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We study a heat flow problem for nematic liquid crystals with
variable degree of orientation. Let Ω be a bounded domain in R

m

with smooth boundary and C be the round cone in R× R
3,

C = {(s, u) ∈ R× R
3 : s2 = |u|2}.

Under certain conditions on the double-well potential function
W (s), we prove that there exist solutions (s, u) : Ω× [0,∞) → C
which satisfy the system

st = ∆s−
|∇u|2 − |∇s|2

2s2
s−

W ′(s)

s
s

ut = ∆u+
|∇u|2 − |∇s|2

2s2
u−

W ′(s)

s
u,

with given initial-boundary data. Also, we prove that the solutions
are Holder continuous.
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1. Introduction

In a previous work [3], we studied a heat flow problem for nematic liquid
crystals with variable degree of orientation. After some simplifications and
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choices of material constants, the problem is equivalent to consider the ex-
istence of solutions of harmonic heat flow into the round cone with a lower
order term. Let Ω be a bounded domain in R

m with smooth boundary and

C = {(s, u) ∈ R× R
3 : s2 = |u|2}.

We look for solutions (s, u) : Ω× (0,∞) → C which satisfy

st = ∆s−
|∇u|2 − |∇s|2

2s2
s−

W ′(s)

s
s

ut = ∆u+
|∇u|2 − |∇s|2

2s2
u−

W ′(s)

s
u.

(1.1)

The system (1.1) is the heat flow equation corresponding to the energy
functional

(1.2)

∫

Ω

(

|∇s|2 + |∇u|2 +W (s)
)

dx

for H1 map (s, u) : Ω → C. In the parabolic system (1.1) or the functional
(1.2), the function W (s) is usually assumed to be a double-well potential
function. See [2]. In [3], when proving the existence of solutions, we assumed
thatW (s) is of the formW (s) = F (s2) for some C1 function F . Here, we will
prove that solutions of (1.1) exist when the potential function W (s) is really
a double-well potential. Let W (s) be a non-negative C1 function defined for
s ∈ (−1

2 , 1). We assume that there are s1 ∈ (−1
2 , 0) and s2 ∈ (0, 1) such that

(1.3) W ′(s) < 0 for s ∈ (−
1

2
, s1), W ′(s) > 0 for s ∈ (s2, 1),

and

(1.4) lim
s→(−1/2)+

W (s) = ∞, and lim
s→1−

W (s) = ∞.

Also, we further assume that W (s) and has a local minimum at s = 0 and

(1.5) sup

{
∣

∣

∣

∣

W ′(s)

s

∣

∣

∣

∣

: s ∈ (s1, s2)

}

< ∞.

We will prove

Theorem 1.1. Let Ω be a bounded domain in R
m with smooth boundary.

Let W (s) be a C1 function which satisfies (1.3), (1.4) and (1.5). Let (g, h)
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be a Lipschitz map from Ω into the cone C and −1
2 < g(x) < 1 for x ∈ Ω̄.

Then, there is a continuous map (s, u) : Ω× [0,∞) → C such that at any
point (x0, t0) where t0 > 0 and s(x0, t0) ̸= 0, (s, u) is a solution of (1.1) in a
neighborhood of (x0, t0). Also, (s, u) satisfies the initial-boundary conditions,

(1.6) (s(x, 0), u(x, 0)) = (g(x), h(x)), x ∈ Ω,

(1.7) (s(x, t), u(x, t)) = (g(x), h(x)), x ∈ ∂Ω, t > 0,

in the sense of trace. Furthermore, there is a sequence tj such that tj → ∞ as
j → ∞ and (s(x, tj), u(x, tj)) converges a map (s0(x), u0(x)) uniformly on
compact subsets in Ω. For each point x0 ∈ Ω where s0(x0) ̸= 0, in a neighbor-
hood of x0, (s0, u0) is a stationary solution of the system (1.1), and (s0, u0)
satisfies the boundary condition(1.7) in the sense of trace.

In [2], F.H. Lin proved that the minimizers of the functional are Holder
continuous. Here we prove that the same result is true for solutions obtained
in Theorem 1.1, if the potential function W (s) is of C2 and

(1.8) sup

{∣

∣

∣

∣

(

W ′(s)

s

)′∣
∣

∣

∣

: s ∈ (s1, s2)

}

< ∞.

Theorem 1.2. Let (s, u) be the map obtained in Theorem 1.1. If we further
assume that W (s) is of C2 and (1.8) holds, then (s, u) is Holder continuous
in Ω× (0,∞).

Note that (1.5) holds if W ′(s) is a Lipschitz function in (s1, s2). Also,
(1.8) holds if W ′′(s) is a Lipschitz function in (s1, s2). By our assumption
that W (s) has a local minimum at s = 0, we have W ′(0) = 0. If W ′(s) is a
Lipschitz function, then

|W ′(s)| = |W ′(s)−W ′(0)| ≤ C|s|.

This proves (1.5). If W (s) is of C2, by mean value theorem,

W ′(s) = W ′(s)−W ′(0) = W ′′(s̃)s

for some s̃ between s and 0. If W ′′(s) is a Lipschitz function, then we have

|sW ′′(s)−W ′(s)| = |W ′′(s)−W ′′(s̃)||s| ≤ C|s|2.
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This proves (1.8). Both (1.5) and (1.8) are not needed in [2]. To prove the
existence of energy minimizer, Lin assumed that W (s) is of C1 and (1.4)
holds. To prove that the energy minimizer is Holder continuous, Lin assumed
that W (s) is of C2.

In [2], F.H. Lin also proved that the minimizers of the functional (1.2)
are Holder continuous on the boundary. We wish to discuss the boundary
regularity for the solutions obtained in Theorem 1.1 in an upcoming paper.

In this paper, we use the notation B(x0;R0) = {x ∈ R
m : |x− x0| <

R0}. When x0 = 0, we simply write B(R0) = B(0;R0).

2. Existence of solutions

We employ the penalization scheme in [3] and consider equations of the form

(2.1) ∂ts = ∆s− 2K(s2 − |u|2)s− f(s)s,

(2.2) ∂tu = ∆u+ 2K(s2 − |u|2)u− f(s)u,

for some constant K > 0. We assume that the function f(s) is a bounded
function defined on (−∞,∞): there is a constant M > 0 such that

(2.3) |f(s)| ≤ M for s ∈ (−∞,∞).

Later, we will choose f(s) to be a cut-off of the function W ′(s)
s . See (2.19),

(2.20) and (2.21). Let (sK , uK) : Ω× [0,∞) → R× R
3 be solutions of (2.20)

and (2.21) with initial-boundary condition (1.6) and (1.7). We will prove
that the maps (sK , uK) are equicontinuous on each compact subsets in Ω×
(0,∞), and there is a sequence that will converge to a map (s, u) with
properties mentioned in the Theorem 1.1.

Let (s, u) be a solution of (2.1) and (2.2) in B(R)× (−R2, 0]. For λ ∈
(0, 1), we define

(2.4) s̄(x, t) = s(λx, λ2t), ū(x, t) = u(λx, λ2t).

Then (s̄, ū) is defined on the set B(R/λ)× (−(R/λ)2, 0] and is a solution of
the equations

∂ts̄ = ∆s̄− 2λ2K(s̄2 − |ū|2)s̄− λ2f(s̄)s̄,

∂tū = ∆ū+ 2λ2K(s̄2 − |ū|2)ū− λ2f(s̄)ū.

Note that when λ ∈ (0, 1) and f(s) satisfies (2.3), then λ2|f(s̄)| ≤ M .
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For any γ > 0, we define

(2.5) s̃(x, t) =
1

γ
s(x, t), ũ(x, t) =

1

γ
u(x, t).

Then (s̃, ũ) is a solution of

∂ts̃ = ∆s̃− 2γ2K(s̃2 − |ũ|2)s̃− f(γs̃)s̃,

∂tũ = ∆ũ+ 2γ2K(s̃2 − |ũ|2)ũ− f(γs̃)ũ.

Note that if f(s) satisfies (2.3), then we also have |f(γs̃)| ≤ M .

Proposition 2.1. Let (sK , uK) be a solution pair of (2.1) and (2.2) in
B(x∗; 4R∗)× (t∗ − (4R∗)

2, t∗]. Suppose that

(2.6) sup{s2K(x, t) + |uK |2(x, t) :

(x, t) ∈ B(x∗; 4R∗)× (t∗ − (4R∗)
2, t∗]} ≤ L∗.

Let ω(R) be a non-decreasing function defined for R ∈ [0, 4R∗) and ω(0) = 0
and R2 ≤ ω(R) for R ∈ [0, 4R∗). Suppose that for R ∈ (0, R∗) and (x0, t0) ∈
B(x∗, 2R∗)× (t∗ − (2R∗)

2, t∗],

(2.7) R2−m

∫

B(x0;R)

(

|∇sK |2 + |∇uK |2 +K(s2K − |uK |2)2
)

(x, t0) dx ≤ ω(R).

Then for (x1, t1), (x2, t2) ∈ B(x∗, R∗)× (t∗ −R2
∗, t∗], we have

(2.8) |sK(x1, t1)− sK(x2, t2)|+ |uK(x1, t1)− uK(x2, t2)| ≤ C
√

ω(2ρ),

where ρ =
√

|x1 − x2|2 + |t1 − t2|. The constant C depends only on m, R∗.

