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Plateau’s problem for singular curves

PauL CREUTZ

We give a solution of Plateau’s problem for singular curves possi-
bly having self-intersections. The proof is based on the solution of
Plateau’s problem for Jordan curves in very general metric spaces
by Alexander Lytchak and Stefan Wenger and hence works also
in a quite general setting. However the main result of this paper
seems to be new even in R".

1. Introduction
1.1. Main Result

The classical formulation of Plateau’s problem reads: Does there exist a disc
of least area spanning a given closed curve I' in R"? If yes, what can be said
about the regularity of such discs?

The first question has been positively answered by Douglas and Radé
independently for general Jordan curves in 1930 and the second one and its
variants have been extensively studied in the last 90 years, see [3] and [4] and
the references therein for a detailled account on the literature. However the
classical approaches break down if instead of Jordan curves one considers
closed curves having self-intersections. The reason for this being that there
need not be a disc of least energy spanning I'. Joel Hass attacked the question
of finding a least area disc for such singular curves in [6] and showed by
cutting into possibly infinitely many curves, that an area minimizing disc
for I' exists in the sense of continuous maps and the Lebesgue notion of
area. However the resulting disc a priori does not satisfy any regularity at
the possibly large preimage of I' beyond continuity and does not quite fit
into the classical setting as it might not be a Sobolev map. Using results
for Plateau’s problem in singular metric spaces given by Alexander Lytchak
and Stefan Wenger in [10] we are able to obtain the following result.

Theorem 1.1. Let T be a closed rectifiable curve in R™ possibly having self-
intersections. Then there exists p > 2 and a Sobolev disc u € W1P(D? R")
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spanning T of least area among all discs v € WH2(D?, X) spanning T'. One
may choose u locally a-Holder continuous on D? and globally 3-Hélder con-
tinuous on D? where ov = % and 8 = 2%

Here by a closed curve I' we mean an equivalence class of parametrized
closed curves 7y : 81 — R™ where we identify two parametrized curves if they
the same constant speed parametrization up to isometry of S'. We say that
a Sobolev disc u € W12(D? R") spans I if tr(u) € L?(S',R") has a contin-
uous representative which is an element of I'. The area of u € W12(D?,R")
is given by

Area(u) := / |ug A uy| do dy.
D2

Theorem [I.1]is not only interesting for self-intersecting curves but also seems
to be new for rectifiable Jordan curves of low regularity. Let I" be a rectifiable
Jordan curve in R and u € W2(D? R") be a disc of least area spanning
I' classically obtained by minimizing the Dirichlet energy. Then u satisfies
Laplace equation and hence is smooth on D? which is much stronger than
local Holder continuity, see [3]. If I" furthermore satisfies a A-chord-arc condi-
tion, then u is known to be globally S-Holder continuous for some 5 € (0,1)
depending on ), see [7]. If n = 3 and T is C! then one may take any 8 < %
by [15L p.238]. Imposing higher regularity on I" one may gain also higher
boundary regularity of u, see for example [16], [19]. However for a general
rectifiable Jordan curve I" in R™ the only boundary regularity of v that seems
to be known is u € C°(D? R").

The idea of proof is to replace R™ by the metric space X obtained by
attaching a collar to R™ along I'. Now we use the results in [10] to solve
Plateau’s problem for a certain regular Jordan curve in X. A simple projec-
tion argument completes the proof. This way we trade in the singularity of
the original curve I' for the singularity of X.

