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From dimension-free manifolds to
dimension-varying control systems

DA1ZzZHAN CHENG* AND ZHENGPING JI*

Starting from the vector multipliers, the inner product, norm, dis-
tance, as well as addition of two vectors of different dimensions are
proposed, which makes the spaces into a topological vector space,
called the Euclidean space of different dimension (ESDD). An
equivalence is obtained via distance. As a quotient space of ESDDs
w.r.t. equivalence, the dimension-free Euclidean spaces (DFESs)
and dimension-free manifolds (DFMs) are obtained, which have
bundled vector spaces as its tangent space at each point. Using
the natural projection from a ESDD to a DFES, a fiber bundle
structure is obtained, which has ESDD as its total space and
DFES as its base space. Classical objects in differential geom-
etry, such as smooth functions, (co-)vector fields, tensor fields,
etc., have been extended to the case of DFMs with the help of
projections among different dimensional Euclidean spaces. Then
the dimension-varying dynamic systems (DVDSs) and dimension-
varying control systems (DVCSs) are presented, which have DFM
as their state space. The realization, which is a lifting of DVDSs
or DVCSs from DFMs into ESDDs, and the projection of DVDSs
or DVCSs from ESDDs onto DFMs are investigated.

AMS 2000 SUBJECT CLASSIFICATIONS: 37N35, 34H05, 51H25.
KEYWORDS AND PHRASES: Cross-dimensional projection, dimension-
varying dynamic (control) systems, dimension-free Euclidean spaces
(manifolds), dimension-free dynamic (control) systems.

1. Introduction

Dimension-varying dynamic systems (DVDSs) and dimension-varying con-
trol systems (DVCSs) exist widely in nature and man-made equipments
or environments. For instance, on the internet users are joining and with-
drawing frequently. In a biological system, cells are producing and dying
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from time to time. Some man-made mechanical systems are also of vary-
ing dimensions. For instance, the docking and undocking of spacecrafts
[26, 17]; the connecting and disconnecting of vehicle clutch systems while
speed changes [9]. The DVDS models are also used for specious population
dynamics [25, 14].

Another interesting phenomenon which stimulates our interest is: a ge-
ometrical object, or a complex system, may be described by models of dif-
ferent dimensions. For instance, in power systems a single generator can be
modeled as a 2, 3, or 5, 6, or even 7-dimensional dynamic system [21]. In
contemporary physics, the sting theory assumes the dynamics of strings to
be the model for universe of time-space. But this model may have dimen-
sion 4 (special relativity), 5 (Kaluza-Klein theory), 10 (type 1 string), 11
(M-theory) or even 26 (Bosonic model) [19]. One observes from this phe-
nomenon that two models with different dimensions might be very similar
or even equivalent. In other words, dimension-varying model may be proper
to describe such dynamics.

So far, a classical way to deal with DVDSs and DVCSs is switching [26].
This approach ignores the dynamics of the system during the dimension-
varying process. In practice, the transient period may be long enough so that
the dynamics during this process is not ignorable. For instance, automobile
clutch takes about 1 second to complete a connection or separation action;
docking and undocking of spacecrafts take even longer. Not to mention that
some processes might be continuously dimension-varying. In the latter cases,
switching is almost meaningless.

To our best knowledge, there are few proper theories in existing mathe-
matics to model DVDSs and DVCSs. In ordinary or partial differential equa-
tions or difference equations, only dynamic models of fixed dimensions can
be treated. To provide a proper model for formulating DVDSs and DVCSs,
a new framework should be created.

The purpose of this paper is twofold. One is to build the dimension-
free Euclidean spaces (DFESs) and dimension-free manifolds (DFMs), which
provides a mathematical framework for DVDSs or DVCSs. The DFM is a
completely new “manifold”, where each point has its own dimension. It is
the base space of DFES while the total space of DFES is considered as the
tangent space of the DFM. It makes the “state space” of the DVDSs or
DVCSs a mathematically well-posed geometrical object; The other issue is
to use the geometric structure of DFMs to model, analyze and /or design con-
trols for DVDSs and DVCSs, either linear or nonlinear, are unambiguously
defined.
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This paper is a follow-up research of our previous works. In [6, 7] the
dimension-free matrix theory and mix-dimensional vector spaces have been
proposed and investigated. As an application of dimension-free matrix the-
ory, the dimension-varying linear (control) systems have been investigated
[9]. The basic concept used there was the equivalence of vectors of different
dimensions [8]. This idea is also one of the key techniques in this paper.

To build up a theory of dimension-free manifolds, the key issue is to
construct a connected topological space allowing the dimensions of the points
in it to vary. We first construct an equivalence relation on the ESDD V :=
U, V, (equivalently, R>® := | J? | R") and take the quotient space Q as
the model space, which is a topological vector space. it is called “dimension-
free” Euclidean space, which means each vector z € 2 has its dimension
1 < dim(Z) < oo, but this dimension varies from point to point. We refer
to [6, 7] for details. Though these results have been discussed before, they
are re-organized systematically in Section 2 here. Then the projection of a
vector to a certain Euclidian space is recalled, which was firstly proposed in
[9] and was discussed in detail by [11, 12, 27, 28]. Then the cross-dimensional
linear control systems are investigated as S-systems (semi-group systems).

For each point z € € a neighborhood coordinate bundle is proposed.
Using neighborhood coordinate bundles, differentiable structure is obtained.
Unlike the classical differential manifold, this differential structure poses on
each point a bundled Euclidean spaces of different dimensions as its “tangent
space”. A DFM is a fiber bundle locally homeomorphic to a coordinate
neighborhood bundle of a DFES.

Over a DFES (or DFM), the smooth (C") functions, vector fields, co-
vector fields, distributions, co-distributions, tensor fields, etc. are proposed.
The integral curves of vector fields, or integral manifolds of distributions,
are also properly defined. In a word, a dimension-free differential geometric
structure is proposed for DFMs. Dimension-free tensor fields are also intro-
duced, and using degree-2 covariant tensor fields, dimension-free Riemannian
manifolds and symplectic manifolds are also proposed.

With these geometric constructions, this paper attempts to explore the
dynamics and control of DVDSs. The basic idea is as follows: Projection and
lift connect the DVDSs on DFMs (as the base space) with the DVDSs on
DFESs (as the total space): lifting the trajectory of a DVDS (or DVCS)
to ESDD, a set of trajectories over ESDD are obtained. Using them a
dimension-varying trajectory of the DVDS (or DVCS) can be constructed.
Conversely, if a classical dynamic (control) system is defined on a Euclidean
space, it can also be projected to DFES via natural projection. Therefore, the
fiber bundle (R*°, Pr, ) provides the bearing state space for both DVDSs
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and DVCSs. In addition to general DVDSs, particular attention has been
paid to the dynamics of the transient process of classical dimension-varying
systems, which have invariant dimensions except during the transient period.

The STP of matrices was proposed by the author and his colleagues
[4, 5]. It was the fundamental method in previous works [6, 7, 9] on DVDSs
and DVCSs. It is also a basic tool in this paper, where the default matrix
product is assumed to be STP. We refer to [4, 5] for notions and basic results.

Before ending this section, lists of notations and abbreviations are pro-
vided as follows.

(1) List of Notations:

R: set of real numbers.

Mnxn: set of m x n dimensional real matrices.

a V b: the least common multiple of two positive integers a and b.
a A b: the greatest common divisor of two positive integers a and b.
E: (left) vector addition.

