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Positive mass theorem for initial data sets

with corners along a hypersurface
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We prove positive mass theorem with angular momentum and
charges for axially symmetric, simply connected, maximal, com-
plete initial data sets with two ends, one designated asymptoti-
cally flat and the other either (Kaluza-Klein) asymptotically flat or
asymptotically cylindrical, for 4-dimensional Einstein-Maxwell the-
ory and 5-dimensional minimal supergravity theory which metrics
fail to be C1 and second fundamental forms and electromagnetic
fields fail to be C0 across an axially symmetric hypersurface Σ.
Furthermore, we remove the completeness and simple connectivity
assumptions in this result and prove it for manifold with boundary
such that the mean curvature of the boundary is non-positive.
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1. Introduction

In 2007, Dain proved a positive mass theorem with angular momentum J
[17],

(1.1) m ≥
√

|J |,

for 3-dimensional, smooth, axially symmetric, simply connected, complete,
maximal initial data sets for vacuum Einstein equations with two ends, one

1443
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designated asymptotically flat and the other either asymptotically flat or
asymptotically cylindrical. Moreover, he proved that the rigidity of inequal-
ity (1.1) holds for the canonical slice of the extreme Kerr spacetime. The
main physical motivation of this inequality is by the standard picture of
gravitational collapse through the final state conjecture and the weak cos-
mic censorship conjecture [16]. From then, the main objective of research in
this direction was to remove the unnecessary assumptions in the Dain in-
equality and extend it to different physical theories and higher dimensions.

The conditions of axial symmetry, vacuum, and two ends are essential
to have a non-zero conserved angular momentum. However, Chruściel, Li,
and Weinstein [14] extend the proof to initial data sets for multiple black
holes with non-negative energy density condition. Moreover, Dain, Khuri,
Weinstein, and Yamada [18] replaced the vacuum energy flux condition with
vanishing energy flux in the direction of axial symmetry. On the other hand,
inequality (1.1) has also been generalized to the Einstein-Maxwell theory by
Costa [15], that is

(1.2) m2 ≥ Q2 +
√

Q4 + 4J 2

2
,

where Q =
√

Q2
e +Q2

b such that Qe and Qb are the electric and magnetic

charges, respectively. Moreover, the equality holds for canonical slice of the
extreme Kerr-Newman spacetime.

In [36], Schoen and Zhou developed an alternative proof of (charged-
) Dain inequality using convexity of reduced harmonic energy. Moreover,
Zhou [40] treated the near maximal initial data sets and Cha and Khuri [12]
extended the proof of inequality to non-maximal initial data sets assuming a
system of equations admits a solution. Then Khuri andWienstein [28] proved
these inequalities with optimal asymptotic decay conditions for multiple
charge black hole initial data sets.

In general, the topological censorship theorem says that the domain of
outer communication of asymptotically flat black holes must be simply con-
nected [20, 21]. But there is no topological restriction in the inside region
of a horizon. This shows that the simple connectivity and two ends assump-
tions in above inequalities are only technical restriction and not physical
features of black holes. Therefore, recently, Khuri, Bryden, and Sokolowsky
[11] showed that the strict inequality of (1.2) is true for initial data sets with
minimal axially symmetric boundary ∂M3 without simple connectivity as-
sumption.
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In higher dimensions, a generalization of Hawking topology theorem, by
Galloway and Schoen [22], states that the cross sections of the event horizon
of black holes must be positive Yamabe type. In particular, in five dimensions
the only admissible horizon topologies are 3-sphere (or its quotient), S1 ×
S2, or connected sum of these cases. For higher dimensional black holes
similar to 3-dimensional black holes, we need to impose additional axial
symmetry to have well-defined conserved total angular momenta. In order
to accommodate the desired amount of axial symmetry as well as asymptotic
flatness, the dimension of spacetime must be restricted to five. Therefore,
the first author, Khuri, and Kunduri [3] proved a positive mass theorem
with angular momentum and charges for black holes with 3-sphere horizon
topology in the minimal supergravity theory,

(1.3) m ≥ 27π

8

(J1 + J2)
2

(

2m+
√
3|Q|

)2 +
√
3|Q|,

where Ji are angular momenta corresponding to U(1)2-symmetry and Q is
an electric charge. Moreover, equality holds for canonical slice of the ex-
treme charged Myers-Perry spacetime. In particular, if Q = 0, we derive the
inequality in the vacuum [1], that is

(1.4) m3 ≥ 27π

8
(|J1|+ |J2|)2 ,

where the rigidity is canonical slice of the extreme Myers-Perry spacetime.
The inequality for black ring with horizon topology S1 × S2 is only proved
in the Einstein theory because of lack of an explicit extreme black hole
solution with two nonzero angular momenta in the minimal supergravity.
In particular, if the topology of initial data set is M4 = S2 ×B2#R

4 and
J1 ≥ J2, where J1 is angular momentum in direction of S1 and J2 is angular
momentum in the direction of S2, then the first author, Khuri, and Kunduri
[2] also proved the following inequality

m3 ≥ 27π

4
|J2||J1 − J2|.

Moreover, if J1 > J2, then equality holds if and only if the initial data set
arise from the canonical slice of the extreme Pomeransky-Seńkov black ring
spacetime. A remarkable feature of this result is that the manifold is not
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doubling of a Cauchy surface in the domain of outer communication. More-
over, the second end has asymptotic topology S1 × S2 with different de-
cay conditions on the metric components which separate the Kaluza-Klein-
asymptotically flat from asymptotically cylindrical.

The purpose of this paper is to prove all of the above inequalities without
the assumption of smoothness. Similar to above inequalities, the proof of pos-
itive mass theorem by Schoen and the second author was for smooth initial
data sets [34, 35]. However, Bray showed that the Riemannian positive mass
theorem holds for smooth metric which are Lipschitz on minimal hypersur-
faces [10]. Moreover, Miao [32] extend the Riemannian positive mass theorem
for metrics with corners across a hypersurface Σ. On the other hand, in the
proof of positivity of quasi-local masses by Shi and Tam [37] and Liu and the
second author [31], an analogous result holds for spin Riemannian manifold.
This result has been generalized for a class of Lipschitz metrics where the
complement of some singular set S of metrics has Minkowski dimension less
than n/2 by Lee [29]. More recently, Lee and LeFloch [30] proved a Rie-
mannian positive mass theorem for spin manifolds which metrics have the
Sobolev regularity C0 ∩W 1,n. For initial data sets with dominant energy
condition, Shibuya [38] showed that the positive mass theorem still holds if
it has a causal corner, i.e., dominant energy condition does not violate along
corner. Moreover, the authors and Khuri [5] extended the Miao smoothing
to a gluing of the Jang deformation of initial data sets with dominant en-
ergy condition and proved geometric inequalities for spacetime quasi-local
masses. A similar smooth gluing of the Jang deformation developed in the
proof of a localized spacetime Penrose inequality by the authors and Lesourd
[9].

The present article is concerned with axially symmetric initial data sets
with corners across an axially symmetric hypersurface Σ. We show that
an initial data set can be deform to initial data set with C2 metric, C1

second fundamental form, and C1 electromagnetic field such that it is also
a solution of Maxwell equations, has vanishing energy flux in the direction
of symmetries, and has non-negative energy density. Moreover, the angular
momentum and charges are conserved along this deformation and its mass
converges to the mass of the initial data set with corners. This is enough
to implement the current results and achieve above inequalities for non-
smooth initial data sets. Finally, we prove the rigidity cases for all of these
inequalities.



✐

✐

“1-Alaee” — 2023/4/28 — 16:44 — page 1447 — #5
✐

✐

✐

✐

✐

✐

Positive mass theorem for initial data sets with corners 1447

2. Statement of main results

In order to state the main result we first discuss the appropriate setting and
note that we only consider three and four dimensional initial data sets, that
is n = 3, 4. An initial data set (Mn, g, k, E,B) of 4-dimensional Einstein-
Maxwell theory and 5-dimensional minimal supergravity theory are consists
of a n-dimensional Riemannian manifold Mn, with metric g, second fun-
damental form k, electric field E, and magnetic (n− 2)-form B which is a
solution of the following constraint equations.

16πµ = R(g)− |k|2g + (trgk)
2 − 2

(n− 2)2
|E|2g −

2

(n− 2)3
|B|2g,(2.1)

8πJ = divg (k − (trgk)g) +
2

(n− 2)2
⋆ (B ∧ E) ,(2.2)

divgE =
n− 3√

3
⋆ (B ∧B) , divgB = 0,(2.3)

where ⋆ is the Hodge star operator with respect to metric g, µ is energy
density, and J is energy flux of non-electromagnetic fields. To have a con-
served angular momentum, we need axially symmetric initial data set. In
particular, we have the following definition.

Definition 2.1. An initial data set (Mn, g, k, E,B) is axially symmetric if
there exists a U(1)n−2 subgroup within the group of isometries of the Rie-
mannian manifold (Mn, g) so that the Lie derivative of initial data set van-
ishes along axial symmetry, that is

(2.4) Lη(l)g = Lη(l)k = Lη(l)E = Lη(l)B = 0,

where η(l), for l = 1, n− 2, are generators of U(1)n−2 group.