1.2. Sketch of proof

Giving the ’right’ definitions, Plateau’s problem can almost verbatim be
asked not only in R™ but for a curve I' in a general complete metric space
X, see section 2] If X is proper and I" a Jordan curve, Plateau’s problem has
been solved by Alexander Lytchak and Stefan Wenger in [10]. This result
has been generalized to Jordan curves in many locally non-compact spaces
by Chang-Yu Guo and Stefan Wenger in [5]. To obtain regularity of the
maps they additionally assume the space to satisfy a quadratic isoperimetric
inequality. A metric space X is said to satisfy a C-quadratic isoperimetric
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inequality if for every parametrized Lipschitz curve v : S' — X there exists
u € WH2(D?, X) such that tr(u) = v and

Area(u) < C - 1(v)%

Instead of cutting the curve as Hass does in [6] the idea of proving The-
orem is to resolve the self-intersections by gluing a collar. Assume for
simplicity I is a closed curve of length 27 in R™. Let v : S' — R” be a con-
stant speed parametrization of I' and Xt the metric space obtained by gluing
a strip S1 x [0, 27] to R™ along (P, 0) ~ v(P). Then X satisfies a quadratic
isoperimetric inequality and the curve I's; corresponding to S x {27} is a
Jordan curve in Xt satisfying a chord-arc condition. So the results in [10]
give a 'nice’ disc v spanning ['s,; of least area within the metric space Xr.
Now there is a canonical 1-Lipschitz retraction P : Xt — R". Then Pow
gives the desired disc spanning I'. The details may be found in section

This proof is not very specific to R™. It gives the following more general
result.

Theorem 1.2. Let X be a proper metric space satisfying a C-quadratic
1soperimetric inequality and I' a closed rectifiable curve in X. Then there
exists p = p(C) > 2 and a disc u € WIP(D? X) of least area spanning T'.

Theorem may be generalized to the class of spaces which are 1-
complemented in some ultracompletion considered in [5]. It includes among
others Hadamard spaces, dual Banach spaces, injective spaces and L!-spaces.
The proof is the same upon replacing the [I0] results by the [5] ones. We
will only give the proof of the locally compact result and indicate where one
has to make changes to obtain the more general version.

A similar construction of gluing a strip has also turned out to be useful
in [I] and [18].

1.3. Parametrized version and applications
Let X be a proper metric space and I' a closed curve in X. Let
Fill(T") := min{Area(u)|u spans I'}.
Now let v : S — X be a parametrization of I'. A subtle but apparent ques-

tion is whether there exists u such that tr(u) = v and Area(u) = Fill(T'). In
the [6] setting the answer is always yes. However the procedure discussed
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there produces a map u which might not be in W12(D?, X). A positive an-
swer to the question has been given in [9] if " is a Jordan curve satisfying
a chord-arc condition and v a Lipschitz parametrization. We use this result
and the same trick as in the proof of Theorem to obtain the following.

Theorem 1.3. Let X be a proper metric space satisfying a C-quadratic
isoperimetric inequality and T a closed rectifiable curve in X. Ify: S' — X
is a Lipschitz parametrization of T', then there exists a disc u € WHP(D?, X)
such that tr(u) = v and Area(u) = Fill(I") for some p > 2 depending only on
C.

Especially if a metric space satisfies a C’-quadratic isoperimetric for ev-
ery C' > C, then it satisfies a C-quadratic isoperimetric inequality. This sim-
plifies various things in the works of Alexander Lytchak and Stefan Wenger.
For example this fact has been applied in the proof of Theorem 1.4 in [13]
and one may slightly improve Theorem 1.8 in [I4] as follows.

Corollary 1.4. Let C > 0 and (X,,) be a sequence of proper, geodesic met-
ric spaces satisfying a C-quadratic isoperimetric inequality. If X, is an ul-
tralimit of (X,), then X, satisfies a C-quadratic isoperimetric inequality.

2. Reminder: Sobolev maps

In this section we give a short reminder on metric space valued Sobolev
maps. For more details see for example [10], [8] and [17].

Let © C R? a bounded domain, X a separable complete metric space and
p > 1. A measurable, essentially separably valued map u : Q — X belongs
to WLP(Q, X) if for every 1-Lipschitz map g : X — R the composition g o f
belongs to the classical Sobolev space WP (Q, R) and its Reshtnyak p-energy

BN (u) i= inf {llg]f}, 0 | 9 € P(Q): Vf € Lipy(X,R) : [V(f ow)| < g ae. |

is finite. We say that u : @ — X belongs to Wé’f(ﬂ, X) if for every ' C Q
precompact one has u € WhP(Q', X).

