
of Llloc-functions satisfying (2.3)).

Definition 4.22 (Gradient flow of the relative entropy). Let (X, d, m)
be an m.m. space satisfying CD(K, 00) for a number K € R and let €
P(X)N D(Enty,). A curve p:[0,+00) = Po(X) N D(Ent,,) is a Ws-
gradient flow of Ent,, starting from i provided p belongs to AC,.([0, +00);
(P2(X), W2)) and satisfies pp = 11 and

1/t I
(4.19) Enty,(us) = Enty, (pe) + 2/ |t (r)* dr + 2/ | D™ Ent,, | ()2 dr
for any s,t € [0, +00) with s < ¢.

Remark 4.23. The formula (4.19)) is called the Energy Dissipation Equa-
tion (abbreviated as EDE) and a gradient flow in Definition is called a
flow in the EDE sense. Moreover a Wo-gradient flow p of Ent,, satisfies

d _
== Bntyn () = | D™ Entyn | (11)”
for a.e. t > 0. As one of the most important results in [4], it is known that
the Wo-gradient flows of Ent,, coincide with the L2-gradient flows of the
2-Cheeger energy functional Chs on an m.m. space satisfying CD(K, c0).
Thus p is called a heat flow.

The existence and uniqueness of the Ws-gradient flow of Ent,, was
proved by |10] in the case of locally compact space and by [4] in the general
case.
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Theorem 4.24 ([4, Theorem 9.3]). Let (X,d, m) be an m.m. space satis-
fying CD(K, c0) for a number K € R. Then, for any measure i € P9(X) N
D(Ent,, ), there exists a unique W-gradient flow of Ent,, starting from .

In order to describe Theorem more precisely, we define a I'-
convergence of the slopes of the relative entropies in our setting.

Definition 4.25. Under the assumption of Theorem we say that
|D~Enty,, | I-converges to |D~Ent,,| if the following (1) and (2) are sat-
isfied.

(1) For any p, € Po(Xp), u € P2(Y) such that Wa(uy, pp*p) tends to 0
as n — 0o, we have

(4.20) liniinf |D™Enty,, |(n) > |D” Ent,,|(1).

(2) For any p € P5(Y), there exists a sequence u, € P5(X,) such that

(4.21) lim Wo(pn, pn*p) =0,
n—oo

(4.22) lim | D™ Ent,,, |(pn) = |D™ Enty,|(@).
n—oQ

Remark 4.26. In Definition the definition of the convergence of p,, €
Py(Xp) to u € Po(Y) is regarded as

(4.23) lim Wa (g, pn*p) = 0.

n—oo
This convergence is an asymptotic relation in [15], so that this is a natural
convergence. On the other hand, the Ws-convergence of the push-forward
measures py, i, is weaker than (4.23)) and is not an asymptotic relation.

We need the following lemma for the proof of Theorem [I.5

Lemma 4.27. Let (X,d,m) be an m.m. space with a metric measure foli-
ation. Then, for any p € P5(X™*), we have

(4.24) |D”Enty,|(p*p) = | D™ Entyy,-

(1)

Proof. We take any measure p € Po(X™*). If p is outside D(Ent,,-) or is
an isolated measure in D(Ent,,-), the pullback measure p*u is also the
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same, which implies (4.24) trivially. We only prove the case that u be-
longs to D(Ent,y,-) and is non-isolated. By (2.14), Proposition [3.20] (3), and
Lemma [2.1] we have

(Enty, (p*p) — Entyn(v) "

|D™Enty,|(p*p) = limsup

Wa (v,p* ) —0 W (p*:ua V)
E m* _E m* * +
< limsup (Enty,- (1) — Enty- (pav))
Wa (v,p* ) —0 Wa (M,p*ll)
Enty,- (11) — Entp- (v/))*
< limsup Eme () H/t ()
Wa (v ,;)—0 W2(IU7V)

On the other hand, by Proposition (3) and Lemma we have

‘D_Ent \(p*,u,)— lim sup (Entm(p*u)—Entm(l/))Jr
m —

Wa(v,p*pu)—0 Wg(p*,u, V)
* _ * o \\+

> lmsup Ctm(P"R) : Enfm/(p V')

Wa (v ,11)—0 Wa(p*p, p*v/')

Enty,- (u) — Entp,- (/)1

s (BBl () — Ent (/)

Wa(v',u)—0 WQ(:U’v v )
= | D™ Enty,-|(1).

