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Constant mean curvature n-noids in
hyperbolic space
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Using the DPW method, we construct genus zero Alexandrov-
embedded constant mean curvature (greater than one) surfaces
with any number of Delaunay ends in the hyperbolic space.
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In [], Dorfmeister, Pedit and Wu introduced a loop group method (the
DPW method) for constructing harmonic maps from a Riemann surface into
a symmetric space. As a consequence of the Ruh-Vilms theorem [19], their
method provides a Weierstrass-type representation of constant mean cur-
vature surfaces (CMC) in Euclidean space R?. Many examples have been
constructed (see for example [3, 5, [7, 8, 12, 21]). Among them, Traizet
[25, 26] showed how the DPW method can construct genus zero n-noids,
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that is, CMC H # 0 surfaces conformal to an n-punctured sphere, with De-
launay ends (as Kapouleas did with partial differential equations techniques
in [I0]) and glue half-Delaunay ends to minimal surfaces (as did Mazzeo
and Pacard in [16], also with PDE techniques). Using [1§], the embedded-
ness (or Alexandrov-embeddedness) of these examples can be derived from
their Weierstrasss data.

A natural question is whether these constructions can be carried out in
H3. Lawson has shown [15] that to any CMC H surface in R? corresponds a
CMC H? + 1 surface in H3, and the Lawson correspondence has been trans-
lated in the DPW framework [21I]. We thus use the DPW method for CMC
H > 1 surfaces in H? and adapt the techniques used in [I8, 25] to construct
new examples. Admittedly, the n-noids of [25] 26] already provide equally as
many CMC H > 1 cousins in H3. Nevertheless, the Lawson correspondence
being only local, these cousin n-noids are immersions of the universal cover
of the n-punctured sphere, and they have no reason to descend to a well-
defined immersion of the n-punctured sphere itself. Hence, the construction
carried out here is not the cousin construction of [25, 26].

The two resulting theorems are as follows:

Theorem 1. Given a point p € H?, n > 3 distinct unit vectors uy,--- ,un
in the tangent space of H® at p and n non-zero real weights T, - , T, satis-
fying the balancing condition

(1) Zn:nui =0
i=1

and given H > 1, there exists a smooth 1-parameter family of CMC H sur-
faces (M) o with genus zero, n Delaunay ends and the following prop-
erties:

0<t<

1) Denoting by w;; the weight of the i-th Delaunay end,

. Wit
lim
t—0 t

= T;.

2) Denoting by A;; the axis of the i-th Delaunay end, A;; converges ast
tends to 0 to the oriented geodesic through the point p in the direction

of u;.

3) If all the weights T; are positive, then M; is Alexandrov-embeddedd.
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4) If all the weights 1; are positive and if for all i # j € [1,n], the angle
0;; between u; and u; satisfies

S vVH? -1
2H

%
2

sin

(2)

then M; is embedded.

Theorem 2. Let My C R3 be a non-degenerate minimal n-noid with n > 3
and let H > 1. There exists a smooth family of CMC H surfaces (Mt)0<|t|<T
in H3 such that

1) The surfaces M; have genus zero and n Delaunay ends.
2) After a suitable blow-up, M; converges to My as t tends to 0.

3) If My is Alexandrov-embedded, then all the ends of My are of unduloidal
type if t > 0 and of nodoidal type if t < 0. Moreover, M, is Alexandrov-
embedded if t > 0.

Following the proofs of [25] 26] gives an effective strategy to construct
the desired CMC surfaces M;. This is done in Sections 3 and 4. However,
showing that M; is Alexandrov-embedded requires a precise knowledge of its
ends. This is the purpose of our main theorem (Section 2, Theorem 3). We
consider a family of holomorphic perturbations of the data giving rise, via the
DPW method, to a half-Delaunay embedding f : D* € C — H? and show
that the perturbed induced surfaces f;(ID*) are also embedded. Note that
the domain on which the perturbed immersions are defined does not depend
on the parameter ¢, which is stronger than f; having an embedded end, and
is critical for showing that the surfaces M; are Alexandrov-embedded. The
essential hypothesis on the perturbations is that they induce a well-defined
immersion of the punctured disk. The proof relies on the Frobenius method
for linear differential systems with regular singular points. Although this
idea has been used in R3 by Kilian, Rossman, Schmitt [I3] and [I8], the
case of H? generates in the differential system two extra resonance points
that are unavoidable and make their results inapplicable. Our solution is
to extend the Frobenius method to loop-group-valued differential systems.
Finally, let us note that there exists a DPW framework for minimal surfaces
in H? in which this construction has been carried out [2] except for the proof
of embeddedness and another one for CMC H < 1 surfaces in H? [3] in which
these techniques should also be efficient.
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Figure 1: Theorem 1 ensures the existence of n-noids with small necks. For
H > 1 small enough (H ~ 1.5 on the picture), there exist coplanar embedded
heptanoids.

Acknowledgement. I would like to thank the referee for the careful read-
ing and suggestions.

1. Delaunay surfaces in H3 via the DPW method

We recall the matrix model of H? and the DPW expression of the Lawson
correspondence for CMC H > 1 surfaces in H? [21]. We then study Delaunay
surfaces and parametrise them by their weight.

1.1. Hyperbolic space

We set the notations for a matrix model of H? and give the formulas for
rigid motions, geodesics and parallel transportation in this model.

Matrix model. Let RY3 denote the space R* with the Lorentzian metric
(z,x) = —2% + 22 + 23 + 23. Hyperbolic space is the subset H? of vectors
x € R13 such that (z,2) = —1 and xp > 0, with the metric induced by R!3.
The DPW method constructs CMC immersions into a matrix model of H?3.
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Consider the identification

xo+x3 w1+ ix2
z = (zg, 21,79, 23) E R ~ X = ( : € Ho
1 — 1x9 ro — I3

where Hy :={M € M(2,C) | M* = M} denotes the Hermitian matrices.
In this model, (X, X) = —det X and H? is identified with the set H; N
SL(2,C) of Hermitian positive definite matrices with determinant 1. This
fact leads us to write

H3 = {FF* | F € SL(2,C)}.

Setting

0 () (L) ()

gives us an orthonormal basis (o1, 02, 03) of the tangent space 11, H? of H® at
the identity matrix. We choose the orientation of H? induced by this basis.

Rigid motions. In the matrix model of H3, SL(2, C) acts as rigid motions:
for all p € H® and A € SL(2,C), this action is denoted by

A-p:= ApA* € H°.

This action extends to tangent spaces: for all v € T,H3, A-v:= AvA* €
T A.pH3. The DPW method takes advantage of this fact and contructs im-
mersions in H? with the moving frame method.

Geodesics. Let p € H3 and v € UT,H3. Define the map

(4) geod(p,v) : R — H3
t +— pcosht+ vsinht.

Then geod(p, v) is the unit speed geodesic through p in the direction v. The
action of SL(2,C) extends to oriented geodesics via:

A - geod(p,v) := geod(A - p, A -v).

Parallel transport. Let p,q € H? and v € TPH3. We denote the result of
parallel transporting v from p to ¢ along the geodesic of H? joining p to ¢
by I'fv € T, qH3. The parallel transport of vectors from the identity matrix is
easy to compute with Proposition 1.
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Proposition 1. For all p € H® and v € T, H3, there exists a unique S €
Hy T NSL(2,C) such that p= S - Iy. Moreover, I‘iv =S ..

Proof. The point p is in H? identified with ’H;Jr N SL(2,C). Define S as
the unique square root of p in Hy+ N SL(2,C). Then p = S - I1. Define for
te0,1]:

S(t) :=exp (tlogS), (t) == S5(¢t) - Ia, v(t) == S(t) - v.
Then v(t) € T, H? because
(v(t),7(t)) = (S(t) - 12, S(t) - v) = (I2,v) =0

and S -v = (1) € T,H?.
Suppose that S is diagonal. Then

S(t):(e(: 60> (a €R)

and using equations and ,

at

v(t) = (eo e%) = geod(Iy, 03)(at)

is a geodesic curve. Write v = v'oy + v?09 + v303 and compute S(t) - o; to
find

at 0
v(t) = vloy +viog +0° <€0 —e_“t> .

Compute in R!3

Du(t) (dv(t)

T
il () —at o’ o

to see that v(t) is the parallel transport of v along the geodesic .
If S is not diagonal, write S = QDQ ™" where Q € SU(2) and D € H5 N
SL(2,C) is diagonal. Then,
Sv=Q - (D-(Q7"v)=Q -TP*Q " ).
But for all A € SL(2,C), p,q € H? and v € T,H3,

A.
A-ng:FA.ZA-v
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and thus
S-v= I’iv.

1.2. The DPW method for CMC H > 1 surfaces in H3

We present the loop groups we will need and endow them with a Banach
structure. We then recall the ingredients and steps of the DPW method
and recall the dressing and gauging action, leading us to the monodromy
problem that we will need to solve. We finally study the example of the
sphere.

Loop groups. In the DPW method a one-parameter family of surfaces is
constructed. The parameter is called “spectral parameter” and will always
be in one of the following subsets of C (p > 1):

S'={xeC|N=1}, A,={reC|p ! <|)N<p},
D, ={AeC| Al <p}.

Any smooth map f:S' — M(2,C) can be decomposed into its Fourier
series

FO) =Y N

1EL
Let | - | denote a norm on M (2,C). Fix some p > 1 and consider
171, =D _1file".
iz

Let G be a Lie subgroup or subalgebra of M(2,C). We define

e AG as the set of smooth functions f:S' — G.

AG, C AG as the set of functions f such that ||f]|, is finite. If G is
a group (or an algebra) then (AG),|||,) is a Banach Lie group (or
algebra).

AGEO C AG), as the set of functions f such that f; = 0 for all i < 0.

ALG, C Aszo as the set of functions such that fj is upper-triangular.

ARG, C ALG,, as the set of functions that have positive elements on
the diagonal.
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Seeing C as an abelian subalgebra of M(2,C), the above notations are ex-
tended to AC, and ACPZO. Note that every function of AG), holomorphically
extends to A, and that every function of AG%O holomorphically extends to
Dp.

In the sequel we will use the Frobenius norm on M(2, C):

2

Al = D lag?
i’j

Since this norm is sub-multiplicative, the norm |-, is sub-multiplicative.
Moreover, for all A € ASL(2,C),,

-1
147, = 1141,
and for all A € AM(2,C), and A € A,
AN < [[A]l, -

The DPW method relies on the Iwasawa decomposition [I7], which we
state in our context and with the above notations:

Proposition 2. The multiplication map ASU(2), x AFSL(2,C), —
ASL(2,C), is a smooth diffeomorphism between Banach manifolds. Its in-
verse map is called “Iwasawa decomposition” and is denoted by

Iwa(®) = (Uni(®), Pos(P))
for ® € ASL(2,C),.

Remark 1. The decomposition of Proposition 2 covers a smaller set than
the r-Twasawa decomposition used in [13, [21] because the loops we consider
holomorphically extend to a whole annulus. This allows us to use a stronger
strucure than the C*-topologies on those loops. An elementary proof of Propo-
sition 2 (relying on [17]) can be found in [20].

