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Longtime existence of Kahler-Ricci flow
and holomorphic sectional curvature
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In this work, we obtain some sufficient conditions for the long-
time existence of the Kéhler-Ricci flow solution. Using the exis-
tence results, we generalize a result by Wu-Yau on the existence of
Kahler-Einstein metric on noncompact complex manifolds.
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1. Introduction

In this work we will discuss the existence of Kéahler-Einstein metric on a
complete noncompact Kéhler manifold in terms of upper bound of holo-
morphic sectional curvature. In [22], Wu and Yau proved that if a compact
complex manifold supports a Kahler metric with negative holomorphic sec-
tional curvature, then it also supports a Kéhler-Einstein metric with nega-
tive scalar curvature, under an additional assumption that the manifold is
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projective. Later, Tosatti and Yang [20] were able to remove the assump-
tion of projectivity. Using Ké&hler-Ricci flow, Normura [10] recovered the
result by proving that under the assumption that the holomorphic sectional
curvature is bounded above by a negative constant, the metric can be de-
formed under the normalized Kéahler-Ricci flow to a Kahler-Einstein metric
with negative scalar curvature. In case that the holomorphic sectional curva-
ture is quasi-negative, namely it is nonpositive and is negative somewhere,
Diverio-Trapani [4] and Wu-Yau [23] proved that the canonical bundle is
ample and hence the existence of the Kahler-Einstein metric follows by a
well-known theorem of Yau [26].

In the noncompact case, it was proved by Wu and Yau [21] that if a non-
compact complex manifold supports a complete Kéhler metric with holomor-
phic sectional curvature bounded between two negative constants, then it
also supports a complete Kéhler-Einstein metric with negative scalar curva-
ture. It is well-known that if the holomorphic sectional curvature is bounded
then the curvature is bounded. In [18], the fourth author used Shi’s Kéahler-
Ricci flow [15] for complete noncompact Kéhler manifolds with bounded
curvature to show that the Kahler metric mentioned above can also be de-
formed under the normalized Kahler-Ricci flow to a Kahler-Einstein metric
with negative scalar curvature. In this work, we further generalize the results
in [18].

First, we will give a rather general condition for a normalized Ké&hler-
Ricci flow to converge to a Kéhler-Einstein metric. We prove the following:

Theorem 1.1. Suppose there is a complete noncompact Hermitian metric
h on a complex manifold M™ compatible with the complex structure J such
that the torsion T and the holomorphic sectional curvature Hy, satisfy

n ~ o~
1.1 H — V5T, < —k
(1.1) h+n+1|Va ln <

for some k > 0. Then any long-time complete solution to the normalized
Kdhler-Ricci flow g(t) will converge in Cp. to the unique Kdhler-Einstein
metric goo = —Ric(goo). In particular, there is no complete Ricci flat Kdhler
metric on M compatible with the same complex structure J.

Here V is the derivative with respect to the Chern connection of h. See
[19] for more details on the Chern connection, its torsion and curvature. See
also [25] for a related assumption on the Hermitian metric. For the definition

of lﬁgT]h, see (13.4)).
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By the theorem, to obtain a Ké&hler-Einstein metric, in some cases it
is sufficient to obtain a longtime solution to the Kéhler-Ricci flow. In this
respect, we will prove the following:

Theorem 1.2. Let (M™,go) be a complete noncompact Kahler manifold
and h be a fized complete Hermitian metric on M such that the following
hold.

(i) There exists a smooth exhaustion function p > 1 such that

0p|n o N [v/—=180p|,
p p

(14 |Vgoln) = 0;

(ii) the holomorphic sectional curvature of h and torsion T of h satisfy
Hy, + —— VT < —k
it Valln =

for some constant k > 0; and

(iii) there exists a > 1 such that on M, a~'go < h < ago, |T\|;Z < a.

Then there is B(n,a) > 0 such that the Kdhler-Ricci flow has a complete
solution g(t) on M x [0, +00) with g(0) = go and satisfies

Bh < g(t)
on M x [0,400).

It is known that if M has bounded curvature, then it will support an
exhaustion function p with bounded gradient and Hessian [14] [I7]. Hence
if h is uniformly equivalent to a complete Hermitian metric with bounded
Riemannian curvature and bounded torsion, then condition (i) in the theo-
rem will be satisfied. See also a recent result in [6]. Therefore condition (i)
is more general than the condition that the curvature is bounded for Kéhler
metrics.

Combining Theorems and we conclude that if (M™, gg) is a com-
plete Kahler manifold, then there is a long-time solution of the normalized
Kahler-Ricci flow which will converge to the Kéhler-Einstein metric with
negative scalar curvature in the following cases:

(a) The holomorphic sectional curvature is bounded above by —k for some
k > 0 and gg supports an exhaustion function with bounded gradient
and bounded complex Hessian.
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(b) There exists a complete Hermitian metric h so that gg, h satisfy the
conditions in Theorem with & > 0.

(c) go satisfies a Sobolev inequality, the curvature is bounded in some L
sense and the holomorphic sectional curvature is bounded above by
—k for some k > 0. (See more precise statement in Corollary [5.2})

In case gg has bounded curvature so that the holomorphic sectional curvature
is bounded above by —k < 0 for some constant k, then the conditions in (c)
will also be satisfied. Hence (a)—(c) are some generalizations to Wu-Yau’s
result [21].