If Q is a Lipschitz domain, then for u € W1?(Q, X) there is a canon-
ical almost everywhere defined trace map tr(u) € LP(02, X). If u extends
continuously to a map % : 2 — X, then one may simply take tr(u) = u|sq.

If w € WHP(Q, X), then u is approximately metrically differentiable al-
most everywhere. That is for almost every z € § there exists a seminorm
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apmd, (u) on R? such that

d(u(z), u(w)) —apmd,(z —w) _

aplim,, 1z — ]

Define the (Busemann) area of u € WHP(Q, X) by

Area(u) :—/ J(apmd, (u)) dL?(2).
Q
where for a seminorm o on R? one sets its (Busemann) Jacobian to be

J(o) = L2({v e R?o(v) < 1})°

This equals the usual definition Area(u) := [, [uz A uy| dzdy in case X =
R™. We say that a map u :  — X satisfies Lusin’s property (N) if for every
N C Q with £2(N) =0 one has H?(u(N)) = 0. If u € WIP(Q, X) satisfies
Lusin’s property (N), then the following variant of the area formula holds

(1) Area(u) = /Xcard(u_l(x)) dH?(z).

A map u € WH2(Q, X) is Q-quasi-conformal if for L£2-almost every z € Q
one has

(apmd,u)(v) < @ - (apmd,u)(w)
for all v,w € S'. If u is Q-quasi-conformal, then one has
Area(u) < EF (u) < Q* - Area(u).
Also the following variant of the Sobolev embedding theorem holds.

Theorem 2.1. Letp>2, a=1-— % and u € VVI})’p(Q,X). Then u has a

C

representative u € C{ (2, X) that satisfies Lusin’s property (N). If further-
more 2 is a Lipschitz domain, then

B =

falla = sup 2EELHWD) o g 0y (2 ()5

RIS ‘Z - w‘a

So especially WHP(Q, X) C C*(Q, X).
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3. Plateau’s problem for Jordan curves
3.1. Unparametrized Plateau problem

Consider S! endowed with angular distance. For p,q € S! let [p,q] be
a shortest path in S' connecting p and ¢. We say that a parametrized
curve 7y : St — X is of constant speed if there is a constant ¢ € [0, 00) such
that for every p,q € S' one has I(Yljp,q)) = ¢~ ds1(p,q). For every rectifi-
able parametrized curve 7 :S' — X there exists a constant speed curve
7 : 8" — X and a monotone map R : S — S! such that v = 7o R. Such a
curve # is unique up to precomposing an isometry of S and will be called
the constant speed parametrization of . Having the same constant speed
parametrization defines an equivalence relation ~ on the set of parametrized
rectifiable curves v : S' — X. A closed rectifiable curve T' is an equivalence
class with respect to ~. We say that v : S' — X is a parametrization of T
ifyel.

Let I be a closed rectifiable curve. We say that u € W12(D?, X) spans T
if tr(u) € L2(D?, X) has a continuous representative that is a parametriza-
tion of I'. We define the filling area Fill(T') of T by

Fill(T") := inf{Area(u)|u spans I'}.

In this formulation Plateau’s problem for X reads: Is there a disc u spanning
I" such that Area(u) = Fill(T")?

The classical approach to solve Plateau problem for Jordan curves I
in R™ is to minimize the energy over all discs spanning I'. Then it turns
out that a minimizer of energy exists and is also a minimizer of area. This
breaks down for more general metric spaces as energy minimizers might not
be area minimizers and worse for self-intersecting curves as there might not
even exist energy minimizers, see [L0] resp. [6]. Still Alexander Lytchak and
Stefan Wenger were able to solve Plateau’s problem for Jordan curves in
proper metric spaces.

Theorem 3.1 ([10]). Let X be a proper metric space and I' a rectifi-
able Jordan curve in X such that Fill(T') < co. Then there exists a disc
u € WH2(D?, X) of least area spanning I'. One may furthermore choose u to
minimize E% (u) over all discs of least area spanning T'. In this case u is V2-
quasi-conformal. If X satisfies property (ET), u is even 1-quasi-conformal.

