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Extremally Ricci pinched Gs-structures on

Lie groups

JORGE LAURET AND MARINA NICOLINI

Only two examples of extremally Ricci pinched Gs-structures can
be found in the literature and they are both homogeneous. We
study in this paper the existence and structure of such very special
closed Ga-structures on Lie groups. Strong structural conditions
on the Lie algebra are proved to hold. As an application, we ob-
tain three new examples of extremally Ricci pinched Ga-structures
and that they are all necessarily steady Laplacian solitons. The
deformation and rigidity of such structures are also studied.
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1. Introduction

A Gy-structure on a 7-dimensional differentiable manifold M is a positive (or
definite) differential 3-form on M. Each Ga-structure ¢ defines a Rieman-
nian metric g on M together with an orientation and (M, ) is called homo-
geneous if its automorphism group Aut(M,¢) := {f € Diff (M) : f*p = ¢}
acts transitively on M.

As is well known, torsion-free (or parallel) Ga-structures (i.e. dp = 0 and
d * ¢ = 0) produce Ricci flat Riemannian metrics with holonomy contained
in G2. Homogeneous torsion-free Ga-structures are therefore necessarily flat
by [AK]. In the case that ¢ is closed, the only torsion that survives is a
2-form 7 and one has that,

dp =0, T=—xdx*, d*xp=T1TNA¢, dr = Agp.

Closed Ga-structures play an important role as natural candidates to deform
toward a torsion-free one via the Laplacian flow %gp(t) = Ap(t), introduced
back in 1992 by R. Bryant in [B] (see [Lo] for an account of recent advances).
In the homogeneous case, closed Ge-structures are only allowed on non-
compact manifolds (see [PR]) and examples on non-solvable Lie groups were
given in [FR3].

A closed Gy-structure is said to be extremally Ricci-pinched (ERP for
short) when

dr = Lr)Pe+ t* (T AT),

one of the ways in which dr can quadratically depend on 7. It is proved in
[Bl (4.66)] that this is the only way in the compact case. In the homogeneous
case, the only other possibility for a quadratic dependence is to have dr =
%|7‘|2g0 (i.e. ¢ an eigenform of A), though the existence of such structures
is still an open problem (see [L3, Lemma 3.4] and [L4]). ERP Ga-structures
were introduced by R. Bryant in [B, Remark 13] and owe their name to
the fact that they are precisely the structures at which equality holds in
the following estimate for closed Ga-structures on a compact manifold M
obtained in [B, Corollary 3]:

/ sca12*1§3/ | Ric | * 1.
M M

This estimate does not hold in general in the homogeneous case, examples of
closed Ga-structures on solvable Lie groups such that scal® > 3| Ric |? were
found in [L3]. In [FR2], it is proved that the Laplacian flow solution starting
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at an ERP Ga-structure ¢ is simply given by

ot) = p+e(t)dr, c(t) =5 (T 1),

from which follows that the set of ERP Ga-structures is invariant under the
Laplacian flow and the solutions are always eternal.

Until now, only two examples of ERP Gs-structures were known and they
are both (locally) homogeneous: one on the homogeneous space SLy(C) x
C2/SU(2) (see [B, Example 1]), or alternatively, on the solvable Lie group
given in [CI Section 6.3] (see also [L3l Examples 4.13, 4.10]), and a second
one on a unimodular solvable Lie group given in [L3| Example 4.7]. It is
worth highlighting that both examples are also steady Laplacian solitons,
that is, they evolve under the Laplacian flow in the following silly way:
there is a one-parameter family f(¢) € Diff (M) such that the Laplacian flow
solution starting at ¢ is given by ¢(t) = f(t)*p.

Motivated by this major lack of examples, we study in this paper left-
invariant ERP Gs-structures on Lie groups, in which the Ga-structure can
be identified with a positive 3-form on the Lie algebra. Our aim is to show
that the condition produces quite strong structure constraints on the Lie
algebra (see Section [4).

We first introduce some notation. Given a real vector space g with basis

{e1,...,er}, we consider the positive 3-form
o = 12T 4 BT (50T | (135 _ 146 _ 236 _ 245
(1) —wsAedFwg et Fwrne + 317
where wy 1= €2 4+ €%0 w3 := €26 — e!® and wy = e'% + €25, and let A denote

the usual representation of gl,(R) on A’R*. Two Lie groups endowed with
Go-structures (G, ¢) and (G', ¢’) are called equivariantly equivalent if there
is a Lie group isomorphism f : G — G’ such that ¢ = f*¢/.

We are now ready to state our main result (see Theorem and Propo-

sition .

Theorem 1.1. FEwvery Lie group endowed with a left-invariant ERP Go-
structure is equivariantly equivalent, up to scaling, to a (G, p) with torsion
T =e'? — %5, where ¢ is as in , and the following conditions hold for the
Lie algebra g of G:

(i) h:=sple1,...,es} is a unimodular ideal.
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(ii) go := sp{er,es,eq} is a Lie subalgebra and g; := sp{ei, ez, e5,¢e6} is an
abelian ideal of g. In particular, g = go X g1 and g is solvable.

(iii) b1 :=sp{es,es} is an abelian subalgebra; in particular b = by X g;.
(iv) f(aderlqg,)T = %w% f(ades|q, )T = %wg and O(ad eqlq, )T = %w4.
(v) O(ad er|g, )Jwr + O(ad e3g, )Jws + O(ad e4]g, )Jwa = 7 + (trad e7lq, Jwr.

Conversely, if g satisfies (i)-(v), then (G,y) is an ERP Ga-structure with
torsion T = e'? — €%,

As a first application, we obtain the following geometric consequence.

Corollary 1.2. Any left-invariant ERP Go-structure on a Lie group is a
steady Laplacian soliton and its underlying metric is an expanding Ricci
soliton.

It is worth pointing out that the converse of the above corollary does not
hold. Indeed, an example of a simply connected solvable Lie group endowed
with a steady Laplacian soliton that is not an ERP Ga-structure is exhibited
in [FR3].

Structurally, it follows from Theorem that the Lie algebra g of any
ERP (G, ¢) is determined by the 2 x 2 matrix A; := ad e7|y, and the three
4 x 4 matrices A :=ader|g,, B =ades|y,, C := ad es|y,. The Jacobi condi-
tion is equivalent to

[A,B] = aB+cC, [A,C]=bB+dC, [B,C]=0, A =][}].

It must be stressed that conditions (iv) and (v) are really demanding on
these matrices.

In Section [5] we exhibit three new examples of ERP Ga-structures on
Lie groups and obtain further refinements for the algebraic structure of g
by using the structural theorem on solvsolitons [LL1, Theorem 4.8]. We prove
that there are only three possibilities for the nilradical n of g and that the
following conditions must hold in each case:

e 1 = g;: this is equivalent to g unimodular and one has that A; =0,
the matrices A, B,C are all symmetric, they pairwise commute and
{\/§A, V3B,V/3C } is orthonormal. In particular, g is isomorphic to
the Lie algebra of [L3, Example 4.7], a result previously obtained in
[FR2].
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e n=Rey @ gy: A, B are symmetric, [A, B] =0, C' is nilpotent and a =
b =c¢ = 0. We found two new examples in this case, with n 2-step and
3-step nilpotent, respectively.

e n=0>0h A; and A are normal and B,C nilpotent. A new example is
given with n 4-step nilpotent.

Lastly, we study in Section [6] deformations and rigidity of ERP Ga-
structures on Lie groups by using the moving-bracket approach. We have
obtained that the five known examples are all rigid.

We believe that the present paper paves the way toward achieving a
complete classification of ERP Ga-structures on Lie groups, which will be
the object of further research.

