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New surfaces with canonical map of
high degree

CHRISTIAN GLEISSNER, ROBERTO PIGNATELLI, AND CARLOS RITO

We give an algorithm that, for a given value of the geometric genus
pg, computes all regular product-quotient surfaces with abelian
group that have at most canonical singularities and have canonical
system with at most isolated base points. We use it to show that
there are exactly two families of such surfaces with canonical map
of degree 32. We also construct a surface with ¢ = 1 and canonical
map of degree 24. These are regular surfaces with p, = 3 and base
point free canonical system. We discuss the case of regular surfaces
with py = 4 and base point free canonical system.

1. Introduction

Let S be a smooth surface of general type with irregularity ¢ and geometric
genus pg > 3. Denote by ¢ the canonical map of S and let d := deg(¢). It is
known since Beauville [6] that if the canonical image ¢(5) is a surface, then

d<36—9q if ¢<3, d<8 if ¢>4.

Beauville has also constructed families of examples with x(Og) arbitrarily
large for d = 2,4, 6, 8. Despite being a classical problem, for d > 8 the num-
ber of known examples is scarce. Tan’s example [16, §5] with d =9,¢ =0
and Persson’s example [12] with d = 16, ¢ = 0 are well known. Du and Gao
[10] show that if the canonical map is an abelian cover of P2 then these
are the only possibilities for d > 8. More recently the third author has given
examples with d = 16, ¢ = 2 [15] and d = 24, ¢ = 0 [I4]. There is a paper
[17] claiming the existence of the case d = 36, but, to our knowledge, the
proof is not correct.

In this paper we consider the problem of finding product-quotient sur-
faces (A x B)/G with at most canonical singularities having canonical map
of maximum degree. For these surfaces K2 < 8y (see [1]), equality holding
if and only if the quotient model (A x B)/G is smooth, i.e. the action of G
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is free. Here Beauville’s argument gives
d<32—-8q if ¢<3,

equality holding if and only if G acts freely, p, = 3 and the canonical system
is base point free. In order to be able to understand this system, we restrict
our study to abelian groups G. Such surfaces are then abelian coverings
of the product (4/G) x (B/G), and we can use Pardini’s [II] formulas to
understand their canonical curves.

We give an algorithm that, for a given value of the geometric genus p,
and some n € N, computes all regular product-quotient surfaces with abelian
group G that have at most canonical singularities and have canonical system
with at most n base points. Applying it to the case K? = 32, we get exactly
two families of surfaces with p; =3, ¢ =0 and canonical map of degree
K? = 32 onto P2. We describe these surfaces as (Z/2)*-coverings of P! x P!
in Section [3]

We have also found a family of product-quotient surfaces with p, = 3,
¢ = 1 and canonical map of degree K? = 24 onto P2. We give the construc-
tion as a (Z,/2)3-covering of E x P! in Section where F is an elliptic curve.
One can show that this is the unique such family with group G = (Z/2)3,
we give the idea for the proof of this fact in Remark

For product-quotient surfaces with p, > 4 and ¢ < 3, Beauville’s proof
gives the inequality

d§8<1~|— 3_q>§20.
pg_2

Strangely enough the output of our algorithm for p, = 4 does not contain
any quotient (A x B)/G with G acting freely, and therefore there exists
no product-quotient surface (A x B)/G with G abelian and canonical map
of degree 20. We show that the maximum degree for regular such surfaces
is 12. The value p; = 4 is a surprising gap. Indeed Catanese constructed
in [9] regular product-quotient surfaces with p; = 5 and 6 of the form (A x
B)/G with G abelian acting freely and canonical system without base points.
Catanese’s examples, having canonical map of degree 1 and ¢(.5) of very high
degree, have been an important source of inspiration for this paper.

To keep the paper as simple as possible, for the convenience of the read-
ers, we describe our examples directly as abelian covers of (A/G) x (B/G)
instead of as quotients (A x B)/G. We refer the interested reader to [2] [3]
and the references therein for the theory of product-quotient surfaces in the
general case of arbitrary singularities.
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An implementation of our algorithm as MAGMA script may
be downloaded at http://www.science.unitn.it/~pignatel/papers/
CanonicalMapProg.magma
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2. (Z/2)"-coverings and canonical systems

The following result is taken from [8, Proposition 6.6] (see also [11]).

