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is a C-equivalence.
Second, suitable evaluation defines a map from W, (L) to L, analogous to
the linear situation

ev: Hom4(A%", A) ® A®" - A4,
and we can imitate the map of (2.6.4) to get
tr(™ : THH, (W, (L); V) = THH,(L; V),

This induces the required equivalence. O

The resulting trace map, valid for any FSP, tr: K(L) - THH(L), is
Bokstedt’s topological version of Dennis’ trace map. It is far from obvious,
however, that tr is a map of spectra. See the final paragraph of this section.

It is time to explain how to lift the topological Dennis trace into the
fixed sets TH(L)C of the finite subgroups C C S!. Suppose first that G is a
(topological) group.

The simplicial map (cf. 2.1.7)

8c: No(G) 22 N (G) 29 sdo N (G)°
has topological realization homotopic to
8.: BG -1 ABG 25(ABG)C, A(\6)) = A(6°)

where ¢ = |C| and I is the inclusion into the constant loops.

For a subgroup Co C C, the composition of é. with the inclusion of
(ABG)€ into (ABG)®° is equal to J., since A, leaves constant loops in-
variant. On the simplicial level it is therefore not surprising that there is a
natural homotopy between ¢, and the composition

INu(G)] 22 |sdo NS (G)|C 29 |sdo NEY (G)|0 -2 |sde, NE¥ (G)]°
where D is the subdivision homeomorphism of lemma 2.1.6. Thus if we write

Fo/c,: |8doNP (G)|C —s |sdg, N&Y (G)|C°
Rcyc,: 1sde N (G)|© = |sdg, N (G)|?°,  Rojeo = Ag)e,

we have
Fcycy ©0c ~ dc,,  Reyc, ©0c = bc, (2.6.6)
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with a specified homotopy in the first relation. There results a diagram

lim |sdoc NS (G)|
e %
IN(©) ]F
~&

Jim |sdo NS (G)]°

R
which is homotopy commutative via a specified homotopy equivalence and
thus a map

hF
8: |N.(G)| =» (}g lschfy(G)IC) (2.6.7)

R
into the homotopy fiber of F' — id.

We want to apply (2.6.7) to G = GL: (L), so must generalize to group-like
topological monoids where I, a priori does not exist.

The standard way to overcome the lack of strict inverses is to group
complete the topological monoid: there are functors G — GV and G —» G/,
and natural transformations G + GV — G” which induces equivalences of
the constructions No( ) and N¢¥( ) when G is group-like. Here GV is a free
monoid and G is a topological group, cf. [BF, p. 331] or [G2], sect. 1.1.8.
Consider the homotopy pull-back

B'G — holim |sde NEY (GV)|C
R

I -
\Y 5" : cy (N |C
INo(GY)] —£— hlim|sdoN(G)]
R
where 6" is the composition of § with the inclusion of lim into holim.
T '
When G = @k(L), the simplicial map

Se: N&¥(GLi(L)) - THH,(My (L))

is cyclic in the sense of Connes, and the induced maps on C-fixed sets com-
mute with the F' and R-maps. One gets a map

. = hF . hF

h%l:_m sdo NS (GLi(L))C | - hg}l_:_m |sdcTHH, (M (L))" .

The target is TC(Mg(L)). It is by (2.6.5) and (2.4.6) equivalent to TC(L).
Thus we have for each k a string of maps

trc: BGLy < B'GLi(L) — TC(M (L)) =+ TC(L)
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which in turn induces a map from K (L) to TC(L), the cyclotomic trace.

In order to see that trc is in fact a map of spectra, one uses e.g. Segal’s
I-structure on IIBGL; (L) and a corresponding structure on ITHH(M (L)),
cf. [BHM], sect. 4. Finally, the associated abstract delooping of TC(L) and
the concrete one from sect. 2.5 agree by [HM], sect. 1.6. I return to a different
solution to this in the next chapter, but it is in order to mention that the
I’-space approach is based upon the following

Proposition 2.6.8 ([BHM]). For a product of FSP’s there is a Coo-
equivalence
TH(L: x L) ~TH(L,) x TH(L;). O

3 The relative theorems

The end result of this chapter is a proof of the following conjecture from [G5]:
Let f: Ly — Ly be a map of FSP’s such that mgL; — mg L3 is a surjection of
rings with nilpotent kernel. Then

K(L,) —— TC(L,)

| !

K(L;) —— TC(L)

becomes homotopy Cartesian after profinite completion.

The proof proceeds in three steps, due to Dundas-McCarthy [DM1], Mc-
Carthy [Mc] and Dundas [D], respectively, and uses Goodwillie’s black magic:
calculus of functors, [G3), [G4]. The exposition is based on these papers and
on [DM2]. I have had invaluable help from B. Dundas with some of the
details below.

3.1 Calculus of functors.

Calculus of functors is a general procedure, devised by Goodwillie, for proving
relative theorems as above. The reader is referred to [G3], [G4] for more
details.

We shall consider certain functors

F': s.sets — {prespectra}

from the category of simplicial sets (or spaces) to the category of prespectra.
I here use prespectra indexed only on R", not the coordinate free ones of
May.



230 Algebraic K-theory and traces

The functors we consider are supposed to satisfy the following two axioms:

(i) A homotopy f:: X1 — X, induces a natural homotopy
F(ft): F(X1) - F(X2).

(ii) For each X € s,sets and each prime p, the mod p homotopy groups
satisfy
i(F(X);Fp) = l.in)”iF(X(a%Fp)

where X(® runs over the finite subcomplexes of X.

Condition (i) implies that F is a homotopy functor; (ii) is called the p-limit
axiom.
Given such an F' and a fixed (X, z) € s.sets. there is a new functor on
Sesets., namely
&(Y) =fib(F(X VY) = F(X)).

Consider the commutative diagram
(YY) —— P(CLY)
®(C_Y) —— ®(STAY)

where C1Y are the two cones in the reduced suspension S'AY. The standard
retractions of the cones induce retractions of the two off diagonal terms, and

in turn a map
o(Y) = Q®(S' AY). (3.1.1)

The homotopy colimit of these maps is called the differential of F at
(X, z). More importantly for our purpose we have

Definition 3.1.2. The derivative of F' at (X, z) is the prespectrum whose
n’th term is
9 F(X)(R") = &(5")

and with structure maps
S A9, F(X)(R") = 8, F(X)(R"*!)

being the adjoints of (3.1.1).
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For example the derivative of the functor
F(X)=X%(X})

of the suspension spectrum of the n-fold Cartesian power of X is

O:F(X) = \n/ zo(x )

We next define Goodwillie’s concept of analytic functors. The simplest
ones are the linear functors. They are the homotopy functors which map a
homotopy coCartesian square

Y, — Y{2}
Yoy — Yz
into a homotopy Cartesian square
L(Yy) —— L(Y(ay)
L(Yyy) —— L(Y,23)s

and has F(x) ~ .
Here homotopy Cartesian and homotopy coCartesian means that the
canonical maps

Yo > holim(Yi1y = Y12y + Yi2})
Y101 ¢ holim(Yyyy + Yo = Yzy)

are equivalences.
To define the concept of analytic functors, one needs to consider n-
dimensional cubes of spaces and spectra, i.e. functors

X: P(S) = C, C = sqsets, {spectra}

from the category of posets of the finite set S. If S.= n, then X is called an
n-cube. Generalizing the above, X is called k-Cartesian or k-coCartesian if

%(0) —'-’-)h&m X, Po=7P(S) - {0}
Po(S)

%(S) <~ holim %, P, =P(S) - {5}
P1(S)
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are k-equivalences.
Given U C T C S the face 87X is the T — U cube given by

AFX(V)X(V UU).

We shall consider strongly coCartesian cubes, that is, cubes X where each
2-dimensional face % X is k-coCartesian for all k. This implies in particular
that the total cube is homotopy coCartesian.

Definition 3.1.3. A functor F': sesets — {spectra} is called stably n-excisive
if the following statement E,(c, k) is true for some numbers c and «:

E,(c,k): Given any strongly coCartesian (n + 1)-cube X with X(0) — X({s})
ks-connected and ks > k, then the (n + 1)-cube F(X%) is (—c + Xk;)-
Cartesian.

Definition 3.1.4. A homotopy functor F is called p-analytic if for some g,
independent of n, F satisfies E,(np — q,p + 1) for all n.

Let (A, P) be a pair of a unitary ring and an A bimodule P. For each
based simplicial set Y, € sosets. we have the simplicial ring
(Ax P)(Ys) = A® P(Y.), P(Y.) = P[Y.]/P[+.]

with multiplication
(a1,p1)(a2, p2) = (@102, a1p2 + pra2).

We shall see in sect. 3.3 below that the realization of the simplicial functors
[r] = hF (K (A ® P(Y,)) > K(A4))
[r] = hF(TC(A ® P(Y;)) = TC(4))

both satisfies E,(—2 — n,0) for all n; thus they are (—1)-analytic; hF =
homotopy fiber.
The main theorem of Goodwillie’s about analytic functors is the following

(3.1.5)

Theorem 3.1.6. Suppose 0: F — G is a natural transformation between
p-analytic functors such that 8,6(X): 8;F(X) — 0,G(X) is an equivalence
of prespectra. Then for every (p + 1)-connected map Y — K in seSets,, the

diagram
FY) — G

| !

F(K) —— G(K)
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is homotopy Cartesian.

The cyclotomic trace of sect. 2.6 defines a natural transformation between
the two functors in (3.1.5), which turns out to satisfy the conditions of the
above theorem after profinite completion, cf. sect. 3.2 and sect. 3.3 below, so
theorem 3.1.6 implies that

K(A® P(Y,))» —— TC(A® P, (Y))"

l 1 (3.1.7)

KA ——  TCA)N

is homotopy Cartesian, where the upper horizontal line is calculated degree-
wise. Indeed, the homotopy fibers of the vertical arrows are the relative
theories of (3.1.5), and they vanish for Y, = *,, so agree by the theorem.

3.2 K- and THH of additive split exact categories.

In this section C is an additive split exact category, e.g. the category of
projective modules P4 over a ring, or its subcategory F4 of free modules.
Recall that Waldhausen in [W3] associated to C a simplicial set (in fact
a simplicial category) S,C. The r-simplices of objects in S,C is the set of
diagrams
ClH Cz o Cs lan R e d Cr

{ { {
Ci2— Ciz—--- —~ Cir
! {
Cazr - Cor (3.2.1)
{
{
Cr—l,r

with
0—)Cij —)Cgk—-)Cjk—)O

a (split) exact sequence. Thus S,C = 0 for r = 0, S;C = C, and in general
S,C is the category of flags involving r objects with choice of quotients.

The objects of S,C form a simplicial set where do forgets the first row
(divides out C;) and where d; contracts the flag by forgetting C; and the row
Ci.. The degeneracy operator s; inserts an extra Cj, so for example so and
s1 from S;C = C to S>C sends C to 0 — C and C — C, respectively.
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The nerve of the isomorphism category iS,(C) of flags defines a bisimpli-
cial space
[s], [r] = N,(iS:C).

The loop space of its realization is Waldhausen’s definition of K (C),
K(C) = N No(iS.C)| (3.2.2)

(of course, Waldhausen’s definition applies to much more general situations).
In order to relate this to the previous definition of K-theory, recall from
sect. 2.2 that we can realize the double complex in two steps. Let us first
realize the r-direction. There is an obvious map

Al x N,(i51(C)) = |Ns(iS.C)|
(the inclusion of the 1-skeleton), and since SoC = {0}, it factors over
0: ST A Ny (81C) = | N4(3SsC)|.
Realizing the s-direction and adjoining o we get a map
IN.(O)| 2D QI N, (i5.C))| (3.2.3)

which turns out to be a group completion, cf. [W3], sect. 1.6. When C = J4
then

[o ]
INe(3a)| = ] BGLA(4)
n=0
so the above definition of K-theory agrees with the earlier one from sect. 2.6
in this case.
The iterated degeneracy operator in the s-direction defines a map

8: No(iSeC) = N,(iS,C)
with a one-sided inverse d§, and gives a map
8: |No(iSeC)| = | No(iSeC)|- (3.2.4)

Corollary 1.4.1 of [W3] states that (3.2.4) is an equivalence. Thus one can
recast (3.2.2) as
K(C) 2 Q|obS.C| = Q|[r] = SC|. (3.2.5)

When C = P4, the projective modules, then (3.2.4), and (3.2.6) below, implies
that
Ko(pr) = 7l’1|0b S.?Al = Hl(Ob S.?A) = Ko(A),

the projective class group of the ring A.
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The S, construction can be iterated, and defines a (—1)-connected spec-
trum whose (n — 1)’st term is Q| ob siMe |. The natural maps

lobS{" Y| » 0] obS{Mc] (3.2.6)

are equivalences for n > 1, cf. [W3], proposition 1.5.3, so the S,-construction
deloops K (C) beyond the first step

K(C) ~Q"obSMc), n>1.

We now turn to THH(C), following [DM2]. We have already presented
the definition in (2.3.9), and can try to imitate the two key results above,
(3.2.3) and (3.2.4), for No(—) replaced by THH,(—). In fact, since THH(-)
is already a spectrum, one expects that (3.2.3) be an equivalence, and this
indeed happens. Here are some details.

We can think of (3.2.2) as

K(C) = Q|[r] = |N.(iS:C)||
and can similarly consider the simplicial space
[r] = THH(S,C) = |THH.(S:C)|
which we denote for short THH(S,C). There are maps

o: S* ATHH(C) — THH(S.C)
s: THHy(S,C) = THH,(S,C)

defined as above.

Theorem 3.2.7. ((DM2]) The maps o and s define equivalences

(i) THH(C) = QITHH(S.C)|
(i) lim ©|THHo(S{VC)| 5 lim Q" THH(S{MC)|

Proof of (i) (sketch). The proof is modelled upon [W3], proposition 1.53.

Consider the functor S,C — C™ which to the flag (3.2.1) associates the n-
tuple (Cy,C12,... ,Cn-1,n). It induces an equivalence

THH(S,C) = THH(C)".

This is an application of Morita invariance and (2.6.8): the trace of a trian-
gular matrix only depends on the diagonal entries.

Now recall for any simplicial space X, the simplicial path space con-
struction P, X,. It has n-simplices P, X, = X,+1 and face and degeneracy
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operators are shifted up by 1. The extra degeneracy so: X, — Xp+1 not
used in P, X, gives an equivalence |PsX,| ~ Xo, 80 |PoX,| is contractible
when Xy consists of a single point. Moreover we have a sequence

X, 25 P X, 2 X,

of simplicial sets upon considering X; the constant simplicial space. We now
have for each r the diagram

THH(C) —— THH(P.S,() —— THH(S,C)
THH(C) —— THH(C)"*! —— THH(C)"
so the sequence

THH(C) - THH(P.S.C) - THH(S.C)

is a degreewise homotopy fibration, and hence becomes a homotopy fibration
after realization, since THH(-) is equivalent to an abelian group complex,
see (3.2.8) below. Finally |THH(P,S.C)| ~ *. O

The proof of (ii) is more delicate and requires some rewritings of THH(C)
which we now present. We have for each number z the simplicial abelian

group 3 _
C*(co, 1) = Home(co, €1) ® Z(S7) = C(zo,21) ® Z(S5)

and associated simplicial sets, one for each r,

Vee€x) =\ 8(C%(co,er) ACTH (e1,c0) A=+ AC™ (cr, er-1))
€0y-.- ,Cr EC
where § denotes the diagonal in the stated multisimplicial set. There are
simplicial maps
Veo(C, %) < V,1,4(C, dix)
Vr,o(cy X) _3-_) ‘/7'+1,0(cs six)

and we let

THH,..(C) = holim 5sC(852° A+ A 53", V;,0(C, X))

xeIr+1

Here s,C is the simplicial mapping space. This gives a bisimplicial set
THH,. ,(C) whose realization is the THH(C) defined in sect. 2.3.
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We now vary the definition by replacing V; +(C,x) by

VA(C,x)
= P () ®Z(C™ (c1,00) A+ AC™ (cry 1))

€0,--. ,Cr €EC

D (o c) ®EC (c1,0)) ® - B E(C (cryr-1)

(3:28)

and write THH?,,(C) for the corresponding bisimplicial abelian group. The
inclusion of V, +(C,x) in V§,(C,x) induces a simplicial map

6,: THH,(C) - THH®(C) (3.2.9)

which is an equivalence. This follows from lemma 2.3.7, the well-known
isomorphisms

mM(Y) = Hy(Y; M) 2 miy o (Y A M(S%)), i<z,

and because the inclusion of the wedge in the product (direct sum) is 2¥z, —1
connected.

Recall that S,C is the category of (split) exact sequences in C. The
morphisms are commutative diagrams

0 0 » C1 y Co - 0
1fo lfl lfz
0 » Cp » C » Cy » 0

We use the notation (fo, f1, f2) for this morphism. The simplicial functors
do,d1,dy: S2€C = C = 51C
induce simplicial maps
do,dy,dy: THH®(S,C) - THH®(C)

and we have (in preparation for the proof of theorem 3.2.7 (ii))

Lemma 3.2.10. For each r, there are natural transformations
T®) . THH®(C) - THH®(S:C), v=1,2
such that

doTM =id, &TM =0=dT®, &TO =diT®, T =sjodp.
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Proof. Given objects ¢ = (co, ... ,¢r) € C"*! and morphisms ag € C(co,cr),
ay € C(ck,ck—1) for k=1,...,r we define objects Afc") = Ai") (c,a) of SoC

AP:0—C. 5 C 00T C—0

1
AP 0. %, 00,39 0, — 0

where Br = ag41---ar for 0< k <rand 3, = 1.
With these notions we define ¢*)

t1): 5,C(ST, VS (C,x)) = 5.C (ST, VS (5:C;x))
t®): 54C(S¥, VS (C;x)) = 5.C(SY, V.S (S2C;y))
wherey = (zo+ -+ Tr,Z1 + -+ Tp,... ,&r) and S¥F = STOA---AST. If
(zo,---,zr) = (0,...,0) the formulas are:
t)(20® - ® ar)
—(L(23) a0 ®(L(3B2) ) ®o (L () a)
t$2)(a0®... ® ay)
= (a0 o (0 )0 @ L (3 d) @)@ 8 (L(sa)ar)-

For general x, one needs to replace C%(c, d) by the equivalent s,C(c, d®Z(S%))
and one must use suitable suspension maps

5eC(c, d) = 5.C(c ® Z(SY),d ® Z(SY))

in order to define both Aiz) (c,@) and #?). Details are left for the reader to
carry out, who can also consult [DM2]. We set

T®) = holim t®): THH®(C) - THH®(S,C).

Ir+l

These are the required maps, and the required relations are obvious to check.
a

We assumed C to be an additive split exact category, so S2C is equiva-
lent to C x C: there are functors both ways whose composites are naturally
isomorphic to the identity. Indeed,

S, B e e, ¢ xc®s,e

are the two functors. One composite is the identity; the other sends each
object to an isomorphic object, and one may easily construct the required
natural isomorphism.
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Functors such as THH®(C) does not map equivalent categories into ho-
motopy equivalent spaces (check e.g. r = 0). However the composite functor
THH®(S,C) does have this property.

Lemma 3.2.11. Let go, g1 : C = D be naturally isomorphic functors between
exact categories. Then there is a simplicial functor

G: A[l]s x SoC = S.D

which restricts to S, fo and S, f at the two ends. Here A[l], is the simplicial
1-simplex considered as a discrete category. (]

The lemma is proved in [W3], although only stated on objects. Since
simplicial homotopies are preserved by functors, the induced maps

THH®(S.C) =3 THH®(S,D)
are homotopic. In particular
THH®(S,S:C) ~ THH®(S,C x S.C).