Acknowledgements. We are very grateful with Alberto Raffero for very help-
ful comments on a first version of the paper.

2. Preliminaries
2.1. Linear algebra

Given a real vector space g with basis {e1,...,e7}, we consider the positive
3-form

(2) ©=wA 67 4 er — 6127 + 6347 + 6567 + 6135 _ 6146 _ e236 _ 62457

where

wi=el? 434 5 + . 185 _ 146 _ 236 _ 245
The usual notation e”" to indicate e’ A e/ A --- will be freely used through-
out the paper. Note that w A p™ = 0. We have that {ey,...,er} is an oriented
orthonormal basis with respect to the inner product (-, -) and orientation vol
determined by ¢, i.e.

1. .
(3) <X7Y> vol = EZX(SD) A ZY(()O) A, \V/Xv Y e g.

The almost-complex structure J defined on the subspace b :=
spi{eil,...,e6} by w=(J-,-) is given by Je; = e;41, i = 1, 3,5, and we set

p = wppt = 145 4 136 4 (235 246
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Let 6:gl(h) — End(A*h*) denote the representation obtained as the
derivative of the natural left GL(h)-action on each A¥h* (ie. h-a =
a(h=t-,...,h71.)), which is given for each B € gl(h) by,

d

Gl =By ) (e BY), Yy € AR

0(B)y =

The following technical lemma contains some useful information on the linear
algebra involved in subsequent computations.

Lemma 2.1. Let *: AFg* — A7 Fg* and *, : A¥h* — AS—Fp* be the
Hodge star operators determined by the ordered bases {ei,...,er} and
{e1,...,e6}, respectively.

(i) * x5y A e’, for any v € AFp*.

ii) *( e") = (=1)k x4y, for any v € AFp*.
(ili) *pw = 3w Aw and *p(w A w) = 2w.
(iv) %2 =id and * = (=1)*id on A*p*.

)

(V *p = ,w Aw+p~ A 6 — 63456 + e 1256 + 61234 _ 62467 + 62357 4

1457 + 1367
(vi) O(A) *y + %5 O(A') = —(tr A)xy, on Ab*, for any A € gl(h).

Proof. Parts (i)-(v) follow easily (see e.g. [L2, Lemmas 5.11, 5.12]) and to
prove part (vi), we first recall that

aNxpf = (a,B) *p 1, *hlzelA-'-AGG, Va,BEAkh*.
Thus, for any o € APh* and B € AS~Ph*, one has
(a,0(A) %y ) %y 1 = (0(At)oz, *p3) *p 1 = H(At)oz A *%/B = (—l)pG(At)oz A
= (-1)Ptr Aa A B+ (=1)Pla A O(AYB
= —(tr A)a A *p *p B — o A kg %y 0(AY)B
= (o, —(tr A) * 5 — *hQ(At)B) *p 1,

concluding the proof of the lemma. O

Recall that 6(B) is a derivation of the algebra Ah* and that 0(B)el"¢ =
—(tr B)e' 6. We consider the 14-dimensional simple Lie group

Gs := {h S GL7(R) th-p= Lp} C 80(7),
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where ¢ is as in . Let go denote the Lie algebra of G3. The spaces
of 2-forms and 3-forms on g respectively decompose into irreducible Go-
representations as follows,

A" = A2g* @ Alg®, Ag=Alg" @ Alg @ A",

where subscript numbers are the dimensions. A description of each of these
irreducible components (see e.g. [Bl, (2.14)]) can be obtained by considering
different suitable Go-equivariant linear maps. For example, the kernel of the
map A%g* — ASg*, a— a A xp must be AZ,g*. On the other hand, the
map A%g* — A%g*, a > *(a A @) is necessarily a multiple of the identity
and one obtains that such a multiple is —1 by evaluating at e'? — 3. This
implies that

4)  ALg={acA’g:arxp=0}={acAg" :anp=—xa}.

Since A%4g* is, as a Gao-representation, equivalent to the adjoint representa-
tion go, any nonzero 7 € A2,g* can be diagonalized, in the sense that there

exists an oriented orthonormal basis {ey, ..., er} of g such that ¢ is as in
and
(5) r=ae?+be 4 e, a+b+c=0, a>b>0>c

In particular,

T AT = 2abe' 3 4 2ace!?0 4 2bc 3456,
(6) T AT AT = 6abc #3155,

T AT =|7]> = a® + b + &2
2.2. The Lie group G,

Let g be a Lie algebra of dimension 7 and assume that g has a 6-dimensional
ideal . Consider a basis {ej1,...,er} of g such that h =sp{es,...,es}, so
g = b x Rey. The Lie bracket u of g is therefore given by

(7) p=A+ pa,

where A is the Lie bracket of b (extended to g by A(g,e7) = 0) and 4 is the
Lie bracket defined for some A € Der(h) by

IU'A(e'Yav) = AU, MA(U7w) =0, Vo, w € b.
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Let G,, denote the simply connected Lie group with Lie algebra (g, ). Note
that G, is solvable if and only if the Lie algebra (f, \) is solvable, and it is
nilpotent if and only if (h,\) is nilpotent and A is a nilpotent linear map.
Denote by H) the simply connected Lie group with Lie algebra (h, A) and
by G 4 the simply connected Lie group with Lie algebra (g, 14).

Some properties of the differentials of forms on these Lie groups are
given in the following lemma.

Lemma 2.2. Letd,,dy,ds denote the differentials of left-invariant k-forms
on the Lie groups G, Hy and G 4, respectively.

(i) dy = dx+da, for any v = « + B AT € Akg*, o € AFp*, B e AF1p¥,
dyy = dya +dyS A e’ +daa,

and daa = (—1)*0(A)a Ae'.
(i) due” =0, dye” =0, dae” =0 and da(a A e”) =0, for all « € AFp*.
(iii) dy 0 0(D) = O(D) o dy for any D € Der(h).
(iv) dy et = (—1) tr(ad, e;)el7, for anyi=1,...,7.
(v) darg = (—1)F+ x dyx and d5| ey = *drx for any k.
Proof. Parts (i) and (ii) clearly hold (see e.g. [L2, Lemma 5.12]), parts (iv)
and (v) are straightforward computations and part (iii) follows from the fact

that 6(D) is precisely minus the Lie derivative Lx,, where Xp is the vector
field on H) attached to D. O

2.3. Subgroups of G2

In our study of ERP Ga-structures in Section [4] we need to compute the
stabilizer of the 2-form 7 := e!? — €% in Gy, as well as inside the subgroup
Uy C Gy leaving b invariant. It is well known (see e.g. [VM, Lemma 2.2.2])
that

® = (e Gosnto) <0} = [ |V [F o] 8

where g = Dg(—1,1,—1,1,—1,1,—1) and SU(3) is defined by using J. Any
matrix in this section will be written in terms of the basis {e7, e3, e4, €1, €2,
€5, €6}
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Lemma 2.3. The subgroup of Go
Upr:={heGy:h(h)Ch, h-T=r7},

s gwen by Uy = Uy U Upg, where

0: { lhz
h3

Proof. Since for any h € O(7), h -7 = 7 if and only if

th; € SO(Q), hihohs = I} , g:=

hJih™t = Ji, Jy = 0

it is not hard to see that
Up=Uy,-N 1
0= ¥h7 SU®B) |

On the other hand, by using that § € G2 and - 7 = —7 (see (g)), we obtain
that

= 10| geUyrN ! g
7= B su@) |7
Now if h = f§ € Uy, where fer = ez and fy := f|, € SU(3), then

fo= [fl 0 fa} , fifefs = —1,
fs 0

as fo must commute with J|, and Ji|g, and therefore,

1f
h:[ lfz

concluding the proof. O

: 1 -
» g € Upg, thatis, Uy,.N [ SU(3) } g = Uog,
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Other subgroups of GG3 we will need to consider are
(9> UB1 = {h € G2 : h(gl) - gl}?