Proposition 2.1. A normal finite G = (Z/2)"-covering ¥ — X of a
smooth variety X is completely determined by the datum of

1) reduced effective divisors Dy, Yo € G, with no common components;

2) divisor linear equivalence classes Ly, ..., Ly, for x1,...,xr a basis of
the dual group of characters GV, such that

2L; = Z D,.
xi(o)=1
Conversely, given (1) and (2), one obtains a normal scheme Y with a finite

G = (Z)2)"-covering Y — X, with branch curves the divisors D,.

The covering ¢: Y — X is embedded in the total space of the direct
sum of the line bundles whose sheaves of sections are the Ox(L;), and is
there defined by equations

Uy, Ux; = Uyitx; H Loy
xi(o)=x;(0)=1


http://www.science.unitn.it/~pignatel/papers/CanonicalMapProg.magma
http://www.science.unitn.it/~pignatel/papers/CanonicalMapProg.magma
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where z, is a section such that div(z,) = D,.

The scheme Y is irreducible if {o|D, > 0} generates G.

If the branch locus of v is simple normal crossing, then the surface Y is
smooth and its invariants are

1
X(Oy) =2"x(Ox) + 3 Z (L} + KxLy),
YEGV~

po(Y) =pg(X)+ > BYX,Ox(Kx + Ly)).
XEGV*

For each o € GG, denote by R, C Y the reduced divisor supported on
Y*(Dy). We get from [I1), Proposition 4.1, ¢)] and [4, Proposition 2.1)] that,
if X is Gorenstein, for any y,

(Pawy)™ = wx (Ly).

Combining with the Hurwitz formula,

Ky =¢*(Kx)+ Y Ro,

oeG*

we obtain that the canonical linear system of Y is generated by

(1) VIKx+Lil Y Ry, i€,
xi(0)=0

where J :={j : |Kx + L;| # 0}.
3. The families with deg(¢) = 32
Let f,g be the rational fibrations of X := P! x P!, and let F,..., Fs be

distinct fibres of f and FE1, ..., Fg be distinct fibres of g. Denote by eq,...,e4
the generators of (Z/2)*. We set e;,..;, == e;, + -+ ¢;,.

3.1. Building data 2 x (1,1,1,1,1,1)
Consider the (Z/2)*-covering

VY > X



New surfaces with canonical map of high degree 1815

given by

Del = Fl, D62 = FQ, D€3 = Fg, De4 = F4, D = F5, D624 = F@,

€13

D6234 = El, D8134 = EQ, D6124 = Eg, D6123 = E‘47 Del4 = E5, D623 = Eﬁ.

For i,j,k,l € Z/2, let x;ji denote the character which takes the value
i,7,k,1 on ey, ez, e3, e4, respectively. There exist divisors L;;; such that

2Liju= Y Do,

Xijk (0)=1

thus the covering 1) is well defined. Since there is no 2-torsion in the Picard
group of X, then ¢ is uniquely determined. The surface Y is smooth because
the curves De,, ..., D,,,, are smooth with pairwise transverse intersections
only.
We have
Li100 = Loont = L = 2F +2E,

where F'is a fibre of f and F is a fibre of g. For the remaining cases we have
Lijkl =F+2F or 2F+ F.

This implies that

1

and
py(Y) =0+ Z RY(X,0x(Kx + Liju)) = 3.

We get from that Ky is generated by the following divisors, respec-
tively associated to the characters xoo11, x1100 and x1111:

ﬁ1+ﬁ2+E1+E2, ﬁ3+ﬁ4+E3+E47 ﬁ5+ﬁ6+ﬁ5+ﬁ6a

where F; := 1¢*(F;) and E; := J¢*(E).

The fact EEJ = 4 implies K%/ = 32.

