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Positive mass theorem for initial data sets
with corners along a hypersurface

AGHIL ALAEE AND SHING-TUNG YAU

We prove positive mass theorem with angular momentum and
charges for axially symmetric, simply connected, maximal, com-
plete initial data sets with two ends, one designated asymptoti-
cally flat and the other either (Kaluza-Klein) asymptotically flat or
asymptotically cylindrical, for 4-dimensional Einstein-Maxwell the-
ory and 5-dimensional minimal supergravity theory which metrics
fail to be C' and second fundamental forms and electromagnetic
fields fail to be C° across an axially symmetric hypersurface X.
Furthermore, we remove the completeness and simple connectivity
assumptions in this result and prove it for manifold with boundary
such that the mean curvature of the boundary is non-positive.
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1. Introduction

In 2007, Dain proved a positive mass theorem with angular momentum 7
17,

(1.1) m > /7|,

for 3-dimensional, smooth, axially symmetric, simply connected, complete,
maximal initial data sets for vacuum Einstein equations with two ends, one
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designated asymptotically flat and the other either asymptotically flat or
asymptotically cylindrical. Moreover, he proved that the rigidity of inequal-
ity holds for the canonical slice of the extreme Kerr spacetime. The
main physical motivation of this inequality is by the standard picture of
gravitational collapse through the final state conjecture and the weak cos-
mic censorship conjecture [16]. From then, the main objective of research in
this direction was to remove the unnecessary assumptions in the Dain in-
equality and extend it to different physical theories and higher dimensions.

The conditions of axial symmetry, vacuum, and two ends are essential
to have a non-zero conserved angular momentum. However, Chrusciel, Li,
and Weinstein [14] extend the proof to initial data sets for multiple black
holes with non-negative energy density condition. Moreover, Dain, Khuri,
Weinstein, and Yamada [18] replaced the vacuum energy flux condition with
vanishing energy flux in the direction of axial symmetry. On the other hand,
inequality has also been generalized to the Einstein-Maxwell theory by
Costa [15], that is

2 4 2
mQZQ + VO +4T

(1.2) 5 ,

where Q = /Q? + Qg such that Q. and @ are the electric and magnetic
charges, respectively. Moreover, the equality holds for canonical slice of the
extreme Kerr-Newman spacetime.

In [36], Schoen and Zhou developed an alternative proof of (charged-
) Dain inequality using convexity of reduced harmonic energy. Moreover,
Zhou [40)] treated the near maximal initial data sets and Cha and Khuri [12]
extended the proof of inequality to non-maximal initial data sets assuming a
system of equations admits a solution. Then Khuri and Wienstein [28] proved
these inequalities with optimal asymptotic decay conditions for multiple
charge black hole initial data sets.

In general, the topological censorship theorem says that the domain of
outer communication of asymptotically flat black holes must be simply con-
nected [20} 2I]. But there is no topological restriction in the inside region
of a horizon. This shows that the simple connectivity and two ends assump-
tions in above inequalities are only technical restriction and not physical
features of black holes. Therefore, recently, Khuri, Bryden, and Sokolowsky
[11] showed that the strict inequality of is true for initial data sets with
minimal axially symmetric boundary dM? without simple connectivity as-
sumption.
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In higher dimensions, a generalization of Hawking topology theorem, by
Galloway and Schoen [22], states that the cross sections of the event horizon
of black holes must be positive Yamabe type. In particular, in five dimensions
the only admissible horizon topologies are 3-sphere (or its quotient), S* x
52, or connected sum of these cases. For higher dimensional black holes
similar to 3-dimensional black holes, we need to impose additional axial
symmetry to have well-defined conserved total angular momenta. In order
to accommodate the desired amount of axial symmetry as well as asymptotic
flatness, the dimension of spacetime must be restricted to five. Therefore,
the first author, Khuri, and Kunduri [3] proved a positive mass theorem
with angular momentum and charges for black holes with 3-sphere horizon
topology in the minimal supergravity theory,

2
(1.3) m> 2T _NER) L )

8 (2m +V3|Q))

where J; are angular momenta corresponding to U(1)?-symmetry and Q is
an electric charge. Moreover, equality holds for canonical slice of the ex-
treme charged Myers-Perry spacetime. In particular, if Q = 0, we derive the
inequality in the vacuum [1], that is

271

(1.4 e (VIR

where the rigidity is canonical slice of the extreme Myers-Perry spacetime.
The inequality for black ring with horizon topology S* x S? is only proved
in the Einstein theory because of lack of an explicit extreme black hole
solution with two nonzero angular momenta in the minimal supergravity.
In particular, if the topology of initial data set is M* = S? x B2#R* and
Ji > Jo, where J; is angular momentum in direction of S and 7, is angular
momentum in the direction of S?, then the first author, Khuri, and Kunduri
[2] also proved the following inequality

27
m3 > T|j2\|j1 — Jal.

Moreover, if J1 > Jo, then equality holds if and only if the initial data set
arise from the canonical slice of the extreme Pomeransky-Senkov black ring
spacetime. A remarkable feature of this result is that the manifold is not
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doubling of a Cauchy surface in the domain of outer communication. More-
over, the second end has asymptotic topology S x S? with different de-
cay conditions on the metric components which separate the Kaluza-Klein-
asymptotically flat from asymptotically cylindrical.

The purpose of this paper is to prove all of the above inequalities without
the assumption of smoothness. Similar to above inequalities, the proof of pos-
itive mass theorem by Schoen and the second author was for smooth initial
data sets [34], 35]. However, Bray showed that the Riemannian positive mass
theorem holds for smooth metric which are Lipschitz on minimal hypersur-
faces [10]. Moreover, Miao [32] extend the Riemannian positive mass theorem
for metrics with corners across a hypersurface 3. On the other hand, in the
proof of positivity of quasi-local masses by Shi and Tam [37] and Liu and the
second author [31], an analogous result holds for spin Riemannian manifold.
This result has been generalized for a class of Lipschitz metrics where the
complement of some singular set S of metrics has Minkowski dimension less
than n/2 by Lee [29]. More recently, Lee and LeFloch [30] proved a Rie-
mannian positive mass theorem for spin manifolds which metrics have the
Sobolev regularity C° N W™, For initial data sets with dominant energy
condition, Shibuya [38] showed that the positive mass theorem still holds if
it has a causal corner, i.e., dominant energy condition does not violate along
corner. Moreover, the authors and Khuri [5] extended the Miao smoothing
to a gluing of the Jang deformation of initial data sets with dominant en-
ergy condition and proved geometric inequalities for spacetime quasi-local
masses. A similar smooth gluing of the Jang deformation developed in the
proof of a localized spacetime Penrose inequality by the authors and Lesourd

The present article is concerned with axially symmetric initial data sets
with corners across an axially symmetric hypersurface 3. We show that
an initial data set can be deform to initial data set with C? metric, C*
second fundamental form, and C! electromagnetic field such that it is also
a solution of Maxwell equations, has vanishing energy flux in the direction
of symmetries, and has non-negative energy density. Moreover, the angular
momentum and charges are conserved along this deformation and its mass
converges to the mass of the initial data set with corners. This is enough
to implement the current results and achieve above inequalities for non-
smooth initial data sets. Finally, we prove the rigidity cases for all of these
inequalities.
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2. Statement of main results

In order to state the main result we first discuss the appropriate setting and
note that we only consider three and four dimensional initial data sets, that
is n = 3,4. An initial data set (M™,g,k, E,B) of 4-dimensional Einstein-
Maxwell theory and 5-dimensional minimal supergravity theory are consists
of a n-dimensional Riemannian manifold M™, with metric g, second fun-
damental form k, electric field E, and magnetic (n — 2)-form B which is a
solution of the following constraint equations.