The ingredients. Let H > 1, ¢ = arcoth H > 0 and p > e9. The DPW
uses the following input data:

e A Riemann surface X.
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e A holomorphic 1-form on ¥ with values in Asl(2,C), of the following

form:
a A1
(0 )
v !
where «, 3, 7 are holomorphic 1-forms on ¥ with values in A(C%O. The
1-form £ is called “the potential”.

e A base point 2y € Y.
e An initial condition ¢ € ASL(2,C),.

The recipe. The DPW method consists in the following steps:

1) Let Z be any point above 2y in the universal cover 52 of ¥. Solve on
3. the following Cauchy problem:

dd — ¢
(5) { ®(20) = ¢

Then ® : 5 —» ASL(2,C), is called “the holomorphic frame”.

2) Compute pointwise on 5 the Iwasawa decomposition of ®:
(F(2), B(2)) i= Twa & (2),

for z € ¥. The unitary part F' of this decomposition is called “the
unitary frame”.

3) Define f : > — H3 via the Sym-Bobenko formula:
f(z) = F(z,e")F(z,e7%)" =: Sym F(z)

where F'(z,\o) := F(2)(Xo).

Then f is a CMC H > 1 (H = cothq) conformal immersion from 3 to H?.
Its Gauss map (in the direction of the mean curvature vector) is given by

N(2) = F(z,e )o3F(z,e 1) =: Nor,F(2)
where o3 is defined in . The differential of f is given by

(6) df (z) = 2sinh(q)b(2)*F(z,e79) (5(2 0) B(E’ O)> F(z,e 9"
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where b(z) > 0 is the upper-left entry of B(z) [x=o. The metric of f is given
by

ds}(z) = 4sinh(q)’b(=)* |B(z, 0) 2

and its Hopf differential at z € 3 reads
(7) —2 Sinhq /B(Zuo) ®’Y(Z,O)

Remark 2. The results of this paper hold for any H > 1. We thus fix now
H > 1 and g = arcoth H. Hence,

H-1

—q _

Rigid motions. Let C € ASL(2, (C) and define the new holomorphic
frame ® = C® with umtary part F and induced immersion f Sym, F.

If C € ASU(2),, then F = CF and ® gives rise to the same immersion as ®
up to an isometry of H3:

fz) =09 - f(2).

If C ¢ ASU(2),, this transformation is called a “dressing” and may change
the surface.

Gauging. Let G: 3 — A4SL(2,C), holomorphic and define the new po-
tential:

£=¢-G=GG+GdG.

The potential §A is a DPW potential and this operation is called “gauging”.
The data (X, &, 20, ¢) and (Z, &, 20,0 G(zo)) give rise to the same immersion.

The monodromy problem. Since the immersion f is only defined on the
universal cover 3, one might ask for conditions ensuring that it descends to a

well-defined immersion on . For any deck transformation 7 € Deck (i / E),
define the monodromy of ® with respect to 7 as:

M (®) := O(7(2))®(2) "' € ASL(2,C),.

This map is independent of z € 3 since ¢ is well-defined on ¥ (see (9))). The
standard sufficient conditions for the immersion f to be well-defined on X
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is the following set of equations, called the monodromy problem in H3:

< M, (®) € ASU(2),,
(8) vr € Deck (3/%). { MA@) () = 21

Use the point Zy defined in step 1 of  the DPW method to identify the funda-
mental group 71(X%, 29) with Deck(X/X). Let {v;},c; be a set of generators
of 71 (2, 20). Then the problem is equivalent to

| M., (D) € ASU(2),.
() viel, { M., (B)(e~9) = +1,.

Example: the standard sphere. The DPW method can produce spher-
ical immersions of ¥ = C U {oo} with the potential

~1
s = (g ")

and initial condition ®g(0, A) = Is. The potential is not regular at z = oo
because it has a double pole there. However, the immersion will be regular
at this point because £g is gauge-equivalent to a regular potential at z = co.
Indeed, consider on C* the gauge

G(z,\) = (_ZA ?) .

z

The gauged potential is then

1,2
5s-G<z,A>=(8 M dz)

which is regular at z = co. The holomorphic frame is

(10 o5 = (3 *)7)

and its unitary factor is

1 1 )\_lz>
Fs(z,\) = —— _ .
s(z. ) T+ |22 (—)\z 1
The induced CMC-H immersion is

1 <1+e2q\z|2 2zsinhq >

fs(z) = 1+ 22 \ 2zsinhq 1+ e 29|z)?
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It is not easy to see that fg(X) is a sphere because it is not centered at I.
To solve this problem, notice that Fg(z,e™9) = R(q)Fs(z)R(q)~! where

(11) R(q) == (eo e%) € SL(2,C)

and

Fy(z) = \/JW (_12 j) € SU(2).

Apply an isometry by setting
fo(2) = R(g) ™ - fs(2)

and compute

Fole) = 1 e 9+ elz>  2zsinhgq
S = 1422 \ 2zsinhg  e?+ e 9z|?

_ sinhg (2> -1 2z
= (cosh q)Iy + 1+ |22 ( 2z 1—|z|?

(12) Fs(2) = geod(Iz, vs(2))(q)

with geod defined in and where in the basis (01,09, 03) of T1,H?,

(13) TN p—

= T (2Rez,2Imz, |2)? — 1)
z

describes a sphere of radius one in the tangent space of H3 at IQ~(it is the
inverse stereographic projection from the north pole). Hence, fg(X) is a
sphere centered at Iy of hyperbolic radius ¢ and fs (X) is a sphere of same
radius centered at geod(Iz, o3)(q).

One can compute the normal map of fg:

~

Ng(z) := NoryFs(z) = R(q) - Ns(z)
where

R N 1 e~ —e9z|> —2zcoshgq
NWFMMMM1HWLMquW%q

= —(sinh ¢)Iy — (coshq)vs(z) = —géod (I2,vs(2)) (q).
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Note that this implies that the normal map Nor, is oriented by the mean
curvature vector.

1.3. Delaunay surfaces

Constant mean curvature H > 1 surfaces of revolution in H? have been de-
scribed in the DPW framework in [21]. We recall here the basic facts needed
for our purpose and parametrise the data by the weight of the induced sur-
face.

The data. Let ¥ = C* & 4(2,\) = A,5(\)271dz where

o 0 rATl 4+ s 1
(14) Aps(N) == (r)\+ < 0 ) , rsceR, AeS,

and initial condition @, 4(1) = I,. With these data, the holomorphic frame
reads

D, 4(2) = 2.

The unitary frame F) s can be expressed in terms of elliptic functions (see
[21]) and the DPW method states that the map f, s = Sym,(F;. ;) is a CMC

H immersion from the universal cover C* of C* into H?3.

Monodromy. Computing the monodromy along () = € for 6 € [0, 27]
gives

M (D) i =M, (Pr5) = exp (2iTA,5) .

Recall that r,s € R to see that iA, € Asu(2),, and thus M (®,;) €
ASU(2),: the first equation of (9) is satisfied. To solve the second one, one
can determine r and s such that Am(e_q)2 = %Ig, which will imply that

M (@, ) (e7?) = —I5. This condition is equivalent to
2, 2 1
(15) r“+ s“+ 2rscoshq = T

Seeing this equation as a polynomial in 7 and computing its discriminant
(1 + 4s%sinh? ¢ > 0) ensures the existence of an infinite number of solutions:
given a pair (r,s) € R? solving , frs is a well-defined CMC immersion
from C* into H? with mean curvature H = cothgq.
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Surface of revolution. Let (r,s) € R? satisfying and let 0 € R.
Then,

D, o (ewz> = exp (10 A, 5) Prs(2).

Using ¢4, s € Asu(2), and diagonalising A, (e~ 9) gives

frs (ewz) = exp (iQA,,,S(e*q)) - frs(2)
= (Hr,s exp (i6D) H;sl) < fr.s(2)

where

1 1 —2(re?+ s) (3 0
HT’S_\/§<2(T€(1+8) 1 )’ D_<0 )

Noting that exp (i#D) acts as a rotation of angle 6 around the axis
geod(Iy, 03) and that H, ¢ acts as an isometry of H? independent of # shows
that exp (i0A, s(e77)) acts as a rotation around the axis H, s - geod(Iz, 03)
and that f.s is CMC H > 1 immersion of revolution of C* into H?® and by
definition (as in [I4]) a Delaunay immersion.

The weight as a parameter. For a fixed H > 1, CMC H Delaunay
surfaces in H? form a family parametrised by the weight [21]. This weight
can be computed in the DPW framework: given a solution (r, s) of (L5)), the
weight w of the Delaunay surface induced by the DPW data (C*, &, 5,1,12)
reads

(16) w = 8mrssinh g
(see [21] or [0] for details).

Lemma 1. Writing t := 5~ and assuming t # 0, equations and
imply that

t<Ti,
(17) r? = % (1-2Ht+2yT1 —tyTh — 1),
s? =g (1 —2Ht + 2Ty —tVTp — t)
with
tanh
T — anh 3 < 1 e

2 2tanh 2
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Proof. First, note that and imply

1 1
r? 4 s = 1 (1 —2tcothq) = 1(1 — 2Ht)

and thus

H
(18) t< o <D
If r =0, then t = 0. Thus r # 0 and

t
§=—.

4r sinh ¢

Equation is then equivalent to
t2 Ht 1 1—2Ht t2
2 4 2
= = - r? + = 0.
16r2sinh?q 2 4 4 16 sinh? g

Using coth ¢ = H, the discriminant of this quadratic polynomial in 2 is
1
- 16

which in turn is a quadratic polynomial in ¢ with discriminant

A(t) (1—4Ht + 4t?)

H? -1
16

A= >0

because H > 1. Thus
T — Ty —
A (t) ( 1 t)( 2 t)

because H = coth q. Using , A(t) > 0 if and only if ¢ < T} and

r2 = é (1 —2Ht 4+ 2\/(T1 — t)(T — t)) :

By symmetry of equations (I5)) and (T6]), s? is as in (17)). O
Yy sy y q )
We consider the two continuous parametrisations of » and s for t €
(—o0,T1) such that (r, s) satisfies equations and with w = 27t
— EL (] _ - —7)2
(19) { r(t) = £L t(1 2Ht + 2T, — 05 —1)?
S(t) = 4r(t)sinhgq"

Choosing the parametrisation satisfying r > s maps the unit circle of C*
onto a parallel circle of maximal radius, called a “bulge” of the Delaunay



746 Thomas Raujouan

surface. As t tends to 0, the immersions tend towards a parametrisation of
a sphere on every compact subset of C*, which is why we call this family
of immersions “the spherical family”. When r < s, the unit circle of C*
is mapped onto a parallel circle of minimal radius, called a “neck” of the
Delaunay surface. As t tends to 0, the immersions degenerate into a point on
every compact subset of C*. Nevertheless, we call this family the “catenoidal
family” because applying a blowup to the immersions makes them converge
towards a catenoidal immersion of R? on every compact subset of C* (see
Section 4.1 for more details). In both cases, the weight of the induced surfaces
is given by w = 27t.

2. Perturbed Delaunay immersions

In this section, we study the immersions induced by a perturbation of De-
launay DPW data with small non-vanishing weights in a neighbourhood
of z = 0. Our results are the same whether we choose the spherical or the
catenoidal family of immersions. We thus drop the index r, s in the Delaunay
DPW data and replace it by a small value of t = 4rssinh g in a neighbour-
hood of ¢t = 0 such that

tanhg 1
< Ty = 2:§(H—\/H2—1).

