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We study K3 surfaces with a pair of commuting involutions that
are non-symplectic with respect to two anti-commuting complex
structures that are determined by a hyper-Kähler metric. One mo-
tivation for this paper is the role of such Z2

2
-actions for the con-

struction of Riemannian manifolds with holonomy G2. We find a
large class of smooth K3 surfaces with such pairs of involutions. Af-
ter that, we turn our attention to the case that the K3 surface has
ADE-singularities. We introduce a special class of non-symplectic
involutions that are suitable for explicit calculations and find 320
examples of pairs of involutions that act on K3 surfaces with a
great variety of singularities.

1. Introduction

A K3 surface is a compact, simply connected, complex surface with trivial
canonical bundle. There exist many deep and beautiful theorems about K3
surfaces. The main reason for this is that many geometric properties of a K3
surface S can be translated into data that are related to the lattice H2(S,Z).

A non-symplectic involution of a K3 surface S is a holomorphic involu-
tion ρ : S → S such that ρ acts as −1 on H2,0(S). Any K3 surface with a
non-symplectic involution admits a Kähler class that is invariant under ρ.
Therefore, there exists a ρ-invariant Ricci-flat Kähler metric in this class.
Since any Ricci-flat Kähler metric on a K3 surface is in fact hyper-Kähler,
there are three complex structures I, J and K and three Kähler forms ωI ,
ωJ and ωK on S. If ρ is holomorphic with respect to I, we have

ρ∗ωI = ωI , ρ∗ωJ = −ωJ , ρ∗ωK = −ωK

In this paper, we search for K3 surfaces that admit two non-symplectic
involutions ρI and ρJ . We require that ρI and ρJ commute and that they
are non-symplectic with respect to complex structures I and J that satisfy
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IJ = −JI. This assumption yields the relations

(1)
ρI

∗ωI = ωI , ρI
∗ωJ = −ωJ , ρI

∗ωK = −ωK

ρJ
∗ωI = −ωI , ρJ

∗ωJ = ωJ , ρJ
∗ωK = −ωK

A motivation to study these pairs of involutions is their relation to the
construction of 7-dimensional Riemannian manifolds with holonomy G2, or
shortly G2-manifolds. ρI and ρJ generate a group that is isomorphic to Z2

2

and acts isometrically on S. In the habilitation thesis of the author [17] we
have described how such an action can be extended to products S × T 3 of a
K3 surface and a 3-torus such that the quotients (S × T 3)/Z2

2 carry orbifold
metrics whose holonomy is a subgroup of G2. In a forthcoming paper we
resolve the singularities of those quotients by the methods of Joyce and
Karigiannis [10] and obtain compact smooth G2-manifolds.

Moreover, pairs of involutions (ρI , ρJ) with the above properties can be
used in Kovalev and Lee’s construction of compact G2-manifolds by twisted
connected sums [13]. A crucial step in the twisted connected sum construc-
tion is to find a hyper-Kähler rotation, that is an isometry f : S1 → S2 such
that

f∗ωI2 = ωJ1
, f∗ωJ2

= ωI1 , f∗ωK2
= −ωK1

,

where ωIj , ωJj
and ωKj

are the Kähler forms on Sj . For the particular twisted
connected sums in [13] we also need non-symplectic involutions on the Sj .
In Remark 6.2, we show how pairs (ρI , ρJ) yield precisely such data.

In this paper, we pay special attention to the case that S has ADE-
singularities since in this case S becomes a building block for G2-orbifolds
with ADE-singularities. These orbifolds are studied as compactifications
of M-theory since the singularities are needed to explain the presence of
non-abelian gauge fields [1, 2]. The construction of G2-orbifolds with ADE-
singularities is the subject of [17] and of a forthcoming paper by the author.

This paper is organized as follows. In Section 2 and 3, we present the
necessary background material about smooth and singular K3 surfaces that
can be found in the literature. In Section 4, we discuss non-symplectic invo-
lutions. A deformation class of K3 surfaces with a non-symplectic involution
is determined by the action of the involution on H2(S,Z), which is always
isomorphic to a certain lattice L. Nikulin [14–16] has classified the non-
symplectic involutions of K3 surfaces in terms of invariants of their fixed
lattices. There are 75 types of non-symplectic involutions.

In Definition 4.3 we introduce a special class of non-symplectic involu-
tions that are suitable for explicit calculations. They act on a certain basis of
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L as a permutation and a change of the signs. We call these involutions sim-
ple. We show in Theorem 4.4 that 28 out of the 75 types of non-symplectic
involutions are simple.

Section 5 deals with K3 surfaces with singularities that admit a simple
non-symplectic involution. In Theorem 5.1 it is proven that each deformation
class of K3 surfaces with a simple involution contains a K3 surface with 3 A1-
and 2 E8-singularities. Furthermore, there exist plenty of K3 surfaces with
fewer and milder singularities in those deformation classes. This phenomenon
is discussed in Theorem 5.2.

In the final Section 6, we study K3 surfaces with a pair (ρI , ρJ) of non-
symplectic involutions satisfying (1). At the beginning of that section, we
embed certain direct sums of possible fixed lattices into L and find a large
class of pairs (ρI , ρJ). To each pair belongs a deformation class of K3 surfaces
with hyper-Kähler structures that are invariant under ρI and ρJ . We show
in Theorem 6.1 that the hyper-Kähler structure on the K3 surface can be
chosen such that it has no singularities.

After that, we turn to K3 surfaces with singularities again. Theorem 6.3
yields 320 pairs of simple involutions (ρI , ρJ). Analogously to Section 5, we
prove in Corollary 6.5 that each deformation class that corresponds to a
pair (ρI , ρJ) contains a K3 surface with 3 A1- and 2 E8-singularities. In
Theorem 6.6 we see that again there are many examples of K3 surfaces
with milder singularities. Unlike in Section 5, it happens for some pairs
(ρI , ρJ) that the K3 surface has a minimal singularity that cannot be resolved
without breaking the symmetry of the hyper-Kähler structure with respect
to ρI and ρJ . An explicit pair of involutions with this property can be found
in Example 6.7.

2. K3 surfaces and their moduli spaces

This section contains a short introduction to the theory of K3 surfaces and
their hyper-Kähler moduli space. We refer the reader to [5, Chapter VIII]
and references therein for a more detailed account.

We define a K3 surface as at the beginning of the introduction. In this
section we restrict ourselves to smooth K3 surfaces. K3 surfaces with ADE-
singularities will be studied in Section 3. Since all K3 surfaces are diffeo-
morphic to each other, their topological invariants are the same. The Hodge
numbers of any K3 surface S are determined by h0,0(S) = h2,0(S) = 1,
h1,0(S) = 0 and h1,1(S) = 20.

H2(S,Z) together with the intersection form is a lattice. It is an even
lattice, which means that x2 ∈ 2Z for all x ∈ H2(S,Z), and it is unimodular,
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which means that there is a basis (ei)i=1,...,22 with | det (ei · ej)i,j=1,...,22| = 1.
Moreover, the signature of H2(S,Z) is (3, 19). Up to isometries, the only
lattice with these properties is

L := 3H ⊕ 2(−E8) ,

where H is the hyperbolic plane lattice with the bilinear form

(2)

(
0 1
1 0

)

and −E8 is the root lattice of E8 together with the negative of the usual
bilinear form. −E8 can also be characterized as the unique negative definite,
even, unimodular lattice of rank 8. We call L the K3 lattice. Since we have
to work with various sublattices of L, we need some results about lattice
embeddings.

Definition 2.1. A sublattice N of a lattice M is called primitive if the
quotient M/N has no torsion. Analogously, a lattice embedding ı : K →M
is called primitive if ı(K) is a primitive sublattice.