2 2
_ 2 2 2 2
(2.1) 16mp = R(g) — |k[; + (trgk)” — m“ﬂg—mw pr
2
(2.2) 8nJ = divy (k — (trgk)g) + 22 *(BAE),
(2.3)  div,E = ”\}33 x(BAB),  div,B=0,

where x is the Hodge star operator with respect to metric g, p is energy
density, and J is energy flux of non-electromagnetic fields. To have a con-
served angular momentum, we need axially symmetric initial data set. In
particular, we have the following definition.

Definition 2.1. An initial data set (M™, g, k, E, B) is axially symmetric if
there exists a U(1)"~2 subgroup within the group of isometries of the Rie-
mannian manifold (M", g) so that the Lie derivative of initial data set van-
ishes along azial symmetry, that is

(2.4) Lnwg = Lok = Ly, E = Ly, B =0,
where 1y, for 1 =1,n—2, are generators of U(1)"2 group.

The initial data set for an isolated system consist of a Riemannian man-
ifold with asymptotically flat end which means there exists a sub-manifold
Mepng € M™ diffeomorphic to R™\B,(0) such that in local coordinate on
Mena obtained from R™\B,(0), we have the following fall-off conditions.

(2.5) gij =65 + 0s(r~"T), 995 € L*(Mena), kij = 0s_1(r72),
(2.6) B, E'=o0s1(r %), Bij=o0s1(r"2), u,J,J(ng) € L' (Mena),

for some s > 5. The assumption s > 5 is needed for existence of the Brill
coordinate system [13] in three dimensions. These fall-off conditions ensure
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that the ADM energy, angular momentum, and total electric and magnetic
charges are well-defined. The ADM energy of asymptotically flat initial data
sets is defined by

1

2. = —
( 7) 167 Sgc—l

(9ij.i — 9iij) v
where S is a coordinate sphere at infinity with unit outer normal v. The to-

tal angular momentum of corresponding rotational symmetry 7 is defined
by

1 .
(2.8) Ji= o /sl (kij — (trgk)gis) v/ n(y.

Moreover, the total electric and magnetic charges of initial data sets are
defined by the following flux integrals at infinity

1 . 1 )
[ B - [ B
4(n —2)%7m /SQ’;l W @ 4m /Sgo v

Note that @y is only defined for n = 3. For n = 4, there is no total magnetic
charge because B is a 2-form and we cannot integrate it over S2.. How-
ever, for black ring initial data set we have Ho(M?) # 0 and there exist a
local dipole charge, see [4] for definitions of total electric charge and local
dipole charge in the minimal supergravity. For non-smooth initial data set we
consider the following class with corners along an axially symmetric hyper-

(29) Qe -

surface ¥ which is a generalization of analogous definition for Riemannian
manifolds with corners by Miao [32, Definition 1].

Definition 2.2. An awxially symmetric initial data set (G,K,E,B) ad-
mitting corners across an axially symmetric hypersurface ¥ is defined
to be G =(9-,9+), K= (k_,ky), E=(FE_,Ey), and B = (B_,By) where
(9_,k_,E_,B_) and (94,k+, By, By) are initial data sets on Q and M\
respectively such that the metrics are C? up to the boundary and second fun-
damental form, electric field, and magnetic (n — 2)-form are C' up to the
boundary. Moreover, they reduced the same metric, charge potentials, and
twist potentials on X.

Note that the second fundamental form, electric field, and magnetic
(n — 2)-form can be discontinuous on Y. The continuity of potentials are
related to conservation of angular momentum and charges for homologous
surfaces to S 1.
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Theorem 2.3. Let (M",G,K,&,B) be a n-dimensional azially symmetric,
simply connected, maximal initial data set satisfying constraint equations
, , and and admitting corners across an azxially symmetric
hypersurface ¥ with two ends, one designated asymptotically flat and the
other either asymptotically flat or asymptotically cylindrical. Suppose that
p >0 and J(ng)) =0, forl =1,n—2, in Q and M™\Q, and

(2.10) H_(S,9-) > Hi(S.94)

where H_(X,g-) and H_(X,g-) represent the mean curvature of ¥ in
(Q,9-) and (M™\2, g_) with respect to unit normal vectors pointing to the
designated asymptotically flat region.

(a) If n =3, then

2 1 2
m? > @+ VRI+4J .
- 2
Moreover, equality holds if and only if (G,IKC,E,B) is isometric to the
canonical slice of an extreme Kerr-Newman spacetime.

(b) If n =4 and Hy(M*) =0, then

2 (Tt )
-8 (2m+\/§|Q|)2

Moreover, equality holds if and only if (G,IC,E,B) is isometric to the
canonical slice of an extreme charge-Myers-Perry spacetime.

(c) Ifn =4, =B =0, M* = S? x B2#R*, J; > J2, and the second end

1s either Kaluza-Klein-asymptotically flat or asymptotically cylindrical,
then

V3|Q|

27T
’m3 > T‘jﬂ‘jl - \72‘

Moreover, if Ji > Ja, then equality holds if and only if (G,K) arise
from the canonical slice of an extreme Pomeransky-Serkov black ring
spacetime.

For black ring initial data set, the manifold is M* =2 S2? x B2#R* [8,27].
In this manifold axially symmetric hypersurfaces ¥ are diffeomorphic to 3-
sphere and S' x S2. Moreover, the second end has topology S' x S§? which
can geometrically divide to Kaluza-Klein-asymptotically flat or asymptoti-
cally cylindrical.
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It should be pointed out that the hypotheses used in Theorem is
strong, but it is necessary to address the rigidity cases. In general, we re-
move simple connectivity and completeness for non-smooth initial data sets
in three and four dimensions and prove strict inequalities which are gener-
alization of [11].

Corollary 2.4. Consider the initial data set (M™,G,K,E,B) in Theo-
rem [2.3 that have a boundary OM™ with non-positive mean curvature, with
respect to unit normal vectors pointing to the designated asymptotically flat
region, instead of a second end and without simple connectivity assumption.
Assume the outermost minimal surface Y in M™ has one component and
enclosed by corner 3.

(a) If n = 3, then the strict inequality in Theorem[2.5-(a) holds.

(b) If M* is spin, 71 (Smin) =0, and Ho(M*\W) =0, where OW =
OM™ U Xpnin, then the strict inequality in Theorem (b) holds..

(c) If M* is spin, £ =B =0, m1(Zmin) = Z, Hy(M*\W) =7 and J; >
Ja, then the strict inequality in Theorem (c) holds.

The organization of this paper is as follows. In Section [3] first we con-
struct potentials for our initial data sets. Then we show any axially sym-
metric maximal initial data sets have related (t — ¢') symmetric initial data
sets with same mass, angular momentum, and charges. Furthermore, we de-
form initial data set to construct a C? metric and C' second fundamental,
electric field and magnetic (n — 2)-form such that it is a solution of Maxwell
equations and has vanishing energy flux in the direction of axial symmetry.
In section [, we construct a conformal transformation of initial data set such
that the conformal data has non-negative energy density as well as to be a
solution of Maxwell equations and has vanishing energy flux in the direction
of axial symmetry. Finally, we prove the main results.

3. Smooth deformations of initial data sets across X

In this section, we assume M"™ is a simply connected, asymptotically flat Rie-
mannian manifold with two ends. Before deforming the initial data smoothly
we need to construct potentials that characterize angular momentums and
charges of initial data sets and we have two remarks about our setting.

