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In this article, multivariate fractional Brownian motions with pos-
sibly different Hurst indices in different coordinates are considered
and a Girsanov-type theorem for these processes is given. Two ap-
plications of this theorem to stochastic differential equations driven
by multivariate fractional Brownian motions are presented. The
first is an existence result for weak solutions to stochastic differ-
ential equations with a drift coefficient that can be written as a
sum of a regular and singular part and an autonomous diffusion
coefficient. The second application concerns a maximum likelihood
estimate of a drift parameter in stochastic differential equations
with additive multivariate fractional noise.
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1. Introduction

In the article, multivariate fractional Brownian motions (mfBms) and sto-
chastic differential equations (SDEs) driven by them are studied.

Let H = (Hy, Hs, ..., H,)" € (0,1)". Generally, a multivariate fractional
Brownian motion is an R”-valued stochastic process B whose k-th compo-
nent is a standard Hp-fractional Brownian motion. The family of such pro-
cesses provides a natural generalization of the family of standard R™-valued
fractional Brownian motions (fBms) but it allows for higher flexibility as
far as the regularity and fractal properties of the processes are concerned.
This is of course relevant in applications. For example, the mfBm is used
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to describe the relationship between returns and volatility of the DAX in-
dex in [4, Section 3.1] or the structural properties of deformability, stacking
energy, propeller twist, and position preference sequences of the Escherichia
coli chromosome in [4, Section 3.2]. It has also been argued that it is an in-
teresting model for functional magnetic resonance imaging; see [2]. We refer
to the works [3] and [23] for various properties of mfBms, and to [11] and
the references therein for a more general context.

In the present paper, the particular case when the components of B™ are
mutually independent is considered and the stochastic differential equations

t t
(1) X =z +/ b(r, X,)dr +/ o(r)dB®, teo,T),
0 0

where b : [0,7] x R" — R" and o : [0,7] — Z(R") are Borel measurable
deterministic functions are studied.’

A main tool in our analysis is a Girsanov-type theorem for mfBms. This
result is a generalization of the known results in the univariate case (see, e.g.,
[9, Theorem 4.9], [32, Theorem 2], [10, Theorem 2.2], or [42, Theorem 1]) and
of the multivariate case with common Hurst index (see [40, Theorem 4.1])
to the multivariate case with possibly different Hurt indices.

Two applications of the Girsanov theorem to SDEs are subsequently
given. In the first, an existence result for a weak solution to the equation

2) Xt_xo+/0t[b1(r,XT)+b2(r,X,«)]dr+/0ta(r)dBfI, t e [0, 7],

is presented (see Proposition 12). Here, o : [0,T] — Z(R") is a Borel mea-
surable function with invertible values such that its integral with respect
to B™ has a continuous version and b; and be are two Borel measurable
functions [0,7] x R™ — R™ that correspond to the “regular” and “singu-
lar” part of the drift. More precisely, while the function b; is assumed to
be locally Lipschiz and of at most linear growth in the space variable, it is
only assumed for the function by that the map [(t,2) + o (t) by (t, 2)] is of
at most linear growth in those coordinates that corresponds to the singular
coordinates of B, i.e. those with Hy < 1/2; and is Holder continuous in
both time and space in those components that correspond to the regular
components of BY i.e. those with Hy > 1/2.

Existence of weak solutions to SDEs driven by fBms has been already
studied by many authors and we refer, for example, to [43] where the Wiener

!Throughout the article, the symbol . (R™; R™) denotes the space of m x n real
matrices identified with linear operators from R™ to R™. If m = n, we write Z(R").



Applications of the Girsanov theorem for multivariate fBm 271

case H = 1/2 is studied; to [10], [24], [28], [32], and [33] where equation (1)
is studied in dimension one with ¢ = 1; or to [7], [25], and [40] where the
particular case of (2) is treated. In fact, the article [40] is a main inspiration
for the first part of the present paper and it is shown that the arguments
from [40] can be used even in the case of a mfBm with different Hurst indices
in different coordinates provided that the singular Hurst indices differ from
the regular ones by at most one half.

The second application of the Girsanov theorem treated in this article
is estimation of a drift parameter for equation (1) with additive noise, i.e.
with 0 = 1. More precisely, the equation

t
(3) X; = 9/ b(r, X,)dr + Bff, t>0,
0

is considered and a maximum likelihood estimate (MLE) of 6 that is based
on a continuous observation of one trajectory of the solution is proposed and
sufficient conditions for its strong consistency and asymptotic normality in
the spirit of [36, section 2.4] are found.

Statistical inference for SDEs driven by the Wiener process is now a
classical subject and as such, it has been treated extensively; see, e.g., the
monographs [21], [26], and [27] and the references therein. On the other hand,
the literature concerning inference for fractional diffusions is much more
scarce. Even though a somewhat general treatment can be found in [36], only
specific problems are usually considered and among these, estimation of the
drift parameter 6 in (3) seems to have received the most attention. From the
results directly related to our problem of drift parameter estimation from
a continuous observation of the trajectory, we refer, for example, to [9] and
[29] where a MLE of the drift parameter of an fBm is studied; to [5], [8], and
[19] where a MLE of the drift parameter of a fractional Ornstein-Uhlenbeck
process is treated; to [42] where a MLE of 6 in the general equation (3) with
b(t,z) = b(x) is considered (see also [22]); to [15], [16], and [41] where a
least-square estimate (LSE) of the drift parameter in a fractional Ornstein-
Uhlenbeck process is analysed; and to [17] where a LSE of # in the general
equation (3) with b(¢, x) = b(x) is considered.

