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Differential Harnack inequalities via
Concavity of the arrival time

THEODORA BOURNI AND MAT LANGFORD

We present a simple connection between differential Harnack in-
equalities for hypersurface flows and natural concavity properties
of their time-of-arrival functions. We prove these concavity prop-
erties directly for a large class of flows by applying a concavity
maximum principle argument to the corresponding level set flow
equations. In particular, this yields a short proof of Hamilton’s
differential Harnack inequality for mean curvature flow and, more
generally, Andrews’ differential Harnack inequalities for certain “a-
inverse-concave” flows.

1. Concavity maximum principles

Our goal is to deduce concavity properties for the time-of-arrival functions
of a large class of geometric flow equations using the concavity maximum
principle. The main idea, due to Korevaar [20] and later extended by Ken-
nington [19] and Kawohl [18] is summarized in the following theorem.

Theorem 1.1. Let Q) C R"™ be a bounded, convez, open set and suppose that
u € CH(Q) is twice differentiable in Q and satisfies the equation

_ {(Du(x), D*u(x)) = b(z, u(z), Du(z)) in O
with f:R"xT' - R, T C Sym"™*™ | satisfying
convex,open
(i) Weak ellipticity:
rzs = f(p.r) = f(p,s).
(ii) Concavity:
f,Ar +(1L=N)s) = Mf(p,r) + (1 =N f(p,s).

and b: QxR xR"” — R satisfying
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(iii) Monotonicity:
z>w = bz, z,p) <b(z,w,p).
(iv) Joint concavity:
b(A(z,2) + (1 = M)y, w),p) = Ab(z, z,p) + (1 = A)b(y, w, p) -

If the graph of u lies below its boundary tangent hyperplanes, then u is con-
cave.

Proof. The argument is essentially that of Korevaar [20]: Consider Kore-
vaar’s “concavity function” Z :[0,1] x Q x Q — R, defined by [20]

(1) Z(r,z,y) =u(re + (1 —1)y) — (ru(m) +(1- r)u(y)) .

This function measures how far the point (rz + (1 —7)y,u(rz + (1 —r)y))
in Q x R lies above the line joining the points (z,u(x)) and (y,u(y)). We
need to prove that Z > 0.

Choose the triple (rg, 2o, yo) so that

Z(r07$07y0) = lll 7Z(T',J}‘,y) .
[0,1]xQxQ

If 1o =0 or r9 =1, then Z(ro,xo,y0) = 0, which implies the claim. So we
may assume that ro € (0,1). Suppose that zo € 9Q. If Z(rg, xo,yo) < 0, then,
since the graph of u lies below its boundary tangent hyperplanes, it would be
possible to find a point (r1,z1,y1) with Z(r1,21,y1) < Z(ro, zo, yo) by mov-
ing zo a small amount inwards along the line joining ¢ and yg, contradicting
minimality of (ro, zo,y0) [20]. Indeed, consider the function

f(E) = Z(l’g,yo, TE) 5
where x. := 29 + €(yo — xo) and r. := ro/(1 — €). Since
rexe + (1 —re)yo = 20,

the boundary condition implies that

d

P » f= —ro(ulyo) — u(zo) — Du(o) - (Yo — z0))

<0,

in contradiction with the fact that f(e) is minimized at e = 0.
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A similar argument applies at yg. So we may assume that xg and yg are
interior points.

Let us abuse notation by writing Z(z,y) := Z(ro,z,y). Then (zg,yo) is
a stationary point of Z and hence, setting 2o := rozo + (1 — r0)vo,

(2a) 0 = 02:Z(x0,y0) = ro(ui(20) — ui(wo))
and

(2b) 0 = 0y Z(x0,y0) = (1 — 7o) (ui(z0) — ui(yo)) -
So

(3) Du(z) = Du(z0) = Du(yo) =: po.

