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Sequential universal modeling for non-binary
sequences with constrained distributions®

MICHAEL DRMOTA, GIL I. SHAMIR, AND WOJCIECH SZPANKOWSKI

Sequential probability assignment and universal compression go
hand in hand. We propose sequential probability assignment for
non-binary (and large alphabet) sequences with distributions
whose parameters are known to be bounded within a limited inter-
val. Sequential probability assignment algorithms are essential in
many applications that require fast and accurate estimation of the
maximizing sequence probability. These applications include learn-
ing, regression, channel estimation and decoding, prediction, and
universal compression. On the other hand, constrained distribu-
tions introduce interesting theoretical twists that must be overcome
in order to present efficient sequential algorithms. Here, we focus on
universal compression for memoryless sources, and present a pre-
cise analysis for the maximal minimax and the (asymptotic) aver-
age minimax redundancy for constrained distributions. We
show that our sequential algorithm based on modified Krichevsky-
Trofimov (KT) estimator is asymptotically optimal up to O(1) for
both maximal and average redundancies. In addition, we provide
precise asymptotics of the minimax redundancy for monotone dis-
tributions which is a special case of the constrained distribution.
This paper follows and addresses some challenges presented in [17]
that suggested ‘results for the binary case lay the foundation to
studying larger alphabets”.

KEYWORDS AND PHRASES: Information theory, minimax redundancy,
constrained distribution, analytic combinatorics.

1. Introduction

Universal coding and universal modeling (probability assignments) are two
driving forces of information theory, model selection, and statistical infer-
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ence. In universal coding one is to construct a code for data sequences gen-
erated by an unknown source from a known family such that, as the length
of the sequence increases, the average code length approaches the entropy of
whatever processes in the family has generated the data. In seminal works
of Davisson [4], Rissanen [12], Krichevsky and Trofimov [9], and Shtarkov
[13] it was shown how to construct such codes for finite alphabet sources.
Universal codes are often characterized by the average minimaz redundancy
which is the excess over the entropy of the best code from a class of decodable
codes for the worst process in the family.

As pointed out by Rissanen [12], over years universal coding evolved into
universal modeling where the purpose is no longer restricted to just coding
but rather to learn optimal models [12]. The central question of interest
in universal modeling seems to be in universal codes achievable for indi-
vidual sequences. The burning question is how to measure its performance.
The worst case minimax redundancy became handy since it measures the
worst case excess of the best code maximized over the processes in the
family. Unfortunately, low-complexity universal codes that are optimal for
the worst case minimax are not easily implementable (it would require to
implement the maximum likelihood distribution). Therefore, we design a
sequential algorithm based on the KT-estimator that is asymptotically op-
timal on average (i.e., for the average minimax redundancy), and show that
both redundancies differ by a small constant.

In this paper we focus on universal compression and probability as-
signment/learning for a class of memoryless sources with constrained dis-
tributions. Let us start with some definitions and notation. We define a
code C), : A" — {0,1}* as a mapping from the set A" of all sequences
z" = (x1,...,x,) of length n over the finite alphabet A = {1,...,m} of
size m to the set {0, 1}* of all binary sequences. Given a probabilistic source
model, we let P(z™) be the probability of the message z"; given a code C,,
we let L(C),x™) be the code length for 2™. However, in practice the prob-
ability distribution (i.e., source) P is unknown, and one looks for universal
codes for which the redundancy is o(n) for all P € S where S is a class of
source models (distributions). It is convenient to ignore the integer nature
of the code length and replace it by its best distributional guess, say Q(z™).
In other words, we just write L(C),, ™) = —log Q(«™) and use it throughout
the paper. The question is how well @) approximates P within the class S.
Minimax redundancy enters. Usually, we consider two types of minimax re-
dundancy, namely average and maximal or worst case defined, respectively,
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(1) Ro(8) = HgnglégE[logP(X")/Q(X")],
(2) R} (S) = rrgn sup max,- [log P(z")/Q(z")].
PeS

In this paper we analyze precisely both redundancies for memoryless
sources over m-ary alphabet A = {1,...,m} with restricted symbol proba-
bility 0;, that is, we assume that 8 € S, where § is a proper subset of

@:{O:HiZO(lgigm), 91+--'+9m:1}.

We will assume that S is a convex polytope. As a special case we have
the interval restriction 0 < a; < 0; < b; < 1fori =1,...m — 1, where
S b < 1 (this ensures that 6, = 1 — 327" 0; is always well defined).
Also, a class of monotone distributions [16] defined as

M={0:0<0,<0y<-<Op, O+ +0,=1}

is a special case of the constrained distributions.

Here, we present a sequential algorithm that estimates asymptotically
the optimal probability P(z™) for all z". It turns out that restricting the
set of parameters is important from a practical point of view and at the
same time introduces new interesting theoretical twists that we explore in
this paper. We first prove in Theorem 2.1 that (for fixed m that can still be
large)

Ra(S) = RL(S) +O(1) = L

log(n) 4+ O(1)

where the constant implied by the O-term depends on m and on the set
S. Second we provide in Theorem 2.2 precise asymptotics for R,(©) and
R} (©) if m = o(n). While the leading terms of these redundancies are known
[10, 14, 15, 20], we derive here precise asymptotics up to O(m3/2/y/n) term
in a uniform manner that can be used to extend our analysis to the con-
strained case in this regime. This allows us in Theorem 2.3 to provide the
best asymptotic expansions for the minimax redundancy for monotone dis-
tributions. Finally, we present in Corollary 1 a sequential add-1/2 KT-like
estimator to compute P(x,11|z™) for the constrained distributions that is
asymptotically optimal up to a constant for both the maximal and average
redundancy. This final result has been wanting since [17] which suggested
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that “results for the binary case lay the foundation to studying larger al-
phabets”.

This paper is organized as follows. In the next section we present our
main results, including the sequential algorithm that directly generalizes the
add-1/2-KT estimator. The proofs are discussed in the last section, with
some technical proofs collected in Section 4.

2. Main results

In this section we present our main results including asymptotically opti-
mal probability estimation for the class S C © of memoryless sources with
constrained distributions.