F: (left) vector subtraction.
1,:[1,--- ,1]T; 1, xn: m X n matrices with all entries being 1.
—_——

n
e §': The i-th column of identity matrix Ij. 6 is for a zero vector of

dimension k.
e »: vector equivalence.
o :=R*/ .

(2) List of Abbreviations:

ESDD: Euclidean space of different dimensions.
DFES: dimension-free Euclidean space.

DFM: dimension-free manifold.

DFEB: dimension-free Euclidean bundle.
DFRM: dimension-free Riemannian manifold.
DVDS: dimension-varying dynamic system.
DVCS: dimension-varying control system.

The rest of this paper is organized as follows. The ESDDs are investi-
gated in Section 2. The inner product, norm, distance, topologies and equiv-
alence relations on them are introduced. In Section 3 a vector space structure
is given to ESDDs to form the DFESs using equivalence among vectors of
different dimensions. Using the natural projection from ESDDs to DFES, a
fiber bundle structure is obtained. Section 4 considers the projections among
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Euclidian Spaces of different dimensions. First, the projection of a vector
onto another vector, which may have different dimensions, is proposed. Us-
ing the coordinates from ESDD, smooth functions over DFESs are con-
structed. Then the least square approximation of a linear (control) system
is considered. The DFMs are considered in Section 5. After DFESs are en-
dowed with a differential structure, the (co)-vector fields, (co)-distributions,
and the integral curses of vector fields over them are proposed and inves-
tigated. In Section 6, the tensor fields over DFMs are constructed first.
Using proper symmetric and skew-symmetric covariant tensor fields, the
dimension-free Riemannian manifold and dimension-free symplectic man-
ifold are constructed respectively. As an application, Section 7 considers
DVDSs and DVCSs. First, the projection of a nonlinear (control) system on
an Fuclidean space onto another Euclidean space of different dimension is
proposed. Then the nonlinear (control) systems over DFESs are considered,
which is then used to model dimension-varying nonlinear (control) systems
over ESDDs. Finally, the control problems of dimension-varying linear and
nonlinear systems are considered in principle. Section 8 contains some con-
cluding remarks. First, the construction of DFES (DFM) is summarized step
by step. Then the modeling and control design of DVDSs are also summa-
rized. Finally, a conjecture is presented, which claims that DFESs (DFMs)
might be used as the framework for string theory.

2. Euclidean space of different dimensions (ESDDs)

In this section we introduce the notion of ESDDs, which is constructed by
choosing {1, }n=12.... as vector multipliers [8].

2.1. Mix-dimensional sets and mix-dimensional vector spaces
Consider an n dimensional real vector space, denoted by V,,. For simplicity,

one can take V,, = R™. To construct mix-dimensional state space, the set of
mix-dimensional vectors, called ESDD, is defined as

V= [_jl V.

We may view V as R := [ J>7 ; R" since they are isomorphic.
First, we define “addition” and “scalar product” over V to turn it into
a pseudo vector space.
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Definition 1. (i) Let x € V,,, C V, r € R. Then the scalar product is
defined as follows:

(1) rX T i=1r € Vp.

(ii) Let x € Vi, y € Vy, and t = m\ n be the least common multiple of m
and n. Then the addition of x and y is defined as follows:

(2) THy = (2® 1ym) + (Y@ 14),) € Vi

Correspondingly, the subtraction of y from x is defined as xI:y =
zH(—y).

Proposition 2. Set V with scalar multiplication defined as in (1), addition
as in (2) is a pseudo-vector space [1], where the set of zero elements is

0:={[0,0,---,0" [n=1,2,---}.
n

Remark 3. For notational ease, when x € V, we assume —x € V,, where
—x is the vector satisfying x+(—x) € 0. Since such elements are not unique,
this —x is considered as a representative of the set of them.

2.2. Norm and distance on ESDDs

Definition 4. Letx €V,, CV,y €V, CV, andt = mVn. Then the inner
product of x and y is defined by

(3) <IL‘ ) y>v = <$ ® ]-t/m Y ® 1t/n> ’

S

where (-, -} is the conventional inner product on Rt. That is, if x, y € RY,

¢
then (x,y) = > z;y;. The inner product defined by (3) is called the weighted
i=1
inner product, because there is a weight coefficient 1/t.
Using inner product, the norm of € V can be defined.

Definition 5. The norm of x € V is defined by

(4) [zlly =/ (@, 2)y.
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One sees easily that || - ||y defined by (4) satisfies linearity and triangle
inequality, however, ||z|| =0 = x € 0. It is also called a pseudo-norm.
Finally, we define the distance on V.

Definition 6. Let x, y € V. The distance between x and y is defined by

(5) dy(x,y) := l|lzFylv.

It is easily verified that dy satisfies symmetry and triangle inequality,
however, dy(x,y) = 0 = zky € 0. Hence, this distance is called a pseudo-
distance.

Remark 7. The distance defined on a vector space is, in general, required
to be invariant under displacement. That is,

(6) dlx + z,y+ 2) =d(z,y), =z,y,2z€ X.
It is easy to verify that the dy defined by (5) satisfies (6).

2.3. Topology on ESDDs

This subsection considers the topology on V. We refer to any standard text-
book of topology for the basic topological concepts involved in this subsec-
tion, for instance, [10, 20]. In the following some topologies are considered.

e Natural Topology:

Naturally, the topology on each R"™ is considered as conventional topol-
ogy. To be precise, the open balls in R™ with center at ¢ = (¢1,¢2,--+ ,¢p),
and radius r > 0, are defined by

BMc) = {(ml,--- ,n) € R?

Taking
B":={B}'(c) |ce R",r > 0}

as topological basis, the topology on R™ generated by B" is the conventional
topology on R".

Then each R®, n =1,2---, are considered as a set of clopen subsets in
V. Such a topology is called the natural topology on V, denoted by N.

The following properties are obvious.
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Proposition 8. (i) Assume () # O,, € R™ is an open set, then it is also
open in (V,N).
(i) (V,N) is a second countable Hausdorff space.

e Distance Topology:
Define open balls in ¥V = R* by

B,(c) :=={z € R® | dy(z,c) <}, c€R™.

Using B := {B;(c) | ¢ € R®,r > 0} as a topological basis, the topology
generated by B is called the distance topology on R* deduced from dy,
denoted by D.

Remark 9. (i) Assume () # O,, € R™ is an open set, it is not open under
distance-deduced topology, i.e., not open in (V,D). This is because
Va € O, there exists a point y =z ® 15 € O,,. But d(z,y) = 0, which
means T is not an interior point of O,. Hence, O, is not open in
(V,D).

(i) (V,D) is not a Hausdorff space. To see this, consider x and x ® 1,
s > 1, which are two different points. But they are not separable in
(V,D). It is clear that (V,D) is not even Tj.

(iii) It is easy to see that if O is open in (V,D), then O is also open in
(V,N). Hence D C N, that is, the distance-deduced topology D is
rougher than the natural topology IN.

e Product Topology:

One way to understand ¥V = R is to consider R = [[>° | R, then the
product topology is generated by the topological basis

(e

The product topology is denoted by P. It is easy to see that P = N.