The paper is organized as follows. Section 2 contains some preliminaries
on (m)fBms and section 3 contains the Girsanov-type formula. SDEs are
treated in section 4 — the existence result for the weak solution to equa-
tion (2) is given in part 4.2 and the MLE of the parameter 6 in equation (3)
is considered in part 4.3.
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2. Preliminaries

The definition of one-dimensional fractional Brownian motions is recalled
initially. Let H € (0,1) and 7' > 0. A stochastic process (B} )tefo,7) defined
on some probability space (2, .%#, P) is called an H -fractional Brownian mo-
tion if it is centered, Gaussian, and if it satisfies

1
EBEEF:RH@Jy:§(§H+ﬁH—u—sWﬂ

for every (s,t) € [0,T]%. The covariance function Ry can be described via a
certain Volterra-type kernel. If H = 1/2, define the kernel Ky : [0,7]?> — R
by

Kp(t,r) :=14(r).
If H # 1/2, define the kernel Ky : [0,T]> — R by

1
2

CH (t B

KH(t,T) = m )Hf

11 1 t
F(H- - :-HH+-1-"
X 2 1< 272 ) +27 T)

for (t,r) € [0,T)? such that 0 < r <t < T and by Kg(t,7) := 0 otherwise.
Here, the constant cgy is given by

B rH(1— 2H)
U=\ T2~ 2H) cos(rH)’

I' is the Gamma function, and o F}; is the Gauss hypergeometric function;
see, e.g., [39, Chapter 1]. It is well-known that the equality

SNt
Ry(s,t) = / Ky(s,r)Kg(t,r)dr
0

is satisfied for every (s,t) € [0,T]?; see [9, Lemma 3.1]. This fact is a key
result in the theory of fractional Brownian motions and it is also crucial in
the present article.

2.1. Multivariate fractional Brownian motion

In what follows, a multivariate fractional Brownian motion is defined. To
this end, let n € Nand H = (H;), € (0,1)". A (multivariate) H-fractional
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Brownian motion is an R™-valued process BY = (Bf1 BHz BH~)T if
for every i € {1,2,...,n}, B is an H;-fractional Brownian motion and if
B is independent of B whenever 4,5 € {1,2,...,n} are such that i # j.
Clearly, it holds that

EBJ(By")" = Ru(s)
for every (s,t) € [0,T]? where R¥ : [0,T])? — Z(R") is defined by

R (s, 1) = diag { R, (5, ).
Now, if we define the matrix-valued kernel Ky : [0, T]? — Z(R") by
Ky(t,r) .= diag {Kp, (t, )},

then we obtain that the equality

tAs
RH(S,t) = KH(S,T‘)KH(t,T) dr
0

is satisfied for every (s,t) € [0,T]2.
2.2. Wiener integration

As well-known, unless H = 1/2, the H-fractional Brownian motion is not a
semimartingale; see, e.g., [9, p. 178]. Therefore, the standard (It6’s) integra-
tion theory cannot be applied and an integration theory has to be devel-
oped. For our purposes, however, it suffices to consider only deterministic
integrands.

Let H € (0,1)" and let B¥ be a multivariate H-fractional Brownian
motion. Let m € N and denote by &(0,7;.Z(R™;R™)) the space of step
functions on the interval [0, 7] with values in the space .Z(R™;R™), i.e.
every f € £(0,T; Z(R";R™)) is of the form

N-1
(4> f = Z Ail[tutwrl)
=0

for some N € N, some partition {;}2 of the interval [0, T] such that 0 =
to <t1 <...<tny =T, andsomeset {A;}[", C L(R"R™). (fm=n=1,
we simply write &(0,7).) For a step function f that is represented by (4),
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the Wiener integral with respect to the multivariate H-fractional Brownian
motion BY is defined by

N-1
() =Y Ai(Bf, - B
=0

In what follows, this definition of the integral I is extended from the space of
step functions to a larger space of admissible integrands. Define the integral
operator 0K} : £(0,T; L (R R™)) — L0, T; £ (R*; R™)) by

T
0Ky f)(s) = f(s)Ku(T, s) +/ [f(r) = f($)](O1Km)(r, 5) dr

for f € £(0,T; Z(R";R™)) and s € [0,T]. Here, 01 Ky = diag {01 Kn, }
where 01 K g, denotes the partial derivative of Kp, in the first variable. It
follows by using the fact that

(6) Ku(t, r) = (0Kg)(1j,41dn)(r)

holds for (t,7) € [0,7)? that there is the isometry

(7) Ur(f): Ir(9)) r2(orm) = (OKR [, OKgg) 12(0,1,2 (Rn 1))
for f,g € £(0,T; Z(R™;R™)).

Remark 1. For H € (0,1), the operator 0K} : £(0,7) — L*(0,T) is
injective and it can be described by the fractional operators defined by (33)
and (34). In particular, it follows that for f € £(0,T"), 0K}, f is given by

OK5 f = CHT%_HI;I__Z’TH_%f,
and for f € (0K})(£(0,T)), the inverse (OK3%) 1 f is given by

.\ — 1 l_g,i-H g1
(0KF) IfZCH17"2 HIT— rfioaf,

cf. [6, p. 30 and p.36] and [1, section 8§].