We start with the worst case redundancy defined in (2). We recall that
the distribution P(x™) is of the form

P(x”)—ﬁ@f”, 0, >0, iezz ,
i=1 i=1

where k; is the number of symbol i € A in the sequence z". The probabilities
0; are unknown to us except that we restrict them to the subset S C ©.
Following Shtarkov [13] and [5] we can re-write the worst case redundancy
for S, by noting that max and sup commute, hence

R} (S) = min sup max(—log Q(z") + log P(z"))
@ pes ="

= mq}n max|— log Q(z") + sup log P(z")]

PeS
= min max[log Q1 (z") + log P*(z") + log Z sup P(z")]
Q@ Zn . PeS
=lo sup P(z"
S
where P*(z™) is
sup P(z")
(3) Al ——

Zz? suppes P(27)

is the mazimum-likelihood distribution and we set Q(z™) = P*(z") for at-
taining the minimum. In this context the distribution P* is also called the



Sequential universal modeling 5

Shtarkov distribution and the sum

D, = Z sup P(z")

— PeS

is called Shtarkov sum. Note that R} (S) = log D,.

If we define the worst case redundancy with the help of code lengths
L(Cy,x") instead of —log Q(2™) — that we denote by R;; — then we would get
a similar expression of the form R},(S) = log D, + Ry, (P*). Using Shannon’s
code Shtarkov immediately noticed that 0 < R} (P*) < 1. More precisely, in
[5] it was proved that asymptotically for the unconstrained case

log (ﬁ log m)

logm

Ri(P*) = +o(1).
From now on we shall ignore this correction term and analyze R (S) =
log D,,.

To estimate D,, = Y _.supp P(z") we need first to find sup [[", Of
when 6 € S. For the unrestricted case (S = ©) we know that the optimal
0; = k;/n. The situation is more complicated in the constrained case. For
example, if we assume an interval restriction a; < 6; < b;, i =1,....,m—1
with 6,, =1—6, —--- — 6,,_1, then for k; < na; or k; > nb; the optimal 9;
may be a; or b;, respectively. Fortunately, in the next sections we prove that
the main contribution to D,, comes from those k = (ky,..., k) for which
k/n € S§. So we are led to analyze the following sum

I ) (0

kenS L m

which is of order n*%" as in (26) and proved in Section 4.2. The contribution
of the remaining terms is typically of order O(an_Q)

It is our goal to present a sequential low-complexity algorithm for
the probability assignment, that is, an iterative procedure to compute
P(zp41]2™). Unfortunately, the maximum-likelihood distribution (3) is not
well suited for it. To find one, we switch to the average minimax redundancy
(1) and we re-cast it in the Bayesian framework.

Before we discuss the average minimax redundancy, we need to introduce
one more notation element. Let us define the Dirichlet density as

; 1 T o
D1r(91,...,0m;a1,...7am):mnegz L
Y
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where > 7" 0; =1 and

I(ag) - T(am)
D(ag + -+ am)

B(ai,...,om) = Bp(ag,...,am) =

is the beta function. We shall write a = (a,...ap,) and 8 = (61,...6,,)
with /", 6; = 1. Finally, we set for S C ©

Dir(S; a) = %/‘Sea—lda

Let § C O. Then the average minimax problem is

R,(S) = inf sup Dn(PgHQ)
Q gecs

where D(P?||Q) is the Kullback-Leibler divergence. In the Bayesian frame-
work, one assumes that the parameter 6 is generated by the density w(6)
and the mixture MY (z") is

MY (z7) = /S PO (™) u(d6).
Observe now
i 9 =in 0 w
inf B [Da(PQ)) = int /S Da(P?|Q)duw(6)
— /3 Do (P M) du(6),

where we use the fact that
ngn;mog 1/Qi = ;Pilog 1/P;.
As pointed out by Gallager [7], and Davisson [4] the minimax theorem of

game theory entitles us to conclude that

R,(S) = inf sup Dn(P9||Q) = supinf E,, [Dn(PQHQ)]
Q ¢cs w Q

leading to

(4) Ro(S) = /8 D(P|[ M2 ) (6)
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where w*(0) is the maximizing prior distribution. Bernardo [1] proved that
asymptotically the maximizing density is proportional to the square root of
the determinant of the Fisher information I(8), the so-called Jeffrey prior.
This leads to the density

1 1
(0) = C(S)-B(1/2) Vo, - -0,

(5) o

where C(S) defined as

de
0,---0,,

(6) C(8) = Dir(§1/2) = — (11 5 /S

is the probability that the Dirichlet distribution with «; = 1/2 falls into
the subset S. For example, Clarke and Barron [2] showed (under proper
regularity conditions such as the finiteness of the determinant of Fisher
information and S being a compact subset of the interior of ©) that

. —1 n
I D(P?| MY )dw* (0) — " log -
dm ([ Dy 6) - " o5 )
I —1
= lim (/ D(P?| M )dw* (0) — " log i) —log/ /et 1(6) do.
n—o0 S 2 2me S

Barron and Xie [22] extended this result to the unconstrained case S = ©.
We note that C(©) =1 for the unconstrained case.

This discussion leads us to the following notation of the asymptotic av-
erage minimazx redundancy

RP(S) = / D(PO|MT)di* (6).
S

The mixture distribution M”" (z™) can be calculated as follows

@ oy 1 T k12
M = sz ) 11

_ mB(lﬁ $1/2, 0k +1/2)

1 M ki—1/2
. g%
B(ki+1/2,--- ’km+1/2)/5@n1 E

(1) :mmklﬂ/z,m o +1/2) - Dir(S : k +1/2).
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Observe again that for the unconstrained case Dir(0;k + 1/2) = 1. In sum-
mary

(8)  Du(P’|My") =10g (C(S)B(1/2)) +

n [T, 67
9) + Zk: <k) Hf)’c log Bk + 1/2)D11r(8 k+1/2)

We are now ready to formulate our first main result that reads as follows.
We prove it in the next section and delay some technical derivations to
Section 4.

Theorem 2.1. Consider a memoryless constrained source S C © with fixed
but arbitrarily large m > 2 where S is a convex polytope. Then the worst
case minimaz redundancy for S is

-1 T(iym
m logi—i—log (3)

(10)  RS)= "5l g+ log

+1og C(S) + O(1/v/n),

and the corresponding asymptotic average minimazx redundancy is

—=asym —1 r Lym
11) RS =" log—— +log (2,71 +1og C(S) + O(1//n)

where, we recall,

C(S) = Dir(S;1/2) = B(11/2)/5 916%?.9

as defined above in (6) with C(©) =

We observe that R*(S) and Ro> °(S) differ approximately by m-1
This fact should be compared with a general results of [5, Theorem 6] where
it was proved that for a large class of sources

[Ru(S) = R (S)] < ea(S)

where
sup P(z7)

PES
= sup P(x i
PeS Z P(x})

Actually, for binary memoryless sources ¢,(S) < 1 and ¢,(S) < m — 1 for
m-ary memoryless sources ([5, Lemma 8] extends directly to the m-ary case).
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In Theorem 2.1 we assumed that m is fixed to avoid complications with
constrains S, that may depend on m. We now present our results for large
m = o(n) and § = ©. While the leading terms, especially for the maximal
minimax redundancy, were known before (see [10, 11, 14, 15, 20, 21, 22]), our
results are derived in a novel way that allows us to apply our methodology to
obtain in Theorem 2.3 best redundancy results for monotone distributions
over large alphabets (see [16]).