O, C R" is open, and O,, = R" except for finite n} )

2.4. Equivalent vectors

Definition 10. (i) Let x, y € V. z and y are said to be equivalent, de-
noted by x <+ y, if there exist two one-vectors 1, and 1g, such that

(7) TR1,=y®1g.
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(ii) The equivalence class of x is denoted by T := {y | Y :E}

Remark 11. Obviously + is an equivalence relation. Assume x, y € V.
Then x <>y, if and only if xFy € 0.

For the equivalence we have the following properties.

Theorem 12. (i) If z <> y, then there exists a v € V such that
(8) r=y7®1g, y=71 la

(ii) In each equivalence class T there exists unique smallest element x1 € T,
such that z = {x1 @1 | k=1,2,--- }.

The proofs follow similarly as in [8].
A partial order can be defined on V.

Definition 13. A partial order, denoted by <, is defined as follows: Let
x,y € V. If there exists a one-vector 15 such that x ® 15 = y, then T < y.
For any equivalence class T, x1 € X is called the smallest element of Z, if
Yy €z, y < x1 tmplies y = x7.

Remark 14. (i) If x = y® 14, then y is called a divisor vector of z, and
x s called a multiplier vector of y. This relation determines the order
y<x.

(ii) If (8) holds, and c, B are co-prime, then the v in Eq. (8) is called the
maximum common divisor vector of x and y, denoted by v = ged(x, y).
It is easy to prove that if z is also a common divisor vector of x and y,
then z < . Moreover, the mazimum common divisor vector is unique.

(i11) If (7) holds and o, B are co-prime, then § := x® 1, = y® 13 is called
the least common multiple vector of x and y, denoted by & = lem(x, y).
It is also easy to prove that if z is also a common multiple vector of x
and y, then & < z. Moreover, the least common multiple vector is also
UnIque.

Proposition 15. (i) Assume x € V, then (Z, <) is a lattice [8].
(i) Assume z,y € V, then (Z,<) = (y, <), where = stands for lattice
isomorphism. That is, any two equivalence classes as lattices are iso-
morphic.

Proof. 1t is straightforward verifiable that Yu, v € &, sup(u,v) = lem(u, v);
inf(u,v) = ged(u, v). Then the first part is obvious. Assume z = {x1,z2,- - }
and § = {y1,y2, -}, where z; = 1 ® 1;, i = 1,2,---, etc. Define 7 :
z — gy, mw(z;) = yi, @ = 1,2,---, Then one sees easily that 7 is a lattice
isomorphism. |
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The above arguments can be considered as special cases of that in Section
7 of [8] by choosing the vector multiplier as {1,}.

3. Constructing DFESs from ESDDs
3.1. Quotient spaces as vector spaces

Definition 16. The quotient space of ¥V = R under equivalence relation
< defined on it by (7), denoted by 2, is called the DFES. That is,

(9) N:=V/ .
(i) Let T € Q2. The scalar product on ) is defined by
(10) az :=az, a€R.

(ii) Let z, y € Q. Then the addition of T and y is defined by

(11) TH7 =z Hy.
Correspondingly, the subtraction is defined by a’:ljgj =T |-T—(—g), where
—y = —y.

It is easy to verify that the scalar product (10) and the addition (11)
are well defined, that is, if z <+ 2’ and y <+ ¢/, then az < a2/, Va € R, and
zHy < 2’ Hy'. One may refer to [8] for proofs.

Theorem 17. Using the addition defined as in (11) and the scalar product
as in (10), 2 is a vector space.

Consider the subspaces of ESDD and the corresponding subspaces of
DFES.

Definition 18. (i) Let p € Zy be a positive integer. Define the p-upper
truncated ESDD as

RP1T:= | ] R
{s | pls}

(i) Define p-upper truncated DFES as

O =RP1/ & ={z]|2 eR", r>1}.
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(iii) Define p-lower truncated ESDD as

(12) RA = | ] R

(iv) Define p-lower truncated DFES as
Q, = RIP /¢ = {z ‘ z1 € R®, s|p}.

The next proposition is an immediate consequence of the definition.

Proposition 19. (i) QP, and Q,, p=1,2,--- are subspaces of §1;
(ii) If i|j, Then, Q is a subspace of O, € is a subspace of Q;.

Example 20. The lattice structure on R can be transferred to €):

(i) Define Qpy == R"/ <, n=1,2,---. Then Q = ;2 Q). Define
Qimy = Q) & R™ < R", then it is obvious that (£, <) is a lattice
with sup(Q), Q(g)) = Lpvg), (R, Lg)) = Lpng)-

(it) Qp is an ideal of §2.

(iii) QP is a filter of Q.

In fact, € has the same lattice structure as its filters.
Proposition 21. Let p > 1. The filter QP is lattice isomorphic to ).

Proof. Define a mapping ¢ : QP — Q, p(Q(,p)) := Q. Then it is easy to
verify that ¢ is a lattice isomorphism. O

3.2. Topology on DFESs

First, we extend the inner product over ESDD R* to DFES ().

Definition 22. Let z, y € §2. Define their inner product as

(13) <‘f)g>v = <J“7y>V7 Jle.f‘, ?Jeﬂa
where (-,-)y is defined as in (3).
The following proposition shows Definition 22 is well defined.

Proposition 23. (13) is properly defined. That is, it is independent of the
choice of representatives x and y.
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Proof. Assume x1 <> £ and y; <> y2. According to Theorem 12, there exist
xo € R® and yy € RY, such that

1 = 2o R 1y; 1‘2:33()@15,
Y1 =%®1p; y2=1yo® 1,

First, we prove two facts:

o Fact 1: Let sAt =¢&, and s = a€, t = b€, where aAb = 1. If f, g satisfy
sf =tg, then, af€ = bg€, i.e., af = bg. Since a A b = 1, there exists a
c such that f =cb, ¢ = ca.

o Fact 2: (z,9)), = (z® 15,y ® 1,)y,.

These facts can be verified by definition directly.
Next, we consider
<£L'1, yl)v = <:I:0 ® ]-on Yo ® 1p>v
<x0 ® 1a ® 1Sa\/tp 5 yo ® 1p ® 1so¢t\/tp>
= <$0 & Lsaven, Yo @ 1M>
s t V

v

t t .
Hence we have ssa! £ tw. Using Fact 1, one sees that

saVip b saVip

; ca.
S t

Using Fact 2 yields

(1, 1)y = (20 @ Lep, Yo @ Lea)y = (0 @ 1y, 40 @ 14)y, -

Similarly, we have (x2,¥2),, = (o ® 1p,%0 ® 14)y,. The conclusion follows.
]

Since (2 is a vector space, (13) defines an inner product on 2. This inner
product has the following properties.

Proposition 24. Q with the inner product defined by (13) is an inner prod-
uct space. But it is not a Hilbert space.

Proof. Obviously €2 is an inner product space. To see that it is not a Hilbert
space, we construct a sequence as follows:

1 .
1 =a € R; xi+1:$i®12+ﬁ(5%i+l_5§i+1), 1=1,2,---.
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It is obvious that this sequence is a Cauchy sequence. But it does not con-
verge to any point x € V. Let Z; := T;. According to Proposition 23, it is
easy to see that {Z;} is also a Cauchy sequence in €2, but it can not converge
to any point in 2. O

Vo € R, ¢,y (z, y)) gives a mapping ¢, : R> — R. Similarly, a
point Z € € can be used to construct a mapping ¢z : @ =R, 7= (Z, 7).
Conversely, not every linear mapping ¢ : ¥ — R can be expressed as a
mapping deduced by an element as ¢z. This is because {2 is an infinite
dimensional vector space, while each element z € () is a finite dimensional
element.