The paper is organized as follows: In section 2, we will recall a short
time existence result of the Chern-Ricci flow. In section 3, we will derive
some a-priori estimates for the Chern-Ricci flow and apply them in section
4 to construct short time solution to the Chern-Ricci flow with estimate
on existence time. In particular, we will use this to prove Theorem In
section 5, we will prove Theorem
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2. A short time existence lemma

Let (M™, go) be a complete noncompact Hermitian manifold with complex
dimension n. In the following, connection and curvature will be referred to
the Chern connection and curvature with respect to the Chern connection.
When the torsion vanishes, the Chern connection coincides with the Levi-
Civita connection. For basic facts on the Chern connection and curvature
of Hermitian manifolds, we refer readers to [19] for example. In this section,
we want to discuss the existence of the Chern-Ricci flow:

d

D0 — _Re--
21 ot 9ij i)
(21) {gw): %o.

Here R;; = —0;0;logdet(g(t)) is the Chern-Ricci curvature of g(t). This
equation is equivalent to the following parabolic complex Monge-Ampeére
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equation:

(wo — tRic(wo) + v/ —1009)™

n b
wo

(2.2) o= log

More precisely, if g(t) is a solution to (2.1)), let

(2.3) bz, t) = /Ot log (“W) ds,

w ()

where w(t) and wy are the associated (1,1) forms of g(t), go respectively. Then
¢ satisfies (2.2)). One can see that w(t) = wy — tRic(wy) +/—190%. Con-
versely, if 1) is a smooth solution to so that wg — tRic(wg) + v/—100) >
0, then w(t) defined by the above relation satisfies . We will say that 1)
is the solution of corresponding to the solution g(t) of (2.1)).

Let us recall the following definition of bounded geometry:

Definition 2.1. Let (M",g) be a complete Hermitian manifold. Let k > 1
be an integer and 0 < o < 1. g is said to have bounded geometry of order
k + « if there are positive numbers r, k1, ko such that at every p € M there
is a neighbourhood U, of p, and local biholomorphism &, from D(r), which is
the Buclidean ball of radius v with center at the origin in C", onto U, with
£p(0) = p satisfying the following properties:

(i) the pull back metric §,(g) satisfies:

K1ge < €5(9) < K2ge,

where g is the standard metric on C"; and

(ii) the components g;; of £;(g) in the natural coordinate of D(r) C C" are
uniformly bounded in the standard C*+ norm in D(r) independent
of p.

(M, g) is said to have bounded geometry of infinity order if instead of (ii) we
have for any k, the k-th derwatives of g;5 in D(r) are bounded by a constant
independent of p. g is said to have bounded geometry of infinite order on a
compact set Q if (i) and (ii) are true for all k for all p € Q.

In [9], it has been shown that when (M, go) has bounded geometry of
infinite order, the Monge-Ampere equation (2.2)) and hence the Chern-Ricci
flow equation (2.1)) has a short time solution on M.
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Lemma 2.1 (see [1, 9]). Let (M™,go) be a complete noncompact Hermi-
tian metric. Suppose gg has bounded geometry of infinite order, then
has a solution g(t) on M x [0,S] for some S >0 and there is a constant
C > 0 such that C~1gy < g(t) < Cgp.

3. A-priori estimate for the Chern-Ricci flow

Let (M™, g) be a Hermitian manifold. Under a local holomorphic coordinate
system (z1, ..., z,,), the torsion tensor of g is defined by

Tijl’ = aigjl_ — 0jg,1-
Let TZ'; = gkl_Tiﬂ7 then TZ’; = Ffj - Ffi where Ffj is the Chern connection.
Tz’j is usually called the torsion. Here we use T;;; to denote the torsion. The
advantage is that it is invariant under the Chern-Ricci flow. If the torsion
tensor T = 0, then g is Kéhler. The curvature tensor of the Chern connection
has components
Py gqﬁagkp 0940

82,‘85]‘ 0z; 85]‘

It can be checked easily that for X,Y € T'9M, R(X, X,Y,Y) is real-valued.
We introduce the following curvature condition.

Rijki -

Definition 3.1. We say that (M, g) has holomorphic sectional curvature
bounded above by K if for anyp e M, X € Tpl’OM,

R(X, X, X, X) < x| X"
For notational convenience, we denote this condition by Hy < k.

Let g(t) be a solution of the Chern-Ricci flow with initial metric g(0) = go
and h be another Hermitian metric on M. Now we wish to obtain some a-
priori estimates for g(t). First we list some evolution equations which are
related to the Chern-Ricci flow. In this work, the Laplacian for a Hermitian
metric g is defined by

(3.1) Ay = gﬁuﬁ.

This is the usual Laplacian for Kéahler metric.

The following lemma concerns the evolution equation for the lower bound
on evolving metric g with respect to fixed metric h while in [19, Proposition
3.1], Tosatti-Weinkove considered the upper bound of g, that is try g.
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Lemma 3.1. Let A =tryh = gijhij. Then the evolution equation of A is
given by

0
(3.2) ((% - A) A = (I) + (II) + (III),
where
(1) = —hyig" P73, WL+ 2Re [9’7 gklgpqhkﬁq/lég(TO)piE} :
(II) = glEgﬁgqﬁhjfc(TO)ﬁfr [qughré - (TO)ql59T§:|

+ 979" " hy [@p(Tﬂ)qﬂ + Vi (TO)M] ;

(IL1) = g gPT R, .

Here Ty and T are the torsion of metric go and h respectively and

where T, T are the Chern connections of h and g respectively.
In particular,

(I) < hprhegh® g™ g " g"U(T) sia(T0) gjk-
Moreover, the evolution equation of log A is given by:

(3.3) (gt - A) log A = (IV) + A~! [(11) + (111)}

with
(IV) < A yrhegh*g*" g% g™ gP9(Th) sia(To) g
+ 2072 Re | hyrg™ 99" (T) 05|

Proof.