where g1 := sp{ei, ea, €5, eg }, whose Lie algebra is well-known (see e.g. [VM])
to be given by

0 ¢ —b

Ug, = (C)l Bd f;ff :J; ra,b,e,dye, fER S,
—bt+ec—f 0 —a+d
f e a—d 0

and the corresponding subgroup stabilizing 7,
(10) Ug, 7 :={h€Ga:h(g1) Cg1, h-T=1},

with Lie algebra,

0 ¢ —b
—c 0 a
b —a 0
0 —d ip —-ic
Ug, 7 = d 0 1. iy | @b, deR

—3ibic 0 —atd
%c %b a—d O

3. Closed Ga-structures

A Go-structure on a 7-dimensional differentiable manifold M is a differen-
tial 3-form ¢ € Q3M such that @p is positive on T, M for any p € M, that
is, ¢, can be written as in with respect to some basis {ei,...,er} of
T,M. Each Ga-structure ¢ defines a Riemannian metric g on M and an
orientation vol € Q"M (unique up to scaling) as in (3). Thus ¢ also de-
termines a Hodge star operator * : QM — QM and the Hodge Laplacian
operator A : QFM — QFM | A := d*d + dd*, where d* : Q* 1M — QF M,
d* = (—1)**1 % dx, is the adjoint of d. The torsion forms of a Ga-structure
@ on M are the components of the intrinsic torsion Vi, where V is the
Levi-Civita connection of the metric g. They can be defined as the unique
differential forms 7; € Q°M, i = 0,1,2,3, such that

(11) dp =19 %+ 311 A + %713, d* =41 Axp+ 19 A Q.
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Two manifolds endowed with Ga-structures (M, ) and (M',¢') are
called equivalent if there exists a diffeomorphism f : M — M’ such that
o= [y

In the case of a closed Ga-structure ¢ on a 7-manifold M, the only
torsion that survives is a the 2-form 7 := 75 and one therefore has that,

(12) dp=0, T=dv=—xdxp, dxp=7Ap, dr=Ap.

In particular, ¢ is torsion-free (or parallel) if and only if 7 = 0. Since 7 €
Q%,M (see e.g. [Bl Proposition 1]), all the useful conditions (4))-(6]) hold for
T at each p € M.

In this paper, we study left-invariant Gs-structures on Lie groups, which
allows us to work at the Lie algebra level as in Section[2] The Ga-structure is
determined by a positive 3-form on the Lie algebra g, which will be most of
the times the one given in . Two Lie groups endowed with left-invariant
Ga-structures (G, ¢) and (G',¢') are called equivariantly equivalent if there
exists a Lie group isomorphism F : G — G’ such that ¢ = f*¢/, where
f:=dF|.:g — ¢ is the corresponding Lie algebra isomorphism.

Definition 3.1. (G, ¢) is the Lie group G, defined in Section 2.2 endowed
with the left-invariant Go-structure determined by the positive 3-form ¢ on

g given in .

Recall from that G, depends only on the Lie bracket A on b=
sp{ei,...,es} and the map A € Der(h, \).

Proposition 3.2. Any Lie group endowed with a left-invariant closed Go-
structure is equivariantly equivalent to (G, p) for some p= X+ pa such
that the ideal (h, \) is unimodular.

Remark 3.3. If the Lie group is not unimodular, then h={X € g:
trad, X = 0}. On the other hand, the pair (w, p*) defines an SU(3)-structure
on the Lie algebra b.

Proof. Let (G,v) be a Lie group G endowed with a closed Ga-structure .
If g is not unimodular, then we can take the codimension-one ideal § of g as
above and in the case when g is unimodular, it follows from the classification
obtained in [FR3, Main Theorem]| that there exists a codimension-one ideal
h. Thus there exists an orthonormal basis {e1,...,e7} of g such that h =
sp{ei,...,es} and ¢ can be written as in . It therefore follows that if A :=
tpxp and A := ad er|y, then the Lie bracket p of g is given by u = A + a4,
concluding the proof. O
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We therefore focus from now on on Ga-structures of the form (G, ¢).
According to Lemma (i), for (G, ) one has that,

(13) dup = dypT +dyw A e’ —0(A)pt Ae,
(14) dyxo=dwAw+dp Ae’ +0(A)wAwAne.

Thus (G, ¢) is closed if and only if the following two conditions hold:
(15) dw =0(A)p™,  dyp" =0.

We now compute the torsion in terms of A and A, which is the only data
varying.

Proposition 3.4. The torsion 2-form 7, of a closed Ga-structure (G, ¢)
is given by 7, = T\ + T4, where

Ty 1= — #p (dw Aw) Ae” —xpdrp, T4 = (tr A)w + O(A w.
Furthermore, dyw A w = —0(A)w A pT.
Proof. 1t follows from that
xdg * Q= * <;9(A)(w Aw) A e7> = (0(A) #pwAe’)
= (—(trA) xp w A el — #,0(Aw A 67) = —(tr A)w — O(ANw,

and
dywAw=0(A)pT ANw=0(A)wAp".

Using Lemma (v) we now compute,
du*90:d>\w/\w+d>\p_/\e7+d,4*cp,
wdy, k@ =% (dyw Aw) + xpdyp™ +*da * @
= xp (daw Aw) A e’ +xpdyp~ — (tr A)w — 0(AY)w,

from which the desired formula follows. O
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Straightforwardly, one obtains that the above proposition and Lemma
give that for any closed Go-structure (G, ¢),

(16)  du7, = —dy *p (dyw Aw) Ae” —dy g dy x5 pt — O(A) 5y drp™ Ae’
+ (tr A)dyw + (tr A)O(A)w A e” + 0(A)(A)w A €7
—|—d>\9(At)w.

The following result shows that two left-invariant G-structures on non-
isomorphic Lie groups can indeed be equivalent, in spite of they are not
equivariantly equivalent. This generalizes [L2, Proposition 5.6] beyond the
almost-abelian case and the proof also follows the lines of [H, Proposi-
tion 2.5].

Proposition 3.5. Let (G, ) be a Go-structure as above with pr = X+ 4.
If D € su(3) N Der(h,A), [D,A] =0 and we set uy := XA+ pat+p, then the
Ga-structures (G, ) and (G, p) are equivalent.

Remark 3.6. The hypothesis on the matrix D means precisely that

D 0
[ 0 0 } € g2 N Der(g, p1), g2 N Der(g, p11).

Note that the Lie groups G, G, are in general not isomorphic. For instance,
if v is not unimodular, then the spectra of D and A must coincide up to
scaling in order to p and p; be isomorphic.

Proof. Let g,, denote the Lie algebra (g, 1) of G,. We consider the Lie group
F = Aut(Gy,) N Aut(Gy,, ) ~ Aut(gyu,) N Ga,

with Lie algebra f := Der(g,,) N g2, the homomorphism « : g,, — § defined
by

—-D 0
a(€7)=[ 0 0]’ aly =0,

and denote also by « the corresponding Lie group homomorphism G, —
F.If L:G, — Aut(Gy,,p) is the left-multiplication morphism, then

Gi:={Lsoa(s):s€ G, } CAut(G,,, ),
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is a subgroup. Indeed, using that G, = expRe7 X exp b, one has for s = ah,
t = bg that,

Lsoa(s)o Ly oa(t) = Ls o Lys)rya(s)a(b) = Lo (s)ry(s)a(bala)(g))
= Loas)pya(s)a(ala)(b)a(a)(g)) = Lsas)pya(sa(s)(t)).