Consider a functor X from additive exact categories to simplicial or topo-
logical groups with X (0) = 0 and X(C x D) — X(C) x X(D). Let Y/(C) =
Y (S.C), a bisimplicial abelian group. Then

dy ~do+d2 =Y(S:L) > Y(C) (3.2.12)

where d; = Y (d;). This follows from the homotopy commutative diagram

Y(5:C) 29X yc x ¢) Y%7 y(5,0)

m‘ l"+%'

Y(C) x Y(C)

The right hand triangle homotopy commutes because it does so after com-
posing with the equivalence do x d2, d2s9 = 0 = dops;. The left hand triangle
commutes because 7, X IF, is a homotopy inverse to i; +12. Finally the hori-
zontal composite is homotopic to the identity by lemma 3.2.11, and d; (30 +31)
is equal to addition.

The functor THH®(C) does not preserve product, but the functor

X,(C) = lim QFTHH® (S C) (3.2.13)
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does. This is formal and true for any functor Z with Z(0) = 0 as the map of
multisimplicial sets

2(s¥¢ x 59¢) - 2(s¥c) x z(sMe)

is an isomorphism when the sum of the 2k simplicial degrees is less than 2k
(because SoC = 0). In particular the map is 2k-connected.

Proof of theorem 3.2.7 (ii). With the notation from (3.2.13) have from
(3.2.12)
31 ~ 30 + 32: Xr(SeS2C) = X,(S.C).

Lemma 3.2.10 can be applied to X, as well as to THH®, and shows that the
composition

X:(C) 25 Xo(C) 2 X,(C)
is homotopic to the identity. Indeed
id = doTr® + &, e = & TY® ~ dpTr® + d,Tx® = df s},

The other composition is obviously the identity.
Thus X,(C) is a simplicial space in which the simplicial structure maps
are all homotopy equivalences; for such X(C) ~ |Xo(C)| O

Theorem 3.2.7 allows a slick definition of the topological Dennis trace
tr: K(C) - THH(C),
namely as the composite
Q|S.C| = Q|THH((S.C)| — QTHH(S.C)| ~ THH(C) (3.2.14)

where the first map is induced from sending an object C € S,C into idc €
Homg,¢(C, C).

We can introduce the spectrum TH(C) either by iterating the S,-
construction or by introducing a dummy variable similar to what we did
in the case of THH(L). The corresponding deloops (spectra) are equivalent
by the standard argument which makes use of both deloops:

THH(S{™C) ~ Q"THHS" (S{™C) ~ THHS" (C)

(cf. [BM] sect. 1).
If we use the iteration of the S,-construction to define the spectrum, then
it is obvious that the map in (3.2.14) is a map of spectra.
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Later in the chapter we shall consider THH®(C; M) where M: C° x C —
Ab. It is defined by replacing V;$,(C,x) by

V,?,(C;M,x) = @M“(co,c,.)@ZC’“(cl,co)@- - ®ZC* (cr,cr—1). (3.2.15)

If C is the catetegory of projective or free modules and M is an A-bimodule
then
M?=°(co,cr) = Homy(co, cr ®a M)

extends to a functor on S,C, and the proof of theorem 3.2.7 extends word for
word to give

THH®(4, M) ~ lim QP (ITHHE (S P4, M))).

4

Moreover, in this linear situation, one can omit the homotopy colimit over
To in the definition of THHY. Indeed, for any number z

Hom 4 (a,b) — seP4(a ® Z(S?), b ® Z(S7))
=, 5.Sets. (S2,34Pa(a,b® Z(S%)))
where ST = A[z]. /0 is the simplicial z-sphere, and Hom 4 (a, b) is considered

the constant simplicial group, cf. [Q1]. We have proved

Corollary 3.2.16. For an A-bimodule M,

THH(A, M) ~ lim 07
) 4

@ Hom(c,c®M)‘. a
ceSP P,

Remark 3.2.17. If we let x = 0 in (3.2.15) we obtain a bisimplicial abelian
group V, (C, M, 0) which is constant in the s-direction. Following [DM1] we
write
F.C,M)=VoC, M0 2 P  M(c,c)
Cp—>--=>coEN,C

The homotopy groups of |Fe(C, M)|, or equivalently the homology groups
of the associated chain complex F.,(C, M), is usually denoted H.(C; M) and
is called the (non-additive) homology of C with coefficients in M. Dundas
and McCarthy proves theorem 3.2.7 for this functor by an argument almost
identical to the above. The diagram

Q°|F, (SSP 4; M)| —— Q®°|THH®(S{P4; M))|

[~ [~

Q®|Fp(SPPa; M)] —=— Q°|THH® (S{)P4; M)|
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then shows that n,THH(A; M) = H,(P4,M). This is a special case of a
theorem due to Pirashvili and Waldhausen, [PW].

3.3 Stable K- and TC-theory.

Let A be a ring, V an A-bimodule and A x V' the semiproduct ring. We
may replace V by the (n — 1)-connected simplicial A-bimodule V(S?) and
consider the simplicial ring A x V(S?). This can be thought of as a small
deformation of A. We want to measure the difference between K(A) and
K(Ax V(S™).

Recall from [W1] that K-theory of a simplicial ring R, is defined as

K(R.) = QB (]_[ B(’;L.(R.)) =Z x BGLoo(R.)* (3.3.1)

where éin(R.) C Mn(R,) is the group like simplicial monoid of ma-
trices which map to invertible matrices in M, (moR,.), and BGL,(R,) =
| Ne(GLyn(R.))|. Alternatively we can use (2.6.1) for the FSP

Ro(X) = |[p] - Bp(X)|

Indeed K(R,) ~ K(R.,). There is another, more straightforward possibility,
namely to consider the simplicial monoid GL(R,) with p-simplices GL(R,).
This leads to degreewise K-theory, |[p] & K(R,)|, which however is not a
homotopy invariant of R,, and does not agree with (3.3.1) in general.

For a map of (simplicial) rings Re — Se we write

K(R. = S.) = hF(K(R.) = K(S.)).

Lemma 3.3.2 ([G2]). Let R, be a simplicial ring and I, C R, a (degreewise)
square zero ideal. Then

K (Re = Ro/L) ~ |[p] > K (Rp = By, )|

(There is a little gap in the argument from [G2], lemma 1.2.2 where it was
used without proof that the diagram

BGL(R,) —— BGL(R.)

l !

BGL(R,)* —— BGL(R.)* (Quillen’s plus)
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is homotopy Cartesian. This was repaired in [FOV]).

Definition 3.3.3 ([W2]). The stable K-theory K*(A;V) is the functor

K*(4;V) = lim Q"MK (Ax V(ST) - A)

n

The limit system in the definition, i.e. the maps from K (A®V(S?) — A)
to QK (A® V(S3t!) —» A), are the ones given in (3.1.1). K?(4;V) is a
spectrum whose k’th space may be given by replacing the (n + 1)’st loop
space in the definition by the (n + 1 — k)’th loop space.

The lemma above shows that we might as well have defined the stable
K-theory degreewise as

zwmyyqﬂnﬁmﬂaKuwamaAn (3.3.4)

n

which is the point of view to be used below.
The reader can note the resemblance of K* with the algebraic “tangent
space” of K-theory:

TK(A,V)=K(AxV - A).

In K%(A,V) one has further made V “small” by passing to the simplicial
setting, where one can make V “close to the 0-module” upon replacing it
with V(S?), which “approaches 0” in the homotopy sense as n — co. Further
details on stable K-theory can be found in [K].

The above can be generalized to the setting of FSP’s. Indeed, let L be
an FSP and M a module over L as in sect. 2.3. One defines

(L x M[n])(X) = L(X) V (§™ A M(X))

(one could also use L(X)V M(S™ A X) as the two definitions give stably
equivalent FSP’s).

K*(L; M) = lim Q"' K (L x M[n] - L)

- (3.3.5)

TC*(L; M) = li_m)Q"'HTC(L x M[n] = L).

The topological Dennis trace
tr: K(L,M) - TH(L, M)

factors over K*(L, M) and long ago, Waldhausen conjectured that the re-
sulting map
K*(L; M) 5 TH(L; M) (3.3.6)
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is an equivalence.

The rest of the section is a presentation of the Dundas-McCarthy proof
of (3.3.6) in the linear situation, corresponding to L = A, M =V, the FSP’s
associated with a ring and a bimodule, and of Hesselholt’s corresponding
result for TC.

Consider the category P(A, V) of pairs (P,a) of a projective A-module
P and an A-linear homomorphism a: P -+ P ®4 V. The morphisms from
(P,a) to (P',a') are maps f: P — P’ such that

are commutative.
The K-theory of P(A,V) will be denoted K (A;V); in the simplicial
setting we make the following

Definition 3.3.7. For a simplicial A-bimodule V,,

K¥(4;V2) = |Ir] » K@ V).

Clearly, K(A;0) = K(A) and we set K(4;V,) = hF(K(4;V.) —
K(A)). Lemma 3.3.8. There are homotopy equivalences

(i) K(Ax Ve —> A) ~ KV(4;6V,(S1))
(i) K*(4;V) ~ ho_li_)mQ”‘“f{cy(A, V(Srt1)).

n

Proof. The second statement follows from the first since N,V (X,) = V(S1A
X.,), so we have left to prove (i).

Since we are considering the relative groups, we may replace P(4,V’) by
F(A,V) in the definitions. But

N.(iFy) ~ ﬁ No(imxFv) (3.3.9)
k=1

where myFy is the full subcategories of pairs (4%, ), a € Mi(V) and where
i indicates that we are only considering isomorphisms. An r-simplex of
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N.(imrF(A,V)) is determined by a string (ao; f1,. - , fr) with f; € GLg(A)
and a9 € Mg (V). Thus

N.(imxF(A, V) = NS (GLi(4); Mg (V)) (3.3.10)

upon sending (ao; f1,- .. , fr) into ((f1--- fx) ™ f1,- .-, fr), cf. (2.1.1). From
(2.1.10) we have

SN (GLg(A), NaMi(V)) = N, (GLi(A x V) (3.3.11)

so, extending (degreewise) to simplicial modules V,, and taking group com-
pletions, the result follows. O

Theorem 3.3.12 ([DM1]). For any A-bimodule M, the trace defines an
equivalence
K*(A,M) = THH(A, M).

Proof. We use the model THH® for THH. Indeed corollary 3.2.16 gives

( @ Homsgp)(C,C®A M))

ces®p,

THH(4, M) ~ lim 07

By definition

K (A; M) = Q| K (SPP(4, M))| = F

b

( H Homssp)(C,C®AM))

cesPp

with P = P4. We shall compare these definitions when M is replaced by
the simplicial bimodule W, = M(S?), M applied to the simplicial n-sphere.
Both functors are defined degreewise

THH(A, W,) = |[r] » THH(A; W,)|
K (A, W) = |[r] » K (4;W,)|.

Actually, we are interested in the relative functor K (A, W,). Consider the
coCartesian diagram

|Hcesgp)? Hom () (C,CRAW,)| — | SSp),PI
l—/|S£r):PI l—/lss’)?l

|Vces£"’y Hom g¢r) (C,Co4W,)

—  x




246 Algebraic K-theory and traces

Each of the spaces are at least (p — 1)-connected, since the S,-construction
applied to any category adds one to the connectivity. It follows the vertical
homotopy fiber is (2p — 2)-equivalent to the space |S$p )fP| which was divided
out, and hence that the vertical homotopy fibers agree in the same range.
Since p > 2n, it follows that

KY(4;W,) ~3n @ | \/  Homgg (C,C @4 WL)|.
CesPp

It is clear from the definition of trace given in (3.2.11) that it (under the
equivalences above) corresponds to the natural inclusion

\V Homn(C,Co@aW.) » P Homg (C,C @4 We).
Ces®p ces®Pp

This map is (p + 2n)-connected. Indeed, the inclusion of a wedge of n-
connected spaces into the product is 2n-connected, so the corresponding map
indexed over SPP is (2n + 1)-connected. Thus the homotopy fiber of the
map in question is a bisimplicial set F, o with |F; 4| (2n + 1)-connected for
r > p and | X, .| contractible for r < p (since |S£” )| is (p— 1)-connected. The
standard spectral sequence

Hr(Hs(FO,O)) = H"‘+3(5F"')

is zero for r < p and s < 2n + 1, so gives the connectivity conclusion. The
theorem now follows from the equivalences

K*(A; M) = holim QLK (A; M(SPHY))
TH(A; M) = holim Q"HITH(A; M(S?Y). O
We remark that the above proof also contains a proof of

Addendum 3.3.13. For a simplicial A bimodule V,,

M) EY(4;V.) = lim 07
14

V Homss,,) (C, C Ra Vo)
cesPp

(i) EV(4;V(X,)) = lim QP
P

V Hom ) (C, C ®4 Vo)™ (Xe)
ces®Pp
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Theorem 3.3.14 ([H1]). For any FSP L and L-bimodule M, the profinite
completions of TC®(L; M) and TH(L; M) are equivalent.
Proof (sketch). Recall from (3.3.5) that
TC*(L; M) = lim Q" TC (L x M[n] - L)
where L x M|[n] is the FSP
(L x M[n])(X)=L(X)V (S™AM(X)).
We may decompose
(L(S%) V M[n](S*°)) A --- A (L(S*") V M[n](5*"))
into a wedge, and collect the factors which contain a given number of copies

of M[n](S*). This gives a decomposition of cyclic spaces

TH(L x M) = \/ Ta(Zi MIn)

a=0

with To(L; M[n]) = TH(L). Moreover Ti(L; M[n]) is a simplicial spectrum
whose k-simplices has exactly one copy of M[n], but sitting at any of the
(k + 1) positions available, i.e.

T1 (L, M[n])k = Ck+1 + A TH(L, M[n])

The realization of this cyclic space is S} ATH(L; M|[n]) with its natural action
of S? (in the first factor), so

Ty(L; M{n]) = S} A TH(L; M{n)).
The cyclotomic structure map R, maps
Ry: Ta(L; M[n) %" = Tayp(L; M[n]) %

if pla and trivially otherwise. By (2.4.6) this map is (na — 1)-connected.
Hence if (k,p) =1

Tpei(L; M[n])C%" ~ipn_1 Te(L; M[n])%~*,

and again by (2.4.6), Tk(L; M[n])%~* ~ Ti(L; M[n))sc,,_, , which is (kn —
1)-connected (as T} contains k copies of the (n — 1)-connected M|[n]).

We are only interested in the range < 2n, so Tkp+(L; M[n])®»" can be
disregarded when k£ > 1. Thus by theorem 2.5.5,

o Cpor\
TC(L x M[n] = L)} ~n—1 (hglgn (V Ty (L; M[n])) ) .

1 8=0
r J
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Moreover,
RI(,’): Ty (L; M[n])C%" ~op_1 Ti(L; M[n])C;-’ forr>s
and Tps (L; M[n])®?" ~2,—1 0 if r < 5. Hence
oo Cpr r T
(\/ T, (L; M[n])) ~ano1 \ Ta(L; M) = [ Ta(L; Mn))
=0 t=0 t=0

(as we work with spectra, there is no difference between finite wedges and
finite products). The R,-map corresponds to projection on the first r factors,
so

=) Cpr oo
holim (V Tpe (L; M [n])) = [[ u(L; M[n)%
R, 8=0 t=0

and by (2.5.4) one concludes that

A
TC (L x M[n] » L)} ~ (h?l_im Ty(L; M[n])cp.) :
F, »
The action of S (and hence Cpt) on
T3(L; Mln)) = S ATH(Z; Min])

is free, and in this case the action can be divided out, so

h(c:_im Ty (L; M[n])%st ~ holim (S*/Cpe4 A TH(L; M[n]))

where the limit on the right is via transfers (in the suspension spectrum
£°(S/Cpt+)). If we identify S?/Cpt = S* then we obtain a (co)fibration of
limit systems:

TH(L; M[n]) —— S ATH(L; M[n]) —— S* ATH(L; M([n])

Jr o Ji

TH(L; M[n]) —— S ATH(L; M[n]) —— S A TH(L; M([n])
This implies a cofibration in the limit. Since
holim(TH(L; M[n]),p); ~ 0

we are finished. O
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3.4 McCarthy’s theorem.

The presentation in this section is my writeup of lectures given by McCarthy
in Aarhus, July 1994.

Theorem 3.4.1 (McCarthy). Let R — S be a surjection of rings with
nilpotent kernel. Then the diagram

K(R)» —— TC(R)"
K(S)» —— TC(S)?
of profinitely completed spectra is homotopy Cartesian. In particular

K(R— S)» ~ TC(R - S)™.

The obvious induction shows that it suffices to prove the theorem when
the kernel is a square zero ideal; this will be assumed in the rest of the section.
Associated to a simplicial ring R, we have the FSP

Ro(X) = |[s] = R.(X)|.

We write TC(R,) instead of TC(R,). If R, — R, is a simplicial equivalence
(i.e. |Rs| = |R,| a homotopy equivalence) then the induced map of FSP’s
R, — R, is a stable equivalence in the sense that
. n/p n : n(pl! n
lim (R, (8™)) - lim O"(RL(S™)
n n

is an equivalence, and in this case
TC(R,) — TC(R))

cf. sect. 2.6, so TC(R,) only depends on the homotopy type of R,. On the
other hand, we have the possibility of calculating TC degreewise. In contrast
to K-theory where the two definitions do not agree in general we have

Proposition 3.4.2. TC(R.) ~ |[s] = TC(R,)|.

Proof. Since

Qn0+"'+nk ~

[s] = Rs(S™) A--- A Rg(S™)

|[s] —y Qrot-tn (R,(S"°) Ao /\Rs(snk))|
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we see that the topological Hochschild spectrum TH(R,) can be calculated
degreewise:

TH(R.) ~ |[s] - TH(R,)

The fundamental cofibration sequence of proposition 2.4.3 then shows that
the same assertion is true for fixed sets

TH(R,)C" ~ |[s] — TH(R,)C

and upon taking inverse limit
TF(Ra,p) ~ |[s] - TF(&,p)|

cf. (2.5.3) for notation. There is a salient point here: realization does not
in general commute with homotopy inverse limits; however in the above sit-
uation it does as TH(R,) ~ QTHH(R,;S!), so TH(R,) is equivalent to a
Kan simplicial set. For such, realization do commute with homotopy inverse
limits.

Finally the homotopy fibrations

TC(Rs, p) — TF(Ra,p) 253 TF (R4, p)
TC(R,,p) — TF(R,,p) 25" TF(R&,,p)

show that TC(R,,p) can be (ia.lculated degreewise. Now apply theorem 2.5.5
to obtain the result for TC(R,). a

Lemma 3.4.3 ([G2]). If the theorem is true in the special case where R is a
semi-direct product ring R = Ax M and S = A then it is true in general.

Proof. Goodwillie associates to S a simplicial ring ®.(S) with a simplicial
map ®,(S) = S (when S is regarded as the constant simplicial ring) such
that

(i) @,.(S) is free associative for each r
(ii) [|Pe(S)| 2, Sisan equivalence.

Indeed, ®,(S) is the simplicial ring with ®,.(S) = (FG)"*!(S) where G is
the forgetful functor from rings to sets and F its left adjoint free functor:
®,(S) is the “bar-construction”, cf. [G2], sect. .1.6. Write A, = ®.(S) and
consider the (degreewise) pull-back

B, —— A,

b

R —— S
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Then M = ker(B, — A,) is the constant ideal M = ker(R — S). Since ¢,
and hence @, is an equivalence

K(R — S) ~ K(B, = A,).
The latter can be calculated degreewise by lemma 3.3.2,
K (B, = A,) ~ |[r] = K(B, = A,)|.