By looking to their images on X, one verifies that the above three divisors
have no common intersection. Thus | Ky | is base-point free and then K2 > 0
implies that the canonical map of Y is not composed with a pencil. Hence
its image is P2, a surface of degree 1, therefore the degree formula implies

that the canonical map of Y is of degree K2 = 32.
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3.2. Building data 2 x (2,1,1,1,1)

Here we only give the building data of the covering, the verifications are
analogous to the ones in the previous section.
D, .= F1, D.,,, '=F, D

= I3+ Fy, D, :=F5, D, = Fg,

€123

D62 = El, De234 = EQ, D6124 = F3 + E4, D823 = E5, D624 = Fg.

As in the previous case, setting E = %w*(F,) and EZ = %¢*(E¢), Ky
is gengrate(l by the divisors F} + F> + E1 + Eo, F3+ Fy+ Es + FEy, F5+
Fs + E5 + Eg, respectively associated to the characters xooi1, X1100 and
X1111-

4. A family with deg(¢) =24, q=1

Let
X :=FE X F,

with F' 22 P! and E a smooth elliptic curve. Let E1, ..., Eg C X be distinct
elliptic fibres and Fy, Fb, F5 C X be distinct rational fibres. Since the sum
of two points in an elliptic curve is divisible by 2 in the Picard Group, there
are fibres Fj; such that 2F;; = F; + F}, 1,5 € {1,2,3}.

Let e1, e2, e3 be the generators of (Z/2)3, set e;,..;, *=e;, + -+ +¢; and
consider the divisors

D31 = E1 -+ EQ, D82 = E3 -+ E‘47 De3 = E5 =+ E6,

De23 = Fl, D613 = FQ, D612 = Fg,

Lioo := E + Fb3, Loio := E+ Fi3, Loo1 := E + Fio.

Fori,j, k € Z/2, let x;j, denote the character which takes the value 4, j, k
on e1, e, ez, respectively. The above data satisfies

2Lijk = Z Dg,

Xijk(0)=1
thus from Proposition it defines a (Z/2)3-covering

VY — X.
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Note that there are four different possible choices for each Fj;: a different
choice produces a different Y. The surface Y is smooth because the curves

De,,...,De,, are smooth with pairwise transverse intersections only.
The fact
Lyin =Ly + Ly — Z Dy,
x(o)=n(o)=1

implies that
L1 =3E+T,

Li1o = 2E + Fy, L1o1 = 2E + F{3, Lo = 2F + Fys,
where
T:=Fio+ Fi3+ Fo3 — F1 — Iy — F3

and F; is a fibre linearly equivalent to F; + 7.

We notice that the divisor class 27" is trivial. We choose the F;; so that
the divisor class T is not trivial, so T' is a 2-torsion element of the Picard
group.

Since Kx = —2F, we have that

1
X(Oy) =0+ > (LE+ ExLik) =3,

pe(Y) =0+ > h'(X,Ox(Kx + Lijt)) = 3,

and then ¢(Y) = 1.
We get from that Ky is generated by the following divisors:

Es+ Eg+ Py + Fly, Bs+ Ey+ Fy+ Fly, By + By + Fy + Fi,

correspondAing respectivelx to the characters X1105 X101 and xo11, where E =
sV (Ei), Fi = gu*(F), Fyj = ¢*(Fy) and F}; .= o*(F)).

The facts E;F; = 2 and E;F;; = 4 imply K2 = 24.

The fibres E;, Fj, F}, are distinct with the only possible exceptions FZ’J =
2Fy, {i,j,k} ={1,2,3}. Then the above three divisors have no common
intersection since their images on X have no common intersection. Thus
| Ky | is base-point free and then, arguing as in Section (3, the canonical map
of Y is of degree K%, = 24.

Remark 4.1. We have a proof that these are the only irregular product-
quotient surfaces of the form (A x B)/(Z/2)? with canonical map of degree
24. We quickly sketch here the main point of the proof.
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Such surfaces S are (Z/2)3—covers of E x F (E elliptic, F rational)
branched on an union of elliptic fibres £; and rational fibres F;. Since the
action of (Z/2)% on A x B is free, each D,, is either of the form 3" E; or of
the form ) Fj.