Thus G is a connected and closed Lie subgroup of Aut(G,, ) since s —
L o a(s) is continuous and proper. Furthermore, G; acts simply and transi-
tively on G, by automorphisms of ¢, so the diffeomorphism f : Gy — G,
f(Lsoa(s)) := (Lsoa(s))(e) = s defines an equivalence between the left-
invariant Ga-structures (G, f*¢) and (G, ¢). On the other hand, the Lie
algebra of G is given by

go = {dL|.X + a(X) : X € g} C Lie (Aut(G,,¢)),
and if X = Xy 4+ ae7, Y =Y} + ber belong to g, then

[dL[.X + a(X),dL|.Y + a(Y)]
= dL|ep1(X,Y) + dL|ea(X)Y — dL|ca(Y)X + o([X,Y])
= dL|. (a(A+ D)Yy — b(A + D)Xy, + AN(Xy, Yy) — aDYy + bDX;, + 0)
= dL|, (aDYy — bDX + A(Xy, )
= dL[ep(X,Y) = (dL|e + a)u(X,Y).

This shows that df|;' = dL|. + « : g, — go is a Lie algebra isomorphism
and so (G, ¢) is equivalent to (G1, f*¢), concluding the proof. O

Remark 3.7. By replacing ¢ by an inner product (-,-) on g, Aut(Gy,, ¢)
by Iso(Gy,, (-, -)) and G2 by O(g, (-, -)), the following Riemannian version can
be proved in exactly the same way as above for any dimension: (G, (-, -))
is isometric to (Gy,, (-,-)) for any p = X+ pa, p1 = A+ payp such that
D € so(h, (-,-)) N Der(h, A) and [D, A] = 0.

As an application of Proposition|3.5] one obtains that the one-parameter
family of extremally Ricci pinched Ga-structures given in [FR2, Example 6.4]
is pairwise equivalent.
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3.1. ERP Gs-structures

The following nice estimate for a closed Ga-structure ¢ on a compact man-
ifold M was proved by R. Bryant (see [B, Corollary 3]):

/ 50312*133/ |Ric|? 1,
M M

and equality holds if and only if

1 1
(17) d7:6|7]2g0+6*(7/\7).

The factor of 3 on the right hand side, being much smaller than 7, shows
that the metric is always far from being Einstein.

Definition 3.8. The distinguished closed Ga-structures for which condition
holds and 7 # 0 were called extremally Ricci-pinched (ERP for short)
in [B] Remark 13].

We begin with some general results on such structures.

Proposition 3.9. [B] Let (M, ) be a manifold endowed with an ERP G2-
structure and assume that it is locally homogeneous. Then,

(i) TATAT=0.
(ii) d(t A7) =0.
(iii) d* (r A7) =0.
(iv) Ric|p = —%|7|*1, Ric|g = 0 and (Ric P,Q) = 0, where

P:={Xe€TM:ux(t A1) =0}, Q:={Xe€TM:uxx*(rNT)=0},
and dim P = 3, dim Q = 4.

Proof. Parts (i), (ii) and (iii) follow from [Bl (4.53)], [B, (4.55)] and [B]

(4.51)], respectively, and the fact that d|7|> = 0 since M is locally homoge-

neous. If we write 7 as in at each p € M, then b =0 and ¢ = —a must

hold, since 7 A7 AT =0 by (i), and so 7 = a(e'? — %). To prove part (iv),
1

we consider the formula given in [L3, (16)] for ¢ = g, so in terms of the
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ordered basis {e7, es, eq, €1, €2, €5, €6},

1 1 1 1
Ric = — 617\21 — 572 = —gazl -3 Dg(—a?, —a?,0,0, —a?, —a?,0)
2

1
- % Dg(0,0,1,1,0,0,1) = —¢|7* Dg(0,0,1,1,0,0,1).

As 7AT=-2ae'?® and (7t AT)=—2ae3", it follows that P =
sp{er,es,eq}, Q =sp{ei, ez, e5,e6} and therefore (iv) holds, concluding
the proof. O

4. Structure

Our aim in this section is to discover and prove structural results for ex-
tremally Ricci-pinched Ga-structures on Lie groups.

Recall from Section [3| that the Lie groups endowed with a Go-structure
of the form (G, ¢) (see Definition cover the whole closed case up to
equivariant equivalence (see Proposition . The Lie algebra of G, decom-
poses as g = Re7 @ by, where h = sp{ey, ..., es} is a unimodular ideal, and ¢
is always given as in ([2)).

The following proposition shows that under the ERP condition, the tor-
sion 2-form can be diagonalized in a very convenient way relative to the Lie
algebra structure, which is certainly the starting point toward the structure
results we will obtain in this section.

Proposition 4.1. Any Lie group endowed with a left-invariant ERP G-
structure is equivariantly equivalent to (G, ), up to scaling, for some p =

A+ pa with (h, \) unimodular and 1, = e'? — ¢

Remark 4.2. The SU(3)-structure (w, p*) on the Lie algebra b is therefore
half-flat, i.e. dyw A w = 0 and dyp™ = 0 (see Proposition and (15)).

Proof. Let (G,¢) be a Lie group endowed with a left-invariant ERP Ga-
structure. Consider the basis {e1, ..., e7} of the Lie algebra g of G such that
¢ has the form (2)). Since the torsion form of (G,¢) T belongs to Af,g*,
it follows from and Proposition (i) that it can be assumed to be
given by 7 = e!2 — % (up to scaling). As a first consequence, de3*” = 0 by
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Proposition [3.9} (iii) and so if ¢;jx := ([e;, €;], €x), then

0=de**" =ded Ne'" —eB Ade* Ae + e A de”

— _ § : Ci33€Z347 _ E : CZ'44€Z347 _ § : 62'7762347

i=1,2,5,6 i=1,2,5,6 i=1,2,5,6
=— E trad e;| €47,
i=1,2,5,6

which implies that
(18) trade;|g, =0, Vi=1,2,5,6,

where g := sp{es, e4, e7} is a Lie subalgebra by Proposition [3.9] (ii). On the
other hand, g1 := sp{ey, e2, €5, €6} is also a subalgebra (see Proposition
(iii)) and hence by using Lemma (i), we obtain that

dr = (f(adeslq,)T) A e3 + (O(ad eq|g,)T) A et + (A(ader|q,)T) A el + dg, T,

where dg, : AFg; — AFTlgt denotes the exterior derivative of gi. But the
ERP condition on (G, ¢) reads dr = %gp - %6347, so it follows from ({1)) that
dg, 7 =0 and

1 1 1

O(ades|g, )T = 3W3) f(ades|q,)T = Wi, f(ader|q, )T = W
This implies that the 2-forms 7, w3, w4, w7 are all closed on the 4-dimensional
Lie algebra g; by using that the maps ade;|g, are derivations of g (see
Lemma (iii)), from which it is easy to see with the help of a computer
that gq is abelian. From this and , we obtain that gq is contained in
the ideal u of g given by u:={X € g: trad X = 0}. If G is not unimodular,
then g = RXy @ u is an orthogonal decomposition for some X € (es, eq, e7),
| Xo| = 1. It follows that there exists h in the group Uy, , given in such
that h(Xo) = e7. The map h therefore defines an equivariant equivalence
between (G, ¢) and (G, ), where p := h - [-,-], and we have that h(u) = b
(since h is orthogonal) and 7, = h-7 =T.