Remark 3.1. The Hodge star operator x is an isomorphism from p-form
on (M, g) to (p — 1)-form and defined by o A %3 = (v, B) * 1 = (v, B) dV for
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p-forms o and B. In particular, ¥*a = (=P Pa, 1x xa = x (a A X), and
divgX = (=1)"" xdx X, where X is a vector field and for dual 1-form we
use same notation.

Remark 3.2. In order to analyze three and four dimensional initial
data sets together, we define vectors with components 1 and n—2 for
1-forms, wvector fields, and functions. In particular, we write the vector
n= (77(1),77(n—2))T for generators of U(1)"~2 symmetry of n-dimensional ini-

tial data sets. Then if n =3, n =nq) and if n = 4 we have n = (1), 77(2))T.

3.1. Potentials

Consider the initial data set (M", G, K, &, B) on region  and M™ \). Define
the following 1-form T4 = (YL, Y737 from magnetic (n — 2)-form B as
following

T
(3.1) Ty =1yx+ By = ((,ml) *+ B4, Uiy *£ Bi) ,

where ¢ is the interior product and %1 is the Hodge star operation with
respect to metrics g+. Then the divergence free property of the magnetic
n — 2-form equation and Cartan’s magic formula shows that the 1-
form T is closed and by the Poincaré lemma, it is exact. Thus there exist
potentials

(3.2) s = (dipl, dyp )" =1,

Since By is invariant under the U(1)"~2 symmetry, these potentials

are invariant under U(1)"~2 symmetry. We define another 1-form Qi =
Lpn—oy by ¥+ Bx — %wiﬁdlbi where

(3.3) 3:(_01 é)

Observe that vector ¥TJ is orthogonal to vector 1. Then with Cartan’s
magic formula, Remark and Maxwell equations (2.3]), we have
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n — 3 N
dQy = ding, o tnay *+ Ex — W ( ‘dei)
n — 3

= Ly_ay by d*+ By — 7 ( P )
(3.4)
3 -3 -
= iz tna) (_n\/g By A Bx \f (Qb Jdip+)
-3
== (nen—zytney (B A Bx) +d (wiﬁdwi)) )

V3

where we take x4 of Maxwell equation to get third line. For n = 3, this
expression vanishes. Assuming n = 4, then using x+ B+ A x+ By = B+ A B4
for a 2-form on 4-manifold and definition of ¥4+ in , the expression also
vanishes. Hence Q4 is closed and there exist a global electric potential x4+
so that

n—3 T~
(35) dX:t = Ln<“72) L77(1) *4 E:t — W’lpidd’lpi

Moreover, it immediately follows that this potential is invariant under the
U(1)"2 symmetry. Next we define another 1-form

(3.6) Ex = (n—2) xx (kx(n) A 77( ) A (n—2))

— )y (dXi + \f ¢ d¢i> —(n—4) x+dy+

Then using again Cartan’s magic formula, Remark [3.1, J(n;)) = 0, the mo-
mentum constraint equation (2.2 , and (| ., we have

(3.7) d=g = (n —2)d %+ (k£(n) A1y A Nn-2))
— dips A (dxi + w?dwi)

—(n—4)dxx A dwi
= (1 = 2) Ly, o by, ¥+ *id *y ki (n)

—dyx A <de: + f ”¢ 3d¢j:>
— (n — 4) dX:t A d¢i
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—2
- an(n72) tney (ke Ex A dipy)
—dipy A <dX:t + \f wiﬁd%)
( —4) dx+ A dl/}i
=) (dXi+ d@bi) N dip
i A (dxi 03 dwi)
4) dx+ A dwi =0

Hence, there exist twist potentials
(3.8) dCs = Zs

where C+ = (¢4, ¢7?)T. We assume the potentials are continuous on ¥ and
define the following functions

(- on P on £
(3.9) (:=¢(=¢ on ¥ , ¥:=<¢_=1; on X
Ct on M\Q Uy on M\Q
and
X— on £
(3.10) X:=4X_=xty on X
X+ on M\Q

In particular, a computation using definition of angular momentum ({2.8)
and charges (12.9) shows that, see [3| [I§] for details,

71_7173
Ji=— (Glr- = Glr,)
n—3
(3.11) Q. = ;—_2 (xIr_ = xlr, ),

Q= (W~ i),

where 'y and I'_ are two asymptotic parts of axis of rotation I'. Since the
value of potentials at axis is the same in 2 and M™\€Q, charges and angular
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momentum are conserve quantities for any surface homologous to coordinate
sphere S"~! at infinity of M™\Q.

3.2. (t — ¢%)-symmetric data

In this section, we show that every axially symmetric maximal data set
has related (t — ¢')-symmetric data with same mass, angular momentum,
and charges. Consider axially symmetric, C? initial data set (M™, g, k, E, B)
with two ends. Then there exist a global Brill coordinate (p,z,¢') such
that gy = a%l' This has been proved in three dimensions [I3] and it is
conjectured to be true in four dimensions [I]. In particular, the metric of
axially symmetric initial data sets takes the form

(3.12) g =e 22 (dp? + d2?) + e 72U\ (do' + ALdy®) (d¢’ + Aldy®),

for some functions U, a, A%, and a symmetric positive definite matrix A\ =
[A\i;] with det A = p?, all independent of (¢!, ¢"~2) with asymptotic fall-off
in [I, 28]. Note that « in equation is equal to o —log(2+/p? + 22)
in [I]. Moreover, the coordinates should take values in the following ranges
p €[0,0), z € R, and ¢* € [0,27], for i = 1,n — 2. The transformation to
spherical coordinate in three dimensions is p = rsinf and z = r cos and in
four dimensions is p = % sin 26 and z = % cos 26. Consider the global frame

(313) €1 = GU_a (ap - A;’,8¢1) s €9 = 6U_a (82 - A;6¢z) s €i+2 = 6U8¢i,
for i = 1,n — 2, with dual co-frame

3.14) ' =eUtqp, 02 =eUtedz, 072 =V (do' + Aldy®
(3.14) P, : ady®) ,

for i = 1,n — 2. For arbitrary axially symmetric function w = (w!,w"=2)T

we define a 1-form

9

w 1
(3.15) P = det A * (dw ANy A n(n72))

where P¥ = (P¥, ,“;_Q)T, A = [Aij] = e 2Y[)\i] and % is Hodge star opera-

tion with respect to g. Then we have the following decomposition for electric
1-form and second fundamental form

n—3 -
3.16 E=PX 4+ — T~py E,
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12) (nT(ei)A_lp(ej) + nT(ej)A_IP(ei))

(3.17) /{:(ei,ej) = (n_

+ (e, ej42),

where i,j =1,--- 4, w(ex, e142) = 0, Eey) =0 for k,1 =1,2 and

(3.18) P =P+ <PX + 7;_\/§’¢T37>w> +(n—4)xP¥

For magnetic (n — 2)-form we have different decompositions related to the
dimension. If n = 3, then we have

(3.19) B="PY+B,

where B (ex) =0 for k=1,2. If n=4, the Killing symmetry implies
*B(1(:),M(;)) = 0 which leads to B(e1, e2) = 0, and

(3.20) B = Bley, epy2)0" NG5
+ Bleg, e442)0% N 052 + Bles, e4)0% A 6%,

such that

Bley, ei2)(t) = —2U%€0,0,47 (1),

(321) B(627 6i+2)(t) = €2U7a6jiap¢j (t)v

where €5;; = v/ det Ag;; is volume form associated to A and g;; = 0, 1.