Since (xo, yo) is a local minimum,

0 < (Opi + 0y ) (05 + Oys) Z (0, yo)

= uij(20) — rouij(zo) — (1 —r0)uij(yo) -
The ellipticity and concavity of f and the joint-concavity of b then imply

b(z0,u(20),p0) = — f(po, D*u(z0))
< — f(po,roD*u(zo) + (1 — r0) D*u(yo))
< —rof(po, D*ulxo)) — (1 —70) f(po, D*u(yo))
= 1ob(z0, u(0), po) + (1 — 10)b(yo, u(¥0), Po)
< b(z0, rou(zo) + (1 —ro)u(¥o), po) -

The claim now follows from the monotonicity of b. O

Remark 1.2. Note that in Theorem 1.1, although the solution u is required
to be twice differential in Q and C' up to the boundary, no reqularity hy-
potheses are needed for the functions f and b.

Remark 1.3. In the quasi-linear setting, Theorem 1.1 recovers the orig-
inal result of Korevaar [20]. It also immediately recovers a special case of
an important refinement observed by Kennington [19] (see also Kawohl [18,
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Theorem 3.13]). Indeed, if b > 0, then we may rewrite the quasi-linear equa-
tion

—a" (Du(x))u; () = b(z, u(x), Du(z))
— f(Du(z), D*u(zx)) = by(x, u(x), Du(zx)),

where

f(p,?“) = _(a’ij(p)rij)_l and b*(:v,z,p) = —b_l(ZE,Z,p) .

If a and b satisfy the conditions of [19, Theorem 3.1] (see also [18, Theorem
3.13]), then f is weakly elliptic and concave, and b, is decreasing and joint-
concave. So the equation is of the form allowed by Theorem 1.1. It is worth
noting that, by allowing the left hand side to depend nonlinearly on the sec-
ond derivatives, the proof is actually simplified compared to the arguments
presented in [18] and [19].

Remark 1.4. Theorem 1.1 can be almost immediately applied (cf. [20]) to
the nonlinear capillary problem

(1) F(Au]) = ku+ X in Q
V|graphu = V| on 09,

where k > 0 and F is a non-decreasing, concave function of the second funda-
mental form Alu] of graphu. Indeed, the function v := C —u, C > maxgu,
satisfies an equation of the form

—f(Dv,D*v) = kv~ in Q

V|graphv = V|a on 09,

where f is nondecreasing and concave in its second argument. Although Dv
blows-up at the boundary of , Theorem 1.1 applies when we restrict to
domains ' € Q which are sufficiently close to Q. So the conclusion holds in
all Q' € Q and we conclude that u is convex in €.

In some cases, a perturbation argument (cf. [20, Lemma 1.5]) can be used
to weaken Condition (iii) to weak monotonicity, in which case the theorem
can be used to study certain nonlinear Weingarten problems (k=0 in (4))
and certain nonlinear eigenvalue problems. We will not explore such appli-
cations here, since they have been developed elsewhere (see [1l, 17120, [22]).
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In Section 3, we apply this simple and elegant idea to certain degenerate
fully nonlinear equations (namely, level set flows of convex hypersurfaces).

Let us begin our investigation within the simpler context of mean cur-
vature flow, where our main result follows more or less as in Theorem 1.1.
(A more subtle argument will be required when we consider more general
flows.)

2. Mean curvature flow

Let {M} }iept,,m) be a family of smooth, strictly convex boundaries M7 =
09 moving with normal velocity —Hv, where v(x, t) is the outward pointing
unit normal to M? at x and H = div v is the corresponding mean curvature.
Recall that the arrival time u : Uyepy, 7y M3 — R of the family { M }icpr, 1)
is defined by

u(p) =t <= peM}.
Note that u is well-defined since the hypersurfaces move monotonically.

Let X : M™ x [to,T) — R"™! be a smooth family of parametrizations
X(-,t) of M}. Then

(5) u(X(z,t)) =t.