By Remark 1, the operator K7 is injective so that

<fa g>@H(O,T;$(R”;Rm)) = <8Kﬁf7 aKﬁg>L2(O,T;Z(R";Rm))a
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fig€ &0, T; Z(R™;R™)), defines an inner product on &(0,7;.Z(R";R™))
(with [| - [|g#(0,7;2®n;rm)) being the induced norm). We obtain from equal-
ity (7) that

(8) ()l 2 (urm) = (| fll2m 0,72 @ mm))
holds for every f € &(0,T;.Z(R™;R™)) and therefore, the operator
I : £(0,T; Z(R™YR™)) — L*(;R™)

defined by formula (5) is a linear isometry. As such, it admits a unique ex-
tension to a linear isometry, denoted again by I, from the the completion
of £(0,T;Z(R";R™)) with respect to the norm || - || gu (o7, 2@ rm)) (We
denote this completion by 2%(0, T; .2 (R™;R™))) to a closed linear subspace
of the space L%(Q;R™). For f € 2"(0,T;.Z(R"*;R™)), the R™-valued ran-
dom variable Ip(f) is called the Wiener integral of f with respect to the
process B®. Whenever convenient, the following notation will also be used:

T
/0 f(r)dBE = Ir(f).

Remark 2. The above described procedure is a generalization of the case
when the integrator is a scalar H-fractional Brownian motion and we refer,
for example, to the works [1], [9], [34], or to the monograph [6] and the many
references therein. It is well-known that the abstract completion procedure
of the space of step functions with respect to the norm induced by the
operator 0Kj; can and will in general produce admissible integrands that
are not functions. More specifically, if H € (0,1/2], then 2% (0,T) contains
only functions, and there is, for example, the continuous embedding

¢°([0,T]) — 2" (0,T)

for any § € (12— H,1). If H € (1/2,1), then the space 2 (0,T) contains
distributions; however, there is the continuous embedding

L#(0,T) — 27(0,T)

which provides a convenient space of functions to which one can restrict the
domain of Ir; see, e.g., [31, section 2.1].
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3. Girsanov theorem

In this subsection, a Girsanov-type theorem for the multivariate fractional
Brownian motion is given. We begin with some preliminaries on an integral
operator associated with the kernel Ky and a Volterra-type representation
of the multivariate fractional Brownian motion.

The first preparatory result is that a certain integral operator can be
associated with the kernel K. Define for H € (0,1) and f € L?(0,T) the
operator Ky by

(Kuf)(t /KHtr r)ydr, te0,T).

Remark 3. The operator K can be described as follows. It holds that
the operator Ky is an isomorphism from the space L2(0,T) to the space

Iéf_a(LQ(O,T)) and for f € L?(0,T) we have that

en e ML R f H e (0,1)2),
Kyf= CHlo+f, H = 1/27
cnlb P sty H e (Y, 1);

by [38, Theorem 10.4]. (The formula in the singular case H € (0,1/2) is
obtained by noting that by [9, formula (4)], the equality

1 1 1 11 1
Fil-—HH—-- H+ —; = |H—-—-,——H H+ —;
2 1(2 ) 27 +2,Z) 2 1< 2 2 ’ +2,Z>

holds for any H € (0,1), H # 1/2, and z € C such that |arg (1 — 2)| < 7.)

See also [9, Theorem 2.1]. The inverse K}, is given for f € I, : (L2(0,7))

by

1 i g H-: g1

e e A 2I0fo, H € (0,1/2),
Ky f=9cg' It f, H=1p,

cyrf! 2]2 HI L H e (1,1);

see [10, formulas (5),(6), and (9),(10)]. Note also that if the function f is
absolutely continuous, then is it proved in [32, p. 108] that for H € (0,1/2),
Ky L can also be computed as

1y, 1 H-L1p3-H 1_pg.
Ky f=cyr 2[0+ r2 g S
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The multivariate extension of the operator K is defined for H € (0, 1)"
and f € L?(0,T;R") by

(9) Kuf := diag {Kp, }i_1 f-

In order to describe the operator we set for H € (0,1)" and f € L?(0,T;R"™)
H+1 . Hi+3
Iy, * f o= diag{lyy *}iif,

and it follows by Remark 3 that the operator Ky defined by (9) is an iso-
morphism from the space L?(0,T;R") onto the space I?:E(LQ(O,T;R")).
Moreover, its inverse is given for f € Igﬂji (L%(0,T;R™)) by

Kg'f = diag {K5' . f.

As a second preparatory result, let us mention that there is a one-to-
one correspondence between an R"-valued Wiener process and a multivariate
fractional Brownian motion. To be more precise, let H € (0, 1)" and note that
if (Wi)iepo,r] is an R"-valued Wiener process, then the process (By')ic(o7)
defined by

t
BE ::/ Ka(t,r)dW,, te0,T],
0

is a multivariate H-fractional Brownian motion (recall equality (6)). On the
other hand, if BM is a multivariate H-fractional Brownian motion, then it
follows that the process (W3),ec(o,7) defined by

(10) W= [[OKD 7 Q) aBE, e 0.1

is an R"-valued Wiener process. Moreover, in both cases, their augmented
generated filtrations coincide; cf., e.g., [9, Corollary 3.1, Remark 3.2, and
Theorem 4.8], [12, Theorem 1], [32, formulas (5) and (6)], [10, formulas (3)
and (4)], and [40, formula (2.4) and the remark following Definition 2.1].