In general, the 2-dimensional distribution D? orthogonal to @) is not
integrable for axially symmetric initial data sets. However, the Killing vector
fields n(;) have O-dimensional and 1-dimensional fix points and assuming
Ricy(n,0ys) = 0, for a = 1,2 and (y',4?) = (p, 2), the result of Wald [39,
Theorem 7.1.1] implies D? is integrable. In particular, if D? is integrable,
we have the following divergence-free one-form, see [6, Section 2.2] for 4-
dimensional case and [39, Appendix C| for 3-dimensional case.

Lemma 3.3. Let (M,g) be a n-dimensional Riemannian manifold with
U(1)"=2 isometry subgroup for n = 3,4. If 2-dimensional distribution D>
orthogonal to 1;y is integrable, then the following 1-form is divergence free

w 1
(3.22) P = Jot A *5 (dw A1y A T](n,Q)) ,

where P¥ = (Pw17Per—2)T’ A= {A”] = [g(n(l)an(]))] 1s Gram matriz of the
Killing fields, and w = (w1, wn_2)T is azially symmetric function.
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Proof. Since 2-dimensional distribution orthogonal to 7 is integrable, by
Frobenius theorem we have Vin/ = % (ViAAflnj — VjAAflni), where V is
covariant derivative with respect to g and n = (11, 7,_2)". A straightforward
computation then shows that

(3.23) eijklviné)n?nfm + Eijkmgl)vinéﬁnfz) = Vi log det Aﬁijkmgl)nécnf2)7

where €;;1; is volume form with respect to g. It follows that

(3.24) divgP¥ = —ﬂvl log det qukmgl)??écnﬂ)vlw
T3 1AEUW Moyl V'

T tAEWW Vi) V'

Lo

~0.

1 %
Tor A My M)V V'

The last term vanishes because ViViw = VIViw and €;jk1 18 antisymmetric
in ¢ and [. O

The class of initial data which has the above condition is called (t — ¢)-
symmetric. This class was defined in three dimensions by Gibbons [23] and
was generalized to higher dimensions in [19]. We extend the definition to
initial data sets with electromagnetic field.

Definition 3.4. An azially symmetric initial data set (M™, _,l;: E, 3) is
(t— gZ)i)—s_ymmetm'c if ' — —¢', we have § — g, k — —k, E — E, and B —
(-1 1B.

Then we have the following proposition.

Proposition 3.5. Suppose (M™, g, k, E, B) is an azxially symmetric, maxi-
mal initial data set with p > 0 and J (1)) = 0. Then there exists a (t — ®Y)-
symmetric initial data set (M", g, k, E, B) with same mass, angular momen-
tum, and charges. Moreover, i > 1 and j(n(l)) =0.

Proof. Consider the axially symmetric, maximal initial data set
(M™,g,k, E, B). Then related (t — ¢') initial data set (M", g, k, E, B) is ob-
tained as follows. The metric g obtained from g by setting A% = 0 in equation
(3.12). Then we have new global frame {ez} equal to the frame with-

out A% terms. Moreover, setting 7 = F=B=0in equations (|3 , ,
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(3.19), and (3.20)), we get k, E and B, respectively. We define the energy
density and energy flux as following

(3.25) 167fi = 16mp + |7|2 + |Ely + | Bl
L 2 i i j j
+ e 22\ (0pAL — 0. AL) (0,41 — 0. A7),
(3.26) 8nJ = divghk + 22 (BAE).

It follows that (M™, g, k, E, B) is a solution of Hamiltonian constraint equa-

tion with 2 > p. Next we need to show that .J (n@)) = 0. Since 2-dimensional
distribution orthogonal to 7 is integrable, the 1-forms PX, PY¥, and PC
defined in Lemma [3.3] with respect to metric g are divergence-free. Using
axially symmetry condition, the divergence of P is

(3.27) divgP = Z ei (V) <PX(6Z‘) + T;\_/ng:J’Pw(ez)>

2
n- 3¢ Z ei (V1) IPY(e;)

+
3v3

2 n—3
- Ee () ((5 —n)PX(e;) + ﬁu)TW(ei))

2
_ 2 > e (¥) <7)X(ei)+’:};’w37ﬂ(ei)>7
i=1

where we used e; (x) P¥(e;) = —e; () PX(e;). The last equality is true if
n = 3,4. On the the hand, we have

(3:28) gy, %5 (BAE) = —(dv!, E)

g
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Combining (3.27) and (3.28)) shows that

(3.29) divgP = — in *g (BAE).

2
(n—2)
Observe that k has the following decomposition

(330) ];3(61', ej) = (n i 2)

(" (e) A" P(ej) + 1" (e)) AT P(ed))
where 7,5 = 1,--- ,4 and clearly trgl% = 0. Then

(331)  divy (Fn)) = (divgk) () + 5 (b, £0,8) = (divgE) (ng)).

Since g (73,17(1)) = 0, we have

- 1
.32 k ) = .
(3.32) (@, ) e 2)7’
Now from equations (3.29), (3.31)), and (3.32)), we have
_ . 2 L
(333) J(T](l)) = (legk) (n(l)) + mzn(” ‘kg (B A E) = O7

for [ =1,n — 2. Next we need to show Maxwell equations for initial data set
(M™, g,k, E,B). Let PX be the 1-form given in Lemma with respect to

metric g. Then using £ = 0 and (3.16)), the divergence of E' is

o T — Ao DX n—3‘_ T ~th
(3.34) divy B = divy P + = divg (v7aP*).

Using definition of B, equation ([3.21]), and Lemma we have

2
(3.35) diva($TIPY) =D ei (v7) IPY(es)

I
/N
o

N
—~
<

—
~—
)
<
M
—
o
S
SN—
|
Q)
N
—
<
()
~
)
<
=
—
o
~—
N—



Positive mass theorem for initial data sets with corners 1459

In light of this, and the fact that the first term of (3.34)) vanishes by Lemma
(13.3)), it follows that

n—3 _
BV B (BAB).

Note that when n = 3, similarly we can show dngB =0, but for n = 4, we
have magnetic 2-form in global frame {e;}. Then, we have

(3.36) div;E =

(3.37) *gB = €go;10) TV Bler, ei42)0% A O
+ a1 I Blea, ciga) N0
= egjiB(el, ei+2)92 AGIT2 ngiB(eg, ei+2)91 A G2
= —e5;'esiea (V)02 NI — €557 ier (1) 0T N OTF?
= —ea(7)0? N OTTE — ey (y7)01 N O,

Since ej(e2(t)) = e2(e1(v))), we have dx; B =0 which is equivalent to
dinB =0.

Since charge and twist potentials of axially symmetric and related (¢ —
¢') symmetric data sets are the same, in light of equation , angular
momentum and charges do not change. Moreover, a computation in [7) [13]
shows that the ADM mass is only depends on U and «. Since both initial
data sets have same U and «, they have the same mass. This complete the
proof. O

Remark 3.6. Assume (M™,G,K,E,B) is axially symmetric mazximal ini-
tial data with corners along an azially symmetric hypersurface 3 as in Theo-
rem . In each region (Q, g_) and (M™\S), g1 ) with related Brill coordinate
(p, 2, @"), if the axially symmetric surface is constant r = ro surface ¥, then
the mean curvatures are

(n—=2)/r+ 0 (ax —2(n —2)Uy)

\/G*QUi+2ai + e—2Ux )\iintAzh r=rg

(3.38) Hy (3, 9+) = 2

)

where Al = r"~% (A%, sin(n — 2)0 + A%, cos(n — 2)6).