Fix a point ¢ = X(z,t) in M7 and local orthonormal coordinates {z?}7,
for M™ about x (with respect to the induced metric at time ¢). Choose the
basis {e;}77! for R"! so that e,41 = v(z,t) and e; = 0;X (z,t) for each
i =1,...,n. Differentiating yields the identities

(6) Du-9;X =0 and —HDu-v=1
and hence
v
Du=——.
7) u=-7

Since H = divv, we deduce that u satisfies the level set (mean curvature)

flow

(8) _|Dul div <£;‘|> 1

Moreover, differentiating @ at the point (x,t), we obtain

) ~A/H  VH/H?
©) Dru= <VH/H2 —8tH/H3> '
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It follows that w := \/2(u — to) satisfies
L —A/H VH/H?
2 .1
(10) Drw=w (VH/H2 —(8,H + H/wQ)/H3) '

This is equivalent to the bilinear form studied by Hamilton in his derivation
of the differential Harnack inequality [13] (and later by Chow-Chu [I0],
Kotschwar [21], and Helmensdorfer—Topping [14], who formulated “space-
time” approaches to differential Harnack inequalities).

Recall that the differential Harnack inequality asserts that

(11) OH +2VyH + A(V,V) + >0 forall Ve TM,, t >t

2(t —to)

It is easy to see that local concavity of w is equivalent to : Fix p e M}
and any V € TPR”“. Then, either V' is tangent to M7}, in which case

wD*w(V,V) = —A(‘;I’V) ,

or V=AVT - Hv) for some A € R and VT € T,M?%, in which case

2
(12)  wDw(V,V) = — <8tH +

7 +2Vy-H+ AV, VT)> :

2(t — to)

Since the Harnack inequality is saturated by self-similarly expanding
solutions, so is local concavity of the square root of the arrival time. In fact,
this is readily deduced directly: if M =/t M7, for t > 0, defines a self-
similarly expanding solution, then w = u is homogeneous of degree 1 since
Vt/s X € MP if and only if X € M?. But then D?w is degenerate in radial
directions.

For ancient solutions { M7 };c(—oo,1), the Harnack inequality becomes
(13) OH+2VyH+A(V,V)>0 forall VeTM, t>—o0,

which, by the same argument, is seen to be equivalent to local concavity of
u itself.

Theorem 2.1. Let Q C R™! be a bounded, convez, open set with smooth
boundary. Given ug € R, suppose that u € C1(Q) has a single critical point,
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p € Q, is twice differentiable in Q\ {p}, and satisfies

| Dul div (u%y) — 1 in 0\ {p}

u=ug on 0.

Then +/2(u — ugp) s concave.

If we no longer assume that € is bounded, but require instead that ug =
—o00 and that the level sets of u are bounded and convex, then u is concave.

Proof. Set w := /2(u — up). Then
Du

Dw=—
w

(14)

and hence

= Wiw; B . Dw\

ij=1

in Q\ {p}. Observe that the tangent hyperplanes to the graph of w are
vertical at the boundary. Indeed, the normal to the graph of w is given by

N — (=Dw, 1) B (v, Hw)
V14 |Dw|? VHZwZ +1°

The concavity maximum principle now implies that w is concave. We proceed
as in the proof of Theorem 1.1: Let (rg, zo,yo) attain the minimum of the
concavity function Z (defined in ) Since graph w lies below its boundary
tangent hyperplanes (see Remark 1.4), we may assume that (ro,zo,y0) is
an interior point. So we obtain the gradient identities — and hence
po := Du(zg) = Du(yp). If po is not zero, the argument given in Theorem
1.1 implies that Z(rg, xo,yo) > 0. On the other hand, if py = 0, then xo = yo
(since, by hypothesis, u has but one critical point) and hence

Z(TO, xo, yO) =0.