In the case when G is unimodular, it is proved in [FR2, Theorem 6.7]
that g must be isomorphic to certain solvable Lie algebra. In the present
proof, we only use that g is solvable and we argue as in the beginning of the
proof of [FR2, Theorem 6.7]. Recall from Proposition (iv) that Ric <0
and the kernel of Ric is g;. The nilradical n of g is therefore contained in g;
by [D Lemma 1] and since g is solvable, [g, g] C n. Hence b is an ideal of g,
concluding the proof. O
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The following example shows that the above proposition is not valid in
general for closed Ga-structures.

Example 4.3. Consider (G, p) with A(er, e2) = e3, A(ez, e3) = 4es and

)

0
0
0
0
0

—_

00
00
00
20
0—
00 =3

with respect to the basis {ei,...,eg}. It is straightforward to check that
dyp =0and 1, = —2e!2 — 16 — 4e3% — 37 + 65, Since b is the nilradical of
i, the torsion 2-form 7, of any (G, ) equivariantly equivalent to (G, ¢)
will satisfy that 7, (e7,-) is not identically zero. Indeed, any orthogonal
isomorphism between G, and G, must stabilize both b and Res.

The diagonalization of 7 obtained in Proposition makes the equiva-
lence problem much simpler to tackle. Recall the subgroups Uy » and Uy, -
of Gy described in Section

Proposition 4.4. Assume that (G,,,¢) and (Gu,,p) have 7, =T,, =
el? — 56, Then they are equivariantly equivalent if and only if ps = h - juy
for some h € U C Ga, where

(i) U = Uy + if they are not unimodular; and
(ii) U = Uy, + if they are unimodular and g1 = sp{ei, ez, es, e} is their

nilradical.

Proof. In the non-unimodular case (i), h is a characteristic ideal of both Lie
algebras by Proposition [3.2 and so any equivariant equivalence h between
them must leave b invariant and stabilize 7, that is, h € Uy . On the other
hand, part (ii) follows from the fact that h must leave g; invariant (i.e.
h € Uy, ) being g1 the nilradical of both Lie algebras, and so h € Uy, - since
h-1 =T (see Section [2.3).

The converse easily follows from the fact that U C Gbs. O

In the light of Proposition 4.1, we consider from now on a closed Gs-
structure (G, ¢) such that

(19) Ti=1, =2 — €%
In that case,

(20) dywAw =0,
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by Proposition[3.4) 7 A 7 = —2¢12%6 and #(7 A 7) = —2¢347. This implies that
(G, ¢) is ERP if and only if

1 1
21 dyr = s — 5V
( ) ,U«T 3(70 36 )
which is equivalent by Lemma (i) to
1 1
(22) Ayt = §p+, 0(A)T = 5(612 + €59).

It follows from and Lemma (iii) that

dyw = d)\(elz -+ 656) + d,\634 = 3d)\9(14)7' + d)\634
= 30(A)drT + dxe® = 0(A)pT + dre™ = dyw + dre™,

and consequently,
(23) dye®t = 0.

Some algebraic and geometric consequences of Proposition follow.
Proposition 4.5. If (G,,y) is ERP with T = el? — €%, then,

(i) go :=sp{er,e3,es}, g1 :=spler,ea,e5,e6} and by :=sp{es, eq} are Lie
subalgebras of g.

(ii) The Ricci operator Ric, of (G, (-,-)) is diagonal with respect to {e;}

and Ricy |g, = —31, Ricy |g, = 0.
(ili) If Qu is the unique symmetric operator of g such that 0(Q,)¢ = d,T,
then
. 1 . . 1
Ric, = —§I -2Q,; in particular,  Qulg, =0, Qulg, = _EI'

Remark 4.6. It follows from part (iii) that @), € Der(g), and in particular
(G, ¢) is a steady Laplacian soliton (see [L2, Theorem 3.8]) and (G, (-, "))
is an expanding Ricci soliton (see [LI (5)]), if and only if g; is an abelian
ideal of g.

Proof. 1t is well known that the kernel of any closed k-form on a Lie algebra
is a Lie subalgebra. Since 7 A 7 = —2¢'256 and *(7 A 7) = —2¢347, it follows
from Proposition (ii), (iii) that go and g; are Lie subalgebras of g. In
particular, h; = hNgp is also a subalgebra. Parts (ii) and (iii) are direct
consequences of [L3, (15)] (for ¢ = #) and [L3] (12)]. O
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We will now show that the ERP condition actually imposes much stronger
constraints on the structure of the Lie algebra. Let us first introduce some
notation. Consider

sp(g1,7) = {E € gl(g1) : ~0(E)r = 7(E-,-) + (-, B) =0}, 7 =2~ &%,

and note that E € sp(gy,7) if and only if written in terms of the basis
{61)62)65766})

Ey1 —E1 By Eag
FEys —FEi6 Ess FEse
—FEas Eis Ees —Ess

(24) E=

Ein Ei» Eis Eis ]

We also consider the following three matrices,

1 1 0
3 3 1
(25) T7 = Ou |y Ti=| o0 |, Tu= | 3] .
3 0 % 7%
for which it is easy to check that
1 1 1
(26) 0(T7)T = 34T 0(T5)T = 3ws) O(Ta)T = W

The following is our main structural result. Recall from Proposition
that any left-invariant ERP (Ga-structure on a Lie group is equivariantly
equivalent to some (G, p) with 7 =e!2 — €5 and h = sp{ei,..., e} uni-
modular (g = Re; @ b).

Theorem 4.7. Let (G, ¢) be an ERP Ga-structure with T = e? — €% and
h unimodular. Then, the following conditions hold:

(i) go = sp{er,es,es} is a Lie subalgebra and g1 = sp{e1, ez, e5,e6} is an
abelian ideal of g. In particular, g = go X g1 and g is solvable.

(ii) by = sp{es, e} is an abelian subalgebra (so h = by x g1).

(iii) There exist E, F,G € sp(g1,7) such that
As=FE+1T;, By=F+1T; (Cy=G+ Ty,

where Ay = Aly,, Az := Alg,, Bz :=ades|y, and Cy:=adeyly,. In
particular, tr Ag = tr By = tr Cy = 0 and [B2,C3] = 0.
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Proof. We first prove part (iii). Recall that go, g1 and h; are all Lie subal-
gebras of g. It was shown in the proof of Proposition that,
1 1 1

0(A2)T = 3Wn) 0(B2)T = 3w 0(Co)r = S

and thus Ay — T7, By — T3 and Cy — T} all belong to sp(g1, 7) and the first
assertion in part (iii) follows. Note that tr Ay = tr By = trCo = 0 and so
A(es,eq) =0 (i.e. hy abelian) follows from the fact that b is unimodular,
completing the proof of parts (ii) and (iii).