The initial data set for an isolated system consist of a Riemannian man-
ifold with asymptotically flat end which means there exists a sub-manifold
Mend ⊂Mn diffeomorphic to Rn \Br(0) such that in local coordinate on
Mend obtained from Rn \Br(0), we have the following fall-off conditions.

gij = δij + os(r
−n−2

2 ), ∂gij ∈ L2(Mend), kij = os−1(r
−n

2 ),(2.5)

Bi, Ei = os−1(r
−n

2 ), Bij = os−1(r
−n

2 ), µ, J, J(η(l)) ∈ L1(Mend),(2.6)

for some s ≥ 5. The assumption s ≥ 5 is needed for existence of the Brill
coordinate system [13] in three dimensions. These fall-off conditions ensure
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that the ADM energy, angular momentum, and total electric and magnetic
charges are well-defined. The ADM energy of asymptotically flat initial data
sets is defined by

(2.7) m =
1

16π

∫

Sn−1
∞

(gij,i − gii,j) ν
j

where Sn∞ is a coordinate sphere at infinity with unit outer normal ν. The to-
tal angular momentum of corresponding rotational symmetry η(l) is defined
by

(2.8) Jl =
1

8π

∫

Sn−1
∞

(kij − (trgk)gij) ν
jηi(l).

Moreover, the total electric and magnetic charges of initial data sets are
defined by the following flux integrals at infinity

(2.9) Qe =
1

4(n− 2)2π

∫

Sn−1
∞

Eiν
i, Qb =

1

4π

∫

S2
∞

Biν
i.

Note that Qb is only defined for n = 3. For n = 4, there is no total magnetic
charge because B is a 2-form and we cannot integrate it over S3

∞. How-
ever, for black ring initial data set we have H2(M

4) ̸= 0 and there exist a
local dipole charge, see [4] for definitions of total electric charge and local
dipole charge in the minimal supergravity. For non-smooth initial data set we
consider the following class with corners along an axially symmetric hyper-
surface Σ which is a generalization of analogous definition for Riemannian
manifolds with corners by Miao [32, Definition 1].

Definition 2.2. An axially symmetric initial data set (G,K, E ,B) ad-
mitting corners across an axially symmetric hypersurface Σ is defined
to be G = (g−, g+), K = (k−, k+), E = (E−, E+), and B = (B−, B+) where
(g−, k−, E−, B−) and (g+, k+, E+, B+) are initial data sets on Ω and M\Ω̄
respectively such that the metrics are C2 up to the boundary and second fun-
damental form, electric field, and magnetic (n− 2)-form are C1 up to the
boundary. Moreover, they reduced the same metric, charge potentials, and
twist potentials on Σ.

Note that the second fundamental form, electric field, and magnetic
(n− 2)-form can be discontinuous on Σ. The continuity of potentials are
related to conservation of angular momentum and charges for homologous
surfaces to Sn−1

∞ .
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Theorem 2.3. Let (Mn,G,K, E ,B) be a n-dimensional axially symmetric,
simply connected, maximal initial data set satisfying constraint equations
(2.1), (2.2), and (2.3) and admitting corners across an axially symmetric
hypersurface Σ with two ends, one designated asymptotically flat and the
other either asymptotically flat or asymptotically cylindrical. Suppose that
µ ≥ 0 and J(η(l)) = 0, for l = 1, n− 2, in Ω and Mn \Ω̄, and

(2.10) H−(Σ, g−) ≥ H+(Σ, g+)

where H−(Σ, g−) and H−(Σ, g−) represent the mean curvature of Σ in
(Ω̄, g−) and (Mn \Ω, g−) with respect to unit normal vectors pointing to the
designated asymptotically flat region.

(a) If n = 3, then

m2 ≥ Q2 +
√

Q4 + 4J 2

2
.

Moreover, equality holds if and only if (G,K, E ,B) is isometric to the
canonical slice of an extreme Kerr-Newman spacetime.

(b) If n = 4 and H2(M
4) = 0, then

m ≥ 27π

8

(J1 + J2)
2

(

2m+
√
3|Q|

)2 +
√
3|Q|

Moreover, equality holds if and only if (G,K, E ,B) is isometric to the
canonical slice of an extreme charge-Myers-Perry spacetime.

(c) If n = 4, E = B = 0, M4 ∼= S2 ×B2#R
4, J1 ≥ J2, and the second end

is either Kaluza-Klein-asymptotically flat or asymptotically cylindrical,
then

m3 ≥ 27π

4
|J2||J1 − J2|

Moreover, if J1 > J2, then equality holds if and only if (G,K) arise
from the canonical slice of an extreme Pomeransky-Seńkov black ring
spacetime.

For black ring initial data set, the manifold isM4 ∼= S2 ×B2#R
4 [8, 27].

In this manifold axially symmetric hypersurfaces Σ are diffeomorphic to 3-
sphere and S1 × S2. Moreover, the second end has topology S1 × S2 which
can geometrically divide to Kaluza-Klein-asymptotically flat or asymptoti-
cally cylindrical.
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It should be pointed out that the hypotheses used in Theorem 2.3 is
strong, but it is necessary to address the rigidity cases. In general, we re-
move simple connectivity and completeness for non-smooth initial data sets
in three and four dimensions and prove strict inequalities which are gener-
alization of [11].

Corollary 2.4. Consider the initial data set (Mn,G,K, E ,B) in Theo-
rem 2.3 that have a boundary ∂Mn with non-positive mean curvature, with
respect to unit normal vectors pointing to the designated asymptotically flat
region, instead of a second end and without simple connectivity assumption.
Assume the outermost minimal surface Σmin in Mn has one component and
enclosed by corner Σ.

(a) If n = 3, then the strict inequality in Theorem 2.3-(a) holds.

(b) If M4 is spin, π1(Σmin) = 0, and H2(M
4 \W ) = 0, where ∂W =

∂Mn ∪ Σmin, then the strict inequality in Theorem 2.3-(b) holds..

(c) If M4 is spin, E = B = 0, π1(Σmin) = Z, H2(M
4 \W ) = Z and J1 ≥

J2, then the strict inequality in Theorem 2.3-(c) holds.

The organization of this paper is as follows. In Section 3, first we con-
struct potentials for our initial data sets. Then we show any axially sym-
metric maximal initial data sets have related (t− ϕi) symmetric initial data
sets with same mass, angular momentum, and charges. Furthermore, we de-
form initial data set to construct a C2 metric and C1 second fundamental,
electric field and magnetic (n− 2)-form such that it is a solution of Maxwell
equations and has vanishing energy flux in the direction of axial symmetry.
In section 4, we construct a conformal transformation of initial data set such
that the conformal data has non-negative energy density as well as to be a
solution of Maxwell equations and has vanishing energy flux in the direction
of axial symmetry. Finally, we prove the main results.

3. Smooth deformations of initial data sets across Σ

In this section, we assumeMn is a simply connected, asymptotically flat Rie-
mannian manifold with two ends. Before deforming the initial data smoothly
we need to construct potentials that characterize angular momentums and
charges of initial data sets and we have two remarks about our setting.

Remark 3.1. The Hodge star operator ⋆ is an isomorphism from p-form
on (M, g) to (p− 1)-form and defined by α ∧ ⋆β = ⟨α, β⟩ ⋆ 1 = ⟨α, β⟩ dVg for
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p-forms α and β. In particular, ⋆2α = (−1)p(n−p)α, ιX ⋆ α = ⋆ (α ∧X), and
divgX = (−1)n+1 ⋆ d ⋆ X, where X is a vector field and for dual 1-form we
use same notation.

Remark 3.2. In order to analyze three and four dimensional initial
data sets together, we define vectors with components 1 and n− 2 for
1-forms, vector fields, and functions. In particular, we write the vector
η = (η(1), η(n−2))

T for generators of U(1)n−2 symmetry of n-dimensional ini-
tial data sets. Then if n = 3, η = η(1) and if n = 4 we have η = (η(1), η(2))

T .

3.1. Potentials

Consider the initial data set (Mn,G,K, E ,B) on region Ω andMn \Ω̄. Define
the following 1-form Υ± = (Υ1

±,Υ
n−2
± )T from magnetic (n− 2)-form B± as

following

(3.1) Υ± = ιη ⋆± B± =
(

ιη(1) ⋆± B±, ιη(n−2)
⋆± B±

)T
,

where ι is the interior product and ⋆± is the Hodge star operation with
respect to metrics g±. Then the divergence free property of the magnetic
n− 2-form equation (2.3) and Cartan’s magic formula shows that the 1-
form Υ is closed and by the Poincaré lemma, it is exact. Thus there exist
potentials

(3.2) dψ± =
(

dψ1
±, dψ

n−2
±

)T
= Υ±.

Since B± is invariant under the U(1)n−2 symmetry, these potentials
are invariant under U(1)n−2 symmetry. We define another 1-form Q± =
ιη(n−2)

ιη(1) ⋆± E± − n−3√
3
ψT±Jdψ± where

(3.3) J =

(

0 1
−1 0

)

.

Observe that vector ψTJ is orthogonal to vector ψ. Then with Cartan’s
magic formula, Remark 3.1, and Maxwell equations (2.3), we have
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dQ± = dιη(n−2)
ιη(1) ⋆± E± − n− 3√

3
d
(

ψT±Jdψ±
)

= ιη(n−2)
ιη(1)d ⋆± E± − n− 3√

3
d
(

ψT±Jdψ±
)

= ιη(n−2)
ιη(1)

(

−n− 3√
3
B± ∧B±

)

− n− 3√
3
d
(

ψT±Jdψ±
)

= −n− 3√
3

(

ιη(n−2)
ιη(1) (B± ∧B±) + d

(

ψT±Jdψ±
))

,

(3.4)

where we take ⋆± of Maxwell equation (2.3) to get third line. For n = 3, this
expression vanishes. Assuming n = 4, then using ⋆±B± ∧ ⋆±B± = B± ∧B±
for a 2-form on 4-manifold and definition of ψ± in (3.2), the expression also
vanishes. Hence Q± is closed and there exist a global electric potential χ±
so that

(3.5) dχ± = ιη(n−2)
ιη(1) ⋆± E± − n− 3√

3
ψT±Jdψ±.