Proof. Let (x0, t0) ∈ B(x∗; 2R∗). We claim that for any R ∈ (0, R∗), we have

(2.9) R2−m

∫ t0

t0−R2

∫

B(x0;R)

(

|∂tsK |2 + |∂tuK |2
)

dx dt ≤ Cω(2R),

where C is a constant depending only on m, M and L∗. Let η(x) be a
cutoff function such that η(x) = 0 when x ∈ B(x0; 2R) and η(x) = 1 when
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x ∈ B(x0;R), |∇η| ≤ C/R. From (2.1) and (2.2),

d

dt

∫

B(x0;2R)

(

|∇sK(x, t)|2 + |∇uK(x, t)|2

+K(s2K(x, t)− |uK(x, t)|2)2
)

η2(x) dx

= 2

∫

B(x0;2R)

(

∇sK∇∂tsK +∇uK∇∂tuK

+ 2K(s2K − |uK |2)(sK∂tsK − uK∂tuK)
)

η2 dx

= −4

∫

B(x0;2R)

(

∇sK∂tsK +∇uK∂tuK
)

η∇η dx

− 2

∫

B(x0;2R)

(

∆sK∂tsK +∆uK∂tuK

− 2K(s2K − |uK |2)(sK∂tsK − uK∂tuK)
)

η2 dx

= −4

∫

B(x0;2R)

(

∇sK∂tsK +∇uK∂tuK
)

η∇η dx

− 2

∫

B(x0;2R)

(

|∂tsK |2 + |∂tuK |2
)

η2 dx

− 2

∫

B(x0;2R)

(

f(sK)(sK∂tsK + uK∂tuK)
)

η2 dx

Using (2.3) and (2.6), we have

∫

B(x0;2R)

(

|∂tsK |2 + |∂tuK |2
)

η2 dx

≤ −
d

dt

∫

B(x0;2R)

(

|∇sK(x, t)|2 + |∇uK(x, t)|2

+K(s2K(x, t)− |uK(x, t)|2)2
)

η2(x) dx

+
C

R2

∫

B(x0;2R)

(

|∇sK(x, t)|2 + |∇uK(x, t)|2
)

dx+ CRm.

By (2.7),

1

Rm−2

∫ t0

t0−(2R)2

∫

B(x0;2R)

(

|∂tsK |2 + |∂tuK |2
)

η2 dx dt ≤ Cω(2R) + CR2,

where C is a constant depending on m, M and L∗ only. This proves (2.9).
Now, we proceed to prove (2.8). Let (x0, t0) and R ∈ (0, R∗) be fixed

such that P (x0, t0; 2R) ⊂ Ω× (0,∞). Let (x1, t1) and (x2, t2) be points in
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P (x0, t0;R/4) and t2 ≤ t1. Let

x̄ = (x1 + x2)/2, and ρ =
√

|x1 − x2|2 + |t1 − t2|.

We note that ρ < R. For each x ∈ B(x̄; r), we observe that

|sK(x1, t1)− sK(x, t1)| =

∣

∣

∣

∣

∫ 1

0
(x1 − x) · ∇sK(x1 + τ(x− x1), t1) dτ

∣

∣

∣

∣

≤ 4r

∫ 1

0
|∇sK(x1 + τ(x− x1))| dτ.

Let ξ(x) be a non-negative smooth function such that ξ(x) = 1 when x ∈
B(x̄; ρ/2) and ξ(x) = 0 when x lies outside B(x̄; r), and |∇ξ| ≤ C/ρ. After
interchanging the order of integration, we obtain

1

ρm

∫

B(x̄;ρ)
|sK(x1, t1)− sK(x, t1)|ξ(x) dx

≤
1

ρm

∫

B(x̄;ρ)
|sK(x1, t1)− sK(x, t1)| dx

≤
4

ρm−1

∫

B(x̄;ρ)

∫ 1

0
|∇sK(x1 + τ(x− x1), t1)| dτ dx.

Let y = x1 + τ(x− x1) and x̄τ = x1 + τ(x̄− x1). We note that if x ∈
B(x̄; ρ), then |y − x̄τ | ≤ τρ, and x̄τ ∈ B(x0;R) for all 0 < τ < 1. Thus, from
(2.7), we have

4

ρm−1

∫

B(x̄;ρ)

∫ 1

0
|∇sK(x1 + τ(x− x1), t1)| dτ dx

≤ Cρ1−m

∫ 1

0

∫

B(x̄τ ;τρ)
|∇sK(y, t1)| dy dτ

≤ Cρ1−m

∫ 1

0
(τρ)m/2

(

∫

B(x̄τ ;τρ)
|∇sK(y, t1)|

2 dy

)1/2

dτ

≤ Cρ1−m

∫ 1

0
(τρ)m−1

√

ω(τρ) dτ

≤ C
√

ω(ρ).

Let

s̄K(x̄, t) =

∫

B(x̄;ρ) sK(x, t)ξ(x) dx
∫

B(x̄;ρ) ξ(x) dx
.
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The computations in the above implies that

|sK(x1, t1)− s̄K(x̄, t1)| ≤ C
√

ω(ρ).

Similarly, we also have

|sK(x2, t2)− s̄K(x̄, t2)| ≤ C
√

ω(ρ).

Since |t1 − t2| ≤ ρ2, by (2.9),

|s̄K(x̄, t1)− s̄K(x̄, t2)| ≤Cρ−m

∫ t1

t2

∫

B(x̄;ρ)
|∂tsK |ξ dx dt

≤Cρ−m

(

∫ t1

t2

∫

B(x̄;ρ)
|∂tsK |2 dx dt

)1/2

· ρm/2+1

≤C
√

ω(2ρ)

This implies that

|sK(x1, t1)− sK(x2, t2)| ≤ C
√

ω(2ρ).

Similarly, we can prove that

|uK(x1, t1)− uK(x2, t2)| ≤ C
√

ω(2ρ).

This completes the proof. □

Theorem 2.2. Let (sK , uK) be a solution pair of (2.1) and (2.2)
in B(x∗; 4R∗)× (t∗ − (4R∗)

2, t∗]. Suppose that (2.6) holds and for
t ∈ (t∗ − (4R∗)

2, t∗],
∫

B(x∗;3R∗)

(

|∇sK(x, t)|2 + |∇uK(x, t)|2(2.10)

+K(s2K(x, t)− |uK(x, t)|2)2
)

dx ≤ E∗.

Then there is a constant C, depending only on m, M , R∗, L∗ and E∗

but independent of K, such that for any (x1, t1), (x2, t2) ∈ B(x∗;R∗)× (t∗ −
R2

∗, t∗],

|sK(x1, t1)− sK(x2, t2)|+ |uK(x1, t1)− uK(x2, t2)| ≤

(

C

ln(16R2
∗/ρ

2)

)1/2

,

where ρ =
√

|x1 − x2|2 + |t1 − t2|.
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Proof. Let ξ(x) be a cutoff function such that ξ = 0 outside B(x∗; 3R∗), and
ξ = 1 inside B(x∗; 2R∗), and |∇ξ| ≤ C/R∗, and |∇2ξ| ≤ C/R2

∗. Let

eK(x, t) = |∇sK(x, t)|2 + |∇uK(x, t)|2 +K(s2K(x, t)− |uK(x, t)|2)2.

Let (x0, t0) ∈ B(x∗;R∗)× (t∗ −R2
∗, t∗]. For t < t0, let

(2.11) EK(t;x0, t0) = |t− t0|

∫

Ω
eK(x, t)ξ2(x)G(x, t;x0, t0) dx,

(2.12) IK(t;x0, t0) =

∫

Ω
(s2K(x, t) + |uK(x, t)|2)ξ2(x)G(x, t;x0, t0) dx.

Here, G(x, t;x0, t0) is the backward heat kernel on R
m: for t < t0,

G(x, t;x0, t0) =
1

|t− t0|m/2
exp

(

|x− x0|
2

4(t− t0)

)

.

After a translation, we assume that (x0, t0) = (0, 0). Also, we write

IK(t) = IK(t;x0, t0) EK(t) = EK(t;x0, t0), G(x, t) = G(x, t;x0, t0).

Note that

∂tG(x, t) = −∆G(x, t), and ∇G(x, t) =
x

2t
G.

We need to compute I ′K(t) and E′
K(t). The computations are basically

the same as those in [3] section 2. From (2.1) and (2.2), one can compute
that

∂t(s
2
K + |uK |2) = ∆(s2K + |uK |2)− 2

(

|∇sK |2 + |∇uK |2
)

− 4K(s2K − |uK |2)2

− 2f(sK)(s2K + |uK |2).