By trg h = g'79" hi5 Ryq.
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Atrgh = gijgpqquphﬁ
= gijgpévq (‘Plgihkﬁ)
= 79" | (Rb — i) b + Wiy
Using the fact that the torsion T' of g(t) satisfies T} ;5 = (Tp),;;5, we have

quii = Riipq - vaqii — Vilpig

= Riipq - VP(TO)ql_i - V[(To)pié'
Hence,
iRyai = 979" 9" g Ryt
= 9" 9" 9" 3 [Rigg — Vo(To) g — Vi(T0) i)
= g7g" i R — 9" ¥ 9" hy5 [V p(T0) iz + Vi(T0) piq] -

9" "My,

Therefore,
<3 - A> A = —hygT gPTuk w4 gl g
ot K979 Fpi* gy T 979 pgij
+ gijgkigpqhkj [VP(TO)QE + VZ(TO)piti]
= —hyag TgM LWL+ g g (W (T) g+ W (T
+ 979" g | VolTo)gi + Vil To)pia| + 976" Rigi
_ —hkl‘gijgpq‘l’];z’@ + 2Re [gijgkigpqhk;‘lflgq(To)pig}
i g”_“gﬁgqphj/; (To) gir [qughrg _ (To)qlggrg]
+ 97" " hy; [%(To)qﬁ + @Z(To)mq} + 976" Ry

From this, the first part of the lemma follows. Thus,

9 _ a1 (0 -2 ijg A A
(8t_A>IOgA_A (at A>A+A g7 O\ O A

~ 5 |+ gpioar| + ¢ [an + am)]

—(IV) + %[(11) + (1))
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In case that go is Kéhler, it was shown by Yau [26] that the first bracket
term is nonpositive. In the Hermitian case, we estimate the first bracket fol-
lowing the idea [19]. For any tensor C, we consider the following nonnegative
quantity:

. k _ d _
K = h,q" gP1 \yk._(;iia A+CE ) [ ol — 6] ;A + CL-
. k99 pi trg h D pt qj q qJj

trg h
- _ 1 _ _ 5[
— b POkl 2 _ij pg ik I ] o
— hk’lg g \ijl\:[llj] trg h|8trg h‘ + h’k‘lg g Cpi (‘I/q] 7’51‘9 han>
thyggTgict (= g A 4 gl grict ol
k99 qj pi t?“gh D k99 pi~qs”

Hence,

1 o i}
(D) + £ OA]2 = —K +2Re | g7 g "y 05, (Ty)ps|
ij gk gl
+ 2Re [hk;g”gqum-‘I/qﬂ
+ hkl-gﬁng’;fiC% —2A7'Re [hkl-gil_gpchﬁqA]
= —K + ygTgMCL,CL — 207 Re [ hygg " 1C 000
+2Re {\Pfﬁgmgﬁ (Chitur + nghPF(TU)ikf)} :
Therefore, if we choose the tensor C' to be
€l = =g H (T
then the last term vanished. Hence,
(IV) < A yrhegh® g™ g°Ug1 gPU(Th) sia (To) g
+2A?Re hp;gafgilgp‘j(To)mfaqu} .
The estimate (I) follows the same line by considering a simpler quantity
K = hyg" g?1(Wk, — Ok ) (UL — CL)
k:lg g P D qj qj’"
Il

In [22], Wu-Yau made use of the Royden’s Lemma [12] which relates the
holomorphic sectional curvature with a bisectional curvature quantity. We
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follow their idea and generalize the Royden’s Lemma for Hermitian metrics.
In the following, |V5T|(z) at a point x is defined as:

(3.4) VT | = max [ VTl

where the maximum is taken over all unitary frames e; of h at x. Define
|V 5T0|n similarly.

Lemma 3.2. Let (M,h) be a Hermitian manifold and g be another Her-
mitian metric on M. Suppose that the holomorphic sectional curvature of h
at x is bounded above by k(x). Suppose k(x) < ko. Then we have

FEES n+1 1 ~ ~ 2
gg Rz’jkl§< on I€+§|V5T|h (tl“gh)
+ Lo =L ttr, 02 + g7 MRy s
2 0 n g 99 kjlbir| -

Proof. Following the proof in [12] without appealing the symmetry of R, we
can deduce that at ,

979" Rizir + 97 g Ry < wi(trg h)? + g g* hyzhz.
By the “Kéahler” identity for the Chern curvature, e.g. see [19], we have
ij Kkl ij k(P v
979" Rizir = 97 9" (Ri; — Vi)

L 55 kA » N
= 5979 (Ripg + Rizrr — Vi)

2
K G k[ F 1o -
< §(t7“gh)2 +g7g" <2hk3hil__ QVz‘sz‘k>
1 o 1 PR
< () — o) (600 12 + 979  hagha ] + 5 (b W19, T
1 7 =T
+ 5%0 (tI'g h)2 + g”gklhkjhilf}

1 1 1 N
(k(x) — ro)(1 + ;)(tfg h)? + §(t1"g h)?|V 5T
Ko _(tl"g h)? + g7 g"hy, hil_}

2

+

:( 5 /1+2V8Th> (trg h)
+

1 L
Ko —ﬁ(trg h)* + g" gklhkjhu] :
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Combining this with Lemma [3.1], we have:

Corollary 3.1. With the same assumptions and notation as in Lemmal3.1
suppose the holomorphic sectional curvature of h is bounded above by k(z) at
x and suppose Sk (z) + LV 5T |(x) < ko for some kg >0 for all z. Then

0 ~ ~
(57— ) &= cto) (AT + AT+ [95Tole) + A%

for some constant c(n) > 0 depending only on n.