Here a metric space is called proper if closed and bounded subsets of
X are compact. A metric space is said to satisfy property (ET) if for every
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u € WH2(D?, X) the metric differential apmdf is induced by a (possibly
degenerate) inner product £2-almost everywhere on D?. Spaces satisfying
property (ET) include complete Riemannian manifolds and spaces satisfying
curvature bounds in the sense of Alexandrov, see [10].

Theorem has been generalized to many locally non-compact spaces
including Hadamard spaces, dual Banach spaces and L!-spaces in [5]. It
holds for all complete metric spaces X that are 1-complemented in some
ultracompletion. For convenience of the reader we stick in this article to
proper spaces. However all results stated here for proper spaces also hold
true within the class of spaces 1-complemented in some ultra completion.

To obtain regularity of solutions of Plateau’s problem one has to im-
pose additional conditions on X. Let C € [0,00) and [y € (0,00]. We say
that X satisfies a (C,ly)-quadratic isoperimetric inequality if for every
parametrized Lipschitz curve «: S' — X such that I(y) < lp there exists
a disc u € WH2(D?, X) such that tr(u) = v and

Area(u) < C - 1(v)%

If |y = oo we also say that X satisfies a C-quadratic isoperimetric inequality.
For example R™ and more generally CAT(0) spaces satisfy a ﬁ—quadratic
isoperimetric inequality. For proper, geodesic spaces this is an equivalent
characterization of the CAT(0)-condition, see [I2]. Banach spaces satisfy a

%—quadra‘cic isoperimetric inequality, see [2].

Theorem 3.2 ([1I0], [9]). Let X be a complete metric space satisfying a
(C,lo)-quadratic isoperimetric inequality and T' a rectifiable Jordan curve
in X. Let w € WY2(D?,X) be a disc of least area spanning T' that is Q-
quasiconformal. Then

1) Then u € VVll’p(DQ,X) NCZ (D% X) for p=p(C,Q)>2 and o=

oc loc
(4rQ?*C)~ L.
2) If T satisfies a A-chord-arc condition, then uwe€ Wh4(D? X)n

CP(D?,X) where ¢ = q(C,Q,\) >2 and 8 = (ESIVER

Here a rectifiable Jordan curve I is said to satisfy a A-chord-arc condition
where A\ > 1 is a constant if its constant speed parametrization 7 : S — X
satisfies

lgr) cdsi(p,q) < A~ d(3(p), 7(q))

for all p,q € S*.
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3.2. Parametrized Plateau’s problem

Let T’ be a rectifiable curve in X and 7 : S' — X a parametrization of T.
We define the filling area of v to be

Fill(y) := inf{Area(u) | tr(u) = ~}.

Then by definition one has Fill(I') < Fill(y). A first apparent question is
whether equality holds. This cannot be true because even in R" as a recti-
fiable curve will usually have bad parametrizations that do not admit discs
spanning them. However this is essentially the only restriction by the fol-
lowing result of Lytchak and Wenger.

Theorem 3.3 ([11], Lemma 4.8). Let X be a complete metric space satis-
fying a (C,lp)-quadratic isoperimetric inequality, T’ a closed rectifiable curve
in X and v a parametrization of T'. If Fill(y) < oo, then Fill(y) = Fill(§) =
Fill(T).

However the proof of Theorem in [11] is quite tricky and does not
give the existence of a disc u such that tr(u) = v and Area(u) = Fill(vy). The
question whether such u exists could be considered a parametrized version
of Plateau’s problem. The following partial result has been obtained in [9].

Theorem 3.4 ([9]). Let X be a proper metric space satisfying a (C,ly)-
quadratic isoperimetric inequality, I' a rectifiable \-chord-arc curve in X
and v a Lipschitz parametrization of T'. If Fill(T') < oo, then there exists p =
p(C,)\) > 2 and a disc u € WIP(D? X)) such that tr(u) = v and Area(u) =
Fill(T"). If furthermore I(y) < ly, then one may also achieve

(B (u)> < M -Lip()
where M = M(C, \).