Theorem 2.2. Consider a memoryless unconstrained source © with m =
o(n). Then the unconstrained maximal redundancy is

m—1 n INENL
* - 7 v 1 2
R (O) 5 log o + log o(2)

(12) = m2_110g (%)—I—%(l—logZ)—I—O(l/m)—l-O(mg/z/\/ﬁ)

+0 (m*2/vn)

and the unconstrained asymptotic average redundancy becomes

—5asymp _m—1 n F(%)m 3/2
R, (@)——2 log 27re+10g o) —|—O<m /\/ﬁ>

m—1

(13) =" Liog () + L(1~log2) + O(1/m) + O(m®? /).

Remark 1. We see that Theorems 2.1 and 2.2 match for constant m, since
C(©) = 1. Indeed, we can use Stirling’s formula for I'(m/2) to replace
logI'(m/2) in Theorem 2.1 by

1
logT'(m/2) = %log% - %bge + log V21 — Elog% +O0(1/m)

if m — oo.

Monotone Distributions. As an application of Theorems 2.1-2.2 we pro-
vide precise asymptotics for monotone distributions which can be viewed as
a special case of the constrained distribution. Indeed, let again

M:{0€@91§92§§9m}
Then the unconstrained set © can be divided into m! subsets

My = {0 €0: Qﬂ(l) < 97r(2) <. < Hw(m)}
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for any permutation m of {1,2,...m}. Furthermore, for all symmetric func-
tionals f it is easy to see that

/f@l,..., )db...d6y, = — /fel,..., 0 )d01...d0,,.

More precisely, let D, (©) and D, (M) denote the Shtarkov sums for the
unconstrained distribution and monotone distribution, respectively. Then
in Section 3.3 we show (see (31))

Do(M) = %DH(QHO <(27r)—%m3/2nm723m(1/2) exp (o <’§;>)) .

This leads to our next main result regarding the redundancy for mono-
tone distribution and large alphabet. To the best of our knowledge this is
the most precise asymptotic expansion (up to O(1) term) for m = o(logn/
loglogn) (cf. [16]).

Theorem 2.3. Consider a class of monotone distributions M. Then
R%(M) = R%(0) —logm!+O(m!m3/2/\/n). In particular, for m = o(n) we

have

2 1
UL 5(1 —log 2)

R} (M) = log( ) + mloge + = log
(14) +0(1/m) + O(m! mg/Z/\/ﬁ)

for large n.

Sequential Probability Assignment. Now, we are ready to present our
probability assignment algorithm. We start with formula (7) on the mix-
ture M, (x™). Then we observe that M, (z,1|2") = M, (2" ') /M, (2™). For
example, if assume that x,41 symbol is i € A. Thus

B(ki+1/2,- ki +3/2,-+ kpym +1/2)
C(S)-B(1/2)
Dir(S;k1 +1/2,-++ ki +3/2,-++ Jkm +1/2).

Mn($n+1) _

Using the functional equation of the gamma function, namely I'(x + 1) =
xl'(z) allows us to write a simple sequential update algorithm that we
present next.
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Corollary 1. Suppose that m is fixed and that S C © is a convez polytope.
Let N;(z™) be the number of symbol i in z™. Then

my Nz, (") +1/2
(15) My (zp41]2™) = g
Dir(S; N;(z™) +1/2+ 1(zpt1 =), i=1---m)

Dir(S; N;(z") +1/2, i=1---m)

which is the generalized add-1/2-KT estimator.

Observe that for the unconstrained case Dir(0; N;(2™) +1/24 1(2p41 =
i), ¢ = 1---m) = Dir(0; N;(2™) + 1/2, ¢ = 1---m) = 1, and then our
estimation algorithm reduces to the KT-estimator, that is,
Ny, ., (™) +1/2

16 M, X" =t
( ) n(xn+1| ) n+m/2

We also observe that for the binary alphabet we recover the update from
[17], namely

]\anﬁ(x”)—l—l/Q+
n+1
a2 gy Ny(am) + 1/2
C(S)(n+1)
@2y Ny (a™) + 1/2
C(S)(n+1)

My (Tpqa|z™) =

+(2a041 — 1)

~(2inyr - DA

where C(S) is defined in (6). We should point out that the binary sequen-
tial probability assignment as above was derived in [17] using a different
technique that seems to be working only for binary sequences.

3. Analysis and proofs

In this section we prove our main results Theorems 2.1-2.3. Some technical
details are delayed till the last section. We start with Theorem 2.2 since we
will use some ideas and calculations of the proof of Theorem 2.2 in the proof
of Theorem 2.1.

3.1. Proof of Theorem 2.2

We start with the worst case minimax redundancy R}, (©) = log D,,, where

b= (T (E)

k 1=1
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and the sum is taken over all non-negative integer vectors k = (ki,..., kp)
with ), ki = n. If we set

s B ) ()

in which sum 3" is taken over all m-dimensional integer vectors k = (kp, ...,
km) with k; > 1 (1 <j <m) and k1 + - - + ky, = n, then we can represent
D, as

D, = (21) ””fz<> )28 (),

that is, Sy,—,(n) takes care of those k, where precisely r components are
ZEero.

The asymptotic properties of S,,(n) are summarized in the following
lemma that will be proved in Section 4.1. Recall that B,,(1/2) = B(1/2) =

L) /T (3).
Lemma 1. The terms Sy, (n) satisfy

(18) Sp(n) =n="1B,,(1/2) <1+0 <"j§>>

uniformly as n,m — oo and m < n.