To prove the second claim, fix any point p € Q and any ¢ < u(p). Then
p € Q:={q € Q:u(q) >t} The hypotheses on u imply that € is bounded
and hence, by the first part of the theorem, the function w : 2; — R given
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by w(q) = (2(u(q) — t))% is concave. Thus,

Du(p) ® Du(p) _ Du(p) ® Du(p)
w?(p) = 2ulp) —t)

Taking t —+ —oo yields the claim. U

D?*u(p) = w™ " (p)D*w(p) +

Note that, for an initial hypersurface which bounds a bounded convex
body, the corresponding solution to mean curvature flow remains smooth
until it contracts to a single point, p say. It follows that the arrival time is
smooth away from its only critical point, p, and C! at p. In fact, Huisken
[15] proved that the solution becomes ‘asymptotically round’ near p, which
actually implies that the arrival time is of classﬂ C? [16]. In any case, The-
orem 2.1 provides a rather simple proof of Hamilton’s differential Harnack
inequality.

Corollary 2.2. Let {M7 }c,, 1) be a smooth family of boundaries My =
00 of bounded convex bodies §; evolving by mean curvature. Suppose that
the boundaries M} contract to a point at time 1. Then the square root
w = (2(u—to))? of the arrival time u : 0y, — R is concave. Equivalently,

OH +2VyH + A(V,V) + >0 forall V€TM;, te (to,T).

2(t = to)

If the solution is ancient, then u is concave. Equivalently,
OH +2VyH +AV,V)>0 forall VeTM;, te(ty,T).

Proof. By @, we find that u has a single critical point and is differentiable
everywhere. It follows that the arrival time u of the family satisfies the
hypotheses of Theorem 2.1, and we conclude that its square root w := (2(u —
to))% is concave. The differential Harnack inequality then follows from
as in . The remaining claim is proved similarly. ]

Remark 2.3. Note that, since the level-set flow equation is not defined
when Du =0, a separate argument in Theorem 2.1 was necessary at such
points.

1Colding and Minicozzi [11] proved that the arrival time of a general compact,
mean convex mean curvature flow is twice differentiable. But this result requires
the full force of the structure theory for singularities in mean curvature flow. We
only require here that the hypersurfaces shrink to a (not necessarily round) point.
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After we completed this work, we learned that Trudinger had essentially
pointed out the proof of Theorem 2.1 in the concluding remarks to [23], and
that Evans and Spruck [12, Theorem 7.6] had proved a stronger version of
Theorem 2.1 by applying the concavity maximum principle to approrimating
solutions to the (non-singular) e-regularized level-set flow and taking a limit
as € — 0. Notably, both of these works preceded Hamilton’s paper [13].

Xu-Jia Wang [24, Lemma 4.1] observed that the logarithm of u — tq is
concave (in general), and used this to deduce that u is concave for an ancient
solution. His argument seems to implicitly make use of the assumptions in
Theorem 2.1 and was one of the motivations for this work.

3. Flows by nonlinear functions of curvature

We now consider a much larger class of evolutions. Let {M?}te[to,T) be a
family of smooth, convex boundaries M} = 0€2; moving with normal veloc-
ity —Fv, where v(z,t) is the outward pointing unit normal to M} at x. We
consider speeds F(-,t) : M} — R given by

(15) F(1:7 t) = fa (V(:C, t)? [A(m,t)])

for some a > 0, where A, is the second fundamental form of M} at z
and [A(; 4] its component matrix with respect to an orthonormal frame
for T, M}, and f:S™ x I'"*" — R is a smooth, positive function which is
SO(n)—invariantE| and monotone non-decreasing in its second entry, where
F’j_xn is the cone of positive definite, symmetric n x n matrices.