Now A, is free, so B, = A, is a split surjection, and hence B, = M, x A,.
With the assumption,

K(B, - A,)" ~ TC(B, = A,)"
so in conclusion
K(B = A" ~ |[r] » TC(B, = A,)"| ~ TC(B - A"
by the previous proposition. a
The idea behind the proof of theorem 3.4.1 is to use calculus of functors
on the cyclotomic trace
tre: K (A x M(X.) = A) - TC (A x M(X.) = A)

cf. sect. 3.1. First we need:

Proposition 3.4.4. For any ring A and bimodule M,

(i) X.— K(Ax M(X,))
(i) X, TC(A x M(X.,))

are (—1)-analytic as functors from based simplicial sets to spectra.

Proof. For K-theory we can use the equivalence of lemma 3.3.8(i),
K (A x M(Xs) - A) ~ K (A, M(X4 A SY))
and the general fact that a functor
F': sesets, — {spectra}

is p-analytic if (and only if) F((—=)AS?) is (o—1)-analytic. The latter follows
directly from the definition of analyticity. Indeed if F is say 0-analytic, and X
is a strictly coCartesian (n+1)-cube with X(@) — X(s) ks-connected (ks > 0)
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then the suspended cube has X(@) A S? — X(s) A S! (ks + 1)-connected, so
by assumption

a: F(%(0) A S') — holim F(%(S) A S)
S#0

is (g + X(ks + 1))-connected. Hence if F satisfies the condition E,(—g,1)
then F((=) A S?) satisfies E,(—n — ¢ — 1,0), so is (—1)-analytic.

To see that K (A, M(X,)) is O-analytic we use the description of adden-
dum 3.3.13:

K (A, M(X,)) ~ holim ? ( V Hom;) (C,C ®4 M)N(X.)) )
Ces®Pp

Given a strongly coCartesian (n + 1)-cube X. For given C € s ), the cube

HOmSSP) (C, C®a M)N(x)

is homotopy Cartesian for each p: this is true for M (%) for any abelian M.

It follows from the dual Blaker-Massey theorem, [G4], theorem 2.6 that
the above strongly Cartesian cube is also n+ Xk, coCartesian. Taking wedge
over C € S{” we obtain an (n + p + Xk;,)-coCartesian cube. (The extra p
appears because SP s (p — 1)-connected, cf. the last part of the proof for
theorem 3.3.12). By [G4], theorem 2.5, the cube

\V Homge (C,C®4 M)~ (%)
CesP P,
is (p + Xk,)-Cartesian, and looping down p times there results a (Xk;)-
Cartesian cube. This proves (i).
The FSP associated to the simplicial ring A x M (X,) is equivalent to the
FSP which sends Y, to A(Y,)V M (X,AY,). Thus we have the decomposition
of spectra

TH (A x M(X.)) ~ V T (4541 (x.))
n=0

also used in the proof of theorem 3.3.14. ) _
One now first shows that the functor M(™(X,) = M(X.) A--- A M(X,)

is (—1)-analytic. This is a non-trivial task. The functor T, (A,M (X.))
involves n smash copies of M (X,) in each degree, and is thus (—1)-analytic as
well. Hence TH (A x M (X.)) is (—1)-analytic. The cofibrations of spectra
(2.4.6)

TH(A x M(X.))ac,» = TH(A x M(X,))%" — TH(A x M(X.,))%~*
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then give (inductively) that each of the fixed sets is (—1)-analytic. Taking
inverse limit we see that

X, ~ TF(A x M(X.,),p)
is (—1)-analytic, and then that TC(A x M(X,),p) has the same property.
Apply theorem 2.5.5 to complete the proof. a

Lemma 3.4.5. The functors
X, > K(Ax M(X,))
X, = TC(A x M(X.,))
satisfies the p-limit axiom (ii) of sect. 3.1 for each prime p. O
This is well-known for K-theory. The proof for TC follows the scheme
of the previous lemma: first do TH and then induct over the fundamental
cofibrations, (2.4.6).

We next evaluate the differential 9. F of the two functors in question, cf.
definition 3.1.2.

Lemma 3.4.6. The functors K (A x M(X.,)) and TC(A x M(X.,))} have as
differentials the spectrum |[p] & TH(A x M(X,); M)| and its p-completion,
respectively.

Proof. This is really a consequence of results in the previous section, namely
theorems 3.3.12 and 3.3.14.
B K(Ax M(X.)) = lim Q"+ K (A x M(XeV S?) = A x M(x.)) .
But M(X, V S?) = M(X,) ® M(S?) and thus
Ax M(X,VSP) = (A x M(X,)) x M(S?)

v&:here on the right hand side th~e action is through the projection A x
M(X,) - A. Write B, = A x M(X,). The analogue of lemma 3.3.2 for
bisimplicial rings shows that

K (B. % M(S7) - B.) ~ |[p] ~ K (Bp x M(ST) - B,,)|
and by 3.3.8(i) and 3.3.12
lim QK (B, x M(S7) - By) ~
lim Q™' K (By, M(S7+")) ~ TH(By; M).
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Similarly,
lim QHTC(B, x M(ST))y ~ TH(Bp; M)5
by theorem 3.3.14, and proposition 3.4.2 supplies the conclusion. O

Finally, one must check that the p-completion of d,trc induces the equiv-
alence. This follows from the following homotopy commutative diagram of
spectra, where M, = M(ST*) for an B-bimodule M:

TC(B ® M.)) "2 holim S'/Cpr4+ A TH(R, M,),

trc l 1

“— TH(B® M.)) «———— S} ATH(R, M.),

tr
~2m+42

TH(B; Ma(S1))} S! A TH(R, M)}

K(Beo M.))

~2m

The two upper vertical maps are the natural ones which map a homotopy
inverse limit into its initial term. The right-hand vertical composition is an
equivalence (cf. the proof of theorem 3.3.14), and the notation is

K(BeM,)=K(BoM, - B)

etc. This completes McCarthy’s proof of theorem 3.4.1, as I have understood
his Aarhus lectures.

Addendum 3.4.7. (McCarthy) Suppose fo: Re = S, is a map of simplicial
rings and that mo(|fe|) is surjective and has nilpotent kernel. Then

K(R,)" —— TC(R.)"

! !

K(S,)" —— TC(S.)"
is homotopy Cartesian.
The proof is the same with the exception of lemma 3.4.3 where one has

to add an extra step, passing from nilpotency on the mo-level to nilpotency
on the simplicial ring level, cf. [G2], lemma I.3.3.
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3.5 Dundas’ theorem.

This section gives a brief outline of the proof from [D] of Goodwillie’s con-
jecture:

Theorem 3.5.1. (Dundas). Let f: Ly — L, be a map of FSP’s with mo(f)
surjective and ker mo(f) nilpotent. Then the diagram

K(Ll)A _— TC(LI)A

! !

K(Ly)» —— TC(L)"

is homotopy Cartesian.

The general idea is to approximate the FSP’s L; by FSP’s coming from
simplicial rings, and then use McCarthy’s theorem 3.4.7 to derive the con-
clusion. This is similar in spirit to the cosimplicial resolution of a space
(simplicial set) by Eilenberg-MacLane spaces.

Let X be a (k — 1)-connected space (simplicial set) with ¥ > 1. By
the Hurewicz theorem, mi X i)HkX and mg41 X — Hpy1 X is surjective.
In other words, the linearization map X L2y72X is (k + 1)-connected. The
relative version of this is as follows. Suppose f: X — Y is a (k+1)-connected
map and X is (k — 1)-connected. Then the 2-cube

x 4t v
l,, l,, (3.5.2)
ix X, gy
is (k + 2)-Cartesian in the sense of sect. 3.1.
Indeed, let C be the (homotopy) cofiber of f, and let F' be the homotopy

fiber. Then F is k-connected and C is (k + 1)-connected, and the left hand
vertical map is the diagram

F > X » Y
I
Qc > * y C

is (k + 2)-connected. (This follows for example from the Serre spectral se-
quence of the involved homotopy fibrations). On the other hand, Z(-) sends
a cofibration into a fibration, so hF(Zf) ~ QZC: apply Z the the right
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hand coCartesian square above. Since C is (k + 1)-connected, QC — QZC
is (k + 2)-connected. Thus F — hF(Zf) is (k + 2)-connected; its homotopy
fiber is equal to the homotopy fiber of
a: X — holim (ZX E)ZY(——Y)
—
so (3.5.2) is (k + 2)-Cartesian. Roughly the same argument proves

Lemma 3.5.3. ([D]). Let X be an (n + k)-Cartesian n-cube, k > 1 such that
each sub m-cube is (m + k)-Cartesian. Then the (n + 1)-cube X — ZX is
(n + 1 + k)-Cartesian. ]

Starting now with a (k — 1)-connected space, one can inductively define
n-cubes 3,(X) as follows:

x tx, 7x
31(2) = {X —>Zx}, 32(X) = 1hx hixl ,
7x Bx, 75x
and in general
3a(X) = {3-1(X) = ZBa-1 (X))}

The lemma tells us that 3,(X) is (n + k)-Cartesian. For an FSP L, each
vertex 3,(L(X))s defines a new FSP 3,(L)s with L = 3,(L)g, and with

az(X): L(X) — holim 3(L)s(X)
S#0

(n + k)-connected when X (hence L(X)) is (k — 1)-connected.

One could similarly start with the functor Z9=17Zo---oZ instead of Z.
It is still true that X — Z%X is (k + 1)-connected for a (k — 1)-connected X,
and one obtains corresponding cubes 3% (L) with af (X) (n + k)-connected.

Proposition 3.5.4. The map a; induces a map

TC(L), — holim TC(3n(L)s),
5#0

which is (n — 1)-connected.

Proof. Here is Dundas’ argument. It is enough to show that

TH(L) — holim TH(3(L)s)
S#0
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is n-connected, since inductive use of the fundamental cofibration then gives
the same conclusion for all Cp~-fixed sets, hence for TF(L, p), and finally for
TC(L,p) with n replaced by n — 1.
Now TH(L) is the prespectrum {|THH,(L;S™)|}m, and it suffices to
argue that
THH,(L; S™) — holim THH,(3.(L)s; S™)
S#0

is (n + m)-connected for all r. This is lemma 3.5.2 when r = 0. In general,
THH, (3n(L)s; S™) ~ 37! (THH,(L; S™))5s - 2)
The map is induced from the natural map
o: ZIL(S®) A --- AZIL(S®) = ZIT+D (L(S%°) A --- A L(S")).
In turn, o is constructed from iterated use of the assembly map X A ZY —

Z(X AY). For example, ZX AZY - Z(X AZY) 25 7 (2(x AY)). The

equivalence statement (2) amounts to the easy fact that X AZ(S™) - Z(X A
S™) is (2n — 1)-connected. To finish the proof one applies (3.5.3) with ar
replaced by af . O

The next result is of similar complexity but I refrain from giving the proof,
and refer the reader to [D].

Proposition 3.5.5. The map

K(L) - hlim K (3n(L)s)
S#0

is (n + 1)-connected. O

For S # 0, 3,(L)s is equivalent to an FSP associated to a simplicial ring,
namely to a simplicial version of li_m)Q"3,,(L)s(S") and m3(L)s = moL, so
k
theorem 3.4.7 applies to show that

K (3n(L1)s = 3n(L2)s) A ~ TC (3n(L1)s = 3n(L2)s)"

when S # 0. The two previous propositions combine to give the same for
S = 0. This completes my outline of theorem 3.5.1.

Let G be a topological (or simplicial) monoid homotopy equivalent to
QX, and G the corresponding FSP, so that K(G) is Waldhausen’s A(X).
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The theorem applies to G — oG = mX, and to mX — Z[mX]™, so gives
a homotopy Cartesian diagram

AXN  ——  TCX)N

1 l (3.5.6)

K(Z[mX])" —— TC(Z[mX])"

The terms on the right-hand side is examined in the next two chapters, and
a lot is known. Thus theorem 3.5.1 to some extend reduces the calculation
of A(X) to linear K-theory.

4 The absolute theorems

This chapter outlines the proof of the theorem from [HM] that K(A) and
TC(A) agrees after p-adic completion for a large class of p-complete rings,
namely for the rings which are finitely generated modules over Witt vectors of
perfect fields k of positive characteristic p. It also calculates TC for the FSP’s
associated with a group like monoid, and gives the relation to Waldhausen’s
A-functor.

4.1 General approach to TC calculations.

Since TC(L) is build out of the fixed sets TH(L)C the basic calculational
problem is to get a hold of w, TH(L)® for the cyclic subgroups of the circle.
It suffices by theorem 2.5.5 to let C run over the cyclic p-groups, where we
have the fundamental cofibration of sect. 2.4

TH(L)sc,. — TH(L)%" 2 TH(L)C

to ease calculations.
Recall that TH(L) is the restriction of an S'-invariant spectrum T'(L).
In the notation of sect. 2.4, TH(L) = j*T(L) where j: US" - U. Moreover,
the “geometric fix point” spectrum ®C»T (L) of (2.4.1) is equivalent to T'(L)
by theorem 2.4.5,
P€,8%T(L) ~s1 T(L).

The general approach to the calculation of 7, T(L)C is to replace T'(L) by
the function spectrum F(ES},T(L)), and to use spectral sequences for cal-
culating the Cjpn-fixed points of the function spectrum. This leaves us then
for each FSP L with the problem of how close the natural map

mT(L)%" - n,F(ESY,T(L))%"
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is to be an isomorphism. Here ES? is the free contractible S!-space

0o oo
ES! = U S(Cn+l) - U §2n+1
n=0 n=0

with its standard S'-action (orbit space CP*>), and F(ES},T(L)) is the
equivariant S'-spectrum whose V’th term is F(ES},T(L)(V)), the space of
based maps from ES} = ES! U {+} into the V’th space of T'(L), with S*
acting by conjugation.

Following [GM] we define for each finite p-group Cpn,

. = \Cpn
(C,n, T(L)) = (F(ES}r,T(L)) A Esl) (4.1.1)

and call it the Cpn-Tate spectrum of T(L). It is an S/Cpn-equivariant

spectrum indexed on U€#". The space
- [o ] o0
Es'=|J s eR) = s,
n=0 n=0

with Sl-action induced from complex multiplication in C™, is contractible
but not equivariantly: (ES!)¢ = S(R) = S° for each C C S*.

Lemma 4.1.2. For any two based Cy»-spaces X and Y, the restriction to
C,-fixed sets induces a weak Cpn /Cp-homotopy equivalence

F(X,Y AESY)C = F(XCr,YCr).

Proof. We may assume X and Y are Cpn-equivariant CW complexes, e.g. by
replacing them with the realization of their singular complexes. The singular
set of the Cp» space X is XC7, so X — XC» has a free Cpn-action,

X = X% Up (LICpn 4+ A D¥+).

Given ¢: XC — YCr = (Y A ES‘)SP, one can extend ¢ cell by cell to a
Cpn-equivariant map from X to Y A ES'. Indeed the obstructions to extend
lie in

TF(Cpn , A S¥,Y AESH)O = mF(S%,Y A ES*) =0.

This proves that the map is surjective on mp, and hence on w, by replacing
X by X A S™. Injectivity is similar. ]
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Recall that the smash product of T'(L) € S'SU and a based S*-space X
is the spectrification of the obvious prespectrum, or concretely

(T(L) A X)(V) = lim av-V(T(L)(W) A X). (4.1.3)
wovVv

It follows from lemma 4.1.2 that
~ \C
8% T(L) ~c, (T(L) A Esl) ’

and in particular that

Cpn /Cp

H (Cpn,T(L)) ~ @~ F (ES},T(L)) (4.1.4)

Let C C S! be any subgroup. We have the pair of adjoint functors j. and j*
of sect. 2.4 where j: UC — U is the inclusion, and the maps from (2.4.2),

1¢: i*T Ac ESL = (T A ES}_)C, C finite

71: B5°T Asr ESL = (T AESY)S', C =5 (4.1.5)

The maps fit together with the non-equivariant transfer maps
trfQ: j*T Ap ESL - j*T Ac ESL, D>C
trfS) : j*T As1 ESY = j*T Ac ES}

in homotopy commutative diagrams, namely

rcotrf ~ Forp, 700 t',rfgl ~ Fortg (4.1.6)

where F' denotes inclusion of fixed sets as usual, cf. [A], [LMS].
Since ES! = ES! x S°, the unreduced suspension of ES!, there is an
S1-equivariant cofibration sequence

ES} 5 S° 5 ES* 5 £(ES}) — -+

which induces a cofibration of equivariant spectra upon smashing it with the
S'-equivariant function spectrum F (ES},T(L)). We take Cpn-fixed sets
and apply (4.1.4) and (4.1.5) to get the norm cofibration of [GM]:

TH(L) Ac,. ESL — F(ES}, TH(L))" — H(Cp~, T(L)). (4.1.7)

By definition it appears that H(Cp»,T(L)) depends on the full equivariant
structure of T'(L), and not only on TH(L), but this is not really the case.
The adjunction j,TH(L) — T(L) induces a map

H(Cpn, 52 TH(L)) = H(Cpn, T(L))
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which also fits into the cofibration sequence above; it must be an equivalence
by a 5-lemma argument. Thus we shall often write H(Cpn, TH(L)) instead
of H(Cypn,T(L)). We shall also use the costumary abbreviations

TH(L)nc,. = TH(L) Ac,. ES}
TH(L)*%" = F(ESL, TH(L))%".

With these notions we have

Proposition 4.1.8. There is a homotopy commutative diagram of cofibra-
tions (of non-equivariant spectra)

TH(L)hc,» —— TH(L)%" —Z— TH(L)%"-

Lo I I

TH(L)ac,» ——s TH(L)*% —2y H(Cpn, TH(L))

Remark 4.1.9. The S'-fixed set of TH(L) is contained in THHo(L), cf.
sect. 2.1, and is of no relevance. In particular the upper horizontal sequence
in (4.1.7) has no analogue for S' fixed sets. But the lower sequence does
have an S!-version, namely

STH(L)ps: — TH(L)*S" — H(S?, TH(L))

with the right-hand term defined by (4.1.1) upon replacing the Cp» fixed set
by the S! fixed set, cf. [GM].

Example 4.1.10. In the special case of the identity FSP, L(X) = X, T(L)
is the equivariant sphere spectrum,

T(L)(W) ~c, lim Qv-Ws¥W v cu®
\'’4

cf. lemma 4.4.4 below. In this case the diagram of proposition 4.1.7 is com-
pletely known. Listing only the 0’th terms of the spectra we have
TH(Id)C?" ~ Q®S®(BCpn4) X - -+ X NPS®(BCpyt) x NP S>(S°)
TH(Id)nc,n ~ N°S?(BCpn+)
where Q®°5®°(X,) = li_m)ﬂ"(S" A X;). The map R is the projection onto

the last n factors. Moreover, the affirmed Segal conjecture tells us that the
profinite completions of I', and I', are equivalences for all n.
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One may get information about the homotopy groups of the terms in the
norm cofibration by spectral sequences. Let M be a coefficient group (usually
M =1Z,or M =TF,). To ensure convergence of the spectral sequences I will
assume that 7, (T(L); M) is a finitely generated Z,module in each degree.