With the help of Lemma 1 and the relation

Bpr(1/2) = O ((m/w)T/2Bm(1/2)>

we obtain

D, = (2r) "= n"% B, (1/2) (1 +0 (”j;))

S (7)o (enromrmn e 110 (7))
i oD or0(2)

+0 ((2w)m2lnmlem(1/2)W\L/3;>
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(19)
= (27)" "5 0™ Bn(1/2)exp (0 <”j’;)> .
Since

log B, (1/2) = mlogI'(1/2) — logT'(m/2)m)

we directly derive the proposed representation (12) for R} (©) = log D,,.
For the asymptotic average minimax Raby p(@) our starting point is

ok 12 6%B(1/2)
20 517 Js Z( Jor <B<k+1/2>)

where we write 9 1/2 =11L6; k=1/2 We need to estimate different parts of
the above sum. We ﬁrst observe that

3 (ﬁ)B(k +1/2) = /ezkj (ﬁ) 0<~1/249

k
:/ 0-1%2d0 = B(1/2).
(C]

More importantly we notice that

/@ 2}{:( >0k 12 1og %40 = <”)

k/ 0% 1/210g 6,d0
(S

o

1+ 117

|
5*

0

ki——DB(k +1/2),

TN
~ 3
——

=1

>
-
-

/@Z< >0k 12108 B(k +1/2) = G{L)B (k +1/2)log B(k + 1/2).
k

Thus

(21)

R (@) = log B(1/2)

n

+B(11/2) 2 (ﬁ) ' (Z ’“ia%B(k +1/2) — B(k +1/2)log B(k + 1/2)) .
k =1



14 Michael Drmota et al.

To deal with sums like (21) we use the relation between the beta function,
the gamma function, and the psi function [19]. For example

0
Ok;

Bk+1/2)=(¥(k;+1/2) —¥(n+m/2)) B(k+1/2),
where W(z) = I"(z)/T'(z). Asymptotically we have

U(z+1/2) =logz + 1/(12z) + O(1/2?),
Uz +m/2) =logx + (m —1)/(2x) + O(1/z?).

Using this and Stirling’s formula we finally find

1
logT'(z +1/2) =xlogx —33+10g\/2 — — +0(1/2%),

24x
logf(x+m/2)—$logx—x—l— 10g(:v—|—m/2)
2
1
+log V21 + (— - %) - + O(m?/z?)

leading to
0
g kak‘ Bk+1/2)—- Bk +1/2)logBk+1/2) =

B(k+1/2) < 5 (log(n +m/2) — 1 —log(2m)) + O(m?/n)

+0 <Z(k - 1)—1>> :

We also obtain, similarly to (37) derived in the proof of Lemma 1 presented

in Section 4.1,
¥ (1) Bls1n o (VB

k

Summing up we arrive at

m- log(n/27re) + log T (1//22))

We now use Stirling’s formula for I'(m/2) and complete the proof.

(22)  EP(O) = + O(m™2 ) /n).

n




Sequential universal modeling 15
3.2. Proof of Theorem 2.1

We start with the worst case minimax redundancy R} (S) = log D,,, where

Dn:2< )supHﬁk

K 0es ;4

The problem is now that we have to distinguish between the case, where
k/n € S and the case, where k/n ¢ S. If k/n € S then we have

m

(23) SupHHk H (ﬁz)k

IS

as in the unconstrained case. If k/n ¢ S then we have

sup H ¢9k H QZ opt-

0eS ;]

By concavity of []", Hk it follows that the optimal choice 6; op¢ has to be
on the boundary of §. We will use this fact in the sequel.
Let us first assume that k/n € S so that (23) holds. Then by a standard

analysis (note that the dimension m is fixed) we directly obtain

o0 5 O

k/nes =1
- (2;5221 k/ZESW <1+O (Zk ))
(24) ~(3)" [ e (14 00V
(25) = (&) c)B/2) (1+00/vR).

The sum over k/n ¢ S is more difficult to handle. However, if S is
a convex polytope this can be handled and in Section 4.2 we prove the
following lemma.
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Lemma 2. Suppose that S is a convex polytope contained in ©. Then we
have

(26) D,-D) =0 (ns")

for large n and m = O(1).

Clearly by using B(1/2) =T'(1/2)"/T'(m/2) and I'(1/2) = /7 and (25)
and (26) we directly obtain (10).
To prove the second statement of Theorem 2.1, the starting point for

the asymptotic average redundancy is (8), however, we rewrite it in terms
of S C © as follows

ympt o1 7\ e 0" Bs(1/2)
o T = i [ ()0 (m)

where we use the short hand notation
Bs(a) = / 0%~ do = Dir(S; o) B(cv).
S
As in the proof of Theorem 2.2 we obtain

RYMPY(S) = log Bs(1/2)+
1

WZ()(Z’C% s(k+1/2) - BS(k+1/2)10ng(k+1/2)).

Again we split the summation over k into several parts. If k/n € S,
where S~ denotes all points in the interior of S with distance > n~1/2+<
to the boundary (for some ¢ > 0), then the saddle point 6; = k;/n of the
integrand 0¥ of the integral of Bs(k+1/2) or I 9_Bs(k+1/2), respectively,
is contained in S~. The precise statement is as follows with the proof given
in Section 4.3.

Lemma 3. Suppose that k/n € S~ then for every fized integer L > 0 we
have

Bs(k+1/2) = Bk +1/2) <1 0 (i kL>>

=1
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and
“ 0 o
Z o Bs(k+1/2) — Bs(k+1/2)log Bs(k +1/2) =
0
Zkl@k (k+1/2) — B(k+1/2)log B(k + 1/2)+
=1 v
+ O (B (k+1/2) k:, Ll)
=1
for large n.

Note that k/n € S~ implies that k; > ¢nzte for some constant ¢ > 0

and all ¢ = 1,...,m. Thus, the error term can be also stated in terms of
negative powers of n.

With the help of Lemma 3 we obtain for any large L' > 0

> ( ) <Zk8k (k+1/2) — Bs(k + 1/2)log Bs(k + 1/2)) =

k/nesS-

k/nesS-

( (m’“ak k+1/2)—B(k+1/2)logB(k+1/2))+O(n_L/)

)
<> (k+1/2)- (mz_llog%—i—()(il/(lﬁ—i—l)))—i—O(n—L/)
-1

k/neS- i=1

( 5 log—+0(1/\f)>BS(1/2).