2

For all € > 0, we denote
D.:={ze€C||z| <€}, D?:= DA {0}.

Definition 1 (Perturbed Delaunay potential). Let p>e?, 0<
T <Tmax and € > 0. A perturbed Delaunay potential is a continuous
one-parameter family (&)ie—r,r) of DPW potentials defined for (t,z) €
(=T,T) x Df by

&(2) = Azl dz + Ci(z)dz

where A; € Asl(2,C), is a Delaunay residue as in satisfying and
the map (t,z) — Cy(z) € Asl(2,C), is C1 (and thus holomorphic with re-
spect to z for all t) and satisfies Cy(z) =0 for all z.

Theorem 3. Letp >e?, 0 <T < Tpax, € >0 and & be a perturbed Delau-
nay potential C* with respect to (t,z). Let ®; be a holomorphic frame asso-
ciated to & for all t via the DPW method. Suppose that the family of initial
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conditions ¢ is C* with respect to t, with ¢y = 5640, and that the monodromy

problem @D is solved for allt € (=T,T). Let fy = Sym, (Uni®;). Then,

1) For all § > 0, there exist 0 <€ <€, T >0 and C > 0 such that for
all z € DY and t € (=T",T")\{0},

dis (fi(2), FP(2)) < Cltll=[*°

where fP is a Delaunay immersion of weight 27t.

2) There exist T' >0 and € >0 such that for all 0 <t <T', f; is an
embedding of D},.

3) The limit axis as t tends to 0 of the Delaunay immersion ftD oriented
towards the end at z = 0 s given by:

1 el
ﬁ ((;q 16 ) -geod (Ig, —o3)  in the spherical family (r > s),

geod (Iz, —o1) in the catenoidal family (r < s).

Let & and ®; as in Theorem 3 with p, T" and € fixed. This Section is
dedicated to the proof of Theorem 3.

The topology used to define the above C* regularities is the one induced
by the Banach structure of the domain and codomain of the given maps.
The C2-regularity of & essentially means that Cy(z) is C? with respect to
(t, z). Together with the C?-regularity of ¢, it implies that ®; is C? with
respect to (t,z). Thus M(®,) is also C? with respect to t. These regularities
and the fact that there exists a solution ®; solving the monodromy problem
are used in Section 2.1 to deduce an essential piece of information about
the potential & (Proposition 4). This step then allows us to write in Section
2.2 the holomorphic frame ®; in a Mz4P form given by the Frobenius
method (Proposition 5), and to gauge this expression, in order to gain an
order of convergence with respect to z (Proposition 6). During this process,
the holomorphic frame will loose one order of regularity with respect to ¢,
which is why Theorem 3 asks for a C?-regularity of the data. Section 2.3 is
devoted to the study of dressed Delaunay frames Mz in order to ensure
that the immersions f; will converge to Delaunay immersions as t tends to
0, and to estimate the growth of their unitary part around the end at z = 0.
Section 2.4 proves that these immersions do converge, which is the first point
of Theorem 3. Before proving the embeddedness in Section 2.6, Section 2.5
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is devoted to the convergence of the normal maps. Finally, we compute the
limit axes in Section 2.7.

Note that many estimates in this section resemble the ones given in [13]
for perturbed Delaunay ends in R3. However, as stated in Remark 3.8. of
[13], the techniques used in R? do not extend directly to H® due to the fact
that the Sym points e*? are no longer on the unit circle. Hence, one interest
of this section is to extend these estimates to a uniform annulus.

2.1. A property of the potentials

We begin by diagonalising A; in a unitary basis (Proposition 3) in order to
simplify the computations in Proposition 4, in which we use the Frobenius
method for a fixed value of A = e*9. This will ensure the existence of the C*
map P! € ASL(2,C), that will be used in Section 2.2 to define the factor P
in the Mz4P form of ®,.

Proposition 3. There exist e? < R<p and 0<T' <T such that for
all t € (—T/,T,), At = HtDth_l with Ht € ASU(2)R and ZDt € A5Ll(2)R.

Moreover, Hy and Dy are smooth with respect to t.

Proof. For all A € S!,

I tATT A —e) (A —e™9)
(20) —det A¢(\) = 1 + Tsinh g
_ 1 t -1
=1 + Isinhg (>\+)\ — 2coshq) e R.

Extending this determinant as a holomorphic function on A,, there exists
T’ > 0 such that

(21) '—detAt(A) _ i < i V() € (=T, T) x A,

With this choice of T”, the function p; : A, — C defined as the positive-
real-part square root of (—det A;) is holomorphic on A, and real-valued

on S'. Note that u; is also the positive-real-part eigenvalue of A; and thus
Ay = HyDyH; ! with

—(rA=14s)
(22) HM)—%(@ Ze ) o= (" _0)-

Ht(/\)
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Let ¢? < R < p. For all t € (=T",T"), u € ACg and the map ¢+ py is
smooth on (=7",T"). Moreover, H; € ASU(2)g, iD; € Asu(2)r and these
functions are smooth with respect to ¢. O

Remark 3. The bound t <T' ensures that that 4det Ay(\) is an integer
only for t =0 and \ = e*9. These points make the Frobenius system reso-
nant, but they are precisely the points that bear an extra piece of informa-
tion due to the hypotheses on M(P;)(e?) and ®g. Allowing the parameter t
to leave the interval (=T',T") would bring other resonance points and make
Section 2.2 invalid. This is why Theorem 8 does not state that the end of
the immersion f; is a Delaunay end for all t.

Remark 4. At t =0, the change of basis H; in the diagonalisation of Ay
takes different values whether r > s (spherical family) or r < s (catenoidal
family). One has:

1 /1 -t . ,
(23) Ho(\) = 7 <)\ 1 > in the spherical case,
(24) Hy(\) = A in the catenoidal case.
NAVER!
In both cases, pg = , and thus Dy is the same.

A basis of AM(2,C),. Let R and T’ given by Proposition 3. Iden-
tify AM(2,C), with the free AC,-module M (2,AC,) and define for all
€ (=T",7") the basis

B: = H; (E1, Es, E3, Ey) Ht_l =: (X1, Xt 2, Xi3, Xta)

10 0 1 00 0 0
m (o) B o) B (00) =)

For all t € (=T, T"), write

1
(25) a0 = (it ) - Ztcj X0

The functions ¢;, ¢; are C! with respect to t € (=1",T") and take values in
ACpg. Moreover, the functions ¢;(t) holomorphically extend to D,.
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Proposition 4. There exists a continuous function ¢ : (=T",T") — ACpg
such that for all A € St and t € (=T",T"),

23(t) = t(A — 1) (A — e )35(t).

Proof. 1t suffices to show that ¢3(0) = 0 and that the holomorphic extension
of C3(t) satisfies ¢3(t,e*?) = 0 for all t.

To show that ¢3(0) = 0, recall that the monodromy problem @ is solved
for all ¢ and note that M(®y) = —I2, which implies that, as a function of
t, the derivative of M(®;) at ¢ = 0 is in Asu(2),. On the other hand, using
the proof of Theorem 5.1.2. in [I1] (or Proposition 8 in [25]),

dM (P d
dit) ’t=0: ([/ @0% ’t:O Q)al> M(‘I’())

where 7 is a generator of 71 (D}, zp). Expanding the right-hand side gives

dA dC
- / e N P P /ZAOt(Z) =0 2~ °dz € Asu(2),.
; dt - dt

Using [I1] once again, note that the first term is the derivative of M (z4¢)
at t = 0, which is in Asu(2), because M(z41) € ASU(2), and M(z40) =
—Iy. Therefore, the second term is also in Asu(2),. Diagonalising Ay with
Proposition 3 and using Hy € ASU(2)r gives

d
24 ng (zDOHO_IdtC’t(z) = H()Z_DO> € Asu(2)g.

But using Equation ,

d
ZPOHT—Cy(2) im0 Hoz P = 2P H, !

O dt

4
6j (O)Xo,j H()Z_DO

<
sy

Thus

which gives ¢3(0) = 0.
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Let A\g € {e9,e7%} and t # 0. Using the Frobenius method (Theorem 4.11
of 23] and Lemma 11.4 of [22]) at the resonant point Ao ensures the existence
of¢ >0, B,M € M(2,C) and a holomorphic map P : Do, — M(2,C) such
that for all z € D},

Dy(2,\g) = M 2824 P(2),

B2 =0,

P(0) =1y,

[A:(Xo),d.P(0)] + d.P(0) = C(0, \g) — B.

Compute the monodromy of ®; at A = A:

M(®y)(No) = M exp(2imB) 2P exp(2im As (X)) z BM !
= —Mexp(2itB)M .

Since the monodromy problem @ is solved, this quantity equals —I5. Use
B? =0 to show that B = 0 and thus

(2, Ng) = MzAP0) P(2),
P(0) =1,
[At(Xo), d-P(0)] 4+ d.P(0) = Ci(0, Ao).

Diagonalise A;(Ag) with Proposition 3 and write d,P(0) = > p;X; ; to get
forall1<j <4

pj ([De(Xo), Ej] + Ej) = t¢j(t, ho) Ej-
In particular, using p:(Ao) = 1/2,
tes(t, Mo) = p3 ([De(No), B3] + E3) = 0.
O

Note that with the help of equations and or , and one can
compute the series expansion of ¢3(0):
!

&(0) = — c2(0,0) + O\ if r<s,

1
&(0) = 5¢3(0,0)+ 00 if 7>
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Hence,

(26) sca(t,0) +res(t,0) — 0.

t—0

The following map will be useful in the next section:

. 0]
27 te (=TT —s PYt) :=tc1(t) Xe1 +
(27) ( ) (t) 1(t) Xt 1 TR
tes(t R
+ Cs(t) X3 +tC4(t)Xt,4.

L =2

For all ¢, Proposition 4 ensures that the map P(¢,\) holomorphically ex-
tends to Ag. Taking a smaller value of R if necessary, P(t) € AM(2,C)r
for all t. Moreover,

tr PL(t) = &1 (t) + tes(t) = tr Cy(0) = 0.
Thus P! € CY((=T",T"), Asl(2,C)R).

2.2. The 24P form of &,

The map P! defined above allows us to use the Frobenius method in a loop
group framework and in the non-resonant case, that is, for all ¢ (Proposi-
tion 5). The techniques used in [I8] will then apply in order to gauge the
MzAP form and gain an order on z (Proposition 6).

Proposition 5. There exists € >0 such that for all t € (=T",T") there
exist My € ASL(2,C)g and a holomorphic map P, : De — ASL(2,C) g such
that for all z € D},

CIDt(z) = MtZAtPt(Z).
Moreover, My is C' with respect to t, Mg = Iz, Py(2) is C' with respect to

(t,z) (and hence holomorphic in z for allt), Po(z) = Iz for all z and P,(0) =
Io for all t.

Proof. For all k € N* and t € (—T",T"), define the linear map

Liy : AM(2,C), — AM(2,C),
X —  [Ay, X] + kX,
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Use the bases B; and restrict £, to AM(2,C)g to get

Eoo 0 0
0 k42 0 0
Mats Lox = [ o k—2u 0
0 0 0k

Note that
det £y j, = k*(k* — 4p7).