To get a O estimate, it is useful to consider the Chern scalar curvature
of g(t) which gives us information on the derivatives of the volume form.

Lemma 3.3. Under Chern-Ricci flow

0

atg = —Ric,

the Chern scalar curvature R = gij R;; satisfies

(3 - A> R = |Ric|* > 1r2
ot n

Proof.

IR =0(g"Ry)
— RY Rz‘j — gij (91'83(61‘, log det g)
= |Ric|*> + AR.

The inequality can be observed by taking a coordinate chart at p such that
95 = 0ij and R;; = A;d;5. Then it follows immediately by Cauchy inequality.
O

For later applications, we need the following maximum principle.

Lemma 3.4. Let (M™ h) be a complete noncompact Hermitian manifold
satisfying condition: There exists a smooth positive real exhaustion function
p such that |0p|? + |/—100p|, < C1. Suppose go is another Hermitian met-
ric uniformly equivalent to h and g(t) is a solution to the Chern-Ricci flow
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with initial metric g(0) = go on M x [0,S). Assume for any 0 < S; < S,
there is Cy > 0 such that

Cyth < g(t)
for 0 <t <S;. Let f be a smooth function on M x [0,S) which is bounded

from above such that
0
— —A <0
(5-2)7<

on {f > 0}. Suppose f <0 att =0, then f <0 on M x[0,5).

Proof. For any € >0, if supy;yjo7)(f —€p —2¢C1Cat) > 0, then there is
(xo,to) with tg > 0 such that f —ep — 2eC1Cot <0 on M x [0,t] and f —
ep — 2eC1Cot = 0 at (zg,to). In particular, f(xo,t9) > 0. Hence at (z9, o),
we have

0< <88t_A> (f —ep —2eC1Cot) < 0,

which is impossible. Since € is arbitrary, this completes the proof. U

Next we give a local estimate on the lower bound of the Chern scalar
curvature. Note that here we do not need global bounds on the Hessian and
gradient of the exhaustion function p. The estimate only depends on those
bounds on a compact set.

Lemma 3.5. Suppose h is a fired Hermitian metric with a smooth positive
real exhaustion function p and g(t) is a solution to the Chern-Ricci flow
on M x [0,5] with g(t) > a~'h for some a > 1. Then for any 0 < ry < ra,
there exists C > 0 depending only onn,a and supy, (|0p| + |v/—100p|) such
that for any v € Uy, and t € [0,S], we have

R(z,t) > —max {C[(TQ —r1) 2 +1], sup R_(y, 0)} .
p(y)<rz

Here R_ is the negative part of R and U, ={x € M : p(x) < r}.

Proof. Let ¢ be a cutoff function on R such that ¢ =1 on (—o0, 1], vanishes
outside (—o0,2] and satisfies ¢~!|¢/|> < 100 and ¢” > —100¢. Define

(p(m):¢<p($)+rz—2r1>.

|
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When the function ®R achieves its local minimum at (zg,%p) in which we
may assume R(x,ty) < 0 and to > 0, it satisfies the following.

0> <§t —A> (PR)

9 -
— _ _ _ JA. .
—a ( - A) R~ RA® - 2Re (70,0 0;R)
! /\2
O pyp (@)

1
dp|?
ro — 11 (ro — r1)2¢| Pl

/!
Slom p| 2 o2+
n (ro —ry)?

> %@RQ + CR[(ro — 1) 2+ 1].
Hence, at its minimum point (zo, to),
®R> —C[(re —r1) "2 +1].
The conclusion follows by the minimum principle. O

4. Existence of the Chern-Ricci flow

In this section, we will discuss the existence of the Chern-Ricci flow starting
from a Hermitian metric with holomorphic sectional curvature bounded from
above. We will give an estimate on the existence time. More generally, we
will consider initial metric which is uniformly equivalent to a Hermitian
metric with holomorphic sectional curvature bounded from above.

Lemma 4.1. Let (M", go) be a Hermitian metric with bounded geometry
of infinite order. Suppose go is uniformly equivalent to a Hermitian metric h
with holomorphic sectional curvature Hp and torsion T satisfying: Hp(x)
bounded above by r(z) and 2 g (2) + [VaT |n(x) < ko for some kg > 0 for
all x, where V is the derivative of h with respect to the Chern connection.
Assume

a_lh < 390 < Oéh,

for some a > 1. Then the Chern-Ricci flow has a solution g(t) with g(0) = go
on M x [0, S] with the following properties:

(i) There is a constant ¢ = ¢(n) > 0 so that

1

> =
~ 3e(na+1)3s 51
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where
s = sup (|Toff + |Tol4/Th +[V5Tols + o)

and Ty is the torsion of go; and

(i) g(t) is uniformly equivalent to h with

@l

1
tryh <
o= ((na +1)73 - 305t)
on M x [0, 51].

Proof. (i) If s = oo, then there is nothing to be proved. Suppose s < co, then
by Lemma there is a maximal S > 0 such that the Chern-Ricci flow
has a solution g¢(t) with g(0) = go on M x [0,.5) so that g(¢) is uniformly
equivalent to go on [0,S’] for all " < S. Let A = try) h. By Corollary

0 N N
<at - A) A <e (A4|T0|%L + N (|To|nlT|n + 1V 5T0ln) + AQHO)

<ci(A+1)'s

on M x [0, S]. Here and below ¢; will denote positive constants depending
only on n. Let

(v : %
v = .
(na+1)73 — 3egst
Then v(t) is defined on [0,51) with S; = 1/ [3c2(na + 1)3s], with

dv -
— = C287V
at ~ °

and v(0) > (A + 1)|4=0. Suppose S < S;. Since A and v are bounded on
[0,57] for all 0 < S’ < S, by Lemma[3.4) as in the proof of [9, Theorem 4.2],

one can conclude that
A<o(t)—1
on M x [0,S5). In particular,
(4.1) h <ecs(v(t) —1)g(t).