The Girsanov-type theorem for multivariate fractional Brownian motion
can now be formulated. It is an adaptation of the Girsanov-type theorem for
scalar fractional Brownian motions (see, e.g., [9, Theorem 4.9], [32, Theorem
2], [10, Theorem 2.2], or [42, Theorem 1]) to the multivariate case with
different Hurst indices (cf. [40, Theorem 4.1]).
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Proposition 4. Let H € (0,1)". Let (Bf')icp,r) be a multivariate frac-
tional Brownian motion defined on some probability space (2, F,P) and let
(Wi)iepo,r) be the Wiener process defined by formula (10). Let (ut)iecpo,r) be

an (ﬁtBH)—adapted R™-valued stochastic process such that

u. € LY0,T;R")  and / u, dr € Igﬂ_:i (L*(0,T;R™))
0

are satisfied P-almost surely. Define the process (’Ut)te[o,T] by

v = ! </Ou dr) #), telo.1),

and the random variable Er by

T 1 T
Er :=exp {/ v, AW, — —/ v || 20 dr} .
0 2 Jo

If EEr = 1, then the process (B}fﬂ)te[oﬂ defined by

¢
BE ::B]tHI—/ urdr, te[0,T7,
0

is a multivariate H-fractional Brownian motion under the probability mea-

sure P that is defined by

dP

— =&

a7
Proof. First note that by the standard Girsanov theorem (see, e.g., [18,
Theorem 3.5.1]), it follows that the process (W;),c[o,7] defined by

t
Wi ::Wt—/vrdr, t € 0,7,
0

is an (ZP")-Wiener process under the probability measure P. Moreover, we
have that

t
BP:BF—/ u, dr
0

t t
:/ KH(t,T‘)dWT—/ Ky(t,r)v,dr
0 0



Applications of the Girsanov theorem for multivariate fBm 279

t
- / Ku(t,r) dW,
0
for every t € [0,T7, P-almost surely which proves the claim. d

4. Stochastic differential equations

Let b: [0,7] x R™ — R™ be a Borel measurable function that satisfies the
following two conditions:

(I) There exists a finite positive constant K} such that for every t € [0, T]
and every x € R" it holds that

16(, )]

e < IG(1+ |

Re).

(IT) For every N € N there exists a finite positive constant Kx such that
for every t € [0,T] and every =,y € R" that satisfy ||z|g» + [|y||gr < N
it holds that

16(t, ) = b(t, y)l[e < Knllz —y|

Rn.

Assume further that (Z;),c(o,r) is an R"-valued process with continuous sam-
ple paths sample paths defined on some probability space (£2,.#, P) and that
zo € R™. It follows by standard Picard iteration scheme that there exists an
R"™-valued continuous stochastic process (Xt)te[o,T}7 unique in the sense of
indistinguishability, that satisfies the random differential equation

t
(11) Xt :$0+/ b(T,XT) dT+Zt
0

for every t € [0,T] P-almost surely. Additionally, it can be shown exactly as
in [40, Theorem 3.6] that if there exists a v € (0,1) such that the stochastic
process Z has y-Hoélder continuous sample paths for every v € (0,v), then
the process (X¢).e(o,7) has a version with y-Hélder continuous sample paths
for every € (0,v); and, moreover, for every v € (0,v), the inequality?

(12) | Xl (o,7rm) S 1+ 121l (0, 17:87)

holds P-almost surely with a constant that depends on T', xg, Kp, and ~.

21f there exists a constant C such that A < C'B and the value of this constant
is not important, we simply write A < B throughout the article.
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4.1. Strong solutions

Let us fix H € (0,1)" and a multivariate H-fractional Brownian motion
B defined on some probability space (£2,.%,P) for this subsection. Let
b:[0,T] xR" - R™ and o : [0,7] — Z(R"™) be Borel measurable func-
tions and let xp € R™. Assume that o € 2%(0,7;.Z(R")). In this section,
we find sufficient conditions for the existence of an (.#F")-adapted process
(Xt)efo,r) defined on (2, F,P) with continuous sample paths that satisfies
the equation

t t
(13) Xt:xo—l—/ b(r,Xr)dr—i-/ o(r)dBY
0 0

for every t € [0,7] P-almost surely. If such a process exists, we say that
problem (13) admits a strong solution. We aim to use the facts described at
the beginning of section 4 with the process Z being defined by

(14) Zy = /Ota(u)dBEI, t€[0,T7].

Therefore, we first need to find conditions under which the integral process
has a version with continuous sample paths. Let us fix the following notation:

Notation In what follows, we will write f € ST+ with H € (0,1) if there
exists 6 > 0 such that f € SH+0 where

gris _ [CTTP(OTERY,  H e (0,1),
L0, TR, H e [1f2,),

Similarly, we will write f € S+ for H = (Hy, Ho, ..., H,)" € (0,1)" if there
exists 0 = (01,02,...,6,) | € (0,00)" such that f € X} SH:+%.

Proposition 5. If o € S"*, then the integral process (Zt)ieo,r) defined by
formula (14) has a version with continuous sample paths.