We denote the minimal number of generators of the discriminant group
M∗/M , where M∗ is the dual lattice, by ℓ(M). With this notation we are
able to formulate a theorem on primitive embeddings that can be found in
[8] or [15].

Theorem 2.2. Let K be an even non-degenerate lattice of signature
(k+, k−) and L be an even unimodular lattice of signature (l+, l−). We as-
sume that k+ ≤ l+ and k− ≤ l− and that

1) 2 · rank(K) ≤ rank(L) or

2) rank(K) + ℓ(K) < rank(L).

Then there exists a primitive embedding ı : K → L. If in addition k+ <
l+ and k− < l− and one of the following conditions holds

1) 2 · rank(K) ≤ rank(L)− 2,

2) rank(K) + ℓ(K) ≤ rank(L)− 2,

the embedding ı is unique up to an automorphism of L.

Any K3 surface S admits a Kähler metric. Since S has trivial canonical
bundle, there exists a unique Ricci-flat Kähler metric in each Kähler class.



✐

✐

“6-Reidegeld” — 2023/8/18 — 0:14 — page 2099 — #5
✐

✐

✐

✐

✐

✐

K3 surfaces with a pair of involutions 2099

The holonomy group SU(2) is isomorphic to Sp(1). Therefore, the Ricci-flat
Kähler metrics are in fact hyper-Kähler. We need some results about the
moduli space of all hyper-Kähler structures on K3 surfaces. These are similar
to the usual results about the moduli space of K3 surfaces. In principle, a
hyper-Kähler structure on a K3 surface is determined by the cohomology
classes [ωI ], [ωJ ], [ωK ] ∈ H2(S,R) of the three Kähler forms. In order to make
this statement precise, we need the following definitions.

Definition 2.3. 1) Let S be a K3 surface. A lattice isometry ϕ :
H2(S,Z) → L is called a marking of S. The pair (S, ϕ) is called a
marked K3 surface.

2) A hyper-Kähler structure on a marked K3 surface is a tuple
(S, ϕ, g, ωI , ωJ , ωK), where g is a hyper-Kähler metric and ωI , ωJ and
ωK are the Kähler forms with respect to the complex structures I, J
and K that satisfy IJK = −1. We assume that S has the orientation
that makes ω2

I a positive 4-form.

3) Two tuples (S1, ϕ1, g1, ω
(1)
I , ω

(1)
J , ω

(1)
K ) and (S2, ϕ2, g2, ω

(2)
I , ω

(2)
J , ω

(2)
K )

are isomorphic if there exists a map f : S1 → S2 with f∗g2 = g1,

f∗ω
(2)
I = ω

(1)
I , f∗ω

(2)
J = ω

(1)
J , f∗ω

(2)
K = ω

(1)
K and ϕ1 ◦ f∗ = ϕ2. Themod-

uli space of marked K3 surfaces with a hyper-Kähler structure K3 is
the class of all tuples (S, ϕ, g, ωI , ωJ , ωK) modulo isomorphisms.

4) We denote L⊗ R by LR and define the hyper-Kähler period domain
by

Ω := {(x, y, z) ∈ L3
R
|x2 = y2 = z2 > 0, x · y = x · z = y · z = 0,

̸ ∃ d ∈ L with d2 = −2 and x · d = y · d = z · d = 0} .

5) The hyper-Kähler period map p : K3 → Ω is defined by

p(S, ϕ, g, ωI , ωJ , ωK) = (ϕ([ωI ]), ϕ([ωJ ]), ϕ([ωK ]))

Theorem 2.4. The hyper-Kähler period map p : K3 → Ω is a diffeomor-
phism.

Remark 2.5. The above theorem is a consequence of the surjectivity of the
usual period map for K3 surfaces, the Torelli theorem and the description of
the Kähler cone of a K3 surface. It can also be found in [9, Theorem 7.3.16].
Moreover, the hyper-Kähler moduli space is described in terms of the metric
instead of the Kähler forms in [6, pp. 366 - 368].
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Finally, we introduce a lemma on isometries of K3 surfaces that will be
useful later on.

Lemma 2.6. Let Sj with j ∈ {1, 2} be K3 surfaces together with hyper-

Kähler metrics gj and Kähler forms ω
(j)
I , ω

(j)
J and ω

(j)
K . Moreover, let Vj ⊆

H2(Sj ,R) be the subspace that is spanned by [ω
(j)
I ], [ω

(j)
J ] and [ω

(j)
K ].

1) Let f : S1 → S2 be an isometry. The pull-back f∗ : H2(S2,Z) →
H2(S1,Z) is a lattice isometry. Its R-linear extension maps V2 to V1.

2) Let ψ : H2(S2,Z) → H2(S1,Z) be a lattice isometry. We denote the
maps ψ ⊗K with K ∈ {R,C} by ψ, too. We assume that ψ(V2) = V1.
Then there exists an isometry f : S1 → S2 such that f∗ = ψ.

3) Let f : S → S be an isometry that acts as the identity on H2(S,Z).
Then, f itself is the identity map. As a consequence, the isometry
from (2) is unique.

Proof. The first claim is obvious and the third one follows from Proposition
11.3 in Chapter VIII in [5]. The second claim is a consequence of the Torelli

theorem. More precisely, the fact that ω
(j)
J + iω

(j)
K is a (2, 0)-form with re-

spect to the complex structure I(j) determines a splitting of H2(Sj ,C) into
H2,0(Sj)⊕H1,1(Sj)⊕H0,2(Sj) that is invariant under ψ. The positive cone,
which is the connected component of {x ∈ H1,1(S,R)|x2 > 0} which contains
a Kähler class, is either preserved by ψ or the positive cone of S2 is mapped
to the negative of the positive cone of S1. In the first case, ψ preserves
the Kähler cone, too, ψ is effective [5, Sec. VIII, Proposition 3.11], and the
Torelli theorem [5, Sec. VIII, Theorem 11.1] thus yields a biholomorphic map
f : S1 → S2 with f∗ = ψ. In the second case, we obtain an anti-holomorphic

bijective map f : S1 → S2 with f∗ = ψ. The triples ([ω
(1)
I ], [ω

(1)
J ], [ω

(1)
K ]) and

(ψ([ω
(2)
I ]), ψ([ω

(2)
J ]), ψ([ω

(2)
K ])) determine unique hyper-Kähler metrics on S1.

Since both triples span the same subspace, these metrics are the same and
we have f∗g2 = g1. □

Remark 2.7. The lattice isometry ψ := −IdH2(S,Z) satisfies all conditions
from the lemma. The corresponding isometry f : S → S is the identity map,
but it has to be interpreted as an anti-holomorphic map between (S, I) and
(S,−I).
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3. K3 surfaces with ADE-singularities

In this section, we discuss K3 surfaces with ADE-singularities and their
relation to smooth ones. The results that we present here were originally
proven in [3, 4, 11]. A short overview can also be found in [9, p.161 - 162].

Let S be a K3 surface and let w ∈ H2(S,Z) be a class with w2 = −2 that
represents a submanifold Z of S. We do not assume that w ∈ H1,1(S) and
thus Z is not necessarily a divisor. S shall carry a hyper-Kähler structure
(g, ωI , ωJ , ωK). It can be shown that Z can be chosen as a sphere that is
minimal with respect to g. Its area A is given by

A2 = ([ωI ] · w)2 + ([ωJ ] · w)2 + ([ωK ] · w)2

We choose a marking ϕ of S. If we move within the hyper-Kähler period
domain towards a triple (x, y, z) ∈ L3

R
with

x · ϕ(w) = y · ϕ(w) = z · ϕ(w) = 0 ,

the volume of the sphere shrinks to zero. In other words, we obtain a singu-
larity. This is in fact the geometric meaning of the condition in the definition
of Ωhk that there shall be no d ∈ L with d2 = −2 and x · d = y · d = z · d = 0.
We assume that w is the only cohomology class with this property. In this
situation, we obtain the singularity by collapsing a single sphere with self-
intersection −2 to a point. Since this is the reversal of blowing up an A1-
singularity, the K3 surface has an A1-singularity at a single point. This
observation can be generalized to the following theorem.

