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Motion of level sets by inverse anisotropic
mean curvature

FrRANCEScO DELLA PIETRA, NUNZIA GAVITONE, AND CHAO XIA*

In this paper we consider the weak formulation of the in-
verse anisotropic mean curvature flow, in the spirit of Huisken-
Ilmanen [15]. By using approximation method involving Finsler-p-
Laplacian, we prove the existence and uniqueness of weak solutions.

1. Introduction

Let F € C*°(R™\ {0}) be a Minkowski norm in R", i.e.,

(i) F is a norm in R", i.e., F' is a convex, even, 1-homogeneous function

satisfying F'(§) > 0 when & # 0;

(ii) F satisfies a uniformly elliptic condition: D?(3F?) is positive definite
in R™\ {0}.

Let X(-,t): M x [0,T) — R™ be a family of smooth embeddings from a
closed manifold M in R" satisfying the evolution equation

(1) ;X(x,t) - leww(x,t),
where Hp(xz,t) > 0 is the anisotropic mean curvature function of the hyper-
surface Ny = X(M,t) and vp(z,t) is the unit anisotropic outer normal.
The anisotropic type curvature flows have been used by Angenent and
Gurtin to modeling the motion of the interface with external force, see for ex-
ample [3, 4], [14] and the reference therein. Geometrically, they can be thought
of as curvature flows in Minkowski geometry. Different kind of anisotropic
type curvature flows have been studied, see for example [I], 2 20]. For the
anisotropic mean curvature flow, there are works concerning with weak so-
lutions and their regularity issue, as well as its numerical analysis, see [§, [12]
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and the reference therein. For more references on anisotropic type curvature
flows we refer to [20] and the reference therein.

In this paper, we look at , the inverse anisotropic mean curvature flow
(IAMCF). When F is the Euclidean norm, vp and Hp reduce to the unit
outer normal and the mean curvature respectively, and in turn reduces
to the classical inverse mean curvature flow (IMCF).

Gerhardt [11] and Urbas [22] proved that the classical IMCF which initi-
ated from a star-shaped and strictly mean convex hypersurface exists for all
time and converge to a round sphere after rescaling. For general initial data,
the IMCF may develop singularity. Huisken-Ilmanen [15] has developed a
theory of weak solutions for the IMCF of hypersurfaces in Riemannian man-
ifolds by its level-set formulation and applied it to show the validity of the
Riemannian Penrose inequality.

For the anisotropic counterpart, recently the third author [20] has stud-
ied the IAMCF which initiated from a star-shaped and strictly F-mean
convex hypersurface and proved the long time existence and convergence re-
sult analogous to Gerhardt and Urbas’ result. As a direct application, he has
proved the anisotropic Minkowski inequality between the anisotropic mean
curvature integral and the anisotropic area for star-shaped and strictly F-
mean convex hypersurfaces. This anisotropic Minkowski inequality for con-
vex hypersurfaces is a classical result in the theory of convex geometry. One
asks naturally what happens if the initial hypersurface is no longer star-
shaped. Analogous to Huisken-Ilmanen [15], we are able to develop a theory
of weak solutions for the IAMCEF by its level-set formulation. This is the
aim of this paper.

Suppose the evolving hypersurfaces IVy are given by level sets of a func-
tion u: R™ — R, that is

E; = {I’ cR": U(ZL‘) < t}, Ny = 0F;.

If w is smooth and Vu # 0, then is equivalent to the degenerate elliptic
equation

2) div (Fe(Vu)) = F(Vu).

See Section 2. When F' is Euclidean, it is clear reduces to

3) div <§Z|> — |Val.
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As Huisken-Ilmanen [I5], we define a weak solution of (2)) by the follow-
ing minimization principle.

Definition 1. Let Q C R"™ be an open set. A function u € C’?o’g(Q) is called
a weak solution to if

(4) JF,u(u) < JF,u(QO)

for every precompact set K C  and for every test function o € C’g)cl(Q) with
p=uin Q\ K, and where

o) Trule) = [ [P(Ve)+ P (V)] da.
Moreover, u is a proper solution if in addition

lim wu(z) = +o0.
|z| =400

Our main result of this paper is the following existence result.