Moreover, it immediately follows that this potential is invariant under the
U(1)n−2 symmetry. Next we define another 1-form

Ξ± = (n− 2) ⋆± (k±(η) ∧ η(1) ∧ η(n−2))(3.6)

− ψ±

(

dχ± +
n− 3

3
√
3
ψT±Jdψ±

)

− (n− 4)χ±dψ±

Then using again Cartan’s magic formula, Remark 3.1, J(η(l)) = 0, the mo-
mentum constraint equation (2.2), and (3.5), we have

dΞ± = (n− 2)d ⋆± (k±(η) ∧ η(1) ∧ η(n−2))(3.7)

− dψ± ∧
(

dχ± +
n− 3√

3
ψT±Jdψ±

)

− (n− 4) dχ± ∧ dψ±
= (n− 2)ιη(n−2)

ιη(1) ⋆± ⋆±d ⋆± k±(η)

− dψ± ∧
(

dχ± +
n− 3√

3
ψT±Jdψ±

)

− (n− 4) dχ± ∧ dψ±
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=
−2

(n− 2)
ιη(n−2)

ιη(1) (⋆±E± ∧ dψ±)

− dψ± ∧
(

dχ± +
n− 3√

3
ψT±Jdψ±

)

− (n− 4) dχ± ∧ dψ±

=
−2

(n− 2)

(

dχ± +
n− 3√

3
ψT±Jdψ±

)

∧ dψ±

− dψ± ∧
(

dχ± +
n− 3√

3
ψT±Jdψ±

)

− (n− 4) dχ± ∧ dψ± = 0

Hence, there exist twist potentials

(3.8) dζ± = Ξ±

where ζ± = (ζ1±, ζ
n−2
± )T . We assume the potentials are continuous on Σ and

define the following functions

(3.9) ζ :=











ζ− on Ω

ζ− = ζ+ on Σ

ζ+ on M\Ω̄
, ψ :=











ψ− on Ω

ψ− = ψ+ on Σ

ψ+ on M\Ω̄
,

and

(3.10) χ :=











χ− on Ω

χ− = χ+ on Σ

χ+ on M\Ω̄
.

In particular, a computation using definition of angular momentum (2.8)
and charges (2.9) shows that, see [3, 18] for details,

(3.11)

Jl =
πn−3

4

(

ζl|Γ−
− ζl|Γ+

)

,

Qe =
πn−3

2n−2

(

χ|Γ−
− χ|Γ+

)

,

Qb =
1

2

(

ψ|Γ−
− ψ|Γ+

)

,

where Γ+ and Γ− are two asymptotic parts of axis of rotation Γ. Since the
value of potentials at axis is the same in Ω̄ and Mn \Ω, charges and angular
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momentum are conserve quantities for any surface homologous to coordinate
sphere Sn−1 at infinity of Mn \Ω.

3.2. (t − φi)-symmetric data

In this section, we show that every axially symmetric maximal data set
has related (t− ϕi)-symmetric data with same mass, angular momentum,
and charges. Consider axially symmetric, C2 initial data set (Mn, g, k, E,B)
with two ends. Then there exist a global Brill coordinate (ρ, z, ϕl) such
that η(l) =

∂
∂ϕl . This has been proved in three dimensions [13] and it is

conjectured to be true in four dimensions [1]. In particular, the metric of
axially symmetric initial data sets takes the form

(3.12) g = e−2U+2α
(

dρ2 + dz2
)

+ e−2Uλij
(

dϕi +Aiady
a
) (

dϕj +Ajady
a
)

,

for some functions U , α, Aia, and a symmetric positive definite matrix λ =
[λij ] with detλ = ρ2, all independent of (ϕ1, ϕn−2) with asymptotic fall-off

in [1, 28]. Note that α in equation (3.12) is equal to α− log(2
√

ρ2 + z2)
in [1]. Moreover, the coordinates should take values in the following ranges
ρ ∈ [0,∞), z ∈ R, and ϕi ∈ [0, 2π], for i = 1, n− 2. The transformation to
spherical coordinate in three dimensions is ρ = r sin θ and z = r cos θ and in
four dimensions is ρ = r2

2 sin 2θ and z = r2

2 cos 2θ. Consider the global frame

(3.13) e1 = eU−α (∂ρ −Aiρ∂ϕi

)

, e2 = eU−α (∂z −Aiz∂ϕi

)

, ei+2 = eU∂ϕi ,

for i = 1, n− 2, with dual co-frame

(3.14) θ1 = e−U+αdρ, θ2 = e−U+αdz, θi+2 = e−U
(

dϕi +Aiady
a
)

,

for i = 1, n− 2. For arbitrary axially symmetric function ω = (ω1, ωn−2)T ,
we define a 1-form

(3.15) Pω =
1

detΛ
⋆
(

dω ∧ η(1) ∧ η(n−2)

)

where Pω =
(

Pω
1 ,Pω

n−2

)T
, Λ = [Λij ] = e−2U [λij ] and ⋆ is Hodge star opera-

tion with respect to g. Then we have the following decomposition for electric
1-form and second fundamental form

(3.16) E = Pχ +
n− 3√

3
ψTJPψ + Ê,
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k(ei, ej) =
1

(n− 2)

(

ηT (ei)Λ
−1P(ej) + ηT (ej)Λ

−1P(ei)
)

(3.17)

+ π(ei, ej+2),

where i, j = 1, · · · , 4, π(ek, el+2) = 0, Ê(ek) = 0 for k, l = 1, 2 and

(3.18) P = Pζ + ψ

(

Pχ +
n− 3

3
√
3
ψTJPψ

)

+ (n− 4)χPψ

For magnetic (n− 2)-form we have different decompositions related to the
dimension. If n = 3, then we have

(3.19) B = Pψ + B̂,

where B̂(ek) = 0 for k = 1, 2. If n = 4, the Killing symmetry implies
⋆B(η(i), η(j)) = 0 which leads to B(e1, e2) = 0, and

B = B(e1, ek+2)θ
1 ∧ θk+2(3.20)

+B(e2, ek+2)θ
2 ∧ θk+2 + B̂(e3, e4)θ

3 ∧ θ4,

such that

(3.21)
B(e1, ei+2)(t) = −e2U−αϵj i∂zψ

j(t),

B(e2, ei+2)(t) = e2U−αϵj i∂ρψ
j(t),

where ϵδij =
√
detλεij is volume form associated to λ and εij = 0,±1.

In general, the 2-dimensional distribution D2 orthogonal to η(l) is not
integrable for axially symmetric initial data sets. However, the Killing vector
fields η(l) have 0-dimensional and 1-dimensional fix points and assuming
Ricg(η, ∂ya) = 0, for a = 1, 2 and (y1, y2) = (ρ, z), the result of Wald [39,
Theorem 7.1.1] implies D2 is integrable. In particular, if D2 is integrable,
we have the following divergence-free one-form, see [6, Section 2.2] for 4-
dimensional case and [39, Appendix C] for 3-dimensional case.

Lemma 3.3. Let (M, ḡ) be a n-dimensional Riemannian manifold with
U(1)n−2 isometry subgroup for n = 3, 4. If 2-dimensional distribution D2

orthogonal to η(l) is integrable, then the following 1-form is divergence free

(3.22) Pω =
1

detΛ
⋆ḡ

(

dω ∧ η(1) ∧ η(n−2)

)

,

where Pω = (Pω1 ,Pωn−2)T , Λ = [Λij ] = [ḡ(η(i), η(j))] is Gram matrix of the
Killing fields, and ω = (ω1, ωn−2)

T is axially symmetric function.



✐

✐

“1-Alaee” — 2023/4/28 — 16:44 — page 1456 — #14
✐

✐

✐

✐

✐

✐

1456 A. Alaee and S.-T. Yau

Proof. Since 2-dimensional distribution orthogonal to η(l) is integrable, by

Frobenius theorem we have ∇iηj = 1
2

(

∇iΛΛ−1ηj −∇jΛΛ−1ηi
)

, where ∇ is
covariant derivative with respect to ḡ and η = (η1, ηn−2)

T . A straightforward
computation then shows that

(3.23) ϵijkl∇iηj(1)η
k
(n−2) + ϵijklη

j
(1)∇

iηk(n−2) = ∇i log detΛϵijklη
j
(1)η

k
(n−2),

where ϵijkl is volume form with respect to ḡ. It follows that

divḡPω = − 1

detΛ
∇i log detΛϵijklη

j
(1)η

k
(n−2)∇lω(3.24)

+
1

detΛ
ϵijkl∇iηj(1)η

k
(n−2)∇lω

+
1

detΛ
ϵijklη

j
(1)∇

iηk(n−2)∇lω

+
1

detΛ
ϵijklη

j
(1)η

k
(n−2)∇i∇lω

= 0.