If S <51, then v(t) < Cy < oo on [0,S] for some Cy. Hence A < C; on
M x [0, S).
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On the other hand, since gy has bounded geometry of infinite order,
by Lemma [3.5] we conclude that R(z,t) > —C on M x [0, S) for some Cs.

Since
0 det(g(t))
_— _— = — <
ot <log det(h) R< G,

we conclude that det(g(t)) < Csdet(h). Together with (4.1), we conclude
that

C5 g0 < g(t) < Csg0

on M x [0,5) for some C3 > 0. Here we have used the fact that gy is uni-
formly equivalent to h. Using the fact that go has bounded geometry of
infinite order and by the local estimates of [13], g(¢) can be extended to be a
solution of the Chern-Ricci flow which is uniformly equivalent to gg beyond
S. Hence we have S > Sp. This proves (i).

(ii) Follows from ({4.1]). O

Let (M™ h) be a complete noncompact Hermitian manifold satisfying
the following:

(a) There exists smooth exhaustion p > 1, and constant 8 > 0 such that

|0pln + 1V =180p|n < Bp

if p is large enough.

(b) The holomorphic sectional curvature at z is bounded from above by
k(z), and the torsion T of h is such that

n+1 ~ -~
k+|VaT|n < ko

for some kg > 0.

Theorem 4.1. Let (M™, h) be a complete Hermitian metric as above. Let
go be another Hermitian metric with torsion Ty. Suppose the following are
true:

(i) a~lgo < h < agy and |ﬂh < « for some a > 1;
(i) |Zol} + |T1a|Toln + [Va(To)l1 < B; and

(iii) |8p|n|Vgoln < Bp for p large enough.
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Then there exist constants ci(n) depending only on n and ca(n, o) de-
pending only on n,« such that there is a solution g(t) for the Chern-Ricci
flow on M x [0,S) with g(0) = go, where

1
~ 3ei(na+1)3s

and 5 = ko + c2B(1 + ). Moreover,
trgh <wv(t) -1

on M x [0,S5), where

vlt) = <(na ¥ 1)}3 - 30@)é '

We want to apply Lemma [£.1] to prove the theorem. However, in general
it is not true that gy has bounded geometry of all order, we cannot apply
Lemma directly to obtain a solution of the Chern-Ricci flow. We now
proceed as in [8 9] to construct a Hermitian approximation.

Let 7 € (0, %), f:0,1) = [0,00) be the function:

0, s€[0,1—7];
(42) 6= [1_ <s—1+7>2

e(l—-m1).
)| se-n

Let ¢ > 0 be a smooth function defined on [0,1) such that

[0, s€10,1—714+7%;
(4.3) wls) = { 1, s€(1—7+2721).

2
and = > ¢’ > 0. Define

From [§], we have:

Lemma 4.2. Suppose 0 < T < %. Then the function § > 0 defined above is
smooth and satisfies the following:

(i) S(8)=0for0<s<1—71+72
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(i) § >0 and for any k > 1, exp(—kF)FH® is uniformly bounded.

(iii) For any 1 =27 <s <1, there is T>0 with 0<s—T<s+7<1
such that

1< exp(§(s +7) —§(s = 7)) < (1+car); Fexp(F(so — 7)) > e57”

for some absolute constants co > 0,c3 > 0.
Fix 0 <7< %. For any pg > 0, let U,, be the component of

{z| p(z) < po}

which contains a fixed point and p is the positive exhaustion function men-
tioned above. Hence U, will exhaust M as pg — oo.

Let p; > 1 be a sequence increasing to 400, let F)(z) = F(p(z)/p;). Let
9o, = eQFmgo. In the following, F() will be denoted simply by F if there is
no confusion.

Then (U,,, go,i) is a complete Hermitian metric, (e.g. see [5]) and g; 0 = go
on {p(x) < (1 —7+72)po}. Moreover, the new manifold has a very nice
structure.

Lemma 4.3 ([9]). For each p; > 1 sufficiently large, (Up,, go,i) has bounded
geometry of infinite order.

In the following, we will estimate the torsion and the holomorphic sec-
tional curvature after performing conformal change.

Lemma 4.4. Let gy and h be as in Theorem . For i — oo, let go; be as
i Lemma and h; = €2l for the corresponding F = F@ . Let To,; be the
torsion of go;i. Then there is a constant c(n, o) depending only on n and o
so that as © — oo, there

(i) [Toal, < eB(1+B);
(i) |Toiln, | TO[n, < B+ B);

(iii) ]@g)To,i]hi < cB(1+B), where VO s derivative with respect to the
Chern connection of h;;
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(iv)
DL @) + [9OTn, (2) < ko + cB(1L+ B),

where k;(x) is the upper bound of holomorphic sectional curvature of
h; at x and T; is the torsion of h;.

Proof. In the following, ¢; will denote a positive constant depending only on
n, a.