Thus,

I ′K(t) =

∫

Ω
∂t(s

2
K + |uK |2)ξ2G dx+

∫

Ω
(s2K + |uK |2)ξ2∂tG dx

=

∫

Ω
∆(s2K + |uK |2)ξ2G dx−

∫

Ω
(s2K + |uK |2)ξ2∆G dx

− 2

∫

Ω
(|∇sK |2 + |∇uK |2 + 2K(s2K − |uK |2)2)ξ2G dx

− 2

∫

Ω
f(sK)(s2K + |uK |2)ξ2G dx
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Using integrating by parts, we have

I ′K(t) = −2

∫

Ω
(|∇sK |2 + |∇uK |2 + 2K(s2K − |uK |2)2)ξ2G dx(2.13)

− 2

∫

Ω
f(sK)(s2K + |uK |2)ξ2G dx

+ 2

∫

Ω
(s2K + |uK |2)ξ

( x

2t
∇ξ
)

G dx

− 4

∫

Ω
(sK∇sK + uK∇uK)ξ∇ξG dx.

It follows that

2

|t|
EK(t) ≤ −I ′K(t) + 2M

∫

Ω
(s2K + |uK |2)ξ2G dx

+ 2

∫

Ω
(s2K + |uK |2)ξ

( x

2t
∇ξ
)

G dx

− 4

∫

Ω
(sK∇sK + uK∇uK)ξ∇ξG dx,

where M is the constant in (2.3). Since ∇ξ(x) = 0 when x ∈ B(2R∗), using
(2.6) and (2.10), we obtain

1

|t|
EK(t) ≤ −I ′K(t) + 2MIK(t) + C exp

(

1

6t

)

,

where C is a constant depending only on the dimension m, M , R∗, L∗ and
E∗. In general, given (x0, t0), if t ∈ (t0 −R2

∗, t0], we have

1

|t− t0|
EK(t;x0, t0) ≤ −I ′K(t;x0, t0) + 2MIK(t;x0, t0)(2.14)

+ C exp

(

1

6(t− t0)

)

.

This implies that

I ′K(t;x0, t0) ≤ 2MIK(t;x0, t0) + C exp

(

1

6(t− t0)

)

.

For any t1 ∈ (t0 −R2
∗, t0] and t ∈ (t1, t0), we have

(2.15) IK(t;x0, t0) ≤ CIK(t1;x0, t0) + C exp

(

1

6(t− t0)

)

,
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where C is a positive constant depending only on m, M , R∗, L∗ and E∗,
and is independent of K.

For the function E(t), by a straightforward computation, we have

E′
K(t) = −

∫

Ω
K(s2K − |uK |2)2ξ2G dx

− 2|t|

∫

Ω

(

(

∂tsK +∇sK
x

2t

)2
+
(

∂tuK +∇uK
x

2t

)2
)

ξ2G dx

− 4|t|

∫

Ω
f(sK)

(

sK

(

∂tsK +∇sK
x

2t

)

+ uK

(

∂tuK +∇uK
x

2t

))

ξ2G dx

− 4|t|

∫

Ω

((

∂tsK +∇sK
x

2t

)

∇sK +
(

∂tuK +∇uK
x

2t

)

∇uK

)

∇ξξG dx

+ 4|t|

∫

Ω

(

|∇sK |2 + |∇uK |2 +K(s2K − |uK |2)2
)

ξ∇ξ
x

2t
G dx.

See [3] section 2 or section 4 in this paper. It is not difficult to see that

E′
K(t) ≤ −

1

2
|t|

∫

Ω

(

∂tsK +∇sK
x

2t

)2
ξ2(x)G dx(2.16)

−
1

2
|t|

∫

Ω

(

∂tuK +∇uK
x

2t

)2
ξ2(x)G dx

+ C|t|IK(t) + C exp

(

1

6t

)

,

and C is a positive constant depending on m, M , R∗, L∗ and E∗. Thus, we
obtain

(2.17)
d

dt
EK(t;x0, t0) ≤ C|t− t0|IK(t;x0, t0) + C exp

(

1

6(t− t0)

)

.

Let R ∈ (0, R∗). When t ∈ (t0 − (4R∗)
2, t0 −R2), using (2.6), we see that

EK(t;x0, t0) ≥ EK(t0 −R2;x0, t0)− C|t− t0|.

This implies that

∫ t0−R2

t0−(4R∗)2

EK(t;x0, t0)

t0 − t
dt ≥ ln

(

16R2
∗

R2

)

EK(t0 −R2;x0, t0)− CR2
∗.
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Using (2.14), we also have

∫ t0−R2

t0−(4R∗)2

EK(t;x0, t0)

t0 − t
dt

≤
1

2
(IK(t0 − (4R∗)

2;x0, t0)− IK(t0 −R2;x0, t0)) + C

≤ C,

and C is a positive constant depending on m, M , R∗, L∗ and E∗. Thus,

EK(t0 −R2;x0, t0) ≤
2C

ln (16R2
∗/R

2)
.

We may replace t0 by t0 +R2 and obtain

EK(t0;x0, t0 +R2) ≤
2C

ln (16R2
∗/R

2)
.

This implies that

R2−m

∫

B(x0;R)

(

|∇sK |2 + |∇uK |2 +K(s2K − |uK |2)2
)

dx ≤
C

ln(16R2
∗/R

2)
.

By Proposition 2.1, we have

|sK(x1, t1)− sK(x2, t2)|+ |uK(x1, t1)− uK(x2, t2)| ≤

(

C

ln(16R2
∗/ρ

2)

)1/2

,

where ρ =
√

|x1 − x2|2 + |t1 − t2|. The positive constant C depends only on
m, M , R∗, L∗ and E∗, and is independent of K. □

Now, we begin to prove Theorem 1.1. Let g(x) be the function in (1.6)
and (1.7). Let g1 and g2 be constants such that−1

2 < g1 ≤ s1 and s2 ≤ g2 < 1
and

(2.18) −
1

2
< g1 ≤ g(x) ≤ g2 < 1 for x ∈ Ω̄.

Let s∗ = min{s1, g1}, s
∗ = max{s2, g2} where s1, s2, g1, g2 are the constants

in (1.3) and (2.18). Let

(2.19) V (s) =







W ′(s∗) when s ∈ (−∞, s∗),
W ′(s) when s ∈ [s∗, s

∗],
W ′(s∗) when s ∈ (s∗,∞).
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We consider solutions of equations

∂tsK = ∆sK − 2K(s2K − |uK |2)sK −
V (sK)

sK
sK ,(2.20)

∂tuK = ∆uK + 2K(s2K − |uK |2)uK −
V (sK)

sK
uK ;(2.21)

with initial-boundary conditions (1.6) and (1.7).
It is easy to check that solutions of (2.20) and (2.21) exist as long as the

solutions stay bounded. Let (sK , uK) be a solution pair of (2.20) and (2.21)
defined for t ∈ (0, T ]. One can compute that

∂t(s
2
K + |uK |2) = ∆(s2K + |uK |2)− 2

(

|∇sK |2 + |∇uK |2
)

(2.22)

− 4K(s2K − |uK |2)2 − 2
V (sK)

sK
(s2K + |uK |2).

Let

M = max

{∣

∣

∣

∣

V (s)

s

∣

∣

∣

∣

: s ∈ (−∞,∞)

}

.

From (2.22), we have

∂t[e
2Mt(s2K + |uK |2)] ≤ ∆[e2Mt(s2K + |uK |2)].

By the maximum principle, we obtain

(2.23)
sup{(s2K + |uK |2)(x, t) : (x, t) ∈ Ω× (0, T )}

≤ max{e2MT (g2 + |h|2), g2 + |h|2}.

Therefore, for each T > 0, solutions of (2.20) and (2.21) exist for t ∈ (0, T ].
From (2.20) and (2.21), it is easy to see that

d

dt

∫

Ω

(

|∇sK(x, t)|2 + |∇uK(x, t)|2 +K(s2K(x, t)− |uK(x, t)|2)2
)

dx(2.24)

= −2

∫

Ω

(

|∂tsK |2 + |∂tuK |2
)

dx

− 2

∫

Ω

V (sK)

sK

(

sK∂tsK + uK∂tuK
)

dx

≤ −

∫

Ω

(

|∂tsK |2 + |∂tuK |2
)

dx+M2

∫

Ω

(

s2K + |uK |2
)

dx.
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Thus, for all t ∈ (0, T ], we have

∫

Ω

(

|∇sK(x, t)|2 + |∇uK(x, t)|2 +K(s2K(x, t)− |uK(x, t)|2)2
)

dx(2.25)

≤ E0 + CM2T max{e2MT (g21 + |h|2), g2 + |h|2},

where

E0 =

∫

Ω

(

|∇g(x)|2 + |∇h(x)|2
)

dx.

Let T be a fixed positive number. By Theorem 2.2, the pairs {(sK , uK) :
K ≥ 1} are equicontinuous on each compact set in Ω× (0, T ). We may
choose a sequence Ki such that Ki → ∞ as i → ∞ and (sKi

, uKi
) converges

uniformly to a pair (s, u) on each compact set in Ω× (0, T ]. On each compact
set in Ω× (0, T ], the pair (s, u) satisfies the estimate

(2.26) |s(x1, t1)− s(x2, t2)|+ |u(x1, t1)− u(x2, t2)| ≤

(

C

ln(4R2
∗/ρ

2)

)1/2

,

where ρ =
√

|x1 − x2|2 + |t1 − t2| and C is a positive constant depending on
T , m, M , R∗, and the initial data. Moreover, we have s2(x, t) = |u(x, t)|2 for
all (x, t) ∈ Ω× (0, T ]. Suppose that s(x0, t0) ̸= 0, by (2.26), there is a neigh-
borhood of (x0, t0) such that s(x, t) does not vanish. In that neighborhood,
using the method in [4], one can prove that (s, u) is a C2 solution of

(2.27)
st = ∆s−

|∇u|2 − |∇s|2

2s2
s−

V ′(s)

s
s

ut = ∆u+
|∇u|2 − |∇s|2

2s2
u−

V ′(s)

s
u.