Therefore we obtain (4.24)). This completes the proof. O

Moreover, we need the following two results obtained in |13].

Theorem 4.28 ([13, Theorem 4.7]). Let {(X,,dn, Mn,Ty)}nen be a se-
quence of p.m.m. spaces and (Y, d,m,y) a p.m.m. space. Assume that X,
pmG-converges to Y as n — oo. Then, Ent,,, I'-converges to Ent,, as n —
00, that is, the following (1) and (2) hold.

(1) For any sequence of measures p, € H2(X,) Wa-converging to a mea-
sure p € P5(Y), we have

lim inf Ent,,,, (f4n,) > Enty, (p).

n—o0

(2) For any u € P(Y), there exists a sequence of measures u, € Po(Xy)
Wa-convergent to u such that

lim Ent,,, (g,) = Enty, (@).
n—oo
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Note that the Ws-convergence of u,, is well-defined since each u,, and u are
regarded as measures on the common Z.

Theorem 4.29 (|13, Theorem 5.14]). Let {(Xy, dn, Mn, Tn)}nen be a se-
quence of p.m.m. spaces satisfying CD(K, oo) for a common number K € R
and (Y,d,m,y) a p.m.m. space. Assume that X, pmG-converges to Y as
n — oo. Then | D~ Ent,,, | Mosco converges to | D~ Ent,,| as n — oo, that is,
the following (1) and (2) hold.

(1) For any sequence of measures p, € P2(X,) weakly converging to a
measure j € P2(Y), we have

liminf | D™ Ent,,, |(1n) > | D™ Enty,|(1).

n—oo

(2) For any u € P5(Y), there exists a sequence of measures pu,, € P2(X,)
Ws-convergent to p such that

lim [D™Enty,, |(1tn) = [D” Enty, | (@).
n—oo

Note that the weak and W5 convergences of p, are well-defined since each
tn and p are regarded as measures on the common Z.

Proof of Theorem [1.5l We first prove (1) in Definition We take any
measures i, € Po(X,), € P5(Y) and assume that

lim Wa(pn, pn*u) = 0.
n—o0

We take any measure v € D(Ent,,). By Theorem (2), there exists a
sequence {vp}neny C Po(X,;) Wa-convergent to v such that Enty,: (v,) —
Ent,,(v). Then we have Wa (i, pn*vn) — Wa(p,v) as n — oo and, by The-

orem 129 (1),

Enty, (1) < liminf Enty,: (pn,pn) < liminf Ent,, (@,).
n—00 " n—00 )

Thus, by Proposition 4.20, we have

Ent,, (@) — Ent,, (v)
W2 (M? V)

K
+ EWQ(/% V)

< lim inf (E“tmn (kn) = Enton,, (pn*vn)
nee WQ(Nnvpn*Vn)

< liminf | D™ Ent,,, | (@),
n—oo

K «
+ ?WQ (Nmpn Vn))
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which implies
liminf |D™Ent,,, |(tn) > |D™ Ent,,|(u4).
n—oo

The proof of (1) in Definition is completed.

We next prove (2) in Definition [4.25] We take any p € 9%(Y). By Theo-
rem [4.29 (2), there exists a sequence {vy, }nen C P2(X}) Wa-convergent to v
such that [D~Enty,: [(vn,) = [D”Enty,|(1) as n — co. We define a measure
fn BY iy, = pp v € Po(X,) for each n € N. Then we have

Wo(pin, p” 1) = Wa(vn, 1) = 0
and, by Lemma [4.27]

| D™ Enty,, |(ftn) = | D™ Ent,,-

(vn) = [D™Entyn| (1)

as n — oo. This completes the proof of (2) in Definition We obtain
Theorem L5 O

Remark 4.30. As in Theorem the Mosco convergence of the slopes
|D~Ent,,, | is obtained in the pmG-convergent case. However, we do not
know if we can extend Theorem [1.5| to a suitable Mosco convergence in our
setting.