Using the inner product defined by (13), the norm and distance on 2
are also well defined.

Definition 25. (i) Let & € Q. The norm of & is defined by
(14) [1Z]ly = =]l
(ii) Let T, y € Q. The distance between T and g is defined as
(15) dy(z,y) = dy(z,y).

According to Proposition 23, (14)(15) are both well defined.

Finally, as a topological space, the topology on € is deduced by the
distance. This topology is equivalent to the quotient topology of (R*°, N)
over equivalence. That is, the glued topology inherited from (R*°, N).

As a topological space, ) has the following properties.

Proposition 26. Q is a second countable Hausdorff space.

Proof. Since R™ is second countable, denote by {O} | i = 1,2, - - } its count-
able topological bases. Then |2, J;2; OF is a topological basis of R,
which is also countable. Hence, as its quotient space, Q = V/ <« is also
second countable.

Since 2 is a metric space, then & # g, if and only if, dy(z,y) > 0. It is
obvious that this space is a Hausdorff space. (In fact, it is easy to see that
this space is T}.) O

Definition 27. Let z € Q. The dimension of T, denoted by dim(Zx), is
the dimension of the smallest element in . That is, dim(z) = dim(zy) =
min,ecz dim(z).
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Remark 28. (i) Note thatz = {z1®1, |n=1,2,---}, it is clear that T
can be considered as x1 and the images of merging x1 € R® into R™,
n=2,3,---. Hence x1 is the essential element in T, which determines
x completely. This fact shows that the Definition 27 is reasonable.

(ii) It is surprising that Q0 is a topological vector space with each point
T € Q having its own dimension 1 < dim(Z) < co. Hence, the DFES
(dimension-free Euclidean space) is a totally new mathemat-
ical object.

3.3. Fiber bundle structure on ESDDs and DFESs

First, we recall the definition of a fibre bundle.

Definition 29. [15] Let T and B be two topological spaces, Pr : T — B
is a continuous surjective mapping. Then (T, Pr, B) is called a fiber bundle,
where T is the total space, B is the base space. Vb € B, Pr_l(b) 1s called the
fiber at b.

The following result comes from the definition immediately.

Proposition 30. Let T' = (V,N) be the total space, B = (2,D) be the
base space, and Pr : T — B be the natural projection, i.e., x — x. Then

(V,N) L, (Q,D) is a fiber bundle, which is called the dimension-free Eu-
clidean bundle (DFEB).

The DFEB is said to be a discrete bundle, because the bundle at each
point Z is a discrete countable (topological) subspace of ESDD R*.

Definition 31. (i) Two fiber bundles (T;,Pr;, B;), i = 1,2 are called ho-
momorphic, if there exist two continuous mappings © : Ty — T» and
¢ : By — Ba, such that the diagram (16) is commutative. In addition,
if both m and ¢ are bijective, and 71Ty > Ty and gp_l : By — By
are also making (16) commutative, (T;, Pr;, B;), i = 1,2 are said to be
isomorphic.

(16) TN —"=T,

\Lpl‘l lPI"Q

B, —> B,

(ii) Two fiber bundles on B, denoted by (T;,Pr;,B), i = 1,2, are called
homomorphic, if there exists a continuous mapping 7 : T1 — T, such
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that the diagram (17) is commutative. In addition, if © is bijective,
and 71 : Ty — Ty making (17) commutative, (T}, Pr;, B), i = 1,2 are
said to be isomorphic.

(17) T —"=T,

P
\L " PI‘2

By

Example 32. Consider (R[p"],Pr, Q) and (R*,Pr, Q). Define 7 : RIPT <
R as the including mapping. Then it is obvious that 7 is a fiber bundle
homomorphism, since the following diagram commutes.

RlP] ™ L Roo

A

Q
3.4. Coordinate neighbourhoods

To establish a differential structure on DFES, we need a “local coordinate
neighborhood” for each point € (). Since €2 is a dimension-free space,
the coordinate neighborhoods are not classical ones in standard differential
manifold. In fact, they are sub-bundles of DFEB.

Definition 33. Let z € Q, and dim(z) = p. Assume Oz is an open neigh-
borhood of x € Q. That is, T € Oz, and Oz C ) is open. Then
Vo, :=Pr7' (Oz)[|RP]

with RP1 defined as in (12), is called the set of coordinate charts of Z,
(Vo,,Pr,Oz) is called the bundle of coordinate neighborhood of .

VE—; = Pl“_l (OCE)HRT’I)’ T‘:]_’Q’...

18 called a leaf of the bundle of coordinate neighborhood bundle of .

An example is given in the following to depict the bundle of coordinate
neighborhood.

Example 34. Assumex = (o, a, 3, 8)T € R, then T = {x1,x2,--- }, where,
71 = (o, B) € R2%. Hence dim(z) = 2. Consider Oz = B,(Z) C §, which is
an open ball neighborhood of . Then the set of coordinate charts, deduced by
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Pr

B
C:cz% R*
C7

Y

z€0; CQ

Figure 1: Bundle of coordinate neighborhood.

Oz, is Vo = {By,(r1), By, (z2),- - }, where 1y = 1/V2k, x1, = (o, )T @ 14,
k=1,2,---. The bundle of coordinate neighborhood of z is (Vo,,Pr,Oz).
Fig. 1 demonstrates the bundle of coordinate neighborhood of .

Note that the set of coordinate charts Vo does not include all the inverse
image of O, i.e., Vo & Pr~1(0). But it can provide coordinates for all points
within O. The following proposition shows this.

Proposition 35. Assume § € O, then Pr—1(y) (Vo # 0.

Proof. Assume gy € O, dim(z) = p, dim(y) = ¢, 7 = p V ¢, then y,,, €
Pr1(O)NR" C Vo. O

Remark 36. Assume & € Q with dim(z) = p. Then Vg, := Pr=1(Q) R
= R is a coordinate neighborhood of T, which is the largest coordinate
neighborhood of x. When the DFES is considered, we can simply use this
coordinate neighborhood, then the corresponding coordinates are called the
global coordinates. The general definition is mainly for DFM.

4. Projections on ESDDs and continuous functions on
DFESs

In this section we introduce the cross-dimensional projections on ESDD,
which is crucial for prolonging functions on a finite-dimensional Euclidean
space to construct continuous functions on DFES.
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4.1. Cross-dimensional projection of a vector

Definition 37. Assume & € V,,. A cross-dimensional projection of & to Vp,,
denoted by m (§), is defined as follows:

(18) Ty (&) := argmin||§ — z[|y.
TEVn,
Assume t = lem(n,m) = t and denote a := t/n, f := t/m. Then the
distance between £ and z € Vis A := ||§ — z||3 = 1 HE® 1, — 2 @ 15|
Denote € ® 1 := (n1,m2, - ,me)L, where n; = &, (i — Da+1 < j <

m B
ia;izl,-~-,n.Then,A:%ZZ:l(77(l Dgeg — i) Setting 22 =0, i =
J:

—_

1=

1,--- ,m yields

1 .
(19) Ti = E Z 77(1‘71),3+j ) 1= 17 s, M.
j=1

That is, 7%, (£) = x. Moreover, it is easy to verify the following orthogonality,

& ljx, x>v = 0. The above argument leads to the following conclusion:

Proposition 38. Let { € Vy,. Then the projection of § on Vi, say, x, can
be calculated by (19). Moreover, {&-x and x are orthogonal.