By the canonical system is generated by three divisors correspond-
ing to three characters. If these characters are linearly independent we can
assume w.l.o.g. that they are Y100, X010 and xoo1. Then h°(E x F, Kpxr +
Lioo) = 1. It is easy to prove that the class of Kpyr + L1gp can’t be triv-
ial, so it is the class of a rational fibre £}, and analogous statement holds
for Kp«r 4+ Loio and Kg«pg 4+ Log1. Then all the three divisors contain the
pull-back of a rational fibre F;. Then Vi € {1, 2,3}, D, cannot contain any
elliptic fibre F; or there would be a base point of Kg on F;. By Hurwitz
formula one deduces D, = E, D.,,, = 2E. Since there is at least a rational
fibre Fp in the branch locus, w.l.o.g. Fy < D., and one finds a base point of
Kg on FyN D,,,, a contradiction.

So, the three characters are linearly dependent. The rest of the proof
uses similar arguments.

5. The algorithm

In this section we describe our algorithm, producing all regular product-
quotient surfaces whose quotient model Y := (A x B)/G has G abelian, at
most rational double points as singularities, and canonical system with at
most isolated base points.

By [1I Remark 2.5] every singular point y € Y is then of type
Ap,, ny €N.

Lemma 5.1. Let Y := (A x B)/G be the quotient model of a product-
quotient surface with only canonical singularities such that G is abelian. Set

g(A), g(B) for the genus of the curve A, B, respectively, and assume w.l.o.g.
g(A) > g(B). Set also x := x(O(Y)). Then

9(B) S1+2x+2V* +2x . g(A) <4

Proof. According to [13, Proposition 3.10],

@A) -D(gB) -1 1 n2—1 _ (g(A) — 1)(9(B) ~ 1)
X= G| +1y€Siany ny © |
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Since G is abelian, we have |G| < 4¢(B)+ 4 by [7, Corollary 9.6], which
implies

X(49(B) +4) > X|G| > (9(A) —1)(9(B) — 1) > (9(B) — 1)* .

In particular
9(B)? — (4x +2)g(B) + 1 — 4x < 0.
O

We assume Y regular, then F:= A/G = F := B/G = P!. Since G is
abelian, then the finite map ¢: ¥ — E x F =2 P! x P! is a Galois cover with
Galois group G. The branching locus of v is the union of the lines F; :=
E x q;, Fj :=pj x F, where p; are the branching points of A — E and ¢;
are the branching points of B — F. The cover A — E associates naturally
to each point p; its local monodromy, an element g; of G, that is also the
local monodromy of F} for ¢). The element g; is the image of a small loop
around p; for the map in [I, page 1002], not depending on the choice of the
loop since G is abelian. In the notation of [11], Fj is a component of the

divisor Dy, with H = (g;) and n € H* defined by 7(g;) = e™ where m; is
the order of g; in G.

By the Riemann Existence Theorem, the local monodromies give a bijec-
tion among the Galois covers of P! and the maps {p;} — G such that p; is a
finite subset of P! and the image is a set of generators of G that is spherical,
i.e. such that the sum of the images of the p; is zero. So we produce regular
product-quotient surfaces by producing two sets of spherical generators of
G and then choosing freely the points p;, g;.

The type of the set of generators is the multiset (a set whose elements are
allowed to have a multiplicity in N) of the orders m; of the local monodromies
of the p;. See [I] for details.

Fix now py(Y’) € N. The algorithm is the following:

15 Step: Since x = py(Y) + 1, Lemma determines finitely many
possible pairs of genera (g(A),g(B)) and so finitely many possible
orders of the group |G| < 4¢g(B) + 4. The inequalities in [7, Theorem
9.1, Corollary 9.6] and [I3 Proposition 3.6] limit the types Th and T
of the coverings A — F and B — F’ to finitely many possibilities. Our
program lists first all possible 5—tuples [g(A), g(B), |G|, T, T2].