Theorem 3.1. Let Ω̃ be the set

(3) {(x, y, z) ∈ L3
R
|x2 = y2 = z2 > 0 , x · y = x · z = y · z = 0}

and for any triple (x, y, z) ∈ Ω̃ let

(4) D := {d ∈ L|d2 = −2, x · d = y · d = z · d = 0} .

Moreover, let G be the graph that we obtain by joining d1, d2 ∈ D with
d1 ̸= d2 by d1 · d2 edges. G is the disjoint union of simply laced Dynkin dia-
grams G1, . . . , Gk, which means that they belong to the A-, D- or E-series. In
this situation, there exists a unique K3 surface S with a hyper-Kähler struc-
ture and ADE-singularities such that its image with respect to the extension
of the hyper-Kähler period map is given by (x, y, z). S has ADE-singularities
at k points and the type of the jth singularity is given by Gj.
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Remark 3.2. The best reference for the above theorem that the author is
aware of is [4]. The fact that Ω̃ can be identified with the moduli space of K3
surfaces with a hyper-Kähler structure and ADE-singularities is Theorem IV
in [4]. A discussion of the singular set of S together with an example can be
found at the beginning of Section 6 in [4]. A detailed description of how the
smooth metrics converge to orbifold metrics in the Gromov-Hausdorff limit
is provided in Section 3 in [4]. We remark that it is possible to resolve a
singularity by several steps by moving from (x, y, z) to a point in Ω̃, where
D is smaller but non-empty.

4. Non-symplectic involutions

In this section we introduce the most important results about non-symplectic
involutions. These results were proven by Nikulin [14–16] and are also
summed up in [13]. Moreover, we define a class of non-symplectic involu-
tions that are well suited for explicit calculations and we classify them.

Definition 4.1. Let S be a K3 surface. A non-symplectic involution is a
biholomorphic map ρ : S → S such that

1) ρ2 = Id.

2) The pull-back ρ∗ : H2,0(S) → H2,0(S) is not the identity map, or
equivalently ρ∗(ωJ + iωK) = −(ωJ + iωK).

From now on, let (S, ϕ) be a marked K3 surface and ρ : S → S be a
non-symplectic involution. We define the fixed lattice of ρ by

Lρ := {x ∈ L|(ϕ ◦ ρ∗ ◦ ϕ−1)(x) = x} .

It can be shown that Lρ is a primitive, non-degenerate sublattice of L
with signature (1, t). A lattice with that kind of signature is called hyperbolic.
The rank r = 1 + t is an invariant of Lρ. Moreover, Lρ is 2-elementary which
means that Lρ∗/Lρ is isomorphic to a group of type Za

2. The number a ∈ N0

is a second invariant of Lρ. We define a third invariant δ by

δ :=

{
0 if x2 ∈ Z for all x ∈ Lρ∗

1 otherwise

Theorem 4.2. (Theorem 4.3.2 in [16]) For each triple (r, a, δ) ∈ N0 ×
N0 × {0, 1} there is up to isometries at most one even, hyperbolic, 2-
elementary lattice with invariants (r, a, δ).
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Let N be an even, hyperbolic, 2-elementary lattice such that there exists
a primitive embedding of N into L. It is possible to construct a K3 surface
with a non-symplectic involution whose fixed lattice is N . Up to isometries
of L, there is at most one primitive embedding of a lattice with invariants
(r, a, δ) into L and it follows that the deformation classes of K3 surfaces
with a non-symplectic involution can be classified in terms of triples (r, a, δ).
Nikulin [16] has shown that there exist 75 possible triples that satisfy

1 ≤ r ≤ 20 , 0 ≤ a ≤ 11 and r − a ≥ 0 .

A figure with a graphical representation of all possible values of (r, a, δ)
and a result about the fixed loci of non-symplectic involutions can be found
in [13, 16].

We define a class of non-symplectic involutions whose action on L has a
very simple matrix representation. In order to do this, we have to fix a basis
of L. We write

L = H1 ⊕H2 ⊕H3 ⊕ (−E8)1 ⊕ (−E8)2

in order to distinguish between the different summands. We choose a basis
(ui1, u

i
2) of each Hi such that

ui1 · ui1 = ui2 · ui2 = 0 , ui1 · ui2 = 1 .

Moreover, (vi1, . . . , v
i
8) shall be a basis of (−E8)i such that the corre-

sponding Gram matrix is the negative of the Cartan matrix of E8, which
means that vij · vij = −2 and for j ̸= k we have vij · vik ∈ {0, 1}. We call

(w1, . . . , w22) = (u11, u
1
2, u

2
1, u

2
2, u

3
1, u

3
2, v

1
1, . . . , v

1
8, v

2
1, . . . , v

2
8)

the standard basis of L.

Definition 4.3. Let S be a K3 surface and let ρ : S → S be a non-
symplectic involution. We call ρ a simple non-symplectic involution if there
exists a marking ϕ : H2(S,Z) → L such that for all i ∈ {1, . . . , 22} there
exists a j ∈ {1, . . . , 22} with ρ(wi) = ±wj , where ρ is an abbreviation for
ϕ ◦ ρ∗ ◦ ϕ−1.

Our next step is to classify the simple non-symplectic involutions in
terms of the invariants (r, a, δ). We obtain the following result.
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Theorem 4.4. Let S be a K3 surface and let ρ : S → S be a non-symplectic
involution. ρ is simple if and only if its invariants (r, a, δ) can be found in
the table below. Moreover, the action of ρ on the K3 lattice L is conjugate to
an involution ρi1 ⊕ ρj2, where the ρi1 : 3H → 3H with i = 1, . . . , 7 are defined

in the table on page 2105 and the ρj2 : 2(−E8) → 2(−E8) with j = 1, . . . , 4
are defined by equation (5). The values of i and j that correspond to an
involution with invariants (r, a, δ) are included in the table, too.

(i, j) (r, a, δ)

(1, 1) (18, 0, 0)
(1, 2) (10, 0, 0)
(1, 3) (2, 0, 0)
(1, 4) (10, 8, 0)
(2, 1) (19, 1, 1)
(2, 2) (11, 1, 1)
(2, 3) (3, 1, 1)
(2, 4) (11, 9, 1)
(3, 1) (20, 2, 1)
(3, 2) (12, 2, 1)
(3, 3) (4, 2, 1)
(3, 4) (12, 10, 1)
(4, 1) (17, 1, 1)
(4, 2) (9, 1, 1)

(i, j) (r, a, δ)

(4, 3) (1, 1, 1)
(4, 4) (9, 9, 1)
(5, 1) (18, 2, 1)
(5, 2) (10, 2, 1)
(5, 3) (2, 2, 1)
(5, 4) (10, 10, 1)
(6, 1) (19, 3, 1)
(6, 2) (11, 3, 1)
(6, 3) (3, 3, 1)
(6, 4) (11, 11, 1)
(7, 1) (18, 2, 0)
(7, 2) (10, 2, 0)
(7, 3) (2, 2, 0)
(7, 4) (10, 10, 0)

Proof. Let ρ be a simple non-symplectic involution. Since ρ : L→ L is a
lattice isometry and we have ρ(wi) = ±wj , ρ maps any of the sublattices
Hk ⊆ L to an Hl. There are four possibilities for the value of ρ(uk1) and of
ρ(uk2). We check for each combination if ρ|Hk