The spectral sequences were set up in [BM], sect. 2 and in [GM], sect. 10;
in [BM] by using a topological version (due to Greenlees) of the complete
resolution in usual Tate cohomology of groups and in [GM] by the dual
viewpoint where one uses the equivariant Postnikov tower of the spectrum.
In our case, the spectral sequences takes the form

(i) Ez,t (T(L)hcp" ;M) = Hy (Cpn; me(T(L); M) = mss (T(L)hc,,. i M)
() B2, (T(L)'5"; M) = B (Cpoi m(T(L); M) = mems (T(L)"r"; M)

—s,t

(i) E2,, (H(Cpm,T(L)); M)
= H* (Cpni m(T(L); M) = w1 (H(Cor; T(L)); M)

The spectral sequences are concentrated in the upper half plane, the differ-
entials take Ej , to E]_,,,,_;, and for commutative L the last two spectral
sequences have ring structure (with the differentials being derivations) when
M is a p-adic ring with p odd. Since the Cpn-action comes from an S'-action
7« (T'(L); M) has trivial Cpn-action. Thus for p odd:

E? (T(L)*%"";F,) = E{un} ® S{t} ® m(T(L); Fp) (4.1.11)
E? (f(Cpr, T(L))Fy ) = E{un} ® S{t,t™} @ 7 (T(L); Fy)

with deg(u,) = (—1,0), deg(t) = (-2,0) and m;(T'(L); Fp) sitting in degree

(0,t).
In the above H,, H* and H*® denotes group homology, group cohomology
and group Tate cohomology. They are related by the formulas:

H~*(G; A), s<0
H,_1(G; A4), s>-1
ker (Norm: Ho(G; A) =+ H°(G; A)), s=-1
coker (Norm: Ho(G; A) -+ H°(G; A)), s=0

H™(G;A) =

When G = Cp» and pA = 0 then Norm = 0, so we see that

) E2,, (T(L)*S;F,), 520
2t (H(Cpm; T(L)); ) =4 2" PN o
EZ,; ( (Cpn; T(L)) 1’) {EE’_I,t (T(L)hcp,.;Fp) , §<0

It is important for calculation of 7,(TC(L);F,) to identify the R-map, or
in the setting of the norm cofibration to identify .(R"). This is connected
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with the differentials in the spectral sequence for HI(Cpn,T(L)) which cross
over the line —s = 1/2 in E” ;. Indeed, the maps in
T(L)"> &5 {(Cpn, T(L)) -2 ST (L)nc,

induce homomorphisms of spectral sequences

ET(R"): EZ,, (T(L)"%"; M) - EZ,, (B(Cpn, T(L)); M)
(4.1.12)
E"(0): B, (A(Cpr, T(L)); M) > BT,y (T(Dncyn; M)
with E™(R") surjective for s > 0, and E" () injective for s < 0. In a situation
where one can calculate the spectral sequences one will also know E*(R")
and E*°(9), and hence since the spectral sequences converge,
E°n,R*: E°n, (T(L)"%»; M) - E°n, (H(C,,.. ,T(L)); M)
E°(r.d): E°, (H(c ~, T(L)): M) — E°Tu_y (T(L)hcyn; M)
In general this is of course not sufficient to give, say m.R"; there might

be filtration shifts. The following lemma goes a long way to overcome this
difficulty.

Lemma 4.1.13. If a € E%7,4, (T(L)*®»"; M) is in the kernel of E°(n.R")
then there exists an element 8 € oyt (T(L)nc,n; M) with E°m, (N*)(8) = a.

Proof. This is a special case of [BM], theorem 2.15. The argument can be
outlined as follows. By assumption E®(R")(a) = 0. The reason must be
that there exists an r > s such that a belongs to the image of

@ By pir (A(Cpr, T(L)); M) — B, , (B(Cpr, T(L)); M)

say a = d'(7). Now v = E"(8)(f) and B will be an infinite cycle in
ET (T(L)hc,»; M). Thus JB represents an element of E® (T(L)nc,»; M),
and one can pick a suitable representative. More details can be found in
[BM], sect. 2. 0O

The d2-differential in the spectral sequences is connected to the action

A: St ATH(L) — TH(L)
+
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as follows. The stable homotopy §(S1) = me(X3(S1)) = ma(SY) © ma(S?)
is Z ® Z /2, generated by the ¢ = id and the Hopf map 7. Thus we get
operators

[S],m: m(TH(L)) — w341 (SL A TH(L)) 25 7,4, TH(L)

where the first map is exterior product with o and 7, respectively. There are
induced operations

H?® (Cpn; m(TH(L); M)) = H® (Cpn; w41 (TH(L); M))
which we can compose with the periodicity isomorphism
H® (Cpr; M1 (TH(L); M)) = H**2 (Cpn; w41 (TH(L); M))

to get maps [S)4, ng.

Proposition 4.1.14. In the spectral sequence E] , (]F][(C ~, TH(L)); M ),
the d?-differential

d?: H® (Cpn; m(TH(L); M)) = H*+? (Cpn; me(TH(L); M))
is equal to [S']4, provided 7 acts trivially on m,(TH(L); M). a

This is proved in [H2] when Cpn is replaced by S', and the above can be
deduced from this case. The assumption that 74 be zero is satisfied for the
linear FSP’s L = A associated with a ring because TH(A) ~ TH®(A) is a
product of Eilenberg-MacLane spectra.

We have left to consider the homotopy limit problem, i.e. the homotopical

behavior of
I'y: TH(L)C»"-* = H (Cpn, TH(L)).

In the special case of L = Id it is a homotopy equivalence, but this is too
much to expect in general. The domain is a (—1)-connected spectrum, but
this is often false for the right hand side, e.g. when L = Il‘~‘,, as we shall see in
sect. 4.2 below. The best one could hope for would be that 7;(I",), and hence
also m;(I'n), be isomorphisms for ¢ > 0. This unfortunately is also not true.
For the FSP A associated with truncated polynomial algebras A = k[t]/(t"),
the two sides have different homotopy groups in all even dimensions; this is
an easy consequence of sect. 5.2. The only completely general theorem is the
following result of S. Tsalidis:

Theorem 4.1.15. ([T]) Suppose

mi(D1): m(TH(L); F,) — m; (H(C,,,TH(L));]F,,)
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is an isomorphism for i > i9. Then the same is true for 1r,~(f‘,,) for alln > 1.
O

Tsalidis’ proof is similar to the induction step from C, to Cp» in the proof
of the affirmed Segal conjecture.

Calculations from [H2] show that if =; (['y; F,) is an isomorphism in non-
negative degrees for a ring A then the same is the case for the polynomial
algebra A[t] and more generally for any smooth A-algebra. In [BM1] and
in sect. 5.4 below the assumption of theorem 4.1.15 is established for A =
W (Fp: ), with ip = 0. Optimistically one would hope for

Conjecture 4.1.16. For a regular ring A,
mi(15Fp): i (TH(A); Fy) — ; (B(Cp, TH(A)); Fy )

is an isomorphism when 7 > 0.

Note that the statement is equivalent to the assertion that
[': TH(A)%" — H (Cpn+1, TH(A)) [0, 00)

becomes a homotopy equivalence after p-adic completion, with [0, c0) indi-
cating (—1)-connected cover.

4.2 The spectrum TC(F,).

This section illustrates sect. 4.1 by completely determining the spectra
TH(F,)®" and TC(F,). The calculation was originally carried out in [M],
but [HM], sect. 4.1-3 is a better place to look for additional details.

For any ring, THH(A) is the realization of a simplicial abelian group, cf.
sect. 3.2, so its homotopy type is determined by its homotopy groups:

TH(A) ~ (7 " H (1, TH(A)) ~ ﬁ S"H (r, TH(A)) (4.2.1)
n=0 n=0

where H(-) is the Eilenberg-MacLane spectrum with moH(B) = B and
m;H(B) = 0 for i # 0, and " is the suspension functor.

One may filter TH(A) by skeletons, since it is the realization of a simplicial
construction. This leads to a spectral sequence,

E*(A) = HH,(A4) = m.(TH(A); F,) (4.2.2)
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with A4 = H.(H(A);Fp). This spectral sequence was used by Bokstedt to
calculate TH(F,). I refer the reader to [B1] or [HM], sect. 4.2 for details.
Different calculational methods can be found in [Br] or [FLS].

The 0-skeleton of TH(A) is the Eilenberg-MacLane spectrum H(A), and
one may use the S'-action to get the map

o: S} AHA - S} ATH(A) - TH(A). (4.2.3)
For A = F, we have 19 € m(HFp;F,) and can consider o.([S'] A 7o) €
mo(TH(F, ); Fp), where [S?] € 7§ (S}) was defined in the previous section.
Theorem 4.2.4. ([B1], [Br]). The reduction

red,: mTH(F,) = m2(TH(E,); F,)
is an isomorphism, and
m.TH(F;) = Sr, {0},

the polynomial algebra on o of degree 2 with red,(0) = 0.([S?] A 7o). O

Combined with (4.1.11) we can explicate the E2-terms of the spectral
sequence E"(Cypn; M) = ET (]FII(C n,T(lF,,));M) for M =F,, Z, to be

E2(Cpn; Fy) = B, {un} ® Sk, {t,t"'} ® Eg, {e1} ® S, {0}
E*(Cpn;Zy) = Er, {un} ® Sk, {t,t '} ® Sk, {0}

except if p = 2 and n = 1 where the first two terms are replaced by
S{u1,u;'}. The modp Bockstein operator maps e;a’ to o' for [ > 0. For
p odd, E’(C’p»;Fp) is a spectral sequence of algebras. If p = 2 there is the
usual trouble with products in ., (T;F;) but in all cases, E"(Cpn;F,) is an
algebra over E™(Cpn; Zy).

Lemma 4.2.5. The non-zero differentials in E™(Cyn;F,) are generated from
d*e; = to in the module structure over E™(Cyn; Zp). In particular

T (H(Cpn,TH(Fp));Fp) = By {un} ® S, {t,t"'}, poddorn>1
T (lﬂI(Cg,TH(]F‘z));]Fz) = S, {u1, 47!}

with deg(t) = -2, degu, = —1.
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Proof. Since e; = 04(70), 70 € m (HFp;Fp) and redp(o) = 0. ([St] A 10) we
have in the notation of proposition 4.1.14,

[S'g(er) =0,  [S']4(1) =0,

and hence [S']4(e10') = o'*!. The d?-differential then follow from (4.1.14),
and a routine cohomology calculation gives

Es(cp";Fp) = Er,{un} ® SF, {t, ™1}

(with 42 = t if p = 2 and n = 1). For degree reasons there can be no
further differentials. For p odd (and p = 2, n = 1) this is a free commutative
algebra in the graded sense, and the stated value of the mod p homotopy is
immediate. If p — 2 and n > 1 one uses that the mod p Bockstein on u,, is
trivial. O

For n = 1, the mod p Bockstein relation B(u;) = t gives that

7. H(Cp, TH(F,)) = Sk, {t, ¢!}

(with t = 4?2 if p = 2). We next check the assumption of theorem 4.1.15.

Lemma 4.2.6. The homomorphism
mi(B15Fp): m(TH(F, ); Fp) — i (H(Cp, TH(E,)); Fy )

is an isomorphism when i > 0.

Proof. Since I'; : TH(F,) — ]I:]I(Cp,TH(lF,,)) is multiplicative, it suffices to
see that ma(I'1;F,) is an isomorphism.

Continuing the cofibration diagram of (4.1.8), n = 1, to the right, gives a
homotopy commutative square of S!-spectra

TH(F,) —2 s Tpf (TH(E,)nc,) —== Tp¥, TH(F,)%

I I I

~ h h
o} B(Cp, TH(F,)) —=— Tpf, (TH(Fp)nc,) —— Tpf, TH(F,)"Cr

Here as usual pg, indicates that the S!/Cp-spectra are to be considered as
S'-spectra under the p’th root isomorphism S — S!/Cj.

Now o = [S]4(70), so we are done if we can show that ep = 7:(3; Fp)(70)
is non-zero in 7o (TH(Fy)nc,;Fp), and [S*]4(eo) # 0.
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The spectral sequence E" (TH(F,); Z,) gives moTH(F,) = Z/p, and by
(2.5.8) mTH(F,)®» = Z/p®. The fundamental cofibration thus induces the
exact non-split sequence

0 — moTH(F, e, - moTH(F, )% -2 meTH(F,) — 0
so mo(N;Fp) = 0, and 7 (0; F,) must be surjective. Finally, the inclusion
T(Fp) Ac, S_}_ - T(Fp) Ac, ES_I.,

coming from S! C ES* induces a monomorphism on ;(—;Fp) for i = 0, 1.
The homeomorphism

p& (TH(F,) Ac, Si) = TH(F,) ASL, (z,8) = (67'2,6)

map the diagonal S!-structure in the domain to the extended S!-structure
in the range. Hence

[5']4: 70 (o8, TH(F, ) Ac, SLiF, ) — m (o, TH(E,) Ac, S1iF, )

must be injective. O

The spectrum TH(F, ) is p-complete, and inductive use of the fundamental
cofibration (2.4.6) implies the same for TH(F, )" for each n. Thus

7. TH(F,)%" =, (TH(Fp)C”";Zp) .

Proposition 4.2.7. Forn > 1,
1. T(By)Cr" = S pnr{on}
with dego, = 2. Moreover, F(0,) = 0n-1 and R(0,) = Aqpon_1 with
An € Z/p" a unit.
Proof. Theorem 4.1.15 shows that
I: 7, TH(F,)°" — m,H (Cpn, TH(Fy))

is an isomorphism in non-negative degrees. For the target, the integral spec-
tral sequence E"(Cypn; Zp) has

E? = Eg,{un} ® S, {t,t "'} ® Sf,{0}.
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The elements ¢ and o are infinite cycles. Indeed the inclusion of S? fixed sets
into Cpn fixed sets gives a map

H (S, TH(F,)) — H (Cpn, TH(F,))

cf. (4.1.9), and an induced map of spectral sequence. The E%-term of the
range is
E? ((S!, TH(F,)); Z5) = S, {t,¢ "} ® S, {0},

so is concentrated in even total degrees. Thus E? = E*. On the other hand
it injects into the E2 above. Thus t*¢! are all infinite cycles.

We claim that u, survives to E?"*1(Cpn;Z,) and that d®"+!(u,) =
t"t1o". Indeed, the first non-trivial differential on u,, must be of the form

d2r+1 (Un) = tr+lar
for some r. Given this it is easy to solve the spectral sequence. In particular
E°moH (Cpm; TH(F,)) = FOT

generated by 1,to,...,(to)""!, (d®*tl(unt™!) = (to)"). Since
moH (Cprn, TH(F,)) = roTH(]F‘p)Cr"" is Z /p" by (2.5.8), we conclude that
r = n. Moreover, A

E°myiH (Cpn, TH(F,)) = FE™

generated by o%,o*+1t,...  o**"t", and mypy1H (Cpn, TH(F,)) = 0. Since
in addition g (]ﬁl(C,,.. , TH(F,,));F,,) is a single copy of F, we must have
ok H (Cpr; TH(F,)) = Z/p"

for all kK > 0. One more application of theorem 4.1.15 gives the stated
homotopy groups. The inclusion F' corresponds under I to the inclusion

B (Cpnt1, TH(E,)) £ B (C,», TH(F,))

so max(F") must be surjective, and we can pick the generator to satisfy
F(op) = op-1-
Finally the exact sequence

1T (F)C%" 5 myT(F,) %ot 22 1 T(Fy )no,m —o mT (Fp) O™,

with m T'(F,)C»" = 0 and m T (Fp)nc,» = Z/p, yields the stated value of R.
O

Corollary 4.2.8. TC(F,) ~ HZ,V X~ 'HZ,
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Proof. We use the cofibration sequence of sect. 2.5,
TC(F,,p) — TR(F,,p) — TR(F,, ).

The previous proposition yields

0 fork>0
=1 Cpn _
7k TR(Fp,p) = h,l: mx TH(F,)“*" = {Z,, for k = 0

so that
WOTC(Fp’p) = Zp) W—ITC(Fp)p) = ZP

and 7y TC(F,,p) = 0 otherwise. Finally, TC(F,) is p-complete and by theo-
rem 2.5.5 equal to TC(F,,p). O

4.3 The absolute theorem: linear case.

This section sketches the proof of theorem 1.3 of the introduction. It is joint
work with L. Hesselholt, and further details can be found in [HM], sect. 4.5,
5.1, 5.2 and [HM], appendix B.

We fix a perfect field k of positive characteristic p, and consider algebras
A over the (p-typical) Witt vectors W (k) which are finitely generated as
modules; for short: finite W (k)-algebras. If k is finite the assumption is that
A be a finite Z,-algebra. We use the notation

Ki(A;Zp) = mi(K(A)))
TCi(4;Z,) = m:(TC(A)})

and want to prove

Theorem 4.3.1. For finite W (k)-algebras, the cyclotomic trace
trc: K;(A;Zp) — TCi(A;Zy)
is an isomorphism, for ¢ > 0.
The ring of Witt vectors W (k) is a P.I.D and is p-adically complete. Since

A is finite over W (k),
A= lim A/p"A,
(._

and we can introduce the continuous version of the functors:

K'?(A) = holim K (4/p"4), TC'*P(A) = holim TC(A/p"4).
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There are exact sequences
0 - lim WK1 (A/p"A; Z,) — KI°P(A;Z,) — lim Ki(A/p"A;Zy) = 0
0 — lim WTCiy1 (A4/p"4;Z,) = TC*P(A;Z) — Jim TCi(A/p"A;Z,p) - 0
cf. [BK], p. 249 and p. 299.

The proof of theorem 4.3.1 is broken down into three statements to be
considered separately below:

()  Ki(A/pAZ,) = TCi(A/pAZ,), 120
()  TCi(4;2,) > TCP(4;Zy), i>0
(i)  Ki(4;2Z,) — KIP(A;Z,), i>0
Indeed, given (i), McCarthy’s theorem 3.4.12 show that
trc: K;(A/p"A;Zp) - TC;(A/p"A; Zy)

is an isomorphism for all ¢ > 0, and hence by the short exact sequences above
that
trc: Ki°P(A;Z,) — TC'P(4;Z,), i>0.
Use of (ii) and (iii) completes the proof.
I begin with (i). For A = W(k), A/pA = k. If k is finite then K(k), =~
HZ, by [Q3]. For general perfect fields the same holds by [Kr]. We must

therefore first extend Corollary 4.2.8 to general perfect fields. The result we
need is

Theorem 4.3.2. For a perfect field of characteristic p > 0, there is a homo-
topy equivalence TR(k,p) ~ HW (k)

Given this, we can calculate TC(k, p) from the cofibration
TC(k,p) — TR(k, p) =5 TR(k, ),
since by theorem 2.5.7 we know that
moF : mo(TR(k, p); Fp) — mo(TR(K, p); Zp)
induces the Frobenius homomorphism of Witt vectors. Moreover

ker (F —id: W (k) = W(k)) = W(kF)
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and k¥ = F, so W(k¥) = Z,. Thus theorem 4.3.2 gives

0, )
TCi(k; Zp) = § Zp, i
cok (F —id: W(k) > W(k)), i
and hence K;(k;Z,) = TC;(k;Z,) for i > 0.