Theorem 1.1. Let Q CR™ be an open set with smooth boundary such
that Q° ziR”\Q is bounded. There exists a unique proper weak solution
ue CHQ) of @), in the sense of Definition |1, such that u=0 on 0.

loc
Moreover, u satisfies

(6) F(Vu(z)) < sup Hf, zeq,
(7) F(Vu(z)) < Hf:(z), z €099,

where H}:(z) = max{Hp(z),0} and Hp is the anisotropic mean curvature
of 0N).

Huisken-Ilmanen’s approach in the classical IMCF case to prove the
existence is studying an approximate equation of , known as elliptic reg-
ularization. One of the key feature of this elliptic regularization is that it cor-
responds to a family of translating graphs which solves the IMCF in R™ x R.
It seems that such elliptic regularization is not available in the anisotropic
case. This is due to the presence of the high nonlinearity F(Vu) in R", for
which it is not immediate to understand what is the correct AIMCF in a
higher dimension, preserving the correct equation in the limit.

Later, Moser [17] found another approximate equation of involving
the p-Laplacian. It turns out that this approximate equation is also effective
to prove the existence of weak solutions for IAMCEF.
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Inspired by Moser’s approach, we consider the approximate equation
of involving the Finsler-p-Laplacian, that is,

div (FP~Y(Vu)Fe(Vu)) = F(Vu)P  in 9,

(8) u=20 in Q€
U — 00 as xr — 00.

We have the following

Theorem 1.2. Let Q C R™ be an open set with smooth boundary such that
Q¢ =R"\ Q is bounded. For every p > 1, there exists a unique solution u, €

C-*(Q). Moreover, for every € > 0, there ewists py = po(€) > 1 such that if

loc

up € Cl’a(ﬁ) is the solution to for 1 < p < pg, then

loc
(9) F(Vuy(z)) <supHf +¢e, 2€Q
o0
(10) F(Vuy(x)) < Hf:(z) +¢e, x € Q.

Theorem follows from Theorem by approximation.

The rest of this paper is organized as follows. In Section 2, we recall some
fundamentals on anisotropic functions and anisotropic mean curvature. In
Section 3, we study Huisken-Ilmanen type weak formulation of TAMCF and
its properties. In Section 4, we study the approximate equation involving
the Finsler-p-Laplacian and show the gradient estimate and the existence of
weak solution of IAMCEF.

2. Notation and preliminaries

2.1. Minkowski norm and Wulff shape

Let F' be a Minkowski norm on R™. The polar function F°: R" —
[0, +o0o[ of F, defined as

(&)
F°(x) = sup ,
e20 F(§)
is again a Minkowski norm on R". Furthermore,
, T
F(&) = sup €, 2)

B x#0 Fo(x) .



Motion of level sets 101

Denote

W={zeR": F°(z) < 1}.
This is the so-called Wulff shape centered at the origin. More generally, we
denote by W, (z¢) the set rWW + x¢, that is the Wulff shape centered at xg

with radius 7 and W, = W,.(0).
The following properties of F' and F° hold true: for any z,£ € R™\ {0},

(Fe(£),8) = F(&), (F7(x),x) = F(x)
F(ED () = FO(Fe(§)) = 1,
FO(2) Fe(Fy(2)) = @, F(OFY (Fe(§)) = €.

See e.g. [21], Chapter 2.

2.2. Anisotropic mean curvature and anisotropic area functional

Let N be a smooth closed hypersurface in R and v be the unit Euclidean
outer normal of N. The anisotropic outer normal of IV is defined by

vp = Fe(v).

The anisotropic mean curvature of N is defined by
Hp = divy(vp).
Here divy is the tangential divergence on N. See [20].
In this paper we are interested in the case when N is given by a level
set of a smooth function u, namely,
N = N, = 0E,;, where E; = {x € R" : u(x) < t}.

When Vu # 0, it is clear that v = @—Z‘ and
(11) vp = Fe(Vu).

It was proved that in [23] that

(12) Hp = div(Fe(Vu)).
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Here div is the standard divergence on R™. If N, satisfies the IAMCF, we
see that u(z(t)) =t and by taking derivative about ¢, we get

1
<V’LL, H,FI/F> =1.