Remark 3.7. The (t— ') symmetric initial data set (M™,G,K,E,B)
with corners across an azially symmetric hypersurface 3 involves functions
v = (U, )\ij,Cl,C”J,X,wl,w"Q) and . Moreover, since it encodes all geo-
metrical and physical properties of related axially symmetric maximal initial
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data set (M™,G,K,E,B), in Section we study smooth deformations of
this data set.

3.3. Smooth deformation

Consider the (t — ¢*) symmetric initial data set (M™, G, K, £, B) with corners
along an axially symmetric hypersurface . For this initial data set, the 2-
dimensional distribution D? orthogonal to n@) is integrable globally. Then
we consider the orbit space O = M™/U(1)"~2 and we modify the differential
structure on O such that the metric on neighborhood of ¥/U(1)"~2 has
Gaussian normal form. The orbit space has two region O_ = Q/U(1)"2
and Oy = (M\Q) /U(1)"2. The metric of orbit space is

(3.39) ™ (qx) = 9+ — Mngyna),

where 7 : M — O is projection onto orbit space. The orbit space is a 2-
dimensional smooth manifold with boundary and corners [25, Proposition
1] which is diffeomorphic to upper-half plane by the Riemann mapping the-
orem and Y¥/U(1)"2 is a semi-circle in this upper-half plane. Given € > 0,
let V2 and V¢ be neighborhood of £/U(1)""2 in (O_,q¢_) and (O, q4),
respectively. Moreover, Let

d_: (26,0 x /U2 = V2,

3.40
(340) D 1 [0,26) x B/U(1)" 2 — VI,

be diffeomorphisms such that the pullback metrics are
(3.41) @ (g ) =dt* +q g(t,0)d6?,  D%(qy) = dt’* + qre(t,0)d6>.

Note that level sets of the distance function d+ : O+ — R to X provide such
diffeomorphisms. Identifying V' = V2¢ U V2 with (—2¢, 2¢) x Z/U(1)" 2, we
define a differential structure with open covering {O_,04,V} on O and
denote the new smooth manifold O. In particular, metric on V = (—2¢, 2¢) x
¥ /U(1)"~2 takes the form

(3.42) q = dt* + qo(t,0)db?,

where ¢ = ®* (¢-) for t <0 and ¢ = ®7 (¢4 ) for t > 0. Moreover, the metric
G on related region (—2¢,2¢) X ¥ on M is a continuous metric g as following

(3.43) G =dt* +(t,0) = dt* + qp(t,0)d0* + A (t,0)do"dd’
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where 1) = 8¢>l Then () = g;;(t, 0)dz’da?, for (x!, 22, 2" 1)=(0, ¢, ¢"2),
is a path of metrics on ¥. Suppose S*(¥) is Banach space of C* symmetric
(0,2) tensors on ¥ and M*(3) is open and convex subset of S¢(3) consisting
of C* metrics. Then we have the following path of metrics

(3.44) v (=2€,2¢) = MA(Z) = ML(Z) — MO(D).

By assumption, v is a continuous path in M?(X) and piecewise C'! path in
ML(X). Given 0 < § < ¢, we define the deforming path for s € (—¢, )
(3.45)

e [ oot Jar® (Ghgo(z5)) e as(s) > -0
Y5(s) = / 2(s — os(s)H)d(t)dt = {W(S) i

where <b( ) € C°([-1,1]) is standard mollifier on R with 0 < ¢(s) <1
and f | ¢ds = 1. Moreover, o4(t) = 6?a(t/d) for the cut-off function o(t) €

C2°([—3, 3]) with definition

O

a(t) = 150 < g
(3.46) o(t) = oo T4
0< O'(t) < 100 4 <

Then 75 has the following properties [32].

Lemma 3.8. The deform metric vs has the following properties
a 18 ath in and a ath in .
(a) 75 is C2 path in MO(S) and a C1 path in MI(S)
Y5 1S path in which s uniformly close to v and agrees wit
b CY path in M?(X) which formly cl d h

v outside (—%, %)

(¢) 15(5) = 7(5)ll ypos < LO? for s € (e, ).
Now we define the deformation metric

dt? +v5(t) (t,7) € (—€,€) x X
(3.47) 95 = {g (t,2) & (—,) X 8

Before deforming (K, €, B) smoothly on (—¢,¢€) x X, we define the following
frame for metric gs on (—2¢,2¢) X X

9]
(3.48) e1 =20y, ey= . — eiyo = Ogi, fori=1,n—2,

G5(0p, Op)
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with dual frame {#'} such that
- 12 2\2 i+2pj+2
(3.49) g5 = (01)° + (6%)° + Mgy 0" 26772,

Suppose w represents the potentials in the initial data set, that is w =, x,
and 1, then we define

(3.50) w(t, z) = /R Wt — o5(t)5)b(s)ds.

This implies ws = w for (¢, :U) ¢ (—¢,€) x ¥. Moreover, since w approaches
constant on axis I' and [, ¢(¢)dt = 1, we have ws(t)|r = w(t)|r. We define
deformations for each components of extrinsic curvature, electric and mag-

netic (n — 2)-form in frame {e;}. Then using equations (3.16)), (3.17), (3.19)),

(3-20)), (3.49), and (3.50)) we obtain the following expressions

(3.51) (n—2)ks(e1, eira)(t) =

det A5 Js (307 Jp)
(3945 + 5 (%Xd + —= 3\[ 3d¢5> +(n—4) Xaaeiﬂfs) (t),
(3.52) (n — 2)ks(ea, €ip2)(t) = detA5

X <5tC§ + P <8tX6 + 5v3 % Jat%) (n—4) Xéat%) (1),

for i =1,2 and

(353)  Bslen)(t) =

1 _
Ooxs + 59 > t),
\/35(85, Dp) det As < oXs T3 V5 J0ets ) (t)

330 Balea) =~ (00 + " vk 00 ) (0

For magnetic (n — 2)-form we have different decomposition in each dimen-
sions. If n = 3, then we have

_ 1

- Bs(e1)(t) = 7 (00.05) det A(;awé(t)’
) _ 1
Bs(eo)(t) = —\/ﬁaﬂbd(@(f}
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For n = 4, we have

_ 1
e1,€; N s
(3.56) Bs(e1, ei42)(t) 5000 5710915 (1),

Bs(e2, ei42)(t) = e5”:00%(t)

where €5;; = v/det Ase;; is volume form associated to As and e;; = 0, £1.

Lemma 3.9. The deform initial data set (]\Z/”,gg, ks, Es5, Bs) has the fol-
lowing properties.

(a) Each components of ks, Es, and Bs are C* path in C°(X) and C° path

in C1(X). Moreover, (ks, Es, Bs) agrees with (K, &, B) outside (—3 5 g)

(b) Es, Bs and ks are bounded by constants depends on (K,E,B), and
and not 9.

Proof. (a) Using definition of initial data set follows that the components
kij, Ei, Bij : (—€,€) — C171(X) are C! away from ¥ for [ =0, 1. Then, the
components of deform initial data sets ks, Es, Bs : (—¢,€) = C'7U(X) are
C! away from [— 15()20, 100] For t € (—9 e i), we have o5(t) = % and we get
standard mollification of potentials and metric which are smooth. Moreover,
for |t| > 2, we have o5(t) = 0, v5 = v, ¥s = 1, xs = X, and (5 = (. Therefore,
(ks, Es, Bs) agrees with (K, &, B).