It was also obtained in the proof of Proposition [4.1] that g; is abelian. We
now prove that g; is an ideal, which will conclude the proof of the theorem.
If we set B := ades|y and C := ad ey, then from (15)),

0 =dyp™ = dywz A €3 + ws Adye® + dywa A et + ws A dye?
=dg,w3 A e® —0(C2)ws A et — w3 AO(B)e® A e® —ws AO(C)e® A e
+dg,wi A et +0(Ba)wg A et —wy AO(B)e Aed —wy AO(C)et A et
= (—0(Ca)ws + 0(Ba)ws) A e** — (w3 AO(B)e? +wy A O(B)e*) A e?
— (w3 N O(C)e® +wy AO(C)et) A e

Since 8(B)e3,0(B)et,0(C)e3,0(C)e* € Algs, it follows that

0=w3AB(B)e> +wy AO(B)et = Z (w3 A Cisz€’ + wy A cizae’)
1,256

= (c133 — 0234)6126 + (ca33 + 0134)6125 + (353 — Cc364)€

+ (c363 + c354)€™°,

256

and
0=w3A 9(0)63 4+ wg A 9(0)64 = Z ((.dg A Ciazel + wq A ci44ei)
= (c143 — caase)e' 0 + (caus + c1a4)e'® + (caz3 — capa)e®™®
+ (6463 + 6454)6156.
Moreover,

0=de** =d\e> Ne* —e3 Adyet

= — (9(3)63 + 9(0)64) Aedt = Z (csi3 + C4i4)ei34.
1,2,5,6
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Summarizing, we have obtained that

(27) €133 = —Cl44 = C234 = €243, €353 = €364 = —C454 = C463,
C134 = C143 = —C233 = C244, C354 = —C363 = €453 = C464-
As before,

0 = ([ad e1,ad ea]eq, e3) = (ad ej ad ezey — ad eg ad ejeyq, €3)

7 7
= E (cosi ad er(e;) — cra; ad ea(e;), e3) = g (caaicrij€j — C14iC2ij€5, €3)
i=1 i,j=1
7
= E (0241'611‘3 - C14i02i3) = €243C133 + €244C143 — C143C233 — C144C243
i=1

= 2(cl33 + Ci3q)-

In much the same way, one obtains that 0 = {[ad e5, ad eg](e4), e3) = 2(c355 +
0354). Thus, ¢133 = c134 = ¢353 = ¢354 = 0 and so it follows from that

[gla h] C g1

Therefore, it only remains to show that [g1,e7] C g1. It follows from

7 = e!? — % b unimodular and g; abelian that

0= (e myvol=eP Axr = —eP Adxo
= —d(eB A xp) + de'3 A xp = —d(e!37) 1 (de'3, ) vol
= tr(ad es) vol +(de' A €3, ©) vol +(e' A de?, o) vol = —cars.

In the same manner, we can see that 0 = ¢;7; for each i € {1,2,5,6} and
j € {3,4,7}. This implies that ([g1, e7], go) vanishes and so g; is an ideal, as
desired. O

The following geometric consequence of Theorem [£.7] follows from Re-
mark

Corollary 4.8. Any left-invariant ERP Go-structure on a Lie group is both
a steady Laplacian soliton and an expanding Ricci soliton.

Recall that all the examples of Laplacian solitons found in [L2, N] are
expanding.

We now give the converse of Theorem which paves the way to the
search for examples and eventually, to a full classification. In addition to ,
we denote by

@::6264—615, Wwyg:=e€e " —e
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T Wy | w3 | Wy w3 [
1 1 1 - 1
T7 g(.d? 57' 0 §W4 0 —§W4
1 1— | 1 1
T3 3&)3 3W3 gT 0 —§W7 0
1 1— 1 1
T4 §(JJ4 3 4 0 gT 0 *g&]?

Table 1: T;-actions on 2-forms

Proposition 4.9. Let p denote a Lie bracket on g whose only nonzero
structural constants are given by A1, As, By and Cy as in Theorem [[.7]
Then (G, ) is ERP with 7, = e'? — €% if and only if there exist E,F,G €
sp(g1,e'? — €°0) (see (24))) such that the following conditions hold:
(i) Ao =E+Ty7, By =F+ 13 and Cy = G + Ty, where the T;’s are de-
fined as in .
(ii) H(Et)w7 + Q(Ft)wg + G(Gt)w4 = —(tI‘ Al)W7.

Remark 4.10. The Jacobi condition for such a p is equivalent to

(28) [A2, By] = aBa + cCy, [A2,Cs] = bBy 4+ dCa, [Bg,Cs] =0,
where A; = [‘;Z] .

Proof. We first suppose that (G, ) is ERP with 7, = e!? — €. Part (i)
follows from Theorem In order to prove (ii), we now proceed to compute
7, by using the formula given in Proposition and Table (1| (recall from

that dyw Aw = 0):

—xp dyp” = — xp (€3 A dywy — et A dyws)
= — sy (€M A (0(Co)wy + 0(Ba)ws))
= — kg, 0(Co)wy — *g4,0(B2)ws
ch) g, Wa + (BL) g, W3
Dws + 0(Bh)ws
wy + O(Ty)ws + O(FHws + 0(T3)ws

2
wy + O(Fws + 3 (612 — 656) ,

I
> D> D D
—~~ Y~~~
Q
S
~— — —
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and on the other hand,

(tr A)w + (AN w = (tr Ay)e + (tr Ay)wr + 0(AL)wr + O(A}) e
— (tr Ay)wr + O(E )wr + %(612 _ 56,

Thus part (ii) follows from the fact that 7, = e'? — €.

Conversely, assume that parts (i) and (ii) hold. Using part (i), and
Table 1], it is easy to see that d,¢ = 0 if and only if

1
O(F)w7 + aws + cwy = 0(E)ws — guTg,

(29) 0(G)wr + bws + dwy = 0(E)wy,
O(F)ws = 0(G)ws

But straightforwardly, one obtains that these equalities respectively follow
by just evaluating 0([As2, Ba]), 0([A2, Cs]) and §([B2, C2]) at 7 and using the
Jacobi condition . On the other hand, since

1
dyw ANw = id,\(w Aw) = dy ('3 4 €346 4 e1256) = g, (¢!%59)

= 0(B2)e® A e® + 0(Cs)e® 0 A et
— —tr Bpe' 2356 _ g1 0pe!2456 —

we obtain from part (ii) that 7, = e!? — €. It now follows from and
part (i) that (G, ) is ERP, which concludes the proof of the proposition.
O

The strong conditions on the Ricci curvature imposed by ERP (see
Proposition (iii)) produce very useful constraints on the matrices in-
volved.

Proposition 4.11. If (G, ¢) is ERP with 7, = e'* — €%, say p = (A1, As,
Bs, Cy), then the following conditions hold:
(i) trS(A1)2 +trS(Ag)% = 1.
(ii) 3[A2, A5] + 3[B2, B] + 5[C2, C4] = (tr A1)S(A2).
(ili) trS(A2)S(Bz) = tr S(A2)S(Cs) = 0.
)

rS(B2)?  trS(B2)S(Ce
tr; B,) (02) ' tr<.5'()02§2 )] - %[AhAi] + (tr A1)S(A1) = [

O wim
wli= O
[E—

(iv
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Proof. All the items follow from Proposition (ii) by just applying the
formula for the Ricci operator of a solvmanifold given in [LIl (25)]. O

We also note that if (G, ¢) is ERP with 7, = el? — €6 then (Guy (7))
is a solvsoliton; indeed, in terms of the decomposition g = gg @ g1,

1
Ric, = _§I+ [ 0 17 ] € RI + Der(u).
3

This allows us to use, in addition to Proposition the structure theorem
for solvsolitons [L1l, Theorem 4.8].

5. Examples and structure refinements

Acording to Theorem for any ERP (G, ¢) with 7 =¢!?2 — €%, g1 =
sp{e1, ez, e5,¢e6} is an abelian ideal of the Lie algebra (g, ). Thus the nil-
radical n of (g, ) contains g; and so dimn > 4. Recall from Proposition
that the Lie bracket has always the form u = (A;, A, B,C) for certain
matrices A; € gly(R) and A, B, C € gly(R) such that [B,C] = 0.