By virtue of and , we arrive at .

The anisotropic area functional of NV is defined as
op(N) = / F(v)dH" ™,
N

where H"~! is the (n — 1)-dimensional Hausdorff measure.

It is well-known that a variational characterization of Hp is given by the
first variational formula of o, see for instance [0, (I8, 20]. More precisely,
we have

Proposition 2.1 (Reilly [18], Bellettini-Novaga-Riey [6]).

Let N be a smooth closed hypersurface given by an embedding Xo : M —
R™. Let N be a variation of N given by X (-,s) : M — R", s € (—¢,¢), whose
variational vector field %|S:0X(-, s)=V. Then

(13) 4 or(N;) = / divp n (V) F(v)dH™ !
ds s=0 N
= / Hp(Xo) (V,v)dH" !,
N
where
. . v
leF,N(V) =divV — <VVF‘/, F"(y)> .

Proof. We refer to [20] for the proof of the second equality. For completeness,
we prove the first equality here. We denote vy and dos be the unit outer
normal and the area element of N, respectively. It is well-known that

d

% Vs = —<l/,veiv>€i,

s=0

where {e;} is an orthonormal basis of TN.

d
ds

dos = divy(V)do.
5=0
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Thus

d

7| Fws)dos = (Fe(v), = (v, Ve, V)ei)do + F(v) divn (V)do
=[—(v,V,, V) <F§(V), e;) + (divV —(V,V,v))F(v)|do

1%

= [divV - <VVFV, F(V)>] F(v)do

The last line follows from

v = Fe(v) = F(v)v + (Fe(v), e;)e;.

3. TAMCEF: a variational formulation

In this section, we review the weak formulation of TAMCF developed by
Huisken-Ilmanen [I5] by using a minimizing principle. We follow closely
Huisken-Ilmanen'’s strategy in [15], Section 1.

3.1. Weak formulation of IAMCF

Recall (Definition (1) that u is called a weak solution (subsolution, superso-
lution resp.) of (2) in Qif u € C’loo’cl(ﬂ) and Jp,,(u) < Jpy(p) for every pre-
compact set K C Q and for every test function ¢ € Cloo’cl Q) (p<u,p>u
resp.) with ¢ = w in Q\ K, where Jp,, is defined in (F).

The fact that

Jru(min{p, u}) + Jru(max{p, u}) = Jru(e) + Jru(u)

whenever {u # ¢} is precompact implies u is a solution if and only if it is
both a weak supersolution and a weak subsolution.

There is an equivalent weak formulation by set functional. For K C
and u € Cp22(Q2), define

Tra(G) = TE(G) = /

F(v)dH" ! — / F(Vu)dz,
I*GNK

GNK

for a set G of locally finite perimeter, and 0*G denotes the reduced boundary
of G.
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Definition 2. We say that E minimizes Jg,, in a set A (minimizes on the
outside, minimizes on the inside, resp.) if

jF,u(E) S jF,u(G)

for any G such that EAG CC A (G2 E, GC E resp.) and any compact
set K containing EAG. Here EAG = (E\ G)U (G \ E).

The fact that

whenever EAG is precompact guarantees that £ minimizes Jr,, in € if and
only if £ is minimizes Jr, both on the inside and on the outside in (2.
The Definitions [I] and [2] are equivalent in the following sense.

Proposition 3.1. Let Q2 be an open set and u € C’loo’cl(Q), then u is a weak
solution of in Q0 if and only if for each t, By = {x € Q: u < t} minimizes
Jru in 2.

Proof. By the co-area formula, we have for a choice of a < b such that a <
u<band a < <bin K, that

Trule) = [ (F(Ve)+ oF(Va)o

b VQD
(14) —/ dt/ F<> —|—/ oF(Vu)dx
O {p<t}H)NK IVl
/ dt/ F(v) da—/ / X{p<tt F'(Vu)dzdt
o {p<thn

/ F(Vu)dx
K
b
- [ ade <+ [ Fouan
a K
Then, if for any ¢, E} is a minimizer of the set functional Jg,,, then
Jru(e) > Tru(u),

that gives the minimality of u.
The viceversa can be proved exactly as in the proof of Lemma 1.1 in
[15]. O
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Next we study the weak formulation of TAMCF with initial condition.