(4.3.3)

Proof of 4.3.2. For a perfect field of positive characteristic the usual
Hochschild homology groups HH, (k) vanish in higher degrees, and HHy (k) =
k. It then follows from the spectral sequence (4.2.2) that
(™ (TH(k)) =k ® WtTH(Fp).
The cofibration sequence
TH(k)ho,» — TH(K)C>" 2 TH(k)C»m-?
was derived from taking Cp~ fixed points, so TH(k)C»" acts on it. In particu-
lar, the homotopy groups are o TH(k)C*" -modules, and by (2.5.8) W1 (k)-
modules. The inclusion F, C k induces Wy (k)-homomorphisms:
(i) Wa+1 (k) [024] WiTH(Fp)hCP,, - ﬂiTH(k)hcpn
(i)  Wpy1(k) ® mTH(F,)C" — =, TH(k)C>"
(i) Wt (k) ® mTH(F,)%"-1 — m; TH(k) "~
Now m;TH(F, )"~ = Z/p" and Wp41(k) ® Z/p™ = Wy (k), so the domain
of (iii) is Wy (k) ® mTH(F,)%"-!. We may inductively assume the third
arrow to be an isomorphism. Thus we are done by the 5-lemma, if we can
show that (i) is an isomorphism. This follows from the spectral sequence
H, (Cpn;mTH(k)) = mTH(k)nc,n -
Indeed, it is a spectral sequence of W, ;(k)-modules when the Wy (k)-
structure on the E%-term is via F™: Wpy1(k) = W1(k) = k and
Wt (k) ® (F™)#m TH(F,) = (F™)#m.(TH(k)).

We conclude that the homomorphisms in (i), (ii) and (iii) are isomorphisms.
Now (4.2.8) gives
W*TH(k)Cpﬁ = SW...H(k) {Gn} (4.3.4)

with R(op) = Appon—1 with A, € Wy (Fp) = Z /p™ a unit. In conclusion,

{0 for *x >0

3 . H Cpn -
}Ew TH(E) W(k) forx=0

lim W7, TH(K)C =0
—
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as the limit system is obviously Mittag-Leffler, cf. [BK], p. 256. O

Theorem 4.3.5. If A is a semi-simple k-algebra then K;(A;Z,) =
TC;(A;Zp) for i > 0.

Proof. Both functors preserve products so it suffices to do the case of a
simple algebra. If A = M,,(k) then we are done by Morita invariance:
K;(Mn(k)) = Ki(k), TC;i(Ma(k)) = TCi(k)
and theorem 4.3.2. In general, we only know that
A® k' = My(K')

for a Galois extension k' with |k’ : k| prime to p. (The existence of such a &’
is a consequence of the lack of p-torsion in the Brauer group Br(k)). Finally,
the horizontal compositions in the diagram

Ki(AiZ,) —2 Ki(A®rk;Z,) —— Ki(A;Z,)
TCi(A;Z,) —=— TCi(A®L;Z,) ——— TCi(4;Zy)

are isomorphisms since |k’ : k| is a unit of Z,, and the middle arrow is an
isomorphism. (Here i* is the composition of the functors applied to AQxk' —
End4 (A ®; k') and Morita invariance). a

Corollary 4.3.6. If A satisfies the assumption of theorem 4.3.1, then
trc: K{°P(A;Z,) - TC!°P(A;Z,) is an isomorphism for i > 0.
Proof. We are reduced to check that

trc: K;(A/pA;Z,) - TCi(A/pA; Zy)

is an isomorphism. But A/pA is artenian, so its radical J is nilpotent. Thus
by theorem 3.4.1 it is enough that the cyclotomic trace induce isomorphism
for the algebra (4/pA)/J, which is semi-simple. Apply theorem 4.3.5. O

Theorem 4.3.7. In the situation of theorem 4.3.1, the natural map
TCi(4;Z,) —» TCP(A;Z,)

is an isomorphism.
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Proof. It is enough to prove the statement with F, coefficients: a map of
p-complete spaces is a homotopy equivalence if the induced homomorphism
on mod p homotopy groups is an isomorphism.

The functor which to A associates the Eilenberg-MacLane spectrum H A
is continuous, m;HA = }iﬂmH A/p™A when A = (li_n_lA/p"’A. The same is

true for the r fold smash product, HA(™ = HAA---A HA,

T (HAM;F,) = (h(o_li_mH(A/pnA)(r);Fp) .

n
This is an easy calculation based on the isomorphism
T (HAY,F,) = H,(HATY; k) ® Ho_;(HATY; k)
cf. [HM], lemma 5.1. It implies that the k-simplices
THHk(A);,‘ ~ h&m THH(A),.

The simplicial group model THH® for THH,, cf. sect. 2.4, is a Kan complex,
and for such homotopy inverse limits commutes with realizations, so we get

THH(A); ~ holim THH(A/p"A);.

The same relation the holds for the spectra TH(A) and TH(A/p"A).
Finally inductive use of the fundamental cofibration sequence shows that

the fixed sets (TH(A)C»" ); are continuous, and since TC(A), is a homotopy

inverse limit construction, TC(A); must be continuous. a

Theorem 4.3.8. For the rings in theorem 4.3.1,
Ki(A;Z,) = K{°P(A; Z,)

Proof. Let F be the field of fractions of W(k), and let E = A ®w ) F with
radical J(E). Then J = AN J(E) is a nilpotent ideal of A and it suffices,
again the theorem 3.4.1, to show the theorem for A/J. But

A/J ®w) F = E/J(E)

is semi-simple, and for such algebras results of Gabber, Suslin and Suslin-
Yufryakov give the result, cf. [HM], appendix B for more details. O

Theorem 4.3.1 is probably the optimal result for K-theory calculations by
traces. One would have liked to have a similar isomorphism for other rings,
and in particular for the ring of rational integers. But

TCi(A; Z,p) — TCy( lim A/p"A; Z,)
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at least when A is finite over Z. Indeed, this holds for the functor A — (HA);
and hence adapting the argument of theorem 4.3.7 also for TC(A4);,. But K-
theory does not have this property. One would also like to drop the finiteness
assumption on A, and could wonder what would happen for A = k[[X]]. For
such a ring the arguments proving theorem 4.3.7 and theorem 4.3.8 break
down. In the first case for the simple reason that the r fold tensor power of
A is not k[[X}, ..., X,]] - one needs completed tensor products.

4.4 The absolute theorem: group-like case.

This section examines TC(L) for a certain class of FSP’s which include the
G of (2.3.4). The results are mostly a reformulation of parts of [BHM].

Definition 4.4.1. An FSP L is called group-like if the associated cyclotomic
spectrum T'(L) satisfies the following condition:
For each finite cyclic group C there is an equivariant map of spectra

oc: 8°T(L) - T(L)®,
natural with respect to inclusions C; C Ca, such that o¢ splits the natural

map s¢: T(L)® = ®°T(L), sc o oc = id.

For group-like L, the fundamental cofibration
TH(L)nc,. — TH(L)®" &5 TH(L)C»~-
is split by the map
Sp_1: TH(L)®»-* - TH(L)®""
coming from the identification of pgp ®C»T (L) with T(L), and
RS,_1=id, FSp_1~Sp—2F (n>2). (44.2)

We recall from (4.1.5) that the fiber of R was identified as TH(L)c,» by the
transfer map

76, : TH(L)ac,» = TH(L) Ac,. ESL 4 (T(L) A ES})%".
Naturality of transfers shows that
TH(L)ao,n —— T(L)°*

e 7

TH(L)nc,,., —— T(L)%
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is homotopy commutative with 7,, being a suitable transfer map.

Proposition 4.4.3. For a group-like FSP there is a homotopy Cartesian
diagram

A
TC(L)) —— (hﬁmTH(L),.C,,.)

Tn

| [

TH(L)) 2274, TH(L))

4

Proof. The splittings of (4.4.2) give equivalences
n
V TH(L)c,, = TH(L)*"
=0
such that on the left hand side R corresponds to projection. Hence
[ o]
TR(L,p) ~ [[ TH(L)nc,-
=0

Under this equivalence F(zo,Z1,...) = (Fz1 + FSzo,Fz2,...), and the
diagram

TH(L) — [I2 TH(L)no,, — 12, TH(L)ac,

lFSo —id lF—id lF—id

TH(L) —— [12 THD)ho,, —— [12, TH(L)no,,
gives the cofibration

A
hF(FSo —id)} - TC(L,p)} - holim (TH(L)hc,: )

Tn

upon taking vertical homotopy fibers. Apply theorem 2.5.5. O

Lemma 4.4.4. For the identity FSP, T(Id) ~c.. £3(S°), where the right-
hand side is the equivariant sphere spectrum.

Proof. Recall from sect. 2.1 the subdivision S!-homeomorphism

|sdcTHH, (L; V)| =2 |THH, (L; V)|,
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where C is a finite cyclic group of order c.
The space of 0-simplices in sdcTHH,(Id; V) is equal to THH,._; (Id; V)
and there is a natural C-map

ic: lim QmRC(GmRC A SV 4 |sdc THH, (Id; V)|

which is a C-homotopy equivalence onto the space of 0-simplices. The sim-
plicial structure maps are C-homotopy equivalences, so the topological re-
alization is C-homotopy equivalent to the space of 0-simplices, cf. sect. 2.2.
Hence i¢ is a C-homotopy equivalence. The diagram

|sdcTHH, (L; V)| 2 |THH.(L; V)|

SV
is commutative. It follows that the Sl-map
R(SY) » TAd)(V)

induced by i is a C-homotopy equivalence for each finite C. O

For any FSP L and monoid G we may define a new FSP by
LIG|(X)=L(X)AG4. (4.4.5)

If L = Id this is precisely G of (2.3.4). If L = A for a commutative ring A,
the map A[G] — A[G] is a stable equivalence, so there are equivalences

K(A[G]) ~ K(A[G)), TC(A[G]) ~ TC(A[G])

for every discrete group. When G is a group-like topological monoid, the
cyclic classifying space BYG = |NJ¥(G)| was identified in sect. 2.1 to be the
free loop space ABG of the ordinary classifying space BG. Moreover, if éc
is the composite homeomorphism

8c: INZ (G| 25 |sde N (G)|C 2 INSY(G))
then there is a commutative diagram ([BHM], proposition 2.5)

BYG 2 (B¥G)C

l 1 (4.4.6)

ABG —2:3 (ABG)®, A.(\)(z) = A(z°)
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Given any cyclotomic spectrum T and any space X, the spectrum smash
product T'A AX is again cyclotomic. Indeed, there is a canonical map from
right to left:

SC(TAAXL) ~ BT A (AX)S

which is an S!/C-equivalence, and
ro ANATY: pEBCT A pEAXSE - TAAX,

defines the required equivalence, cf. sect. 2.4.

Lemma 4.4.7. There is an S!-equivalence of cyclotomic spectra,
T(L[G]) ~s: T(L) A ABGy., provided G is group-like.

Proof. Consider the bi-simplicial space X, .(G; V') with
Xi(G;V) = holim F (ST A---AST*,F(S*)A---AF(S™*)AG,L ASY).

erh+l

Cyclic permutation of factors make it a bi-cyclic space. The map
Xka(1,V)AGY = Xi4(G; V) (1)

becomes highly connected as an equivariant map as V runs through the S!-
universe i (one needs dim V¢ — oo for all C C S?).

The diagonal complex 60X, .(G;V) is precisely THH,(L[G]; V) with re-
alization THH(L[G]; V). On the other hand, if we instead first realize the
l-direction and then the k-direction and use (1), then we get a highly con-
nected S!-map

THH(L; V) A ABG, — THH(L[G); V).

Use of subdivision and (4.4.6) shows that the corresponding map on C-fixed
sets become highly connected when V runs over U, so the two prespectra are
equivalent. Moreover, the corresponding cyclotomic structure maps agree.
Apply spectrification. O

Corollary 4.4.8. The FSP G is group-like if G is.

Proof. The previous result tells us that T(G) ~c_, L% (ABG4). But the
suspension spectrum satisfies the requirement of (4.4.1). This is a conse-
quence of the tom Dieck-Segal splitting, valid for any based S!-space X:

SR(X)C ~s1c | ER,0Es1/c(C/H)y Aoy X¥
HCC
C (y00 00 C
™ (23 (X)) ~231/C(X )
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Here Eg(I') is the G-equivariant model of ET". The map sc is the projection
onto the factor C = H and o¢ is the obvious inclusion, cf. [tD], [LMS]. O

The next theorem is similar to lemma 5.15 of [BHM], but avoids the
assumption that T' has finite p-type. It contradicts the “counter-example”
presented in [BHM], p. 498-499, which is wrong. The mistake occurs in
the identification of (t7~!), on p. 499. The mistake was pointed out by
T. Goodwillie, and the proof below is due to him.

Lemma 4.4.9. For any equivariant S'-spectrum T, the S!-transfer induces
an isomorphism

Tu(EThs1; Fp) = 7 (h((il_m Thopn; Fy).

Proof. The skeletons of ES? are the spheres S2¢~1 € C* with the standard
action of S1. There is the cofibration diagram

S'A(SY A1 T) —— S' A (8P A1 T) — S* A (S /S%*1 A1 T))

[ [ [

S2k-1 Aogn T ——— S2k+1 Acgn T ——— S2k+1 jg2k-1 Ac,n T

1)

Now §2k+1/G2k-1 ~ g, G A S2; the S'-action on the right hand side is the
diagonal action with S2* = ¥(52¥-1). However for any S!-space or spectrum
X,

S_l‘_ ANX =2a S_l,, AX|, (z,z)+— (2,27 1z)

where the bars indicate X with no S!-action. In particular,
SLAS* AT ~51 S} A|S* AT
and the upper right hand term in (1) may be identified as
St A S+ g2k—1 Aoy T ~ ST A|SZE AT

Moreover, the right-hand vertical map in (1) can be identified as the smash
product of the transfer

7: S' AE®(S1/5Y) — £°(SL/Cpn) @)
with |S2* A T|. The transfers

Tnt Z°(SL/Cpnor) = Z°(SL /Cpn)
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of the Cp-covering S!/Cpn-1 = S* /Cpn are known as follows. If we identify
S /Cpn with S (via pc,. ), and use the splitting

£®(Sh) = T°(S) v (5%

induced by the projections, then 7,, becomes the matrix

id 0
= 3
m=( ) 3)
with 7 € m (£%°(S°)) = Z/2 the non-trivial element. This can be seen for
example by using w of (2.4.2). Since the transfers in the limit system

trfn: SPHL [ SHI G T o S SN T
can be identified with 7, A |S2* A T,

holim S s* T ng T = holim =®(S)A|S* ATY,

trf, Tn
and we obtain from (3) a cofibration

S* A S% AT — holim 2°(S}) A |S%* A T| — holim S?* A T.
— —

Tn P

We can calculate the mod p homotopy groups of the right hand term by the
exact sequence

0- pgmm_,(s"‘ AT;F,) - w;(hogm(SZ* AT);Fp) = lim (S AT;F,) — 0.

The outer terms vanish, so in conclusion

7:(S* A 8% A T;F,) = m;(holim S2**+1/S%*~1 Ao . T;F,),
P P P P
trf,,

and comparing with (2) it follows that the right-hand vertical maps in (1)
induces an isomorphism

7 (E(S%F+1 1§21 A6 T); ) im(h?l_im S2kH1 G2 =1 A T; Fy).

We can finally make the obvious induction over k. O

Remark 4.4.10. The lemma can be restated as a homotopy equivalence of
p-completed spaces,

(' AThs1)p = (holim Tho,n )7



Ib Madsen 281

Corollary 4.4.11. For a group-like FSP, there is a homotopy Cartesian
diagram of (non-equivariant) spectra

TC(L)) —— (STH(L)ns1),

| o

TH(L), £  TH(L))
Moreover, if L = G for a group-like monoid, then TH(L) = £*°(ABG.) and
FSy = £°(Apy) where Ap(A)(2) = A(2P).
Proof. Only the last point need any explanation. It comes from the Segal-
tom Dieck splitting used in the proof of corollary 4.4.8:
2% (ABG4)% ~ £°(ABGhe,,) V E°(ABGY)
= ¥*°(ABGhc,,) VE*(ABG,)

where the last homeomorphism is id V £3(A;!). The map F becomes the
sum of the transfer

£ (ABGhc,) = Z°(ABG+)

and the inclusion
$°(ABGS*) - =°(ABG.)

and
So: £°(ABGy) = £°(ABGhc,) V E°(ABGS?)

is the inclusion in the second factor via X (Ap) (]

Recall for an FSP L that we write moL for the associated ring moL =
li_m’1r,,L(S").

Theorem 4.4.12. Suppose L is an FSP so that moL is a finite W (k)-algebra
for some perfect field k of characteristic p. Then
trc: K(L), — TC(L),’D‘

is a homotopy equivalence.

Proof. Dundas’ theorem 3.5.1 gives the homotopy Cartesian square
K(L)y — TC(L),

! !

K(moL); —— TC(moL),
and the bottom arrow is a homotopy equivalence by theorem 4.3.1. a
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4.5 The K-theory assembly map.

For a discrete group G and a commutative ring R, GL,(R[G]) contains
GL,(R) x G as a subgroup, namely as the tensor product of (n x n)-matrices
over R and elements g € G considered as (1 x 1)-matrices over R[G]. Taking
classifying spaces gives a map

BGL,(R) x BG - BGL,(R[G]).
This induces a map of spectra
ak: K(R) N BG4+ = K(R[G])

usually called the assembly map. Indeed, one may either use Segal’s I'-space
definition, May’s operad version or Waldhausen’s definition of K(A) to do
the details, or one can use the device of ring suspensions as in the original
source, [L1].

The study of ax has long been promoted by W. C. Hsiang, who e.g. in
[Hs], conjectured that ax is a rational injection, provided R is regular and
BG is a finite complex. The conjecture is often called the K-theory Novikov
conjecture. The reason is that there is a similar assembly map in L-theory,
initially constructed by F. Quinn,

ar: L(R) A BG4 — L(R[G))

and (rational) injectivity of ar (for R = Z and BG a manifold) translates
via the surgery exact sequence to Novikov’s original conjecture about the
homotopy invariance of the higher signatures.

The definition of ax extends to the case of FSP’s to give a map of spectra

ax: K(L) A BG4 = K(L[G]).

(Here G could be any group-like monoid, and thus BG any space. For L =1Id
the above becomes Waldhausen’s assembly map A(x¥) A X4 — A(X)). The
study of the assembly map when L = Id was the main motivation behind
[BHM]. We can now present a somewhat easier proof of the main result from
[BHM], thanks to Dundas’ relative theorem 3.5.1.

There is an obvious assembly map

THH(L; V) A ABG4 — THH(L[G]; V)
(cf. lemma 4.4.7) and hence via the inclusion

BG = ABG
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an assembly map
THH(L; V) A BG+ - THH(L[G); V).

This passes to an assembly map of cyclotomic spectra and induces

arc: TC(L) A BG4+ — TC(L[G))
so that the diagram

K(L)ABG, —%— K(L[G])

|swenia Jsee (4.5.1)
TC(L) A BG4 —*+ TC(L[G))

is commutative.

For each FSP L, we can from its p-adic completion L,, Ly(S) = L(S)j-
(It should be remembered that X' A Y} is not p-complete; but this causes
no problems because we are always completing the functors on the outside,
so there are no unpleasant surprises in THH(L,); etc.)

Theorem 4.5.2. For a discrete group G, the assembly map
ak: K(Id,) A BG4 — K(1dp[G])

becomes split injective after p-adic completion.

Proof. We compose with the cyclotomic trace and consider

(K(1dp) A BG4), —*— K(1d,[G]);

! ! O

(TC(Idp) A BG4), —%= TC(1d,[G));
Now corollary 4.4.11 gives the homotopy Cartesian diagram

TCU4,[G)) —— (SCER(ABG)hs)

| | @)

S®(ABGy)) 2G4 s=(ABGL))

upon using the obvious equivalence between TH(Id,); and TH(Id), together
with lemma 4.4.4 and lemma 4.4.7.