Equation implies that ],ut\Q < 1 and thus, for all k£ > 2, det £, }, is an
invertible element of ACg which implies that L is invertible for all ¢ €
(=T',T") and k > 2.

Write

Ci(z) = Z Cp i
keN

With P?:=1, and P! as in Equation , define for all k& > 1:

PR =L | Y Pit)Cy
i+j=k

so that the sequence (P*)geny C C1 ((=T7,T"), Asl(2,C),) satisfies the follow-
ing recursive system for all t € (=177, T"):

PO(t) = Iy,
{ ﬁt,kﬂ(PkH(t)) = Zz‘-}-j:k Pi(t>ct,j~

With P,(z) := 3. P¥(t)2*, the Frobenius method ensures convergence for all
t (see [23]). Restricting to a compact interval in (=7",7") if necessary, there
exists € > 0 such that for all z € D} and t € (-=T7",T"),

Dy(2,\) = Mz Py(2)

where M; € ASL(2,C)g is C! with respect to t, P;(z) is C' with respect to
t and z, and for all ¢, P, : Do — ASL(2,C)g is holomorphic and satisfies
P;(0) = I. Moreover, the map P! defined in (27) vanishes at ¢ = 0 and thus
Py(z) =1y for all z € D, which implies that My = Is. O

Proposition 6. There exists € >0 such that for all t € (=T",T") there
exist an admissible gauge Gi: Do — AtSL(Q,C)R, a change of coordi-
nates hy : Do — D¢, a holomorphic map P, : De — ASL(2,C)g and M; €
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ASL(2,C)g such that for all z € D},
R (®,:Gy) (2) = Mz Py(z).

Moreover, ]\Z is C1 with respect to t, ]\70 = Iy and there exists a uniform
C > 0 such that for all t and z,

H]Bt(z) - IQHP < Ct]|2[2.

Proof. The proof goes as in Section 3.3 of [18]. Expand P(t) given by Equa-
tion as a series to get (this is a tedious but simple computation):

0 stea(8,0)+ries(t,0) y —1 O\ O\
Pt \) = (stcz(t,0)+rt03(t,0) 250 <O((>\)) OE)\O;)
M O] el
Define
P = 2 sinh q(SCQ (t, 0) +res (tv 0))
so that

gt = ptAt — Pl(t) € A+5[(2,(C)R
and recall Equation together with Py = Iy to show that go = 0. Thus
Gy :=exp(gz) € ALSL(2,C)p
is an admissible gauge. Let € < |p;|~* for all ¢ € (—T",7T"). Define

ht : Do —» D,

z
z = T

Then,
& =R (& - Gy) = Az N dz + Cy(2)dz

is a perturbed Delaunay potential as in Definition 1 such that @(O) = 0 for
all t € (=T',T"). The holomorphic frame

(’I\St = h: ((I)th)

satisfies dd, = CT)tht With (th(O) =0, one can apply the Frobenius method
on & to get

~

By(z) = Mz Py(2)
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with ]\70 =I5 and
|2 -1 < cre=
U

Conclusion. The new frame ®, is associated to a perturbed Delaunay
potential (&;)ye(—7 1), defined for z € D}, with values in Asl(2,C)g and of
the form

&(2) = Az Yz + Cy(2)2dz.
Note that Cy(z) € Asl(2,C)g is now C1 with respect to (¢, z). The mon-
odromy problem @ 1s solved for <I>t and for any Zp in the universal
cover D oy @0(20) = ZO Moreover, writing ft = Sym, (Uni <I’t) and f; :=

Sym, (Uni ®;), then fi = h¥ ft with ho(z) = z. Hence in order to prove The-
orem 3 it suffices to prove the following proposition.

Proposition 7. Letp>e9, 0 < T < Tiax, € > 0 and & be a perturbed De-
launay potential as in Definition 1. Let ®; be a holomorphic frame associated
to & for all t via the DPW method. Suppose that the monodromy problem
() is solved for allt € (=T, T) and that

(I)t(z) = MtZA‘ Pt(Z)

where My € ASL(2,C), is C* with respect to t, satisfies Mo =12, and P, :
D. — ASL(2,C), is a holomorphic map such that for all t and z,

1P(2) = 2], < Clt|2/?

where C > 0 is a uniform constant. Let fy = Sym, (Uni ®;). Then the three
points of Theorem 8 hold for f;.

We now reset the values of p, T and € and suppose that we are given a

perturbed Delaunay frame & and a holomorphic frame ®; associated to it
and satisfying the hypotheses of Proposition 7.

2.3. Dressed Delaunay frames

In this section we study dressed Delaunay frames arising from the DPW
data (C*, &P, 1, M), where C* is the universal cover of C* and

¢P(2) :== Az tdz
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with A; as in satisfying , and M; as in Proposition 6. The induced
holomorphic frame is

®P(2) = Mz,

Note that the fact that the monodromy problem @D is solved for ®; implies
that it is solved for <I>tD because P; is holomorphic on D.. Let Dj be the
universal cover of D} and let

FP:=Uni®f,  BP:=Pos®],  fF:=Sym,F}.
In this section, our goal is to prove the following proposition.

Proposition 8. The immersion fF is a CMC H Delaunay immersion of
weight 27t for |t| small enough. Moreover, for alld > 0 and e? < R < p there
exists C,T' > 0 such that

IFP ()| < Cll ™.
for all (t,z) € (=T',T') x D},

Delaunay immersion. We will need the following lemma, inspired by
[20].

Lemma 2. Let M € SL(2,C) and A € su(2) such that
(28) M exp(A)M~! € SU(2).

Then there exist U € SU(2) and K € SL(2,C) such that M =UK and
K, A] =0.

Proof. The matrix M*M is Hermitian and positive-definite. Thus, there
exists Q € SU(2) and D diagonal such that M*M = QD?Q~! with

D:(“é x91>’ x> 0.

Equation together with A € su(2) imply [M*M, Al =0, and hence
[D%, Q71 AQ] = 0. But Q7 1AQ € su(2), therefore D = I or Q1 AQ is diag-
onal. In any case, [D,Q 1 AQ)] = 0. Defining K as the square root of M*M,
this implies [K,A] = 0. Setting U = MK ~! and checking that U*U = I,
ends the proof. O
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Corollary 1. There exists T' > 0 such that for all t € (=T',T"),
(I)t(Z) == UtZAt’Kt
where Uy € ASU(2)r and Ky € ASL(2,C)g for any e? < R < p.

Proof. Write M (®F) = My exp (A;) M; ! with A, := 2im A, € Asu(2), con-
tinuous on (—77,7"). The map

1
M — VM*M = exp <2logM*M>

is a diffeomorphism from a neighbourhood of I, € ASL(2,C), to another
neighbourhood of Is. Using the convergence of M; towards I» as ¢ tends
to 0, this allows us to use Lemma 2 pointwise on A, and thus construct
Ky := /MM, € ASL(2,C)p for all t € (—=7",7") and any e? < R < p. Let
U; = Mth_l € ASL(2,C)g and compute U U} to show that U; € ASU(2)g.
Use Lemma 2 to show that [K;(\), A:(A)] = 0 for all A € S'. Hence [K3, A;] =
0 and thus ®P = U;z4 K. O

Returning to the proof of Proposition 8, let § € R, z € C* and ¢? < R <
p. Apply Corollary 1 to get

P (%) = U; exp(i0A) U 1 OP (2)
and note that U; € ASU(2)g, i4; € Asu(2)g imply
(29) Ri(0) := U; exp(if AU € ASU(2)g.
Hence
FP (") = Ri(0)F(2)
and
fP(e%2) = Ry(8,e7) - fP(2).

Use Section 1.3 and note that U; does not depend on 6 to see that f7 is a
CMC immersion of revolution and hence a Delaunay immersion. Its weight
can be read from its Hopf diffferential, which in turn can be read from the
potential P (see Equation (7). Thus fP is a CMC H Delaunay immersion
of weight 27rt, which proves the first part of Proposition 8.
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Restricting to a meridian. Note that for all ¢t € (=7",7") and z € C*,
1P )5 < CIEP (D] 5

where
C = sup { ROl | (1.6) € (~T'.T") x [0,21]}
depends only on R. We thus restrict F” to RY. with FP(z):= FP(|2]) (z =

|21)-

Gronwall over a period. Recalling the Lax Pair associated to FP (see
Appendix C in [I8]), the restricted map EP satisfies dF}P = FPW,dz with

_ 1 0 Atrb? () — b7 ()
Wi(z,\) = 7 <5b_2($) . )\’r‘bQ(CL') 0 >

where b(z) is the upper-left entry of BP(z) [x—o. Recall Section 1.2 and
define

g¢(z) = 2sinh q|r|b(z)?z"

so that the metric of fP reads g¢(x)2|dz|. Let fP :=exp* fP. Then the
metric of f7 satisfies

d3? = 4r%(sinh q)%b* (%) (du® + d6?)

at the point u + i6 = log z. Using Proposition 13 of Section A gives

St St
/ 2/r|b?(e)du = and / . du 5 -
0 o 2sinhq|r|b?(e¥) |t]

where S; > 0 is the period of the profile curve of ft Thus

St St

/ rb?(z)x "t de = g = / |sb~2(z)z Y| dzx.
1 1

Using

)

Hﬁ\/t(a:)HR =2 }sb_z(x)x_l‘ + 2R ‘er(x)m_l

we deduce

(30) /:St HWt(I)HRdx: g(zR+\f2) <C
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where C' > 0 is a constant depending only on p and T'. Applying Gronwall’s
lemma to the inequality

2@, <[]+ [ 2], [T,

e, < ] o ([ [Few] o)

Use Equation together with the fact that ﬁOD(O) = FP(1) = I, and the
continuity of Iwasawa decomposition to get C,T > 0 such that for all ¢t €
(=T',T") and z € [1,e%]

gives

1

(31) Hﬁ?(x) <cC.

Ix

Control over the periodicity matrix. Let ¢t € (=7',7") and T :=
FP(2e5)EP(z)~! € ASU(2)g for all z > 0. The periodicity matrix I'y does
not depend on x because Wt(:L‘e t) = Wy(x) (by periodicity of the metric in
the log coordinate). Moreover,

el = || EP e EP)Y| < | P

|72l

] "

and using Equation ,
(32) ITellp < C.

Conclusion. Let z < 1. Then there exist k € N* and ¢ € [1, eSt) such that
x = (e *5*. Thus using equations and ,

2@, < et o] < e

Writing

b log ¢ B log x

S Sy’
one gets

—logC
CF = exp log ¢ log C | exp logz | < Ca™®
Sy St
where 0; = (because

St Y +00). Returmng back to FP, we showed that for all § > 0 there exist
—
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T' > 0 and C > 0 such that for all t € (=T",T") and 0 < |z| < 1,
IFP ()| < Clal ™

and Proposition 8 is proved.

2.4. Convergence of the immersions
In this section, we prove the first part of Theorem 3: the convergence of the

immersions f; towards the immersions fP. Our proof relies on the Iwasawa
decomposition being a diffeomorphism in a neighbourhood of I5.