Definition 3. Let Ey be an open set with smooth boundary. Let { E;}4~¢ be
a nested family of open sets in R™.

(i) w is called a weak solution of with initial condition Ey if u €
CYY(R™), Ey = {u < 0} and u is a weak solution of in R"\ Ep.

loc

(ii) Define u by the characterization By = {u < t}. {Ei}+>0 is called a weak
solution of with initial condition Ey if u € C’loo’c1 (R™) and E; mini-
mizes Jpy in R™\ Ey for each t > 0.

From Proposition [3.1] it is easy to see the above two definitions are also
equivalent.

Proposition 3.2. w is a weak solution of with initial condition Eqy if
and only if {u < t}i~¢ is a weak solution of with initial condition Ej.

The weak solution is unique.

Proposition 3.3 (Uniqueness of the weak solutions).

(i) Let u and v be weak solutions to in ) in the sense of Deﬁnition
and {v>u} CC Q. Then v < wu in §;

(i) if {Fi}i>0 and {Fi}i=0 solve in the sense of Definition [3, with
iatial data Eg, Fy respectively, and Ey C Fy, then Ey C F; as long as
E, is precompact. In particular, for a given Ey there exists at most one
solution {Fy}1=o0 of such that E; is precompact.

Proof. The proof runs exactly in the same way of the Euclidean case, con-
tained in Huisken-Ilmanen [I5, Theorem 2.2], and the only modifications
have to be done in point (i), by replacing the Euclidean norm of Vu with
F(Vu), and using the fact that F' is a norm in R™. In particular, the proof
of (i) consists in showing that if u is weak supersolution to (2)), in the sense
that if w > w is a Lipschitz function such that {w # u} CC Q, we have

/ F(Vu) + uF (Va) < / F(Vw) + wF(Vu),
K K

where the integration is performed over any compact set K containing
u # w, it holds that v < w. O
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3.2. Properties of weak IAMCF

Definition 4. Let €2 be an open set.

(i) A set E is called an F-minimizing hull in Q if
(15) op("ENK) <op(0*GNK)

for any G containing E such that G\ E CC Q and any compact set K
containing G\ E.

(ii) A set E is called a strictly F-minimizing hull in Q if it is an F-
minimizing hull in Q0 and equality holds in if and only if

GNOA=FENQN a.e.

(iii) Given a measurable set E, the set E' is defined to be the intersection
of all the strictly F-minimizing hulls in Q that contain E.

One has the following properties for weak solutions of IAMCEF.

Proposition 3.4. Let u be a weak solution of with initial condition
E(). Set

E,={u<t}, E=int{u<t}.

Then
(i) Fort >0, E; is an F-minimizing hull in R";
(ii) Fott >0, B/ is a strictly F-minimizing hull in R™ and E| = E;" if it
18 precompact;
(iii) Fort >0, op(0E;) = or(OE;") provided E;" is precompact. This holds
true for t =0 if Ey is an F-minimizing hull.

(iv) op(0F:) = e'op(0Ey) provided Ey is an F-minimizing hull.

Proof. (i)-(iii) runs exactly the same way of the Euclidean case, contained in
Huisken-Ilmanen [I5, Property 1.4] . The equivalence of the two definitions
and the fact that F'(Vu) = 0 a.e. on {u = t} are essentially used. One needs
just to use [, F(Vu) and op(9*E;y N K) instead of [, |Vu| and [0*E; N K.
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For (iv), the minimizing property implies that Jr,(E;) is independent
of t. By co-area formula, we get

t
Jru(Ey) = op(0E:) — / op(0OEs)ds = const.
0

which implies e top(OF;) is constant for ¢+ > 0. The assertion now follows
from (iii). O

Analogous to the classical case, we define the weak anisotropic mean
curvature by the first variational formula, Proposition [2.1

Definition 5. Let N C R" be a hypersurface of C* or C* with a small sin-
gular set and locally finite Hausdorff measure. A locally integrable function

Hp on N is called weak anisotropic mean curvature provided it satisfies the
second equality in for every Ve C(R™).

