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On ergodic control of switching processes

Jose Luis Menaldi and Maurice Robin

An ergodic control problem of switching Markov-Feller processes is
considered with a control of impulse type. We discuss the extent to
which a solution can be obtained from existing results, in particular
when the control acts only on the discrete component, and we study
the handling of weaker assumptions. As a particular case, a detailed
study of a general class of switching reflected diffusion with jumps
having oblique boundary conditions is carried out.

1. Introduction

In this paper, “switching processes” designate Markov processes where the
state x = (z, n) has two components, x belongs to Z ×N , with an infinites-
imal generator of the form An +Qz where An gives the evolution of zt as a
general Markov-Feller process when n is fixed, and Qz, with z is fixed, is the
generator of a continuous time Markov chain. It may be useful to mention
that this type of processes has been considered for a long time in various
contexts and with different names: in automatic control “Markov jump lin-
ear systems” have been used since the early 1960s (cf. Costa et al. [11, 12],
Yin and Zhang [48] and the references therein), in probability, Griego and
Hersh [24] developed the theory of “random evolution” in the late 1960s,
(see also Ethier and Kurtz [17] and their references), and in Gihman and
Skorohod [23, Vol II, Ch III, Sec 4], this corresponds to “Markov processes
with a discrete component”. More recently, much attention has been paid to
the properties of “switching diffusions”, also named “regime-switching diffu-
sions”, i.e. An generates a diffusion in R

d (for n fixed), with a great variety of
applications with hybrid models involves such processes particularly in the
field of manufacturing and, in the recent years, in finance, e.g., see Yin and
Zhu [49] and their references. Moreover, the properties of regime-switching
jump diffusions have been studied in Chen et al. [9], Xi and Zhu [47].

For control problems with discounted cost (or with finite horizon), the
impulse control of diffusions with jumps has been treated in Bensoussan
and Lions [5], and [30]. It can be noted that the particular case Q = 0
of switching processes is studied in [5, Ch 4, Sec 6.4)]. The general case
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of switching diffusions with Dirichlet boundary condition, is considered in
Bensoussan and Lions [6]. Specific examples are studied in Song et al. [44],
Wei et al. [46], among others. For ergodic continuous control of switching
diffusions, we refer to Arapostathis et al. [1] (and their references). The
ergodic impulse control for the particular case Q = 0 is treated in a joint
paper with Perthame [31], while Palczewski and Stettner [38], Gatarek and
Stettner [22] have obtained general results for the ergodic impulse control
of Markov-Feller processes which can be applied to some cases of switching
processes.

When Z is a compact metric space and N a finite set, we consider the
control of such processes by means of interventions, namely, the control is
a sequence of instants θk at which an impulse or switching ξk is applied to
the state. We use both impulse and switching to designate the intervention,
although the second term is better understood when the control acts only
on the second component. A cost c(x, ξ) is incurred for each action and the
objective is to minimize a total ergodic cost taking in account a running
cost and the cost of the control.

One aim of the present paper is to discuss to what extent existing results
can be applied to our situation, in particular when the control acts only on
the discrete component, and to study what can be done when the assump-
tions are weakened, namely when the cost is not strictly positive everywhere
and the possibility of multiple simultaneous impulses. Another aim is to show
that a large class of switching reflected diffusions with jumps satisfies the
assumptions for which the ergodic control problem can be solved.

The content of the paper is organized as follows: the switching processes
are defined in the second section. The third section presents the control
problem and discusses cases where a solution can be obtained. Section 4
studies situations with weaker assumptions on the switching cost and the
possibility of a finite number of simultaneous impulses. A detailed study of a
general class of switching reflected diffusions with jumps is given to obtain a
strictly positive transition density and, consequently, results on the ergodic
problem for these processes. Section 6 mentions several possible extensions
which would need further works.

2. The uncontrolled process

Let Z be a locally compact Polish space (i.e., a locally compact complete
metric space) with its Borel σ-algebra B(Z), and denotes by B(Z) the space
of real-valued bounded Borel functions on Z, Cb(Z) the subspace of continu-
ous functions within B(Z), C0(Z) the subspace of functions in Cb(Z) vanish-
ing at infinity (i.e., for every ε > 0 there exists a compact set K = Kε ⊂ Z
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such that |f(z)| ≤ ε for every z ∈ Z � K). Let us set N = {1, . . . , N}
(abusing notation for simplicity) endowed with the discrete topology, and
E = Z × N the state space of the uncontrolled process. Also D(R+, E) =
D([0,∞[, Z × N) the canonical space of cad-lag functions with its canoni-
cal process xt(ω) = ω(t) for any ω ∈ D(R+, E) with its canonical filtration
F
0 = {F0

t : t ≥ 0}, F0
t = σ{xs : 0 ≤ s ≤ t}, and use xt(ω) = (zt(ω), nt(ω)) to

distinguish between the two components. It is clear any function h ∈ B(E)
can be written in a vector-form �h(x) = (hi(z) : i = 1, . . . , N), x = (z, i) ∈ E,
i.e., �h ∈ B(Z, ]0,∞[N ), and that either h ∈ Cb(E) or h ∈ C0(E) means either
h(·, i) ∈ Cb(Z) or h(·, i) ∈ C0(Z), for any i = 1, . . . , N .

Assumption 1. Suppose {Ω,F, xt, Px} is a given a homogeneous Markov
process on Ω = D(R+, E) with its canonical filtration universally completed
F = {Ft : t ≥ 0} and xt = (zt, nt) being the canonical process with values in
E = Z×N . Moreover, if {Φ(t) : t ≥ 0}, (Φ(t)h)(x) = Ex{h(xt)}, denotes its
associated the semigroup initially defined on B(Z) then Φ(t)C0 ⊂ C0, for
any t > 0, with C0 = C0(E). Furthermore, its infinitesimal generator has
the form

Lh(z, i) = Aih(z, i) +

N∑
j=1

qij(z)[h(z, j)− h(z, i)],

where, for any fixed i, the operator Ai is the infinitesimal generator of a
C0-semigroup on B(Z) denoted by {Φi(t) : t ≥ 0}, and for any fixed z, the
matrix Q(z) = (qij(z) : i, j) is either null or the infinitesimal generator of
an irreducible Markov chain with states in N satisfying

N∑
j=1

qij(z) = 0, qij(z) ≥ 0, ∀i �= j.

Also, for any fixed i, j, the functions z 	→ qij(z) are assumed bounded and
continuous. It is clear that the expression Lh(z, i) is written assuming that
h ∈ B(E) and h(·, i) ∈ Di(Ai) the domain of Ai.

Note that the special case qij(z) = 0, for every i, j and z, is useful for
some applications, and this means that discrete variable n remains constant
in the uncontrolled process. In this case, the probability transition

P{zt+s ∈ B, nt+s = j | (zs, ns) = (z, i)} = Gi(z, t, B)δij ,

for every t, s > 0, B ∈ B(Z), where Gi is the probability transition corre-
sponding to Ai and δij = 1i=j .
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Before we continue, let us make some remarks on the construction of

the ‘Markov-Feller’ process xt. Given a family {Ai : i ∈ N} of infinitesimal

generators and a (non-zero) matrix-valued function Q(z), z ∈ Z, several

methods can be used to construct the so-called ‘switching process’. For ex-

ample:

(a) We refer to the classic construction of Gihman and Skorohod [23, Vol

2, pp. 239–243].