Behaviour of the Delaunay positive part. Let z € 51‘ The Delaunay
positive part satisfies

18P, = [1FP () s

, S [EPG, 104, ="

o

Diagonalise A; = H,D;H, 1 as in Proposition 3. By continuity of H; and
My, and according to Proposition 8, there exists C, 7" > 0 such that for all
te (=TT

IBP ) < Clal™* =7

R-

Recall Equation and extend p? = —det A; to A 7 with p > R > R. One
can thus assume that for t € (=7",T") and A € A3,

1
| < 5 +6,

which implies that

z_“"(A)‘ < ]z\_Tl_5.
This gives us the following estimate in the ACg norm (using Cauchy formula
and R > R):

7R < C|z|771_5
R

and

(33) IBP )]l < Cl2l 772
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Behaviour of a holomorphic frame. Let
~ -1 -1
®,:= BP (®7) @, (BP)

Recall Proposition 6 and use Equation to get for all t € (—T",T") and
z € D}

1HR < C|t|]z\1 45

(cE —12H = ||BP(2) (Pi(2) — o) BP(=
Behaviour of the perturbed immersion. Note that

&, = BP (¥P) ' &, (BP)”"
— (FP)'F, x B, (BP)™"

and recall that the Iwasawa decomposition is differentiable at the identity
to get

|FP(2) " Fi(z) — Lo, = HUni $y(2) — UniIQHR < Ct]]2[1~.

The map

Fy(2) := FP(z,e79) ' Fy(z,e7%) € SL(2,C)
satisfies
(34) ‘ﬁt(z) —12‘ < |FP(2) " Fi(z) - I , < Clt]]2*.

Lemma 3. There exists a neighbourhood V C SL(2,C) of Iy and C >0
such that for all A € SL(2,C),

AeV = |tr(AA") —2| < C|A-T%.

Proof. Consider exp:U Csl(2,C) — V C SL(2,C) as a local chart of
SL(2,C) around Iy. Let A € V. Write

f ¢ SL(2,C) — R
X — tr(XXY)

and a =log A € U to get

1f(A) = f(I)] < df () - a + Clal?.
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Notice that for all a € s[(2,C),
df(Ia) ra=tr(a+a") =0
to end the proof. O

Corollary 2. There exists a neighbourhood V- C SL(2,C) of Iy and C > 0
such that for all Fy, Fy € SL(2,C),

F271F1 eV — dgs (fl,fz) <C ‘F{lFl —1I5

where f; = F; -1y € H3.

Proof. Just note that

i (3, 1) = cosh™ (= (fr o) = con™ (G a(f5 1)

and that
tr(fh) =t (BB RRY) = FF

where F = F{lFl. Apply Lemma 3 and use cosh (14 z) ~ v/2z as z — 0
to end the proof. O

Without loss of generality, we can suppose from that C|t[|z|'~% is
small enough for F;(z) to be in V for all ¢ and z. Apply Corollary 2 to end
the proof of the first point in Theorem 3:

dis (£(2), fP(2)) < Cltll=~*.
2.5. Convergence of the normal maps

Before starting the proof of the second part of Theorem 3, we will need to
compare the normal maps of our immersions. Let N; := Nor,F; and NtD =
Nor,FP be the normal maps associated to the immersions f; and fP. This
section is devoted to the proof of the following proposition.

Proposition 9. For all § > 0 there exist €, T',C > 0 such that for all t €
(=T',T") and z € D,

[P M) - NP < Cpl==.
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The following lemma measures the deviation from Euclidean geometry
in the parallel transportation of unitary vectors.

Lemma 4. Let a,b,c € H?, v, € T,H? and v, € T,H? both unitary. Let A
be the hyperbolic area of the triangle (a,b,c). Then

Proof. Just use the triangular inequality and Gauss-Bonnet formula in H?
to write:

b
v, — va <A+ |T5ve — Tiop |l s -
T, H3 e

by, — vb‘ DTS o, — FgrgvaT ;

T,H3 ‘

< ’ TS 0, — v,

- + [[va — Telyvpll 7 ps

a

< A+ [[Tgua — Tyopll g, s -

g

Lemma 5 below clarifies how the unitary frame encodes the immersion
and the normal map.

Lemma 5. Let f =Sym,F' and N = Nor,F. Denoting by (S(z),Q(z)) €
HST N SL(2,C) x SU(2) the polar decomposition of F(z,e~%), then

f=8* and N=T{(Q-o03).

Proof. The formula for f is straightforward after noticing that QQ* = Is and
S* = S. The formula for N is a direct consequence of Proposition 1. O

Proof of Proposition 9. Let 6 >0, t € (—=7",7") and z € D},. Using
Lemma 4,

TS Nu(z) = NP(2)| < A+ |0 Nil2) = T NP )|

(2)

where A is the hyperbolic area of the triangle (12, fi(2), fP (z)) Using
Heron’s formula in H? (see [I], p.66), Proposition 8 and the first part of
Theorem 3,

A <dws (fi(2), fP(2)) x dws (L2, fP(2)) < C|t[| 2]

Moreover, denoting by Q; and QP the unitary parts of Fi(e9) and FP (e?)
in their polar decomposition and using Lemma 5 together with Corollary 3
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and Equation ,

Hrf(z) H(2) — T ) NP (2 ‘

" 03— Q?(Z) ’ 0-3HT ,H3
< cHﬂ <z>H2HFP<z>—1FF< ~1
< COlt]|2"%.

[P

2.6. Embeddedness

In this section, we prove the second part of Theorem 3. We thus assume
that t > 0. We suppose that C,¢,T, > 0 satisfy Proposition 9 and the first
part of Theorem 3.

Lemma 6. Let r, > 0 such that the tubular neighbourhood of fF(C*) with
hyperbolic radius r; is embedded. There exists T > 0 and 0 < € < € such that
forall0 <t <T,x € 0D, andy € D},

dgs (fP(2), [P (y)) > 4.

Proof. The convergence of fP(C*) towards a chain of spheres implies that
¢ tends to 0 as t tends to 0. If fP does not degenerate into a point, then
it converges towards the parametrisation of a sphere, and for all 0 < ¢’ <
¢ there exists 7> 0 satisfying the inequality. If f does degenerate into
a point, then a suitable blow-up makes it converge towards a catenoidal
immersion on the punctured disk D} (see Section 4.1). This implies that for
¢’ > 0 small enough, there exists T' > 0 satisfying the inequality. ]

We can now prove embeddedness with the same method than [I8]. Let

Dy := fP (C*) ¢ H? be the image Delaunay surface of fP. We denote by

DD, — TH? the Gauss map of D;. We also write M; = f;(D}) and

ny : My — THS. Let r; be the maximal value of o such that the following
map is a diffeomorphism:

T : (~a,a) xDy —> Tub, D; C H3
(s,p) —  geod (p,nP (p)) ().

According to Lemma 11, the maximal tubular radius satisfies r; ~ ¢ as t
tends to 0. Using the first part of Theorem 3, we thus assume that on D},

dps (ft(Z),f?(Z)) < ary

where o < 1 is given by Lemma 12 of Section A.
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Let 7 be the projection from Tub,, D; to D;. Then the map

we + DY — Dy

€

z = mo fi(2)
is well-defined and satisfies
(35) dpgs ((pt(z), ftD(z)) < 2ar;
because of the triangular inequality.
Lemma 7. Fort > 0 small enough, ¢, is a local diffeomorphism on D7 .

Proof. It suffices to show that for all z € D},

(36) [rLEnP e2) = Nz | < 1.

Using Lemma 4 (we drop the variable z to ease the notation),
- ] <+ [Pt - )

where A is the area of the triangle ( fi, P ,got). Recall the isoperimetric
inequality in H? (see [24]):

P2 > dx A + A2
from which we deduce
2
A< P?< (2 (fi, f7) + 2dws (1, 7)) < (6ary)®

which uniformly tends to 0 as ¢ tends to 0. Using the triangular inequality
and Proposition 9,

[rZnP o0 =T M| < || P o) = NP|| + Clellz

and the second term of the right-hand side uniformly tends to 0 as ¢t tends
to 0. Because « satisfies Lemma 12 in Section A,

P02 <

which implies Equation . O
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Let ¢ > 0 given by Lemma 6. The restriction

& o oo M e DE)NDE — ¢ (DY)
z — v (2)

is a covering map because it is a proper local diffeomorphism between locally
compact spaces. To show this, proceed by contradiction as in R? (see [I8]): let
(zi)ien C o7 (p4(D%)) N D} such that (Pt(24));en converges to p € oy (D).
Then (z;); converges to x € D.. Using Equation and the fact that fP
has an end at 0, z # 0. If = € D, denoting T € D7, such that @;(Z) = p,
one has

diss (f2(2), FP(F)) < diss (FP (@), ) + dus (), 31(3)) < dar, < 4r,

which contradicts the definition of €.

Let us now prove as in [I§] that @; is a one-sheeted covering map. Let
v :10,1] — D}, be a loop of winding number 1 around 0, I' = fP(v) and
r'= &t(y) € Dy and let us construct a homotopy between I' and I. For
all s € [0,1], let o : [0,1] — H3 be a geodesic arc joining o(0) = I'(s) to
0s(1) =T'(s). For all s,r € [0,1], dys (05(r),T'(s)) < ary which implies that
os(r) € Tub,, D; because D; is complete. One can thus define the following
homotopy between I' and r

H : [0,1? — Dy
(r,s) +—— moos(r)

where 7 is the projection from Tub,, D; to D;. Using the fact that fP is an
embedding, the degree of I' is one, and the degree of [ is also one. Hence,
@y is one-sheeted.

Finally, the map ¢; is a one-sheeted covering map and hence a diffeo-
morphism, so f; (D}) is a normal graph over D; contained in its embedded
tubular neighbourhood and f; (D7) is thus embedded, which proves the sec-
ond part of Theorem 3.

2.7. Limit axis

In this section, we prove the third part of Theorem 3 and compute the limit
axis of fP as t tends to 0. Recall that fP = Sym, (Uni (MtzAf)) where
M, tends to Ip as t tends to 0. Hence, the limit axis of fF and ftD =
Sym, (Uni (zAf)) are the same. T'wo cases can occur, whether r > sorr < s.
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Spherical family. Att=0, r = % and s = 0. The limit potential is thus

0 2~
&o(z,A) = </\ 2 > 2tz
5 0

Consider the gauge

The gauged potential is then

~14,
gO'G(za/\) = (8 A Od ) 255(27)‘)

where &g is the spherical potential as in Section 1.2. Let ® := 2@ be the
gauged holomorphic frame and compute

(1,)) = G(1,\)
L /1oy 11 = 1At
V2 2] 2\ 1 0 1
= Ho(\)®gs(1,N)
WherNe ¢ and Hy are defined in~ and . This means that ® = Hydg,
Uni® = HoFs and Sym, (Uni®) = Ho(e™?) - fs because Ho € ASU(2)g.
Thus using equations and ,

13 (00) = Sym,(Uni &)(c0) = Ho(e™?) - fs(o0)
= (Ho(e ")R(q)) - geod (I2,073) (q)
= Hy(e ) - geod (I, 03) (29).

And with the same method,
FP(0) = Ho(e™9) - geod (12, o3) (0).