For smooth TAMCF given by {u = t}, one sees Hrp = F(Vu). We show
next weak solutions of still have this property.

Proposition 3.5. Let u be a weak solution of with initial condition Fy
and let Ny = 0Ey = 0{u < t}. Then for a.e. t, the weak anisotropic mean
curvature Hp of Ny satisfies

Hp = F(Vu) a.e. v € Ny.

Proof. Let V € C°(R™) and ®°: R” — R", s € (—¢,¢), be the flow of dif-
feomorphisms generated by V and ®° = Id. Let W be any precompact open
set containing supp(V).

Because u be a weak solution of in R"\ Ep, we see Jp,(uo ®%) <

Jpu(u). Thus d%’ OJFM(IL o &%) = 0. Next we derive %‘ OJF’U(U o ®%).
S= s=

First, we assume u is smooth. Then

a
ds

o /K F(V(uo ®%))dx
d S
— [ Fe(@umiE] _ (o v)is

= / Fe,(Vu)V;(VjuV?)de
w

— / Fe,(Vu)ViuV? + Fe (Vu)VuVVVde
w
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B / —Fee, (Vu)ViuViuV? — Fe (Vu)ViuViV7 + Fe,(Vu)VjuV;VVde
w

_ / _F(Vu) divV + (Va, Vg V) .
w

By co-area formula,

Joo

F(Vu)divV + (Vu, Vg, (v, V)dx
/ / —divVF(v) 4+ (v, V,.V)dowdt
N.OW
= / / —divpy VF(v)dodt.
—00 NW
Thus

(16) 4 / F(V(uo®*%))dx = / / —divpn VF(v)dodt.
dsls=0 J ¢ —o0 JNAW ’

By an approximation argument, we see that the formula is still true for
u only locally Lipschitz.
On the other hand, it is easy to see

4 / (10 &%) F (V) da — / (Vu, V)F(Vu)da
ds ls=0 K w
(17) - / / (v, VY F(Vu)doydt.
—oo JN.NW
Combining and , we get
(18) / / divey VEW) + (v, V) F(Vu)dodt.
N:NW

Finally, by the definition of the weak anisotropic mean curvature, we con-

clude from that

Hp = F(Vu) a.e. © € Ny a.e. t.
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4. Existence of solutions and gradient estimates

For any p > 1, we will consider the following auxiliary problem

div (FP~1(Vu)F¢(Vv)) =0 in Q,

(19) v=1 in Q°.
v—0 as r — 00.

Proposition 4.1. If1 < p < n, then there exists a unique positive solution

vp € O (Q) N C=(Q\ {Vu, = 0}) of (19). If Wy (z0) € Q° C Ws(yo), then

loc

n—p n—p

S

(20) <M> <) < <M> L Ve e\ {wo):

Moreover, v, verifies

(21) lim £V%) g

|z| =00 Up

Proof. The proof of existence, uniqueness, regularity, as well as , follow
by nowadays standard arguments; we refer the reader to [7, Theorem 3.3]
for the general anisotropic case we consider.

Finally we prove (21)). We argue as in [I7]. Let n € C§°(£2) be a suitable
cut-off function. Taking ¢ = v,nP as test function in the weak formulation
for and using the Holder inequality, it easily follows that:

/ P F(Vup)Pdx < pp/ vh F(Vn)Pdz.
Q Q
By Harnack inequality (see for instance [19]) we get

rp”/ F(Vup)Pdr < C(n,p) inf ob,
B, )4(z0)

B, /2 (zo

where C'(n, p) is a positive constant depending on n and p. By applying the
result contained in [I0], we have

C(n.p) inf v,
T B,-/z(.’L’o)

HF(VUP)HL"O(BT/s(J»‘O)) <

which implies , and the proof is completed. O
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It is direct to see that
u, = (1 — p)logv, € CH*(Q)

solves (we refer the reader, e.g., also to [9] for problems involving equa-
tions as in ) Next we show the gradient estimate in Theorem which
is based on the following Lemma.