Suppose that s(x, t) has a local maximum at (x1, t1) ∈ Ω× (0, T ] and
s(x1, t1) > max{s2, g2}, where s2 and g2 are the constants in (1.3) and (2.18).
In a neighborhood of (x1, t1), the pair (s, u) is a C2 solution of (2.27). Since
s2(x, t) = |u(x, t)|2, we have |∇u|2(x, t)− |∇s|2(x, t) ≥ 0 in a neighborhood
near (x1, t1). By the maximum principle, it is impossible. Thus, we must have
s(x, t) ≤ max{s2, g2} for all (x, t) ∈ Ω× (0, T ]. Similarly, using maximum
principle, one can prove that s(x, t) ≥ min{s1, g1} for all (x, t) ∈ Ω× (0, T ].
We see that

sup{s2 + |u|2 : (x, t) ∈ Ω× (0, T ]} ≤ max{|s1 + g1|
2, |s2 + g2|

2},
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and is independent of T . From (2.19), this implies that V (s(x, t)) =
W ′(s(x, t)) in (2.27). Thus, if s(x0, t0) ̸= 0, in a neighborhood of (x0, t0),
the pair (s, u) is a solution of the system (1.1).

Let (x∗, t∗) ∈ Ω× (0, T ] and B(x∗; 4R∗)× (t∗ − (4R∗)
2, t∗] ⊂ Ω× (0, T ].

Since (sKi
, uKi

) converges uniformly to (s, u) on each compact set in Ω×
(0, T ], when i is large enough, we have

sup{s2Ki
+ |uKi

|2 : (x, t) ∈ B(x∗; 3R∗)× (t∗ − (3R∗)
2, t∗]}(2.28)

≤ max{|s1 + g1|
2, |s2 + g2|

2}+ 1.

From (2.24) and (2.28), for each t ∈ (0, T ],

∫ T

0

∫

Ω

(

|∂tsK |2 + |∂tuK |2
)

dx dt

≤ E0 + CTM2(max{|s1 + g1|
2, |s2 + g2|

2}+ 1).

Thus, we may assume that when i → ∞, (∂tsKi
, ∂tuKi

) converges to
(∂ts, ∂tu) weakly in L2(Ω× (0, T ], and

∫ T

0

∫

Ω

(

|∂tsKi
|+ |∂tuKi

|
)

dx dt →

∫ T

0

∫

Ω

(

|∂ts|+ |∂tu|
)

dx dt.

Since sKi
converges to S uniformly on each compact subset in Ω× (0, T ]

and
∣

∣

∣

∣

V (sKi
)

sKi

∣

∣

∣

∣

,

∣

∣

∣

∣

V (s)

s

∣

∣

∣

∣

≤ M,

by dominated convergence theorem, when i → ∞, for any t ∈ (0, T ),

lim
i→∞

∫ t

0

∫

Ω

V (sKi
)

sKi

(

sKi
∂tsKi

+ uKi
∂tuKi

)

dx dt

=

∫ t

0

∫

Ω

V (s)

s

(

s∂ts+ u∂tu
)

dx dt

=

∫ t

0

∫

Ω

W ′(s)

s

(

s∂ts+ u∂tu
)

dx dt.

Also, since s2 = |u|2, we have

∫

Ω

W ′(s)

s

(

s∂ts+ u∂tu
)

dx =

∫

Ω
2W ′(s)∂ts dx = 2

d

dt

∫

Ω
W ′(s) dx.



✐

✐

“5-Poon” — 2023/8/5 — 1:10 — page 2074 — #16
✐

✐

✐

✐

✐

✐

2074 Chi-Cheung Poon

Therefore, for any t ∈ (0, T ], as i → ∞,

−

∫ t

0

∫

Ω

V (sKi
)

sKi

(

sKi
∂tsKi

+ uKi
∂tuKi

)

dx dt

→ 2

∫

Ω
W (g(x)) dx− 2

∫

Ω
W (s(x, t)) dx.

When i is large enough, we have
(2.29)

−

∫ t

0

∫

Ω

V (sKi
)

sKi

(

sKi
∂tsKi

+ uKi
∂tuKi

)

dx dt ≤ 1 + 2

∫

Ω
W (g(x)) dx.

From equations (2.20) and (2.21),

0 ≤

∫

Ω

(

|∂tsKi
|2 + |∂tuKi

|2
)

dx

=

∫

Ω
∂tsKi

(

∆sKi
− 2Ki(s

2
Ki

− |uKi
|2)sKi

−
V (sKi

)

sKi

sKi

)

dx

+

∫

Ω
∂tuKi

(

∆uKi
+ 2Ki(s

2
Ki

− |uKi
|2)uKi

−
V (sKi

)

sKi

uKi

)

dx

=−
1

2

d

dt

∫

Ω

(

|∇sKi
|2 + |∇uKi

|2 +Ki(s
2
Ki

− |uKi
|2)2
)

dx

−

∫

Ω

V (sKi
)

sKi

(

sKi
∂tsKi

+ uKi
∂tuKi

)

dx.

Using (2.29), we see that, when i is large enough, for t ∈ (0, T ),

∫

Ω

(

|∇sKi
(x, t)|2 + |∇uKi

(x, t)|2 +Ki(s
2
Ki
(x, t)− |uKi

(x, t)|2)2
)

dx(2.30)

≤ 1 +

∫

Ω

(

|∇g|2 + |∇h|2
)

dx+ 2

∫

Ω
W (g(x)) dx.

By Theorem 2.2, using (2.28) and (2.30) instead of (2.23) and (2.25), we
may conclude the following: Let (x∗, t∗) ∈ Ω× (0, T ] and B(x∗; 4R∗)× (t∗ −
(4R∗)

2, t∗] ⊂ Ω× (0, T ]. Suppose that (x1, t1), (x2, t2) ∈ B(x∗;R∗)× (t∗ −
R2

∗, t∗], when i is large enough,

|sKi
(x1, t1)− sKi

(x2, t2)|+ |uKi
(x1, t1)− uKi

(x2, t2)|(2.31)

≤

(

C

ln(4R2
∗/ρ

2)

)1/2

,
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where ρ =
√

|x1 − x2|2 + |t1 − t2|. The positive constant C depends only on
m,M , R∗ and the initial data, and is independent ofK and T . When i → ∞,
we have

|s(x1, t1)− s(x2, t2)|+ |u(x1, t1)− u(x2, t2)| ≤

(

C

ln(4R2
∗/ρ

2)

)1/2

.

The positive constant C depends only on m, M , R∗ and the initial data,
and is independent of T . This completes the proof of Theorem 1.1.

3. Holder continuity

In this section, we will prove that the solution pair (s, u) obtained in Theo-
rem 1.1 is Holder continuous in Ω× (0,∞). Let V (s) be the function defined
in (2.19). If W (s) is of C2 and both (1.5) and (1.8) hold, then V (s) is of C2

and there is M > 0 such that

(3.1)

∣

∣

∣

∣

V ′(s)

s

∣

∣

∣

∣

,

∣

∣

∣

∣

(

V ′(s)

s

)′∣
∣

∣

∣

≤ M for s ∈ (−∞,∞).

Similar to [3] Theorem 1.2, we first prove that (s, u) satisfies a unique
continuation property.

Proposition 3.1. Let t0 > 0. Either s(x, t0) = 0 for all x ∈ Ω, or s(x, t0)
cannot vanish of infinite order at any point in Ω.

Proof. The proof is the same as the proof of [3] Theorem 1.2. Here, we
give a sketch of the proof of Proposition 3.1. Let t0 > 0 and s(x, t0) is not
identically zero on Ω. We claim that s(x, t0) cannot vanish in an open subset
in Ω.

If it is not true, there is x0 such that for some R > 0, B(x0; 2R) ⊂ Ω,
s(x, t0) = 0 when x ∈ B(x0;R/8) and

∫

B(x0,R/4)−B(x0,R/8)
(s2 + |u|2)(x, t0) dx = 4c0 > 0.

After a translation, we assume that (x0, t0) = (0, 0). By continuity, there is
r1 > 0 such that for |t− t0| < (2r1)

2, we have

∫

B(x0,R/4)−B(x0,R/8)
(s2 + |u|2)(x, t) dx ≥ 2c0 > 0.
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Let (sK , uK) be a solution pair of (2.20) and (2.21). In the previous section,
we proved that there is a sequence Ki such that (sKi

, uKi
) converges to

(s, u) uniformly on compact sets in Ω× (0,∞). Since (sKi
, uKi

) converges
uniformly to (s, u) on compact subsets, we may assume that for each i =
1, 2, 3..., for |t− t0| < (2r1)

2,

(3.2)

∫

B(x0,R/4)−B(x0,R/8)
(s2Ki

+ |uKi
|2)(x, t) dx ≥ c0 > 0.