The following simple gluing lemma is crucial in the proofs of Theorem [3.3]
and Theorem [3.4] and will also play an important role in the proof of Theo-
rem [1.2)

Lemma 3.5. Let X be a complete metric space, vi,72:S" — X be

parametrized curves and p>1. Let h € C°(S! x [0,1], X) N WP(St x
(0,1), X) be a homotopy between v1 and vo and let w € WHP(D?, X) such
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that tr(u) = 1. Then there exists a disc v € WIP(D? X) such that tr(u) =
Y2,
Area(v) = Area(u) + Area(h)
and
E? (0) < L- (B (u) + EV.(h)
where L = L(p).

See for example section 2.2 in [9].
4. Plateau’s problem for singular curves
4.1. Unparametrized variant

Let X be a complete metric space and I' a rectifiable curve in X. Let [ :=
I(T), S a geodesic circle of circumference I and 7 : S — X be a constant
speed parametrization of I'. Identifying S and S! we also consider 7 as a
1-Lipschitz map S — X. Let Xt be the metric quotient of X LI (S x [0,1])
along the relation generated by v(p) ~ (p,0) for p € S. Let Pr: Xp — X be
given by the identity on X and Pr(p,t) := y(p) on S x [0,].

Lemma 4.1. Let Xt as described.

1) Pr: Xr — X is 1-Lipschitz, the inclusion map vx : X — X is an iso-
metric embedding and the inclusion map gy : S % [0,1] — Xr is 1-
Lipschitz and locally isometric on S x (0,1].

2) Let T’y be the curve in Xr corresponding to S x {l} in Xr. Then T'; is
a 1-chord-arc curve of length .

3) If X is proper, then Xr is proper.
4) If X satisfies (C,ly)-quadratic isoperimetric inequality, then Xr satis-
fies a (C + 1,1p)-quadratic isoperimetric inequality and a (C + %, l6)—

quadratic isoperimetric inequality where I, = min{ly, l}.

5) If X satisfies property (ET), then Xr satisfies property (ET).

Remark 4.2. For the locally non-compact version of the theorems one
has to note: if X is 1-completed in a ultra completion X, then Xt is 1-
complemented in X{. This is an easy consequence of equation and the
fact that S x [0,1] is compact.
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Proof. Let Y := S x [0,1] and dx and dy be the distance functions of X and
Y respectively. The distance d on Xt is given as follows, see [IJ.

(2)

min {dy (z,), dy (z,(p,0))+dx (v(p),7(9)+dy ((4,0)9)} 2,y €Y

alfal. ) = { min dx(9(0) + d (9.0).9) weXyey
dx(z,y) sz, y € X.

and [2] are direct consequences of (2)).[3] is a consequence of [1} For [4] see
[1]. To see 5| note that X has property (ET) by assumption and Xr \ X has
property (ET) as it is locally isometric to R2. O

We prove the following stronger variant of Theorem

Theorem 4.3. Let X be a complete metric space satisfying a (C,ly)-
quadratic isoperimetric inequality and I' a closed rectifiable curve in X such
that Fill(T') < co. Then there is a disc u of least area spanning I'. One may
choose

we WhP(D? Xp)nCe.(D?, Xr) N CP(D?, Xr)

where p=p(C) > 2, a= (87rC—|—4)_ and 8= % If X satisfies property
(ET), then o may be improved to o = (4nC + 2)~ L.

Proof. Let v, be the constant speed parametrization of I';. Then tgy o : S X
[0,1] — Xr gives a homotopy between v and 7; of area [2. So by Theorem
and Lemma [3.5]

(3) Fill(T}) = Fill(y;) < Fill(y) + 1% = Fill(T) + 2.

Note here that as X is a 1-Lipschitz retract of Xt the quantities Fill(+y) and
Fill(T") are the same when considered within X and within Xr.