(b) Using perturbation results, assuming (for simplicity) that Di(Ai) =

D for every i, one can proceed as follows. Define the generator A0 by

A0h(z, i) = Aih(z, i) corresponding to a process in Z × N with the second

component being constant, which generates a C0(Z×N)-semigroup, assum-

ing that each Φi(t) is a C0(Z)-semigroup. Similarly, consider B = Q(z) as

a generator corresponding to a process in Z ×N with the first component

being constant. Since Q(z) is continuous, it easy to see that B generates a

C0(Z ×N)-semigroup. Now, regarding B as a bounded perturbation of A0

(e.g., see Ethier and Kurtz [17, Thm 7.1, pp. 37–40]) we deduce that A0+B

generates a C0(Z × N)-semigroup. Note that with this method, the Feller

property is obtained directly by construction.

(c) When Ai corresponds to a diffusion process in R
d, the process (zt, nt)

can be constructed as strong solution of a pair of SDE (e.g., see Yin and

Zhu [49], Arapostathis et al. [1]) or as solution of a martingale problem (e.g.,

see Bensoussan and Lions [6]). For diffusion processes with jumps in R
d, see

Xi and Zhu [47].

3. The control problem

Although the Assumption 1 of Section 2 is given for Z locally compact, from

now on, and until Section 5 included, we assume that Z is a compact Polish

space and therefore Cb(Z) = C0(Z) is denoted by C(Z).

Assumption 2. (a) There are a running cost f(z, n) = f(x) and a cost

per impulse (or controlled switching) c(x, ξ) satisfying f ∈ Cb(E), f ≥ 0,

and c ∈ Cb(E × E), c ≥ c0 with a constant c0 > 0.

(b) For any x ∈ E, all possible impulses ξ must be in

Γ(x) = {ξ ∈ E : (x, ξ) ∈ E2},

where E2 is a given analytic set in E × E (recall that Z is compact and

E = Z ×N , with N being a finite discrete set), and such that the following
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properties hold true

(1)
∅ �= Γ(x) is closed, Γ(ξ) ⊂ Γ(x), ∀ξ ∈ Γ(x), and

c(x, ξ) + c(ξ, ξ′) ≥ c(x, ξ′), ∀ξ ∈ Γ(x), ∀ξ′ ∈ Γ(ξ).

(c) If the operator operator M is defined by

(2) Mv(x) = inf
ξ∈Γ(x)

{
c(x, ξ) + v(ξ)

}
,

then the condition

(3)
M maps Cb(E) into Cb(E), and there exists a measurable

selector ξ̂(x) = ξ̂(x, v) realizing the infimum in Mv(x), ∀x, v.

is assumed.

This general framework allows many possibilities for the transfer of x =
(z, n) to ξ = (z′, n′), with a cost c(x, ξ) = c(z, n; z′, n′). For instance, when
the problem is to control separately z and n, we could have

Γ(z, n) = {z′ ∈ K(z)} × {n ∈ N1(n)},

with K(z) a compact subset of Z and N1(n) a (finite) subset of N , and the
cost could be

c(z, n; z′, n′) = c1(z, z
′) + c2(n, n

′).

A case of particular interest is the situation when the control acts only on n,
considered as the operating mode, i.e., Γ(z, n) = {z}×{n ∈ N1(n)}.Actually,
this last case is called sometimes ‘switching control’ in a strict sense, and one
can see that it can be formulated as an impulse control problem as soon as a
strict positive instantaneous cost is associated to the change of the discrete
component. For the case Q = 0, e.g., see Bensoussan and Lions [5, p. 33 and
Sec 6.4].

For the controlled process, we refer to Bensoussan and Lions [5, p. 668],
Robin [39] for a detailed construction on Ω∞ = [D(R+, E)]∞, which is only
summarized here. Define the product σ-algebras Fn

t = Fn−1
t × Ft, n ≥

1, where F0
t = Ft is the universal completion of the canonical filtration

in Assumption 1. An admissible impulse control (or switching control) is
a sequence of ν = {(θk, ξk) : k ≥ 1} where θk is a Fk−1

t -stopping time
and ξk is a Fk−1

θk
-measurable random variable with values in Γ. Abusing

notation {xk−1
θk−1+s : s ≥ 0} = {x̃k−1

t : t ≥ θk−1} (with x̃t being the shifted
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process) represents the controlled process in the k-copy of Ω, after the first
k − 1 impulses, which is also denoted by {xt : θk−1 ≤ t < θk}, so that by
convention, xθk− = xk−1

θk
on θk < ∞, i.e., the value of the controlled process

just before θk. Let S ⊂ E be a closed ‘stopping region’, and ξ(x) ∈ Γ(x) be a
Borel ‘impulse selection’ for every x ∈ E. These S and ξ(·) define a ‘feedback’
impulse control as follows: The first stopping θ1 = inf{t ≥ 0 : x0t ∈ S} with
{x0t : t ≥ 0} being the uncontrolled process, the first impulse ξ1 = ξ(x0θ1),
and hence, the process {x1θ1+s : s ≥ 0} is defined using ξ1 as the initial

condition at t = θ1. By induction, if {xkθk+s : s ≥ 0} and k ≥ 1 is given then

θk,1 = inf{s ≥ 0 : xkθk+s ∈ S}, θk+1 = θk + θk,1 ◦ ϑθk , and ξk+1 = ξ(xkθk+1
),

where {ϑt : t ≥ 0} is the shift operator.

For instance, the reader may check Davis [13, Ch 5, pp. 186–255] for
a discussion on the conditions (1) and (3), and it should be clear that the
following setting is thought as an impulse control model.

The control problem is to minimize the ergodic cost

(4) Jx(ν) = lim inf
T→∞

1

T
E
ν
x

{∫ T

0
f(xt)dt+

∞∑
k=1

1θk≤T c(xθk−, ξk)
}

over all admissible impulse controls ν.

Usual heuristic arguments on the discounted cost problem lead to the
following weak form Hamilton-Jacobi-Bellman (HJB) equation

(5) w(x) = inf
θ
lim inf
T→∞

E
ν
x

{∫ T∧θ

0
[f(xt)− λ]ds+Mw(xT∧θ)

}
,

with w(x) in B(E), where M is the operator by (2).

The ergodic cost is given by (4), and the associated α-discounted problem
is defined by

uα(x) = inf
ν
E
ν
x

{∫ ∞

0
e−αtf(xt)dt+

∞∑
k=1

e−αθkc(xθk−, ξk)
}
.

Standard results on impulse controls (e.g., see [39, Thm V.2.1]) show that
uα is the maximal solution of

uα = inf
θ
Ex

{∫ ∞

0
e−αtf(xt)dt+ e−αθMuα(xθ)

}
.

Define mα = infx∈E uα(x) and wα(x) = uα(x)−mα.
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In Gatarek and Stettner [22] it is shown that

Theorem 3. Under the Assumptions 1 and 2 if {wα : α > 0} is bounded
and the resolvent h 	→ R1h, with

R1h(x) = Ex

{∫ ∞

0
e−th(xt)dt

}
,

is compact from C into itself, then (i) limα→0 αuα(x) = λ, uniformly in
x ∈ E, with λ = infν Jx(ν); (ii) wα → w in C, for some suitable sequence;
(iii) there exists an optimal control ν̂ defined as θ̂1 = inf{s ≥ 0 : w(xs) =
Mw(xs)}, θ̂k+1 = θ̂k+ θ̂1 ◦ϑθ̂k

, k ≥ 1, ξ̂k = ξ̂(xθ̂k), ϑt being the shift operator

and ξ̂(x) a Borel function satisfying Mw(x) = c(x, ξ̂(x)) + w(ξ̂(x)).

Moreover, several cases where the set {wα : α > 0} is bounded are also
given. It is easy to see that one can apply these results to the switching
process defined above.