Let EK(t;x0, t0) and IK(t;x0, t0) be functions defined in (2.11) and (2.12)
and

(3.3) NK(t; t0, t0) =
EK(t;x0, t0)

IK(t;x0, t0)
.

Inequality (3.2) implies that there is a positive constant C depending only
on m and c0 only, so that

(3.4) IKi
(t;x0, t0) ≥ C exp

(

1

20(t− t0)

)

for t0 − r21 < t < t0.

By (2.13), (2.16) and (3.2), one can prove that

d

dt
NKi

(t;x0, t0) ≤ C(1 +NKi
(t;x0, t0)) for t0 − r21 < t < t0.

For detailed computations, see [3] p429-431. Thus, there is a positive con-
stant N0 such that

NKi
(t;x0, t0) ≤ N0 for t0 − r21 < t < t0.

By (2.13) and (3.2), we have

−
I ′Ki

(t;x0, t0)

IKi
(t;x0, t0)

≤
4N0 + C

|t− t0|
for t0 − r21 < t < t0.

After integrating from t0 − r21 to t, we obtain

IKi
(t;x0, t0) ≥ IKi

(t0 − r21;x0, t0)|t− t0|
2N0+C for t0 − r21 < t < t0.

Thus, using (3.2) again, we see that

(3.5) IKi
(t0 − r2;x0, t0) ≥ Dr2N1 for 0 < r < r1.
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We may replace t0 by t0 + r2 in the above arguments to have

IKi
(t0;x0, t0 + r2) ≥ Dr2N1 for 0 < r <

r1
4
.

Since (si, ui) converges uniformly to (s, u) on compact subsets, the same is
true for (s, u), i.e.,

∫

Ω
(s2(x, t0) + |u(x, t0)|

2)ξ2G(x, t0;x0, t0 + r2) dx(3.6)

≥ Dr2N1 for 0 < r <
r1
4
.

It contradicts our assumption that s(x, t0) = 0 when x ∈ B(x0;R/8) and the
claim is proved.

Finally, by our claim, for any x0 ∈ Ω and B(x0; 2R) ⊂ Ω, s(x, t0) is not
zero somewhere inside B(x0;R/4), i.e., (3.2) always holds for some c0 > 0.
By repeating the arguments in the above, we see that for any x0 ∈ Ω, the
estimate (3.6) holds. This proves the Proposition. □

We may improve Proposition 3.1 to the following form:

Proposition 3.2. Suppose that the initial-boundary data (g(x), h(x)) is not
identically zero on ∂Ω. For each t0 > 0, the function s(x, t0) cannot vanish
of infinite order at any point in Ω.

Proof. If the Proposition is not true, there is t1 > 0 such that s(x, t1) = 0
for all x ∈ Ω. Let R∗ > 0 such that 4R∗ < t1 We claim that there is t0 ∈
(t1, t1 +R∗) such that s(x, t0) is not identically zero. If such t0 does not ex-
ist, then s(x, t) = 0 for all (x, t) ∈ Ω× (t1, t1 +R∗). Since (s(x, t), u(x, t)) =
(g(x), h(x)) in the sense of trace on ∂Ω, it is impossible. Thus, the claim is
true. Let x0 ∈ Ω. Choose R0 > 0 such that B(x0; 4R0) ⊂ Ω and (4R0)

2 < t0.
By (2.15), for each i,

IKi
(t;x0, t0) ≤ CIKi

(t1;x0, t0) + C exp

(

1

6(t− t0)

)

for t1 < t < t0.

When i → ∞, if s(x, t1) = 0 for all x ∈ Ω, then

∫

Ω
(s2(x, t) + |u(x, t)|2)ξ2G(x, t;x0, t0) dx

≤ C exp

(

1

6(t− t0)

)

for t1 < t < t0.
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Let r1 be the constant in (3.4). From (3.5),

IKi
(t;x0, t0) ≥ D|t− t0|

2N1 for t0 − (r1/4)
2 < t < t0.

When i → ∞, we have

∫

Ω
(s2(x, t) + |u(x, t)|2)ξ2G(x, t;x0, t0) dx

≥ D|t− t0|
2N1 for t0 − (r1/4)

2 < t < t0.

We have a contradiction. □

Let (x∗, t∗)∈Ω×(0,∞] and B(x∗; 4R∗)×(t∗ − (4R∗)
2, t∗]⊂Ω×(0,∞].

Let (x0, t0) ∈ B(x∗;R∗)× (t∗ −R2
∗, t∗]. By Proposition 3.2 and the conti-

nuity of (s, u), there is c0 > 0, for each (x0, t0) ∈ (t∗ − (2R∗)
2, t∗],

(3.7)

∫

B(x0;3R∗)−B(x0,2R∗)
(s2(x, t0) + |u(x, t0)|

2) dx ≥ 2c0 > 0.

Let EK(t;x0, t0) and IK(t;x0, t0) be functions defined in (2.11) and (2.12).
Since (sKi

, uKi
) converges to (s, u) uniformly on compact set in Ω× (0,∞),

when i is large,

(3.8)

∫

B(x0;3R∗)−B(x0,2R∗)
(s2Ki

(x, t0) + |uKi
(x, t0)|

2) dx ≥ c0 > 0.

Inequality (3.8) implies that there is a positive constant C depending only
on m and c0 only, so that

(3.9) IKi
(t;x0, t0) ≥ C exp

(

1

20(t− t0)

)

for t0 −R2
∗ < t < t0.

Using (3.9), we can prove that

(3.10)
d

dt
NKi

(t;x0, t0) ≤ C(1 +NKi
(t;x0, t0)) for t0 −R2

∗ < t < t0.

Hence, we obtain

(3.11) NKi
(t;x0, t0) =

EKi
(t;x0, t0)

IKi
(t;x0, t0)

≤ N0 for t0 −R2
∗ < t < t0,
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where N0 is a constant depending on m, R∗, M and c0 and the initial data
only. Using (2.13), we see that we have

(3.12) −
I ′Ki

(t;x0, t0)

IKi
(t;x0, t0)

≤
4N0 + C

|t− t0|
for t0 −R2

∗ < t < t0.

From (3.12), for any 0 < R1 < R2 < R∗, we have

(3.13) IKi
(t0 −R2

1;x0, t0) ≥ D

(

R1

R2

)2N1

IKi
(t0 −R2

2;x0, t0),

where N1 and D are positive constants depends on m, R∗, M , c0 and the
initial data only and is independent of i and (x0, t0). In particular, for any
0 < R < R∗, we have

IKi
(t0 −R2;x0, t0) ≥ D

(

R2

R2
∗

)N1

IKi
(t0 −R2

∗;x0, t0).

By (3.8),

IKi
(t0 −R2

∗;x0, t0) ≥
c0
C
,

where C is a positive constant depending only on m and R∗. It follows that

(3.14) IKi
(t0 −R2;x0, t0) ≥ D̃R2N1 for t0 −R2

∗ < t < t0.

The constant D̃ depends on c0, m, M , R∗ and the initial data only and can
be chosen independent of i and (x0, t0).

Let (x∗, t∗) ∈ Ω× (0,∞] and B(x∗; 4R∗)× (t∗ − (4R∗)
2, t∗] ⊂

Ω× (0,∞]. We wish to show that when i is large enough, then (sKi
, uKi

)
is uniformly Holder continuous in B(x∗;R∗)× (t∗ −R2

∗, t∗]. To simplify the
notations, we consider function pairs (sK , uK) instead of (sKi

, uKi
), and

assume that (3.8), (3.10), (3.11), (3.13), (3.14) hold for (sK , uK), with
constants depending only on c0, m, M , R∗ and the initial data only. For
the rest of this section, we will keep all constants depending only on c0, m,
M , R∗ and the initial data only. Usually, they will be denoted simply by C
or c.

By (2.22) and a mean-value type inequality, we have the following Propo-
sition.

Proposition 3.3. Let R∗ ∈ (0, 1) and B(x∗; 4R∗) ⊂ Ω and t∗ > (4R∗)
2.

There is a positive constant C, independent of K, such that for any (x0, t0) ∈
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B(x∗;R∗)× (t∗ −R2
∗, t∗) and R0 ∈ (0, R∗), we have

sup{s2K(x, t) + |uK(x, t)|2 : (x, t) ∈ B(x0; 2R0)× (t0 − 4R2
0, t0]}(3.15)

≤
C

Rm+2
0

∫ t0

t0−(4R0)2

∫

B(x0;4R0)

(

s2K(x, t) + |uK(x, t)|2
)

dx dt.

Proposition 3.4. Let H ≥ 1. There are positive constants R̄ ∈ (0, 12) and
ϵ̄ < 1, such that the following holds: Suppose that R ∈ (0, R̄), and (sK , uK)
is a solution pair of equations (2.20) and (2.21) in B(4R)× (−(4R)2.0], and
if

1

Rm−2

∫

B(x0;4R)
eK(x, t) dx ≤ ϵ̄ for t ∈ (−(4R)2, 0],

where eK(x, t) = |∇sK(x, t)|2 + |∇uK(x, t)|2 + 2K(s2K(x, t)− |uK(x, t)|2)2,
and

sup{s2K(x, t) + |uK |2(x, t) : (x, t) ∈ B(4R)× (−(4R)2, 0]} ≤ H,

sup{s2K(x, t) + |uK |2(x, t) : (x, t) ∈ B(2R)× (−(2R)2, 0]} = 1,

then

s2K(x, t) + |uK |2(x, t) ≥ 1/3 for (x, t) ∈ B(2R)× (−(2R)2, 0].