This means that the limit axis of ftD ast — 0, oriented from z = oo to z =0
is given in the spherical family by

Hy(e™7) - geod (Ig, —03) .
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Catenoidal family. We cannot use the same method as above, as the
immersion fP degenerates into the point I. Use Proposition 12 of Section
4.1 to get

- 1
fi=lim = (fi =) =¢ C T,H?
t—0 ¢

where 1) is the immersion of a catenoid of axis oriented by —oy as z — 0.
This suffices to show that the limit axis oriented from the end at oo to the
end at 0 of the catenoidal family f converges as ¢ tends to 0 to the oriented
geodesic geod(Ig, —o1).

3. Gluing Delaunay ends to hyperbolic spheres

In this section, we follow step by step the method Martin Traizet used in
R3 ([25]) to construct CMC H > 1 n-noids in H* and prove Theorem 1.
This method relies on the Implicit Function Theorem and aims to find a
pair (&, ®;) satisfying the hypotheses of Theorem 3 around each pole of
an n-punctured sphere. More precisely, the Implicit Function Theorem is
used to solve the monodromy problem around each pole and to ensure that
the potential is regular at z = co. The set of equations characterising this
problem at ¢ =0 is the same as in [25], and the partial derivative with
respect to the parameters is the same as in [25] at ¢ = 0. Therefore, the
Implicit Function Theorem can be used exactly as in [25] and we do not
repeat it here. Showing that the surface has Delaunay ends involves slightly
different computations, but the method is the same as in [25], namely, find a
suitable gauge and change of coordinates around each pole of the potential
in order to retrieve a perturbed Delaunay potential as in Definition 1. One
can then apply Theorem 3. Finally, we show that the surface is Alexandrov-
embedded (and embedded in some cases) by adapting the arguments of [26]
to the case of H?3.

3.1. The DPW data

Let H > 1, q = arcoth H and p > e?. Let n > 3, uq, - - - , u, unitary vectors of
T1,H3 and 71, - - - , 7, non-zero real weights. Suppose, by applying a rotation,
that u; # +o3 for all i € [1,n]. Let vg : CU {oc} — S? defined as in Equa-
tion (13)) and m; := vgl(ui) € C*. Consider 3n parameters a;, b;, p; € A(C%O
assembled into a vector x € (AC%O)‘% which stands in a neighbourhood of
a central value xq € (A(C;O)Sn so that the central values of a; and p; are 7;
and 7;. The central value of b; will be denoted v;. Introduce a real parameter
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t in a neighbourhood of 0 and define
Be(N) ==t (A —el) (A —e79).

The potential we use is

Sl A </8t()\)u?x(z,>\) A_Sdz)

where

- ai(\) bi()) )
wx(2,A) = + dz.
= ; <(Z—pi(>\))2 2 —pi(N)
The initial condition is the identity matrix, taken at the point zp =0 €
where

N={zeC|Vie[l,n],|z—m| >¢€}

and € > 0 is a fixed constant such that the disks D(m;,2¢) C C are disjoint
and do not contain 0. Although the poles pi,...,p, of the potential & x
are functions of A, & x is well-defined on € for x sufficiently close to xg.
We thus define ®; x as the solution to the Cauchy problem with data
(Qv gt,xa 07 12)

The main properties of this potential are the same as in [25], namely:
it is a perturbation of the spherical potential {yx and the factor (A —e™9)
in §; ensures that the second equation of the monodromy problem is
solved.

Let {v1,--+,7—1} be a set of generators of the fundamental group
71(€2,0) and define for all i € [1,n — 1]

M;(t,x) == M, (P x).
Noting that
resSt = At (A—e?) (A—e %) = —2(coshg—Re)) € R,

the unitarity of the monodromy is equivalent to

~

M;(t,x)(A) :

A
= log M;(t,x)(\) € Asu(2),.
Note that at ¢ = 0, the expression above takes the same value as in [25], and
so does the regularity conditions. One can thus apply Propositions 2 and 3
of [25] which we recall in Proposition 10 below.
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Proposition 10. For t in a neighbourhood of 0, there exists a unique
smooth map t — x(t) = (aiz, bit, Dit)i<i<n € (A(C;O):)’" such that x(0) = xo,
the monodromy problem and the regularity problem are solved at (t,x(t)) and
the following normalisations hold:

Vie[l,n—1], Re(ait) [x=o=mi and pis |x=0= 7.

Moreover, att =0, X is a constant of C3" such that

R n

—27’2'7'('2'

Vi=1— 15 and g Tiu; = 0.
1+ ‘7T1| P

Now write wi 1= wy(p), & := & x(¢) and apply the DPW method to define
the holomorphic frame ®; associated to & on the universal cover Q of O
with initial condition ®;(0) = Iz. Let F; := Uni®; and f; := Sym F;. The
monodromy problem for ®; being solved, f; descends to a well-defined CMC
H immersion on . Use Theorem 3 and Corollary 1 of [25] to extend f;
to Xy := C U {oo} \ {p1,4(0),...,pnt(0)} and define M; = f;(3;). Moreover,
with the same proof as in [25] (Proposition 4, point (2)), a; + is a real constant
with respect to A for all ¢ and t.

3.2. Delaunay ends

Perturbed Delaunay potential. Let i € [1,n]. We are going to gauge
& around its pole p;+(0) and show that the gauged potential is a perturbed
Delaunay potential as in Definition 1. Let (r, s) : (=T,T) — R? be the con-
tinuous solution to (see Section 1.3 for details)

rs = ta;y,
2 2 2 h 1
r®+s° 4+ 2rscoshq = g,

r>Ss.

For all t and A, define 1; ; (2) := 2z + p;+(\) and

vz 0
Ge(z,A) = | V"BA s

24/Z\/T+sA Vz
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For T small enough, one can thus define on a uniform neighbourhood of 0
the potential

Eit(2:0) == (B &) - Go) (2, )

0 AT+ s 1y
t * z zZ.
§+s/\ (djzt)\wt( ))22 + m 0

Note that by definition of r, s and (3,

(r+s\) (rA+s) = 2 + Be(N)aiy

and thus
gi,t(za A) = A (N2t dz + Cy(z, \)dz
with A; asin Eguation satisfies Equation and C; as in Definition 1.

The potential &;; is thus a perturbed Delaunay potential as in Definition 1.
Moreover, using Theorem 3 of [25], the induced immersion f;; satisfies

fix = Vitoft

Applying Theorem 3. The holomorphic frame 52-775 = ®&;G;; associated
to &+ satisfies the regularity and monodromy hypotheses of Theorem 3, but
att=0and z =1,

s ) (5 3)

_ \}i <1 :/\m (1 —i—qi)/\l) M),

and thus @,o(z) = M,z%. Recall and let @; := Uni(M;Hp). Using

Lemma 2.1. in [I8], Q; can be made explicit and one can find a change

of coordmates h and a gauge G such that <I>,t = HoQ; (h @Zt)G solves

d@m = ”&t where 5” is a perturbed Delaunay potential and (IDZO( ) =
o, Explicitely,

1 1 Alm

and

(4|2 1 1 0
o) =7—%." CEN=T== s. 1-7:)
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One can thus apply Theorem 3 on é,t and Cf%,t, which proves the existence
of the family (M;)y_,.p of CMC H surfaces of genus zero and n Delaunay
ends, each of weight (according to Equation (16)))

. 87rtai,t
w;i = 8nrssinhg = T

which proves the first part of Theorem 1 (after a normalisation on t). Let
f it *= Sym, (Uni <I>, +) and fm the Delaunay immersion given by Theorem 3.

Limit axis. In order to compute the limit axis of f; at the end around
Dit, let A; t be the oriented axis of f + at w = 0. Then, using Theorem 3,

~

Ai,O = Ho(e_q) . geod (12, *0'3) .
And using fii(w) = Ho(e™)Qi(e™0) ™1+ (h* fi(2)),
Aio = Hole™)Qi(e™ )™ Ay
and thus
Az,O = Qi(e_q) . geod(Ig, —03).
Computing M; Hy = ®g(m;) as in ((10)), one has Q; = Fs(m;). Hence
Aio = geod (fs(m;), —Ng(m;))

where Ng is the normal map associated to ®g. Using Equation (11)), fs(z
R(q) - fs(z) and Ng(z) = R(q) - Ng(2) where Ny is the normal map of fS
Using Equation and the fact that fg is a spherical immersion gives

Ns(z) = 1 (~us(2)
and thus
Aio = geod (R(q) - Fs(m), ~R(a) - N(m))

= R(g) - geod (Fs(m). rfj(ﬁ%s(m))
= R(q) - geod (I, u;) .

Apply the isometry given by R(g)~! and note that R(q) does not depend
on i to prove point 2 of Theorem 1.
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3.3. Embeddedness

We suppose that ¢ > 0 and that all the weights 7; are positive, so that the
ends of f; are embedded. Recall the definition of Alexandrov-embeddedness
(as stated in [20]):

Definition 2. A surface M? C M3 of finite topology is Alezandrov-
embedded if M is properly immersed, if each end of M is embedded, and
if there exists a compact 3-manifold W with boundary OW = S, n points
P, ,pn €8 and a proper immersion F:W = W\{p1, -+ ,pp} — M
whose restriction to S = S\{p1,- -+ ,pn} parametrises M.

The following lemma is proved in [26] in R® and for surfaces with
catenoidal ends, but the proof is the same in H? for surfaces with any type
of embedded ends. For any oriented surface M with Gauss map N and any
r > 0, the tubular map of M with radius r is defined by

T : (—=rr)xM — Tub, M
(s,p) —  geod(p, N(p))(s).

Lemma 8. Let M be an oriented Alexandrov-embedded surface of H? with n
embedded ends. Let r > 0 and suppose that the tubular map of M with radius
r is a local diffeomorphism. With the notations of Definition 2, there exist a
hyperbolic 3-manifold W' containing W and a local isometry F' : W' — H?3
extending F such that the tubular neighbourhood Tub, S is embedded in W'.

In order to show that M; is embedded, we will use the techniques of [20].
We thus begin by lifting M; to R? with the exponential map at the iden-
tity expy, : R3 — H3. This map is a diffeomorphism, so M; is Alexandrov-
embedded if and only if its lift M\t to R3 given by the immersion

fr = expgloft Y — R3

is Alexandrov-embedded. R

Let T, e > 0 such that f; (and hence f;) is an embedding of D*(p;,€)
for all i € [1,n] and let fF : C\{p;;} — H> be the Delaunay immersion
approximating f; in D*(p; ¢, €). Let j?ZDt 1= expy, Lo th Apply an isometry of
H? so that the limit immersion fy maps X to a n-punctured geodesic sphere
of hyperbolic radius g centered at Is. Then fo(Xo) is a Euclidean sphere of
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radius ¢ centered at the origin. Define

~

N % — S?
z v+ d(exp;)(fi(2))Ni(2).

At t =0, Ny is the normal map of ]?0 (by Gauss Lemma), but not for ¢ > 0
because the Euclidean metric of R? is not the metric induced by expy, -

Let
hi : R — R

[ — <x,fﬁo(pi7o)>

be the height function in the direction of the limit axis.
As in [26], one can show that

Claim 1. There exist 6 < ' and 0 < € < € such that for all i € [1,n] and
0<t<T,

max h‘oft<5< min h~oft§ max h~oft<5’.
C(pi,1,€) ’ C(pi,t.e’) ’ C(pii.€) '

Define for all 7 and ¢:
Yig = {z €D:,, | hiofulz) = 5} A= {z € D!, o | hiofilz) = 5'}.
From their convergence as t tends to 0,
Claim 2. The regular curves ;¢ and ~y;, are topological circles around p;.