However, considering the situation when the control acts only on the
discrete component, that is Γ(z, n) = {z} × {n ∈ N1} with a fixed N1 ⊂ N ,
it might be difficult to use Gatarek and Stettner [22, Prop 1]. Indeed, for
this Γ(z, n), the conditions of Proposition 1 involve hitting times TS of sets
of the form

S(z0, n0) = {(z, n) : (z0, n0) ∈ {z} ×N1} =

= {(z, n) : z = z0, n such that n0 ∈ N1},

i.e., S(z0, n0) = ∅ if n0 ∈ N �N1 and S(z0, n0) = {z0}×N if n0 ∈ N1. This
means in particular that the first component zt should reach the point z0.
This is clearly a restrictive condition on zt.

Nevertheless, if we consider a slight modification of Γ(z, n), namely
Γε(z, n) = {z : |z′ − z| ≤ ε} ×N1, then we could use Theorem 3.

Another direction to investigate is the following: Assume Mv(z, n) =
c+minj∈N v(z, j), c > 0 constant. Define mα = infz,j uα(z, j), wα = uα−mα

(which is positive), and E0 = {(z, n) : uα(z, n) ≤ mα+ c}. If we also assume
that the measure of E0 is bounded below by a constant β > 0 independent
of α, and that the uncontrolled process satisfies

sup
z,n

Ez,n{τ0} < ∞,

independent of α, where τ0 is the hitting time of E0, then one can show that
{wα : α} is bounded and one can apply Theorem 3 above.
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4. Weaker assumptions

4.1. Switching cost

Assumption 2 on the switching cost c(x, ξ) ≥ c0 > 0 is designed mainly for
impulse control models, and it is not always suitable for switching models,
since the possibility of allowing some switching to have a zero-cost could be
important in practical applications e.g., Blankenship and Menaldi [7], [32],
among others.

The condition c(x, ξ) ≥ c0 > 0 plays an essential role to show the con-
vergence of the iterations to solve the equations for uα and its continuity,
but also to show that the control constructed from the continuation region
{x ∈ E : u(x) < Mu(x)} satisfies θ̂k → ∞ as k → ∞. Thus, if the assump-
tion is only c(x, ξ) ≥ 0 then some additional conditions are needed to solve
the control problem. This difficulty can be (partially) overcome assuming

(6)
∅ �= Γ(x) is closed ∀x ∈ E, Γ(ξ) ⊂ Γ(x) ∀ξ ∈ Γ(x),

and c(x, ξ) + c(ξ, ξ′) > c(x, ξ′), ∀ξ ∈ Γ(x), ∀ξ′ ∈ Γ(ξ),

which is a stronger (or strict) version of condition (1). As shown in [35],

Lemma 4. Let Assumption 2, (a) with c0 = 0, and (b) with (6) in lieu
of (1), and (c) hold true. If v is a function in B+(E) and v(x) = Mv(x)
for some x in E, then its continuation region Cv = {x ∈ E : v(x) < Mv(x)}
is nonempty and any selector ξ̂(x) = ξ̂(x, v) as in condition (3) satisfies
v(ξ̂(x, v)) < Mv(ξ̂(x, v)).

This gives θk → ∞, however, this is not sufficient to ensure the uniform
convergence of the iterates (of optimal stopping time problems) approximat-
ing uα, but if the class V = Vx of switching controls (available at the state x)
is limited to ν = {(θk, ξk) : k ≥ 1} satisfying: for every fixed x = (z, n) ∈ E
and T > 0,

(7) sup
z∈Z

sup
ν∈Vx

Px{θk < T} → 0 as k → ∞

Note that with these conditions, we can revise and adapt the arguments in
Gatarek and Stettner [22, Proposition 2].

Let us mention that several classes of control problems satisfy the above
conditions on θk: Control problems with a deterministic (or stochastic) time
delay like [39], or with a ‘state delay’ like [30], and even more recent problems
as in [33, 35, 36].
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Let us give an example: Assume that the control acts on the discrete
component of x = (z, n) and that the control ξk decided at θk is implemented
after a delay h > 0 (deterministic). Moreover, between θk and θk + h (i) no
decision can be taken (i.e., necessarily θk+1 ≥ θk + h), and (ii) the running
cost is still present. Thus, if a decision n′ is taken when the state is (z, n),
the future cost is (for discounted cost)

c(n, n′) + ϕ(z, n) + Ez,n{e−αhu(zh, n
′)}

with

ϕ(z, n) = Ez,n{
∫ h

0
e−αtf(zt, nt)dt}.

Therefore, the operator M becomes

Mn(z, n) = min
n′

{c(n, n′) + Ez,n{e−αhu(zh, n
′)}+ ϕ(z, n)}.

It is clear that the condition θk+1 ≥ θk + h yields the property (7).

Remark 5. Regarding the ‘strict’ conditions (6), note that c(x, ξ) ≥ 0 does
not forbid c(x, ξ) = 0 for every x, ξ, but having c(x, ξ) identically zero does
not satisfies (6). So, this situation is implicitly excluded.

4.2. k-simultaneous impulses

Clearly, under the condition (1) on c(x, ξ), in Assumption 2 (b), there is no
need to consider multiple simultaneous impulses. Therefore, throughout this
section, it is only assumed that

∅ �= Γ(x) is closed, Γ(ξ) ⊂ Γ(x), ∀ξ ∈ Γ(x),

instead of (1).

A formal setting allowing multiple simultaneous impulses may be for-
mulated as follows:

Definition 6. A k-simultaneous impulse (or in short, k-impulse) from x
to ξ is a k-uple ξ = (ξ1, . . . , ξk) such that x = x1, ξ1 ∈ Γ(x1), x2 = ξ1,
ξ2 ∈ Γ(x2), . . . , xk = ξk−1, ξk ∈ Γ(xk), ξk, e.g., a (single) impulse as used
in previous sections is an 1-impulse from x to ξ. A ‘multiple simultaneous
impulses’ is used as alternative name when the integer k of simultaneous
impulses is not necessarily mentioned, and implicitly understood that only
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a finite number of simultaneous impulses is used. Also, define the iterates of
Γ(x) as

Γk(x) = {(ξ1, . . . , ξk) : ξ1 ∈ Γ(x), ξ2 ∈ Γ(ξ1), . . . , ξk ∈ Γ(ξk−1)} ⊂ Ek,

for any k ≥ 1. Clearly, Γ(x) is identified with Γ1(x) and for any integer κ ≥ 1
define

Γκ(x) = Γ1(x) ∪ Γ1(x) ∪ · · · ∪ Γκ−1(x) ∪ Γκ(x),

the set of possible k-impulses with 1 ≤ k ≤ κ. Similarly, if the set {x ∈
E : x ∈ Γ(x)} is non-empty then it may be useful to define the set Γ′

k(x) ⊂
Γk(x) of all k-impulses with Γ′(x) = {ξ ∈ Γ(x) : ξ �= x} in lieu of Γ(x),
which are referred to as strict k-simultaneous impulse. The function c(x, ξ)
is initially defined for any x ∈ E and ξ ∈ Γ(x) and therefore, extended to
any (ξ1, . . . , ξk) ∈ Γk(x) by linearity, i.e.,

c(x, ξ1, . . . , ξk) = c(x, ξ1) + c(ξ1, ξ2) + · · ·+ c(ξk−1, ξk),

and eventually conveniently extended to E × Ek, fro any k ≥ 1. Thus, the
same notation c(x, ξ) for any x ∈ E and ξ ∈ Γk(x) can still be used, with
the previous meaning, i.e., for ξ belongs to Γk(k) ⊂ Ek the expression of
c(x, ξ) changes accordingly.