By Theorem [3.1] . 1| there exists a disc of least area v € W2(D?, Xr) span—
ning I'; that is Q-quasiconformal, where = 1 if X satisfies property
and @ = v/2 otherwise. By Lemma Theorem and Theorem [2.1] i
may furthermore assume that

v e WHP(D?, Xt) N Ce (D% Xr) N CP(D?, Xr)

and v satisfies Lusin’s property (N) where p = p(C) > 2,

1
oo (47@2 (o + ;ﬂ)) — (4rQ3C +2Q%) !
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and 3 = §. By continuity of v on D? one has S x [0,1] C u(D?). Then u :=
Prow is a disc spanning I' having the desired regularity properties. As v
and u satisfy Lusin’s property (N) by one has

Area(u) = /Xcard(u_l(y)) dH?(y) = /Xcard(v_l(y)) dH?(y)

(4) < /X card(v™(y)) dH*(y) — I* = Area(v) — 2.

So by and
Fill(T}) < Fill(T') + 1? < Area(u) + 1> < Area(v) = Fill(I)).
So Area(u) = Fill(I') which proves Theorem 4.3 O

Theorem follows from Theorem by noting that R™ has property (ET)

and satisfies a ﬁ—quadratic isoperimetric inequality.

Remark 4.4. Let X be a CAT(0) space and T' a rectifiable curve in X
of finite total geodesic curvature k(I'). In this case one may improve the
constant o in Theorem[{.3 to 1 and hence the map w will be locally Lipschitz
on D?. However the constant 3 will depend on k(T') in this case. To achieve

this one performs the same proof using the funnel extension discussed in
section 3.1 of [18] instead of Xr.

4.2. Parametrized variant

The proof of the following variant of Theorem [1.3|is very similar to the proof
discussed in the previous subsection.

Theorem 4.5. Let X be a proper metric space satisfying a (C,ly)-quadratic
isoperimetric inequality, T' a closed rectifiable curve in X such that Fill(T") <
oo and n be a Lipschitz parametrization of T'.

Then there there exists p = p(C) > 2 and a disc u € WHP(D? X) such
that tr(u) = v and Area(u) = Fill(T"). If (") < lo, then one may furthermore
achieve

(E%(u))» < M - Lip(y)

where M = M(C).
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Proof. First assume 1 =« is the constant speed parametrization of I'. Con-
sider again the space Xt as in the previous subsection. By Theorem [3.4] there
exists p = p(C) > 2 and a disc v € WHP(D?  Xt) such that tr(v) =, and
Area(v) = Fill(y). If (") = I(I'1,) < lo, then one may furthermore achieve

(E”(u))» < M -Lip(yz) < M - Lip(n)

where M = M(C). Set u:= Prowv. Then u€ W'P(D? X)nC°D? C).
Hence tr(u) = uls1 = n and the same argument as in the proof of Theo-
rem 4.3 implies Area(u) = Fill(T").

Now for a general Lipschitz curve n by [14, Lemma 3.6] there exists
a universal constant K > 0 and a Lipschitz homotopy h : S' x [0,1] — X
between 7 and v such that Area(h) =0 and Lip(h) < M - Lip(n). So the
proof is completed by applying Lemma to the disc constructed for v and
the homotopy h . O

As a consequence of Theorem if a proper space X satisfies a (C',lp)-
quadratic isoperimetric for every C’ > C then it satisfies a C-quadratic
isoperimetric inequality.

Corollary 4.6. Let (X,,) be a sequence of proper, geodesic metric spaces
satisfying a (C,lg)-quadratic isoperimetric inequality. If X, is an ultralimit
of (X,), then X, satisfies a (C,ly)-quadratic isoperimetric inequality.

Proof. By [14, Theorem 5.1] X, satisfies a C’-quadratic isoperimetric in-
equality for every C’ > C. So if X,, is proper we are done. If not one may
perform the same proof as in [I4], Theorem 5.1] but applying our T heorem
instead of Theorem 5.2 therein. O
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