The last term vanishes because ∇i∇lω = ∇l∇iω and ϵijkl is antisymmetric
in i and l. □

The class of initial data which has the above condition is called (t− ϕi)-
symmetric. This class was defined in three dimensions by Gibbons [23] and
was generalized to higher dimensions in [19]. We extend the definition to
initial data sets with electromagnetic field.

Definition 3.4. An axially symmetric initial data set (Mn, ḡ, k̄, Ē, B̄) is
(t− ϕi)-symmetric if ϕi → −ϕi, we have ḡ → ḡ, k̄ → −k̄, Ē → Ē, and B̄ →
(−1)n−1B̄.

Then we have the following proposition.

Proposition 3.5. Suppose (Mn, g, k, E,B) is an axially symmetric, maxi-
mal initial data set with µ ≥ 0 and J(η(l)) = 0. Then there exists a (t− ϕi)-
symmetric initial data set (Mn, ḡ, k̄, Ē, B̄) with same mass, angular momen-
tum, and charges. Moreover, µ̄ ≥ µ and J̄(η(l)) = 0.

Proof. Consider the axially symmetric, maximal initial data set
(Mn, g, k, E,B). Then related (t− ϕi) initial data set (Mn, ḡ, k̄, Ē, B̄) is ob-
tained as follows. The metric ḡ obtained from g by setting Aia = 0 in equation
(3.12). Then we have new global frame {ei} equal to the frame (3.13) with-
out Aia terms. Moreover, setting π = Ê = B̂ = 0 in equations (3.17), (3.16),
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(3.19), and (3.20), we get k̄, Ē and B̄, respectively. We define the energy
density and energy flux as following

16πµ̄ = 16πµ+ |π|2g + |Ê|g + |B̂|g(3.25)

+
1

4
e−2αλij

(

∂ρA
i
z − ∂zA

i
ρ

) (

∂ρA
j
z − ∂zA

j
ρ

)

,

8πJ̄ = divḡk̄ +
2

(n− 2)2
⋆ḡ

(

B̄ ∧ Ē
)

.(3.26)

It follows that (Mn, ḡ, k̄, Ē, B̄) is a solution of Hamiltonian constraint equa-
tion with µ̄ ≥ µ. Next we need to show that J̄(η(l)) = 0. Since 2-dimensional

distribution orthogonal to η(l) is integrable, the 1-forms Pχ, Pψ, and Pζ

defined in Lemma 3.3 with respect to metric ḡ are divergence-free. Using
axially symmetry condition, the divergence of P is

divḡP =

2
∑

i=1

ei (ψ)

(

Pχ(ei) +
n− 3

3
√
3
ψTJPψ(ei)

)

(3.27)

+
n− 3

3
√
3
ψ

2
∑

i=1

ei
(

ψT
)

JPψ(ei)

+ (n− 4)

2
∑

i=1

ei (χ)Pψ(ei)

=

2
∑

i=1

ei (ψ)

(

Pχ(ei) +
n− 3√

3
ψTJPψ(ei)

)

+ (n− 4)

2
∑

i=1

ei (χ)Pψ(ei)

=

2
∑

i=1

ei (ψ)

(

(5− n)Pχ(ei) +
n− 3√

3
ψTJPψ(ei)

)

=
2

(n− 2)

2
∑

i=1

ei (ψ)

(

Pχ(ei) +
n− 3√

3
ψTJPψ(ei)

)

,

where we used ei (χ)Pψ(ei) = −ei (ψ)Pχ(ei). The last equality is true if
n = 3, 4. On the the hand, we have

iη(l) ⋆ḡ
(

B̄ ∧ Ē
)

= −
〈

dψl, Ē
〉

ḡ
(3.28)

= −
2

∑

i=1

ei(ψ
l)

(

Pχ(ei) +
n− 3√

3
ψTJPψ(ei)

)

.
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Combining (3.27) and (3.28) shows that

(3.29) divḡP = − 2

(n− 2)
iηl ⋆ḡ (B ∧ E) .

Observe that k̄ has the following decomposition

(3.30) k̄(ei, ej) =
1

(n− 2)

(

ηT (ei)Λ
−1P(ej) + ηT (ej)Λ

−1P(ei)
)

,

where i, j = 1, · · · , 4 and clearly trḡk̄ = 0. Then

divḡ
(

k̄(η(l))
)

=
(

divḡk̄
)

(η(l)) +
1

2

〈

k,Lη(l) ḡ
〉

=
(

divḡk̄
)

(η(l)).(3.31)

Since ḡ
(

P, η(l)
)

= 0, we have

(3.32) k̄(η(l), ·) =
1

(n− 2)
P.

Now from equations (3.29), (3.31), and (3.32), we have

(3.33) J̄(η(l)) =
(

divḡk̄
)

(η(l)) +
2

(n− 2)2
iη(l) ⋆ḡ

(

B̄ ∧ Ē
)

= 0,

for l = 1, n− 2. Next we need to show Maxwell equations for initial data set
(Mn, ḡ, k̄, Ē, B̄). Let Pχ be the 1-form given in Lemma 3.3 with respect to
metric ḡ. Then using Ê = 0 and (3.16), the divergence of Ē is

(3.34) divḡĒ = divḡPχ +
n− 3√

3
divḡ

(

ψTJPψ
)

.

Using definition of B̄, equation (3.21), and Lemma 3.3, we have

divḡ(ψ
TJPψ) =

2
∑

i=1

ei
(

ψT
)

JPψ(ei)(3.35)

=

2
∑

i=1

(

ei
(

ψ1
)

Pψ2

(ei)− ei
(

ψ2
)

Pψ1

(ei)
)

= ⋆ḡ
(

B̄ ∧ B̄
)
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In light of this, and the fact that the first term of (3.34) vanishes by Lemma
(3.3), it follows that

(3.36) divḡĒ =
n− 3√

3
⋆ḡ

(

B̄ ∧ B̄
)

.

Note that when n = 3, similarly we can show divḡB̄ = 0, but for n = 4, we
have magnetic 2-form in global frame {ei}. Then, we have

⋆ḡB̄ = ϵḡ2(j+2)
1(i+2)B̄(e1, ei+2)θ

2 ∧ θj+2(3.37)

+ ϵḡ1(j+2)
2(i+2)B̄(e2, ei+2)θ

1 ∧ θj+2

= ϵḡj
iB̄(e1, ei+2)θ

2 ∧ θj+2 − ϵḡj
iB̄(e2, ei+2)θ

1 ∧ θj+2

= −ϵδjiϵδjie2(ψj)θ2 ∧ θj+2 − ϵδj
iϵδ

j
ie1(ψ

j)θ1 ∧ θj+2

= −e2(ψj)θ2 ∧ θj+2 − e1(ψ
j)θ1 ∧ θj+2.

Since e1(e2(ψ)) = e2(e1(ψ)), we have d ⋆ḡ B̄ = 0 which is equivalent to
divḡB̄ = 0.

Since charge and twist potentials of axially symmetric and related (t−
ϕi) symmetric data sets are the same, in light of equation (3.11), angular
momentum and charges do not change. Moreover, a computation in [7, 13]
shows that the ADM mass is only depends on U and α. Since both initial
data sets have same U and α, they have the same mass. This complete the
proof. □

Remark 3.6. Assume (Mn,G,K, E ,B) is axially symmetric maximal ini-
tial data with corners along an axially symmetric hypersurface Σ as in Theo-
rem 2.3. In each region (Ω̄, g−) and (Mn \Ω, g+) with related Brill coordinate
(ρ, z, ϕi), if the axially symmetric surface is constant r = r0 surface Σ, then
the mean curvatures are

(3.38) H±(Σ, g±) =
2(n− 2)/r + ∂r (α± − 2(n− 2)U±)
√

e−2U±+2α± + e−2U±λijAi±A
j
±

∣

∣

∣

∣

r=r0

,

where Ai± = rn−3
(

Ai±ρ sin(n− 2)θ +Ai±z cos(n− 2)θ
)

.

Remark 3.7. The (t− ϕi) symmetric initial data set (Mn, Ḡ, K̄, Ē , B̄)
with corners across an axially symmetric hypersurface Σ involves functions
Ψ = (U, λij , ζ

1, ζn−2, χ, ψ1, ψn−2) and α. Moreover, since it encodes all geo-
metrical and physical properties of related axially symmetric maximal initial
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data set (Mn,G,K, E ,B), in Section 3.3, we study smooth deformations of
this data set.

3.3. Smooth deformation

Consider the (t− ϕi) symmetric initial data set (Mn, Ḡ, K̄, Ē , B̄) with corners
along an axially symmetric hypersurface Σ. For this initial data set, the 2-
dimensional distribution D2 orthogonal to η(l) is integrable globally. Then
we consider the orbit space O =Mn/U(1)n−2 and we modify the differential
structure on O such that the metric on neighborhood of Σ/U(1)n−2 has
Gaussian normal form. The orbit space has two region O− = Ω̄/U(1)n−2

and O+ = (M\Ω) /U(1)n−2. The metric of orbit space is

(3.39) π∗ (q±) = ḡ± − Λkl±η(k)η(l),

where π :M → O± is projection onto orbit space. The orbit space is a 2-
dimensional smooth manifold with boundary and corners [25, Proposition
1] which is diffeomorphic to upper-half plane by the Riemann mapping the-
orem and Σ/U(1)n−2 is a semi-circle in this upper-half plane. Given ϵ > 0,
let V 2ϵ

− and V 2ϵ
+ be neighborhood of Σ/U(1)n−2 in (O−, q−) and (O+, q+),

respectively. Moreover, Let

(3.40)
Φ− : (−2ϵ, 0]× Σ/U(1)n−2 → V 2ϵ

− ,

Φ+ : [0, 2ϵ)× Σ/U(1)n−2 → V 2ϵ
+ ,

be diffeomorphisms such that the pullback metrics are

(3.41) Φ∗
−(q−) = dt2 + q−θ(t, θ)dθ

2, Φ∗
+(q+) = dt2 + q+θ(t, θ)dθ

2.