Now, besides the operator M as given by (2), in order to consider si-
multaneous impulses (or switchings) the iterations of M are useful, and it
is convenient to define the operator

(8) Mkv(x) = inf
{
c(x1, ξ1) + · · ·+ c(xk, ξk) + v(ξk) : x = x1 ∈ E,

x1 �= x2 = ξ1 ∈ Γ(x1), . . . , xk−1 �= xk = ξk−1 ∈ Γ(xk−1),

x �= ξ = ξk ∈ Γ(xk)
}
,

which agrees with the (power) expression Mkv = M(Mk−1)v, and the cost
of k-impulses is c(x, ξ1, . . . , ξk) defined above.

Setting up an impulse (or switching) control model imposes (implicitly)
the restriction x �∈ Γ(x), i.e., an impulse (or switching) that does not actually
move the state is not allowed (and unnecessary).

Also, it may be expected that a positive cost should be associated with
any intervention (impulse or switching), i.e., c(x, ξ) > 0 for any x �= ξ ∈ Γ(x),
when a switching control model is in mind, e.g., the cost-per-switching may
be associated with beginning some operation (i.e., starting a machine), and
therefore, stopping the operation, may have no cost (i.e., a zero cost), which
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yields c(x, ξ) = 0 for some ξ �= x. For instance, if there is no cost for two
interventions then switching forward and backward between them, produces
an undesired situation: the system may be trapped at a finite time.

This justify the assertion that the extension of the function c(x, ξ) to
the whole product space E × E could be not necessarily continuous on the
diagonal x = ξ, unless the diagonal is an isolated region, like in an usual
switching control model.

Now, if uα(x) = inf{Jx(ν) : ν ∈ V}, where V is the set of controls with
at most a finite number of simultaneous impulses (switchings), then uα is
expected to be the maximum solution of

uα(x) = inf
θ
Ex

{∫ θ

0
e−αtf(xs)ds+ e−αθ inf

k≥1
{Mkuα(xθ)}

}

within a suitable class of functions uα. This analysis could be worked out
under the condition: there exists a positive integer κ and a constant cκ > 0
such that

(9) c(x, ξ1, . . . , ξk) ≥ cκ, ∀(ξ1, . . . , ξk) ∈ Γk(x), ∀k > κ,

since this would implies that any impulse control {θn, ξn} in V cannot have
a finite cost and also an infinite number of simultaneous k-interventions
with k > κ, namely, an impulse control model with possible κ-simultaneous
impulses.

5. Switching reflected diffusions with jumps

The aim of this section is to establish properties of a class of reflected switch-
ing diffusions with jumps. These properties allow to fully apply Gatarek and
Stettner [22] results, in particular the regularity of the transition density and
the exponential ergodicity. To the best of our knowledge the results below
are new.

5.1. Preliminary setting

First recall a result in Garroni and Menaldi [20, Ch 5, pp. 159–161] relative
to the transition density of a diffusion with jumps, i.e., for each Ai with i
fixed. The notation and assumptions are as follows:

Assumption 7. (a) First, letO be a bounded domain in R
d with a bound-

ary ∂O of class C2+α and Z = O.
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(b) For each i ∈ N , Ai = Ai
0 − Ii, where Ai

0 is a second order elliptic

operator in O, i.e.,

Ai
0ϕ(z) =

d∑
k,�=1

aik�(z)∂k�ϕ(z) +

d∑
k=1

aik(z)∂kϕ(z),

with aik� ∈ Cα(O), aik ∈ L∞(O) for every k, �, i, and satisfying a uniform

ellipticity condition

∃μ > 0 /

d∑
k,�=1

aik�(z)ξkξ� ≥ μ|ξ|2, ∀ ξ ∈ R
d, z ∈ O, i ∈ N,

and Ii is an integro-differential operator having the structure given below.

The boundary operator is given by

Biϕ(z) =

d∑
k=1

bik(z)∂kϕ(z) + bi0(z)ϕ(z), bik ∈ Cα(∂O), ∀k, i,

with bi0 ≥ 0, and satisfying the oblique derivative condition

∃μ > 0 /

d∑
k=1

bik(z)nk(z) ≥ μ, ∀ z ∈ ∂O, i ∈ N,

where n = (n1, . . . , nd) is the unit outward normal at the point z ∈ ∂O.

(c) The integro-differential operators Ii (also called Waldenfelts or pseudo-

differential operators, e.g. see Bony et al. [8], Eidelman et al. [15], Jacob [28],

Galakhov and Skubachevskĭı [18], Taira [45]) have a general form

Iiϕ(z) =

∫
O
[ϕ(ζ)− ϕ(z)− (ζ − z) · ∇ϕ(z)]M i(z, dζ),

where the kernel M i(z, dζ) integrates ζ 	→ |ζ − z|γ , 0 ≤ γ ≤ 2, uniformly in

z ∈ O. The structure of the kernel is as used in Garroni and Menaldi [20], i.e.,

there are a jump-intensity ji(z, ζ) and a jump-density mi(z, ζ) coefficients,

which are Borel measurable functions defined on R
d ×R

d
∗ with values in R

d
∗

and [0,∞[. Here Rd
∗ = R

d
�{0} is endowed with1 a σ-finite measure π having

1But any other σ-finite measure space could be used instead of Rd
∗.
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a strictly positive measurable function j̄(ζ) such that

|ji(z, ζ)| ≤ j̄(ζ), 0 ≤ mi(z, ζ) ≤ 1, ∀ζ ∈ R
d
∗, i ∈ N,∫

j̄<1
[̄j(ζ)]γπ(dζ) +

∫
j̄≥1

π(dζ) = C0 < ∞,

with some γ < 2. Moreover, z 	→ j(z, ζ) is continuously differentiable and
there exists a constant c0 > 0 such that for every z, z′, ζ, and 0 ≤ θ ≤ 1,

c0|z − z′| ≤ |(z − z′) + θ[j(z, ζ)− j(z′, ζ)]| ≤ c−1
0 |z − z′|,

and only interior jumps are allowed, i.e., if z ∈ O, ζ ∈ R
d
∗, m(z, ζ) �= 0 then

z + θj(z, ζ) ∈ O, for any θ ∈ [0, 1].

(d) The previous conditions allows us to work on Sobolev/Lebesgue spaces
W 2,p(O), 1 < p < ∞, but to obtain ‘solutions’ in the Hölder space C2+α(O),
0 < α < 1, three more conditions are added: aik ∈ Cα(O), bik ∈ C1+α(∂O)
and

|j(z, ζ)− j(z′, ζ)| ≤ j̄(ζ)|z − z′|α, ∀z, z′,
|m(z, ζ)−m(z′, ζ)| ≤ M0|z − z′|α, ∀z, z′,

for some constant M0 > 0 and the same function j̄(ζ) used earlier, as well
as the convenient condition 0 ≤ γ < 2− α and 0 ≤ α < 1.

Consider the Cauchy problem corresponding to the differential operators
Ai

0 and Bi with a fixed i in N , and its associated fundamental (or Green)
function G0,i(z, t, z) or equivalently the transition function, i.e.,

(10)

∂tG0,i(z, t, z) = Ai
0G0,i(z, t, z), ∀(z, t) ∈ O×]0,∞[,

G0,i(z, 0, z) = δ0(z − z), ∀z ∈ O,

BiG0,i(z, t, z) = 0, ∀(z, t) ∈ ∂O×]0,∞[,

for each fixed z ∈ O, with δ0 being the Dirac measure. For instance, in Il’in
et al. [25], Garroni and Solonnikov [21], Solonnikov [41, 42] it is proved that
under the Assumption 7 (only relative to Ai

0 and Bi) that problem (10)
has a unique solution satisfying suitable heat-kernel type estimates, i.e., for
F0 = G0,i, F1 = ∂zG0,i, F2 = ∂2

zG0,i and F2 = ∂tG0,i, there exists constants
C0 ≥ c0 > 0 such that

|Fk(z, t, z)| ≤ C0t
−(k+d)/2e−c0|z−z|2/t,
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and

|Fk(z, t, z)− Fk(z
′, t, z)| ≤ C0|z − z′|αt−(k+α+d)/2 ×

×
[
e−c0|z−z|2/t + e−c0|z′−z|2/t],

for any z, z′, z ∈ O, t ≥ 0, and k = 0, 1, 2. This last α-Hölder type estimate is

relevant only for highest derivatives ∂2
zG0,i and ∂tG0,i, and the last part (d)

of Assumption 7 is used only to obtain this estimate, i.e., it is not necessary

for solutions in Sobolev spaces like W 2,p(O).