Since f is positive, the hypersurfaces move monotonically inwards, so
the arrival time u : Usepy, )M} — R, which we recall is given by

ulp) =t <= peMy,

is well-defined. If the boundaries contract to a point, then the arrival time
is well-defined on all of €, and of class C*(Q). If F is isotropic and the
boundaries contract smoothly to a ‘round’ point, then the arrival time is of
class C%(Q). Indeed, the same calculations as in the preceding section reveal

?I.e. invariant under conjugation of its second factor by special orthogonal ma-
trices.
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that
14
and
» [ —-A/F VF/F?
(17) Du = <VF/F2 —OF/F3)

Since, in the isotropic case,
O F = F(V?F + FA?),

where F':= Df |[4], the claims follow similarly as in [T6]. Moreover, u satisfies
the level set flow

Du Du
Dulfe (- 24 p =Y =
[Dulf ( D’ \Dur>

Set
w = (14 a)(u—to)) T .

Then, away from the final point,

Dw =w"*Du,

weD?*w = D% — QM
wl—i—a

[ —AJF VF/F?
(18) - <VF/F2 —(8tF+ozF/w”“)/F3>

and

Dw 1 Dw ® Dw 9 _
Duwlfe (- - I— D) =w .
[Dulf ( Dl Dw|[ Duf? } “’) w

As in [5], let us call a function f : S™ x I — R inverse-concave if the
dual function f, : S™ x I'}*" — R defined by

o) = flp,r™h)

1S concave.
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Theorem 3.1. Let Q C R*™! be a bounded, convex, open set with smooth
boundary. Given ug € R and o > 0, suppose that u € C1(Q) has a single
critical point, p € Q, is smooth in Q\ {p}, and satisfies

Dul s (<.~ [1 = i) - %) =1 in 20 )
w = ug on 092,

where f: 8™ x T*™ — R is monotone non-decreasing and inverse-concave.

Then w := ((1 4 a)(u — uo))ﬁ is concave.
If we no longer assume that Q) is bounded, but require instead that ug =
—oo and that the level sets of u are bounded, then u is concave.

Proof. Consider the concavity function Z : [0,1] x Q x Q@ — R, which we re-
call is defined by

Z(r,z,y) = wlre + (1 —r)y) — (rw(z) + (1 = r)w(y)) .
Choose the triple (79, zo, yo) so that

Z(T07x0’y0) = Il’llll 7Z(’I“,IE,y) :
[0,1]xQ2x

As before, it suffices to assume that rg, xg and yg are interior points. Let us
abuse notation by writing Z(z,y) := Z(rg, z,y). Then (z¢, yo) is a stationary
point of Z and hence, setting zg := roxo + (1 — 79)yo,

0= 0y Z(x0,Y0) = ro(wi(20) — wi(zo))

and
0= 9y Z(z0,90) = (1 — ro)(wi(20) — wi(yo)) -
So
Dw(zp) = Dw(zo) = Dw(yo) =: po -
We may also assume that pg # 0 since if pg = 0, we would have x¢ = yg = 2o,
and hence Z(x,y0) = 0.
At this point, the proof differs from that of previously known results.

In order to obtain the best possible result, we need to optimize the second
variation inequality for Z (cf. [5HT7]). Since (zo,yo0) is a local minimum, we
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obtain, for any pair of endomorphisms a and b of R"+!,
d?
0< —
T ds? s=0
= (afaaﬂ’ + b?ayp)(a?axq + bgayq)Z(lL‘o, Yo)
= (roa + (1 — r9)b)?(roa + (1 — rg)b);]-wpq(zo)

- 7“OCL?CLBI‘WJDq(xO) - (1- TO)bfb?wpq(yo) .

Z(xo+ sa-e;,yo + sb-e;))

The endomorphisms a and b will be chosen in order to optimize this inequal-
ity. Denote by
_ Po®po

|po|?
the projection onto the orthogonal complement of pg. Since the equation is
degenerate in the direction of Du, we consider only those endomorphisms of
the form

mg =1

a=aomy and b=bomg,

where G and b are endomorphisms of my - R**1. Then
(19) éfé;]‘(AZO)pq < TOé‘f&?(Axo)pq +(1- TO)EPBQ(Ayo)pq ’

where é := roa + (1 — 79)b and

1 < _ Du(z) ® Du(x)

4 = " Du(@)] Duw(@)P

) - D*w(z).