Finally, to simplify our presentation, we now explain the other parts of
the summation over k only for m = 2 and § = {(0,1 —6) : § € [a,b]}.
Suppose that |k; — nb| < n'/?t¢) that is (ki/n,1 — ky/n) is at distance
< n~Y2*+ from the boundary of S. Here we have

Bs(k1+1/2,n — ki +1/2) = ﬁ(%)k (n;;ﬁ)n—kl
| ( (ﬁ) +OW>) |
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where ®(u) denotes the normal distribution function. A similar representa-
tion holds for the derivatives %BS (k +1/2). A standard analysis yields

3 GD (Z} kiaikiBs(k +1/2) — Bs(k +1/2) - log Bs(k + 1/2>)

|k1—nb|<nl/2+e

—0(1/v/n).

The summation for nb + nl/2te < k1 < n is much easier to handle, so we
skip it.

For dimension m > 2 one has to handle multivariate Gaussian approxi-
mations. This is just technical and more involved but there is no substantial
problem (see Remark 2 at the end of Section 4.2). Summing up, in all cases
the remainder is of order O(1/+/n). This completes the proof of Theorem 2.1.

3.3. Proof of Theorem 2.3

In order to prove Theorem 2.3 we estimate the sum D,, = D,,(M):

n ki pk k
D :g max 051052 - .- 9™
" k) 0.<0,<-<0, ' 2 m

k
_ Z n ﬁ & o + Z n ok gk- gl
N k) n k) o.<oro<0, L2 m
kenM i=1 k¢gnM

_ DM 4 DE\M),

First let us consider the first part D%M) that we (again) partition into

two parts. We set
M<:{k€n/\/l:k:1 <k < km}

and then
DWM) — pM=) 4 pM\M=)

n n n

ki . ..
By using the fact that the functional [, (%) is symmetric it follows
that the unconstrained sum (that we denote by D, (©)) is given by

e () e £ O

k i=1 k;=Ek; for some ¢ # j =1
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Now we have

m

LI OGS ORE)

klzkz =1
With the help of the approximation for k; > 1 and k1 = ks:
m k.,
n kz ' _m-1 n
2 ~ (2 S A
(k)l_ll(n) (2m) [T

we arrive at

n/2
! 1 1.
(28) Z —_— = =S, o(n —2k),
k \/k%k3"’km k:lk
where Sfll)(m) is defined as follows
1
29 SW(n) = 14,
(29) D) =3 e
k

with the sum taken over all m-dimensional integer vectors k = (ki,..., kn)

with k; > 1 (1 <j <m) and ki +- - - +k,, = n. Using the upper bound (18)
it follows that

o X () -

Finally, by using (19) we find

< 1 m—1 m—1 1 3/2
DM — —(27)""F n™T Bp,(1/2)exp O( >>

m!

(o (e (0(55))))

M\MS)

For the sum D( we use a simple estimate

. kl
ez ()2
n
k1:k2

that can upper bounded by (30).
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It remains to consider the sum D( \M), where we sum over integer
vectors (ki,...,kp) for which there exists ¢ with k; > kgy1. Due to the
concavity property of the term [], Gf (that has optimum outside of M) it

follows that the optimum (85", ..., 0") € M of

m

oy =, w100

i=1

has to be on the boundary of M, so we either have 6; = 0 or 6; = 041 for
some j =1,...,m — 1. Hence we trivially have

m
max Hﬂf < 0k max Ha’“
(01,000 ) EM - Ot 40, _1=1
m—1

-+ Hek’ k’ +k?j+1 . H Hk;l
O1+++0; +20 +9 +el=1 ¢
j=1 "' it a2 i<j i>j+1

The first part is only non-zero if k; = 0. So it simplifies to the (m — 1)-
dimensional case. For the second part we note that

Z n 72K n
ky--ky) kyoookj1 Kkjyo-kp)

kjtkji=K

Thus, we are led to the optimize

max Hgk’i.gg.f(. Hglfa
O14++0;_14+20;40; 4 2+-0,m=1 (@)™ - ( J) i

1<J i>7541
S ORORTON
AN n Al \y) -
1<J i>7+1

So this case simplifies to the m — 1-dimensional case, too. Summing up we
have

31) DOWM =0 ((zw)—%mi”/%%‘?Bma/z) exp <o (”j’;))) .

Putting all together, we find

D, — %(QW)—”';ln”;le(l/z) exp (0 (i;))

+0 ((27r)—’"T‘1m3/2n%Bm(1/2) exp <0 ("j;))) .

This completes the proof of Theorem 2.3.
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4. Proofs of technical lemmas
In this technical section we provide the proof of Lemmas 1-3.
4.1. Proof of Lemma 1

4.1.1. Upper bounds for S()(n) and |[Sp(n) — S (n)| We re-
call that S,,(n) and S,S%)(n) are defined in (17) and (29), respectively. In

a first step we prove uniform upper bounds for 57(,1) (n) and for the difference
[Sm(n) — Sg)(n)] form > 2 and n > 1:

(32) s<”< ) =0 (0" Bu(1/2))
(33) Sim ‘_ ( (1/2)m? %*%).
By definition (29) we have the recurrence
n—1 1
(34) S ) = > =5 1 (n— k)
i1 VE

Note also that

B(1/2) = Bu(1/2) = Fohre =
gives the relation
Buuo1(1/2)B(1/2, (m — 1)/2) = B(1/2).

Furthermore, for m > 3 the function z — 272 (n x) T ® is decreasing which
leads to the upper bound

—

n

L
\/En

m—3 | m-3 _an—2 _
_/0 Je(n=a)*T e = 0" B(1/2.(m—1)/2).

k=1

It is now easy to obtain (32) by induction. Clearly we have
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with a proper constant C; > 0. Thus, (32) holds for m = 2. Furthermore,
by using (34) and (35) we get inductively (for m > 3)

n—1 1 s
SO (n) < kZ:l 701 (=0 Bua(1/2)
< Clnm;QB(l/Z (m - 1)/2)Bm—1(1/2)

m—2

= C1n"F B (1/2).

This completes the proof of (32).

By Stirling’s formula we have kfe %y 2rkel/(12k+1) < kI < kke=F\/27k
el/(2k) for all k > 1. Hence S,,(n) satisfies
- 2311

S S -5 L1
12k +1 Sm i=1 12k; ' 12n+1

PP (<Y ——
- < -
- «/kl---kme n - «//-cl--~k:me

By applying the inequality 1 — e~ < z we, thus, have

m

/ 1 1 1
< _—
- Zk: Vki- -k, (; 12k; + 12n>

(36)  [Suln) - SW ()

’ 1 1
-0 — .
(mzk: N kl)
We apply now the upper bound (32) that leads to

n—1

1 1 (1)
B RURNURNS

1

we obtain

(37) 3 %i 0 (B(l/z)m%n%*%> .
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Together with (36) we verify (33)
Som ‘_ ( (1/2) %%*%).