: Hk → Hl is a lattice isometry
and see that ρ|Hk

has one of the following four matrix representations with
respect to the bases (uk1, u

k
2) and (ul1, u

l
2):

M1 :=

(
1 0
0 1

)
, M2 :=

(
−1 0
0 −1

)
,

M3 :=

(
0 1
1 0

)
, M4 :=

(
0 −1
−1 0

)

Since ρ is non-symplectic, its fixed lattice is hyperbolic. Therefore, ρ|3H :
3H → 3H has to preserve exactly one positive vector. By enumerating all
possibilities for ρ|3H with this property and comparing the invariants of the
fixed lattices, we can conclude that ρ|3H is up to conjugation one of the
following maps ρi1 : 3H → 3H with i = 1, . . . , 7:
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i Matrix representation Basis of the fixed lattice r a δ

1



M1

M2

M2


 (u11, u

1
2) 2 0 0

2



M1

M4

M2


 (u11, u

1
2, u

2
1 − u22) 3 1 1

3



M1

M4

M4


 (u11, u

1
2, u

2
1 − u22, u

3
1 − u32) 4 2 1

4



M3

M2

M2


 (u11 + u12) 1 1 1

5



M3

M4

M2


 (u11 + u12, u

2
1 − u22) 2 2 1

6



M3

M4

M4


 (u11 + u12, u

2
1 − u22, u

3
1 − u32) 3 3 1

7




M1

M1

M2


 (u11 + u21, u

1
2 + u22) 2 2 0

Next, we study the restriction of ρ to 2(−E8). Let i ∈ {7, . . . , 22}. If
ρ(wi) = wj with i ̸= j, we have ρ(wj) = wi since ρ is an involution. If ρ(wi) =
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−wj with i ̸= j, we have ρ(wj) = −wi for the same reason. Therefore, there
exists a permutation σ of {7, . . . , 22} such that the basis (w′

1, . . . , w
′
16) :=

(wσ(7), . . . , wσ(22)) satisfies:

1) ρ(w′
i) = w′

i for i ∈ {1, . . . , k1},
2) ρ(w′

i) = −w′
i for i ∈ {k1 + 1, . . . , k2},

3) ρ(w′
2i−1) = w′

2i and ρ(w
′
2i) = w′

2i−1 for i ∈ {k2

2 + 1, . . . , k3} and

4) ρ(w′
2i−1) = −w′

2i and ρ(w
′
2i) = −w′

2i−1 for i ∈ {k3 + 1, . . . , 8}.

for suitable k1, k2, k3 ∈ N0. Let i ∈ {k1 + 1, . . . , k2}, which means that
ρ(w′

i) = −w′
i. The number i corresponds to a node of one of the two Dynkin

diagrams of type E8. Let j be a node that is connected to i by an edge. The
restriction of the bilinear form to span(w′

i, w
′
j) is given by

(
−2 1
1 −2

)

If ρ(w′
j) = w′

j , ρ does not preserve the bilinear form. Therefore, we have
ρ(w′

j) = ±w′
k with k ̸= i, j or ρ(w′

j) = −w′
j . We assume that ρ(w′

j) = ±w′
k.

Since −w′
i · ±w′

k = ρ(w′
i) · ρ(w′

j) = w′
i · w′

j = 1 and all off-diagonal coeffi-
cients of the Cartan matrix are positive, we have ρ(w′

j) = −w′
k and i and

k have to be connected by an edge. Analogously, we can conclude that any
node that is connected to j is mapped to a node that is connected to k.
By repeating this argument, it follows that ρ acts as a non-trivial graph
automorphism on the diagram E8 to which i belongs. Since E8 has no sym-
metries, this is impossible and we have ρ(w′

j) = −w′
j . Again, we can repeat

this argument and conclude that {k1 + 1, . . . , k2} consists of zero, one or
both connected components of 2E8.

Next, let i ∈ {k2

2 + 1, . . . , k3}, which means that w′
2i−1 is mapped to

another basis element w′
2i. By the same argument as above, we see that all

nodes that are connected to the node 2i− 1 are mapped to nodes that are
connected to 2i. The restriction of ρ to span(w′

k2+1, . . . , w
′
2k3

) thus maps
connected components of 2E8 to other connected components. It follows
that either {k2

2 + 1, . . . , k3} is empty or ρ interchanges both copies of E8.
Finally, let i ∈ {k3 + 1, . . . , 8}. In this case, we have ρ(w′

2i−1) = −w′
2i and

it follows that if {k3 + 1, . . . , 8} is not empty, the first E8 is mapped to
the second E8 such that v1k is mapped to −v2k. All in all, the restricted
map ρ|2(−E8) : 2(−E8) → 2(−E8) is up to conjugation one of the following
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involutions ρj2 with j = 1, . . . , 4.

(5)
ρ12(x1, x2) := (x1, x2) , ρ22(x1, x2) := (−x1, x2) ,
ρ32(x1, x2) := (−x1,−x2) , ρ42(x1, x2) := (x2, x1) ,

where x1 ∈ (−E8)1 and x2 ∈ (−E8)2. Moreover, any conjugate ψ :
2(−E8) → 2(−E8) of the ρ

j
2 that is still simple is given either by

(6) ψ(x1, x2) = (x1,−x2) or ψ(x1, x2) = (−x2,−x1)

The fixed lattices and invariants of the ρj2 can be found in the following
table:

j Fixed lattice r a δ

1 2(−E8) 16 0 0
2 −E8 8 0 0
3 {0} 0 0 0
4 −E8(2) 8 8 0

Any ρi1 ⊕ ρj2 with 1 ≤ i ≤ 7 and 1 ≤ j ≤ 4 is an involution of L. Since the
complement of the fixed lattice contains a positive plane, we can conclude
with help of the Torelli theorem or with Lemma 2.6 that these lattice invo-
lutions are pull-backs of non-symplectic involutions. Finally, we determine
the invariants of the involutions that we have found. Let K = K1 ⊕K2 be
a direct sum of even, non-degenerate, 2-elementary lattices. We denote the
invariants of K by (r, a, δ) and those of the Ki by (ri, ai, δi). It is easy to see
that r = r1 + r2, a = a1 + a2 and δ = max{δ1, δ2}. By computing (r, a, δ) for
all pairs (i, j) ∈ {1, . . . , 7} × {1, . . . , 4}, we find the values from the table in
the theorem. □

5. K3 surfaces with singularities and a non-symplectic

involution

In this section we study which kinds of ADE-singularities a K3 surface with
a non-symplectic involution may have. We focus on the case where the invo-
lution is simple. Our first theorem guarantees that there exists a K3 surface
with an arbitrary simple non-symplectic involution and a particular kind of
singular locus.

Theorem 5.1. Let (r, a, δ) ∈ N× N0 × {0, 1} be a triple such that there
exists a K3 surface with a simple non-symplectic involution with invariants
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(r, a, δ). Then there exists a K3 surface which has 3 singular points with A1-
singularities and 2 singular points with E8-singularities and carries a hyper-
Kähler metric that is invariant with respect to a non-symplectic involution
with the same values of (r, a, δ).

Proof. First, we fix some notation. Let (S, ϕ) be a marked K3 surface and
let ρ be a simple non-symplectic involution of S with invariants (r, a, δ).
The action of ρ on L is described by one of the explicit maps ρi1 ⊕ ρj2 from
Section 4. Its fixed lattice will be denoted by Lρ. We assume that S car-
ries a hyper-Kähler structure such that ρ is biholomorphic with respect to
the complex structure I and the hyper-Kähler metric is invariant under ρ.
Finally, let x := ϕ([ωJ ]), y := ϕ([ωK ]) and z := ϕ([ωI ]). The fact that ρ is
non-symplectic implies that

(7) ρ(x) = −x , ρ(y) = −y , ρ(z) = z .