(i)

(To.0)pkq = Fp(€*" (90)kg) — O(€®" (90)pg)
(4.4) = 2¢*"(Fy(90)kg — Fr(90)pg) + € (T0) kg
=2e*" pi '8 (pp(90)kg — Pe(90)pa) + €27 (T0) pig-

Hence
Toiln, < c1B(1+ B).
This proves (i). The proof of (ii) is similar using the assumption ]ﬂ h <.
(iii)
Vi (o a)pra = Vi 126% 05§ (pp(90)ka — pr(90)pa) + € (To)prg]
= 2> p3 ' § (p,i(90) kg — Pri(90)pa)
(4.5) +(2¢°7 p 2" + 4e*" py % (§)%) (pppigra — PrPigpa)
+2e*§ py ! (pﬁ,@ (90)kg — px VY (go)pq)
+ 262 oo 1 pr(T0) pig + €2F§l@ (To) pkg-
Using the fact that
T — f)é)q = 2Fp5,l1 = QpSIS'ppéé
and hence

Vi 900k = (V1 = V) (90)kg + Vilgo)ia

(4.6) e A
= —2p,"§ pi(90)kq + Vi(90)rq-

We may further infer that (iii) is true using the assumption lap\h\ﬁgo\h <
Bp and equivalence of gy and h.
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Now we examine the holomorphic sectional curvature after conformal
change. Let e; € T%0Ug be such that |e1]n, = 1, |e1]n = e F. Let x(z) be
the upper bound of the holomorphic sectional curvature of h at x,

Rygii = —0101 (" hap) + €001 (€2 hyp) - 01(e* )
= —01(* dthyt + 262 hy1 Fy)
+ 6_2thi (€2F81h1[ + 2/A1U*F1) (€2F81hp1 + QinIFi)
= QQFRHH - QilﬁFﬁ
<e g —2F;
<e T4 (B + 6.

(4.7)

Estimate \@g)TA . in a similar way as above, we may conclude that

n+1

Ki(T) + W?Ti!hi < e o+ e3B(1+ B).

From this (iv) is true. O
Now we are able to construct a solution of the Chern-Ricci flow on M.

Proof of Theorem [4.1] For each sufficiently large p;, (Up,, go,i) has bounded
geometry by Lemma By Lemma [£.4] using the notation in the lemma,
we have:

n+1

—ki(z) + W?Tilm < Ko+ c(B+ %) = Ko

Let

§i 1= Sup <‘T0,i|}2” +1To,iln | Tiln, + |Vg)T0,i|h,; + Ho,:‘) :

Then by Lemma [4.4
5; < ko+cB(l+p) =5

By Lemma there is a solution g;(t) on U, x [0,S) with initial metric
go,i where
1

B 3ci(na +1)3s
for some constant ¢; = ¢1(n). Moreover, g; is uniformly equivalent to go;
and

(4.8) trg, hi <wv(t) —1
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on U,, x [0,5) where

vlt) = <(na ¥ 1)}3 - 30@)é '

Fix any compact subset K C M and any S’ € (0,5). Then for suf-
ficiently large i, g¢;(t) is a solution of the Chern-Ricci flow defined on
Uy, D Uy D U, D K for some large r > 0. By Lemma for any (z,t) €
K x (0,5,

Ry 1) > — max C(n,a, 3,8 ,r), sup R_(y,0) ¢,
ply)<2r

where we have used the fact that h; = h on Uy, for sufficiently large p;. In
particular, it is bounded from below uniformly. Since

) <1 det g;(t)

— — ) = < K !
at og deth ) Rgi(t) = C(na 70‘767907‘3 7h)7

soon K x [0,5],
C(n7aaﬁ7 S/)h S g(t) S C(anaaleugO7S/7 h)h

By the local estimate of the Chern-Ricci flow [13], for any k € N, there is
C(n,k, go, h, B, a, K, S") such that for any (z,t) € K x [0,5],

IVEgi(t)|n < C(n, k, go, h, B, K, S').

By taking diagonal subsequence and using Arzela-Ascoli theorem, we may
obtain a limiting solution of g(¢) defined on M x [0, S). The conclusion on
trg h follows from (4.8)). This completes the proof of the theorem. O

Next we apply Theorem to prove Theorem Let us restate the
theorem:

Theorem 4.2. Let (M"™,go) be a complete noncompact Kdhler manifold
and h be a fired complete Hermitian metric on M such that the following

hold.

(i) There ezists a smooth exhaustion function p > 1 such that

. 5} ~ V=100
lim sup ‘Z|h(1 + |Vagoln) + ‘pp|h

p—>00

)
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(ii) the holomorphic sectional curvature of h and torsion T of h satisfy
Hy, + —— VT < —k
P ot =

for some constant k > 0; and

(iii) there exists a > 1 such that on M, a~'go < h < ago, |f|;Z < a.

Then there is B(n, a) >0 such that the Kdhler-Ricci flow has a complete
solution g(t) on M x [0,400) with g(0) = go and satisfies

Bh < g(t)
on M x [0,400).

Proof. By Theorem [£.1] and the assumptions, one can apply this theorem
to go with 8 arbitrarily small because the torsion Ty of gy vanishes. Hence
one can find solution g¢;(¢) to the Chern-Ricci flow with g;(0) = go on M x
[0, T;] with T; — co. Moreover, try h < c¢(n,a). Using the local estimate of
scalar curvature in Lemma [3.5 as in the proof of Theorem the results
follow. U

5. Existence of the Kahler-Einstein metric

In this section, we discuss the existence of the Kéhler-Einstein metric on M
via the Kihler-Ricci flow. Let us recall Theorem [T.1k

Theorem 5.1. Suppose there is a complete noncompact Hermitian metric
h on a complex manifold M™ compatible with the complex structure J such
that the torsion T and the holomorphic sectional curvature Hy, satisfy

n ~ o~
VTl < —k
n+1| aT|n

(5.1) Hy, +

for some k > 0. Then any long-time complete solution of the normalized
Kihler-Ricci flow g(t) will converge in Cp%. to the unique Kdhler-Einstein
metric goo = —Ric(goo). In particular, there is no complete Ricci flat Kdhler
metric on M compatible with the same complex structure J.