Note that level sets of the distance function d± : O± → R to Σ provide such
diffeomorphisms. Identifying V = V 2ϵ

− ∪ V 2ϵ
+ with (−2ϵ, 2ϵ)× Σ/U(1)n−2, we

define a differential structure with open covering {O−, O+, V } on O and
denote the new smooth manifold Õ. In particular, metric on V = (−2ϵ, 2ϵ)×
Σ/U(1)n−2 takes the form

(3.42) q = dt2 + qθ(t, θ)dθ
2,

where q = Φ∗
−(q−) for t ≤ 0 and q = Φ∗

+(q+) for t ≥ 0. Moreover, the metric
G on related region (−2ϵ, 2ϵ)× Σ on M̃ is a continuous metric ḡ as following

(3.43) ḡ = dt2 + γ(t, θ) = dt2 + qθ(t, θ)dθ
2 + Λij(t, θ)dϕ

idϕj ,
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where η(l)=
∂
∂ϕl . Then γ(t)=gij(t, θ)dx

idxj , for (x1, x2, xn−1)=(θ, ϕ1, ϕn−2),

is a path of metrics on Σ. Suppose Si(Σ) is Banach space of Ci symmetric
(0, 2) tensors on Σ and Mi(Σ) is open and convex subset of Si(Σ) consisting
of Ci metrics. Then we have the following path of metrics

(3.44) γ : (−2ϵ, 2ϵ) → M2(Σ) →֒ M1(Σ) →֒ M0(Σ).

By assumption, γ is a continuous path in M2(Σ) and piecewise C1 path in
M1(Σ). Given 0 < δ ≪ ϵ, we define the deforming path for s ∈ (−ϵ, ϵ)
(3.45)

γδ(s) =

∫

R

γ(s− σδ(s)t)ϕ(t)dt =

{

∫

R
γ(t)

(

1
σδ(s)

ϕ( s−t
σδ(s)

)
)

dt σδ(s) > 0

γ(s) σδ(s) = 0
,

where ϕ(s) ∈ C∞
c ([−1, 1]) is standard mollifier on R with 0 ≤ ϕ(s) ≤ 1

and
∫ 1
−1 ϕds = 1. Moreover, σδ(t) = δ2σ(t/δ) for the cut-off function σ(t) ∈

C∞
c ([−1

2 ,
1
2 ]) with definition

(3.46) σ(t) =

{

σ(t) = 1
100 |t| ≤ 1

4

0 < σ(t) ≤ 1
100

1
4 < |t| < 1

2

.

Then γδ has the following properties [32].

Lemma 3.8. The deform metric γδ has the following properties

(a) γδ is C2 path in M0(Σ) and a C1 path in M1(Σ).

(b) γδ is C0 path in M2(Σ) which is uniformly close to γ and agrees with
γ outside (− δ

2 ,
δ
2).

(c) ∥γδ(s)− γ(s)∥M0(Σ) ≤ Lδ2 for s ∈ (−ϵ, ϵ).

Now we define the deformation metric

(3.47) ḡδ =

{

dt2 + γδ(t) (t, x) ∈ (−ϵ, ϵ)× Σ

ḡ (t, x) /∈ (−ϵ, ϵ)× Σ
.

Before deforming (K̄, Ē , B̄) smoothly on (−ϵ, ϵ)× Σ, we define the following
frame for metric ḡδ on (−2ϵ, 2ϵ)× Σ

(3.48) e1 = ∂t, e2 =
∂θ

√

ḡδ(∂θ, ∂θ)
ei+2 = ∂ϕi , for i = 1, n− 2,
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with dual frame {θi} such that

(3.49) ḡδ = (θ1)2 + (θ2)2 + Λδijθ
i+2θj+2.

Suppose ω represents the potentials in the initial data set, that is ω = ζ, χ,
and ψ, then we define

(3.50) ωδ(t, x) =

∫

R

ω(t− σδ(t)s)ϕ(s)ds.

This implies ωδ = ω for (t, x) /∈ (−ϵ, ϵ)× Σ. Moreover, since ω approaches
constant on axis Γ and

∫

R
ϕ(t)dt = 1, we have ωδ(t)|Γ = ω(t)|Γ. We define

deformations for each components of extrinsic curvature, electric and mag-
netic (n− 2)-form in frame {ei}. Then using equations (3.16), (3.17), (3.19),
(3.20), (3.49), and (3.50) we obtain the following expressions

(n− 2)k̄δ(e1, ei+2)(t) = − 1

detΛδ
√

ḡδ(∂θ, ∂θ)
(3.51)

×
(

∂θζ
i
δ + ψiδ

(

∂θχδ +
n− 3

3
√
3
ψTδ Jdψδ

)

+ (n− 4)χδ∂θψ
i
δ

)

(t),

(n− 2)k̄δ(e2, ei+2)(t) =
1

detΛδ
(3.52)

×
(

∂tζ
i
δ + ψiδ

(

∂tχδ +
n− 3

3
√
3
ψTδ J∂tψδ

)

+ (n− 4)χδ∂tψ
i
δ

)

(t),

for i = 1, 2 and

Ēδ(e1)(t) =
1

√

ḡδ(∂θ, ∂θ) detΛδ

(

∂θχδ +
n− 3√

3
ψTδ J∂θψδ

)

(t),(3.53)

Ēδ(e2)(t) = − 1√
detΛδ

(

∂tχδ +
n− 3√

3
ψTδ J∂tψδ

)

(t).(3.54)

For magnetic (n− 2)-form we have different decomposition in each dimen-
sions. If n = 3, then we have

(3.55)

B̄δ(e1)(t) =
1

√

ḡδ(∂θ, ∂θ) detΛδ
∂θψδ(t),

B̄δ(e2)(t) = − 1√
detΛδ

∂tψδ(s)(t)
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For n = 4, we have

(3.56)
B̄δ(e1, ei+2)(t) = − 1

√

ḡδ(∂θ, ∂θ)
ϵδ
j
i∂θψ

j
δ(t),

B̄δ(e2, ei+2)(t) = ϵδ
j
i∂tψ

j
δ(t)

where ϵδij =
√
detΛδεij is volume form associated to Λδ and εij = 0,±1.

Lemma 3.9. The deform initial data set (M̃n, ḡδ, k̄δ, Ēδ, B̄δ) has the fol-
lowing properties.

(a) Each components of k̄δ, Ēδ, and B̄δ are C
1 path in C0(Σ) and C0 path

in C1(Σ). Moreover, (k̄δ, Ēδ, B̄δ) agrees with (K̄, Ē , B̄) outside (− δ
2 ,

δ
2).

(b) Ēδ, B̄δ and k̄δ are bounded by constants depends on (K̄, Ē , B̄), and γ
and not δ.

Proof. (a) Using definition of initial data set follows that the components
k̄ij , Ēi, B̄ij : (−ϵ, ϵ) → C1−l(Σ) are C l away from Σ for l = 0, 1. Then, the
components of deform initial data sets k̄δ, Ēδ, B̄δ : (−ϵ, ϵ) → C1−l(Σ) are
C l away from [− δ2

100 ,
δ2

100 ]. For t ∈ (− δ
4 ,

δ
4), we have σδ(t) =

δ2

100 and we get
standard mollification of potentials and metric which are smooth. Moreover,
for |t| > δ

2 , we have σδ(t) = 0, γδ = γ, ψδ = ψ, χδ = χ, and ζδ = ζ. Therefore,
(k̄δ, Ēδ, B̄δ) agrees with (K̄, Ē , B̄).
(b) By Lemma 3.8 and definition of Ēδ, B̄δ and k̄δ, we only need to show
that derivative of deform potentials are bounded by constants depend on
(K̄, Ē , B̄) and γ. Observe that

(3.57) ∂tωδ(t, θ) =

∫

R

ω′ (t− σδ(t)s)

(

1− sδσ′(
t

δ
)

)

ϕ(s)ds

for ωδ = ζδ, χδ, and ψδ. Clearly this is bounded by constants depend on
(K̄, Ē , B̄). □

Next, we show behavior of energy density, energy flux, and Maxwell equa-
tions of deform initial data set and we prove the following generalization of
[32, Proposition 3.1] to axially symmetric initial data set.