We can use Proposition [£.4] to consider the equivalence problem. The
action of the group Uy, on pu = (A, A, B,C) can be described as follows
(see Section . If h € Uy, say with hy = [ * y], 22+ 1y?> =1 and hy :=

“yz
hs 0
|: 0 ha :|, hs, hy € SO(2), then

(30)  h-p=(hiAi1hy" haAhs ' ho(xB — yC)hy' ha(yB + 2C)hyY)
0010

and if g7 := [1 _1] and go := [_01 8 8 01], then
0100

(31) g 1= (—g1Aig; ", —92495 ", 92Bg5 ", —92Cg5 ") .

Let (G, ) be an ERP Ga-structure with 7 = e!? — ¢°0 and nilradical n,
say p = (A1, A, B,C). If u is unimodular, then n = g; (see Proposition
below) and in the non-unimodular case, g3 C n C b. In any case, Ay and A
are necessarily normal matrices by [L1, Theorem 4.8].

In what follows, we separately study each of the cases dimn = 4,5, 6;
note that x4 can not be nilpotent since Ric < 0 (see [W), M]).
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5.1. Case dimn =4

In the unimodular case, some necessary algebraic conditions proved by I.
Dotti [D] for Ric < 0 give rise to the following characterization.

Proposition 5.1. If (G, p) is ERP with 7 =e'? — %%, say p= (A1, A,
B, C), then the following conditions are equivalent:

(i) p is unimodular (i.e. tr Ay =0).
(ii

(iii

) A1 =0 (in particular, A, B,C pairwise commute).
) g1 is the nilradical of p (in particular, {A, B,C} is linearly indepen-
dent).

Proof. Recall from Proposition (iv) that Ric < 0 and the kernel of Ric
is g1. If g is unimodular, then the nilradical n of g is contained in g; by [Dl,
Lemma 1], but g; C n as g; is an abelian ideal of g, son = g;. Since the image
of any derivation of a solvable Lie algebra is contained in the nilradical, we
obtain that A; = 0. The remaining implications trivially hold. ]

Proposition 5.2. If (G, ) is ERP with T = e'? — ¢ and p is unimodu-
lar, say p = (0, A, B,C), then the 4 x 4 matrices A, B, C are all symmetric,
they pairwise commute and the set {\/§A, V3B, \/30} s orthonormal.

Remark 5.3. In particular, G, is isomorphic to the Lie group given in
[L3, Example 4.7] and Example below. This has been proved in [FR2,
Theorem 6.7]. We note however that there could be other non-equivalent
ERP Ga-structures on G,.

Proof. From equation (ii) in Proposition (recall that A; =0), we ob-
tain that the matrices A, B, C' are all normal, by just multiplying with each
of the three terms (alternatively, one can just apply [LI, Theorem 4.8]).
Thus A, B,C,S(A),S(B),S(C) is a commuting family of normal 4 x 4 ma-
trices, which are all non-zero by Proposition [4.11] (i) and (iv). The only
possibility for this to happen is that they are all symmetric, and so the set
{V/3A,V3B,V/3C} is orthonormal by Propositionm (i), (iii) and (iv), as
desired. ]
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Example 5.4. Consider p;:= (0, A, B,C), where

_1 2 1 V2
C Of—TOE T ofoo
A= .|, B=|-f 000 c=]o0 L0
2 0 0 00 0 0 00
_1 1 0 00 0 -2 00

It is straightforward to check that all the conditions in Proposition [£.9) hold
for these matrices, thus (G,,,, ¢) is an ERP Ga-structure with 7 = el? — €%,
and also that the map

0 0 3/2 3/2 0 0 0
0 0 V6 —v6-2v6 0 0
1|-3v2-3v2 o 0 0 0 0
hi=—1_-v6 v6 o o o o 2v6 | €G2
0 0 0 0 0 -6 0
0 0 —2v32V/3 -2v3 0 0
—2v/3 23 0 0 0 0 —2v3

defines an equivariant equivalence between (G, ¢) and [L3, Example 4.7].

The difficulty in finding new examples in this case relies on the com-
plicated structure of the 4-dimensional group Uy, - (see ) providing the
equivariant equivalence.

5.2. Case dimn =5

By acting with Uy, if necessary (see ), we can assume in this case
that up to equivariant equivalence, n = Res @ g1. Let (G, ¢) be an ERP
Ga-structure with 7 = e!2 — €0 and n as above, say u = (A1, A, B,C). It
follows from [L1, Theorem 4.8] that A;, A, B are normal and [A4, B] =0,
and since [e7,n] C n, one further obtains that

A =[09], d#0, [A,Cl=dC, [B,C]=0.

By acting with ¢ if necessary as in , one can assume up to equivariant
equivalence that d > 0.

The following two Lie brackets provide new examples of ERP Gs-
structures (G, ¢) with 7 = €2 — €5 and n = Re4 & g1 by Proposition
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Example 5.5. Consider pp := (41, A4, B,C), where

1 -100 0 0
0 3 0 L1 -0
A=’ A=| 00 | B= 0t ] O= | 0
3 0001 0 —5350
Note that the nilradical n is 3-step nilpotent.
Example 5.6. Consider pyss := (41, A, B,C), where
-2 0 —v2 0
A_}[oo} A—i 0 -2 0 -2
=6 love]> T 12|-v2 0 2 o |’
0 —v2 0 2
0v2 0 1 —-v2 0 2-v6 0
B*l V20 1 0 C*i 0 V2 0 —2+V6
6|l 0 1 0 —v2|” T 12 | 2+v6 0 V2 0
1 0 -2 0 0 —2—v6 0 —V2

The nilradical n is 2-step nilpotent in this case.

By considering the possible forms for the normal matrices A and B
under the condition given in Proposition (i), it can be shown with some
computer assistance that [A, B] = 0 never holds unless A and B are both
symmetric.

5.3. Case dimn = 6

We have that n = b in this case, so B and C are nilpotent. Let (G, )
be an ERP Gs-structure with 7 = e'? — €0 and nilradical n = b, say p =
(A1, A, B,C). By using , we can assume that up to equivariant equiva-
lence,

(i) either A; = [39], with a <d, a+d > 0 (in particular, [4, B] = aB,
[A,C] =dC),

(ii) or 4y =[%?L], with a> 0, b#0 (in particular, [4, B] = aB — bC,
[A,C] =bB + aC).

Example 5.7. We now present in the format pup := (A1, A, B,C) the ex-
ample given by R. Bryant in [B, Example 1], as well as in [CI, Section 6.3]
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and [L3|, Examples 4.13, 4.10]. Consider,

1
6

O wim
‘ [e=]
[len]
oo
| IS |

O wim

ol
=

Note that n is 2-step nilpotent.

The following is a new example with a 4-step nilpotent nilradical of
dimension 6.

Example 5.8. Consider pp := (41, A, B,C), where

-10—v30 0 -2v5 0
A = 1 [\/% 0 } A- 1 0  -10+v30 0  -2V5

30 L 0 2v30 60 -2/5 0 10-v30 0 ’
0 —2v5 0  10++/30
0 —vV5 0 5-30 -5 0 5-v30 0
p_Ltlsvs 0o 5 0 co— 1] o V5 0 —51V30
T 30| 0 5+v30 0 Vs | T30 [5+v30 0 V5 0
5 0 -5V5 0 0 —-5—/30 0 -5

Remark 5.9. It is worth pointing out that the five examples we have
given in this section (i.e. Examples are pairwise non-
equivalent (even up to scaling). Indeed, the underlying solvable Lie groups
are pairwise non-isomorphic, and since they are all completely solvable, the
corresponding left-invariant metrics can never be isometric up to scaling

(see [A]).

6. Deformations and rigidity

We study in this section deformations and two notions of rigidity for ERP
Ga-structures on Lie groups.

As in Section [2| we fix a 7-dimensional real vector space g endowed with
a basis {e1,...,e7} and the positive 3-form defined in , whose associated
inner product (-, -) is the one making the basis {e;} oriented and orthonor-
mal.