(b) By Lemma and definition of E5, Bs and ks, we only need to show
that derivative of deform potentials are bounded by constants depend on
(K,&,B) and 7. Observe that

(357)  Ouws(t,0) :/R (L= o5(1)s) (1 _ sd0’ (2)) 6(5)ds

for ws = (s, x5, and 5. Clearly this is bounded by constants depend on
(K, &, B). O

Next, we show behavior of energy density, energy flux, and Maxwell equa-
tions of deform initial data set and we prove the following generalization of
[32, Proposition 3.1] to axially symmetric initial data set.

Proposition 3.10. Let (M”,Q,IC,S,B) be a n-dimensional (t — ¢')-
symmetric, simply connected initial data set admitting corners across ax-
tally symmetric hypersurface Y. Then there exists a family of 4-tuple
(gs, ks, Es, Bs), where gs is C? and ks, Es, Bs are C*, for 0 < 3§ < dy on
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M™ so that g is uniformly close to g on M™. Moreover, (gs, ks, Es, Bs) =

(G,K,&,B) outside O = (—g, g) x ¥ and the energy density satisfies

2
(3.58) pas(t,x) = O0(1), for (t,x)€ { 1600 < t] < g} x

and for (t,x) € [—%20, %] x 3, we have

(3.59)  fis(t,z) = O(1) + {H(%,5_)(x) — H(S, 5. )(x)} { 1;20¢(122t)} )

where O(1) represents quantities that are bounded by constants depending
only on (G,K,&, B _) but not on 8. Moreover, for allt € R, we have trg, ks(t),
Js (77(1 )(t) =

2

V3
Furthermore, the angular momentum and charges of( " gs, k(;, E5 7Bf)
conserved and equal to angular momentum and charges of (M” g,.K¢&, )

(3.60) diUg(ng(t) =0, divgaE(;(t) = *Gs (Bg A Bg) (t),

Proof of Proposition[3.10 For t ¢ (—3,%) or outside Oy, the initial data
(Gs, ks, E5, Bs) is same as (M",G,K,E,B), thus the result hold. Let t €
(—e€,€). First, we show energy density [is satisfies in equations
and . The Gauss equation and evolution of mean curvature of ¥ leads
to

(3.61) Ry, = scals — (Hj + |As|*) — 2D, H;

where v is unit normal vector field on X, A5 and Hs are the second fun-
damental form and mean curvature on X, and scals is scalar curvature of
hypersurface ¥. Then, substitution equation in the Hamiltonian con-
straint equation , we obtain

(3.62) 167fis = scals — (Hj + |As|?) — 2D, Hs — |ks|2,
2 _ 2 _
— _C  _|Es]2 - —— __|Bs|? .
(n—2)2‘ 515 (n—2)3’ 513,
The Lemma implies ks, Bs, and Ejs are bounded by constants depends
on IC, &, B, and ~y. Then, in light of [32, Proposition 3.1], we have (3.58))
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and (3.59). Based on structure of (¢t — ¢') symmetric data and Proposi-
tion the deform initial data set is maximal, jg(n(l)) =0, and is a solu-
tion of field equations in . Finally, conservation of angular momentum
and charges for any homologous surface to S7 ! follows from field equations
(3.60) and [18, Lemma 2.1] for 3-dimensional case and [3, Section 4] for
4-dimensional case. O

4. Proof of main results

In order to prove the main theorem, we need to show that under appropriate
conformal transformation the energy density of the deform initial data set
is non-negative and conservation of angular momentum and charges hold.
Let C, C1, Co, and C3 be constants depend on initial data set (G, K, &, B).
Consider the following jump on the mean curvatures of an axially symmetric
hypersurface ¥ within (¢ — ¢*)-symmetric data set

(4.1) H_(S,3-) = Hy(2,32).

By Remark and definition of (t — ¢*)-symmetric data set, this is equiv-
alent to H_(X,g-) > H{ (X, g4+) for related axially symmetric data set. As-
sume the initial data set has one designated asymptotically flat co and the
other either asymptotically cylindrical co; or boundary &M™. Then we have
the following proposition.

Proposition 4.1. Let gs be a C? (t — ¢')-symmetric asymptotically flat
metric with one designated asymptotically flat oo and the other either asymp-
totically cylindrical oo1 or boundary OM™, and ¢, = 4( ) then

Ag,us + cpfis—us =0 on M"

us =1 on 00
us =1 on 001
(4.2) -
Agsus + cpfis—us =0 on  M"
and us =1 on 00
% =0 on OM™

have a wunique axially symmetric C? solution us >1 on M™ so that,
limgso [[usg — | o iy = 0, ug =1+ mn >+ O1(|z|™™) for some constant
As as |x| — oo, and 3“5 =0 at 001.
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Proof. By equations (3.58)) and (3.59) for jis— and jump in the mean curva-
ture in (4.1)), we have

(4.3) [{5, =0 'out.side Os
|is—| < C1  inside Oy.
Since outside a compact set fis— =0 and the first eigenvalue of Lapla-

cian is zero on asymptotically cylindrical end ocop, the solution of
can have asymptotically constant behavior at asymptotically cylindrical
end oco;. Moreover, asymptotically cylindrical end yields to exponential de-
cay for solutions and we obtain %“5 =0 at coj. Then using [34, Lemma
3.3], we get existence of a unique C? positive solution with asymptotic

us =1+ ‘xfﬁ + O(|z|*™™) at oo such that

1 _
(4'4) As = ; %I_I}(l) i (_‘vgéu5’2 + Cnluléfuc%) dx?a?
n

where dxg, is volume form with respect to gs; and wy, is volume of unit (n —
1)-dimensional unit sphere. Since ug is superharmonic, by strong maximum
principle the minimum is at ends or boundary. For Dirichlet problem in ,
it is clear that us > 1. For other problem, if the minimum is at asymptotically
flat end oo, then us > 1. But if the minimum is at M™ and less than one,
then using Hopf maximum principle we should have v(us) < 0, which is a
contradiction. Therefore, us > 1. Finally, using [32], Proposition 4.1}, we have
lim5_>0]|u(;—1HLx(Mn) =0. O

Next we define the following conformal transformation

_4

(4.5)  gs =u;"’gs, ks = U(S_QI;?&, Es = UEQEé B;s = quB(;

where g5 and ks are (0,2)-tensor, Es is a 1-form, and Bs is a (n — 2)-form.
Then we have

Prop051t10n 4 2. Consider the conformal initial data set (gé,kg,E5,B5)
in equation (4.5). Then the metric is C? k(;, E(g, and Bs are C', and it has
non—negative energy density and vamshmg energy flux in the direction of
symmetries. Furthermore, its mass converges to the mass of (G, K, &, B) and

angular momentum and charges are the same as angular momentum and
charges of (G, K, E,B).
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Proof. 1t follows from Proposition [3.10] and Proposition [4.1] that the metric
Gs is C? and (ks, E5, Bs) are C. Assuming n = 3,4, we have

- N ~ 2 - 2 -
(4.6) fis = R(3s) — |ks|3, — W\Eafi - m’Ba@é
el 40350\ 1 2 VI
4.7 =u (#6+ + (1 - us( )> ks, + n=2)p (1—us?) |Esl:,
2 2(n—6 -
(48) +m (1 — Ué( )> |B(5|£2—75> .