The choice of R̄ and ϵ̄ may depend on the constants m, M , and H, but is
independent of K.

Proof. Let R̄ ∈ (0, 12) be a the constant to be determined. If the Proposition
is not true, there is a sequence (sKj

, uKj
) which are solutions of (2.20) and

(2.21) in B(4Rj)× (−(4Rj)
2, 0] with Rj < R̄ and K = Kj in (2.20) and

(2.21), and

(3.16) sup
t∈(−(4Rj)2,0]

1

Rm−2
j

∫

B(4Rj)
eKj

(x, t) dx = ϵj → 0 as j → ∞,

where eKj
(x, t) = |∇sKj

(x, t)|2 + |∇uKj
(x, t)|2 + 2Kj(s

2
Kj

(x, t)−

|uKj
(x, t)|2)2,

(3.17) sup{s2Kj
(x, t) + |uKj

|2(x, t) : (x, t) ∈ B(4Rj)× (−(4Rj)
2, 0]} ≤ H,

(3.18) sup{s2Kj
(x, t) + |uKj

|2(x, t) : (x, t) ∈ B(2Rj)× (−(2Rj)
2, 0]} = 1,
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but

(3.19) inf{s2Kj
(x, t) + |uKj

|2(x, t) : (x, t) ∈ B(2Rj)× (−(2Rj)
2, 0]} <

1

3
.

However, using rescaling (2.4) we may assume that Rj = R̄ for all j. Also,
Theorem 2.2 implies that (sKj

, uKj
)’s are uniformly continuous in compact

subsets in B(4R̄)× (−(4R̄)2, 0]. It follows that there is a subsequence, also
called (sKj

, uKj
), which converges uniformly to a function pair (s0, u0) in

compact subsets in B(4R̄)× (−(4R̄)2, 0]. By (3.18) and (3.19),

sup{s20(x, t) + |u0|
2(x, t) : (x, t) ∈ B(2R̄)× (−(2R̄)2, 0]} = 1,

and

inf{s20(x, t) + |u0|
2(x, t) : (x, t) ∈ B(2R̄)× (−(2R̄)2, 0]} ≤

1

3
.

By (3.16), (s0, u0) depends only on t. We may further assume that there are
t1, t2 ∈ [−(2R̄)2, 0] such that s20(t1) + |u0(t1)|

2 = 1 and s20(t2) + |u0(t2)|
2 ≤

1/3.
Let ξ(x) be a cutoff function such that ξ(x) = 0 when x /∈ B(3R̄) and

ξ(x) = 1 when x ∈ B(2R̄). By (2.22), one can compute that

d

dt

∫

B(3R̄)

(

s2Kj
(x, t) + |uKj

|2(x, t)
)

ξ2(x) dx

= −

∫

B(3R̄)
∇(s2Kj

+ |uKj
|2) · ∇ξ2 dx

− 2

∫

B(3R̄)

(

|∇sKj
|2 + |∇uKj

|2) + 2Kj(s
2
Kj

− |uKj
|2)2
)

dx

+

∫

B(3R̄)
−2

V (sKj
)

sKj

(s2Kj
+ |uKj

|2)ξ2 dx.

When j → ∞, we have

∣

∣

∣

∣

d

dt

(

s20(t) + |u0(t)|
2
)

∣

∣

∣

∣

≤ 2M
(

s20(t) + |u0(t)|
2
)

in the weak sense. This implies that

∣

∣

(

s20(t1) + |u0(t2)|
2
)

−
(

s20(t1) + |u0(t2)|
2
)∣

∣ ≤ e2M |t1−t2| − 1.
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If we choose R̄ ∈ (0, 12) so that

e2MR̄ − 1 <
2

3
,

we have a contradiction. □

Proposition 3.5. Let B(x∗; 4R∗) ⊂ Ω and t∗ > (4R∗)
2. There are posi-

tive constants c1 and c2, independent of K, such that for any (x0, t0) ∈
B(x∗;R∗)× (t∗ −R2

∗, t∗] and R ∈ (0, R∗/4), we have

1

Rm+2

∫ t0−2R2

t0−6R2

∫

B(x0;2R)
|sK(x, t)|2 + |uK(x, t)|2 dx dt(3.20)

≥ c1IK(t0 − (4R)2;x0, t0).

Proof. If the (3.20) is not true, there are sequences Kj , Rj , (xj , tj) such that

1

Rm+2
j

∫ tj−2R2
j

tj−6R2
j

∫

B(xj ;2Rj)
|sKj

(x, t)|2 + |uKj
(x, t)|2 dx dt(3.21)

≤
1

j
IKj

(tj − (4Rj)
2;xj , tj).

By choosing subsequences, we may assume that (xj , tj) → (x0, t0) and

(3.22) Rj → R0 as j → ∞.

We first assume that R0 = 0, i.e., Rj → 0 as j → ∞. From (2.15), there
are positive constants C1 and C2, such that if t ∈ (tj − (4Rj)

2, tj ], then

(3.23) IKj
(t;xj , tj) ≤ C1IKj

(tj − (4Rj)
2;xj , tj) + C2 exp

(

−1

24R2
j

)

.

Using (3.14), we see that for each j and t ∈ (tj − (4Rj)
2, tj ],

(3.24) IKj
(t;xj , tj) ≤ 2C1IKj

(tj − (4Rj)
2;xj , tj).
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It is easy to see that

1

Rm+2
j

∫ tj−R2
j

tj−(4Rj)2

∫

B(xj ,2σj)
|sKj

(x, t)|2 + |uKj
(x, t)|2 dx dt(3.25)

≤
C

R2
j

∫ tj−R2
j

tj−(4Rj)2
IKj

(t;xj , tj) dt

≤ CIKj
(tj − (4Rj)

2;xj , tj).

Using the same arguments and equation (3.11), for t ∈ (tj − (4Rj)
2, tj ], we

have

EKj
(t;xj , tj) ≤ CIKj

(t;xj , tj) ≤ CIKj
(tj − (4Rj)

2;xj , tj).

This implies that for each t ∈ (tj − (4Rj)
2, tj ], we have

1

Rm−2
j

∫

B(xj ,4Rj)

(

|∇sKj
|2 + |∇uKj

|2 +Kj(s
2
Kj

− |u2Kj
|)2
)

(x, t) dx(3.26)

≤ CIKj
(tj − 4R2

j ;xj , tj).

Let

sj(x, t) =
sKj

(

xj +Rjx, tj +R2
j t
)

√

IKj
(tj − (4Rj)2;xj , tj)

, uj(x, t) =
uKj

(

xj +Rjx, tj +R2
j t
)

√

IKj
(tj − (4Rj)2;xj , tj)

.

For each j, the functions sj(x, t) and uj(x, t) are defined for (x, t) ∈ B(4)×
(−16, 0]. The pair (sj , uj) is a solution to equations (2.1) and (2.2). By
Proposition 3.3 and (3.25), we have

(3.27) |sj(x, t)|
2 + |uj(x, t)|

2 ≤ C, for (x, t) ∈ B(3)× (−9,−1].

By (3.26),

(3.28) sup
t∈(−16,−1]

∫

B(4)

(

|∇sj |
2 + |∇uj |

2 +Kj(s
2
Kj

− |u2Kj
|)2
)

(x, t) dx ≤ C.

The function pair (sj , uj) is a solution of equations (2.1) and (2.2). Using
(3.27) and (3.28), by Theorem 2.2, we see that there is a subsequence, also
called (sj , uj), which converges to a function pair (s0, u0) uniformly on com-
pact sets in B(3)× (−9,−1). Let ξ(x) be a cutoff function such that ξ(x) = 0
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when |x| > 5
2 and ξ(x) = 1 when |x| < 2. Let

Ij(t) =
1

|t|n/2

∫

B(4)

(

|sj(x, t)|
2 + |uj(x, t)|

2
)

ξ2(x) exp

(

|x|2

4t

)

dx.

By (3.13), there are positive constants C > 0 and N1, both independent of
i, such that

Ij(t) ≥ CIj(−4)|t|2N1 = C|t|2N1 for − 9 < t < −1.

When j → ∞, we see that

I0(t) ≥ C|t|2N1 for − 8 < t < −2.

However, by (3.21), s0(x, t) = 0 and u0(x, t) = 0 for (x, t) ∈ B(2)× (−6,−2).
We have a contradiction.

Next, we assume that R0 > 0 in (3.22). Recall that the function pairs
(sK , uK) are uniformly continuous. By choosing subsequences, we may as-
sume that as i → ∞, (xj , tj) converges to (x0, t0) and (sKj

, uKj
) converges

uniformly to a pair (s0, u0) in B(x0; 4R0)× (t0 − (4R0)
2, t0). By (3.14), there

is a positive constant C, independent of j such that

IKj
(t;xj , tj) ≥ C|t− tj |

2N1 for t ∈ (tj − (4Rj)
2, tj −R2

j ).