The component group mo(ABG) is the set of free homotopy classes of
maps from the circle into BG, and hence equal to the conjugary classes of
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elements in G. Let A;;)BG be the component of the identity element. There
are S'-equivariant maps

ABG, ®% Ay BG, &2 BG,. 3)

The inclusion is a homotopy equivalence, but not an equivariant one. Any-
way, the weak statement is enough to ensure that

ES' xg1 BG— ES" x5 Ay BG
is a homotopy equivalence, and since
IR (ABG4)ps1 = T®°(ES! x51 ABGy)
diagram (1) projects to the homotopy Cartesian diagram

(TC(Idp) A BG4),; —— Z(Z°BS; A BG4),

! !

I°(BG+), —_ T°(BG+),
Moreover,
(TC(Idy) A BG.)) 228 TC(Id,[G])) =% (TC(1d,) A BG4))
is the identity, and thus arc is split injective after p-adic completion. Now

apply theorem 4.4.12 and diagram (1) to conclude the proof. O

Soulé proved in [Sou] that

Tan+1(K(2); Q) = Tan+1(K(Zp); Q) (4.5.3)

is an isomorphism provided the p-adic L-function L,(1+2n,w=2") # 0 (both
groups are equal to Q,). This is certainly the case for regular primes and
maybe always. Soulé proved (4.5.3) by using the étale cohomology invariant.
It was reproved in [BHM] by cyclotomic trace considerations. One can use
(4.5.3) to translate theorem 4.5.2 into a rational statement, namely

Theorem 4.5.4. ((BHM)). If G is a discrete group for which each H;(BG;Z)
is finitely generated, then the K-theory assembly map

ax: K(Z)A BG4 — K(ZG)

induce an injection on rational homotopy groups.
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Proof. The linearization maps
K(Id) - K(z), K(d[G]) = K(ZG)

are rational equivalences, essentially because the homotopy groups of £°°(S?)
are finite in positive degrees, cf. [W1]. Thus it suffices to show the statement
for

ak: K(Id) A BG4 — K(Id[G)).

We have
K(Id[G]) = TC(Id[G]) — (TC(Id) A BG,,),’,‘

and must show
trc Aidpg: K(Id) A BG4+ — (TC(Id) A BG.,,);,‘
is rational injective. This is the case because
K(ld)) = K(Idp)p ~ TC(1d,),

is rationally the same as K(Z);, — K(Zp),, and because we can choose p to
be a regular prime and apply (4.5.3). O

Remark 4.5.5. It would be nice if the above argument could be extended
to L-theory, and thus proving the original Novikov conjecture for the groups
with finitely generated Eilenberg-MacLane homology. There is a variant of
TC(R), namely the topological Dihedral homology TD(R), which imitates
the linear construction of [L2]. It is the fixed set of a suitable involution on
TC(R), TD(R) = TC(R)%/?, and there is a map from Hermitian K-theory
into TD(R), at least when 1/2 € R. The basic problem with this approach
however, is that TD(R), — TD(R ® Z,), is again an equivalence (under
suitable finiteness conditions on R). But in contrast to (4.5.3), L(Z) = L(Zy)
is rationally trivial for all primes, so one cannot extend the K-theory proof
directly.

There might be a chance of proceding indirectly as follows. Let E be the
maximal abelian extension of Qy, and let A be the integers of E. If one could
produce a signature type rationally injective map from L(Z[g]) to K(A[G]),
or maybe into some completion A(G) of A[G], like the C*-algebra associated
with C[G), then one could study the K-theory assembly map on A[G] (or
A(G)) using the techniques above.

In this connection one should remember the theorems of Suslin that
K (E)Q ~ K(C)} for the algebraic closure of E and that K(C), =~ BU}.
The latter equivalence comes from the roots of unity: the map BS! -
BGL;(C) = K(C) extends to 2°S*(BS') - K(C), and gives via the
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splitting 2°5%°(BS') ~ BY x X the required map from BU to K(C), I
believe.

The same procedure gives a map from BU,' — K(A), because u(A4) =
Q/Z and B(Q/Z), ~ (BS");.

This remark represents years of discussions with W. C. Hsiang.

The main interest in the assembly map ax lies in its relationship to
automorphism groups of manifolds. For a group-like monoid, such as G =
QX, K(Id[G]) is Waldhausen’s A(X) and in particular K (Id) = A(x), so that
the assembly map takes the form

aa: A(x) A Xy - A(X).

Waldhausen defined the spectrum Wh'*?(X) to be the cofiber of a,.

For a manifold M, the space of topological pseudo isotopies P*°P(M) is
defined as the space of homeomorphisms of M™ x I which is the identity on
M"™ x 0UOM x I. A celebrated result of Waldhausen [W4] states that

Q?*Wh*°P(M) ~ holim Ptor(M x DF). (4.5.6)
k

Moreover, the stability theorem of K. Igsa, [I] asserts that the map
PtoP(M) — holim PtoP(M x DF)

is (dim M — 7)/3-connected, at least if M is smoothable

Farell and Jones has in [FJ] shown that for a negatively curved manifold
M, Wh'P(S!) determines Wh*P(M). Thus it would be of considerable inter-
est to determine Wh*°P(S!). Theorem 3.5.1, proposition 4.4.3 and corollary
4.4.11 reduces this to the problem of studying the linearization map

L®: TCM(SL, p)h — TCH(Z[t,¢7Y), p)h

where TC)(=) is the cofiber of arc. Indeed, the K-theory assembly
map S} A K(Z) - K(Z[t,t™"]) is an equivalence, so the fiber of L) is
Wh'°P(S1)). See also remark 5.4.8 below. See [M] for more details.

5 Calculations in K-theory

This chapter evaluates the higher K-groups K;(R;Z,) with p-adic coeffi-
cients in a number of cases where the K-groups were not previously known.
The rings we consider are all of the type where the absolute theorem of the
previous chapter applies, and the functor we actually calculate is TC(R);.
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5.1 On the K-theory of group rings.

Let A be a finite algebra over W(k), the Witt vectors of a finite field k of
characteristic p. For a finite group G, the group ring A[G] is again finite, so

Ki(A[G); Zy) = TCi(A[G); Zy)-
By general induction theory, cf. [01]
K(A[G)), ~ holim K(A[T))p

where I' runs over the hyper-elementary subgroups of G, that is, the sub-
groups of the form ' = Cy x P where P a p-group and (N,p) = 1. It
follows that A[T'] decomposes into a product of twisted group rings B*[P] for
unramified extensions B/A.

We here study the case of an untwisted group-ring A[P]. In terms of
explicit values our main result is

Theorem 5.1.1. For a perfect field k of characteristic p > 0,
Kon 1(K[Cpn];Zy) = Ki(k[Cpn);Zp)®™ and Kazn(K[Cpn];Z,) = 0 when
n > 0.

The K;-group on the left is the p-part of the units k[C,~]* which is easily
calculated, cf. theorem 5.1.16 below. Note also that k[C,~]/rad = k, so that
Ki(k[CpN];Zl) = K,‘(k; Zz) for (l,p) =1.

Our starting point is lemma 4.4.7,

T(A[P]) ~s: T(A) A ABP;.

Let X (P) denote the conjugacy classes of elements in P. Then mo(ABP) =
X (P), and the p’th power map A: X(P) = X(P) has ANX(P) = 1 when
P has exponent pV. Define a filtration of X (P),

{1} = Xo(P) c Xa(P) C --- C Xn(P) = X(P), Xx(P)= {glg™ =1}
and a corresponding filtration of A = ABP
ACAC---CAN=A (5.1.2)

where Ay = H've Xa(P) A, BP is the set of components corresponding to the
listed conjugacy classes. We note (from [BHM], sect. 7) that

A,BP ~ BCp(7)

the classifying space of the centralizer of ~y.
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We are interested in the Cpn-action on T(A[P]). The p’th power map
A:A-5AC C A maps A; homeomorphically into Afil, soin (5.1.2), Ay —
Apn_1 is the free stratum, and

A: Ag = Ag—y = (Ag—1 — Ag—2)°"

is a homeomorphism for 1 < k < N. Let TCY(A[G],p) denote the cofiber
of the assembly map from sect. 4.5,

TC(A,p) A BP, %X TC(A[P)],p) — TCM (A[P), p), (5.1.3)

and write T x X =T A X,.

Proposition 5.1.4. One has
TC™M (A[P], p) = holim (T(4) x (A1 = A0))*™"
F
where the limit runs over inclusions of fixed sets.
Proof. In the proof we write B = BP. The inclusion i: B — A of B into
the constant loops induces a cofibration sequence of cyclotomic spectra
T(A)x B> T(A)x A>T(A)AA/B

This gives a cofibration sequence of fixed sets, and hence the cofibration
sequence

h((;%m(T(A) x B)%" - TC(A[G],p) = holim(T'(4) A A/B)Ce",

o
&

Now A = id on B, and since B has trivial S!-action,

. Cpn — . Cpn —
h((_;%m(T(A) x B) (hgl_;mT(A) ) x B=TC(A,p) x B.

It follows that

TCM(A[G),p) = holim(T'(4) A A/B)%. (1)
F,R

We examine the right-hand side in two steps. First we evaluate the homotopy
limit over R and then we use the cofibration

holim(T'(A)AA/B)®*" —s h(c&m(T(A)/\A/B)CP" = h&m(T(A)/\A/B)C"" .
R

“—
F, R
(2)
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We use the decomposition
A/B=Ao/BV (A1 —Ao)+ V- V(AN —AN-1)+

and the corresponding decomposition

N
(T(A) AA/B)S™ = (T(A4) AAo/B) v \/ (T(A) x (Ax — As—))%".
k=1

There are the following easy consequences of the cyclotomic structure on
T(A) x A, cf. lemma 4.4.7:

3)

() AS?/BEA,/B = Ao/BV (A1 — Ao+

(i) R: (T(A)AAo/B)C*™ =5(T(A) A Ao/B)%m~1 V (T(L) X (A1 — Ag))°»"—?
(iii) R: (T(A) X (Ak — Ak—1))°?" = (T(L) X (A1 — Ax))%P"~!, 1<k<N
(iv) R: (T(A) X (AN — An-1))%"" =0

The fundamental cofibration applied to T' = T(A) A Ao/B shows that
(3,ii) is a homotopy equivalence. Indeed (T'(A) A Ao/B)nc,» ~ 0 since the
inclusion of B in Ag is a non-equivariant homotopy equivalence. If we write

N
Xn =\ (T(A) x (A — Ag-1))>"
k=2
Yn = (T(A) A Ao/B)C*" v (T(A) x (Ay — Ap))°*"

and consider the cofibration sequence of limit systems
(Xn,R) = ((T(A) AA/B)°"",R) = (Y, R)

it follows from (3,iii-iv) that RVN~!: X,, = X,_ N1 is null-homotopic. Hence
h(c&an ~ 0, and

holim (T'(4) A A/B)%r ~ holim ¥,.

Inductive use of (3,ii) yields

n—1
Yo \/ (T(4) x (A1 — Ao))¥

=0

and that R: Y;, = Y;,_; corresponds to the obvious projection. Therefore

[o o}
helim o = [T @A) x (Ar = A0)%

=0
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Now it is easy to see that
[o o] [o o]
F: JT@(A4) % (A1 = 40))%* = [T (T(4) x (A1 = Ao))%
i=0 i=0
sends (to,t1,...) to (Ft1, Fts,...) where on the right-hand side
F: (T(A) x (A1 — Ao)%* = (T(4) x (A1 — A)) e+
is just inclusion of fixed sets. Thus by (2),

h%l%m(T(A) AA/B)% ~ h(%m (T(A) x (AL — Ap))°™ O

If P has exponent p then A; — Ag is a free Cp» space, so
(T(A) % (A1 = A0)) %" ~ T(A) Xc,n (A1 = Ao) ~ (T(A) % (A1 = Ao))sc,
and lemma 4.4.9 gives
TG (A[P)); ~ (S(TH(4) x (A1 = Ao))ns2)y - (5.1.5)
For more general P, there is a spectral sequence
B}y = ka1 (TH(A) & (Ax = Ax-1)nssi Zp) = 7 (TC(A[G]; Z,))

which might be of use in some situations. In this connection, I note from [J],
theorem B that the homology of the homotopy S! orbit is closely related to
cyclic homology, namely

HC,(C.(@)) = Hy(ABGhs1)

where C,(G) denotes the singular chain complex; for discrete G this is equiv-
alent to the group ring. Thus the E!-term above is a twisted version of
certain subgroups of cyclic homology groups associated with the filtration
(5.1.2). If one takes a Postnikov decomposition of TH(A) one obtains a sec-
ond spectral sequence which converges to the E!-term and starts out with
cyclic homology.

For A = Z, with p odd one can in a range instead use theorem 4.4.11
with L = Idp[P]. Indeed,

TH(Id,[P]) — TH(Z,[P))

is (2p — 3)-connected. The same is then the case when one replaces TH(—)
by TR(-), and it follows that

TC(Idp[P]) = TC(Z,[P])
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is (2p — 4)-connected. One the other hand for a p-group
A,: ABP/BP - ABP/BP
is nilpotent, so theorem 4.4.11 yields the homotopy Cartesian square
TC(Id,[P]) —— =% (Z4+(ABPys1))

” tl'fsl

£°(BP;) ——— Z°(BP;)

This gives the exact sequence
Kn(ZyP;Zy)/Hp(P; Zp) = TCn_1(ZpP) = Hp(P;Zp) = - -+ (5.1.6)

exact for n < 2p — 4, cf. conjecture 0.1 from [02]. I leave for the reader to
wonder about p = 2.

I now specialize to P = C,~, the cyclic group of order N, where one can
be more explicit.

The components of A = ABC,~ are indexed by C,~, and are denoted
Ay, g € Cpv. Two elements gy, g2 of the same order have S'-homeomorphic
components since there is an automorphism ¢ € Aut(C,~) with ¢(g1) = g2
which induces ¢: Ay, = A4,. Moreover, for each component corresponding
to a non-generator, one has the S'-homeomorphism

P& AJ = [1{An | 77 = g} (5.1.7)

induced by the p’th power map A: A, — Af’.

Lemma 5.1.8. For any cyclotomic spectrum T and k > | there is a cofibra-
tion sequence of spectra

p-11-1
(pg ‘TCPI X Ag)cph—l - (T X Agp' )CPI. - V V(T X Aypi )C,,h-l+j_
P .
Jj=1

Proof. The I'th iterate A': Ay = A g+ €mbeds A, into one component of

c
Ag:f , and Al(A,) is (non-equivariantly) equivalent to the ambient space A oot -
The cofibration of the lemma is induced from

A Rghs = Aty > Ayt [AY(A,)
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upon applying the functor pg (T A (=))*. Since A! (Ag) is fixed under
4
Cp,
c
pgpl (T x Al(Ay)) *" ~s pgpl T x A,.
We use (2.4.3) to calculate the cofiber. Indeed, (T AA / A’(Ay)) e ™ 0
k

P

so that

Cpk-1

(T A A /ANAY)) o ot 30 (T A Ayt /A4(A)
~ (T/\pgpA(Ay,l-l )/AI(AQ))Cpk ! Vv \/l (T X AgP'_l+ij_l)Cpk 1
J:

Each of the p — 1 wedge terms are equivalent to (T' x A g,:_l)Cv"" , and we
can iterate. O

The point of the lemma is that the component A oot has been replaced by
the simpler components Ag,... ,A got=1 simpler w.r.t. the Cps-action. For
example, the action of Cpx on A, is free when g is a generator of Cp,~. For
every equivariant S!-spectrum T,

(i) (ZThs:)p ~ (holim T, )p
() (T*")p ~ (holimTh%" ) (5.1.9)
(i) H(S,T)5 ~ holim H(Cp», T))

The first equivalence is lemma 4.4.9, the second is an easy consequence of the
definitions, and is just an equivariant version of the relation hgl_i)mBC’pn ~

(CP®>),. The third equivalence follows by comparing the norm fibration for
Cp» and S!, cf. remark 4.1.9. We consider the convergent sequences with

B (T*';Z,) = Sz,{t} @ mu(T5 Zy)
E*(H(S',T); Zy) = Sz,{t,t™'} @ 7u(T; Zy)
cf. [HM1], [GM] for convergence.

Proposition 5.1.10. If g € Cp~ is a generator, then the Tate spectrum

H(sl,ng,T(k)C»' X Ag) ~

Proof. We use Z, coefficients and have

E?, = Sz,{t,t 7'} ® Sw,, (i {0} ® Ha(Ag; Z/P'HY)
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with t € B2, , 0 € Eoz and H.(Ay; Z/pY) C B3, cf. (4.3.4).
The spectrum T'(k)C#* is a product of Eilenberg MacLane spectra, since
it is a module over TR(k) ~ HW (k), and the d?-differential is this given by

[SY)4: Hi(Ag; Z/™Y) = Hepa(Ag; 2 /pH1)

induced from the action
S'x Ag = Ay

cf. proposition 4.1.14. The evaluation of loops at 1 gives a non-equivariant
homotopy equivalence A; —+ BCp~, so

H, (Ay; Z/pH'l) = Ez/pz+1{y1} ® Fz/pl+1{x2}

with deg(y:) = 1, degzs = 2 and with I'{z,} being the divided polynomial
algebra. We show in lemma 5.1.12 below that [S']4 multiplies by y;. Hence

d? (t*yn(z2)o"™) = t* 1y, (z2)y10™, s€Z, n>0,

and E3=0. O

Proposition 5.1.11. For a generator g € Cpn,

L ((pﬁ,,T (k)% x Ag)™S I;Zp) = Swiy0 {0} ® Ho(BCyi; Zy).

Proof. The spectral sequence for the homotopy S* fixed set has E?-term
E?:,* = Sz,{t} ® SW|+1 (k) {U} ® H. (A.‘I; Z/pH.l)

with differentials as above. This time, however t~1 is not present, so there is
no differential to kill the classes v, (z2)y10". Thus

E. = Swi.( {0} ® yiTz {22},

all concentrated on one vertical line, and E? , = ES,. O

Lemma 5.1.12. If g € Cp~ is a generator, then the action S* x A, = A,
induces multiplication by y; € Hy(Ag;Zy) on H,(Ag; Z/p1).

Proof. Let §: S — BCp~ represent the homotopy class corresponding to
g € Cpn. Consider § as an element of ABCp~ . Since Cpn is abelian, BCpn is
an abelian topological group. The map f: BC,v = ABCy~ with f(b)(2) =
bg(z) lands in A, since we may connect b with a path to 1 € BC,~. Moreover,
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f is a homotopy equivalence, since its composition with the evaluation map
is homotopic to the identity. The lemma now follows from the homotopy
commutative diagram

action

stxB 2L s1xAB AB
lgxl ev
B x B mult B

O

We return to the calculation of the p-adic homotopy groups of
TC<1)(ka~). They are by proposition 5.1.4 equivalent to

-1
T (\/ holim (T(k) X A i )C”" ;Z,,)
F

p—1
= @D lim 7. ((T(K) x A jpw-2)%"32,)

where g generates Cpn. The idea is to use the cofibration sequence of
lemma 5.1.8 inductively for { = 1,... ,N — 1. One has

1
holim (T'(k) x Ag) " ~ h%i_m (T(R) X Mgy, ~ (T(K) x Ag)*S

after p-completion. This follows from (5.1.9,i) and proposition 5.1.10. Propo-

sition 5.1.11 shows inductively that all p-adic homotopy is concentrated in
odd degrees. In particular we get, for each [/, short exact sequences

hS? Cpn
0 (pgp, T(k)Cr' x Ag) — 7, holim (T(k) X Ag,,)
F

p—11-1 Con
— P @ . holim (T(k) X Ag,,,-) " 50
j=1 F

of homotopy groups with Z,, coefficients. These sequences are also split exact.
Indeed the left hand term consists of a sum of groups Wiy (k) = W (k)/p'*!,
so it suffices to check that

Cpn
ptim, (hﬂmT(k) X Ag,.) =0. (5.1.13)
F
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This on the other hand is a consequence of induction theory, upon using a
result of C. Schlichtkrull, [Sch], which I now describe.
Let L be an FSP and consider the functor

TF(LIG], p) = holim T(L[G]) "
F

For I C G of finite index we have the map
Indg: TF(L[G],p) = TF(L[T], p)

given as the composition of the functor applied to L[G] — Endyrj(L[G])
with Morita equivalence. Now

TF(L[G],p) ~ holim (T(L) x ABG)®"
F

decomposes into components,

TF(L[G], p) ~ holim (T(L) x A BG)“™"
sex(G) F

with A(BG = Bs1Cg(g), the classifying space of the centralizer with some
action of S1. It follows that Indg decomposes into components,
Cpn

Indg([g], [7]): h&m (T(L) x A[g]BG)C’" - h&m (T(L) x Ay BY)
F

Theorem 5.1.14. ([Sch)]) (i) Ind%([g], [y]) = 0 if v ¢ [g]. (ii) Ify € [g] then
IndY; is induced from the S'-equivariant covering Ay BT — Ay,BG. a

(The theorem verifies in particular conjecture 7.14 of [BHM]; it undoubtly
generalizes to simplicial groups, and should be of help in the study of transfers
in Waldhausen’s A-theory).