4.1.2. Asymptotic relation for Sﬁ;)(n) In a next step we prove an

asymptotic relation for Sy(é)(n) that holds uniformly for 2 < m < n:

(38) SM(n) =n%"1B,(1/2) (1 +0 <”j’;>> .

First we note that the upper bound (32) shows that (38) is true if m >
ent/3 (for any positive constant ¢ > 0. Thus, it will remain to consider the
case m < cnl/3,

It remains to show that (38) holds for m < en!/3. For this purpose we
use (again) induction and the simplest form of the Euler-MacLaurin formula
[19], namely

:/abf(x)dx+w+/ab (x—LwJ —%) f'(z) de,

where f(x) is continuously differentiable and a < b are integers. For example,
we obtain the asymptotic relation

zﬁ—

(n—k
) +O<n_1/2)—|—0

- n-l dx
(39) B(1/2,1/2) +o< —1/2>

S (n

that is in accordance with (38).
Furthermore we find for m > 3

Z\/_n— )T / \/_n—x) E dx—i—O( )

n—1 n—1
+O</ J;?’/Q(n—x)szdx) +O(m/ xl/Q(n—x)szdx>
1 1
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—4

= " B(1/2,(m —1)/2) + O (nL> 4O (\/mn"‘z )

= B2 -1y (140 (|2)).

With the help of these expansions we will prove (38) by induction on
m. For notational convenience we write Oc(X) for a term that is absolutely
bounded by < C'|X|, that is, we specify the implicit constant.

We already mentioned that (38) holds for m = 2, see (39). Actually we
can prove (38) for every fixed m > 2 (we just have to apply the inductive
method a finite number of times). Hence, we can assume that (38) holds for
m < myg, where mg > 2 is a fixed but arbitrary integer. Now suppose that
m > mg and that (38) holds for m — 1:

SW (n) =n"% Bp_1(1/2) (1 +O¢ (%» .

By (34) we, thus, obtain

SW(n nz_:l L= "B, 1(1/2) <1+Oc (%))

k:l

= n"5 B(1/2,(m —1)/2)Bp_1(1/2) <1 +0 (ﬁ))
+O0¢ <(m —-1) B(1/2,(m —2)/2)Bp,_1(1/2) <1 +0 (ﬁ))) .

Now note that (m — 1)%2 < m3/2(1 — ¢;/m), where the constant ¢; > 0 is
certainly < % However, if m is sufficiently large (say m > mg) then we can
assume that ¢; > 1. Furthermore we have

w

B(1/2,(m = 2)/2)Bn-1(1/2) < Bn(1/2) (1 4 c2/m),

where cg > % However, if m is sufficiently large then we can assume that
ca < % Consequently we have

SW(n) =n"T" B (1/2)< +O(\/7>+

m3/2

(2 02 05)
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Recall that we only have to consider the case, where m < en3/2, where ¢ > 0
can be arbitrarily chosen. Since ¢; > 1 and ¢y < % we can choose ¢ > 0
properly such that

(1-2) (1+2) (Ho(@)) <o L

3/2

for mg < m < ¢n°/“. Finally, by adjusting C we also assure that

ooV (=) o (V) oo ()

for m < en®/2. Hence, (38) follows for all m < en®/? and we are done.

4.1.2.1. Proof of (18) By combining (33) and (38) we immediately obtain
(18) which completes the proof of Lemma 1.

4.2. Proof of Lemma 2

4.2.1. Reduction to a half space We recall that a convex polytope is
the intersection of finitely many half spaces. Thus, in order to cover © \ S
and estimate D,, — Dﬁls) as in (26) of Lemma 2, we just have to consider the
union of finitely many half spaces. Furthermore, by concavity of ], 95 o it
follows that the optimal choice of @ = (61, ..., 0,,) has to be on the boundary
of S. In other words, k/n ¢ S implies that there exists a half space H such
that k € n(H N ©). Therefore it is sufficient to consider just one half space
H and take the optimum 6 on the boundary 0H.

Without loss of generality we can assume that the boundary OH is given
by the equation

a101 +agbo+ -+ ap_10m-1 =1,

where a,,—1 # 0. (If all coefficients are non-zero we can use the equation
01+ -+ 0, =1 to eliminate one variable.) Of course we only consider half
spaces with the property that H N O is a (m — 2)-dimensional polytope of
positive (m — 2)-dimensional volume.

The difference D,, — D%S) that we need to estimate is then consisting of
the following sums

(40) s= 3 (Z) max ﬁefi.

ken(HNO)
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In what follows we assume that k; > 0 for all i« = 1,...,m. If k; = 0 then
the problem is reduced to a lower dimensional one, where we can assume by
induction that the corresponding contribution is of smaller order.

It is also convenient to consider k = (ki,...,k,,) as continuous non-
negative variables with k1 + --- + k;;, = n. Clearly, (ﬁ) as well as [, Gf
are then well defined, too.

If kg = (]{170, RN kmp) S n(aH N @), that is, if

m m—1
(41) Z ]ﬂ’o =n and Z aik@o =N
i=1 i=1

m m ki,O
kio ki
max 0, = | | —
n

OcoHne ;7 i1

4.2.2. A proper parametrization The next goal is to represent k €

n® as k = ko + ¢, where kg € n(0H N O) such that we can control
maxgeopne 11iz1 ;"
More precisely, let’s fix some kg = (k1,...,km0) € n(0H N ©) with

kio > 0 and set 6; 0 = k; o/n. We are searching for all non-negative k € n®
(that is, k1 + - - + k, = n and k; > 0) for which

m m
42 max ok = ok
(42) 068Hﬁ@£[1 ! 11;[1 W0

We will show that all solutions can be written as
ki =kio + 4

where ¢;, 1 <i <m — 1, are parametrized by £,,:

k;
(43) Ei:k’o(l—ai)fm, 1<i<m-—1.
m,0

Conversely for every k € n® (with positive coordinates) there is a unique
vector kg € 0H N © with these properties.