Proposition 3.10. Let (M̃n, Ḡ, K̄, Ē , B̄) be a n-dimensional (t− ϕi)-
symmetric, simply connected initial data set admitting corners across ax-
ially symmetric hypersurface Σ. Then there exists a family of 4-tuple
(ḡδ, k̄δ, Ēδ, B̄δ), where ḡδ is C2 and k̄δ, Ēδ, B̄δ are C1, for 0 < δ ≤ δ0 on
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M̃n so that ḡ is uniformly close to ḡ on M̃n. Moreover, (ḡδ, k̄δ, Ēδ, B̄δ) =
(Ḡ, K̄, Ē , B̄) outside Oδ = (− δ

2 ,
δ
2)× Σ and the energy density satisfies

(3.58) µ̄δ(t, x) = O(1), for (t, x) ∈
{

− δ2

100
< |t| ≤ δ

2

}

× Σ

and for (t, x) ∈ [− δ2

100 ,
δ2

100 ]× Σ, we have

(3.59) µ̄δ(t, x) = O(1) + {H(Σ, ḡ−)(x)−H(Σ, ḡ+)(x)}
{

100

δ2
ϕ(

100t

δ2
)

}

,

where O(1) represents quantities that are bounded by constants depending
only on (Ḡ, K̄, Ē , B̄), but not on δ. Moreover, for all t ∈ R, we have trḡδ k̄δ(t),
J̄δ(η(l))(t) = 0, and

(3.60) divḡδB̄δ(t) = 0, divḡδĒδ(t) =
n− 3√

3
⋆ḡδ

(

B̄δ ∧ B̄δ
)

(t),

Furthermore, the angular momentum and charges of (M̃n, ḡδ, k̄δ, Ēδ, B̄δ) are
conserved and equal to angular momentum and charges of (M̃n, Ḡ, K̄, Ē , B̄).

Proof of Proposition 3.10. For t /∈ (− δ
2 ,

δ
2) or outside Oδ, the initial data

(ḡδ, k̄δ, Ēδ, B̄δ) is same as (M̃n, Ḡ, K̄, Ē , B̄), thus the result hold. Let t ∈
(−ϵ, ϵ). First, we show energy density µ̄δ satisfies in equations (3.58)
and (3.59). The Gauss equation and evolution of mean curvature of Σ leads
to

(3.61) Rḡδ = scalδ −
(

H2
δ + |Aδ|2

)

− 2DνHδ

where ν is unit normal vector field on Σ, Aδ and Hδ are the second fun-
damental form and mean curvature on Σ, and scalδ is scalar curvature of
hypersurface Σ. Then, substitution equation (3.61) in the Hamiltonian con-
straint equation (2.1), we obtain

16πµ̄δ = scalδ −
(

H2
δ + |Aδ|2

)

− 2DνHδ − |k̄δ|2ḡδ(3.62)

− 2

(n− 2)2
|Ēδ|2ḡδ −

2

(n− 2)3
|B̄δ|2ḡδ .

The Lemma 3.9 implies k̄δ, B̄δ, and Ēδ are bounded by constants depends
on K̄, Ē , B̄, and γ. Then, in light of [32, Proposition 3.1], we have (3.58)
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and (3.59). Based on structure of (t− ϕi) symmetric data and Proposi-
tion 3.5, the deform initial data set is maximal, J̄δ(η(l)) = 0, and is a solu-
tion of field equations in (3.60). Finally, conservation of angular momentum
and charges for any homologous surface to Sn−1

∞ follows from field equations
(3.60) and [18, Lemma 2.1] for 3-dimensional case and [3, Section 4] for
4-dimensional case. □

4. Proof of main results

In order to prove the main theorem, we need to show that under appropriate
conformal transformation the energy density of the deform initial data set
is non-negative and conservation of angular momentum and charges hold.
Let C, C1, C2, and C3 be constants depend on initial data set (Ḡ, K̄, Ē , B̄).
Consider the following jump on the mean curvatures of an axially symmetric
hypersurface Σ within (t− ϕi)-symmetric data set

(4.1) H−(Σ, ḡ−) ≥ H+(Σ, ḡ+).

By Remark 3.6 and definition of (t− ϕi)-symmetric data set, this is equiv-
alent to H−(Σ, g−) ≥ H+(Σ, g+) for related axially symmetric data set. As-
sume the initial data set has one designated asymptotically flat ∞ and the
other either asymptotically cylindrical ∞1 or boundary ∂M̃

n. Then we have
the following proposition.

Proposition 4.1. Let ḡδ be a C2 (t− ϕi)-symmetric asymptotically flat
metric with one designated asymptotically flat ∞ and the other either asymp-
totically cylindrical ∞1 or boundary ∂M̃n, and cn = n−2

4(n−1) , then

(4.2)











∆ḡδuδ + cnµ̄δ−uδ = 0 on M̃n

uδ = 1 on ∞
uδ = 1 on ∞1

and











∆ḡδuδ + cnµ̄δ−uδ = 0 on M̃n

uδ = 1 on ∞
∂uδ

∂n = 0 on ∂M̃n

have a unique axially symmetric C2 solution uδ ≥ 1 on M̃n so that,
limδ→0 ||uδ − 1||L∞(M̃n) = 0, uδ = 1 + Aδ

|x|n−2 +O1(|x|1−n) for some constant

Aδ as |x| → ∞, and ∂uδ

∂n = 0 at ∞1.
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Proof. By equations (3.58) and (3.59) for µ̄δ− and jump in the mean curva-
ture in (4.1), we have

(4.3)

{

µ̄δ− = 0 outside Oδ

|µ̄δ−| ≤ C1 inside Oδ.

Since outside a compact set µ̄δ− = 0 and the first eigenvalue of Lapla-
cian is zero on asymptotically cylindrical end ∞1, the solution of (4.2)
can have asymptotically constant behavior at asymptotically cylindrical
end ∞1. Moreover, asymptotically cylindrical end yields to exponential de-
cay for solutions and we obtain ∂uδ

∂n = 0 at ∞1. Then using [34, Lemma
3.3], we get existence of a unique C2 positive solution with asymptotic
uδ = 1 + Aδ

|x|n−2 +O(|x|1−n) at ∞ such that

(4.4) Aδ =
1

ωn
lim
δ→0

∫

M̃

(

−|∇ḡδuδ|2 + cnµ̄δ−u
2
δ

)

dxḡδ ,

where dxḡδ is volume form with respect to ḡδ and ωn is volume of unit (n−
1)-dimensional unit sphere. Since uδ is superharmonic, by strong maximum
principle the minimum is at ends or boundary. For Dirichlet problem in (4.2),
it is clear that uδ ≥ 1. For other problem, if the minimum is at asymptotically
flat end ∞, then uδ ≥ 1. But if the minimum is at ∂M̃n and less than one,
then using Hopf maximum principle we should have ν(uδ) < 0, which is a
contradiction. Therefore, uδ ≥ 1. Finally, using [32, Proposition 4.1], we have
limδ→0 ||uδ − 1||L∞(M̃n) = 0. □

Next we define the following conformal transformation

(4.5) g̃δ = u
4

n−2

δ ḡδ, k̃δ = u−2
δ k̄δ, Ẽδ = u−2

δ Ēδ B̃δ = u−2
δ B̄δ

where ḡδ and k̄δ are (0, 2)-tensor, Ēδ is a 1-form, and B̄δ is a (n− 2)-form.
Then we have

Proposition 4.2. Consider the conformal initial data set (g̃δ, k̃δ, Ẽδ, B̃δ)
in equation (4.5). Then the metric is C2, k̃δ, Ẽδ, and B̃δ are C1, and it has
non-negative energy density and vanishing energy flux in the direction of
symmetries. Furthermore, its mass converges to the mass of (Ḡ, K̄, Ē , B̄) and
angular momentum and charges are the same as angular momentum and
charges of (Ḡ, K̄, Ē , B̄).
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Proof. It follows from Proposition 3.10 and Proposition 4.1 that the metric
g̃δ is C

2 and (k̃δ, Ẽδ, B̃δ) are C
1. Assuming n = 3, 4, we have

µ̃δ = R(g̃δ)− |k̃δ|2g̃δ −
2

(n− 2)2
|Ẽδ|2g̃δ −

2

(n− 2)3
|B̃δ|2g̃δ(4.6)

= u
4

2−n

δ

(

µ̄δ+ +

(

1− u
4(n−1

2−n
)

δ

)

|k̄δ|2ḡδ +
2

(n− 2)2
(

1− u−4
δ

)

|Ēδ|2ḡδ(4.7)

+
2

(n− 2)3

(

1− u
2(n−6)
δ

)

|B̄δ|2ḡδ
)

.(4.8)

Since uδ ≥ 1, we have µ̃δ ≥ 0. By asymptotic of uδ we have

mADM (g̃δ) =
1

16π
lim
r→∞

∫

S2
r

((g̃δ)ij,i − (g̃δ)ii,j) ν̃
jdS̃δ(4.9)

=
1

16π
lim
r→∞

∫

S2
r

((ḡδ)ij,i − (ḡδ)ii,j) ν
jdSδ

− 1

2π(n− 2)
lim
r→∞

∫

S2
r

(uδ),jν
jdSδ,

= mADM (ḡδ) +
2

n− 2
Aδ

where ν̃ = u
− 2

n−2

δ ν and dS̃δ = u
2(n−1)

n−2

δ dSδ. Then using equation (4.2) and
Hölder inequality we have

lim
δ→0

Aδ ≤ C lim
δ→0

∫

M̃
|∇ḡδuδ|2dxḡδ(4.10)

+ C lim
δ→0

(
∫

Oδ

|µ̄δ−|n/2dxḡδ
)2/n(∫

Oδ

u
2n

n−2

δ dxḡδ

)
n−2

2n

≤ C lim
δ→0

(
∫

M̃
|µ̄δ−|n/2dxḡδ

)2/n(∫

M̃
|uδ − 1|

2n

n−2dxḡδ

)
n−2

2n

+ C lim
δ→0

(
∫

M̃
|µ̄δ−|

2n

n+2dxḡδ

)
n+2

2n
(
∫

M̃
|uδ − 1|

2n

n−2dxḡδ

)
n−2

n

+ C lim
δ→0

(
∫

Oδ

|µ̄δ−|n/2dxḡδ
)2/n(∫

Oδ

u
2n

n−2

δ dxḡδ

)
n−2

2n

.