Example 39. Assume & = [1,0,—1,0,1,2,-2]T € R". Consider its pro-

jection on R3, denoted by w5(€) := x. Then n = £ ® 13. Denote by v =
[x1, 22, 23]T, then

7 14
1 1
?Z ;= 02857, a3 = ?an—o an = 0.1429.
j=1 j=8 ] 15
Moreover,
§I:x = [0.7143,0.7143,0.7143,—0.2857, —0.2857,

—0.2857,-1.2857,-1,-1,0,0,0,1,1,0.8571,1.8571,
1.8571,1.8571, —2.1429, —2.1429, —2.1429].

Since the projection of a vector to a space of different dimension =), is
a linear mapping, it can be expressed by a matrix. Assume there exists a
matrix II7,, such that the projection of £ € R" to R can be expressed as

(20) Tm(§) =158, &€V
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We try to figure out this matrix.
Let lem(n,m) =t, a :=t/n, and § :=t/m. Then

n=E@la= (Lo ll)E o= % (In ©15) n = % (In ©13) (I, ® 14) .
Hence we have
(21) e, = % (Im ®1%) (I ® 1) .

Using this structure, we have the following result.

Lemma 40. (i) Let n > m. Then I}, is of full row rank. Therefore,
7 (12T is invertible.
(ii) Let n < m. Then 117, is of full column rank. Hence, (II%)TTIY is
1nvertible.

Proof. (i) Assume n > m. When n = m, IT? (II,)7 is an identity matrix,
the conclusion is trivial. We, therefore, need only to consider the case
when n > m. According to the structure of I}, determined by (21),
it is easy to see that each row of II!, contains at least two non-zero
elements. Moreover, when j > ¢ the column of non-zero element in row
i is prior to the column of non-zero element in row j, and only when
j = 1+ 1 there is an overlapped column. This structure ensures the
full row rank of II7,. Hence, I (I%)T" is invertible.

(ii) According to (21), one sees easily that II" = g (11)", hence, the full
column rank of II' comes from the full row rank of II'". O

The following proposition shows that the projection from factor dimen-
sion space to multiple dimension space does not lose information.

Proposition 41. Let X € R™. Project it to R¥™ and then project the image
back to R™, the vector X remains unchanged. That is,

(22) Fmm = I,
Proof. IFMIT = ¢ (I @ 1) (Iy @ 1) = 1 (I ® 11 13) = Ly, O

4.2. Continuous functions on DFESs

Now we are ready to define continuous functions on ).
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Definition 42. Let f: Q2 — R be a real function on Q.

(i) Define f :R>® — R, x +— f(Z).

(ii) If for each point T € Q there exists a neighborhood Oz of T such that
on each leaf Vi, C R f € C(Vp ), then f is called a continuous
function on €.

(i4) If on each leaf of the bundle of coordinate neighborhood f € C"(Vp_),
then f is called a C" function on Q, where r = 1,2, ,00,w, r = w
means f is an analytic function.

Remark 43. In definition 33, the set of coordinate neighborhood is used. In
fact, up to now only global coordinates are used. So the definition can also
use global coordinates. That is, consider R™ as each leaf of the bundle of
coordinate neighborhood.

Constructing a differentiable function on €2 directly is very difficult. Our
technique to construct such a function is to transfer a smooth function on
R to 2. Note that R" is a clopen subset of R*. f : R* — R is continuous,
if and only if, f,, := f|g-,n = 1,2, -, are continuous. Hence, it is reasonable
to transfer an f € C"(R") to Q.

Definition 44. Let f € C"(R"). Define f : Q — R as follows: Let & € Q

and dim(z) = m. Then

(23) f(@) = fI(z1)), TeQ,
where x1 € T is the smallest element in T.

Proposition 45. Assume f € C"(R"), then the function f defined by (23)
is C", that is, f € C"(Q).

Proof. Given z € 2, where dim(Z) = m. Consider a leaf of the bundle of
coordinate neighborhood Vi, of z. Assume y € Vj, , consider the following
two cases:

e Case 1: y € R™ is the smallest element of ¢. By definition,

(24) fly) = Fagy).

e Case 2: y; € y is the smallest element of § and dim(y;) = £ Then
there exists s such that y = y; ® 15. Since y € R, then £&s = mr. By
definition,

(25) Fly) = f() = F@u).



104 Daizhan Cheng and Zhengping Ji

Denote zp := H%yl € R™. Then zy is the point on R™, which is
closest to y1. Since y > y1, According to Proposition 23, we know
dy(z,y) = dy(z,y1), z € R™. Hence, 2 is also the point on R™ which
is closest to y. That is, II"™"y = 2o = II%,1. Hence, (25) becomes (24).
It is obvious that f is a C” function on Vo, - O

The following is a simple example.
Example 46. Given
(26) f(z1, 20, 3) = 21 + 23 — 23 € C¥(R?).

(i) Assume 3§ € Q, where y1 = (£1,62,83,64,&5)T € RS, It is easy to
calculate that

) (32000
ngg(13®15T)(I5®13):5 01310
00023

Hence we have

- 1 1 1
F(@) = f(M5y) = 5(351 +262) + %(52 + 36+ &) — 3(254 + 3&5).
(ii) Assume § € Q, where y; = (£1,&) € R2.
1 0
Consider V}: since I3 = 1 10.5 0.5|, we have v =&+ Ha +
0 1

£)? — &.

SN =
=N O

3 0
Consider Vg: since Hg = i 0 0|, we have f|yg = i(3£1 +
0 2
&)+ 15(& + &) — 1(& + 38).

4.3. Least square approximation of linear systems
Consider a linear system

(27) E(t+1) = Ag(t), &(t) € R™.

Our goal is to find a matrix A, € M, xm, and construct a linear system
on R™ as

(28) x(t+1) = Azx(t), x(t) € R™.
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Then take (28) as the projected system of (27) on R™.
We are mainly concerning about the trajectories. The trajectory of the
idea projected system should satisfy the same projection relation. That is,

(29) ‘T(t’ﬂ-(éb)) = Wgz(f(t’éb))'

Unfortunately, it is, in general, impossible to realize this. So we can only
search such a system that makes the error of (29) smallest. Then a practical
way is that we can search for the least square approximation.

Proposition 47. Let system (27) be approzimated by system (28). Then
the least square approximation satisfies

1, AT (1,(1)T) ™ > m
Aﬂ— = -1
A ((p)te) — (et n<m.

m

(30)

Proof. From (29) we have z(t) = 117", £(t), with zo = II]) &. Plugging it into
(28) yields

(31) IL8(t + 1) = A-ILLE().
Using (27) and noting that £(t) is arbitrary, we have
(32) A=A,

Assume n > m, right multiplying by (H%)T(H"m(H%)T)fl both sides of
(32) yields the first equality of (30).