Moreover, we have as usual

x2 = y2 = z2 > 0 and x · y = y · z = z · x = 0 .

It follows from the description of the hyper-Kähler moduli space that
any triple (x, y, z) with the above properties yields a hyper-Kähler structure
such that the metric invariant under ρ and ρ is a non-symplectic involution
that is holomorphic with respect to I. We recall that the set

D = {d ∈ L|d2 = −2, x · d = y · d = z · d = 0}

is a root system that determines the number and type of the singular
points. The idea behind our theorem is to choose x, y and z in such a way
that D is as large as possible. Depending on the index i of ρ = ρi1 ⊕ ρj2 we
choose z ∈ LR as follows:

z :=

{
u11 + u12 if 1 ≤ i ≤ 6,

u11 + u12 + u21 + u22 if i = 7.
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If i = 7, we have z2 = 4 and we have z2 = 2 otherwise. We choose x and
y as:

x :=

{
u21 + u22 if 1 ≤ i ≤ 6,

u11 + u12 − u21 − u22 if i = 7.

y :=

{
u31 + u32 if 1 ≤ i ≤ 6,√
2(u31 + u32) if i = 7.

x, y and z satisfy x2 = y2 = z2 and the three vectors are pairwise orthogonal.
By a short calculation, we see that for any value of i we have z ∈ Lρ and
x as well as y is orthogonal to Lρ. Therefore, there exists a non-symplectic
involution ρ that satisfies equation (7). The orthogonal complement D of
span(x, y, z) is for all values of i given by

(8) spanZ(u
1
1 − u12, u

2
1 − u22, u

3
1 − u32)⊕ (−E8)1 ⊕ (−E8)2 .

The squared length of uk1 − uk2 is −2 for k ∈ {1, 2, 3}. According to The-
orem 3.1, there exists a K3 surface whose hyper-Kähler structure is deter-
mined by x, y and z and which has 3 singular points of type A1 and 2
singular points of type E8. □

Next, we perturb the hyper-Kähler structure from the above theorem
such that we obtain K3 surfaces with a simple non-symplectic involution
whose singularities are of a different kind. More precisely, we prove the
following theorem.

Theorem 5.2. Let (r, a, δ) ∈ N× N0 × {0, 1} be a triple such that there
exists a K3 surface with a simple non-symplectic involution with invari-
ants (r, a, δ). Moreover, let S be the K3 surface from Theorem 5.1 that
has 3 points with A1-singularities and 2 points with E8-singularities and
let ρ be the non-symplectic involution from the same theorem. Moreover, let
G1, . . . , Gk1

be the connected components of 3A1 ∪ 2E8 that are mapped to
itself by ρ and let G′

1, . . . , G
′
k2

be a set of connected components that are not
invariant under ρ such that

G1 ∪ . . . ∪Gk1
∪G′

1 ∪ . . . ∪G′
k2

∪ ρ(G′
1) ∪ . . . ∪ ρ(G′

k2
) = 3A1 ∪ 2E8

Finally, let G̃1, . . . , G̃l1 be connected Dynkin diagrams that can be ob-
tained by deleting some nodes of G1 ∪ . . . ∪Gk1

and let G̃′
1, . . . , G̃

′
l2

be con-
nected Dynkin diagrams that can be obtained by deleting some nodes of
G′

1 ∪ . . . ∪G′
k2
. Then there exists a K3 surface with a hyper-Kähler metric
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that admits an isometric non-symplectic involution with invariants (r, a, δ)
that has l1 singular points of type G̃1, . . . , G̃l1 and 2l2 singular points of type
G̃′

1, . . . , G̃
′
l2
.

Proof. Let G be a Dynkin diagram that can be obtained by deleting some
nodes from the union of three Dynkin diagrams of type A1 and two of type
E8. We investigate under which conditions there exists a K3 surface with
a simple non-symplectic involution whose singularities are described by G.
We denote the lattice (8) by N and fix a basis

(9) (w̃1, . . . , w̃19) := (u11 − u12, u
2
1 − u22, u

3
1 − u32, v

1
1, . . . , v

1
8, v

2
1, . . . , v

2
8)

of N . Let S be a K3 surface with a simple non-symplectic involution ρ whose
invariants are (r, a, δ). We choose a marking such that ρ(wi) = ±wj . It is
easy to see that ρ(N) = N and that for any i ∈ {1, . . . , 19} there exists a j
such that ρ(w̃i) = ±w̃j . For the same reasons as in Section 4, there exists a
permutation σ of {1, . . . , 19} such that (w̃′

1, . . . , w̃
′
19) := (w̃σ(1), . . . , w̃σ(19))

satisfies:

1) ρ(w̃′
i) = w̃′

i for i ∈ {1, . . . , k1},
2) ρ(w̃′

i) = −w̃′
i for i ∈ {k1 + 1, . . . , k2},

3) ρ(w̃′
2i) = w̃′

2i+1 and ρ(w̃′
2i+1) = w̃′

2i for i ∈ {k2+1
2 , . . . , k3} and

4) ρ(w̃′
2i) = −w̃′

2i+1 and ρ(w̃′
2i+1) = −w̃′

2i for i ∈ {k3 + 1, . . . , 9}.

for suitable k1, k2, k3 ∈ N0. We choose four arbitrary subsets M1 ⊆
{1, . . . , k1}, M2 ⊆ {k1 + 1, . . . , k2}, M3 ⊆ {k2+1

2 , . . . , k3} and M4 ⊆ {k3 +
1, . . . , 9}. Moreover, we choose for any j ∈Mi an αij ∈ R such that the
family

(1, α1minM1
, . . . , α1maxM1

, . . . , α4minM4
, . . . , α4maxM4

)

is Q-linearly independent. We replace x, y, z ∈ LR that we have defined in
the proof of Theorem 5.1 by

(10)

x′ = x+
∑

j∈M2

α2jw̃
′
j +

∑

j∈M3

α3j(w̃
′
2j − w̃′

2j+1)

+
∑

j∈M4

α4j(w̃
′
2j + w̃′

2j+1),

y′ =

(
x′2

y2

)1
2
y, z′ = z +

∑

j∈M1

α1jw̃
′
j
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x′ and y′ are still in the (−1)-eigenspace of ρ and z′ is still ρ-invariant. If
the αij are sufficiently small, x′, y′ and z′ are still positive. We have

x′2 = x2 − 2
∑

j∈M2

α2
2j − 4

∑

j∈M3

α2
3j − 4

∑

j∈M4

α2
4j = y′2, z′2 = z2 − 2

∑

j∈M1

α2
ij ,

since x, y and z are orthogonal to N . It is possible to choose the αij such
that

2
∑

j∈M2

α2
2j + 4

∑

j∈M3

α2
3j + 4

∑

j∈M4

α2
4j = 2

∑

j∈M1

α2
ij

and thus we can assume that x′2 = y′2 = z′2 > 0. Moreover, we have x′ · y′ =
x′ · z′ = y′ · z′ = 0. If M1 = ∅ or M2 ∪M3 ∪M4 = ∅, we can define z′ = λz
or x′ = µx and y′ = µy for appropriate λ, µ ∈ R such that x′2 = y′2 = z′2.
Therefore, we obtain a triple (x′, y′, z′) with the same properties as above in
that case.