Moreover, besides these upper bound heat-kernel type estimates, also

a lower bound heat-kernel type estimate holds true, namely, there exist

constants c′0 > 0 such that

(11) G0,i(z, t, z) ≥ c′0t
−d/2e−c′0|z−z|2/t, ∀ z, z ∈ O, t ≥ 0.

Certainly, this implies that G0,i(z, t, z) is strictly positive.

The heat-kernel type estimates are lost when the integro-differential op-

erator I intervene. However, keeping tract of the L1(O) norm (for z and z)
and the L∞(O×O) norm of G0,i(z, t, z) and its derivatives in z, as functions

of t, it is proved in Garroni and Menaldi [19, 20] that the Cauchy problem

(12)

∂tGi(z, t, z) = AiGi(z, t, z), ∀(z, t) ∈ O×]0,∞[,

Gi(z, 0, z) = δ0(z − z), ∀z ∈ O,

BiGi(z, t, z) = 0, ∀(z, t) ∈ ∂O×]0,∞[,

for each fixed z ∈ O, has a one and only one solution in a Banach space

(so-called Green space), which contains a number of properties pertinent

to the heat-kernel, e.g., it includes the semi-norms C(ϕ, k) and K(ϕ, k) =

K1(ϕ, k) + K2(ϕ, k), k ≥ 0, for functions ϕ(z, t, ζ) from Z×]0,∞[×Z into

R), i.e.,

(13) C(ϕ, k) = inf
{
C ≥ 0 : |ϕ(z, t, ζ)| ≤ Ct−1+(k−d)/2, ∀z, t, ζ

}

and

(14)

K1(ϕ, k) = inf
{
K1 ≥ 0 :

∫
Z
|ϕ(z, t, ζ)|dζ ≤ K1t

−1+k/2, ∀z, t
}
,

K2(ϕ, k) = inf
{
K2 ≥ 0 :

∫
Z
|ϕ(z, t, ζ)|dz ≤ K2t

−1+k/2, ∀t, ζ
}
,
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where Gi uses k = 2, ∂zG
i uses k = 1 and ∂2

zG
i, ∂tG

i uses k = 2. As
discussed later, it may be convenient to write the Cauchy problem (10) in
the form of the Chapman-Kolmogorov equation, i.e.,

(15)
(∂t −Ai)Gi(z, t, z) = δzt, ∀(z, t) ∈ O×]0,∞[,

BiGi(z, t, z) = 0, ∀(z, t) ∈ ∂O×]0,∞[,

for any fixed z ∈ O and with δzt being the Dirac measure in z and t, to
express the solution as a series converging in the Green space. In this way, the
transition function corresponding to the integro-differential operator Ai =
Ai

0 − Ii with Bi oblique boundary conditions if obtained.
In the above references, the operators Ai

0 and Bi contains a zero-order
coefficient ai0(z) ≤ 0 and bi0(z) ≥ 0, both satisfying the same regularity as
aik and bik, k ≥ 1. This corresponds to sub-Markov processes (with a finite
life), i.e., its semigroup satisfies Φ(1)1 ≤ 1 instead of Φ(1)1 = 1.

For instance, if a d-dimensional stochastic differential equation (SDE)
with drift g, diffusion σ and jumps j on R

d is given, i.e.,

zt = z0 +

∫ t

0
g(zr)dr +

∫ t

0
σ(zr)dwr +

∫∫
]0,t[×Rd

∗

j(zr, ζ)p̃(dr, dζ),

with a (standard) Wiener process {wt : t ≥ 0} in R
d and a Poisson measure

p having Lévy measure π in R
d
∗, then its corresponding transition density,

still denoted by Gi(z, t, z) is found as the solution of a Cauchy problem in
R
d, instead of a bounded and smooth domain O, as an element in a suitable

Banach space with property similar to the typical heat-kernel estimates. In
this case, g = (aik : k), 1

2 Tr(σσ∗) = (aik� : k, �) and j is the same, with m = 1.
Boundary conditions corresponding to a normal reflection (i.e., with bik =
nk) are introduced by transforming the SDE into a stochastic variational
inequality or a so-called Skorohod problem, and even more delicate is the
case of oblique boundary conditions.

Actually, our current interest is on the lower bound of the transition den-
sity Gi(z, t, z). Based on the lower bound heat-kernel estimate (11), Garroni
and Menaldi [20, Thm 4.2.4, Thm 5.1.1, pp. 134, 162],

Theorem 8. Under the Assumption 7, without the last part (d), the tran-
sition function, denoted by Gi(z, t, dz), corresponding to the integro-differ-
ential operator Ai with oblique boundary conditions given by the differential
operator Bi, has a density Gi(z, t, z) which in particular is continuous in
(z, t) belonging to O×]0,∞[, for any z fixed in O. Moreover, for each ε > 0
there exists a constant c(ε) > 0 such that Gi(z, t, z) ≥ c(ε), for every (z, t, z)
in O × [ε, 1/ε]×O.
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5.2. Switching diffusion processes

Let us focus when there is not an integro-differential operator I, namely,
within Assumption 7, Aiϕ = Ai

0ϕ−ai0(z)ϕ(z) (i.e., sub-Markov), in a smooth
domain O non necessarily bounded. The system of linear second order dif-
ferential equations

(∂t − L)�u(z, t) = �h(z, t), ∀(z, t) ∈ O×]0, T [,

�u(z, 0) = 0, ∀z ∈ O,

B�u(z, t) = 0, ∀(z, t) ∈ ∂O×]0, T [,

with L = A + Q is a parabolic system in the sense of Petrovskii (i.e., all
roots are strictly on the complex semi-plain of negative real part), which has
been studied in classic papers and books, e.g., Eidelman [14], Eidelman and
Zhitarashu [16], Ivasǐsen [26, 27], Solonnikov [42, 43] and several other, either
in R

d or in O with B. Usually, the Green function (or sub-Markov transition
density) of this system is first constructed for the whole space or half-space
with constant coefficients (aik = 0 and bi0 = 0) with explicit expressions
(using the heat kernel and/or Laplace transform). Then, via the so-called
‘parametrix method’ and successive approximations, the Green function is
obtained with coefficients aik� in Cα and bik in C1+α. The other coefficients
are introduced as lower order perturbations of the previous constructions.
Certainly, the key part is to have suitable estimates to accomplish this task,
since it is the same as searching for the solution �u corresponding to a given
�h, even in diagonal form.

In any way, the matrix Green function G(z, t, ζ) = (Gij(z, i, t, ζ) : i, j)
corresponding to the second order differential operator L = A+Q is found
and shown to satisfies the upper bound heat-kernel type estimates in matrix
form. However, we were not able to find a good reference to the lower bound
heat-kernel type estimates (or even its strictly positivity) for the matrix
Green function G(z, t, ζ). An alternative possibility is to extend the argu-
ments in Bensoussan [4, Sec II.4, Prop 4.1, p. 152] to a boundary operator
Bi and eventually to a system of second order differential equations. For
this reason, we decided to develop the following section based on the book
of Garroni and Menaldi [20], to include diffusion with jumps with oblique
boundary conditions.