Assume n < m. Then we search for a solution of the following form:
A, = A(IT2)T. Then the least square solution A can be obtained as A =

7 A ((17,) 710, ) 7. Hence, A, = I A ((T12)TT1%,) ™ (117,)7, which is the
second equality of (30) O

Using a similar argument to continuous time linear system, we have the
following result:

Corollary 48. Consider a continuous time linear system

(33) §(t) = Ag(t),  &(t) e R™
Its least square projected system on R™ is
(34) z(t) = Azzx(t), =(t) € R™,

where, Ay is the same as in (30).
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As an application, assume n is very large, that is, system (27) is a large
scale one. Then we may project it onto a lower dimensional space V,,, where,
m << n. That is, we have a lower dimensional trajectory to approximate
the original one, which might reduce the computational complexity. In the
sequel one may see that the projection of lower dimensional system into a

higher dimensional vector space is sometimes also necessary.

Similarly, the projection of linear control systems can also be obtained.

Corollary 49. (i) Consider a discrete-time linear control system

(35) {5(’5 +1) = A¢(t) + Bu, &(t) e R”

y(t) = CE(t), y(t) € RP.
Its least square projected system on R™ is

(36) {x(t +1) = Azz(t) + 11, Bu, z(t) e R™

y(t) = Cra(t),

where, A is defined as in (30). Moreover,

(37 O ()T LT, < p.

m

c = {C@%)T ()T, nsp

(i) Consider a continuous time linear control system

{é(t) = A¢(t) + Bu, £(t) €R
y(t) = C&(1), y(t) € RP.

Its least square projected system on R™ is

{x(t) = Ayx(t) + 11} Bu, z(t) € R™
y(t) = Cﬂ‘x(t)? y(t) € RP,

where Ar is defined as in (30), Cr as in (37).

4.4. Approximation of linear dimension-varying systems

Consider a discrete-time linear dimension-varying system

(38) §t+1) = A@®)E(),
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where £(t) € R™®, (¢t + 1) € R™HD | A(t) € Myyi1ysen(s)-
We search its least square projection on R™ as

(39) x(t+1) = Azx(t).

Similarly to the constant dimensional case, the following result can be
obtained.
Proposition 50. Let (39) be the least square projected system of (38) on
R™. Then

—1
" L [+ A(ann(t))T (H%t)(H%t))T> n(t) >m
.= —1
0 () O o <o

An obvious advantage of this projection is the projected system is of
constant dimension.
Consider a continuous-time linear dimension-varying system

(41) £(t) = AE(),

where £(t) € R™® (¢t +1) € R*HDA(t) € Mygoyxn), b <t <k+1.
We search its least square projection on R™ as

(42) #(t) = Arz(t).

To use the previous technique, we assume the dimension of z(t) is piece-
wise constant. Precisely speaking, we assume:

(43) dim(&(t)) = dim(§(n)), n<t<n+1.

Then the following result can be obtained.

Proposition 51. Let (42) be the lease square projected system of (41) on
R™. Under the assumption that (43) holds, the Ay is as in (40).

Next, we consider dimension-varying linear control systems. Using sim-
ilar technique, it is easy to obtain the following projected control systems:

Proposition 52. (i) Consider a discrete-time linear dimension-varying
control system

(44) {f@ 1 1) = ADE() + B(t)u
y(t) = CE(L),
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where £(t) € R™®) | A(t), B(t) € Myt41)xn(t)s Ct) € Myxny- Then
its least square projected control system is

(45) {x(t +1) = A (Ozt) + TV By, z(t) e RM
y(t) = Cr(D)z(t), y(t) € RP,

where Ay is defined as in (40). Moreover,

)" (@), ) = p

46 Cr= _
o o) () " @O, n() <p.

(ii) Consider a continuous-time linear dimension-varying control system
(47)

where £(t) € R0, A(t), B(t) € Muygysny, k <t <k+1, C(t) €
M psn(t)- Assume (43) holds, then its least square projected system is

(48) {w) = A (Oe(®) + By, a(t) € R™
y(t) = Cx(t)z(t), y(t) € RP,
where Ay is defined as in (40), Cr as in (46).

Later on, it will be seen that the fixed-dimensional projected system is
a very useful realization of dimension-varying systems.

In the following an example is presented to depict projected system.

Example 53. Consider a dimension-varying system

(49) {5(75 +1) = A(t)E(t) + B(t)u
y(t) = C()&(t),

where

RS, t is even,
t) €
&) {R4, t is odd.
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1 0 -1 2 1
A = 2 2 L= , tis even
1 2 -1 -2 0
10 1 0o -1 2
A(t) = 0 -1 2 1
2 1 1 -1
A,=11 2 -1 0|, t is odd
0 1 0 -1
1 -1 0 1
SR
B, = 2 -1 , tis even
1 2
10 —1]
B(t) = (2 1] 7
1 -1
Bs= |2 —1|, tisodd
0 -1
_1 O .=
C, = -Lo2 1 ! _1:| , tis even
2 -1 -2 -1 2
o) = 2 1 2 -1 '
Co = - ] : t is odd
0 1 0 -2
A straightforward computation shows that
1 1/3 0 0
I = (ls®1])(I4®13)/3= [0 2/3 2/3 0
0 1/3 1
1 2/30 0 0
M= (Lell)(;13)/3={0 1/3 1 1/3 0
0 0 0 2/3 1
Then the projected system becomes
(50) z(t+1) = Az (t)x(t) + Bx(t)u
y(t) = Cr(t)z(t),
where,
A(t)=Ay;; B(t)=By; C(t)=C1  tis even,
A(t)=Ay; B(t)=DBy; C(t)=Cy tis odd,

109
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where

i . [0.9316 —0.5556 1.6239
Ay =T34, (115)" (TI3(113)") = |1.4325 —0.3111 —0.7214
[1.0923  —0.6000 0.7077 |

i . [0-8333 1.3333  0.8333 ]
Ay = TI5A,(113)" (TI5(1135)") = [2.0500 1.2500 —1.0500
10.9167 —0.5833  0.4167 |

) 2.6667 1.33337] 2.6667  0.3333
By =3By = [2.0000 2.0000 |; By =TI3By = [2.3333 —1.6667] ;
0.3333 —0.3333 1.0000 —0.6667

~ —1 —0.0359 1.7333 —0.4974
&1 = ()T (LE()T) " = [ ] ,

1.3333 —2.6667 1.3333

5 T fred ity —1 [1.7000 2.0000 —0.7000
Gz = Collly)” (Hs(11)7) = [0.0500 1.2500 —2.0500] °

5. Differential structures on DFMs

With the notion of continuous functions over DFESs, we proceed to en-
dow differential structures to a DFES, generalizing it to a dimension-free
manifold.

5.1. From DFESs to DFMs

Definition 54. Given a fiber bundle (T, m, B).

(i) Let ) # O C B be an open set of B. Then (7= 1(0),m, O) is called the
open sub-bundle (over O).

(ii) Let Ox, X € A be an open cover of B, that is, | Jycp Ox = B, then
{(71'71(0)\), T, O,\) }/\eA is called an open cover of the bundle (T, m, B).

Definition 55. Assume (T, 7, B) is a fiber bundle, where both T and B are
second countable Hausdorff spaces. (T, m, B) is called a C" DFEB with B as
a C" DFM, if the following conditions are satisfied.

(i) There is an open cover {(Wx,m, Bx)}ycp of (T, 7, B).
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(i) For each (Wy,m, By) there is an open sub-bundle (Prfl(Ok),Pr, O,\)
of (R*°,Pr, Q) with two bijective mappings
\I/)\:W)\—>P1"_1(O)\), oy By — Oy,

such that (Wy, m, By) and (Pr=(0)),Pr,0)) are fiber bundle isomor-
phic, that is, diagram (51) commutes.