Lemma 4.2. Let1 <p <n and uy, € C’llo?(ﬁ) be a solution to (), then

(22) sup F(Vu,) = sup F'(Vuy).
Q o0

Proof. We omit the subscript p in w, in the proof. Let 7 = supyq F'(Vu).
We consider the following set

Qg = {z € Q: F(Vu) > 8},

with 8 > 7 > 0. From we see F'(Vu) vanishes at infinity by (21)), then
Qg is a bounded, open set such that Qg N 0Q =0 and F(Vu) = § on 0Q3.
In order to prove (22)), we will prove that Qg = 0.
Note that in Qg, Vu # 0 and hence u € C*(Qg). By writing

G(©O) = 5FX(©)

the equation in becomes
(23) div (Gg_l(Vu)Gg(VuD = G5 (V).

Hereafter we will adopt the Einstein convention on the repeated indices, and
use the notations

G = G(VU), Gz = G&(VU), Gij = G&gj (Vu),

u’L :ul’iv ul] :uxixja"'
Differentiating with respect to x;, we get
p_ P o_
O, (0n[GE1Ga]) = 2G5 Gy,
and

By, (Giaxi [Gf—lak]) - gG%—laiGjuij F Gaude, |[G371GY).
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Then
-2 P
On, quGzQG]-Gk + Gz’lej} G,-uij>
P __ - 2 P __ P __
= §G2 1G¢Gjuij + []92G2 ZGij + G2 1G]€j:| Gilulkuij;
hence
24) 0, (|P=265 26,6, + GE1GiGh; | usy
T 9 GG + iGkj | Uij
et atele, P=20t20.606G G516y, G
=5t Gibjui oG TG GG+ G kj Gl Uik Wi
P __ - 1 P __
= gG2 lGiGjuij + pTG2 QGijGilulkuij
p_ 1
+G>2 2 |:2GijGilulkuij + GijGilUlkuij] .
The Kato type inequality (see [24, Lemma 2.2]) implies that
1
GGyGruijug > §GilGijuijUkl-
Hence, from we get
0., [ |P=26526,0,6, + GELGiG
w | |7y G iGiGg + G2 iGlj| Wij
P __ - 1 p__
2 §G2 lGiG]’uij + pTG2 szGkGilulkuij.

The above inequality can be read as

P - 2 G * sz P _
div [GQl (G&VzG + P (Ge )G§>:| _ b I(Gg - V2Q)
2 G 2
-1
> }’T(G&vxa) V.G,
that is
. p_q b2 _q

(25) div [Gz Ava} - L6EGe V.G

—1 »
> P G2 (GeeV,G) - VLG > 0,

-2
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where
p—2G:®Ge
A=CG —_——
€T G
is a uniformly positive definite matrix. Hence, the functional in the left-hand
side of can be seen as a linear elliptic operator acting on G(Vu), and

by the maximum principle we have that
2

sup G(Vu) <sup G(Vu) = B—
Qs 9 2

This implies that Qg = {:1: € Q: G(Vu) > %z} is empty, and the proof is
completed. O

Proof of Theorem[I.3 We are remained to prove the boundary gradient
estimate . The global gradient estimate @D follows from Lemma
and .

Let z € 9Q such that W, (z¢) C Q°. Since u, =0 on 02, hence if
Vuy(x) # 0, then vp(x) = Fe(Vuy(x)) and F(Vuy(x)) = gg; (x). On the
other hand, since W;.(zo) and 0N are tangent at x, we see © — z¢ = rvp(z).
It follows that

up(x + tvp)
ovgp t—0 t

t—0 t

Thus if we define

(26) R :=sup{r > 0: Yz € 9Q,IW,(x¢) C Q° such that = € IW,(z¢)}.

then
n—p
I1F(Vup) | e a0) < 7
It follows from Lemma [4.2] that
n—p
27 F(V e < .
(27) 1P (V) ey < "

Next prove the estimate ([10). We argue as in [I5], [16]. Let ¢ > 0. Choose

w € C*(£) such that
i) w=0on d and w > 0 in €
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ii) Hf < F(Vw) < Hff 4+ ¢ on 9.