Setting a = A;U:l and b = Ay_ol, we find
rod,l + (L—rg)A, < A

The monotonicity and concavity of f, then yield

_1 . Di
w(zo) = ‘pO’ af ! (u)zVAzo)

-1 Po -1
=l é1 ()

_1 Po _ _
> |po| ™= fx <’p0|,7“014x01 +(1— To)Ay01>

_1 Po — -1 Po —
> To!pol o fu <|p0‘7141;01> + (1 - 7’0)‘1)0’ o fi <’p0|7Ay01)

= row(zo) + (1 — ro)w(Yo) -

The first claim is proved. The second follows as in Theorem 2.1. O



Concavity of the arrival time 559

As a corollary, we obtain differential Harnack inequalities for flows by
positive powers of inverse-concave speeds which contract convex hypersur-
faces to points. Such inequalities were already observed by Andrews [2
Corollary 5.11] and Chow [9].

Corollary 3.2. Let { M} }cpr,, 1) be a smooth family of boundaries M} =
0 of bounded convex bodies )y moving with inward normal speed

F(.CC,t) = fo‘(y(xjt), [A(x,t)])

for some a >0, where f: S™ x T*"™ = Ry is a smooth function which is
SO(n)-invariant, monotone non-decreasing and inverse-concave in its sec-
ond entry. Suppose that the hypersurfaces M} contTlact to a point at time
T. Then the (1+ a)-th root w:= ((1 + a)(u — to)) ™= of the arrival time
u: Qyy, — R is concave. Equivalently,

aF

OF +2VyF+ AV, V) +——
W2V E + A )+(1—i—a)(t—to)

>0 for allV € TMy, t € (to,T).

If the solution is ancient, then u is concave. Equivalently,
OF +2VyF+ AV, V) >0 forall Ve TM;, te (ty,T)
Proof. The proof is similar to that of Corollary 2.2. g

Remark 3.3. Corollary 3.2 assumes that the solution contracts to a single
point at the singular time. This is known to be the case for solutions to
isotropic flows satisfying only slightly stronger conditions than «a-inverse-
concavity [8, Theorem 5]. (The proof of this fact does not require differential
Harnack inequalities). Moreover, examples are given in [§] of speeds which
do not preserve convexity of the level sets M}, and hence cannot admit
power concave arrival times.

We do not require that the limiting shape is round. Indeed, in many
situations where Harnack inequalities are known, this will not be the case
13, 4.

In contrast to the known approaches to differential Harnack inequalities,
Theorem 3.1 does not require any reqularity hypotheses for the speed.

References

[1] Alvarez, O., Lasry, J.-M., and Lions, P.-L.. Convex viscosity solutions
and state constraints. J. Math. Pures Appl. (9) 76, 3 (1997), 265-288.



560 T. Bourni and M. Langford

[2] Andrews, B. Harnack inequalities for evolving hypersurfaces. Math. Z.
217, 2 (1994), 179-197.

[3] Andrews, B. Contraction of convex hypersurfaces by their affine normal.
J. Differential Geom. 43, 2 (1996), 207-230.

[4] Andrews, B. Classification of limiting shapes for isotropic curve flows.
J. Amer. Math. Soc. 16, 2 (2003), 443-459.

[5] Andrews, B. Pinching estimates and motion of hypersurfaces by curva-
ture functions. J. Reine Angew. Math. 608 (2007), 17-33.

[6] Andrews, B., and Clutterbuck, J. Proof of the fundamental gap con-
jecture. J. Amer. Math. Soc. 24, 3 (2011), 899-916.