Since us > 1, we have fis > 0. By asymptotic of us we have

1 -
Os) — i as) s — (o) ) )
(4.9) mapy(9s) = 75— im . ((95)iji = (95)iig) 7’ dSs

1 . ~ ) A
~ 167 TE%‘O 5 ((98)ij,i — (95)ii ;) V! dSs

R 2
277'(71 _ 2) rli)rgo SE(U’J)JV dS57

2
_ Gs) + ——A
mapy (9s) + ——5As

__2 N 2(n=1)
where 7 = ug "?v and dSs = u;""* dSs. Then using equation (4.2]) and
Holder inequality we have

(4.10) lim A; < C'lim /M |V g,us|2dzg,

2/” 2n nZ:,
: = 2 n—2 )
+ C%E}I(I) </Oa |H67‘n/ dxgé) </(95 "o dxﬁs)
2/n "2_2
. _ 2 2n_ "
< Clim </M |fis—|" dfﬂg§> </M lus — 1|"2de5>
V2

Cl s |iadz, ) )
ot ([ nsFdng ) ([ jus - 1175y, )

/ 2/n 2n n2;2

Cli is_ | ?dx, "2 drs )
o ([ ([ )

Combining this with equation (4.3)) and Proposition we get limg_,g As =
0. Therefore,

2

(4.11) lim m4par(9s) = mapm(G)
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Next, observe that

_2(n—4)

div%l;:g =u n-2 dlvgékg,

2(n—4)

(4.12) div§5B5 =1y n-2 dlvgéB(;,

dngéE(; =U "*ZdIV%E(;,

2n—4p

and %z o = u =2 *g, a for a p-form a. Therefore, we have

~ _2(n—4) _ ~ ~ —3 ~ ~
(4.13) Jy=u w2 Js5, divg, By =0, divg, By = 2 %, (B(; A B(;> :
V3
Hence j(;(n(l)) =0 and it shows that angular momentum and charges are
conserved as in Proposition [3.10] O

Now we have all tools to prove Theorem

Proof of Theorem[2.3. First we prove the strict inequality and then the
rigidity cases. From Proposition the axially symmetric initial data
set (G, K, &, B) has same mass, angular momentum and charges as related
(t — ¢')-symmetric data set (G,K,&,B). Assume (G, K, &, B) has an outer-
most minimal surface ¥, that enclosed by X. Then by [11, Proposition
3.1.], Xmin is axially symmetric. We cut the initial data from ¥,;, and con-
sider (G, K, €, B) with outermost minimal surface boundary Y, By propo-
sition the initial data (gs, ks, Es, B(;) has same angular momentum and
charges as (G,K,&,B) with axially symmetric minimal surface boundary
Zmin-

For parts (a) and (b), since Xy,i, is minimal surface boundary, we double
the initial data set. Then the mean curvature of two sides coincide and the
metric is Lipschitz across ¥,in. Moreover, mass, angular momentum, and
charges are conserved through this doubling. Then we deform again the
initial data set and obtain a complete initial data set with two asymptotically
flat ends and denote it by (gs, ks, Es, Bs). Therefore, by [1H3, [15], since
gs is C? . ks, Es, and By are C', and it has non- negative energy density
and Vamshlng energy flux in the dlrectlon of symmetries, the mass, angular
momentum, and charge inequality hold for initial data set (gs, ks, Es, B(;)
that is

Q2+ Q4+4\72

5 for n = 3,

(4.14) mADM(g(;)
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if M*=R3 x S3, we have

27 (J1 + J)’

+\/§‘Q|7 fOI'TL:4,
8 (2mapm(ds) + V31Q))

(4.15) mADM(§5> >

Note that the inequality is not sharp because the initial data set has two
asymptotically flat ends. For part (c), we do not need to double the initial
data set and we can apply [2] with topology M* = S? x B2#R* and we
obtain

- 27
(4.16) mapm(9s)® > T‘jQHjl — T2, for n = 4.
It follows from Proposition [£.2] that

(4.17) mapm(G) = mapm(G) = %l_l)r(l) mapm(gs) = %i_rf(l) mapnm(Js)-

Therefore, the strict inequalities hold for initial data set (G, K, &, B).

For the rigidity case, the initial data set has asymptotically cylindrical
end ocoj. We establish the rigidity for 3-dimensional initial data sets and
4-dimensional cases are similar. Assume rigidity in (|1.2)), then
(4.18) LT — mapm(G)? = mapn(G)?

= lim mapn(gs)® = lim mapnr(Js)*.
6—0 6—0

The deform data (gs, ks, Es, Bs) agrees with (G, K, £, B) outside small neigh-
borhood Oj of % according to Proposition Since the metric g5 is C2,
there exist a global coordinate system (p, z, ¢) [13] such that it depends on
6 and the conformal metric g5 = ufgg(g takes the following form

(4.19) Gs = uge 2Ust2as (alp2 + dz2) + p2u§6_20‘5d¢2,

where p € [0,00), z € R, and ¢ € [0, 27). Moreover, it has the following fall-
off at infinity

(4.20) Us = O(r— /271, as = O(r~1/%r), for k > 0.

Furthermore, as = 0 on the axis I' = {p = 0}. Set V5 = Us — 2log us. The
scalar curvature of the metric has the following simple expression

(4.21) 2e Va2 R(Gs) = 8AVs — 4A, a5 — 4|V V5|2,
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where A is the Laplacian with respect to flat metric d3 = dp? + dz? + p?d¢?
on R3 and A, . is Laplacian with respect to flat metric d2 = dp® 4+ dz? on R?.
Therefore, using the Hamiltonian constraint equation and maximality
condition trg, ks = 0, the ADM mass has the following simple expression [28]

(4.22) mapm(Gs) = I(Vs) +/ 672V5+2a5ﬂ5d‘7}7
RS

where U5 = (Vy, (s, X5, ¥s), dz is the volume form with respect to d3, and
I(s) is the reduced harmonic energy from R3\I' — HZ, that is

1 etV
az) ) = o [ (IVP + 296+ Vs — 4T

2V 2 2
+ s (IVxs]” + [Vibs| ))dﬂ?

Assume Vo = (Up, (o, X0, %0) is the harmonic map of the canonical slice

of extreme Kerr-Newman black hole (go, ko, Eo, Bp) such that I(¥g) =
Q+VQI+4T?
2

obtain

. Then, applying the Schoen and Zhou gap inequality [36], we

1/3
(4.24) I(Vs) — I(¥g) > C </R distgys (W5, ¥o) dx) :

3

Combing this with equations (4.18]) and (4.22)) shows that

(4.25) 0= }H% (mADM(§5)2 _ @+V/QIHAT? \W)
_>

2
> lim (I(%y _ @+ W) + lim (/ 6—2V5+2a5ﬂ6d$>
6—0 6—0 R3

2/3
> C lim </R distfys (¥s, ¥o) dx)

2
+ ;1_{% </R3 6_2V5+2a5ﬂ5dl’) )
It follows that

(4.26)  lim [ distS, (¥s, o) dx =0, lim [ e 2V572% fsdx = 0.
60—0 R3 C 0—0 R3
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By Remark and Proposition U = (U,(, x,v¢) and « characterize
(G,K,E,B). Next we show that ¥ = ¥y. Observe that
6
(4.27) (distH% (U5, 0) — distssz (T, \1/0)> — distl, (¥, W)
. .6 . .6
< distyp (Us,Up) — distyz (U, W)

6
< (distH% (W5, W) + distz (¥, \I!o)> — distd (U, Tp).
If we show that

(4.28) lim g distgp (U5, V) dz = 0,

then in light of equation (4.27)), we can pass the limit through integral

(4.29) 0=lim | distg (U5, Vo) dz = / distge (¥, ¥o) dz = 0.