All in all, the triple (x′, y′, z′) defines a new hyper-Kähler structure on S.
Since x′ and y′ remain in the (−1)-eigenspace of ρ, S admits a non-symplectic
involution with the same fixed lattice as before. Since z′ is ρ-invariant, ρ is
the pull-back of an isometry with respect to the new hyper-Kähler metric.
The set

D′ := {d ∈ L|d2 = −2, x′ · d = y′ · d = z′ · d = 0}

=

{
w̃′
i

∣∣∣∣i /∈M1 ∪M2 ∧
i

2
/∈M3 ∪M4 ∧

i− 1

2
/∈M3 ∪M4

}

is a root system that describes the number and type of the singular points
of the new hyper-Kähler metric. The set of all i with i ∈ {1, . . . , k2} de-
scribes the Dynkin diagrams G̃1, . . . , G̃l1 from the statement of the theorem
and the set of all i with 2i ∈ {k2 + 1, . . . , 9} describes the Dynkin diagrams
G̃′

1, . . . , G̃
′
l2
. □

Remark 5.3. 1) We interpret D′ geometrically. Any w̃′
i ∈ D′ corre-

sponds to a sphere S2 with vanishing area. The isometry ρ : S → S
maps such an S2 to another S2 with vanishing area. If i ∈ {1, . . . , k2},
we have ρ(w̃′

i) = ±w̃′
i. This means that the sphere is mapped to itself

and the sign determines if ρ acts orientation-preserving on the sphere.
Analogously, the w̃′

2i and w̃′
2i+1 with 2i ∈ {k2 + 1, . . . , 9} correspond

to sets of spheres with area 0 that are mapped to each other. Since
the hyper-Kähler metric shall be ρ-invariant, we have to blow up the
singularities that are described by the w̃′

2i+1, too, if we blow up the
singularities that are described by the w̃′

2i.
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2) The singular loci from the above theorem are all that can be obtained
by perturbing the hyper-Kähler structure as in equation (10). Never-
theless, it is probable that further singular hyper-Kähler metrics that
are invariant under a simple non-symplectic involution exist. In that
case, the singular points would not correspond to the w̃i but to other
d ∈ L with d2 = −2.

An example of this phenomenon is the quotient T 4/Z2 of the 2-
dimensional complex torus by ±1. This quotient, which is a singular
Kummer surface, has 16 A1-singularities. The map ρ that is induced
by (z1, z2) 7→ (−z1, z2) is a non-symplectic involution. If we blow up
the A1-singularities, ρ acts orientation-reversing on the exceptional
divisors. Moreover, it acts as −1 on a 4-dimensional subspace of the
2-forms with constant coefficients on T 4 and therefore we have r = 2.
There exist 3 non-symplectic involutions with r = 2 and all of them
can be found in the table of Theorem 4.4. Therefore, ρ is a simple
non-symplectic involution, but the case of 16 A1-singularities is not
described by our theorem. A final analysis of these further singular
loci is beyond the scope of this paper.

Example 5.4. Let (r, a, δ) = (10, 10, 0), which is the case where the fixed
locus is empty. It is possible to choose the marking such that ρ acts as
ρ71 ⊕ ρ42 on L. More explicitly, we have

ρ(uij) = u3−i
j , ρ(u3j ) = −u3j , ρ(vik) = v3−i

k

for all i, j ∈ {1, 2} and k ∈ {1, . . . , 8}. ρ interchanges the two Dynkin dia-
grams of type E8 and two of the Dynkin diagrams of type A1. The third
Dynkin diagram of type A1 is preserved by ρ since ρ(w̃3) = ρ(u31 − u32) =
−w̃3 and −w̃3 is another root of the lattice A1. We delete the node from E8

that is connected to three other nodes. The remaining diagram is of type
A1 ∪A2 ∪A4. Theorem 5.2 guarantees that there exists a singular K3 sur-
face with a non-symplectic involution ρ with invariants (10, 10, 0) that has
5 singular points of type A1, 2 of type A2 and 2 of type A4. Both points
of type A2 and A4 are mapped by ρ to each other. Moreover, there exist
2 points with A1-singularities that are mapped to 2 other points with A1-
singularities and one point p ∈ S, that corresponds to the basis element w̃3,
with an A1-singularity that is fixed by ρ.

We remove the singularity at p such that ρ : L→ L is still induced by a
non-symplectic involution. This is only possible if we add a term λw̃3 to x or
y. Afterwards, w̃3 is not contained in the Picard lattice anymore and thus it
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does not correspond to a complex curve on the K3 surface. Technically speak-
ing, the family of K3 surfaces with xt := x+ tw̃3 defines a one-parameter
family of hyper-Kähler metrics that converges to the singular one, but our
construction is not a resolution in the sense of algebraic geometry. Since ρ
acts orientation-reversing on the 2-sphere that represents w̃3, our example
does not contradict the fact that an involution with invariants (10, 10, 0) of
a smooth K3 surface does not have any fixed points.

6. K3 surfaces with two involutions

In this final section we study K3 surfaces with two commuting involutions
that are non-symplectic with respect to two anti-commuting complex struc-
tures. As before, let x, y, z ∈ LR be the images of the 3 Kähler classes under
the marking. We assume that the first involution is holomorphic with re-
spect to I and the second with respect to J . Therefore, we denote them by
ρI , ρJ : S → S. ρI and ρJ act on the Kähler classes as

(11)
ρI(x) = −x ρI(y) = −y ρI(z) = z
ρJ(x) = x ρJ(y) = −y ρJ(z) = −z

The composition ρK := ρI ◦ ρJ is a third involution that satisfies

(12) ρK(x) = −x ρK(y) = y ρK(z) = −z

The following theorem describes a straightforward method to construct
pairs (ρI , ρJ) with the above properties.

Theorem 6.1. Let (rI , aI , δI), (rJ , aJ , δJ) ∈ N× N0 × {0, 1} be triples such
that there exist non-symplectic involutions with invariants (r∗, a∗, δ∗), where
∗ ∈ {I, J}. Moreover, we assume that rI + rJ ≤ 11 or rI + rJ + aI + aJ <
22. In this situation, there exists a smooth K3 surface S with a hyper-Kähler
structure that admits two commuting involutions ρI and ρJ that are non-
symplectic with respect to complex structures I and J with IJ = −JI and
have invariants (rI , aI , δI) and (rJ , aJ , δJ).

Proof. Let L∗ with ∗ ∈ {I, J} be the even, hyperbolic, 2-elementary lattice
with invariants (r∗, a∗, δ∗). Our idea is to embed LI ⊕ LJ primitively into L.
Theorem 2.2 guarantees that this is possible if

rI + rJ ≤ 11 or rI + rJ + aI + aJ < 22
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Since the embedding is primitive, there exists a basis (u1, . . . , u22) of L
such that (u1, . . . , urI ) is a basis of LI and (urI+1, . . . , urI+rJ ) is a basis of LJ .
We warn the reader that the span of (urI+rJ+1, . . . , u22) is not necessarily
the orthogonal complement N of LI ⊕ LJ . There exist lattice isometries
ρ∗ : L→ L that are induced by non-symplectic involutions with respect to
suitable complex structures that act as the identity on L∗ and as −1 on L⊥