From the modeling point of view, the complicate boundary conditions
given by a first order differential operator Bi as in Assumption 7 may get
simplified to none at all O = R

d, stopping at the boundary bik = 0 with
bi0 = 1, or normal reflected bik = nk (the outward normal) with bi0 = 0.



Ergodic switching control 607

Therefore, a direct construction via SDEs (or stochastic variational inequal-
ities) is possible, driven by a Wiener process and a Poisson measure (e.g.,
the reader may take a look at [29] and the references therein). When there
is not diffusion component, the switching process becomes part (some com-
ponents) of the stochastic integral with respect to the Poisson (martingale)
measure, somehow similar to looking at a piecewise deterministic process as
a degenerate diffusion with jumps. In this case, the Poisson measure corre-
sponding to the jumps is obtained from a compound Poisson process and
its stochastic integral becomes a pathwise integral. From this viewpoint,
most of the existing results concerning diffusion processes with jumps (with
possible no diffusion component) could be translated (or adapted) to switch-
ing diffusion processes. By no means this is a trivial task, but perhaps, it
is a point to be consider. For instance, the reader finds in Bakhtin and
Hurth [2] a clear treatment of the invariant density for processes that could
be called piecewise deterministic switching process. The above arguments
concerning degenerate diffusion processes with jumps refer to what could be
called piecewise diffusion switching process, as a generalization of piecewise
deterministic ‘switching’ process, where the ordinary differential equation is
replaced with a SDE driven by Wiener and Poisson processes; and perhaps
results like those of Benäım et al. [3] could be extended.

5.3. The density of the switching process

Based on Theorem 8, for each fixed i, there is a suitable transition function
Gi(z, t, dζ) with density Gi(z, t, ζ) corresponding to the integro-differential
operator Ai with oblique boundary conditions Bi, which corresponds to
the continuous-type component. While, the switching-type component is
governed by the operator Qz.

Let us regard Ai, Qz and Gi in a vector/matrix notation as follows:

• A�v(z) = (Aivi(z) : i), which abusing notation is written also as Av(z, i),
• B�v(z) = (Bivi(z) : i), which abusing notation is written also as Bv(z, i),
• Qz�v(z) =

(∑
j qij(z)v(z, j) : i

)
, and abusing notation, the matrix Q =

(qij(z) : i, j) for each given z.
• G0(z, t, dζ) = (diag(Gi(z, t, dζ) : i) andG0(z, t, ζ) = (diag(Gi(z, t, ζ) : i),
where ‘diag’ means to form a diagonal matrix with the given entries.

Thus the transition density G0(z, t, ζ) is the solution of the Chapman-
Kolmogorov equation (15) regarded as a diagonal system of equations cor-
responding to A with oblique boundary conditions B and Z = O, i.e.,

(∂t −A)G0(z, t, z) = δztI, ∀(z, t) ∈ O×]0,∞[,
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BG0(z, t, z) = 0, ∀(z, t) ∈ ∂O×]0,∞[.

To solve the Chapman-Kolmogorov equation associated with the operator
L = A+Q instead of A, i.e., for the transition density G(z, t, z)

(∂t − L)G(z, t, z) = δztI, ∀(z, t) ∈ O×]0,∞[,

BG(z, t, z) = 0, ∀(z, t) ∈ ∂O×]0,∞[,

we can use the classic ‘iteration’ methods, i.e., expressing its transition func-
tion G(z, t, dζ), corresponding to the switching process, as

(16) G(z, t, dζ) = G0(z, t, dζ) +G0(z, ·, ·) •H(·, t− ·, dζ),

where G0(z, t, dζ) is the transition function corresponding to A, i.e., solving
the diagonal (uncoupled) system (∂t−A)G0(z, t, dζ) = δztI, and the •means
a suitable convolution-type operation, i.e.,

G0(z, ·, ·) •H(·, t− ·, dζ) =
∫ t

0
dt′

∫
Z
G0(z, t

′, dz′)H(z′, t− t′, dζ),

also written as G0(z, t− ·, ·) •H(·, ·, dζ), and H(z, t, dζ) is to be determined
by solving the equation

(17) H(z, t, dζ) = H0(z, t, dζ) +H0(z, ·, ·) •H(·, t− ·, dζ),
with H0(z, t, dζ) = QG0(z, t, dζ),

as a series

(18)
H(z, t, dζ) =

∞∑
k=0

Hk(z, t, dζ), with terms

Hk(z, t, dζ) = H0(z, ·, ·) •Hk−1(·, t− ·, dζ), k ≥ 1.

Indeed, from the Chapman-Kolmogorov equation satisfied by G(z, t, dζ) and
G0(z, t, dζ) follows

δztI+QG(z, t, dζ) = (∂t −A)G(z, t, dζ) =

= (∂t −A)[G0(z, t, dζ) +G0(z, ·, ·) •H(·, t− ·, dζ)] =
= δztI+H(z, t, dζ),

i.e., H(z, t, dζ) = QG(z, t, dζ), and so,
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H(z, t, dζ) = QG(z, t, dζ) =

= QG0(z, t, dζ) +QG0(z, ·, ·) •H(·, t− ·, dζ),

i.e., equation (17), follows after applying Q to equation (16).
Without using the vector/matrix notation, Chapman-Kolmogorov equa-

tion is written as (∂t+LG(z, i, t, dζ, j) = δzt1i=j , and equation (16) becomes

(19) G(z, i, t, dζ, j) = 1i=jGi(z, t, dζ) +Gi(z, ·, ·) •H(·, i, t− ·, dζ, j),

and the • means another suitable convolution-type operation, i.e.,

1i=·Gi(z, ·, ·) •H(·, ·, t− ·, dζ, j) =

=
∑
i′

∫ t

0
dt′

∫
Z

1i=i′Gi(z, t
′, dz′)H(z′, i′, t− t′, dζ, j) =

=

∫ t

0
dt′

∫
Z
Gi(z, t

′, dz′)H(z′, i, t− t′, dζ, j).

Since
∑

i′ qii′(z)1i′=jGi′ = Gjqij , equation (17) can be written as

(20) H(z, i, t, dζ, j) = H0(z, i, t, dζ, j) +H0(z, i, ·, ·, ·) •H(·, ·, t− ·, dζ, j),
with H0(z, i, t, dζ, j) = qij(z)Gj(z, t, dζ),

and the series (18) takes essentially the same form, namely,

(21)
H(z, i, t, dζ, j) =

∞∑
k=0

Hk(z, i, t, dζ, j), with terms

Hk(z, i, t, dζ, j) = H0(z, ·, ·, ·) •Hk−1(·, ·, t− ·, dζ, j), k ≥ 1,

i.e., for any k ≥ 1, i, j ∈ N , z ∈ Z and t > 0 we have

Hk(z, i, t, dζ, j) =

=
∑
i′

∫ t

0
dt′

∫
Z
qii′(z)Gi′(z, t

′, dζ ′)Hk−1(ζ
′, i′, t− t′, dζ, j).