Corollary 5.1.15. In the limit over k, the cofibration sequences of lemma
5.1.8 become split, for T = T(k).

Proof. The terms in the limit sequence are modules over K(k), = HW (k)
via the cyclotomic trace, so it suffices to check that the homotopy exact
sequence is split. This was above reduced to the statement (5.1.13). We use
theorem 5.1.14(i) with G = Cpn, I' = Cpn-i-1 to conclude that

Res?”_ oIndg?"™"': TF(K[Cyn],p) = TF(K[Cyn],p)
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Cpn
is trivial on h&m (T(k) x A g,.) ", On the other hand the composition

induces multiplication by the index p*+! on homotopy. O

Theorem 5.1.16. For a perfect field of characteristic p > 0,
on
mana TC ([Cp]) = m (TCV (KICD)
m2n TC (K[Cpn]) = 0, n > 0

Moreover,

mTCO (kCy) = (W(k)/pV) 7™ & @) (W (k) /p" )2~V 2.

i=1

Proof. This follows from corollary 5.1.15 and proposition 5.1.11 upon col-
lecting terms. O
We have left to determine the exact homotopy sequence of

TC(k) x BCynw = TC(K[Cpn]) = TC® (K[Cpn]). (5.1.17)

From (4.3.3) we have
TC(k) ~ HZ,V X H(Z,). (5.1.18)

when k is finite. Thus

m; (TC(k) x BCyn) = Hy(BCpn; Zp) ® Hiy1(BCpn; Zy),
with one copy of Z/p" in each degree.

Lemma 5.1.19. The homotopy exact sequence of (5.1.17) reduces to the
exact sequence

0— Hop—1 (BCPN; Zp) — TCaop—1 (k[CpN])
—TCY | (K[Cpn]) 225 Han1(BCypn; Zy) — 0.

2n—

Proof. We must argue that 8, is surjective. This is true for n = 1 be-
cause TCél)(k[Cpn]) = 0 and because the K-theory assembly map is clearly
injective in dimension zero.
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For n > 1 we use that (5.1.17) is a module over TR(k) x BCy~, and hence
over TR(F,) x BCp~. Thus

8: TCM (k[C,pn]) = ETC(k) x BCpv — HZyx BCyn
commutes with the resulting actions

TCH (KCpw)) ® Ha(BCyw; Z/p") - mo (TCH (KICpw 1) Z/p7)
H.(BCyn;Zy) ® H (BCyn; Z[p") — H.(BCypn;Z/p")
The second map has the property
H, (BCpN ) Zp) : H2n(BCpN ) Z/pN) = Han41 (BCpN ) Z/pN),

and since Hany1(BCpn;Zp) = H2n+1(BCpN;Z/pN), surjectivity of 9, in
dimension 1 gives surjectivity in general. O

Since TC;(k[Cyn]) = Ki(k[Cpn];Zp) has exponent p, lemma 5.1.19
yields the abstract isomorphism

TCan-1(k[Cpr]) = TCE)_, (K[Cpn]).

This proves theorem 5.1.1.

It seems clear that one should be able to calculate K.(k[P]) for more
complicated p-groups. It is also natural to attack K.(A[P]) for other base
rings, and in particular for A = Z, cf. sect. 5.4 below.

I conclude with some remarks about the twisted group ring case, inspired
by [O1], ch. 12. Let E be any finite extension of Q, and A C E the ring
of integers. Given a p-group P and any homomorphism ¢: P — Gal(E/Q,)
we have the twisted group ring A*[P]. It contains the untwisted group ring
A[Py], Po = Ker(t). Theorem 12.3 of [O1] states that the inclusion induces
an isomorphism

K1 (A[Po)) pypy — K1 (AY[P)), (5.1.20)

where the left hand side denotes the coinvariants of the action induced from
P/P; — Aut(A) x Out(P,). Olivers argument is based upon the integral
p-adic logarithm, close in spirit to m; (trc); one may wonder if (5.1.20) gener-
alizes to the statement

TC(4'[P]) ~ TC(A[PoDnr/p, ?
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5.2 K-theory of k[z]/(z").

This section outlines joint work with Lars Hesselholt. The main result is
Theorem 5.2.8 below. A detailed account can be found in [HM], sect. 6-8,
when n = 2 and will appear in [HM2] when n > 2.

Let I1, = {0,1,z,... ,z"" 1}, considered as a pointed monoid with 0 as
base point and with z! = 0 for i+ > n. We form the cyclic construction
NJ¥(II,). Its set of k-simplices is the (k + 1)-fold smash power of II,,, so
consists of k + 1 tuples (z%,... ,z%*) with (z%,... ,z%*) = 0 if some i, > n;
NJ¥(I1,) becomes a cyclic set when we give it the structure maps of sect. 2.1.

The argument of lemma 4.4.7 gives for any ring A (or even FSP) the
equivalence of equivariant spectra

T (A[z]/(X™)) ~s1 T(A) A NG (L), (5.2.1)

There is an analogue of the component decomposition of N¢¥(G) = ABG,
namely

[o o]
N&¥(I,) = \/ N&(IL,; 6)
s=0
where N.Y(Il,;s) consists of simplices (z%,...,z%*) with £i, = s, and
0 € NY(Il,;s) for all s. The simplex (z(*)) = (z,...,z) € N, (In;5)
is represented by a cyclic map

is,0: Als — 1]e = No(Il; 8)
of the standard cyclic (s — 1)-simplex. Its realization becomes a map
i: S x A*71 o5 |N,(I,; 8)],

cf. (2.1.3). Since (z",z,...,z) € Ns_n(Iln;s) is the base point, the com-
posite of i,, with the iterated face operator ds_n4+1 o --- o ds, maps the
corresponding face S! x A*~" to zero. Moreover, as (z(*)) is invariant under
cyclic permutations, i, maps the orbit S* x C, - A*~1 = C, - (S x A*71) to
zero. All in all we obtain a map

is: S xg, AT1/S! x¢, Cy - A*™" = [N (In; 8)|

and it is not hard to prove:
Lemma 5.2.2. The map i, is an S'-equivariant homeomorphism. ]

For n = 2, the domain of 7, is S! x¢, A*~1/3(S* x¢, A*~1). We consider
A*~! C RC, to be the simplex spanned by the group elements g € RC,.
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It projects homeomorphically to the reduced regular representation RC; — R
with R C RC, the invariant line through 3_) ¢*. Hence we have:

S xg, A*71/8(S! x¢, A*7Y)

=~ S x¢, D(RC, — R)/8(S* xc, D(RC, — R))

= Si Ac, SRC.—R
If s is odd then RC; — R is a complex representation and

S% Ag, SRCR g 8% /C, A SRCR
with diagonal S!-action on the right hand side. If s is even then RC; — R =
R_ & V, with V; complex, and
S1 Ac, SRR = cof (84/Cypp 2+ S1/C,) A S™

with A the natural projection.

The above description of |N¢¥(Il;;s)| has the following generalization
when n > 2. We use C(n) to denote the complex S!-representation where
the action of z € S! is multiplication with z"”. Suppose dn < s < (d + 1)n,
and write

Ve =C(1) ®C(2) ® - - - ® C(d). (5.2.3)

It is an S'-module and hence by restriction to C; C S! also a C,-module.

Theorem 5.2.4. ((HM2]). Supposen > 2 and dn < s < (d+ 1)n. Then

SL/Cy A SV, s<(d+1)n

Sl As—l 1 a,A"_n ~
X0, /8 %e,C %\ cofib (51/Car =+ SL/C,) NSV, s=(d+1)n

Proof. (Outline). The proof is based upon the concept of regular cyclic
polytopes of D. Gale, [G]. Let ma(g) = (£&,€2,...,£%), & = €*™¥/5. The
image P, 4 = m4(A®!) C V, is a regular cyclic polytope. Its structure of
facets (=codim 1 faces) is completely described in [G]. Using this we prove
in [HM2] that

7a(A°"1/Cy - A ™) ~ Py 4/ Qe ~ SV

for dn < s < (d+1)n where Q,,4 = m4(Cs - A*~™). Next, the socalled Buenos
Aires formula, [BAG], gives explicit generators of the homology

H.(Ny(l,);Z) = HH, (Z[z)/(z"); Z)
in terms of the simplices of Ng” (II,,; s). This is used to show that

St Ac, A*1/SE Ag, Cp - A" ~ SL A, S
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when dn < s < (d+1)n. The case s = (d+1)n is somewhat more complicated,
and will not be outlined here. a

We also need to know the cyclotomic structure of T' (A[z]/(z")), similar
to lemma 4.4.7, and must calculate the geometric fixed points:
o, 85T (Alz)/(2")) ~cyee P8, 85 T(A) A pE, INSY(IL,)| %
~Cyoo T(A) A pE |sdc, N (IL,) |7
Comparing with (2.1.7), the isomorphism
Ac,: N&¥(Iln, 5) = sdg, N§Y (I1n; sp)

gives an S'-map

A7 p sdc, N (I1; sp)C» > N&Y (ILp; )
which when composed with the above gives the required Cpe-equivalence

ngQC’T (Alz]/ (™)) ~c, T (Alz]/(z™)) .
It is clear from the definition of V;, that pg, V,g’ = Vs, and we also have
S1/C, =51 pgp (S'/Cps). This yields a Cpe-equivalence

rc,(s): p¥, 8% (T(A) A S} /Cps A S%*) — T(A) ASL/Cy AS™~.

The proof of theorem 5.2.4 contains the following

Addendum 5.2.5. The cyclotomic structure of T(A[z]/(z")) is given by
Vzo GC (S) . (]

Since we are working in the category of equivariant spectra, T(A)ASY* is
equal to the V,’th deloop T'(A4)(V;) of T'(A). With this interpretation r¢, (s)
induces

R: T(A)(Vpe) ™ — T(A)(V)%om?
and we can form the homotopy inverse limit over these maps

Denote by 'I"fl(A[a:] /(z™)) the reduced space, i.e. the homotopy fiber of

TC(A[z]/(z™)) & TC(A). Then

TC (A[z]/(z")) ~ TC(4) x TC (A[z]/(z")) .

For any S!-equivariant spectrum T € S'SU and any finite dimensional S*-
module W in the Universe we have the map

Va: T(W)C?™ — T(W)Cre
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constructed from equivariant transfers, cf. (2.5.8). If n = p%("n' with
(p,n') = 1 we write

VP T(W)Cer o T(W)Cortert

instead of V,u,(»). Then we have the following analogue of [HM], adden-
dum 7.2:

Theorem 5.2.6. The spectrum ’I"‘(/)(A[:v] /(z™)), is equivalent to the product
of the p-adic completions of

n {Ehgl_i_mT(A)(Va,)Cr‘ | p) =1, n"(l}

R

and

I {cof (2 holim T'(A)(V,:;) Cpizoptm) EhohmT(A)( .,)Cr") | Lp) =1, n'| l} ,

R

where in the second factor T'(A)(V, )G ™ =0 ifi < vp(n).

Proof. We use the description
TC(-)) — TF(-)) B3 TF(-),

so shall first determine TF(A[:B] /(z™),p), the homotopy inverse limit of
T(A[z]/(z™))C" under the inclusion of fixed sets. For fixed m,

V (T(A)(Vs) A S_l‘./C,)C’m - H (T(A)(Vs) A S_l,./C,)C"'" )
s=1 =1

is an equivalence of spectra. Indeed, since we are only interested in p-
completions

T(A)(V) A SL/Cy ~ T(A)(Vs) A S} /Cpopie

and
Cpm

(TAW) A SL/C i) ™" ~ (o, TANV A L)

with 7 = min(vy(s),m). The action of Cpm-r on S} is free, so can be
divided out, and when we use the S-action on p T(A) (V)" to untwist
the action, we get

(T(A)(V2) ASL/C)) ™™ ~ T(A) V) A S}/ Cpmr, (@)
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with r = m when vp(s) > m. The cofibration sequence of proposition 4.1.8
takes the form

T(A)(Va)nc,r — T(A)(Va)o7" 2 T(A)(Vyyp) o

and inductive use show that the connectivity of T'(4)(V,)C*" tends to infinity
with s. This proves (1). Next for fixed s,

hglim (T(AT2) A SLIC) O™ ~ ET(A)(V) e (3)

after p-completion. This follows from (2) with r = v,(s) < m, since the
F-map corresponds to the transfers

23-0 (Sl /Cpm+1—vp(a)) - Zf(sl /Cpm—vp(:))
which fit into a cofibration diagram
T%(8'/Cpmt1-r) —— BF(8!/Cpmt1-r) ——— £°(S8°)

(S /Cpym-r) —— TL(S'/Cpm--) £°(S%)

Here £(X) is the suspension spectrum of X;. Now smash with
T(A)(V;)C?" to obtain (3), cf. proof of lemma 4.4.9. The above together
with theorem 5.2.4 yields

TF (A[z]/ (=), p) ~ [] ST(A)(Va)

n'{s
(»)
X H cof (ET(A)(I{.,)C,vpts)-vp<n) Vot ET(A)CP-:,(:))
n'|s

after p-completion. The homotopy fiber of R — id corresponds to taking
homotopy inverse limit over R. O

So far we have not specified the ground ring A, but to obtain explicit
calculation we now restrict A to be a perfect field k of positive characteristic
p, where we have the following result from [HM], sect. 8.1.

Proposition 5.2.7. Let V C U be a complex S'-module. The non-zero
homotopy groups of T'(k)(V)C?™ is concentrated in even degrees greater that
or equal to dim V. They are explicitly given as

1 T(k)(V)Cr™ = W, (k) if dimVCrm—+ < 2 < dimV -+
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fors=1,...m, and

72T (k)(V)S*™ = Wy (k) if 2i>dimV.

Proof. The argument is similar to the proof of proposition 4.2.7 and (4.3.4).
One first treats the case k = F,.

We remember that T'(k)(V) ~ T(k) ASY. It follows that the inclusion
VC C V induces an equivalence

H (Cpm, T(k)(VC?)) =5 H (Cpm, T(k)(V)) -

Indeed, the cofiber is H(Cpm,T(k) A SV=V") and SV-V is a free Cpm-
space, build up from free Cpm-cells, and the obvious induction over cells
reduces us to show that

H (Cpm,T(k) A (Cpm+ A S¥)) = 0.

This follows e.g. from the spectral sequence of sect. 4.1, since Tate cohomol-
ogy groups vanish on free modules.
We next use the following analogue of proposition 4.1.8:

T(k)(V)hcym —— T(k)(V)Cr™ —2— T(k)(VCr) pm-1
id Ty fmy )
T(k)(V)ncym —— T(R)(V)'Cr™ —Rs H(Cpm, T(K)(V))
For m =1,
Pov: TR)(VE) = H(Cp, T(k) (V) ~ H(Cp, T(R)(V))

induces an equivalence on m; for 4 > dim VC». This is simply lemma 4.2.6
suspended dim VCr times. Theorem 4.1.15 implies that Ty, v and [,y in-
duce isomorphisms on homotopy groups in the same range. The spectral
sequence R X

H* (Cpm, mT(Fp)(V)) = muH (Cpm , T(F)(V))
is isomorphic to the spectral sequence for V' =.0 reindexed by shifting bide-
grees up by (0,dim V'). Hence the argument of proposition 4.2.7 gives

. (Cpm, T(F,)(V)) = Sz/pm{0,0~" }dim V] (2)

and it follows from (1) that m;T(F,)(V)C»™ = Z/p™*! if i is even and i >
dim VC». Moreover, the upper horizontal sequence in (1) yields that

R: T(F,)(V)%™ — T(F,) (V)%



304 Algebraic K-theory and traces

is (dimV — 1)-connected, so induction on m gives the claimed homotopy
groups for k = [Fy.

Finally, the argument going from F, to the perfect field k is similar to
the one presented in sect. 4.3. O

Let W(k) denote the big Witt vectors of k, i.e. W(k) = (1 + Xk[[X]])*,
the multiplicative group of power series which begins with 1. Write W, (k)
for the truncated Witt-vectors

Wn(k) = (1+ XE[[X])*/(1 + X™ E[X]]).

Let V,,: W(k) = W(k) be the Verschiebung: it sends a polynomium p(X)
to p(X™), and induces an injection

Vn: Wm—l (k) - an_l(k).

Theorem 5.2.8. ((HM2]). For a perfect field k of characteristic p > 0,
Kom-1 (k[z]/(x"); Zp) = an—l(k)/VnWm-l(k)

and Kam (k[z]/(z"); Zp) = 0 for m > 0.

Proof. We are in a situation where K,(—;Z,) and TC.(—;Z,) agree, and
shall calculate the latter. I shall only treat the case (p,n) # 1; the other case
is less complicated.

Suppose first n’ | [ and choose m in the range

dimg¢ Vpr-ll < m < dim¢ V;,rl (1)
with notation as in theorem 5.2.6. By definition,

[%] if r < vp(n)
dimc V; r—1] =
[%] -1 ifr>wvp(n)

so the above condition is equivalent to
P l—-n<mn<pl—-n ifr>uvy(n)
P H<mn<pl—n ifr=uy(n) (2)
p U <mn<pl ifr <vy(n)



Ib Madsen 305

Now

Tam—1 (2 holim T(k)(qu)cv‘) 2 Tam— holim T (k) (Vpir) %'
R R

2 Tom—2T () (Vpr-11) o
= W, (k)

by theorem 5.2.7, and similarly

Tom—1 (2h4‘)_1_i_mT(k)(V‘l)C’i—”’(")) = Wr—v,(m) (K)-
R

Thus the second factor in theorem 5.2.6 (where n' | I) contributes

B cok (Wrimp)—v,n) (k) = Wrim g (K))
(l’P)=1’ ﬂ'll

to TCam—1(k[z]/(z"); Zp), when r = r(m,l) denotes the unique number
which satisfies (2). In other words, the contribution is

D Wo,m(®) | 1p) =1, ' |1, | < pmn'}o

D Weimp®) | 1p) =1, 0’ |1, 1> pmn'}.