When j → ∞, we have

I0(t) ≥ C|t− t0|
2N1 for t ∈ (t0 − (3R0)

2, t0 −R2
0),

where

I0(t) =
1

|t− t0|n/2

∫

B(x0;4R∗)

(

|s0(x, t)|
2 + |u0(x, t)|

2
)

ξ2(x)

× exp

(

|x− x0|
2

4(t− t0)

)

dx

and ξ(x) is a cutoff function such that ξ(x) = 1 when x ∈ B(x∗; 2R∗). How-
ever, by (3.21), s0(x, t) = 0 and u0(x, t) = 0 for (x, t) ∈ B(x0; 2R0)× (t0 −
6R2

0, t0 − 2R2
0). We have a contradiction. □

Proposition 3.6. Let B(x∗; 4R∗) ⊂ Ω and t∗ > (4R∗)
2. There are positive

constants R0 < R∗ and ϵ0 < 1, depending only on m, R∗, M and the initial
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data, such that if R1 ∈ (0, R0) and (x1, t1) ∈ B(x∗;R∗)× (t∗ −R2
∗, t∗] and

NK(t1 − 4R2
1;x1, t1) ≤ ϵ0, then

sup{|∇sK |2 + |∇uK |2 +K(s2K + |uK |2)2 :

(x, t) ∈ B(x1;R
2
1)× (t1 −R4

1, t1]} ≤
C

R4
1

,

and C > 0 is constant depending on c0, m, M , R∗ and the initial data only.

Proof. Let (x1, t1) ∈ B(x∗; 4R∗)× ((t∗ −R2
∗, t∗] and R > 0. Set δ ∈ (0, 12)

and σ = δR. For any x ∈ R
m and t1 −R2 ≤ t ≤ t1 − 4R2, we have

G(x, t;x1, t1 + 2σ2) ≤

{

CG(x, t;x1, t1) if |x− x1| ≤ R/δ
CR−m exp

(

−cδ−2
)

if |x− x1| ≥ R/δ
.

See [4] p491-492. Thus, when t1 −R2 ≤ t ≤ t1 − 4R2, we obtain

(3.29) G(x, t;x1, t1 + 2σ2) ≤ CG(x, t;x1, t1) + CR−m exp
(

−cδ−2
)

,

where C is a positive constant depending on m only. Also, it is easy to check
that if δ ∈ (0, 12) and σ = δR, then when t1 −R2 ≤ t ≤ t1 − 4R2,

(3.30) G(x, t;x1, t1 + 2σ2) ≥ CG(x, t;x1, t1),

where C is a positive constant depending on m only.
Let ϵ0 and R0 be positive constants to be determined (see (3.34), (3.35)

and (3.41)). Let 0 < R1 ≤ R0. Let δ1 = (k| lnR1|)
−1/2 and k be a constant

to be determined. Let σ1 = δ1R1. By (3.29),

EK(t1 − 4R2
1;x1, t1 + 2σ2

1) ≤ CEK(t1 − 4R2
1;x1, t1) + CR−m

1 exp
(

−cδ−2
1

)

.

Also, by (3.30), we have

IK(t1 − 4R2
1;x1, t1 + 2σ2

1) ≥ CIK(t1 − 4R2
1;x1, t1).

This implies that

NK(t1 − 4R2
1;x1, t1 + 2σ2

1) ≤ CNK(t1 − 4R2
1;x1, t1) +

CR−m
1 exp

(

−cδ−2
1

)

IK(t1 − 4R2
1;x1, t1)

.

By (3.14), we have

NK(t1 − 4R2
1;x1, t1 + 2σ2

1) ≤ CNK(t1 − 4R2
1;x1, t1) +

CR−m
1 exp

(

−cδ−2
1

)

CR2N1

1

.
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We choose δ1 = (k| lnR1|)
−1/2 with k large enough so that

CR−m
1 exp

(

−cδ−2
1

)

CR2N1

1

≤ CR2
1 for all R1 ∈ (0,

1

2
).

By (3.10) and (3.11),

NK(t1 − (4σ1)
2;x1, t1 + 2σ2

1) ≤ NK(t1 − 4R2
1;x1, t1 + 2σ2

1) + CN0R
2
1

≤ CNK(t1 − 4R2
1;x1, t1) + CR2

1.

Let R̄ and ϵ̄ be the constants in Proposition 3.4. If NK(t1 − 4R2
1;x1, t1) ≤ ϵ0

and R1 < R0, then

(3.31) NK(t1 − (4σ1)
2;x1, t1 + 2σ2

1) ≤ Cϵ0 + CR2
1.

By Proposition 3.5, we have

sup{s2K(x, t) + |uK(x, t)|2 : (x, t) ∈ B(x1; 2σ1)× (t1 − 4σ2
1, t1]}(3.32)

≥
C

σm+2
1

∫ t1

t1−(2σ1)2

∫

B(x1;2σ1)

(

s2K(x, t) + |uK(x, t)|2
)

dx dt

≥ c1IK(t1 − (4σ1)
2;x1, t1 + 2σ2

1).

By (2.17), for t ∈ (t1 − 4σ2
1, t1],

1

σm−2
1

∫

B(x1;2σ1)

(

|∇sK |2 + |∇uK |2 + 2K(s2K − |uK |2)2
)

(x, t) dx

≤ EK(t;x1, t1 + 2σ2
1)

≤ CEK(t1 − (4σ1)
2;x1, t1 + 2σ2

1) + CR2
1IK(t1 − (4σ1)

2;x1, t1 + 2σ2
1)

+ C exp

(

−1

24σ2
1

)

.

By (3.31), we have

EK(t1 − (4σ1)
2;x1, t1 + 2σ2

1) ≤ (Cϵ0 + CR2
1)IK(t1 − (4σ1)

2;x1, t1 + 2σ2
1),
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and by (3.14), for t ∈ (t1 − 4σ2
1, t1],

1

σm−2
1

∫

B(x1;2σ1)

(

|∇sK |2 + |∇uK |2 + 2K(s2K − |uK |2)2
)

(x, t) dx(3.33)

≤ Cϵ0IK(t1 − (4σ1)
2;x1, t1 + 2σ2

1)

+ CR2
1IK(t1 − (4σ1)

2;x1, t1 + 2σ2
1)

+ C exp

(

−1

24σ2
1

)

σ−2N1

1 IK(t1 − (4σ1)
2;x1, t1 + 2σ2

1).

Let R̄ and ϵ̄ be the constants in Proposition 3.4. Now, we choose R0 ∈ (0, 12)
such that

(3.34) 0 < R0 < R̄ and CR2
0 + C exp

(

−1

24R2
0

)

R−2N1

0 ≤
ϵ̄

2
,

and choose ϵ0 ∈ (0, 1) such that

(3.35) Cϵ0 ≤
ϵ̄

2
.

In conclusion, we have

1

σm−2
1

∫

B(x1;2σ1)

(

|∇sK |2 + |∇uK |2 + 2K(s2K − |uK |2)2
)

(x, t) dx(3.36)

≤ ϵ̄ IK(t1 − (4σ1)
2;x1, t1 + 2σ2

1) for t ∈ (t1 − 4σ2
1, t1].

Furthermore, by Proposition 3.3 and (3.13),

sup{s2K(x, t) + |uK(x, t)|2 : (x, t) ∈ B(x1; 4σ1)× (t1 − (4σ1)
2, t1]}(3.37)

≤ CIK(t1 − (8σ1)
2;x1, t1 + 2σ2

1)

≤ CIK(t1 − (4σ1)
2;x1, t1 + 2σ2

1).

Using (3.32), (3.36) and (3.37), by Proposition 3.4, there is a positive con-
stant γ0 such that

sup{s2K(x, t) + |uK(x, t)|2 : (x, t) ∈ B(x1; 2σ1)× (t1 − (2σ1)
2, t1]}(3.38)

≥ γ0IK(t1 − (4σ1)
2;x1, t1 + 2σ2

1).
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From equations (2.20) and (2.21), we have

(−∂t +∆)(|∇sK |2 + |∇uK |2 +K(s2K − |uK |2)2)

= 2|∇2sK |2 + 2|∇2uK |2 + 16K|sK∇sK − uK∇uK |2

+ 8K2(s2K − |uK |2)2(s2K + |uK |2) + 8K(s2K − |uK |2)(|∇sK |2 − |∇uK |2)

+ 2∇sK · (sK∇sK + uK∇uK)

(

V (s)

s

)′

+ 2
V (s)

s
(|∇sK |2 + |∇uK |2)

+ 4K
V (s)

s
(s2K − |uK |2)2.

Let

β = min{1,
√

γ0IK(t1 − (4σ1)2;x1, t1 + 2σ2
1)}.

By (3.38), s2K(x, t) + |uK(x, t)|2 ≥ β2 for (x, t) ∈ B(x1; 2σ1)× (t1 − 4σ2
1, t1].