Now, to state a precise result for the switching diffusion with jumps, we
need some more notations. if L(RN ,RN ) denotes the space of real-valued
N × N (square) matrices endowed with the operator-norm | · |, and Z is a
regular domain of Rd (the possibility Z = R

d is included), then consider a
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vector form of the semi-norms C(ϕ, k) and K(ϕ, k) = K1(ϕ, k) +K2(ϕ, k),

k ≥ 0, for functions (or kernels) ϕ(z, t, ζ) from Z×]0,∞[×Z into L(Rn̄,Rn̄),

i.e.,

(22) C(ϕ, k) = inf
{
C ≥ 0 : |ϕ(z, t, ζ)| ≤ Ct−1+(k−d)/2, ∀z, t, ζ

}

and

(23)

K1(ϕ, k) = inf
{
K1 ≥ 0 :

∫
Z
|ϕ(z, t, ζ)|dζ ≤ K1t

−1+k/2, ∀z, t
}
,

K2(ϕ, k) = inf
{
K2 ≥ 0 :

∫
Z
|ϕ(z, t, ζ)|dz ≤ K2t

−1+k/2, ∀t, ζ
}
.

A (non-commutative) kernel-convolution is defined between two kernels as

(24) (ϕ • ψ)(z, t, ζ) =
∫ t

0
dt′

∫
Z
ϕ(z, t′, ζ ′)ψ(ζ ′, t− t′, ζ)dζ ′, ∀z, t, ζ,

which could be also denoted by ϕ(z, ·, ·) • ψ(·, t − ·, ζ). Denote by Gr or

Gr(Z×]0, T ],Rn̄ × R
n̄) the vector space of all kernels ϕ satisfying C(ϕ, r) +

K(ϕ, r) < ∞. It is simple to check that if ϕ is a heat kernel type of order k,

i.e., there exit positive constants Λ, λ such that

|ϕ(z, t, ζ)| ≤ Λt−1+(k−d)/2) exp
(
− λ|z − ζ|

t

)
, ∀z, t, ζ ′

then C(ϕ, k) ≤ Λ and K(ϕ, k) ≤ 2πd/2Λλ−d/2.

Proposition 9. Assume that the infinitesimal generator Q satisfies As-

sumption 1. If the H0(z, t, dζ) has a density denoted by H0(z, t, ζ) belonging

to Gr0 with 0 < r0 ≤ 2, then the equation (17) can be written as

(25) H(z, t, ζ) = H0(z, t, ζ) +H0(z, ·, ·) •H(·, t− ·, ζ),
with H0(z, t, ζ) = QG0(z, t, ζ),

where • means the kernel-convolution (24), and the series

(26)
H(z, t, ζ) =

∞∑
k=0

Hk(z, t, ζ), with terms

Hk(z, t, ζ) = H0(z, ·, ·) •Hk−1(·, t− ·, ζ), k ≥ 1,
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converges uniformly on Gk0
, moreover,

[C(H, r0) ∨K(H, r0)] ≤
∞∑
k=1

Ck[C(H0, r0) ∨K(H0, r0)]
k,

with Ck+1/Ck → 0 as k → ∞.

Proof. Actually, the arguments are similar to those found in Garroni and

Menaldi [19, Ch VIII, Prop 1.1, pp. 325–328]. Indeed, because the operator

Q satisfies

[C(Qϕ, r) ∨K(Qϕ, r)] ≤ |Q|[C(ϕ, r) ∨K(ϕ, r)], ∀ϕ ∈ Gr, r > 0,

where |Q| = sup{|Qz�v| : |�v| = 1, z ∈ Z} is the matrix/operator norm, and

the following property holds for the kernel-convolution

(27)
C(ϕ • ψ, k + r) ≤ cd(k, r)[C(ϕ, k)K(ψ, r) +K(ϕ, k)C(ψ, r)],

Ki(ϕ • ψ, k + r) ≤ Ki(ϕ, k)Ki(ψ, r), ∀k, r > 0, i = 1, 2,

with

cr(k, r) =

⎧⎪⎪⎨
⎪⎪⎩
22+d(

1

k
+

1

r
) if 0 < k ≤ d,

β(
r

2
,
k − d

2
) =

∫ 1

0
θ

r

2
−1(1− θ)

k−d

2
−1dθ if k > d,

Ki(ϕ, k + r) ≤ Ki(ϕ, k)Ki(ψ, r), ∀k, r > 0, i = 1, 2,(28)

we can complete the argument.

Theorem 10. Under the Assumption 7 for Ai, Bi, without the last part

(d)2, and the Assumption 1 for Qz, the switching diffusion process with

jumps has a transition density belonging to G1, which means in particular

that G(z, t, ζ) = (G(z, i, t, ζ, j) : i.j) is continuous in z, ζ and t > 0.

Proof. Indeed, as discussed in Proposition 9 and earlier, under Assumption 7

the transition density function G0(z, t, ζ) belongs to the Green space G1.

Since Q is linear from R
N into itself, uniformly bounded in z ∈ Z, the

kernel H0(z, t, ζ) = QG0(z, t, ζ) belongs to G1. Hence, H(z, t, ζ) has the

same smoothness and the conclusion follows.

2But if part (d) is assumed then the density G(z, t, ζ) belongs to G2+α
1 .
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5.4. Strict positivity of the transition density

The maximum principle can be used to check the strict positivity of the
transition density function G(z, t, ζ) and specific lower bound estimates can
be obtained, e.g., instead of beginning with the transition functionG0(z, t, ζ)
we may begin with the sub-transition function G=(z, t, ζ) corresponding to
the uncoupled system associated with the operator

A+Q=, for Qz
=
= diag(qii(z) : i), and Qz = Qz

=
+Qz

�=.

This sub-transition function G=(z, t, ζ) = diag(G=

i (z, t, ζ) : i) is a diagonal
matrix and it is obtained from results of equations. This means that di-
rectly from the results quoted at the end of Subsection 5.1 if the coefficients
z 	→ qii(z) are bounded and measurable then the transition density function
G=

i (z, t, ζ) has the same regularities as Gi(z, t, ζ). In particular, the lower
bound estimates are satisfied, i.e., for every ε > 0 there exists a positive
constant c = c(ε) > 0 such that

(29) G=

i (z, t, ζ) ≥ c, ∀(z, t, ζ) ∈ Z × [ε, 1/ε]× Z,

see Theorem 8.

On the other hand, the expressions (19), (20), (21) corresponding to the
transition function G=

i (z, t, dζ) and the operator Qz
�= are valid, and they can

be written in term of the transition density function G=

i (z, t, ζ). Since the
coefficients q �=

ij(z) = 1i �=jqij(z) corresponding to Qz
�= are non-negative, the

first term

H0(z, i, t, dζ, j) = q �=
ij(z)G

=

j (z, t, dζ)

is non-negative, i.e., now

Hk(z, i, t, dζ, j) =

=
∑
i′

∫ t

0
dt′

∫
Z

1i �=i′qii′(z)G
=

i′(z, t
′, dζ ′)Hk−1(ζ

′, i′, t− t′, dζ, j).

and by induction, every term Hk(z, i, t, dζ, j) in the series expression (21) is
non-negative, as well as the series itself, i.e, H(z, i, t, dζ, j) ≥ 0. This implies
that G(z, i, t, dζ, j) ≥ 0.