0—0 Jprs R3
Using the triangle inequality and us > 1, a direct computation produces

(4.30)

distez (Vs, ¥) < distmz ((Vs, G, X5:%s), (U, s, X5 ¥5))
+ distwz (U, G, X6, ¥s), (U, €, X5, ¢s))
+ distyz ((U, C; X6, %), (U, € X5 ¥5))
+ distyz ((U, ¢, x:9s), (U, ¢, x,9))

2U
<0 (0=l + S5 (16 = Gl + sl = s + el = xs)
6U
+ o=l + 1= wa)).

Since (Us, (s, x5, %s) = (U, ¢, x, %) outside Os by Proposition we have

(4.31) / distgzs (W5, ) dz < c/ |logus|®dx +C [ |U — Us|da
R3 R3

Os
12U
e
+C : F(!C—CMGWL|1/15|6|X—X5|6+|X|6!X—X5!6)d$
8
o6U . ;
+C | —(Ix = xs" + ¥ — 5% da,
0s P

By Lemma and Lemma [3.8] as § — 0, all terms converge to 0 except
the first term. But, since us > 1 is a solution of (4.2)) and using the Sobolev
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inequality and Hoélder inequality similar to [32, Proposition 4.1], we have
(4.32) Cg/ |log us|®dx < / e 3Ustas | log us|Odx = / |log us|®dxg,
R3 R3 M3
< [ Jus 1Pz,
M3

5
gc(/ym&W%%Q N
M3

as 0 — 0. Combining this with (4.31)) and (4.28), it follows that ¥ = Wy,
Next, using equation (4.26]) and V5 = Us — 2log us, we have

(4.33) 0=1lim [ e 2V572% fsdx
0—0 JRrs

> lim e 2Ust2as e do = lim eU‘*ﬁdegé
d—0 Jps 0—0 Jrs

i Us i doe + 1i Usd-

= lim e’ i drgs + lim e’ jidxg > 0,
6—0 Os 6—0 ]\;13\(’)5

where the last equality follows from gs = g and jisy = i outside Os. This
shows that i = 0 away from X.

We claim that if there exist a strict jump of mean curvature across X,
that is H4 (X, g4 )(x) > H_(3, g—)(z) for some = € 3, we get a contradiction
to . Assume there is a strict jump of mean curvature across . Since
mean curvatures are continuous functions on 3, there exist a compact set
C C X such that

(434> H+(E,g+>(.%') - H—(EMG—)(x) > 57 V€ C,

for some constant 8 > 0. Then by Proposition and equation , we
have
(4.35)

fiss(t, ) > B{Ro(1} —C1, V(@) € [~ 5. 155] X C C Os.

which suggests that the energy density of (g5, ks, Es, Bs) and (s, ks, Es, B(;)
has a fixed amount of concentration on C. Therefore, we get the following
estimate which is a contradiction to equation (4.33))

(4.36) lim o, eV i drg, > BC3|C| > 0,
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where |C| is the measure of compact set C. Hence, Hi (X, g4+)(z) =
H_(%,g-)(x) for all z € ¥. Next, we show that & = ag. By constraint equa-
tion for the initial data (G,K,&,B) on M3\Q and i = 0 away from 2, we
have

(4.37) R(G) = |K[% +2€|Z +2|B%
66U+—2a+ 9
= QTWQ + X+ Vot — ¢y Vx|

€4U+ —20(+

M IV + Ve ?)

6Uo—2ac ,
= 2T|VCO + x0V¢o — Yo Vxol

€4U(]72CM+ 9 5
+ ZT (IVxol* + [V ?)

— e2a072a+ R(QO)
Then scalar curvature equation (4.21]) becomes

(4.38) 2e 20204 R(G) = 8AU — 47, Loy — 4|VU,|?

=8AUy — 44, a4 — 4|VU,|?

= 2e 2020 R(g0) + 4A,, (g — o)
Combining this with ([@-37) yields A, . (ap — o) = 0 on M3\Q. Multiplying

it to (g — ay) and integrating over O and applying integration by parts
we have

(4.39) / IV (g — ay) |*dpdz = —/ (g — a4) Or (9 — a4 .
[oN %/U(1)
Similarly, we have A, , (g — a4) = 0 on 2 which yields to

2 = oy — g — ).
(4.40) K;|V@m—%¥)ﬂmmﬁ—l;mn(o )0, (0 — o)

Putting this together with equation (3.38]) yield to the following expression

(4.41) / IV (g — ay) |Pdpdz + / |V (g — o) |*dpdz
o, o

=/ (a0 — ) (H (S,g4) — H_(S,g_)) e Vo,
$/U(1)
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where we used o = a— = a4 on X. Since the mean curvature is the same
on X, we have V (ap —a4) =0 on O and |V (g —a—) | = 0 on O_. Thus
ap — « is a constant away from X. In light of vanishing boundary condition
at axis to avoid conical singularity, we have a = ay away from . Moreover,
since « is continuous across ¥, @ = oy on M3, Then (G,K, &, B) is isometric
to (9o, ko, Eo, Bp) and i = 0 on whole M?3. Therefore, by equation ,

we have

(4.42) B=E=n=p=0, 09,A,=0d.4,

It follows that 1-form A,dp + A.dz is closed on R3, so there exist a potential
J such that 0,f = A, and 0,f = A,. Thus under change of coordinates
¢ = &' + f(p, 2), the metric takes the form

(4.43) g = e~ 2Vot2a0 (dp2 + dzz) + pe~ 2o dg?,

which implies (G, K, &, B) = (G, K, &, B) is isometric to canonical slice of ex-
treme Kerr-Newman spacetime. U

Next we use Theorem and prove the Corollary

Proof of Corollary[2] Since 9M™ has non-negative mean curvature and it
is boundary of an asymptotically flat manifold, by barrier argument there
exist an outermost minimal surface Xy, in M™ and by [I1, Proposition 3.1.],
Ymin is axially symmetric. Assume W C M™ such that OW = OM™ U Yin.
In three dimensions using [26, Lemma 4.1], we have M3 \W is diffeomorphic
to the complement of a finite number of open 3-balls in R? and it is simply
connected.

In four dimensions, first we show M*\W is simply connected. Assume
71 (M*\W) # 0, then by residual finiteness, it admits a finite nontrivial uni-
versal cover. Thus by asymptotically flatness it must have finite number of
ends which by barrier argument for the mean curvature it includes a minimal
surface. Clearly this minimal surface is not contain entirely in the bound-
ary and so its projection violate outermost minimal surface condition for
Ymin and we get a contradiction. Therefore, M*\W is simply connected.
Moreover, since it has isometry subgroup U(1)? and spin by Orlik and Ray-
mond [33] and Hollands and Ishibashi [24], it should be diffeomorphic to
RAKI(S? x §?), for | € N, minus 4-manifold with boundaries S! x S? or $3
(its quotients).

(a) Since X, has only one component, M3 \W is diffeomorphic to R3
minus a 3-ball. Then we deform it by Proposition and Proposition 4.1
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and we get a C? metric with C! second fundamental form and electromag-
netic fields. Following proof of Theorem [2.3}(a) we get the strict inequality.

(b) If M* is spin, 71 (Zmin) = 0, and Hy(M*\W) = 0, we get M*\W is
diffeomorphic to R* minus a 4-ball. Following proof of Theorem (b) we
get the strict inequality.

(c) If M*isspin, £ = B =0, 71 (Zmin) = Z, and Hy(M*\W) = Z, we get
M*\W is diffeomorphic to R*#(S? x B?). Then we deform it by Proposi-
tion and Proposition and we get a C? metric with C! second fun-
damental form. This is similar to initial data of non-extreme black ring and
we can apply [2] and get the result. O
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