Proof. Write 0 = (0.1,0.2,...,0.,,) and let 0 < s < t < T be fixed. Since
the coordinates of B™ are independent fractional Brownian motions and the
columns of ¢ are deterministic functions, the integrals fst o.x(r)dBM* and

fst o.1(r)dBHt are uncorrelated R™-valued random variables whenever k # 1.
Using this property and the isometry (8), the equality

t
/ 0. (r) dBHx
S

n 2 n
2
1Z = Zil[ 72y = > _E = okl L (spm)
k=1 R* k=1
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is easily obtained. Now, for k € {1,2,...,n}, we have by the definition of
the norm || - ||gay (5 4,rn) that

Ho-'yk H%ij (s,t:R™) — ”aK;IkU kH%Q(S,t;R")'

If Hy € (0,1/2), it follows by the exact same arguments as in the proof of
[40, Proposition 3.1] that

2

_ \2H,
ed-mors o (078

HaK;IkU'kH%"’(s,t;]R") S ok

On the other hand, if Hy € [1/2,1), we have by the Hardy-Littlewood-Sobolev
inequality (see, e.g., [38, Theorem 3.5]) and the Holder inequality that

; N 2H,
1080y 5 [ o ar )

2
26y, HE
— S) Lo Hy, |

2
S ||O'.kHL%+5k(O,T;R")(t
The proof is concluded by a standard argument based on the the fact that
higher-order moments of Gaussian random variables can be estimated by
the second moment [30, Corollary 2.8.14] and the Kolmogorov-Chentsov
continuity criterion [18, Theorem 2.2.8]. O

Remark 6. It follows from the proof of Proposition 5 that there exists a
v > 0 such that the integral process (Z¢)ie[o,r) admits a version with 7-
Holder continuous sample paths for every v € (0,v). In particular, if we
denote

Hy, Hy, € (0,1/2),
Gk = 5kH,§ H 1 1
1+6ka7 k E [ /27 )7

for k € {1,2,...,n}, then the claim holds with

v:= min Gy
ke{1,2,...,n}

that we call, in the sequel, the Holder bound for Z for simplicity.

Remark 7. Proposition 5 holds with obvious modifications for d; = oo.
For example, if o is such that 0., € L(0,7;R™) for every k such that
Hy € [1/2,1), then v = miny, Hy. Thus, [40, Proposition 3.2] is recovered as
a particular case of Proposition 5.
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Remark 8. For A € (0, 1], consider the space

MN[0, T);R") := {f e €2[0, T);RY) | Ve > 036 > 0
|f(t) = f(s)] <€}

t T t— )
Vs, t € (0,7),0< |t—s|<d = T

equipped with the norm || - |l o 7);rn)- It follows that MN[0, T];R") is
separable (see [20, Theorem 1.4.11]) and there are the inclusions

¢"=([0, T R") € € ([0, T, R"™) € € ([0, T];R")

whenever 0 < k1 < k2 < 1 (see [20, Exercise 1.2.10 (ii)]). Therefore, if the
assumptions of Proposition 5 are satisfied, the integral process (Zt)te[o,T]

can be viewed as a €7([0, T]; R")-valued Gaussian random variable for any
v € (0,v) where v is the Holder bound for Z. As a consequence, it follows
by Fernique’s theorem (see [13, Théoreme d’ integrabilité]) that for every
v € (0,v),

Eexp{K||Z||%- o118} < o0

is satisfied with some positive constant K. This fact will be used in the proof
of Proposition 10.

Combining Proposition 5 with the existence and uniqueness result for
equation (11) discussed at the beginning of section 4 allows to obtain a
strong solution to the stochastic differential equation (13).

Proposition 9. Assume that b satisfies conditions (I) and (II) and that o
belongs to the space S™+. Then there exists a unique strong solution to (13).
Moreover, the solution has y-Holder continuous sample paths for every v €
(0,v) where v is the Hélder bound for the integral process Z defined by (14).

4.2. Weak solutions

Let H € (0,1)™ be fixed in this subsection. Let also by, by : [0, 7] x R" — R"
and o : [0,7] — Z(R™) be Borel measurable functions and zp € R™. Assume
that o € 2%(0,T; Z(R™)). In what follows, we find sufficient conditions for
the existence of a probability space (€2,.%,P), a multivariate H-fractional
Brownian motion BY, and an (Z2")-adapted process (Xt)tefo,r) With con-
tinuous sample paths that satisfy the equation

(15) X, =x0+ /Ot[bl (r, X)) + ba(r, X,.)] dr + /Ota(r) dBH
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for every ¢t € [0,7] P-almost surely. If this is the case, we say that prob-
lem (15) admits a weak solution. The main tool will be the Girsanov-type
theorem from Proposition 4 and initially, its application is given.

Proposition 10. Let (B}")ico 1 be a multivariate H-fractional Brownian
motion defined on some probability space (2, #,P). Assume that the func-
tion by satisfies conditions (I) and (II). Assume also that the function o
belongs to the space S™+ and that for every t € [0,T)], the matriz o(t) is
invertible. Let v > 0 be the Holder bound for the integral process Z that is
defined by (14) and assume additionally that the functions ba and o satisfy
the following condition:

(III) If, for k € {1,2,...,n}, the parameter Hj belongs to (0,1/2], then
there exists a constant Ky > 0 such that for every t € [0,T] and every
x € R™ it holds that

o (t) " ba(t, )]k < Kp(1+ [|2[n);

and if Hy, belongs to (1/2,1), then Hy < v+1/2 and there exist constants
ar € (Hy —1/2,1], Br € (21{2’;’71,1], and Ky > 0 such that for every
s,t € [0,T] and every x,y € R™ it holds that
[o(t) " b2 (t, )]k — [o(5) " b2(s, )] <
< Ki(Jt = | + ||z — yllgh).