We obtain the following results about the heat flow.

Proposition 4.31. Let (X, d,m) be an m.m. space with a metric measure
foliation. Assume that X satisfies CD(K, 00) for a real number K € R and
its quotient space X* satisfies (VG). Let 1 € Po(X*) N D(Ent,,-) and let
w0, +00) = Po(X*) N D(Enty,-) be the heat flow starting from i. We
define a curve p*u : [0, +00) — P2(X) N D(Ent,,) by (p*u)t := p*ue. Then
p*p is the heat flow starting from p*f.

Proof. By the definition of the heat flow, it suffices to prove that

(4.25) Entp, (p*pe) = Entpy- (1e) for all t > 0,
(4.26) |(p*w)|(2) = [l (2) for a.e. >0,
(4.27) | D™ Enty,|(p* ) = | D™ Entp,«| (1) for a.e. t>0.
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(4.25) and (4.27) have already been obtained by Proposition and
Lemma We prove (4.26)). By Lemma we have

Wa(p*ps, p* p1e) = Wa(ps, 11t)
for any s,t > 0, which implies (4.26)). This completes the proof. O

The following lemma is a generalization of |13, Theorem 5.7]. However,
the proof of this lemma is exactly the same as that of |13, Theorem 5.7].

Lemma 4.32. Let {(X,,dn, mMn, Tn)}nen be a sequence of p.m.m. spaces
and (Y,d,m,y) a p.m.m. space and let K € R. Assume that each X,, sat-
isfies CD(K, 00) and has a metric measure foliation and its quotient space
X satisfies (VG) and pmG-converges to Y as n — co. Let i, € P5(X,,) N
D(Ent,,, ), i € P2(Y) N D(Ent,,) and let p,, p be the heat flows starting
from fi,, i1 respectively and assume that

_ Wy _ _ _
Prshin — i, Enty, (fin) — Enty,(f).
Then, for any ¢t > 0, we have
Wo
(4'28) Prnsxlngt — Ht-

Remark 4.33. We conjecture that we could change the conclusion of

Lemma from (4.28]) to
lim Wo(pin,t, pn*pe) =0
n—oo
if we assume the stronger convergence
lim Wo(fn, pn* i) = 0.
n—oo
In the RCD(K, 00) case, it is known that we have the contraction property

Woltint, P 1) < € KW (fin, pn* i)

for any ¢t > 0, so that this conjecture is true. However, we do not know if
the conjecture is true in the general case.
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Appendix A. Proof of Lemma [2.9

Proof of Lemma 2.9l We take any ug,pu; € 2y (X)N D(Ent,,) with
Wo(po, 1) < +oo and any sufficiently small real number € > 0. Let 7 €
P (X x X) be an optimal transport plan for Wa(ug, p1). By the tightness of
7, there exist compact sets Ko C K; C --- C X x X such that n(Kp) > e™¢
and 7(K,)>1—ee ™ for n > 1. Setting Ay := Ko and 4,, := K, \ K1
for n > 1, we see that m(A4,) < e~ (1) for p > 1 and

(A.1) O(e) == — Z m(Ap)logm(Ay) <e+ Z ee"(n—loge) — 0
n=0 n=0

as € — 0. The inequality of (A.1)) follows from the monotonicity of the func-
tion 7 — rlogr for any sufficiently small r. We define the probability mea-
sures

o -1 no.__ no.__
T = m(An) T, MG = DProsTn, K] = DPI1,Tn

for n € NU {0}. Then we have pg, uf € P2(X) N D(Ent,,) for each n € NU
{0} and

o0 (e 9] o0

7= m(A)mn, po= Y m(Anug, =Y w(A)pl

n=0 n=0 n=0

We verify only pg, 1t € D(Ent,,). Setting p;, pI' the densities of p;, uf" re-
spectively for i = 0,1 and n € NU {0}, we have p(z) < 7(A,) pi(x) for
m-a.e. ¢ € X. Thus we have