We parametrize 8 € 9H N O by 04,...,0,_2 so that 6,,_1 and 6, are
given by
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-1 ;= G
gm:am;JrZMgi'

Gm—1 o1 Gm—1
Since our optimum is assumed to be in the interior of 0H N © and by the
concavity property of the mapping 6 — >, k;log 6; it follows that k (with
(42)) has to satisfy (besides (41)) the system of equations

0 Zm:k: log 0 ki knm—1 a; N Em a;i — am—1 0. 1<i< 2
_ ‘1o 0= —— = U, StTsSsSMmMm—a.
06; P 170871, 0i0 Om—100m-1 Omo Gm-1

Clearly k; = ko satisfy this system of equations. If we set ¢; = k; — k; o,
1 <¢ < m, then we certainly have Zl ¢; =0 and

Iz b a; b G — Qe .
i tm 1 7 + m g m—1 _ 0, 1 S i S m— 2’
0io  Om-10am-1  Omo am-1

that is, we have m — 1 homogeneous equations for m variables. It is easy to
check that the one dimensional solution is just (43) and this completes the
proof of (43).

Conversely, it is not difficult to observe that for every k € n®° there is
a uniquely defined ko = ko(k1, ..., kn—1) € n(0H N O) such that

km_km .
ki—ki’()(l—l-ki’o(l—ai)), 1§Z§m.
m,0

By setting A = £, /km o one finds k; = k;o(1 + A(1 — a;)) and consequently
we have one equation

m—1
a;k;
44 —_— =
(44) ;1+)\(1ai) "
for computing A = A(ky, ..., ky,—1) from which we obtain

kio =kio(kt, .. kma1) = ki/(1+ X1 — a;)).

We note again that k; and k; ¢ are considered as continuous variables. We
also note that for k € n(0H N ©) we have A = 0 or equivalently k; o = k;.

4.2.3. Asymptotic concentration Next we show that the terms
(z) | 9% are highly concentrated for those k that are close to the corre-
sponding kg € (0H N O).
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Let Iy denote the set of k = (ki,...,ky) € nO with k; > 0, for which
10i|/ki0 < |1 — ai|co (for some sufficiently small constant ¢o > 0 that will be
fixed in the sequel) and Ky the remaining k € n® with k; > 0. We use the
representation

m

O,z ()i

OcoHne; paie]

zO+1)kk —kio

B n m beo m F
- (ko)[” g —

where 6; 9 = k;o/n. If k € Ky we get uniformly (for some constant ¢; > 0)

max | I Hk Lex —c E L
< >OeaHm@ < k10 kmo p< 11‘:1 km))

n
= ———exp [ — § kio(l—a)?) |,
O( k1,0--~kmoexp< 2 727101 - of a)>)

whereas for k € Ky we have uniformly

n m
max 9/@ T 3 & —c1c? kio(l —a; 2 ]
( ) GeaHmeH ( k1o Kmo p ( 1€ E of ) ))

=1

4.2.4. Upper bounds for Sy First we study those situations, where k;
and k; o do not differ too much, that is, if k € Ky. We set

So=> () max Hek

BeaHme

—O< ‘/ exp(—cl 5 Zklo >>
kEICo mO’L 1

We will next show that the derivatives %km are bounded if ¢y is suffi-
J
ciently small. By implicit differentiation of the equation (44) we have

m—1

-1
P - - a;(1 —a;)k;
o = G+ A1) (; (1—|—)\(1—ai))2> '
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Note that (with the convention a,, = 0)

m—1 m
Z az 1 — az z(] = —Z(l — ai)2ki,0 7& 0.
i=1 i=1
Consequently (and by using the property || < ¢p) the relation
1 1
3l =y et
pot 1+)\1—az)) — 1+ M1 —a;)
m—1

= " ai(1 = ag)kio(1+ O(co(1 — ay))

m m—1
=-> (1-a)’kio+0 <c0 > max laj|(1 —

i=1 =1
== (1-a)’kio (14 O(c0)))
i=1

leads to .
o\ = )
A = —a;)"k;
ok~ ¢ (Z(l ) ’0)
Thus, if a; # 1 we have
akiyo . 5@' k‘l(l — ai) 8)\

ki 1+ M1—a) (1 +M1—a))?dk;
i kig(l — (li)
= O(]-) + O (Zg—ll(l o ai)2ki,0>
=0(1)+0((1 —a;)~") = 0(1).

If a; = 1 then we trivially have %kw =0(1).

29

ai)2/€i,o>

At this step we can replace the sum Sy by an integral since we know
that the derivatives %kz‘,o are all uniformly bounded and the upper bound

is (up to constant) stable if we replace k; o by ki o+ O(1). Consequently we

have

n
So=0 [ [J——exp |- Kol dky -+~ 1)
’ </zc Fro-Fmo < UKo 72710 ; o ) " 1)

where k; o and ¢, are considered as functions in k1, ..., kp—1.
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In a next step we substitute ki,...,kn,—1 by k1po,...,kn—20 and £,
Recall that k,,—10 and ky, o are well defined if k19, ..., kn—20 are given:

km—10= —-E:

Ar—1 Am—1
a 1 = 2a —a
Ym-1—1 1— ] m— 1

kmo = + E kjo.

am—1

Thus, this substitution mapping is given by

1—a; 1—a
E=kioll1+¢ ):k;- 144,
i 7,,0( m km,O 170< am 1—1 +Zm 2 a;—Qm— 1]{7]0>

Am—1 Am—1

for 1 <i<m—2 and by

1—ap,—
kmfl = kmfl 0 (1 + gm#>
’ kmO

1— Aym—1
_ _ ol (146, - -
Gm—1 Z am—1 ] ( aam - + Zm 28i=0m= W(llm 1k]70)

It is an easy (and nice) exercise to show that the functional determinant of
this mapping is given by

O(k1, ... k1)
kio(1—a;)* - (140 (b /kmo)) -
a(kl,O, ceey km—Q,Oa fm) am lk;m 0 Z 0 a ( + ( / 70))

Hence, by assuming that A = £,,/ky, o is sufficiently small, the sum Sp
is also upper bounded by

S(]— (/ ‘/ exp( Cl75 — 2 Zkzo )
Koo 1,0 mOZ 1

—1 ki, o(1 CLZ)
km,O

dk1 0 dkm_zod&n>

where Ky is the corresponding image set. We are now ready to integrate.
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Since
/ exp [ —er-m S ko1 - a? ) e
Xp | —¢1 0l —a; m
|£m|§COkm,0 k?n/vo =1
km
= O ) 70 Y
Vo kio(l—a;)?
Zklo = O(n),
and

1 m
—  dkig---dky00 =0 (n%2
/aHm@ \/ ko kmo 20 ( )

So=0(n%"1).