Here, 2] denotes the k-th component of z € R™.

Denote by (Xt)iec(o,1) the strong solution® to the equation
t t
Xt = x9 +/ by (r, X,)dr +/ o(r)dBE, tel0,T).
0 0
Then the process (B}}ﬂ)tem’;p] given by
~ t
B .= BH / o(r) Yoo (r, X,)dr, te[0,T),
0

is a multivariate H-fractional Brownian motion under the probability mea-
sure P that is defined by

(16) d—ﬁ-—g = ! TdW—1 T|| 1. d
ap - T 1= exXp ; (= r 5 ; VU ||gn AT

3The existence and uniqueness of such solution is ensured by Proposition 9.
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where (vi)ie(o,1) 5 the stochastic process given by

v o= Ky'! </ o (r) " Lby(r, XT)dr) (t), te]l0,T].
0

Proof. Let (u¢)seo,r) be defined by u; := o(t)"'ba(t, X;) for ¢t € [0,T]. In

order to show that

u. € L'(0,T;R") and / u, dr € Ing (L2(O,T;R"))
0

hold P-almost surely, it will be proved in the first step that v € L?(0,T;R")

P-almost surely. In the second step it will be shown that there exists A > 0

and a partition 0 = ¢ < t; < ... < ty(a) = T of the interval [0,7] whose

mesh size is smaller than A and it holds that

tiv1
E exp {/ o[ dr} <o
t;

for every i € {0,1,..., N(A)—1}. This is because this last condition implies
by [14, Lemma 7.1.3] that

tiv1 T 1 tit1 5 B
E | exp v, dW, — 5 |vp||fn dr ¢ | ) | =1
t; t;

holds P-almost surely for every i € {0,1,..., N(A)—1} and using the above
equality iteratively yields EEp = 1. Thus, the assumptions of Proposition 4
will be verified and the claim of the proposition will follow.

Step 1. Let 0 < s <t <T. We have by Remark 3 that

/: [Vul[fn du = i/j Ky (/0.[0(7~)1b2(7“, Xr)]kdr) () i du
- ki/: uHh_%Io%Jr_Hk <r%_H"' [o(r) " ba(r, XT)]k) (u)‘2 du

where I§, is the fractional operator defined by formulas (31) and (32). Now,
set

a0 nsn= [ [t () ot X ) o)l
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for k € {1,2,...,n}. If H; € (0,1/2], we obtain that for every v € (0,v), the
inequality

(18) Ii(s,t) < O (L + 12112 oy, (£ — 5)

holds with some finite positive constant C’,(:) that depends on H, T, ay,
Bk, v, Kp, Ki, and xy by using assumption (III) and estimate (12) as in the

proof of [40, Theorem 4.2, formula (4.8)]. On the other hand, if Hy, € (1/2,1),

then for every v € (ﬂ;gk_l,y), the estimate

2 —H,
Ie(s,8) < CP (1 + 1 Z122% o e (8 — )20
holds with some finite positive constant C’,EZ) that depends on H, T', oy, By,
v, Ky, K, 29, and 0~ by by using assumption (III) and estimate (12) as in
the proof of [40, Theorem 4.3]. Set B := 1 for any k such that Hy € (0,1/2]
and denote

2H; — 1
Hy:= max H; and vp:= max L —
k:H,€(1/2,1) k:Hoe(1/2,1) 20

We see from inequalities (17) and (18) that for every v € (v, v) the estimate

/ Ioullie du < Co (1 + Z ”Z”?fﬁvk ((0.7];Re ) (t — 5)2(1-H0),

holds with some finite positive constant Cy. It follows from this estimate
that v € L?(0,T;R") P-almost surely by choosing s =0 and t = T
Step 2. Let v € (v, v) and let K¢ be the constant for which

(19) Eexp{Ko|Z %w([O,T};R")} <00

(cf. Remark 6). Let also A > 0 be such that (1 + n)CoA20—H0) < Ky and
let 0 =19 <t <...<tn(a) =T be a partition of the interval [0, T] whose
mesh size is smaller than A. For ¢ € {0,1,..., N(A) — 1}, we have that

tit1
Eexp{/ v |20 du} <
t;

< Eexp {CO (1 + Z ”ZH%W ([0,T);R™ )) (ti+1 — ti)Q(lHﬂ)}
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_ 28, Ky
= Eexp { (1 + Z HZH% ([0,T);R" ) H_—n} L)1 Z )6 o, rymny <1)
28 Ky
+Eexp { (1 + Z 121~ o, 71, ) H—n} 112 o 22 >1

< eKOP(HZH%([O,T];Rn) S 1)

+ Eexp {KOHZH?K“/([O,T};R")} 112l o.m12my>1]

which is finite by (19). Thus, the claim is proved. O

Remark 11. Assume that H contains at least one element larger than 1/2
and one element smaller than 1/2 and let ¢ € S™* be such that 0.} €
L°(0,T;R™) whenever k is such that Hy € (1/2,1) as in Remark 7. Then
it follows that v = min.g, c(0,1/2) Hr- On the other hand, condition (III)
in Proposition 10 says that v has to be greater than maxy. g, e(1/2,1) Hr — 1/2.
Therefore, Proposition 10 can be applied if (besides the remaining condi-
tions) the condition

1
min  Hp > max Hp—-
k:H€(0,1/2] k:Hpe(1/2,1) 2

is satisfied. Roughly speaking, this means that Proposition 10 can be applied
if the singular values of Hurst indexes contained in H do not differ from the
regular values by more than V2.