Combining this theorem with Theorem [£.2] we have the following corol-
laries which generalize the result by Wu-Yau [21]:
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Corollary 5.1. Let (M",gg) be a complete noncompact Kdihler manifold
with holomorphic sectional curvature bounded above by a negative constant.
Suppose M supports an exhaustion function with uniformly bounded gradient
and uniformly bounded complex Hessian, which is the case if M has bounded
curvature. Then M™ supports a unique Kahler Einstein metric with negative
scalar curvature.

Corollary 5.2. Let (M",gg) be a complete noncompact Kdihler manifold
with holomorphic sectional curvature bounded from above by a negative con-
stant. Suppose there exist Kq,7, Ag,7 > 0,p > n such that for all x € M,
f € Cgo(Bgo(x74T))7

Hy < ko <0

Rm Pdug, < Ki;

(52) Bgoj(:xﬂ") | (gO)| Ha !
S dpg,) < Agr? V£1? dpg, -
(qut’ T) ’f‘ /"LQO) — or B90é74T)| f’ :ugo

Then M supports a unique Kdhler-FEinstein metric with negative scalar cur-
vature.

Proof. By [24], there is a complete short time solution g(t) to the Ricci flow
with g(0) = go such that [Rm(g(t))| < Ct~® for some 0 < a < % and hence
IVRm(g(t))| < Ct™*"= by [15]. On the other hand for fixed g(t), there is
an exhaustion function p with uniformly bounded gradient and uniformly
bounded Hessian. Since g(t) is uniformly equivalent to go and Vg0 is
bounded, p is also an exhaustion function p with uniformly bounded gradient
and uniformly bounded Hessian with respect to gg. By Corollary the
result follows. O

We also want to discuss metrics which are uniformly equivalent to go
as in the previous corollaries. The following is an immediate consequence of
Theorem [4.2] and Theorem [5.1]

Corollary 5.3. Let (M™,go) be a complete Kdhler manifold and h is a fized
complete Hermitian metric on M such that go, h satisfy the assumptions in
Theorem[{.4 with k > 0. Then M supports a unique Kahler-Einstein metric
with negative scalar curvature.

Let us prove Theorem Here we do not assume existence of a good
exhaustion function for h. However, the distance function d(x,t) in a Ricci
flow behaves well. First using the idea by Chen [2], we have the following:
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Lemma 5.1. Let (M™, g(t)) be a complete noncompact solution to the Ricci
flow on M x [0,T] with 0 <T < oo, where m > 2 is the real dimension of
M. Let @ be a smooth function so that

(5 -2)@s-ae+s

for some a, B > 0 at the point where @ > 0. Then

1+ +/1+4apT?

2a

tQ(x,t) <

on M x (0,T].

Proof. Let xg € M, and let rg > 0 be small enough so that:

Ric(z,t) < (m — 1)ry?
for x € By(xo,70), t € [0,T]. By [I1] (see also [2]), we then have

(53) <aat — A) dt(l',wo) > —5(7713_1)7"0_1

whenever d;(x, z¢) > 19 in the sense of barrier, where d;(z, x() is the distance
function from zy with respect to g(¢). In the following, argue as in [7], we
may assume that d;(z, o) to be smooth when applying maximum principle.
We consider the function

u(z,t) =ty <Alm [dt(az,:ﬂo) + MD Q(z,t),

37"0

(m nT

where A is sufficiently large so that Arg >> , and ¢ is a fixed smooth
nonnegative non-increasing functlon such that go =1 on (—o0, ], vanishes
outside [0, 1] and satisfies |2 |+ || < ¢1 for some absolute constant.

Note that u also depends on A However,

u(xo,t) = tQ(xo, 1),

if Arg > 10(73'171)

If u <0, then we are done. Suppose the function u > 0 somewhere, then
there exists (:cl, t1) with 0 < t; < T so that u attains its maximum at (z1,¢1).
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At (z1,t1) we have

9 . __ Vo
og(at—A>u, VQ=--Q

Suppose dy, (x1,z9) < ro, then u(x,t) = tQ(x,t) near (z1,t;1) provided Arg
is large enough. Then at (x1,¢1), we have

d
d

=t (m—A>Q+Q

<—athQ®+ Bt +Q

and so
0< —au?+u+ BT?

which implies

< 14+ +/1+4aBT?

(5.4) u(zo, t) < u(x1,t1) %0

for t € [0,T7.
Suppose dy, (z1, ) > ro, then at (x1,t1),

0
< (X2 _
0_(325 A)u

9 d
=Qt <6t — A) Y+ <5t — A) (Qt) — 2t{Vy,VQ)
0
< thofAlm Kat - A) di(z,p) + g(m _ 1)7,01]
+ ‘90”| ! tQ+ ¢ (—OﬂfQ2 + Bt + Q) 4 QtQL . (QZ),)Q
(Aro)* A 9
< —atpQ® + ¢Q + Bto + let;

(Arg)?’

Multiply both the inequality by tp = t1¢, we have

2 al 2
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Hence we have

2
1+ 95 +\/(1+/§;Z“3> + 408T?

5.5 t) < t1) <

( ) 'U,(IIZ‘O, ) = u(xlv 1) > 2r

for 0 <t <T. Let A — oo together with (5.5) and the fact that o is any
point in M, we conclude the lemma is true. O

As an application of the lemma, we can recover the following well-
known result on uniqueness of complete Kéhler-Einstein metric. Here we do
not assume the curvature is bounded, see also [21]. Note that the result can
also be obtained by using elliptic theory.