Combining this with equation (4.3) and Proposition 4.1, we get limδ→0Aδ =
0. Therefore,

(4.11) lim
δ→0

mADM (g̃δ) = mADM (Ḡ)
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Next, observe that

(4.12)

divg̃δ k̃δ = u−
2(n−4)

n−2 divḡδ k̄δ,

divg̃δB̃δ = u−
2(n−4)

n−2 divḡδB̄δ,

divg̃δẼδ = u−
2n

n−2divḡδĒδ,

and ⋆g̃δα = u
2n−4p

n−2 ⋆ḡδ α for a p-form α. Therefore, we have

(4.13) J̃δ = u−
2(n−4)

n−2 J̄δ, divg̃δB̃δ = 0, divg̃δẼδ =
n− 3√

3
⋆g̃δ

(

B̃δ ∧ B̃δ
)

.

Hence J̃δ(η(l)) = 0 and it shows that angular momentum and charges are
conserved as in Proposition 3.10. □

Now we have all tools to prove Theorem 2.3.

Proof of Theorem 2.3. First we prove the strict inequality and then the
rigidity cases. From Proposition 3.5, the axially symmetric initial data
set (G,K, E ,B) has same mass, angular momentum and charges as related
(t− ϕi)-symmetric data set (Ḡ, K̄, Ē , B̄). Assume (Ḡ, K̄, Ē , B̄) has an outer-
most minimal surface Σmin that enclosed by Σ. Then by [11, Proposition
3.1.], Σmin is axially symmetric. We cut the initial data from Σmin and con-
sider (Ḡ, K̄, Ē , B̄) with outermost minimal surface boundary Σmin. By propo-
sition 4.1, the initial data (g̃δ, k̃δ, Ẽδ, B̃δ) has same angular momentum and
charges as (Ḡ, K̄, Ē , B̄) with axially symmetric minimal surface boundary
Σmin.

For parts (a) and (b), since Σmin is minimal surface boundary, we double
the initial data set. Then the mean curvature of two sides coincide and the
metric is Lipschitz across Σmin. Moreover, mass, angular momentum, and
charges are conserved through this doubling. Then we deform again the
initial data set and obtain a complete initial data set with two asymptotically
flat ends and denote it by (g̃δ, k̃δ, Ẽδ, B̃δ). Therefore, by [1–3, 15], since
g̃δ is C2, k̃δ, Ẽδ, and B̃δ are C1, and it has non-negative energy density
and vanishing energy flux in the direction of symmetries, the mass, angular
momentum, and charge inequality hold for initial data set (g̃δ, k̃δ, Ẽδ, B̃δ),
that is

(4.14) mADM (g̃δ)
2 >

Q2 +
√

Q4 + 4J 2

2
, for n = 3,
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if M4 = R
3 × S3, we have

(4.15) mADM (g̃δ) >
27π

8

(J1 + J2)
2

(

2mADM (g̃δ) +
√
3|Q|

)2 +
√
3|Q|, for n = 4,

Note that the inequality is not sharp because the initial data set has two
asymptotically flat ends. For part (c), we do not need to double the initial
data set and we can apply [2] with topology M4 = S2 ×B2#R

4 and we
obtain

(4.16) mADM (g̃δ)
3 >

27π

4
|J2||J1 − J2|, for n = 4.

It follows from Proposition 4.2 that

(4.17) mADM (G) = mADM (Ḡ) = lim
δ→0

mADM (gδ) = lim
δ→0

mADM (g̃δ).

Therefore, the strict inequalities hold for initial data set (G,K, E ,B).
For the rigidity case, the initial data set has asymptotically cylindrical

end ∞1. We establish the rigidity for 3-dimensional initial data sets and
4-dimensional cases are similar. Assume rigidity in (1.2), then

Q2+
√
Q4+4J 2

2 = mADM (G)2 = mADM (Ḡ)2(4.18)

= lim
δ→0

mADM (gδ)
2 = lim

δ→0
mADM (g̃δ)

2.

The deform data (ḡδ, k̄δ, Ēδ, B̄δ) agrees with (Ḡ, K̄, Ē , B̄) outside small neigh-
borhood Oδ of Σ according to Proposition 3.10. Since the metric ḡδ is C2,
there exist a global coordinate system (ρ, z, ϕ) [13] such that it depends on
δ and the conformal metric g̃δ = u4δ ḡδ takes the following form

(4.19) g̃δ = u4δe
−2Uδ+2αδ

(

dρ2 + dz2
)

+ ρ2u4δe
−2Ūδdϕ2,

where ρ ∈ [0,∞), z ∈ R, and ϕ ∈ [0, 2π). Moreover, it has the following fall-
off at infinity

(4.20) Uδ = O(r−1/2−κ), αδ = O(r−1/2−κ), for κ > 0.

Furthermore, αδ = 0 on the axis Γ = {ρ = 0}. Set Vδ = Uδ − 2 log uδ. The
scalar curvature of the metric has the following simple expression

(4.21) 2e−2Vδ+2αδR(g̃δ) = 8∆Vδ − 4∆ρ,zαδ − 4|∇Vδ|2,
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where ∆ is the Laplacian with respect to flat metric δ3 = dρ2 + dz2 + ρ2dϕ2

on R
3 and ∆ρ,z is Laplacian with respect to flat metric δ2 = dρ2 + dz2 on R

2.
Therefore, using the Hamiltonian constraint equation (2.1) and maximality
condition trg̃δ k̃δ = 0, the ADM mass has the following simple expression [28]

(4.22) mADM (g̃δ) = I(Ψδ) +

∫

R3

e−2Vδ+2αδ µ̃δdx,

where Ψδ = (Vδ, ζδ, χδ, ψδ), dx is the volume form with respect to δ3, and
I(Ψδ) is the reduced harmonic energy from R

3\Γ → H
2
C
, that is

I(Ψδ) =
1

8π

∫

R3

(

|∇Vδ|2 +
e4Vδ

ρ4
|∇ζδ + χδ∇ψδ − ψδ∇χδ|2(4.23)

+
e2Vδ

ρ4
(

|∇χδ|2 + |∇ψδ|2
)

)

dx.

Assume Ψ0 = (U0, ζ0, χ0, ψ0) is the harmonic map of the canonical slice
of extreme Kerr-Newman black hole (g0, k0, E0, B0) such that I(Ψ0) =
Q2+

√
Q4+4J 2

2 . Then, applying the Schoen and Zhou gap inequality [36], we
obtain

(4.24) I(Ψδ)− I(Ψ0) ≥ C

(
∫

R3

dist6
H2

C

(Ψδ,Ψ0) dx

)1/3

,

Combing this with equations (4.18) and (4.22) shows that

0 = lim
δ→0

(

mADM (g̃δ)
2 − Q2+

√
Q4+4J 2

2

)

(4.25)

≥ lim
δ→0

(

I(Ψδ)
2 − Q2+

√
Q4+4J 2

2

)

+ lim
δ→0

(
∫

R3

e−2Vδ+2αδ µ̃δdx

)2

≥ C lim
δ→0

(
∫

R3

dist6
H2

C

(Ψδ,Ψ0) dx

)2/3

+ lim
δ→0

(
∫

R3

e−2Vδ+2αδ µ̃δdx

)2

.

It follows that

(4.26) lim
δ→0

∫

R3

dist6
H2

C

(Ψδ,Ψ0) dx = 0, lim
δ→0

∫

R3

e−2Vδ+2αδ µ̃δdx = 0.
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By Remark 3.7 and Proposition 3.5, Ψ = (U, ζ, χ, ψ) and α characterize
(Ḡ, K̄, Ē , B̄). Next we show that Ψ = Ψ0. Observe that

(

distH2
C
(Ψδ,Ψ)− distH2

C
(Ψ,Ψ0)

)6
− dist6

H2
C

(Ψ,Ψ0)(4.27)

≤ dist6
H2

C

(Ψδ,Ψ0)− dist6
H2

C

(Ψ,Ψ0)

≤
(

distH2
C
(Ψδ,Ψ) + distH2

C
(Ψ,Ψ0)

)6
− dist6

H2
C

(Ψ,Ψ0) .

If we show that

(4.28) lim
δ→0

∫

R3

dist6
H2

C

(Ψδ,Ψ) dx = 0,

then in light of equation (4.27), we can pass the limit through integral

(4.29) 0 = lim
δ→0

∫

R3

dist6
H2

C

(Ψδ,Ψ0) dx =

∫

R3

dist6
H2

C

(Ψ,Ψ0) dx = 0.

Using the triangle inequality and uδ ≥ 1, a direct computation produces

distH2
C
(Ψδ,Ψ) ≤ distH2

C
((Vδ, ζδ, χδ, ψδ), (U, ζδ, χδ, ψδ))

(4.30)

+ distH2
C
((U, ζδ, χδ, ψδ), (U, ζ, χδ, ψδ))

+ distH2
C
((U, ζ, χδ, ψδ), (U, ζ, χ, ψδ))

+ distH2
C
((U, ζ, χ, ψδ), (U, ζ, χ, ψ))

≤ C

(

|U − Vδ|+
e2U

ρ2
(|ζ − ζδ|+ |ψδ||χ− χδ|+ |χ||χ− χδ|)

+
eU

ρ
(|χ− χδ|+ |ψ − ψδ|)

)

.