Proposition 12. Assume that the function by satisfies conditions (I) and
(II). Assume also that the function o belongs to the space S™t and that
for every t € [0,T], the matriz o(t) is invertible. Assume finally, that the
functions by and o satisfy condition (III). Then problem (15) admits a weak
solution.

Proof. Let (B} )telo,r] be a multivariate H-fractional Brownian motion that
is defined on some probability space (€2, .%, P). By Proposition 9, there exists

n (ﬁtBH)—adapted process (Xt);c(o,r) With continuous sample paths that
satisfies the equation

t t
(20) Xt =z —i—/ by (r, X,) dr —|—/ o(r)dBY
0 0

for every ¢ € [0,T] P-almost surely. On the other hand, by Proposition 10,
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the process (B}?)te[m defined by

t
BE .= BE _ / o (r) oo (r, X,) dr
0

is a multivariate H-fractional Brownian motion under the probability mea-
sure P that is given by formula (16). Moreover, by a standard approximation
argument, it can be shown that for every f € S™*, the equation

(21) /O f(r)dBH = /0 f(r)dBE + /0 £ (o (r) o, X,) dr

is satisfied for every ¢ € [0, 7] P-almost surely (cf. [40, Proposition 5.1]). It
follows from equations (20) and (21) that

t t t
X =z0+ / by (r, X)) dr + / o(r)dB + / ba(r, X, ) dr
0 0 0

holds for every ¢ GN[O,T] P-almost surely. Consequently, it is seen that the
triplet ((Q,.7,P), BE, X) is a weak solution to problem (15). O

4.3. Estimation of the drift

In this section, a maximum likelihood estimate (MLE) of a drift parameter
in a stochastic differential equation with additive multivariate fractional
Brownian motion is found by means of the Girsanov-type theorem.

Let H € (0,1)" and let (Bf');>0 be a multivariate H-fractional Brownian
motion on some probability space (Q,.%,P). Let b: [0,00) x R" — R™ be a
Borel measurable function that satisfies the condition

(IV) For every T' > 0 there exists a finite positive constant Cr such that
for every s,t € [0,T] and z,y € R™ it holds that

16(¢; ) = b(s, y)|ler < Crllz = yllrn-

Consider the equation
t
(22) X, = 9/ b(r, X,)dr + Bff, t>0,
0

where § € R is an unknown parameter. Clearly, conditions (I) and (II)
are satisfied and therefore for every T' > 0, there exists a unique strong
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solution (Xf’T)te[Qﬂ to equation (22) on the interval [0, T'] by Proposition 9.
By uniqueness of the solution, Xf T = Xf S for every t € [0,.S] P-almost
surely whenever S € (0,T). Therefore, if we define the process (X{)io
by X{ = Xf’NH for t € [N,N +1), N € N, we obtain that X is the
unique solution to (22) on the interval [0,00). The aim is to find a MLE of
the parameter 6§ based on a continuous observation of a trajectory of the
solution.

Let T > 0 and set Py := P. Notice first that the process (X)o7 is
a H-fractional Brownian motion B¥ on (Q,.%,Pg). On the other hand, if
0 # 0, define the stochastic process (vt);c(o,7) by

v = Kyt (/(]'[—eb(r, X9)] dr) (t), telo,T).

Since the assumptions of Proposition 10 are satisfied, the stochastic process
(Bf)tejo,r) defined by

t
Bl .= B}fue/ b(t, XY dr, te]0,T),
0

is a H-fractional Brownian motion under the probability measure Py that is
given by formula

dPy T 17
Py =& = exp {/0 v, AW, — 5/0 v |20 dr}

where (Wy)e(o,7 is the Wiener process constructed from B by formula (10).
Moreover, it follows from equation (22) that X? = B} holds for every
t € [0,T] Po-almost surely and therefore, the solution (X7 )ielo,r] is a H-
fractional Brownian motion on the probability space (§2,.%, Py).

Proposition 13. The MLE of parameter 0 in equation (22) based on a
continuous observation of a trajectory of its solution X on [0,T)] is given by

>

Jo @F W,

(23) =0
JENQ 2. dr

where (Qt)icjo,1) 8 given by

Q= K5 </0 b(r, Xr)dr) (t), telo,T],
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and where (Wy),c(0,1) s the Wiener process constructed from the H-fractional
Brownian motion (Bfl)te[o’ﬂ by formula (10).

Proof. By Proposition 10, we have that
Po(x” € 4) = [ Er(w) dPo(w), A € B# ([0, T);R")),
{we: X (w)eA}
so that the MLE can be found by maximizing the function
02

dP
20 F(O)=log L0 =0 / Qf aw, - / 1112, dr.