Define D, D;, as the topological disks bounded by =i, 7;,, and
A;, A, as the topological disks bounded by ﬁ(’y¢7t),ﬁ('y§7t). Let A;;:=
D;\D; ;. Then ﬁ(.Ai,t) is a graph over the plane {h;(z) = ¢}. Moreover, for
all z € D}, hio fi(z) > & > 6. Thus

Claim 3. The intersection ﬁ(D;"t) N A is empty.

Define a sequence (R; ;) such that ﬁ(th) transversally intersects the
planes {h;(x) = R;1}. Define

Vitk = {z € Djy [ hio fir(2) = Rz‘,t,k} )

and the topological disks A;;, C {hi(x) = R;x} bounded by ﬁ(%tk) De-
fine A; ¢ 1, as the annuli bounded by 7; ; and 7; ¢ . Define W; ;. C R? as the
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interior of ft(.Aztk) UA;+ UA; and

Wit = U Witk
keN

Hence,

Claim 4. The union ﬁ(D:t) U A; ¢ is the boundary of a topological punc-
tured ball W; 4 C R3.

The union
Fe (BN (D14U-- D)) UAL U - U Ay
is the boundary of a topological ball Wy ; C R3. Take
Wi =Wo UWiU---U Wy,

to show that M\t, and hence M; is Alexandrov-embedded for ¢ > 0 small
enough.

Lemma 9. Let S C H? be a sphere of hyperbolic radius q centered at
pE€MH3. Let n>2 and {uiticpn C T,H3. Let {piticp,n defined by p; =
S Ngeod(p,u;)(Ry). For all i € [1,n], let S; C H? be the sphere of hyper-
bolic radius q such that SN S; = {p;}. For all (i,j) € [1,n]?, let 0;; be the
angle between w; and u;.

If for all i # 7,

0;; > 2 i L
i arcsin
" 2 cosh ¢

then S; N.S; =0 for all i # j.

Proof. Without loss of generality, we assume that p =Is. We use the ball
model of H? equipped with its metric

_ 4ds%
2
(1= 11e1%)

where dsg is the euclidean metric and ||z||; is the euclidean norm. In this
model, the sphere S is centered at the origin and has euclidean radius R =
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tanh 2. For all i € [1,n], the sphere S; has euclidean radius

1 3q q tanh £
= —|(tanh— —tanh= | = ———=—.
" 2<an g — 2> 2 coshg — 1

Let j # ¢. In order to have S; N.S; = (), one must solve
. 0
(R—i—’l“)SlIl? >,

which gives the expected result. [l
In order to prove the last part of Theorem 1, just note that

1 VH?-1
2coshqg  2H

H =cothqg =

Suppose that the angle 0;; between u; and u; satisfies Equation ([2)) for all i #
j. Then for ¢t > 0 small enough, the proper immersion F} given by Definition
2 is injective (because of the convergence towards a chain of spheres) and
hence M; is embedded.

Remark 5. This means for example that in hyperbolic space, one can con-
struct embedded CMC n-noids with seven coplanar ends or more.

4. Gluing Delaunay ends to minimal n-noids

Again, this section is an adaptation of Traizet’s work in [26] applied to
the proof of Theorem 2. We first give in Section 4.1 a blow-up result for
CMC H > 1 surfaces in Hyperbolic space. We then introduce in Section 4.2
the DPW data giving rise to the surface M; of Theorem 2 and prove the
convergence towards the minimal n-noid. Finally, using the same arguments
as in [26], we prove Alexandrov-embeddedness in Section 4.3.

4.1. A blow-up result
As in R? (see [26]), the DPW method accounts for the convergence of CMC

H > 1 surfaces in H3 towards minimal surfaces of R3 (after a suitable blow-
up). We work with the following Weierstrass parametrisation:

(37)  W(z) = W(z) + Re / (;(1 P %(1 N 92)w,gw>
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Proposition 11. Let 3 be a Riemann surface, (& )ier a family of DPW
potentials on X and (Py)er a family of solutions to d®y = ®& on the uni-
versal cover % of X, where I C R is a neighbourhood of 0. Fiz a base point
20 €% and p > el >1. Assume that

1) (t,2) = &(2) and t — ®4(2) are C' maps into QL(T, Asl(2,C),) and
ASL(2,C), respectively.

2) For allt € I, ®; solves the monodromy problem .
3) ®o(z, ) is independent of \:

®o(2,A) = (ZS fl@) '

Let fy = Sym, (Uni(®¢)) : ¥ — H? be the CMC H = cothq immersion
given by the DPW method. Then, identifying T, H3 with R3 via the basis
(01,02,03) defined in (3),

1
lim = (fy — L) =W

where W is a (possibly branched) minimal immersion with the following
Weierstrass data:

,0672)(2)

g(z) = w(z) = —4(sinh q)c(2) iy lt=o -

The limit is for the uniform C' convergence on compact subsets of ¥.

Proof. With the same arguments as in [20], (¢, z) — ®(2), (¢, 2) — Fi(2)
and (t,z) — By(z) are C! maps into ASL(2,C),, ASU(2), and ARSL(2,C),
respectively. At t =0, ®g is constant. Thus Fy and By are constant with
respect to A:

I 1 (a —5) B — 1 <|a|2+|c|2 ab+5d>
YTV FleP\e a) T laP+ [P\ 0 1)

Thus Fy(z,e"7) € SU(2) and fo(z) degenerates into the identity matrix. Let
b := Bt 11 |x=0 and S the upper-right residue at A = 0 of the potential &.
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Recalling Equation @ ,

dfi(z) = 2b(2)? sinh qF}(z,e79) (5:()2) ﬁt(()z)) Fi(z,e9)".

Hence (t,2) +— dfy(2) is a C* map. At t =0, & = &, d®y is constant with

respect to A, so By = 0 and dfy(z) = 0. Define fi(z) := 1 (fi(z) — 1) for t #
0. Then dfi(z) extends at t = 0, as a continuous function of (¢, z) by

dfo = %dft lt=0 = 2sinh ¢ <Z _ac> (gz %) (_ac 2)

. —acB —acB 2B — 2B
= 2sinhg ( a2B — 2B acB + ach’

where 3’ = %Bt |li=0. In T3, H?3, this gives

—1

~ 1
dfy = 4sinhgRe <2B’(a2 —?), 5

B'(a* 4 c?), —acﬁ’) )

Writing g = ¢ and w = —4cf’ sinh ¢ gives:

Fote) = Foteo) + e [ (50 = 50+ o)

0

As a useful example for Proposition 11, one can show the convergence
of Delaunay surfaces in H? towards a minimal catenoid.

Proposition 12. Letq >0, A; = A, 5 asin with r < s satisfying .
Let ®4(z) := 24 and f, == Sym, (Uni ®;). Then

Fomlime (fi-T) =y

where ¢ : C* — R3 is the immersion of a catenoid centered at (0,0,1), of
neck radius 1 and of axis orientd by the positive x-axis in the direction from
z=0t%to z = 0.
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Proof. Compute

cosh

Pol#A) = 10g2§ cosh (logzg

sinh

and

8&555)@)‘ gz
ot =0 2sinh ¢

in order to apply Proposition 11 and get

Fo) =P+ Re [ (50 o 50+ oo

where

o) =L and we) =L <Z_ 1>2dz.

z—1 z

~

Note that ®,(1) = I for all ¢ to show that f(1) =0 and get
~ z —3 1
f(z) = Re/ <w1dw, 72(1 + w2)w72dw, 5(1 — w2)w2dw> .
1

Integrating gives for (z,y) € R x [0, 27

F(e" ) = y(x,y)

where
v o Rx[0,2n] — R3
(z,y) —  (x,cosh(z)sin(y), 1 — cosh(x) cos(y))
and hence the result. O

4.2. The DPW data

In this Section, we introduce the DPW data inducing the surface M; of
Theorem 2. The method is very similar to Section 3 and to [26], which is
why we omit the details.
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The data. Let (g,w) be the Weierstrass data (for the parametrisation
defined in ) of the minimal n-noid My C R3. If necessary, apply a Mdbius
transformation so that g(co) ¢ {0,00}, and write

Az B(2)%dz
9(z) = BEZ;’ wle) = H?—1((Z)— pio)?

Let H > 1, ¢ > 0 so that H = cothq and p > e?. Consider 3n parameters
ai, by, pi € ACZY (i € [1,n]) assembled into a vector x. Let

n

Ax(,0) =) ai(N)2"!, By(z,A) =) bi(\)2"!
=1

=1
and
() = BN (o ) = BelB AT
P EN =B ) O T (2 = pi(N)

The vector x is chosen in a neighbourhood of a central value x¢ € C*" so
that Ax, = A, Bx, = B and wy, = w. Let p; o denote the central value of p;.
Introduce a real parameter ¢ in a neighbourhood of 0 and write

t(A—el)(A—e™9) '

BN == 4sinh ¢

The potential we use is

B 0 AT B (Nwx(z, A)
§ex(2,A) = (dzgx(zn A) 0 >

defined for (¢, x) sufficiently close to (0,%g) on
Q={zeC|Vie[l,n],|z—pio| > e} U{oo}

where € > 0 is a fixed constant such that the disks D(p; 0, 2€) are disjoint.

The initial condition is
~ (igx(z0,A) 1

taken at zp € 2 away from the poles and zeros of g and w. Let ®; x be the
holomorphic frame arising from the data (2, & x, 20, ¢) via the DPW method
and f;x 1= Sym, (Uni ®; ).

Follow Section 6 of [26] to show that the potential & x is regular at the
zeros of By and to solve the monodromy problem around the poles at p; o for
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i € [1,n — 1]. The Implicit Function Theorem allows us to define x = x(t) in
a small neighbourhood (=T, T) of t = 0 satisfying x(0) = xo and such that
the monodromy problem is solved for all . We can thus drop from now on the
index x in our data. As in [26], f; descends to  and analytically extends
to CU{oo}\ {p1,0;---,Pn0}. This defines a smooth family (M;)_7<i<7 of
CMC H surfaces of genus zero with n ends in H?3.

The convergence of } (M; — I) towards the minimal n-noid My (point 2
of Theorem 2) is a straightforward application of Proposition 11 together
with

(=D,
20,11(2) _ g(z), 4 (sinh Q) ((1)0’21 (z))2 M = w(z)
0,21(2)

ot

Delaunay residue. To show that & is a perturbed Delaunay potential
around each of its poles, let ¢ € [1,n] and follow Section 3.2 with

biaa(2) = g7 (2 4 g9t (pie(N)) -
Define
Wit(z,A) = 1/1275,,\%(2)
and
ait(N) = R_eg(z@w(z, A)).