we arrive at

4.2.5. Upper bounds for S; The remaining sum

51:2:() max He’f

ey 0€8Hm®

is more easy to handle. Let us suppose first that a; # 1 forall 1 <i <m—1.
Then we have

m

2 . 2
. —a:)? > _ .
E 1 k:%o(l a;) 121<11m (1—a;) E kio = 121<nm (1 —a;)*n
1=

and, thus, for k € Ky

max Hk’— ( Lex —cn).
<>960H06H k10 Km,o p (—can)

This directly implies that
S1=0 (nmflech”) =0 (ngfl)

It remains to consider the case, where there exists ¢ with a; = 1. Let I
denote the set of indices, where this occurs and Iy = {1,2,...,m} \ I;. Note
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that Iy # 0 (since a,, = 0). Here we only have the lower bound

m

Zk@o(l—az) >Ilr€11]r211—az Zkzo

i=1 i€l
Furthermore if a; = 1 then k; = k; o and consequently
Sh=Y ko ad k=Y ko
i€l iel jeI, jE€I>

We now use the upper bound

to conclude that

4.2.6. Completion of the proof of Lemma 2 Summing up, we have
shown that S = Sy + 51 = O (ngfl). Since the complement © \ S is the
union of finitely many half spaces this completes the proof of Lemma 2.

4.3. Proof of Lemma 3

Before we start with the proof of Lemma 3 we collect some comments on

Ity o+ 3) T b+ )

Bk +1/2) =
(et1/2) kit 4km+ %)

First this formula follows from the following substitution on m-dimensional
integrals:

F(k1+'--+km+%>3(k+1/2):

© m m ko1
:/ e * it Hkm =5 mo1 dz/ HG/ 2do
0 ©i=1
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ﬁ ( —0; ) 2142 de

=1

00 o1
—Zi, 2 i
ez dz;,

0

where 6, abbreviates 0,, =1 — (01 + - - - + 6,,—1) and the substitution

[l
"3
@\

—

1

-.
Il

zi=20; (1<i<m-1), zp=2z01-01+ - +0n_1)

has determinant z™ 1.

Second, we can use Stirling’s formula to obtain the asymptotic formula

Bk +1/2) = H( ) <1+O<:1kiil>>'

Note that we only have to work with I'-integral, that can be asymptotically
evaluated by

[o.¢]
D(k+1/2) = / e 22 dz
0
= / e dz + O (e*kkkefczk'zsp)
|z—k\§ck%+5

L
= V2me FiF (1 +) ekt O(k‘L_1)>

(=1

for every given integer L > 0, for every € > 0, and for every constant ¢ > 0,

and where ¢, are certain real constants. We just have to use the saddle point

z k

zp = k of the function e™?2" and the local expansion

Skl kpk—l —(a—k)?/(2k L G O
o7 b h = kgt o (k)2 ><1_ L ]

In particular, it is sufficient to consider the integral on the interval [k —
ck®, k + ckf]. The remaining part of the integral is negligible.

4.3.1. Asymptotics for Bs(k+1/2) We adapt the above approach to
the asymptotic evaluation of Bs(k 4+ 1/2). By using the same substitution
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as above we have

F<k1+ - )Bg(k+1/2)

00 m _% . ;
/ /511;[1 ( ) z dzd
(45) / ﬁ e z ki— 2 le dZm,

'L:l
where
cone(S) ={20:2>0,0 € S}.

By assumption we have k/n € S~, which implies (for a properly chosen
constant ¢ > 0) that

—

S
Il
—

[k‘i —enate ko cn%%} C cone(S).
Since k; < n it also follows that

(ki = ek ki ek '] € cone(S).

—

@
Il
—

This implies that

U (ki ootk + ) Bs(k+1/2) =T (ki + -+ ki + 5 ) Blk+1/2)
+0 <e—’f1—~~—’fm ﬁ k- i kiL1>
i=1 1=1

and consequently

Bs(k+1/2) = (k+1/2)+0< ﬁ( ) Zk-L 1>

=1

=Bk +1/2) (1 +0 (Z k;H)) :

This proves the first part of Lemma 3.
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4.3.2. Asymptotic comparison It remains to consider the second part
of Lemma 3. We start with the integral representation (45) for

F(k1+---+km+T)Bs(k+1/2)

2

and consider the derivative with respect to k;. By the product rule this leads
to in integral representation for

1 0 m
Ok (k+1/2):ﬁak (1 (ko + ) Bslic+ 1/2)
Pt %) g, . m
T(n+2)’ e g) Ptz
1 m ko1
- 1 : _Zii7' 2 d dm
P( + 2) /cone(S) %8 il;[le ’ - )
/ m m 1
_ L%/ l_IffZizfrE dzy - dzm,.
L (n+ %) Jeone(s) i

Next we consider

Zkak s(k+1/2) — Bs(k +1/2)log Bs(k +1/2),

where we replace log Bs(k + 1/2) by log B(k +1/2) + O (Zm kb 1)

i=1"
The appearing integrals over cone(S) can be safely replaced by integrals
over [0,00)™ since the dominating part of the integral is (again) contained
in §. This means that we can switch between S and © without changing the
leading asymptotic behavior. Actually the error term from the integration
can be upper bounded by

O (B(k+ 1/2)exp (C2§:kf>) .
k=1

Together with the error from the approximation of log Bs(k + 1/2) by
log B(k + 1/2), that is of the form

O (B(k +1/2) i k;H)
=1

we end up with the proposed relation. This completes the proof of Lemma 3.
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Remark 2. The above proof method can be extended to derive asymptotic
relations for Bs(k+1/2) if k/n ¢ S~. Here we can distinguish between two
cases. The first one is the case, where k/n is not contained in & and has
distance > n~2%¢ to S. In this case the box

m

Q= H [/f, —enste ki + cn%ﬁ}
i=1

is not contained in cone(S) which implies that

Bs(k+1/2)=0 (B(k +1/2) exp (—02 i k€>> :

k=1

Finally if k/n has distance < n~ 2t to the boundary of § then the Gaussian
integral

Hefzizfﬁg dz1 - dzm ~
QNcone(S) =1
T kit N (2 — Ky)?
~e qkl 2 / exp (_Z%) dZ]_"'dZm

i=1 t
QNcone(S)

can be expressed in terms of the distribution function ® of the standard
normal distribution provided that boundary of S is (locally) a hyperplane.
Since we only need upper bounds in this case the general case can be reduced
to this one.
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