Remark 14. As noted before, the solution X? to equation (22) is a H-
fractional Brownian motion on (£2, %, Pg). Moreover, it follows by the proof
of Proposition 4 that the process (W;)ic[o,7) defined by

t
(25) Wy = Wt+9/ Qsds, te[0,T],
0

is a Wiener process on (2, .#, Py) such that

t
X, :/ Ku(t,r)d,
0

t
W, = / (OK2) (1 1dy) (r) dX?
0

and

hold for every ¢t € [0,7] Py-almost surely (and also P-almost surely since
the measures P and Py are equivalent). Note that this last expression can be
computed from the observed trajectory X. Now, it follows from formula (25)
that

T T . T
(26) | alaw, = [ olaw -0 [ . ar
0 0 0

holds Pp-almost surely (P-almost surely) and therefore, we have that the
function F' given by formula (24) satisfies

T 92 T
6) =0 / Qr aw, + & / 1Q, 2. dr
0 2 Jo
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Pp-almost surely (P-almost surely). Maximizing the last expression over ¢
yields the following alternative form of the MLE 6;:

- QT aw,
HT = ﬁ
Jo 1QrlE. dr

This proves that the MLE can be computed from the observed trajectory.

(27)

In what follows, we give sufficient conditions for strong consistency and
asymptotic normality of the MLE 67 in the spirit of [36, section 2.4].

Proposition 15. If the convergence
T o

(28) [ Qe 72 s
0 T—o00

is satisfied, then the MLE O given by (23) is a strongly consistent estimate
of the parameter 0 in equation (22), i.e. there is the following convergence:

A P—a.s.
Op = 0.
T—oo

Proof. By substituting equality (26) in equality (27), we obtain that
_ Jy Qraw,
=0T

Jo 1Q¢|Ifn dr

holds P-almost surely. The claim of the proposition follows by the strong
law of large numbers for martingales; see, e.g., [37, Exercise V.1.6]. O

(29) O — 0

Remark 16. In the case n = 1 and b(t,x) = b(x), a sufficient condition
for the validity of the convergence (28) is given in [42, Theorem 2| for H €
(0,1/2) and in [42, Theorem 3] for H € (1/2,1). Moreover, it is shown in
[42, Proposition 3] and in [19, Proposition 2.2] (see also [42, Section 5])
that the convergence (28) is satisfied for the particular case of the fractional
Ornstein-Uhlenbeck process (b(t,z) = x) for H € (0,1/2) and H € [1/2,1),
respectively.

Proposition 17. If there exists a finite positive constant C for which the
convergence

1 T P—a.s 1
30 = >
(30) 7| e

2
R dT‘ E




Applications of the Girsanov theorem for multivariate fBm 291

is satisfied, then the MLE b7 given by (23) is an asymptotically normal
estimate of the parameter 0 in equation (22), i.e. there is the following con-
vergence in law:

VT(br—0) 2 Zz

T—oo

where Z ~ N(0,C?).
Proof. Tt follows from formula (29) that
) QL dw,

77 )
VT(0r —0) = YL
T f() ||Qr||]R" dr

holds P-almost surely. The claim of the proposition follows by the central
limit theorem for martingales; see, e.g., [35, Theorem 1.49]. ]

Remark 18. In the case of one-dimensional fractional Ornstein-Uhlenbeck
process (n = 1 and b(t,z) = ), asymptotic normality of the MLE 07 is
proved in [8, Theorem 2] where a condition analogous to condition (30) is
shown to be valid. See also [5] where a different method is used.

Appendix A. Fractional integrals and derivatives

The notions of fractional integrals and derivatives are recalled here. For
a>0and f € LY(0,T), the left-sided Riemann-Liouville fractional integral
of order o on (0,T), If,, is defined by

(31) (I8 )t /f Yt —r)*tdr

for almost every ¢ € [0,T]. This notion extends the usual iterated integrals
of f. The operator I, is extended to allow for a = 0 by settlng Io+ to be
the identity operator. Moreover, for p > 1, a € (0,1), and f € I§, (LP(0,T))
(which is the image of LP(0,T) by I, ), the inverse operation Io__f‘ can be
defined and satisfies

1

(32) (L NH) = (i+a)

<f(t)ta - a/ot[f(t) (=) dr)

for almost every t € [0, 7] (the convergence of the integrals at the singularity
is understood in the LP-sense). The operator I, is usually called the left-
sided Riemann-Liouville fractional derivative. The operator [, is extended
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to a = —1 by setting I, +1 to be the first derivative in the LP sense. We refer
to I, with a > —1 as the (left-sided) fractional operator of order o for
simplicity.

Similarly, for o > 0 and f € L'(0,T), the right-sided Riemann-Liouville
fractional integral of order o on (0,T), I_, is defined by

1

T
(33) 15 NO = e / (r— 2 f(r)dr

for almost every ¢ € [0,T], the operator I$_ is defined as the identity op-

erator. Moreover, for p > 1, a € (0,1), and f € I$_(LP(0,T)), the inverse
operation I, can be defined and satisfies

(34)

(Ip2f)(t) = ﬁ

T

(0T =07 ~a [ 10~ - 02 ar).
The operator 1.” is usually called the right-sided Riemann-Liowville frac-
tional derivative. As before, the operator I$_ is extended to a = —1 by
setting IEE to be the first derivative in the L” sense. We refer to I7_ with
a > —1 as the (right-sided) fractional operator of order o for simplicity.

For a thorough discussion of fractional integrals, derivatives, and their
properties, we refer to the monograph [38] and the references therein.
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