(51) Wy —2 Pr=1(0y)
-
By,—2 0,

(iii) Assume By, (\Bx, # 0. Then the map @20 @7 : p1(Bx, N By,) —
QOQ(B)\I ﬂB)\Q) is C".

The following proposition comes from definition immediately.

Proposition 56. Let T — B be a C" DFEB. Set M, :=J,c, ¥ ' (O}),
then M, is an n-dimensional C" manifold. Moreover, M = J7" | M,

The following example provides a DFM.

Example 57. Consider Sy = |J,2 | Sn, where S, is the n-dimensional
unit sphere in R"*1 n = 1,2,.-.. Denote by P, = (0,---,0,—1) and
——
n
Qn = (0,---,0,1) the north and south poles of the n-dimensional sphere
———
n
respectively.
(i) Set M,, := S,\P,, and define a mapping ¥,, : M, — R" by & =
1+§,—;+1, 1::].,2,"',77,.

Define M = ;2| My, and using the inherent topology from Rt for
M,,, and assume M,, are clopen in M. Then the mapping ¥ : M — R
s a topological isomorphism.

To see this, we have only to show that U is bijective and ¥~ is also
continuous. It is clear from definition that

G+ +E) 1+ anp) = fo
i=1

Then we have

(52) (L + @ni1)? +af g = 1.



112

(ii)
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Solving Equation (52) and noting that x,+1 # —1 yield

_ L¢P
(53) Tn+1 = 1+ H5||27
and
(54) Liy = (1 + anrl)giv &S [Ln]

(53)-(54) show that ¥~ is also continuous.
Next, for a,b € M we define

(55) a~pybe Ula) < U(b).
Then we can define a mapping ¢ : M/ ~p— Q by
(56) U(a) =z = 9Y(a) = z.

Because of (55), (56) is properly defined.

Finally, we define w1 : M — M/ ~y as m = ¢~ o ProW. Then it
is ready to verify that (M,m, M/ ~pr) is a DFEB and M/ ~g is a
DFM.

Set Ny, := Sp\Qn, and define a mapping ®,, : N, — R™ by

T

(57) i i=1,2,---n.

= )
1—xpt

Similarly to case (i), from definition (57) we have
n
M+ +m)A—zp)? =D af.
i=1

Then we have
(58) I7[*(1 = 2n41) + 25 q = 1.
Solving Equation (58) and noting that x,4+1 # 1 yield

_ i1

(59) x 1= 9
T )
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and
(60) xi = (1 —xpp1)ni, 1€ [l,n].

(59)(60) show that ®~! is also continuous.
Next, for x,y € N we define

r~Ny & O(x) & B(y),

and m : N — N/ ~x as m2 = ¢~ L o Pro®, where ¢ can be constructed
similarly as for . Then (N,ma, N/ ~x) is a DFEB and N/ ~y is a
DFM.

Consider

So = G Sn:MUN.
n=1

It is clear that { M, N'} is an open cover of Soo. Consider (x1, -+ , Tpi1)
€ MN\S,. From (53)(54) we can solve 1, ,xpi1 out as z;(§),
i € [1,n+ 1]. Similarly, for (x1, - ,xpy1) € N () Sn, using (59)(60)
we can also express T1,- -+ ,Tpt1 as x;(n), i =1,--- ,n+1.

Now, assume £ € M/ ~y and 7j € N/ ~y, dim(§) = dim(#), and the
smallest elements in & and § are & and 1y respectively. Let dim(&;) =
dim(n1) = n. Then £ is said to be equivalent to 7, denoted by & = 7,
Zf.l‘z(fl) ::L'Z-(m), Vi=1,---,n+1.

It is easy to see that = 1is an equivalence relation. Then we define

(61) B = (M/ ~ur [N/ NN) /=

Define
By :=(M/~u)/ =,
B2 = (N/NN)/‘:, .
Then it is easy to verify that { B1, Ba} is an open cover of B. Moreover,

it is ready to see that m : M — By, mg : N — By are consistent. Hence
T : Seo — B can be defined as

(62) "(w) = {w), ve,

ma(x), = € N.

We conclude that (Seo,m, B) is a DFEB with B a DFM.
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Remark 58. Hereafter, to avoid notational mess, we consider only DFES.
In fact, all the following arguments can easily be extended to DFM. Hence
in the following the DFES can be considered as a bundle of coordinate chart,
which has a set of fized coordinate frames on each leaves.

5.2. Vector fields on DFESs

First, we define the tangent space of (2.

Definition 59. Let & € Q and dim(z) = m. Then the tangent space of T,
called the tangent bundle at T and denoted by T3(2), is defined by

(63) T5(Q) := R,

Remark 60. (i) When Q is replaced by a DFM, Definition 59 can only
be considered as for a given fized set of coordinate charts.

(ii) Consider Q2. Then we assume on each leaf of Tz(S2), say R, where s =

km, the coordinate frame is fized as (x1,x2, -+ ,xs). Then the basis of

the leaf is {6%17 8%2’ cee %} Hence each vector at Tz(2), denoted be

S
(a1,a9, -+ ,as), is an operator al-%. Of course, this operator can

1=
be extended to coordinate-free form for DFM. But restricting on € can
avoid the complexity of expression.

Recall the definition of bundle of coordinate neighborhood of DFES.
(refer to Figure 1), it is easily seen that for each z € € the bundle of
coordinate neighborhood coincides with its tangent bundle.

When a DFM M is considered, Let £ € M and dim(Z) = m, then the
tangent bundle 75 (M) is depicted at Figure 2, where TZ = R §=1,2,---.
That is, T (M) = RI™.

If we consider the tangent space over whole €2, that is,

7(Q) = |J Ts,
e

Then it is obvious that T'(2) = R>°.
Next, we define vector fields on ). The following definition is also avail-
able for DFMs.

Definition 61. X is called a C" vector field on Q, denoted by X € V"(Q),
if it satisfies the following condition:
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[ Y
[

Figure 2: Tangent Bundle on Dimension-Free Manifold.

(i) At each point T € Q, there exists p = pz = pzdim(z), called the
dimension of the vector field X at Z and denoted by dim(Xz), such
that X assigns to the bundle of coordinate neighborhood at T a p sub-
lattice, V([)"} = {OP,0%, ...}, then at each leaf of this sub-lattice the
vector field assigns a vector X7 € T, (O'?), j =1,2,---.

(ii) {X7|j=1,2,---} satisfy consistence condition, that is, X7 = X! ®
1, j=12-.

(iii) At each leaf O C RIHImM(E@),

(64) X|ij S Vr(ij).

Definition 62. A vector field X € V"(S2) is said to be dimension bounded,

' dim(Xz .
zflgleeg( im(Xz) < oo

In the following a method is presented to construct a C” vector field on
Q. The method is similar to the construction of continuous functions. It is
first built on V™ = R™, and then extended to T'(2) = R>.

Algorithm 63. o Step 1: Assume there exists a smallest dimension
m > 0, such that X is defined over whole R™. That is,

(65) X‘Rm = X S VT(Rm)
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From the constructing point of view: A wvector field X € V"(R™) is
firstly given, such that the value of X at leaf R™ is uniquely determined
by (65).

e Step 2: Extend X to Ty. Assume dim(y) = s, denote mVs =t, t/m =
a, t/s = B. Then dim(Ty) = t. Let y € g\ R®), and dim(y) = kt,
k=1,2,---. Define

(66) X(y) =EX(y), k=12,

Theorem 64. (i) The X generated by Algorithm 63 is a C™ vector field,
that is, X € V"(Q).
(ii) If X € V"(Q) is dimension bounded, then X can be generated by Al-
gorithm 63.