Thus, on B(x1; 2σ1)× (t1 − 4σ2
1, t1], by (2.28) and (3.1), we have

(−∂t +∆)(|∇sK |2 + |∇uK |2 +K(s2K − |uK |2)2)

≥ 8β2K2(s2K − |uK |2)2 − 4β2K2(s2K − |uK |2)2 −
4

β2
(|∇sK |2 + |∇uK |2)2

− C|∇sK |(|∇sK |+ |∇uK |)− C(|∇sK |2 + |∇uK |2)

− CK(s2K − |uK |2)2

≥ −
D

β2
(|∇sK |2 + |∇uK |2 +K(s2K − |uK |2)2)

− E(|∇sK |2 + |∇uK |2 +K(s2K − |uK |2)2),

where C, D, E are positive constants depending only on c0, m, M , R∗ and
the initial data only. Let

eK(x, t) = |∇sK(x, t)|2 + |∇uK(x, t)|2 +K(s2K(x, t)− |uK(x, t)|2)2.

The function eK satisfies the differential inequality

∂teK ≤ ∆eK +
D

β2
e2K + EeK .

For (x, t) ∈ B(x1; 2σ1)× (t1 − 4σ2
1, t1], let

s̃K(x, t) =
sK(x, t)

β
, ũK(x, t) =

uK(x, t)

β
,

and ẽK(x, t) = |∇s̃K(x, t)|2 + |∇ũK(x, t)|2 + β2K(s̃2K(x, t)− |ũK(x, t)|2)2.
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By (3.37) and (3.38),

1 ≤ |s̃K(x, t)|2 + |ũK(x, t)|2 ≤ C for (x, t) ∈ B(x1; 2σ1)× (t1 − 4σ2
1, t1].

The function ẽK satisfies the differential inequality

(3.39) ∂tẽK ≤ ∆ẽK +Dẽ2K + EẽK .

Let ξ̃(x) be a cutoff function such that ξ̃(x) = 1 when |x− x1| ≤
3
2σ1 and

ξ̃(x) = 0 when |x− x1| ≥ 2σ1. By the small-energy-regularity theory ([1]
Lemma 2.4 and Lemma 4.4), there is a positive constant ϵ̃ such that if

∫ t0−σ2
1/4

t0−σ2
1

∫

B(x1;2σ1)
ẽK(x, t)ξ̃2(x)G(x, t;x1, t1) dx dt ≤ ϵ̃,

then

(3.40) sup{ẽK(x, t) : (x, t) ∈ B(x1; δ̃σ1)× (t1 − (δ̃σ1)
2, t1]} ≤

C

(δ̃σ1)2
,

where δ̃ ∼ (| lnσ1|)
−1/2. Moreover, the constant ϵ̃ depends only on the con-

stants D and E in equation (3.39). By (3.33), if we further choose ϵ0 and
R0 such that

(3.41) Cϵ0 ≤
ϵ̃

2
and CR2

0 + C exp

(

−1

24R2
0

)

R−2N1

0 ≤
ϵ̃

2
,

then

∫ t0−σ2
1/4

t0−σ2
1

∫

B(x1;2σ1)
ẽK(x, t)ξ̃2(x)G(x, t;x1, t1) dx dt

≤
C

β2σm
1

∫ t1

t1−4σ2
1

∫

B(x1;2σ1)

(

|∇sK |2 + |∇uK |2 + 2K(s2K − |uK |2)2
)

dx dt

≤ ϵ̃.

Since σ1 = δ1R1 and δ1 ∼ (| lnR1|)
−1/2 and δ̃ ∼ (| lnσ1|)

−1/2, we may as-
sume that δ̃σ1 ≥ R2

1. Thus, (3.40) implies that

sup{eK(x, t) : (x, t) ∈ B(x1;R
2
1)× (t1 −R4

1, t1] ≤
C

R4
1

.

The proof is complete. □
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Theorem 1.2 follows immediately from the following Holder estimate on
(sK , uK).

Theorem 3.7. Let R∗ be a positive number such that B(x∗; 4R∗) ⊂ Ω and
t∗ > (4R∗)

2. Suppose that (3.10), (3.11), (3.13), (3.14) hold for (sK , uK).
There are positive constants C and α, independent of K such that for any
(x1, t1), (x2, t2) ∈ B(x∗;R∗)× (t∗ −R2

∗, t∗], we have

|sK(x1, t1)− sK(x2, t2)|+ |uK(x1, t1)− uK(x2, t2)|(3.42)

≤ C
(

|x1 − x2|
2 + |t1 − t2|

)α/2
.

Proof. Let ϵ0 and R0 be the constants in Proposition 3.6. Let (x0, t0) ∈
B(x∗;R∗)× (t∗ −R2

∗, t∗). Suppose that

(3.43) NK(t0 − (4R)2;x0, t0) ≥ ϵ0 for R ∈ (0, R0).

This implies that

E(t;x0, t0) ≥ ϵ0IK(t;x0, t0) for t ∈ (t0 − 4R2
0, t0).

By (2.14) and (2.28) and (3.14), if R0 is chosen small enough and t ∈ (t0 −
R2

0, t0), then

−
d

dt
IK(t;x0, t0)

≥
2

|t− t0|
EK(t;x0, t0)− 2MIK(t;x0, t0)− C exp

(

1

6|t− t0|

)

≥
2ϵ0

|t− t0|
IK(t;x0, t0)− 2MIK(t;x0, t0)

−
C

|t− t0|2N1

exp

(

1

6|t− t0|

)

IK(t;x0, t0)

≥
ϵ0

|t− t0|
IK(t;x0, t0).

Then we see that

IK(t0 −R2;x0, t0) ≤ C

(

R

R0

)2c2

IK(t0 − (4R0)
2;x0, t0), for R ∈ (0, R0),

where C is a positive constant independent of K and c2 is a positive constant
depending only on ϵ0 and is independent of K. By (3.11) and (2.28), when
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(3.43) holds, we have

(3.44) EK(t0 −R2;x0, t0) ≤ C

(

R

R0

)2c2

, for R ∈ (0, R0).

If (3.43) is not true, there is R1 ∈ (0, R0) such that

NK(t0 − (4R)2;x0, t0) ≥ ϵ0 for R ∈ (R1, R0),

and NK(t0 − (4R1)
2;x0, t0) = ϵ0. Then using the computations in the above,

we have

IK(t0 −R2;x0, t0) ≤ C

(

R

R0

)2c2

IK(t0 − (4R0)
2;x0, t0), for R ∈ (R1, R0).

Again, by (3.11) and (2.28), this implies that

(3.45) EK(t0 −R2;x0, t0) ≤ C

(

R

R0

)2c2

, for R ∈ (R1, R0).

By (2.17) and (3.45), for R ∈ (R4
1, R1), we have

EK(t0 −R2;x0, t0) ≤ CEK(t0 −R2
1;x0, t0) + CR2

1(3.46)

≤ CR2c2
1 + CR2

1

≤ CR2c3 for R ∈ (R4
1, R1);

where c3 =
1
4 min{c2, 1}. When R ∈ (0, R4

1), we write

EK(t0 −R2;x0, t0)

= R2

∫

|x−x0|≤R1/2

eK(x, t0 −R2)ξ2(x)G(x, t0 −R2;x0, t0) dx

+R2

∫

|x−x0|≥R1/2

eK(x, t0 −R2)ξ2(x)G(x, t0 −R2;x0, t0) dx.

By Proposition 3.6, when (x, t) ∈ B(x0;R
2
1)× (t0 −R4

1; t0),

eK(x, t) = |∇sK |2 + |∇uK |2 +K(s2K − |uK |2)2 ≤
C

R4
1

.

If R ∈ (0, R4
1), then R1/2 ≤ R2

1. Thus,

R2

∫

|x−x0|≤R1/2

eK(x, t0 −R2)ξ2(x)G(x, t0 −R2;x0, t0) dx ≤
CR2

R4
1

≤ CR.
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By (2.30),

R2

∫

|x−x0|≥R1/2

eK(x, t0 −R2)ξ2(x)G(x, t0 −R2;x0, t0) dx

≤ CR2−m exp

(

−1

4R

)

.

Therefore, we obtain

(3.47) EK(t0 −R2;x0, t0) ≤ CR for R ∈ (0, R4
1).

By (3.45), (3.46) and (3.47), if (3.43) is not true, then

(3.48) EK(t0 −R2;x0, t0) ≤ CR2c3 for R ∈ (0, R0).

Let α = c3. By (3.44) and (3.48), at any (x0, t0) ∈ B(x∗;R∗)× (t∗ −R2
∗, t

∗)
and R ∈ (0, R∗), we always have

EK(t0 −R2;x0, t0) ≤ CR2α for R ∈ (0, R0).

We may replace t0 by t0 +R2 and have

EK(t0;x0, t0 +R2) ≤ CR2α for R ∈ (0, R0).

This implies that for each t0 > (4R∗)
2 and B(x0; 4R∗) ⊂ Ω,

R2−m

∫

B(x0;R)

(

|∇sK |2 + |∇uK |2 +K(s2K − |uK |2)2
)

(x, t0) dx ≤ CR2α,

for all R ∈ (0, R0), and R0, C and α are positive constants depending only
on c0, m, M , R∗ and the initial data only. By Proposition 2.1, this proves
(3.42). □
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