Proposition 5.1. Suppose wy and ws are complete noncompact Kdhler Ein-
stein metrics on M with Ric(w;) = —w; fori=1,2. Then w1 = ws on M.

Proof. Let Let wy(t) = (t + 1)w; and wa(t) = (¢t + 1)we. Then both wy, w9 are
solutions to the Kahler-Ricci flow on M x [0, 400). Define F(z,t) = F(z) to
be the function

Flnt) = tog | B]" < 10g [#3]”

) =t ] = ]

which is independent of t. The function F' is independent of £ > 0 but we
treat it as a function over the Kéahler-Ricci flow. Let A be the Laplacian of
w1. Then it satisfies

0 1 1
(&_A>F_t—|-1 (1—ntrwl(ﬂ2>

I
|
i

whenever F' > 0 on M x [0, 1].

Apply Lemma 5.1jon M x [0, 1], tF' < 4. In particular, F'(z) is bounded
from above uniformly on M. By interchanging w; and we, we conclude that
F' is a bounded function on M. Let A; be the Laplacian of wy, we have as
above

—AlF S 1-— eF.
By the generalized maximum principle [3], we conclude that F < 0. Inter-

changing the roles of wy and wg, we can prove similarly that F' > 0. Hence
F =0.So 00F =0 and w; = w2 because they are Kahler-Einstein. O
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Now we are ready to prove Theorem

Proof of Theorem[5.1l Let g(t) and h be as in the Theorem. Let A = trg h.
By Corollary we have
<6—A>A§%mﬁ,

ot

for some ¢; depending only on n. By Lemma [5.1] with 8 = 0, we conclude
that

1
5.6 Alx,t) < —
(56) @< —
on M x (0,00).
On the other hand, let R(x,t) be the scalar curvature of ¢g(¢) at « and
let R_(z,t) be its negative part. For any e > 0, let f = 1 ((R2 + 62)% - R).
Note that if € — 0, then f — R_. Using the fact that

(a—A>Rzlm,
ot n

direct computations show that

<68t — A) f< —%f(f —2c1¢€) < —%(f — 616)2 + coe

for some absolute constant c¢; > 0 and ¢y > 0 depending only on n. By
Lemma [5.1) we conclude that

4
t(f—61€>§g<1+ 1+C2€)

n
on M x (0,00). Let € = 0, we conclude that

(5.7) tR(z,t) > —n.

0 det g(t) n
hl —_p<Z
8t10g<deth> Rs5

we conclude for any bounded open set €, there is a constant Cy depending
only on €, ¢(1),h,n such that

Since

det g(t)
det h

< Cit"
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on Q x [1,00). Combining this with (5.6), we conclude that
Cy'th < g < Caoth

on  x [1,00) for some constant Cy > 0 depending only on Q, g(1), h, k, n.
Consider the normalized metric

g(z,s) = e *g(x,e’).

Then we have

0 - C e~
(5.8) 559 = ~Ric(g) —g
on M x [0,00), and
(5.9) Cy'h < g(s) < Cah

on 2 x [0, 00).

In the following, let w(t), w(s) be the Kéhler forms of g(t), g(s) respec-
tively. By [16, Theorem 2.17], we conclude that for any bounded open set in
M and ¢ > 0, there is a constant C3 depending only on Q, g(1), h, k,n and ¢
such that

(5.10) 1@()lcx(50) < Cs.

On the other hand, let

d(z,s) = e* /0 e log (Eggg;:) dr.

Then
(5.11) w(s) =e *w(0) — (1 —e *)Ric(w(0)) + ﬁ@éa(s).

Moreover,

(5.12) { o= tog () — @ in M x[0,00);
5
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Denote 655 by (E’ etc., and let R be the scalar curvature of g, then

¢// + ¢/ _ E —-n
=—¢e"R(g(e’)) —n
=—¢° (R(g(es)) + e_sn)
<0

(5.13)

by (5.7). Hence ¢ + ¢ is non-increasing and ¢ + ¢ < 0 because ¢ + ¢ = 0
at s = 0. On the other hand, by (5.10) and (5.12)), we conclude that for any
bounded open set €, there exists s; — oo such that

(' + ) (s:)

converges uniformly in C°° norm in 2. By the monotonicity of 5’ + 5, we
conclude that ¢’ + ¢ converges in C°° norm in €2 to some function.

By (5.13]), we have
(esgl)/ <0,
and so ¢/ <0 because ¢ =0 at s = 0. Combine this with (5.10) and (5.11]),
we conclude that ¢ also converges in C* norm to some function ¢.,. Hence
¢’ also converge in C* norm to some function. However, by (5.9) we conclude

that ¢ is bounded from below. This implies that ¢ — 0 as s — co. Moreover,
W(s) = Weo in C*° norm in 2 as s — oo with

Boo = —Ric(@(0)) + vV—100¢se.

Note that We is a Kéhler form of a Kéhler metric by (5.9)). Moreover,

~ o
(w(0))"

Taking 90 to both sides, we conclude that
Ric(Woo) = —Woo-

Suppose w is a complete Ricci flat metric compatible with the same com-
plex structure of h. Then w(t) = @ is a steady solution of the Kéhler-Ricci
flow. By the convergence of normalized Kéhler-Ricci flow, ¢t ~!w(t) converges
to a Kihler Einstein metric on M which is impossible since t~*w(t) =t~
converges to a zero tensor on M. This completes the proof. ([
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