Denote
(28) Qpl] := div (FP~H (V) Fe(Vyp)) — F(V)P.

Since F(Vw) > 0 and w = 0 on 012, the anisotropic mean curvature of

01} is given by
Hp(xz) =div (Fe(Vw)) .
Thus
Q1 [w|(z) = Hp(z) — F(Vw(z)) < 0 for z € 9.

Let 6 > 0 and denote by Us the components of the set {0 < w < ¢} con-
taining 0€2. If we choose 6 > 0 small enough, we may have F(Vw) > 0 and
Q1[w] < 0 in Us.

Define w € C*°(Us) by

Then

A simple computation gives
_ 1 _
Iy

By 7~thelre exists a constant C' = C(§) > 0, such that v, < C in Us.
Denote by Ucyi the component of the set {0 <w < C + 1} in Us. Since
up, = w = 0 on 052, we see

(29) up <w ondVcy1.

In order to compare u, and w in Uc41, we compute

wirFe,(Vw) Fe, (Vw)
F(Vw)

Q,[w] = FPL(Vw) <Q1[w] +(p—1) ) in Uy,

Since Q;[w] < 0 in ﬁc+17 one may choose p — 1 small enough, depending on
||wHC2(Uc+1)’ inf  F(Vw) and C, such that

Qp[w] < 0in U1,
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Then since Qpu,] = 0> Qpw] in Ucy1 and (29), by the comparison prin-
ciple, we have

Uup < w on ECH-
It follows that
Ouy, ow ow

F = < = = F(Vw) < Hf, Q.
(Vuy,) E vl (Vw) < Hj +¢ ond
The proof of Theorem [I.2] is completed. O

Now we are ready to prove Theorem

Proof of the Theorem[1.1. Let u, be the solution of in Theorem
Then for any precompact set K C €2, u), is also a minimizer of the functional

1
(30) ne = [ [pF(W)P T oF(Vw)| de,
K
in the sense that

(31)  JE (up) < JE (), Ve € WP(Q) such that ¢ = u, in Q\ K.
Indeed, being u, — ¢ = 0 outside K, and using it a as test function for ,
we get that

/ FP(Vuy)(up — p)dr = / prl(Vup)Fg(Vup) V(g — up)dx
K 1K

: /K (F(Ve)? — F(Vup)P)d.

IN

The inequality above follows from the convexity of F'(£)P.

On the other hand, from , we know u,, has uniform upper bound on
any compact set in €. Since we also have uniform global gradient estimate @
for Vu,, by Arzela-Ascoli’s theorem, we get that, there exists a subsequence
pr — 11 and u € C}(Q) such that

(32) up, — u uniformly in any compact sets of .
If we can show u is a weak solution of , then since the weak solution

of is unique, we will get u;, — u uniformly convergence in any compact
sets of Q as p — 1.
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Next we show that u is a proper weak solution to problem , in the
sense of Definition [I} To this aim, we need to prove that

(33) |V, |P* — [Vu| in L, (Q) for a subsequence pj, — 17.
Indeed from and we can pass to the limit in obtaining that
Ta (0s0k) = Ji(9)  and T (up,, i) = ()

In order to prove , we argue as in [15], [I7]. Let K C Q be a precompact
set and consider the following test function 1 in

¥ =np + (1 =n)up,
where n € C*°(Q) is a cut-off function such that 0 <n <1,n=11in K, and
¢ € C1(Q). Then we get

loc

/suppn (W +0 (up — ) Fp(VUp)) dzx

p
1 P —nu x
< /F (V(ng + (1 — n)uy)) d
<! / (@ — up) (V) + nF (V) + (1 — ) F(Vup)P’ de
ppisluppn
<3 / (o — wplPFP (V) + 1P FP(Vg) + (1 — )P F? (V)] e
P Jsuppy

Choosing ¢ = u, and letting pr — 17, we obtain

limsup/ nE (Vuy, )Prdr < / nF(Vu)dz,
Q Q

pr—1+

which together with Fatou’s Lemma gives .
The properness of u follows directly from . The estimate follows from
that in Theorem [I.2] The proof of Theorem [I.1]is completed. O
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