∗ .
Since we have

ρI |LI
= Id ρI |LJ

= −Id ρI |N = −Id
ρI |LI

= −Id ρI |LJ
= Id ρI |N = −Id

ρI and ρJ commute. Since LI and LJ are hyperbolic lattices and L has
signature (3, 19), the lattice N is hyperbolic, too. Therefore, it is possible to
choose z ∈ LI ⊗ R, x ∈ LJ ⊗ R and y ∈ N ⊗ R such that x2 = y2 = z2 > 0.
Since the three lattices are pairwise orthogonal, we have x · y = x · z = y ·
z = 0 automatically. Moreover, x, y and z satisfy the relations (11). All
in all, we have constructed a K3 surface with a hyper-Kähler structure and
two commuting involutions that are non-symplectic with respect to different
complex structures. Since the sets of all positive elements in LI ⊗ R, LJ ⊗ R

or N ⊗ R are open, we can choose

x =

rI+rJ∑

i=rI+1

αiui y =

22∑

i=1

βiui z =

rI∑

i=1

γiui

such that the coefficients in the above three sums are Q-linearly inde-
pendent. Since any d ∈ L has integer coefficients with respect to the ba-
sis (u1, . . . , u22), this condition guarantees that there exists no d ∈ L with
d2 = −2 and x · d = y · d = z · d = 0. Therefore, it is possible to choose S as
a smooth K3 surface. □

Remark 6.2. An important step in Kovalev’s and Lee’s construction of
G2-manifolds [13] is to find two K3 surfaces S1 and S2 with non-symplectic
involutions ρ1 and ρ2 and a so called matching. A matching is defined as an
isometry f : S1 → S2 such that

f∗ωI2 = ωJ1
, f∗ωJ2

= ωI1 , f∗ωK2
= −ωK1

,

where ωIk , ωJk
and ωKk

are the three Kähler forms on Sk. Let S be a
K3 surface with two involutions that satisfy (1). If we choose the triple
of complex structures on S first as (I, J,K) and then as (J, I,−K), the
identity map becomes a matching. Moreover, ρI and ρJ are holomorphic
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with respect to the first complex structure from the triples. Therefore, the
above theorem shows that a matching exists if the invariants of ρ1 and ρ2
satisfy r1 + r2 ≤ 11 or r1 + r2 + a1 + a2 < 22. This fact is also shown by
other methods in [13].

An important aim of this paper is to construct K3 surfaces with ADE-
singularities that admit a pair (ρI , ρJ) of commuting involutions that satisfy
(1). If ρI and ρJ are simple, it is possible to choose the hyper-Kähler struc-
ture such that we can describe the set D from page 2101, that determines
the singular locus, explicitly. Under the simplifying assumption that the
markings ϕI , ϕJ : H2(S,Z) → L coincide we are able to prove the following
classification theorem.

Theorem 6.3. Let (iI , jI), (iJ , jJ) ∈ {1, . . . , 7} × {1, . . . , 4} be such that
(jI , jJ) /∈ {(2, 4), (4, 2)} and (iI , iJ) /∈ {(2, 7), (5, 7), (7, 2), (7, 5), (7, 7)}.
Moreover, let (r∗, a∗, δ∗) with ∗ ∈ {I, J} be the triples of invariants that
characterise the non-symplectic involutions that act as ρi∗1 ⊕ ρj∗2 on L. In
this situation, there exists a possibly singular K3 surface S that admits two
commuting involutions ρI and ρJ that are non-symplectic with respect to
complex structures I and J with IJ = −JI and have invariants (rI , aI , δI)
and (rJ , aJ , δJ).

Proof. We construct maps ρ∗ : L→ L with ∗ ∈ {I, J} that can be written
up to conjugation as ρi∗1 ⊕ ρj∗2 , where ρi∗1 : 3H → 3H and ρj∗2 : 2(−E8) →
2(−E8) are two of the maps that we have defined in Section 4. By a di-
rect calculation we see that ρjI2 and ρjJ2 commute if and only if (jI , jJ) /∈
{(2, 4), (4, 2)}. By adjusting the marking, we can assume that the restric-
tion of ρI to 2(−E8) actually is one of the maps ρjI2 with jI ∈ {1, . . . , 4}.
Nevertheless, the restriction of ρJ may be a conjugate of a map ρjJ2 such
that we still have ρJ(wi) = ±wj for i ∈ {7, . . . , 22}. As we have remarked in
Section 4, the only additional possibilities for ρJ |2(−E8) are

ρJ |2(−E8)(x1, x2) = (x1,−x2)

if jJ = 2 or

ρJ |2(−E8)(x1, x2) = (−x2,−x1)

if jJ = 4. If we take account of these additional possibilities, it is still not
possible that ρI |2(−E8) and ρJ |2(−E8) commute if (jI , jJ) ∈ {(2, 4), (4, 2)}.
Nevertheless, this idea will be helpful in the next case. Let iI , iJ ∈ {1, . . . , 7}.



✐

✐

“6-Reidegeld” — 2023/8/18 — 0:14 — page 2116 — #22
✐

✐

✐

✐

✐

✐

2116 Frank Reidegeld

First, we assume that iI , iJ ̸= 7. We see that ρiI1 and ρiJ1 always commute,
since the smaller matrix blocks

(
1 0
0 1

)
,

(
−1 0
0 −1

)
,

(
0 1
1 0

)
,

(
0 −1
−1 0

)

commute pairwisely. In Section 5 we have defined a hyper-Kähler structure
by

x := u21 + u22 , y := u31 + u32 , z := u11 + u12 .

The involution ρI preserves z and acts as −1 on x and y. Unfortunately,
the same is true for ρJ , although ρJ should preserve x and act as −1 on y and
z. In order to solve this problem, we conjugate ρiJ1 by the map τ : 3H → 3H
that is defined by

τ(ulk) := u3−l
k ∀k ∈ {1, 2}, l ∈ {1, 2} and τ(u3k) := u3k ∀k ∈ {1, 2} .

In other words, we permute the first and the second block of the matrices
that define ρiJ1 . We obtain a map that is still an isometry of 3H and maps
any wi to a ±wj . After this conjugation, ρ

iI
1 and ρiJ1 still commute and the

maps ρI , ρJ : L→ L satisfy the relations (11).
If iI = 7 and iJ ∈ {1, . . . , 6}, ρiI1 has a 4× 4-block in the upper left corner

that interchanges H1 and H2. We conjugate ρiJ1 by a map that is analogous
to τ but interchanges H1 and H3. After that, ρiI1 and ρiJ1 commute if and
only if the last two 2× 2-blocks of ρiJ1 are the same. This is the case for all
values of iJ except 2 and 5. We consider the second hyper-Kähler structure
from Section 5 that is defined by

x := u11 + u12 − u21 − u22 , y :=
√
2(u31 + u32) , z := u11 + u12 + u21 + u22 .

After a short calculation, we see that ρI and ρJ satisfy the relations

(13)
ρI(x) = −x ρI(y) = −y ρI(z) = z
ρJ(x) = −x ρJ(y) = y ρJ(z) = −z

Although this is not the same as (11), those relation are satisfied after
replacing ρJ by ρK . All in all, we have proven the existence of (ρI , ρJ) in all
cases from the theorem. □

Remark 6.4. The above theorem yields 320 pairs (ρI , ρJ) with the desired
properties. This number can be calculated as follows. Up to a permuta-
tion of ρI and ρJ , there are 28·29

2 = 406 possibilities to choose two simple
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non-symplectic involutions. We assume that jI ≤ jJ . After removing the 49
pairs ((iI , jI), (iJ , jJ)) with (jI , jJ) = (2, 4), 357 pairs remain. There are 5
possibilities for (jI , jJ) with jI < jJ left. For each of them we have to sub-
stract the 5 excluded values of (iI , iJ). If jI = jJ , we have to substract 3
since (iI , iJ) and (iJ , iI) yield up to permutation the same (ρI , ρJ). All in
all, there are 357− 5 · 5− 4 · 3 = 320 pairs left. We shall investigate in a
forthcoming paper whether some of these 320 pairs yield twisted connected
sums that were not previously given in [13]. Moreover, we analyse if they are
diffeomorphic to the examples in other articles on twisted connected sums
such as [7, 12].