Let £ C A%g* ® g denote the algebraic subset of all Lie brackets on g
and for every u € £, denote by G, the simply connected Lie group with
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Lie algebra (g, 1). Each p € £ will be identified with the left-invariant G-
structure determined by ¢ on G :

p— (G, 9).

The isomorphism class of p, GL7(R) - u, therefore stands for the set of all
left-invariant Ga-structures on G, due to the equivariant equivalence,

(Ghop, ) =~ (Gu,p(h-, b, b)), Vh € GL7(R).

Thus one has in £, all together, all the Lie groups endowed with left-invariant
G9-structures. Note that two elements in £ are equivariantly equivalent as
G9-structures if and only if they belong to the same Gs-orbit, and that they
are in the same O(7)-orbit if and only if they are equivariantly isometric as
Riemannian metrics. Both assertions hold without the word ‘equivariantly’
for completely real solvable Lie brackets.

In this light, the following Ga-invariant algebraic subsets,

(32) Le:={peLl:d,p=0},
Lerp = {:“ €Le:dyty = %|Tu’290+ % * (T /\Tu)} )

parametrize the spaces of all closed (or calibrated) and all ERP Ga-structures
on Lie groups, respectively. Thus the quotient

Eerp/G2

parametrizes the set of all ERP Ga-structures on Lie groups, up to equiv-
ariant equivalence. Note that a given Lie group G, admits a closed (resp.
ERP) Gs-structure if and only if the orbit GL7(R) - © meets L. (resp. Leyp).

A C! curve p: (—e, ) — A%g* ® g is said to be a deformation (of ERP
Ga-structures) if ju(t) € Lepp for all t. Examples of deformations are given by
p(t) = h(t) - p, where p € Leyrp and h(t) € Ga, which are trivial in the sense
that the family {x(¢)} is in such case pairwise equivariantly equivalent. Given
@ € Lepp, let TuLerp denote the set of all velocities p1/(0) such that p(t) is
a deformation with £(0) = p (notice that 7,Le,p is not necessarily a vector
space). It follows that,

go - C Eﬁerp C Tuﬁerm

where g - 1 coincides with the tangent space T,(Gs - ) and T Lepp is the
vector space determined by the linearization of both the Jacobi condition
and the remaining equations defining L., given in (32]).
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It is therefore natural to call a p € Ly, equivariantly rigid when

g2 p= Tu»cerp-

However, it is worth pointing out that according to Proposition there
might exist linear deformations of the form u(t) = p+ tup, where D is a
suitable derivation of p. Such deformations are also trivial as u(t) is equiv-
alent to p for all ¢, though in general they are not equivariantly equivalent.
This shows that weaker notions of rigidity should also come into play.

In the case when h = sp{ej,..., e} is an ideal of p € £, one has that
=X+ s as in Section and p <> (Gp, @) is indeed the structure we
have studied in Sections [3] and [l It follows from Proposition that the
Ga-orbit of any u € L. meets the algebraic subset

Ley:={peLle.:p(gh) Ch, tradye; =0,i=1,...,6},

and that the equivariant equivalence between non-unimodular elements in
L.y is determined by the group Uy given in . In the same vein, Proposi-
tion asserts that any ERP Ga-structure p € L, is equivariantly equiv-
alent to an element in

Lerppyr ={p€Ley:1u=1},
12 _ 56, In this case, the subgroups Uy +, Uy, » C G2 computed
in Section @ are the ones providing equivariant equivalence among Le,p 5 7
in the non-unimodular and unimodular cases, respectively (see Proposi-
tion .
This motivates the study of deformations within Le,p 5 . Analogously,
for each u € Lerp,p,~ one has that,

where 7 :=¢

u- ’u = TH(U : /"L) C 771‘667"1’71)77' C T/'L‘Ceer]:T’

where u, U are either uy -, Uy, or ug, -, Uy, -, depending on whether g
is non-unimodular or unimodular. Here Tuﬁemhﬁ is the linearization of
the conditions defining L., 5 - given in Proposition Thus pt € Lerpp,r is
equivariantly rigid if and only if u - 4 = T, Lerp 5 . Note that dimuy - p < 2
and dimug, , - < 4 for any p.

According to the structural results proved in Section [4] (see Theorem
and Proposition, each p1 € Leppp,+ only depends on one 2 x 2 matrix A
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and three 4 x 4 matrices A, B and C; in this way,
p=ABc +N[A1 0]
0 A

Thus any deformation p(t) € Lepp.p,» such that p(0) = p and 4/(0) = &z has
the following form:

=

= (AhA,B,C), M(t) = (Al(t)aA(t)’B(t>vc(t))a n= ( ,Z,E,é),

Ar=[23]. m@=[94]. A =[],

It follows from Proposition that a vector i = (A1, A, B,C) belongs to
Tuﬁerp’;m if and only if the following conditions hold:

Qo

al _l

(33) A,B,C € sp(g1,7),

(34) [A,B] +[A,B] =aB + aB + ¢C + cC,

(35) [A,C] +[A,C] = bB +bB +dC + dC,

(36) [B,C]+[B,C] =0,

(37) 0(A"wr + 0(B"ws + 0(CHws = — (@ + d)wr

We now describe the linear deformations mentioned above. Given p =
(A1,A,B,C) € Lerp,p,r, consider the vector space D, of all pairs (Dy, Ds) €
gl5(R) x gly(R) such that

[DlaAl] = 07 [DQ)A] = 07 [DQ)B] = TB+tC7
[D27C]:SB+UC7 Dlz[gi]a

that is,
0
D= [ 0 Dz}
defines a derivation of p vanishing at e; (see Remark . It follows from

Proposition that each of these (D1, Dy) satisfying that D € su(3) deter-
mines a linear deformation of u given by u(t) := pu + tup, or equivalently,

Al(t)ZAl—‘rtDl, A(t):A—‘rtDQ, B(t)EB, C(t)EC,
forming the vector space

DH = {ﬁ = (Dl,DQ,0,0) : (Dl,DQ) < ZDH, D e 511(3)} C 7;L£67‘p,h,7'~
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This suggests the following weaker version of rigidity: u € Leypp,+ is said to
be rigid if

Optu-p=TuLerppr

In the unimodular case, one always has that 0, =0 and ug, - - p is 4-
dimensional. Indeed, any skew-symmetric derivation D of u = (0, A, B, C)
must stabilize the nilradical g; (see Proposition and commute with the
maximal abelian subalgebra sp{A, B,C} C sym(4) (see Corollary [5.2]), so
D = 0. This implies that a unimodular ju € Lepp 5 - is equivariantly rigid, if
and only if it is rigid, if and only if dim T, Lerp .- = 4.

In the non-unimodular case, ©, = Der(p) Nge and it is easy to see
that 9, L uy ;- pr. Moreover, since Der(p) Nuy - C 9, one always has that
dim (DH + Uy w) > 2.

By solving the linear system — and computing the derivations be-
longing to gs for all the examples given in Section [b] we obtain the following
information:

e 1 (Example : Ug, 7 b =T Lerppr (4-dimensional), d,, = 0.
e o (Example : Uy b= Tuﬁemhﬁ (2-dimensional), 9, = 0.
e s (Example : Upr - b= Tuﬁemh,f (2-dimensional), 9, = 0.
e up (Example : Upr p=0,0,= Tuﬁerp,bﬁ (2-dimensional).

e uyn (Example : Uy b= Tuﬁemhf (2-dimensional), 0, = 0.

It follows that they are all equivariantly rigid, except for Example
which is only rigid.
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