[7] Andrews, B., and Clutterbuck, J. Sharp modulus of continuity for
parabolic equations on manifolds and lower bounds for the first eigen-
value. Anal. PDE 6, 5 (2013), 1013-1024.

[8] Andrews, B., McCoy, J., and Zheng, Y. Contracting convex hypersur-
faces by curvature. Calc. Var. Partial Differential Equations 47, 3-4
(2013), 611-665.

[9] Chow, B. On Harnack’s inequality and entropy for the Gaussian cur-
vature flow. Comm. Pure Appl. Math. 44, 4 (1991), 469-483.

[10] Chow, B., and Chu, S.-C. Space-time formulation of Harnack inequali-
ties for curvature flows of hypersurfaces. J. Geom. Anal. 11, 2 (2001),
219-231.

[11] Colding, T. H., and Minicozzi, I, W. P. Differentiability of the arrival
time. Comm. Pure Appl. Math. 69, 12 (2016), 2349-2363.

[12] Evans, L. C., and Spruck, J. Motion of level sets by mean curvature. I.
J. Differential Geom. 33, 3 (1991), 635-681.

[13] Hamilton, R. S. Harnack estimate for the mean curvature flow. .J.
Differential Geom. 41, 1 (1995), 215-226.

[14] Helmensdorfer, S., and Topping, P. The geometry of differential Har-
nack estimates. arXiv:1301.1543, 2013.

[15] Huisken, G. Flow by mean curvature of convex surfaces into spheres.
J. Differential Geom. 20, 1 (1984), 237-266.

[16] Huisken, G. Local and global behaviour of hypersurfaces moving by
mean curvature. In Differential geometry: partial differential equations



Concavity of the arrival time 561

on manifolds (Los Angeles, CA, 1990), vol. 54 of Proc. Sympos. Pure
Math. Amer. Math. Soc., Providence, RI, 1993, pp. 175-191.

[17] Juutinen, P. Concavity maximum principle for viscosity solutions of
singular equations. NoDEA Nonlinear Differential Equations Appl. 17,
5 (2010), 601-618.

[18] Kawohl, B.  Rearrangements and convezity of level sets in PDE,
vol. 1150 of Lecture Notes in Mathematics. Springer-Verlag, Berlin,
1985.

[19] Kennington, A. U. Power concavity and boundary value problems.
Indiana Univ. Math. J. 34, 3 (1985), 687-704.

[20] Korevaar, N. J. Convex solutions to nonlinear elliptic and parabolic
boundary value problems. Indiana Univ. Math. J. 32 (1983), 603-614.

[21] Kotschwar, B. Harnack inequalities for evolving convex surfaces from
the space-time perspective. https://math.la.asu.edu/~kotschwar/
pub, 2009.

[22] Sakaguchi, S. Concavity properties of solutions to some degenerate
quasilinear elliptic Dirichlet problems. Ann. Scuola Norm. Sup. Pisa
Cl. Sci. (4) 14, 3 (1987), 403—421 (1988).

[23] Trudinger, N. S. The Dirichlet problem for the prescribed curvature
equations. Arch. Rational Mech. Anal. 111, 2 (1990), 153-179.

[24] Wang, X.-J. Convex solutions to the mean curvature flow. Ann. of
Math. (2) 173, 3 (2011), 1185-1239.

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF TENNESSEE KNOXVILLE
KnoxviLLE, TN 37996-1320, USA

E-mail address: tbourni@utk.edu

MATHEMATICAL SCIENCES INSTITUTE

THE AUSTRALIAN NATIONAL UNIVERSITY
CANBERRA, ACT, 2601, AUSTRALIA

E-mail address: mathew.langford@anu.edu.au

RECEIVED DECEMBER 14, 2019
ACCEPTED DECEMBER 8, 2020


https://math.la.asu.edu/~kotschwar/pub
https://math.la.asu.edu/~kotschwar/pub




	Concavity maximum principles
	Mean curvature flow
	Flows by nonlinear functions of curvature
	References