Since (Uδ, ζδ, χδ, ψδ) = (U, ζ, χ, ψ) outside Oδ by Proposition 3.10, we have
∫

R3

dist6
H2

C

(Ψδ,Ψ) dx ≤ C

∫

R3

| log uδ|6dx+ C

∫

Oδ

|U − Uδ|6dx(4.31)

+ C

∫

Oδ

e12U

ρ12
(|ζ − ζδ|6 + |ψδ|6|χ− χδ|6 + |χ|6|χ− χδ|6)dx

+ C

∫

Oδ

e6U

ρ6
(|χ− χδ|6 + |ψ − ψδ|6)dx,

By Lemma 3.9 and Lemma 3.8, as δ → 0, all terms converge to 0 except
the first term. But, since uδ ≥ 1 is a solution of (4.2) and using the Sobolev
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inequality and Hölder inequality similar to [32, Proposition 4.1], we have

C2

∫

R3

| log uδ|6dx ≤
∫

R3

e−3Uδ+αδ | log uδ|6dx =

∫

M̃3

| log uδ|6dxḡδ(4.32)

≤
∫

M̃3

|uδ − 1|6dxḡδ

≤ C

(
∫

M̃3

|µ̄δ−|6/5dxḡδ
)5

→ 0,

as δ → 0. Combining this with (4.31) and (4.28), it follows that Ψ = Ψ0.
Next, using equation (4.26) and Vδ = Uδ − 2 log uδ, we have

0 = lim
δ→0

∫

R3

e−2Vδ+2αδ µ̃δdx(4.33)

≥ lim
δ→0

∫

R3

e−2Uδ+2αδ µ̄δ+dx = lim
δ→0

∫

M̃3

eUδ µ̄δ+dxḡδ

= lim
δ→0

∫

Oδ

eUδ µ̄δ+dxḡδ + lim
δ→0

∫

M̃3\Oδ

eU µ̄dxḡ ≥ 0,

where the last equality follows from ḡδ = ḡ and µ̄δ+ = µ̄ outside Oδ. This
shows that µ̄ = 0 away from Σ.

We claim that if there exist a strict jump of mean curvature across Σ,
that is H+(Σ, ḡ+)(x) > H−(Σ, ḡ−)(x) for some x ∈ Σ, we get a contradiction
to (4.33). Assume there is a strict jump of mean curvature across Σ. Since
mean curvatures are continuous functions on Σ, there exist a compact set
C ⊂ Σ such that

(4.34) H+(Σ, ḡ+)(x)−H−(Σ, ḡ−)(x) ≥ β, ∀x ∈ C,

for some constant β > 0. Then by Proposition 3.10 and equation (4.3), we
have
(4.35)

µ̄δ+(t, x) ≥ β
{

100
δ2 ϕ(

100t
δ2 )

}

− C1, ∀(t, x) ∈ [− δ2

100 ,
δ2

100 ]× C ⊂ Oδ.

which suggests that the energy density of (ḡδ, k̄δ, Ēδ, B̄δ) and (g̃δ, k̃δ, Ẽδ, B̃δ)
has a fixed amount of concentration on C. Therefore, we get the following
estimate which is a contradiction to equation (4.33)

lim
δ→0

∫

Oδ

eUδ µ̄δ+dxḡδ ≥ βC3|C| > 0,(4.36)



✐

✐

“1-Alaee” — 2023/4/28 — 16:44 — page 1473 — #31
✐

✐

✐

✐

✐

✐

Positive mass theorem for initial data sets with corners 1473

where |C| is the measure of compact set C. Hence, H+(Σ, ḡ+)(x) =
H−(Σ, ḡ−)(x) for all x ∈ Σ. Next, we show that α = α0. By constraint equa-
tion for the initial data (Ḡ, K̄, Ē , B̄) on M̃3\Ω̄ and µ̄ = 0 away from Σ, we
have

R(Ḡ) = |K̄|2Ḡ + 2|Ē |2Ḡ + 2|B̄|2Ḡ(4.37)

= 2
e6U+−2α+

ρ4
|∇ζ+ + χ+∇ψ+ − ψ+∇χ+|2

+ 2
e4U+−2α+

ρ4
(

|∇χ+|2 + |∇ψ+|2
)

= 2
e6U0−2α+

ρ4
|∇ζ0 + χ0∇ψ0 − ψ0∇χ0|2

+ 2
e4U0−2α+

ρ4
(

|∇χ0|2 + |∇ψ0|2
)

= e2α0−2α+R(g0)

Then scalar curvature equation (4.21) becomes

2e−2U0+2α+R(Ḡ) = 8∆U+ − 4∆ρ,zα+ − 4|∇U+|2(4.38)

= 8∆U0 − 4∆ρ,zα+ − 4|∇U0|2

= 2e−2U0+2α0R(g0) + 4∆ρ,z (α0 − α+)

Combining this with (4.37) yields ∆ρ,z (α0 − α+) = 0 on M̃3\Ω̄. Multiplying
it to (α0 − α+) and integrating over O+ and applying integration by parts
we have

(4.39)

∫

O+

|∇ (α0 − α+) |2dρdz = −
∫

Σ/U(1)
(α0 − α+) ∂r (α0 − α+) .

Similarly, we have ∆ρ,z (α0 − α+) = 0 on Ω which yields to

(4.40)

∫

O−

|∇ (α0 − α−) |2dρdz =
∫

Σ/U(1)
(α0 − α−) ∂r (α0 − α−) .

Putting this together with equation (3.38) yield to the following expression

(4.41)

∫

O+

|∇ (α0 − α+) |2dρdz +
∫

O−

|∇ (α0 − α−) |2dρdz

=

∫

Σ/U(1)
(α0 − α) (H+(Σ, ḡ+)−H−(Σ, ḡ−)) e

−U0+α,
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where we used α = α− = α+ on Σ. Since the mean curvature is the same
on Σ, we have ∇ (α0 − α+) = 0 on O+ and |∇ (α0 − α−) | = 0 on O−. Thus
α0 − α is a constant away from Σ. In light of vanishing boundary condition
at axis to avoid conical singularity, we have α = α0 away from Σ. Moreover,
since α is continuous across Σ, α = α0 on M̃3. Then (Ḡ, K̄, Ē , B̄) is isometric
to (g0, k0, E0, B0) and µ̄ = 0 on whole M̃3. Therefore, by equation (3.25),
we have

(4.42) B̂ = Ê = π = µ = 0, ∂ρAz = ∂zAρ

It follows that 1-form Aρdρ+Azdz is closed on R
3, so there exist a potential

f such that ∂ρf = Aρ and ∂zf = Az. Thus under change of coordinates
ϕ̃ = ϕi + f(ρ, z), the metric takes the form

(4.43) g = e−2U0+2α0
(

dρ2 + dz2
)

+ ρe−2U0dϕ̃2,

which implies (G,K, E ,B) = (Ḡ, K̄, Ē , B̄) is isometric to canonical slice of ex-
treme Kerr-Newman spacetime. □

Next we use Theorem 2.3 and prove the Corollary 2.4.

Proof of Corollary 2.4. Since ∂Mn has non-negative mean curvature and it
is boundary of an asymptotically flat manifold, by barrier argument there
exist an outermost minimal surface Σmin inMn and by [11, Proposition 3.1.],
Σmin is axially symmetric. Assume W ⊂Mn such that ∂W = ∂Mn ∪ Σmin.
In three dimensions using [26, Lemma 4.1], we haveM3 \W is diffeomorphic
to the complement of a finite number of open 3-balls in R

3 and it is simply
connected.

In four dimensions, first we show M4 \W is simply connected. Assume
π1(M

4\W ) ̸= 0, then by residual finiteness, it admits a finite nontrivial uni-
versal cover. Thus by asymptotically flatness it must have finite number of
ends which by barrier argument for the mean curvature it includes a minimal
surface. Clearly this minimal surface is not contain entirely in the bound-
ary and so its projection violate outermost minimal surface condition for
Σmin and we get a contradiction. Therefore, M4 \W is simply connected.
Moreover, since it has isometry subgroup U(1)2 and spin by Orlik and Ray-
mond [33] and Hollands and Ishibashi [24], it should be diffeomorphic to
R
4#l(S2 × S2), for l ∈ N, minus 4-manifold with boundaries S1 × S2 or S3

(its quotients).
(a) Since Σmin has only one component, M3 \W is diffeomorphic to R

3

minus a 3-ball. Then we deform it by Proposition 3.10 and Proposition 4.1
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and we get a C2 metric with C1 second fundamental form and electromag-
netic fields. Following proof of Theorem 2.3-(a) we get the strict inequality.

(b) If M4 is spin, π1(Σmin) = 0, and H2(M
4\W ) = 0, we get M4 \W is

diffeomorphic to R4 minus a 4-ball. Following proof of Theorem 2.3-(b) we
get the strict inequality.

(c) IfM4 is spin, E = B = 0, π1(Σmin) = Z, and H2(M
4 \W ) = Z, we get

M4 \W is diffeomorphic to R
4#(S2 ×B2). Then we deform it by Proposi-

tion 3.10 and Proposition 4.1 and we get a C2 metric with C1 second fun-
damental form. This is similar to initial data of non-extreme black ring and
we can apply [2] and get the result. □
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