Similar considerations show that the first factor in theorem 4.2.6 contributes
D Wrmpk) | (1) =1, n' 11}, 4

where this time r = r(m,[) is the unique number with p"~!l < mn < p"l.
Finally, it is easy to see that the direct sum of (3) and (4) is isomorphic to
Wonn-1(k)/Va(Wm-1(k)). a

©)

Remark 5.2.9. The above argument shows that

T2m—1 ( H h}ﬁmT(k)(Vpil)c”‘) = Wnn-1(k)

(p)=1 R

and more generally that

T2m-—1 ( H h(‘)_li_mT(k)(‘ll"l)C"-") = p"Wnn-1(k).
(p)=1 R

The difference between the two cases (p,n) = 1 and (p,n) # 1 in theorem
5.2.8 is just that V,, in the first case gives an isomorphism on the subproduct
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with n | [; in the second case there is a cokernel whose size depends on the
p-adic valuation of n.

I should point out that the low dimensional groups K;(k[z]/(z");Z,),
1 < 3, were determined previously, and that Thomas Geisser asked us to
use the present techniques to work out the groups for general i; he even
conjectured the correct answer.

5.3 Nil calculations.

McCarthy’s relative theorem makes it possible to calculate the socalled Nil-
groups of rings A which contain a nilpotent ideal I for which A/I is a regular
ring. In this situation, we have the cofibration sequence

NK(A)* = TC (A[t] = A/I[t)" - TC(A - A/D" (5.3.1)

with ONK(A)" ~ Nil(4)". I illustrate the situation with an explicit calcu-
lation for the rings A, = k[z]/(z™) of the previous section. Further details
and examples are to appear in [HM2].

Lemma 5.2.2 and (5.2.1) shows that

[ o]
T(Alf]) ~co T(A) ANV (o) ~c., T(A) A \/ S4/C,
8=0
and we can apply theorem 5.2.6 for the ring
Anlt] = klt, 2]/ (=)

This expresses TC(Ay[t]) in terms of Eh(ol_imT(k[t])(Vpa,)Cr" with (p,1) = 1.

Write T'(k[t]) = T (k[t] = k), and let ~, denote equivalence after p-adic
completions. Then

oo Cpi
T (k[t]) (Vper) Ce* ~ (T(k)(qu)cr" AV Si/cs)

s=1

~ VV (T0W)% ASL/C)

(V:P)=1 Jj=0
since S*/Cpi, ~p S*/Cp; when (v,p) = 1, and one has as in sect. 5.2:

(T(k)(V ‘l) A S_}_/ij)c" ~ T(k)(V .'l)cy'"i"(-'.:i) A Si/cpm“(i’j)
~ T (k)(Vpsi 1) Cominedd v T (k) (Vs ;) Cominti)
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For fixed k,

Tk hg%m T(k[t]) (Vpir) 7" = m ST (K[t]) (Vpst) "

if ¢ is sufficiently large; the precise value of ¢ is given in the proof of theo-
rem 5.2.8. It follows from remark 5.2.9 and the above that

mam-1 ]| T holim T(k[t])(Vpsr) >

(p,0)=1 R

CP'.
2 mom | ] holim T(k{t])(Ver)
(»)=1 R

= @ (@piwmn—l(k)$®wmn—l(k)) ’

(vp)=1 \j=1

where p” is the exponent of W,,_1(k). This can also be written as

@ Winn-1 [y]/wmn—l [py]

We divide out the image of the Verschiebung V;,: W,—1(k) =& Wn_1(k)
to get

Theorem 5.3.1. The groups NKa,, (k[z]/(z")) and NK2pm—_1(k[z]/(z™)) are
isomorphic and are given as an infinite sum of An[y]/An[py] with A, =
Woin-1(k)/ Vo W1 (k). a

There are more canonical ways to present the result, e.g. by using the
deRham-Witt complex of Deligne and Illusie. I refer the reader to [HM2].

5.4 On the K-theory of local class fields.

It is natural to attempt to generalize the calculations of the previous sections
to rings of integers in local class fields, A = int(E) with E/Q, abelian (or
even to local number fields). Such fields appear as centers in group rings
Q,[G), and their integers are centers in the corresponding maximal orders
MP(G)a

Z,G C Mp(G) C Q,G.

If E/Q, is unramified, then A = W (F,.) is a factor in Z[Cy], (p, f) = 1,
and one can use lemma 4.4.7,

T(Z,[Cy))y ~ (T(Zy) AABCy4)y ~ (T(Zg) ACs4)
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to get the cofibration sequence
TC(W (Fp. ))) — TF(Z,)) ¥ TF(Z,)),

cf. [BM2]. Thus the unramified case is of the same complexity as A =
Zp, where one has the calculational methods of sect. 4.1. In outline the
calculation of TC(Z,) is similar to the calculation of TC(F,), but the details
are of a different magnitude of difficulties.

The first problem is to verify Conjecture 4.1.16 for the rings in question,
i.e. to show that

I': TH(A)) - H(Cp, TH(4)) (5.4.1)

induces isomorphisms on homotopy groups in non-negative degrees. This was
done in [BM1], sect. 5 for A = Zj, p odd, and in [R] for p = 2. I will go
through the p odd case below; it was not so well presented in [BM1]. First
recall from [B2]:

Theorem 5.4.2. The mod p homotopy groups of TH(Z,) are

T (TH(Z,); Fp) = E{ezp-1} ® S{f2p}

where the subscripts indicate degrees. Moreover, the Bockstein operator on
f2p is e2p—1, and the reduction map from TH(Z,) to TH(F,) maps f2, non-
trivially. O

The reader with no access to [B2] may consult [HM] for an outline. Recall
from lemma. 4.4.4 the S'-map
v: 3R (S%)5 — TH(Id,)
which induces equivalence on all Cy» fixed sets. The inclusion
RS9 - 5(s°)
is split, and the splitting induces a map
£:2%(8% = IR (S%)S" - BR(S°)PS" - TH(Id,)"S'.

The homotopy ring 7. (£%°(S°); Z,) is of course unknown, but it contains the
direct summand

E{azp-3} ® S{bop—2} C m.(E°(S°);F,), p odd. (5.4.3)

The first element outside the direct summand lies in degree 2p?> — 2p — 2.
There is a similar statement for p = 2. We compose f with the map

g: TH(Id,)*S" L5 TH(Z,)*S' — F(S3,TH(Z,))S
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where L comes from linearization Id, — Z,, and the second map is restriction
to the skeleton S3 C ESL. The cofibration sequence S} — S3 — $%/S?
and the S'-equivalence S3/S! ~ S} A S? yield the fibration sequence

Q*TH(Z,) - F(S3, TH(Z,))S' — TH(Z,).

The composition g o f maps the homotopy fiber of £*°(S°) - HZ, into the
fiber Q2TH(Z,),

l: hRF(2%°(S°) —» HZ,) - Q*TH(Z,), iol=go f.
On homotopy groups one has
lo(azp—3) = Negp—1, Lu(b2p—2) = Q2 fop. (5.4.4)
This is a consequence of the statement that the composition
S! A HZ, -+ TH(Z,) 23 £~ HZ /p,

with ¢ the inclusion of the cyclic 0-skeleton, represents the suspension of
the first Steenrod operation P!, cf. [BM1], lemma 5.3 for details. We next
consider the diagram of spectral sequences

E,, (TH@4,)";F,) — E7,, (THEZ,)"";F, )
l l (5.4.5)
El,, (TH(Idp)hc’ §Fp) — ET,, (TH(Zp)hC’ i Fp)

In fiber degree q < 2p? — 2p — 2, the E2-terms are:

E? (TH(1d,)"?; F,) = E{u1} ® S{t} ® E{azp-3} ® S{bzp—2}
E? (TH(Zp)hC’;Fp) = E{u1} ® S{t} ® E{ezp-1} ® S{f2p}

E? (TH(Id,)’*S‘;F,,) = S{t} ® E{azp—3} ® S{bap—2}
E? (TH(Zp)hSl;Fp) = S{t} ® E{ezp-1} ® S{f2p}-

The vertical maps in (5.4.5) are the inclusions. It is well-known to homotopy
theorists (see e.g. [BM1], sect. 3) that

E*(TH(ldp); Fp) = E*P-2) (TH(Idp); Fp)
and that
d®2(t) = tPagp_s, d**"*(u;) =0, dP7'(u1) =tPbyp—2.  (5.4.6)
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The horizontal maps in (5.4.5) are zero (at least in fiber degrees < 2p?—2p—2)
but this is due to the filtration shift indicated by (5.4.4).

Proposition 5.4.7. Let p be an odd prime. In the spectral sequence
ET(TH(Z,)"C?;F,), the elements tezp_1 and tfs, are infinite cycles. More-
over E? = E?*? and

d®®(t) = tP*ley,—1, dP(w1) =0, and d*P*!(u;) = tPHf.

Proof. Let T' = TH(Z,) or T = TH(Idp). Consider the Postnikov tower

with inverse limit T'. Here T'[0, g] has homotopy groups precisely in degree ¢
for 0 < t < g, and in this range they are equal to the homotopy groups of T'.
The Postnikov tower can be taken to be functorial (e.g. by using J. Moore’s
simplicial construction of it), so each term has an S'-action.

The homotopy groups of the Postnikov tower defines an exact couple,
which gives the spectral sequence we are looking at. It has

E? g Tq—pF(ECp+,Tlg, Q])C’ =~ 1q—pF(BCypy,T|q,q]) = HP(BCyp,m,T)

P
and the differentials d"t! are induced from the additive relations

[N
”q-PF(ECP+vT[q»‘I])c’ (—-“q—pF(Ecpd-rT[Q»Q+T“1])C’ _)"q—r*-lF(ECP+»T[0+":‘I+7'])C"

Here 0, is the connecting homomorphism in the homotopy exact sequence of
the fibration

Tlg,q+7 - 1)+ Tlg,q+7] + Tlg+r,q+7].

We shall now compare the situation for TH(Id,) and TH(Z,). To shorten
notation, write

F[s,t] = F(ECpy, TH(Id,)[s, 1))
Fyls,t] = F(ECpy, TH(Z,)[s,1])°"

and let m,(—) = m«(—;Zp). Then (5.4.4) translates as follows: the additive
relations

l o
n2p—sF[2p—3,2p—3)4—m3p_g F[2p—3,2p—1]—Pm2p_3 Fz[2p—3,2p—1]¢—m2p_3 Fz[2p—1,2p—1]

o ]
wap—2F[2p—2,2p—2]4—m2p_ 2 F[2p—2,2p] —Fm2p 2 F2[2p—2,2p] ¢~ m2p—2 Fz[2p,2p] 1)
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give well-defined maps (from left to right) which take azp_3 and bap—_2 into
the generators tesp_1 and tfap of

7(2p_3Fz[2p - 1, 2p - 1] = Hz(BCp; ﬂzp_lTH(Zp))
Tap-2F2[2p, 2p) = H*(BCp; 12, TH(Z,))

For example, the first additive relation is well-defined because I, annihilates
the generator ujbop—2 € H!(BCp;map—2TH(Id,)): it maps to an element of
filtration degree 3, according to (5.4.4).

The elements az,—3 and bz,—2 are infinite cycles in the spectral sequence
for TH(Idp)"C», being in the image of f.. This means that they lift to
elements of m2p_3F[2p — 3,00] and map_2 F[2p — 2, 00). It follows that tesp—1
and t fop lift to mop_3Fz[2p — 1, 00] and map_2 Fz[2p, 0], so are infinite cycles.

Let us prove that d*”(u;) = 0 and d?P+!(u;) = tP*!f,, and leave the
easier differential d*?(t) = tP*le;,—; to the reader. The additive relation
defining d?P(u,) is

7_1F[0,0] = 7_, F[0, 2p—4] — 7_1 F[0,2p—3] -2 n_, F[2p—2,2p-2]. (2)

Indeed u, lies in the subgroup 7_; F[0, 2p— 3] because d>~2(u;) = 0 (and not
equal to t?~lujasp—_3). Because of the filtration shift represented by (5.4.4),
it is better to consider the additive relations

al
A: m_,F|[0,0] n_1F[0,2p — 4] —— w_2F[2p — 3,2p]

|h. lt. lh. 3)
o

AZ: m_1Fz[0,0] «——— m_1F%[0,2p — 4] —— w_2Fz[2p — 3,2p]

where 8. is the connecting homomorphism in the homotopy exact sequence

of
F[0,2p — 4] + F[0,2p] « F[2p — 3,2p).

Theorem 5.4.2 and (5.4.3) gives
m_oF[2p — 3,2p] = n_2F[2p — 3,2p - 2]
m—oF[2p — 3,2p] = n_2F[2p — 1,2p]
and hence exact sequences
0— 7_2F[2p—2,2p) —— m_2F[2p—3,2p] —>— n_sF[2p—3,2p—-3] 50

l L

0— m_2F[2p,2p] —Z— m_,Fg[2p—3,2p] —2— n_oF[2p—3,2p—1] >0
(4)
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One has the following values of the groups involved:

m_2F[2p — 2,2p] = H?®(BCp;m2p—2TH(Idp)) = Fp(tPbyp—2)
m_oF[2p — 3,2p — 3] & H*1(BCp; map—3TH(Idp)) = Fp (t" u1azp—3)
m_2F(2p,2p] & H*P*2(BCp; mpTH(Zp)) = Fp(tP*! foy)
n_oF[2p — 3,2p — 1] & H?P*(BCp; m2p—1TH(Z,)) = Fp(tPusezp—1)

I claim that jz o l, o i = 0, giving the left hand vertical arrow in (4). Indeed
the generator of 7_2 F'[2p—2, 2p] is tPbyp—2, hence in the image of the product
map

T—2pF[0,0] @ mop—2F[2p —2,2p — 1] = 7_2F[2p —2,2p — 1].
The homomorphism
Top—2F[2p — 2,2p — 1] = mop_aFz[2p — 2,2p — 1]
is zero by (5.4.4), and the claim follows by using the product
T—2pF2[0,0) ® map—2 Fz[2p — 3,2p — 1] = n_2Fz[2p—3,2p—1].
On the other hand
@) =jo A(w),  dff(wm) = jz o Az(w) (5)

and by (3), jzAz(u1) = jzl.A(u;). Since d?P~2(u;) = 0, one concludes that
d2?(u1) = 0. Finally the differential d?’~(u;) = tPb shows that l,A(u;) # 0
and that it belongs to the image of i in diagram (4). But the left hand
vertical arrow in (4) is an isomorphism; use of products as above and (5.4.4)
completes the proof. O

Corollary 5.4.8. For p odd,
7. (B(Cp, TH(Z,)); Fy ) = E{esp-1} ® S{t,t7}.

Moreover,
I.: 7. (TH(Z)p); Fp) — . (IHI(C,,, T(Zp)); Fp)

is an isomorphism in non-negative degrees.

Proof. The non-zero differentials in E" (H(C,,TH(Z,,));FP) are by (5.4.7):

d?P(t) = it*tPey, 1, dP(w) =tPHf, (i€Z)
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and a routine calculation gives E25? =~ E{u;} ® S{t?,t~?}. For degree
reasons Ef,’l“ = Efjf’,. This proves the first statement. The commutative
diagram

T(Z,) T(Fp)
P lf‘ ,
H(Cp, T(Zyp)) — H(Cp, T (Fp))

together with lemma 4.2.4 and theorem 5.4.2 tells us that I ( fop) = t7%P
and P,. (ezp_l) = €2p-1- ]

The corollary implies that
TH(Z,) -5 H(Cy, TH(Z,)[0, 0)

is a p-adic equivalence, and theorem 4.1.15 then gives
A

TF(Zp,p)p ~ (hﬁmT(Zp)hC’") ~ (T(Zp)hSI);\ :
F
P

The homotopy groups . (T(Z,,)"S1 ;Fp) and =, (H(Sl; T(Zy)); ]F,,) were cal-
culated in [BM2] by solving the involved spectral sequences, and

R:: 7. (TF(Zy, p); Fp) = mu(TF(Zp, p); Fp)

was determined. This was enough to give the values of TC.(W (Fp.);Fp).
The groups turn out to be v;-periodic, i.e.

v1: TCy (W (Fps ); Fp) — TCouy2p—2 (W (Fpe ); Fp)

(v1 = bgp—2), and this together with other tricks leads to the proof of theo-
rem 1.5 of the introduction. I refer to [BM2] for the details.
For odd primes p, theorem 1.5 states that

TC(Z)}[0,00) ~ im J, x Bim Jp x SUL. (5.4.9)

This is true as (—1)-connected spectra when one use the deloopings arising
from Bott periodicity on the right hand side. For p = 2 there are added
complications. For example, mod 2 homotopy groups of a ring spectrum
does not in general form a ring. At the time of writing TC.(Z2) has not been
completely determined, but preliminary calculations of J. Rognes suggests
that

T (TC(ZQ),Fg) = 1r,.(im Jo x BimJs X SUzA,Fz)
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One expects that a twisted version of (5.4.9) is true for p = 2, cf. [BM2],
sect. 6. I stress that im J> is the complezr J space at 2, i.e. the homotopy
fiber of ¥* — 1: (BU x Z)3 — BUJ.

For geometric reasons it is important to study the relative K-theory
K(Id - Z), by theorem 3.5.1 equal to TC(Id — Z). Indeed, a celebrated
theorem due to F. Waldhausen states that

K(Id) ~ Q®°8%® x WhPif (x)

where Q2WhP(x) ~ ho_li)mDiff(D",D'_“l) with D! c D" the lower
hemisphere, and where 2°°S°° is the zero’th term in the sphere spectrum.

Conjecture 5.4.10. For each odd p we have to split fibration
cokJp — (2°5°)) (—L)im Jp. (1)
There is a similar split fibration
Xp = Q®5°(ST ACP)p £ SUp. )

Here the map from S* A CP® — SU is adjoint to the map which classifies
the reduced canonical line bundle, and €' is its ‘universal’ extension. The
S1-transfer

7: Q®°8§%®(S ACP®) = Q®°8§®

induces a map 7,: X, — cokJ, and a map from SU,' to im J, with fiber
SU,. Let im J,, be the 0-connected cover of im J,. I conjecture that

TC(Id - Z)) ~ cokJ, x BeokJ, x Bim J, x hF(r}). (3)

The difficult part is to prove that the restriction of TC(Id,) — TC(Z,) to
the SU)' factor of (2) is the deloop of ¥* — 1: BU; — BU}; this gives the
factor Bim Jj, in (3).

The outstanding problem which remains is to determine TC(A); in ram-
ified situations. There are at least two approaches. One can attempt to
use that A appears as the center in a maximal order M,(G) C @Q,[G], and
use the ideas of sect. 5.1 to calculate TC(Z,[G]),. But this leaves one with
following problem, interesting in its own right:

Problem 5.4.11. Give a calculable trace description of K(Z,[G] = Mp(G)).
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One knows by the localization theorem in K-theory a categorical descrip-
tion of K (Zy[G] = Q,[G]), and hence of K (Z,[G] & Mp(G)), namely as
the K-theory of cohomological trivial modules. But despite a lot of efforts
by Bokstedt and the author, (5.4.11) remains unsolved (even for G = Cp).

A second approach is to follow sect. 4.1, starting with a calculation of
TH(A). Recently, A. Lindenstrass has determined TH(A) for quadratic ram-
ified extensions of Z2. In general one should have

Conjecture 5.4.12. Let A be totally ramified and let 1 € A be the prime
element (A/mA =TF,). Then

. TH(A, A/7) = Ef,{a1} ® Sf,{az}
with dega; = 1. a
Conjecture 5.1.12 yields . (TH(A); Fp) as well, but I do not know if (5.4.1)
is an equivalence in this case.

Finally of course there is the deep problem of determining the relative
K-theory K (Zy) — Zy) but this is a different story altogether.
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