Use Proposition 6, Claim 1 of [26] to show that for T small enough, «; is
real and does not depend on A. Set

_ toz“,
rs= 4sinh g’
r2 + 5%+ 2rscoshq = i,
r<s
and
Vrits —1
Gilzn = |V W

0

Vri+s
Define the gauged potential

Et(2, ) = (W 12&) - G) (2,0

and compute its residue to show that it is a perturbed Delaunay potential
as in Definition 1.
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Applying Theorem 3. At t=0 and z = 1, writing m; := g(p; o) to ease
the notation,

=~ (il +m) i % ;—% A T
®Z,0(17A) - ( Z 0) ( 0 \/i - \/§ 1 _1 - MZ?

and thus &,O(Z) = M;z%. Recall and let @; := Uni (Mngl). Using
Lemma 2 of [26], Q; can be made explicit and one can find a change of
coordinates h and a gauge G such that ®;; := (Q:Hp)™! (h*<i>1-7t> G solves

d@m = (T)Ltgi,t where El-,t is a perturbed Delaunay potential and @i’o(z) =
24 One can thus apply Theorem 3 on Em and &)iﬂf? which proves the ex-
istence of the family (M;)_; .. of CMC H surfaces of genus zero and n
Delaunay ends, each of weight (according to Equation (16]))

w; ¢ = 8mrssinh ¢ = 2wty 4,

which proves the first part of Theorem 2. Let J?i,t = Sym, (Uni ‘i’zt) and let

J?Z)t be the Delaunay immersion given by Theorem 3.

Limit axis. In order to compute the limit axis of f; at the end around
Dit, let A; ¢ be the oriented axis of fZDt at z = 0. Then, using Theorem 3,

Ao = eod (1, ).
And using ﬁ',t(z) = (Q:Ho)™' - (h* fi(2)),
Az',o = (QiHo) ™ - Ay,

and thus
Ai,O = (QH()) . geod(Ig, —0'1).
Compute Hy - (—o1) = o3 and note that M;H, ' = ®g(m;) to get

Ai = geod (I, No(pi,0))
where Ny is the normal map of the minimal immersion.
Type of the ends. Suppose that ¢ is positive. Then the end at p;; is

unduloidal if and only if its weight is positive; that is, oy is positive. Use
Proposition 6 of [26] to show that if the normal map Ny of My points toward
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the inside, then ;¢ = 7 where 277 No(pio) is the flux of My around the
end at p; o (a0 = —7; for the other orientation). Thus if M is Alexandrov-
embedded, then the ends of M; are of unduloidal type for ¢ > 0 and of
nodoidal type for ¢ < 0.

4.3. Alexandrov-embeddedness

In order to show that M; is Alexandrov-embedded for ¢ > 0 small enough,
one can follow the proof of Proposition 7 in [26]. Note that this proposition
does not use the fact that M; is CMC H, but relies on the fact that the am-
bient space is R3. This leads us to lift fi to R3 via the exponential map at the
identity, hence defining an immersion ft ¥; — R3 which is not CMC any-
more, but is Alexandrov-embedded if and only if f; is Alexandrov-embedded.
Let 1 : X9 — My C R3 be the limit minimal immersion. In order to adapt
the proof of [26] and show that M; is Alexandrov-embedded, one will need
the following Lemma.

Lemma 10. Let ft = %ft Then ft converges to ¥ on compact subsets of
0.
Proof. For all z,
expy, (fo(2)) = fo(z) =Lz,
SO ﬁ)(z) = 0. Thus
- d -
lim fi(2) = %ft(z) =0 -

Therefore, using Proposition 12,

¥(z) = lim — (ft( ) —1I2)
= lim% (epr(ﬁ(z)) - eXPIQ(J?O(Z))>

t—0

d
dt eXPIQ(ft( )) |t:0

d ;
= dexpy, (0) - — fi(2) le=o0
= lim fy(2).
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Appendix A. CMC surfaces of revolution in H3

Following Sections 2.2 and 2.3 of [9],

Proposition 13. Let X : R x [0,27] — H? be a conformal immersion of
revolution with metric g*(s) (ds2 +d02). If X is CMC H > 1, then g is
periodic and denoting by S its period,

S S 2
d 2
\/HQ—I/ g(s)ds=m and /S:W
0 0

g(s)  |w]

where w is the weight of X, as defined in [17).
Proof. According to Equation (11) in [9], writing 7 = f”g“:rl and g = Te’,
(A1) (a’)2 =1-72 ((He" + Le_")2 - 620)

where ¢ € {£1} is the sign of w. The solutions o are periodic with period
S > 0. Apply an isometry and a change of the variable s € R so that

o' (0)=0 and o(0)= rsneiéla(s).

By symmetry of Equation ({A.1f), one can thus define

2000) — mine2®) and b:= eQU(g) — max e27(8)

seR seR

a::=e€

With these notations, Equation (A.1]) can be written in a factorised form as

(A.2) (6" = 72(H? = 1)e™2 (b— ¢) (¢*° — a)
with
1—2um2H — /1 —472(H — 72)
(4.3) ‘- 2r2(H? — 1)
and
b 1 —2r2H + /1 — 472(.H — 72)

272(H? — 1)
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In order to compute the first integral, change variables v = €7, y = Vb — v?2

and x = \/;’_7 and use Equation (A.2)) to get

S NG
VH? — 1/ 7e” ) ds = 2/H?2 — 1/ Tud
0 Ja

a T™VH?2 —1vVb —v2V/v2? —a
__ /0 __dy
Vi—a /b —a—y?

1
d
:z/w
0 1— 22

=T.
In the same manner with the changes of variables v = e 7, y = Va~! — v2
and o = %7
Va b T
/S ds -2 b/ dv
o 77  rVHZ 1 )i vvb—v 2V 2—q
2 Vart=bt dy
_7'2\/H2—1/o Vb —a — aby?
B 2 U dx
Cr2VH? —1vVab Jo V1—a2?
7
T2
because ab = 75 O

H2-1°"

Lemma 11. Let D; be a Delaunay surface in H? of constant mean curvature
H > 1 and weight 27t > 0 with Gauss map 1. Let vy be the maximal value
of R such that the map

T : (-R,R)xD;y —» Tub,, C H3
(T, p) — geOd(p7 ui (p))(T)

s a diffeomorphism. Then ry ~ 1t ast tends to 0.

Proof. The quantity ry is the inverse of the maximal geodesic curvature of the
surface. This maximal curvature is attained for small values of ¢ on the points
of minimal distance between the profile curve and the axis. Checking the
direction of the mean curvature vector at this point, the maximal curvature
curve is not the profile curve but the parallel curve. Hence 74 is the minimal



786 Thomas Raujouan

hyperbolic distance between the profile curve and the axis. A study of the
profile curve’s equation as in Proposition 13 shows that

r¢ = sinh ™" (7 exp (0min)) = sinh ™' (T\/@) .

But using Equation (A.3)), as 7 tends to 0, a ~ 7% = [t|, which gives the
expected result. O

Lemma 12. Let D; be a Delaunay surface in H? of weight 2wt > 0 with
Gauss map n: and mazximal tubular radius ry. There exist T >0 and o < 1
such that for all 0 <t <T and p,q € Dy satisfying dys (p,q) < ary,

ITgm(p) — melg)|| < 1.
Proof. Let t > 0. Then for all p,q € Dy,

Hrpﬁt (C])H < 2;15 11 (s) | < €(ve)

where I1; is the second fundamental form of Dy, ¢ C Dy is any path joining
p to g and £(v;) is the hyperbolic length of ~;. Using the fact that the
maximal geodesic curvature x; of D, satisfies k; ~ cothr; as t tends to zero,
there exists a uniform constant C' > 0 such that

sup || I1;(s)|| < C cothry.
s€D,

Let 0<a< (1+C)"'<1 and suppose that dgs (p,q) < ar;. Let oy :
[0,1] — H? be the geodesic curve of H? joining p to ¢. Then oy([0,1]) C
Tubg,, and thus the projection 7y : 0¢([0, 1]) — Dy is well-defined. Let ~; :=
7y o o¢. Then

Hrpnt (q)H < Ccothry x sup ||dm(s)]|
s€oy

< Ccothry X sup |ldm(s)|| X dgs (p, q)
s€Tubar,

tanh r
< Ccothry x ¢

X ar
tanh ry — tanh(ary) k

Cary Ca

~ <1
~ tanhr, — tanh(ar;) 11—«

as t tends to zero. O
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Appendix B. Remarks on the polar decomposition

Let SL(2,C)™" be the subset of SL(2,C) whose elements are hermitian
positive definite. Let

Pol : SL(2,C) — SL(2,C)"" x SU(2)
A —  (Poly(A), Poly(A))

be the polar decomposition on SL(2, C). This map is differentiable and sat-
isfies the following proposition.

Proposition 14. For all A € SL(2,C), ||dPoly (A)|| < |A].

Proof. We first write the differential of Pols at the identity in an explicit
form. Writing

dPO].Q(IQ) : 5[(2,@) — 5u(2)
M —>  poly (M)

Olab_z'hn_ab;
pZC—a_%b—ima'

Note that for all M € sl(2C),

gives

ol

1 _
Ipoly(M)|? = 2 (Im a)?* + 1 (|b —c*+ e — b|2>
1
<|MP - e
<M.

We then compute the differential of Poly at any point of SL(2,C). Let
(S0, Qo) € SL(2,C)"" x SU(2). Consider the differentiable maps

6 : SL2,C) — SLRC) . ¢ : SU@) — SU@)
A —  SpAQo Q +— QQo.

Then 1) o Poly 0 ¢! = Poly and for all M € Ts,q,SL(2,C),

dPols (SoQo) - M = pol, (S MQy™) Qo.
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Finally, let A € SL(2,C) with polar decomposition Pol(A) = (S5, Q).
Then for all M € T4SL(2,C),

|dPoly(A) - M| = |poly (ST'MQ™) Q| < |S]| x | M|
and thus using
S =exp <; log (AA*)>

gives
[dPoly(A)[| < [S] < |A].

0

Corollary 3. Let 0 < g <logp and Fi,F» € ASU(2), with unitary parts
Q; = Pola(Fi(e™?)). Let € > 0 such that

B - L <e

If € is small enough, then there exists a uniform C >0 such that for all
(OAS TIzH?’,

Q20— Q1 vl < C Pl
Proof. Let v € T,H? and consider the following differentiable map

¢ : SU(?) — T12H3
Q — Q- v.

Then
1@z -0 = Q1 vl e = 16(Q2) — (@)l e
< sup [y \x/ 58] dt

te(0,1]

where 7y : [0,1] — SU(2) is a path joining Q2 to Q1. Recalling that SU(2)
is compact gives

(B.4) 1Q2- v — Q1 vllgy g < ClQ2 — Qul
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where C' > 0 is a uniform constant. But writing A; = F;(e™9) € SL(2,C),

|Q2 - Ql‘ = |P012(A2) PO]Q A1

sup [[dPola(y(1))]] x / () dt
te(0,1]

IN

where 7 : [0,1] — SL(2,C) is a path joining Az to A;. Take for example

~(t) := Ay exp (t log (Az_lAl)) i

Suppose now that e is small enough for log to be a diffeomorphism from
D(I3,¢) NSL(2,C) to D(0,€) Nsl(2,C). Then

45— < 175 R -], <
implies
(t)] < ClAs| and  [3(t)] < CC|Asle

where C , C > 0 are uniform constants. Using Proposition 14 gives
Q2 — Q1| < CC? | Aol e
and inserting this inequality into (B.4]) gives

1Q2 v = Q1+ vl s < COC? |4 e < COC? | By 2.
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