| s os @) dmo)
{p}>1}
<[ p@ogpe) - log(a,) dm(z)
{p7>1}
< W(An)_l/ log pi(x;) dr(xg, x1) — logw(Ay)
{p} (z:)>1}NA,
<)t [ dogpum) da(eo,) ~ logn(d,)
{pi(z;)>1}
= W(An)_l/ pi(z)log pi(z) dp;(x) —logm(A,) < o0,
{p:i>1}

which implies p, pf € D(Ent,,). Therefore, by CD(K,c0), there exists a
Wa-geodesic p™ : [0,1] 3 ¢ — pff € P2(X) joining pf and pf satistying ([2.15))
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for each n € NU {0}. We define a probability measure p; = i for t € (0,1)
by

oo

Mt = Z T(An)pg-

n=0

It suffices to prove that p: [0,1] 3¢t +— p € P(X) is a Wa-geodesic joining
po and pq satisfying

(A.2) Enty, (pe) < (1 — t)Enty, (po) + tEnt,, (1)

B gt(l — )Wa(po, 11)” + 6(e).

In fact, by (A.2), we see that sup_.oEnty, (uf) < +0o. Combining this and
and (2.18), we have sup..q Entg(4f) < 400. Thus {4§}.50 is tight
and then there exists a weak limit p; € (X)) of subsequence of {uf}e~0 as
e — 0 for t € (0,1). These weak limits {ji}c(0,1) is also a Wa-geodesic and
satisfies since () — 0 as € — 0.

We first prove that p is a Wa-geodesic. Since 7 is an optimal transport
plan, 7, is also optimal for Wa(ug, uf) for each n € NU {0}. Thus we have

[e.9] o0

S w (A Wal, 1802 = 3 m(An) / d(z,2')2 drn(z, 2')

XxX

n=0
=Y [ dlwa dn(a ) = Wauo, .
= An

n=0

By the triangle inequality, it is sufficient to prove that
(A.3) W (g, i) < (1 — )" Wa(po, p1)

for i = 0,1. Let 75" be an optimal transport plan for Wa(ug, pit). Defining
a measure
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we see that 7' € IT(uy, pi). Therefore, since u™ is a Wa-geodesic,
o0

Wa (e, is)? < / da,a 2 drtt = 3 m(A)Wa il 1f)?

XxX n=0
—-2{: (L= )2 OWy (g, i)

tQZ(l_ )2(1 Z)WQ(M01M1)27

which implies (A.3)).
We next prove that p satisfies (A.2)). Let us first prove that
o0
(A.4) Z ) Ent,, (u) < Ent,, (1) 4 0(e) < +00

for i=0, 1, where the series in the left-hand side converges. Since Ent; (") >
0 and p'(z) < 7(An) "Lpi(x) for m-a.e. z € X, we have

(0 <) iw(An)Entfn(u?) = iw(An) / (zew p;.z) log (zew py> dim
n=0 n=0 X
<3l [ o (") i - 5 ) log(i)

= Z/ log (zeVQpi> dr +6(e) = / log (zewpi) du; + 6(e)
oA, X
= Ent,, (u;) + / VZdu; +logz+0(e) < +oc.
X

Moreover, we obtain

093 w4 [ V=Y [ Viir= [ V2w < oc.
=0 X 70 An X

Therefore, the series

o0

Z n)Enty, Z s (Ent (ui) — / VZdu? —log z)
n=0 X

n=0
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converges and (A.4)) holds. Let p¢, pi' be the densities of p, i’ respectively
for t € (0,1). By the definition of y; and Fubini’s theorem, we have

o0

=) w(An)pp ()

for m-a.e. x € X. Therefore, by Jensen’s inequality, Fubini’s theorem, (2.15])

of u™, and ,
Enty () = [ (Z (A (@ >> log (Zwmn)pf(x)) dm()

n=0 n=0
%)

/ Z ) log py' (z Z n)Enty, (1)

< (11—t ZW(A )Entyn (ug) + tz n)Entm (p1)

n=0
oo
——t 1—1) ZW ) Wa(ull, ui)?
n=0

K
< (1 —¢)Enty, (o) + tEnty, (u1) — Et(l — ) Wa(po, p11)* + 0(e).
We obtain (|A.2)). The proof is completed. O
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