274 Step: For each resulting 5—tuple [g(A), g(B), |G|, T1, T»], the pro-
gram searches among all groups of order |G| for pairs of systems of
spherical generators of respective types 77 and T5. For each such pairs
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it computes the singularities of the resulting surface (A x B)/G us-
ing [2, Proposition 1.17] (or the equivalent [I1, Proposition 3.3]) and
discards all pairs giving singularities not canonical.

37 Step: Finally the program discards, among the surfaces produced
by Step 2, those whose canonical system has a 1-dimensional base
component, as follows. Since the singularities of Y are Gorenstein, we
can use Pardini’s formula ([I1, Proposition 4.1, ¢)] and [4, Proposition
2.1)] ) for splitting its canonical system as in . More precisely we
obtain subsystems of the form ¢*|M, |+ ®,, x € G*, generating the
canonical system, where |M,| is a (possibly empty) complete linear
system on P! x P! and ®, is an effective divisor supported on the
union of the F; and the F}. Since every complete linear system on
P! x P! is base point free, then the canonical system of the product-
quotient surface has at most isolated base points if and only if the
divisors ®,, such that |M,| # () meet only at a finite number of points.

The program returns: the group G, the types T;, a pair of generating
vectors, the systems M, that are not empty, the singularities of Y, and the
number of base points of the canonical system.

Remark 5.2. By Beauville’s argument,

n2—1

2 y
8(p9 + 1) —b— 3 ZyGSingY Tny
Pg — 2

deg ¢ <

9

where b is the number of base points. The equality holds if and only if
¢(S) C PPa~! is a surface of minimal degree p, — 2.

Running the program for p, = 3, we obtain the following result.

Proposition 5.3. There are exactly 2 families of regular product-quotient
surfaces
(A x B)/G with G abelian acting freely, p; =3 and canonical system base
point free, the families described in Section [3,

There are further 17 families of regular product-quotient surfaces (A x
B)/G with G abelian, pg = 3, canonical system base point free whose quotient
model has only canonical singularities.

We notice that the two families are distinct even as families in the
Gieseker moduli space of surfaces of general type. Indeed by [5, Theorem 1.3]
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a surface in one family is not even deformation equivalent to any surface in
the other family.

The degrees of the canonical maps of the surfaces in the 17 further
families form the set {2,4,6,8,16}.

6. The case p;, = 4

Running the program for p, = 4 we get:

Proposition 6.1. There are no regular product-quotient surfaces (A X
B)/G with G abelian acting freely, p, = 4 and canonical system base point
free.

There are 60 families of regular product-quotient surfaces (A x B)/G
with G abelian, p, = 4, canonical system base point free whose quotient model
has only canonical singularities.

The highest degree realized by the 60 families in Proposition [6.1]is 12,
realized by a family with group G = (Z/3)2. The branching divisor is the
union of 8 lines, 4 for each ruling: Fy + FEo + F3 + E4 + F1 + Fy 4+ F3 4+ Fy,
with local monodromies

Er—(1,1,2)  Ey—(2,2,0)  E3—(1,2,1)  E4~—(2,1,0)
Fi—(2,1,1) F—(0,1,2) F3—(1,2,1)  F,+—(0,2,2)

The surface has 9 singular points of type Ay and K2 = 24. There are 4
characters y with |M,| # (), here are the respective ®,:

?0,1,0) =B+ E + Fi+ B P10,1) =2F + 2F,
Q20 =F2+ E3 + F3+ F} P229) =2E4 + 2,

with E; = $¢*(E;), F; = L™ (F)).

Recall that since the canonical system is base point free and has pos-
itive self-intersection, the canonical map is not composed with a pencil.
Since 29 1,0) = P(1,0,1) + P(0,2,0), the image of the canonical map is con-
tained in a quadric cone and therefore is the quadric cone. More precisely,
one can choose sections g, 21, T2, 23 of H(S, Kg) with respective divisors
©0,1,0 P(1,0,1)) P(0,2,0)» P(2,2,2) such that the canonical image is the quadric
Ty = X122
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There are three more families of surfaces in our list of 60 with Kg > 24:
one with K2 = 36 and two with K2 = 32. We can show that their canonical
image is not contained in a quadric, and therefore the maximal canonical
degree we can reach for p, = 4 is 12.
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