Proposition 11. Suppose Assumption 1 for the infinitesimal generator Q =
Qz and Assumption 7 for Ai, Bi, without the last part (d). Then G=

i (z, t, dζ)
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has a density denoted by G=

i (z, t, ζ), such that

G= = diag(G=

i (z, t, ζ) : i)

belongs to G1. Moreover, if the coefficients3 qij(z) are bounded below, i.e.,

(30) there exists q0 such that qij(z) ≥ q0 > 0, ∀i �= j,

then G(z, i, t, dζ, j) has a density denoted by G(z, i, t, ζ, j) and the inequality

(31) G(z, i, t, ζ, j) ≥ 1i=jG
=

i (z, t, ζ) + tq01i �=jG
=

i (z, t, ζ), ∀z, i, t, ζ, j,

holds true. Furthermore, the transition density function G(z, i, t, ζ, j) is
strictly positive, actually, for every ε > 0 there exists a positive constant
c = c(ε) > 0 such that

(32) G(z, i, t, ζ, j) ≥ c, ∀(z, t, ζ) ∈ Z × [ε, 1/ε]× Z, i, j ∈ N,

Proof. Since the equation (19) becomes

G(z, i, t, ζ, j) = 1i=jG
=

i (z, t, ζ) +

+

∫ t

0
dt′

∫
Z
G=

i (z, t
′, ζ ′)H(ζ ′, i, t− t′, ζ, j)dζ ′,

let us look at the second term G1 in the series representing G as solution
to (19), namely,

G1(z, i, t, ζ, j) =

∫ t

0
dt′

∫
Z
G=

i (z, t
′, ζ ′)1i �=jqij(z)G

=

i (ζ
′, t− t′, dζ)dζ ′,

and, in view of the Chapman-Kolmogorov equality, the transition function
satisfies

1i �=jqij(z)

∫
Z
G=

i (z, t
′, ζ ′)G=

i (ζ
′, t− t′, ζ)dζ ′ = 1i �=jqij(z)G

=

i (z, t, ζ).

Hence, assumption (30) implies that

G1(z, i, t, ζ, j) ≥ tq01i �=jG
=

i (z, t, ζ), ∀z, i, t, ζ, j,

and the inequality (31) follows. Therefore, it is clear that (29) yields (32).
3Actually, the condition qii = −

∑
j �=i qij(z) is satisfied, so that condition (30)

is ‘almost’ deduced from Assumption 1, since the Markov Chain (for any fixed
parameter z) is irreducible
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5.5. Invariant measure and exponential ergodicity

Everything is in place to give the desired result. Indeed, the strict positivity
of the density allow to use Doob’s classical argument as in Garroni and
Menaldi [20, Sec 5.2, Thms 5.2.1 & 5.2.3, pp. 165–169].

Proposition 12. Suppose Assumption 1 for the infinitesimal generator
Q = Qz and Assumption 7 for Ai, Bi, without the last part (d). Then
the switching process has a unique invariant probability {μ(dz, i) : i ∈ N}
and there exist constants C0 > c0 > 0 such that

∣∣∣∑
j∈N

∫
Z
G(z, i, t, dζ, j)f(ζ, j)−

∑
j∈N

∫
Z
f(ζ, j)μ(dζ, j)

∣∣∣ ≤
≤ C0e

−c0t sup
{
|f(z, i)| : z ∈ Z, i ∈ N

}
,

for every (z, i) in Z×N , t > 0, and any bounded Borel function f . Actually,
μ(dz, i) has a density denoted by μ(z, i).

Remark 13. An argument similar to Bensoussan [4, Thm 4.7, p. 146] shows
that the support of the invariant probability μ(dz, i) is the whole space E,
i.e., the density μ(z, i) is strictly positive.

The resolvent operator Rα associated with the switching diffusions with
jumps having oblique boundary conditions is defined as the operator h 	→ u
on Cb(Z) = C0(Z) = C(Z)

uα(z, n) = Rαh(z, n) := Ezn

{∫ ∞

0
e−tαh(zt, nt)dt

}
,

and therefore, �uα = (uα(z, i) : i) solves the following integro-differential
equation

(33)
(A+Q− α)�uα(z) = h(z), ∀z ∈ O,

B�uα(z) = 0, ∀z ∈ ∂O,

with �h = (h(z, i : i), and it can be represented via the Green function
G(z, i, t, ζ, j) as

uα(z, i) =
∑
j∈N

∫ ∞

0
e−αtdt

∫
Z
G(z, i, t, ζ, j)h(ζ, j)dζ.

Following classical arguments,
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Proposition 14. Suppose Assumption 1 for the infinitesimal generator

Q = Qz and Assumption 7 for Ai, Bi, without the last part (d). Then

the resolvent Rα, α > 0 is compact from C(Z) into itself.

Proof. Accepting the implicitly mentioned estimates on the matrix Green

function G(z, t, ζ) similar to the estimates on the Green function obtained

in Garroni and Menaldi [19, 20]4, there exists a constant Cα > 0 such that

‖�uα‖Cα ≤ Cα‖�h‖C, ∀h ∈ C(Z,RN ),

where ‖ · ‖C is the sup-norm in C(Z,RN ) and ‖ · ‖Cα is the α-norm in Hölder

space Cα(Z,RN ). This estimate yields the compactness of the resolvent.

Alternatively, considering a problem similar to (33) with only A, (i.e.,

without the ‘coupling’ operator Q), the linear system becomes diagonal, and

it can be solved in a standard way, e.g., Bensoussan and Lions [5] (assuming

only normal reflected boundary conditions, i.e., bik = nk the outward normal

direction). A simple fixed point argument shows that the equation (33) has a

unique solution �u ∈ W 2,p(O,RN ) for any given �h ∈ Lp(O,RN ), for every 1 <

p < ∞. Since C(Z,RN ) ⊂ Lp(O,RN ) and the Sobolev embedding implies

that the identity operator is a compact from W 2,p(O,RN ) into C(Z,RN ), for

p sufficiently large (recall N is finite), the resolvent is indeed compact.

6. Extensions

• The case Z locally compact Polish space with N denumerable (i.e., fi-

nite or countable). The most complete results in ergodic impulse control for

Markov-Feller processes (in a locally compact Polish space) are in Palczewski

and Stettner [37], assuming that Γ(x) = Γ, a fixed compact (as seen previ-

ously), but typical switching model requires a variable Γ(x). Perhaps this

extension is feasible, but we have not found such a result. Also they include

an ergodic condition, a little more general than: If P (x, t, B) = P{xt ∈ B :

x0 = x} denotes the transition probability of the Markov-Feller process in

Assumption 1 (in locally compact Polish spaces), then suppose that there

exist a unique probability μ on B(E), and functions K : Z × N →]0,∞[

bounded on compact sets, h : R+ → R
+ integrable, such that

(34) ‖P (x, t, ·)− μ‖TV ≤ K(x)h(t), ∀x ∈ Z ×N,

4Only the Cα-estimates for G(z, i, t, ζ, j) in z are necessary.
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and such that, the random variables {K(xt) : t ≥ 0} are uniformly integrable
for x on compact sets. There are several classes of switching processes sat-
isfying the exponential convergence (34). The list below is by no means an
exhaustive one:

– When N is finite: for switching diffusions, i.e., Ai corresponds to a diffu-
sion, see Yin and Zhu [49]; for switching diffusion with jumps, see Chen et
al. [9]. Moreover, Cloez and Hairer [10] show the exponential ergodicity con-
dition for several types of Markov processes (including examples in infinite
dimensional spaces).

– When N is infinite: for switching diffusions, see Shao [40], and for switch-
ing diffusion with jumps, see Xi and Zhu [47].

• The case of N infinite and Z compact does not seem to have been studied
and could be a subject of future work.

• Allowing switching on the boundary for reflected diffusion with jumps.
In Section 5, Assumption 7 (b) the boundary operator does not contain a
coupling on the zero-order terms. To consider switching on the boundary,
the boundary conditions becomes

B�v(z) +Q∂�v(z) = 0

include another operator Q∂ = {Qz
∂
: z}, where

Qz
∂
vi(z) =

∑
j

q∂

ij(z)vj(z), �v(z) = (vi(z) : i),

for any z ∈ ∂O.

• The extension of our previous works [33, 35, 36] on impulse controls with
constraint could be done for switching processes, along the lines of [34].
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Henri Poincaré Probab. Stat., 51(3):1040–1075, 2015. Erratum: Qual-
itative properties of certain piecewise deterministic Markov processes
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