We remark that our 320 examples are not exhaustive. If we choose for
example ρj∗2 as one of the maps (6) or modify ρi∗1 by permuting the three
summands H1, H2 and H3, we could easily obtain further examples with the
same invariants (r∗, a∗, δ∗) but a non-equivalent action on L. Since we have
restricted ourselves to the case where the ρ∗ are simple and both markings
ϕ∗ : H

2(S,Z) → L are the same, it is even possible that examples with fur-
ther triples of invariants exist. The complete classification of pairs (ρI , ρJ)
of commuting involutions that satisfy (1) is beyond the scope of this paper.

Since the hyper-Kähler structure on S that we have introduced in the
proof of Theorem 6.3 is the same as in Section 5, we immediately obtain the
following corollary.

Corollary 6.5. In the situation of the above theorem, S can be chosen as
a K3 surface that has 3 singular points with A1-singularities and 2 singular
points with E8-singularities.

The next step is to investigate if there exist K3 surfaces with further
kinds of singularities that admit involutions ρI and ρJ with the same prop-
erties as in Theorem 6.3. Our idea is to perturb the hyper-Kähler structure
that is determined by (x, y, z) in such a way that it is still invariant under
ρI and ρJ . We obtain the following theorem.

Theorem 6.6. Let S be one of the K3 surfaces from Theorem 6.3 that

1) admits a pair (ρI , ρJ) of commuting simple involutions that are non-
symplectic with respect to two complex structures I and J with IJ =
−JI and

2) has 3 points with A1-singularities and 2 points with E8-singularities.
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ρI and ρJ generate a group that is isomorphic to Z2
2 and acts on the

Dynkin diagram 3A1 ∪ 2E8. Let M be a Z2
2-invariant subset of the nodes of

3A1 ∪ 2E8 such that no node from M corresponds to a w̃i ∈ L that is fixed
by Z2

2. In this situation, there exists a K3 surface S′ that

1) admits a pair of commuting simple involutions that are non-symplectic
with respect to two complex structures I ′ and J ′ with I ′J ′ = −I ′J ′ and
whose invariants (r∗, a∗, δ∗) are the same as of ρ∗ and

2) whose singular set is described by the Dynkin diagram that we obtain
by deleting the set M of nodes from 3A1 ∪ 2E8.

In particular, S′ can be chosen as a smooth K3 surface if there is no w̃i

that is fixed by Z2
2.

Proof. Let (w̃i)i=1,...,19 be the basis (9) of the lattice that we have introduced
in (8). We recall that w̃2

i = −2 for all i and that the w̃i correspond to the
nodes of the Dynkin diagram 3A1 ∪ 2E8. We denote the linear span of the
orbit of w̃i with respect to the group Z2

2 that is generated by ρI and ρJ
by Wi. The dimension of Wi is either 1, 2 or 4. For the same reasons as
in Section 5, Z2

2 acts on 3A1 ∪ 2E8 and maps connected components to
connected components. Since 3A1 ∪ 2E8 does not contain 4 components of
the same type, the dimension of Wi has to be 1 or 2. We call a w̃i of type

• (1, 1) if ρI(w̃i) = ρJ(w̃i) = w̃i,

• (1,−1) if ρI(w̃i) = w̃i and ρJ(w̃i) ̸= w̃i,

• (−1, 1) if ρI(w̃i) ̸= w̃i and ρJ(w̃i) = w̃i,

• (−1,−1) if ρI(w̃i) ̸= w̃i and ρJ(w̃i) ̸= w̃i.

Since ρI and ρJ are involutions, their eigenvalues are 1 and−1. Moreover,
they commute and therefore we have a decomposition

LR = V1,1 ⊕ V1,−1 ⊕ V−1,1 ⊕ V−1,−1

where

Vϵ1,ϵ2 = {v ∈ LR|ρI(v) = ϵ1v, ρJ(v) = ϵ2v} .
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We have x ∈ V−1,1, y ∈ V−1,−1 and z ∈ V1,−1. If w̃i is of type (1,−1), we
define a w̃′

i ∈ LR by

w̃′
i =





w̃i if , ρJ(w̃i) = −w̃i

w̃i − w̃j if , ρJ(w̃i) = w̃j with i ̸= j

w̃i + w̃j if , ρJ(w̃i) = −w̃j with i ̸= j

If w̃i is of type (−1, 1), we define w̃′
i analogously but replace ρJ by ρI .

Finally, if w̃i is of type (−1,−1), we define

w̃′
i =





w̃i if , ρI(w̃i) = ρJ(w̃i) = −w̃i

w̃i − w̃j if , ρI(w̃i) = −w̃i and ρJ(w̃i) = w̃j with i ̸= j

w̃i + w̃j if , ρI(w̃i) = −w̃i and ρJ(w̃i) = −w̃j with i ̸= j

w̃i − w̃j if , ρJ(w̃i) = −w̃i and ρI(w̃i) = w̃j with i ̸= j

w̃i + w̃j if , ρJ(w̃i) = −w̃i and ρI(w̃i) = −w̃j with i ̸= j

Since dimWi ̸= 4, these are the only possibilities that can happen for a
w̃i of type (−1,−1). By our construction w̃′

i ∈ Vϵ1,ϵ2 if w̃′
i is of type (ϵ1, ϵ2).

We choose arbitrary subsets

P ⊆ {1 ≤ i ≤ 19|w̃i is of type (−1, 1)}
Q ⊆ {1 ≤ i ≤ 19|w̃i is of type (−1,−1)}
R ⊆ {1 ≤ i ≤ 19|w̃i is of type (1,−1)}

such that for any pair (i, j) with i ̸= j from one the three sets we have
Wi ∩Wj = {0}. Let (x, y, z) be the triple of Kähler classes that determines
the hyper-Kähler structure with 3 A1- and 2 E8-singularities. We define a
new hyper-Kähler structure by

x′ = µx+
∑

i∈P

αiw̃
′
i

y′ = νy +
∑

i∈Q

βiw̃
′
i

z′ = λz +
∑

i∈R

γiw̃
′
i

The coefficients in the above definition are chosen such that

1) the family that consists of 1, the αi, the βi and the γi is Q-linearly
independent,
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2) x′2 = y′2 = z′2 > 0.

The hyper-Kähler structure that is defined by x′, y′ and z′ still satisfies
the equation (11). Moreover, the set D that determines the number and type
of the singular points can be obtained from 3A1 ∪ 2E8 by deleting all nodes
that correspond to an element of the Z2

2-orbit of an i ∈ P ∪Q ∪R, as we
have stated in the theorem. □

In the proof of the above theorem, we have constructed a (partial) res-
olution of the singularities that is still invariant under Z2

2. We remark that
in general there is a minimal singularity that cannot be resolved without
destroying the Z2

2-symmetry. Its Dynkin diagram is given by all i such that
w̃i is invariant under Z

2
2. If we add a multiple of such an w̃i to x, y or z, we

obtain a new hyper-Kähler structure that no longer satisfies (11).

Example 6.7. Let ρI , ρJ : L→ L be the lattice isometries such that ρI
acts as the identity on H1 ⊕ 2(−E8) and as −1 on the other two summands
that are isometric to H and ρJ acts as the identity on H2 ⊕ 2(−E8) and as
−1 on the complement. ρI and ρJ commute and are both of type ρ11 ⊕ ρ12.
Corollary 6.5 guarantees that there exists a K3 surface with two E8- and
three A1-singularities and two non-symplectic involutions that correspond to
ρI and ρJ . Theorem 6.6 allows us to resolve one or two of the A1-singularities,
but the two E8-singularities and the third of the A1-singularities cannot be
resolved without destroying the invariance of the hyper-Kähler metric with
respect to ρI and ρJ .
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