Proof. (i) By definition, for any § € © and assume dim(y) = s, then on a
sub-lattice RI% of the bundle of coordinate neighborhood of 7 (Since
only the DFES is considered now, each leaf of the bundle of coordinate
neighborhood can be whole Euclidean space.) a vector X, is assigned.
In the following we prove that the set of such vectors are consistent.
Assume dim(y) = kt = kfm, when k =1, y = yg, then

X(ys) = 11, X("yp)

(Ism @ 17) (I ® 1) X (1" y)

(I © 15) X (" y5)

= X(I13"yp) ® Is.

Similar calculation shows that
X(yrs) = X (T yp8) @ Is.
Si kBm _ 1Bm
ince yg < yrg, then Il " yrg = Iy, yg. Hence,

X(yrg) = X (yp) ® 1.

The consistence is proved.
Finally, we show (64) holds. That is, to show that on leaf R’?, X is a
C" vector field. Since on a leaf all the points are of the same dimension,
then the construction (66) ensures X |gi» is a C” vector field.

(i) Assume X is dimension bounded, set

m :=lem {dim(X;z) | z € Q}.
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Then it is clear that X := X|gm € C"(R™). Moreover, since X satisfies
Definition 61, then starting from this X, the vector field constructed
by (66) coincides with X. O

Hereafter, we consider only dimension bounded vector fields. This is
because note only they are easily constructible, but also they are practically
useful in modeling dynamic systems.

We construct an example.

Example 65. Let X = (z1 + x9,23)T € C¥(R?). Assume X € C¥(9) is
generated by X.
(i) Consider y € Q, dim(y) = 3, Denote y1 = (€1,62,63)T € R3. Since
2AN3 =6, X at
gﬂR6k = {y27y47y67"'}

is well defined.
Now consider ya.

X(y2) = IEXT5(y2)) = (L ®13)X (312 ® 11)(11 ® 12))
[2(61+ &+ &)
&1+ &+ &)
(&1 4+ &+ &3)
é(& + 2¢3)?
?
9

ey

(&2 + 2&3)2
(&2 +2&3)? |

Consider yy, similar calculation shows that

X(ya) = T X (15 (1)) = X (y2) ® 1o
In fact, we have
X(ka):X(y2)®1k7 k:1727

(ii) Consider X|gs:
Assume z = (21,22,23,24,25,26)T € RS. Then

(214 22+ 23+ 24 + 25 + 26) |
(21 + 22+ 23+ 24 + 25 + 26)
(214 22+ 23+ 24 + 25 + 26)

$(24+ 25 + 26)?

—(Z4 + z5 + 26)2

g(Z4 + z5 + 2’6)2

rl
%
(67) X6:=X,=TI2X(IISz) = |3




118 Daizhan Cheng and Zhengping Ji

X6 € V¥(RY) is a standard vector field.
Next, we consider the integral curve of a vector field on ).

Definition 66. Assume X € C"(Q), X € C"(R") is its generator, if X =
X|gn. The generator of smallest dimension is called the minimum generator.

The following result is an immediate consequence of the definition and
Theorem 64.

Proposition 67. Assume X € V"(Q).

(i) If X € V"(R™) is its generator, then X @ 1, € V" (R®™) is also its
generator.
(i) If X € V" (R"™) is its generator, Y € V"(R™), m < n is also its
generator, then m|n, and X =Y ® L /m-
(iii) Assume X € V() is dimension bounded, then it has at least one
generator, and hence has a minimum generator.

Definition 68. Let X € C"(). Z(t,%o) is called the integral curve of X
with initial value To, denoted by T(t, To) = @ (Zo), if for each initial value
xo € To(\R", and each generator of X, denoted by X = X |gn, the following
condition holds:

(68) ;% (20)|rr = O (z0), t>0.

Next, we consider the existence and the properties of integral curve.
First, assume X = X|g~ is the smallest generator of X. Then, all the gener-
ators of X are Xy = X|gsn, k= 1,2,---. Now assume Zg € 2, dim(Zg) = 7,
and j Vn = s, then,

T ﬂ RY £ 0,
if and only if, ¢ = ks, k =1,2,---. Denote zj = Zo [ |R?, then
O () = & (20) [k
Moreover,
O (Z0)[pre = O (%) = D () ® 1.

Hence, the integral curve of X with initial value Z is a set of integral curves
defined on the sublattice bundle RI*1 = {R¥* | k = 1,2,---}, and they are
all equivalent. That is, for any 0 < k, k' < oo

O (%) ¢ B (x%), Wt 2 0.
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Example 69. Recall Ezample 65 Let X € Q be generated by X = (x1 +
z9,23)T € C¥(R?), and assume the initial value is Ty € Q, dim(zg) = 3,
i.e., v1 = (&1,&9,63)T. Find the integral curve of X initiated at To.

Since 2V 3 = 6, the integral curve is a set of equivalent curves de-
fined on R k = 1,2,---. We can first calculate the one defined on RS,
X|gs = X0, it is calculated by (67). Note that 29 := Zo[(R®, then 2§ =
(€1,&1,&9,69,83,83)T. Hence the integral curve is <I>§<6 (29). It follows that

(69) o (50) = {@F @ @ 1 [k =1,2,-- .
5.3. Distributions on DFESs

Definition 70. A distribution D on € is a rule, which assigns at each point
T € Q a sub-lattice of its bundle of coordinate neighborhood Oz, denoted by
Oj=0;NRI", r€Zy, s=dim(z), j =1,2,---, and on the tangent space
of zjr € Ojy, Ty, (RI™), a subspace Dj(z,;) C Ty, ,(R"7%). Moreover, this
set of subspaces satisfies the consistence condition, i.e.,

Similarly to vector fields, a distribution can be construct as follows:
First, a distribution can be defined on a leaf V'™ = R™, then it is extended
to T(Q2) = R*.

Algorithm 71. o Step 1: Assume m is the smallest one, such that D
is defined on leaf R™. That is,

(71) Dlgm := D(z) C T"(R™).

o Step 2: Extend D(z) to Ty(Q2). Let dim(y) = s, and mVs =t,t/m = a,
t/s = B. Then dim(Ty) = t. Assume y € g\ R, and dim(y) = kt,
k=1,2,---. Define

(72) D(y) :==I[}D(Ilyy), k=1,2,---.

Similarly to vector fields, the following result can be obtained.

Theorem 72. The D constructed by Algorithm 71 is a distribution on Q.
That is, D(z) C Tz(2), Yz € Q.

The most commonly used distributions are expanded by a set of vector
fields.
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Definition 73. Assume X; € V"(Q) and dim(X;) = m;, i € [1,n], and
m = lem{m; | i € [1,n]}. Moreover, let X;|gm = X;, and Dy,(x) C T(R™)
be the distributions generated by the expansions of X;, i € [1,n]. Then the
distribution D C T(Q) constructed by Dp,(z)s, s = 1,2,--- is called the
distribution spanned by X;, i € [1,m)].

Definition 74. Assume X; € V°°(Q), dim(X;) = m;, i = 1,2, and m =
m1 V ma. Then the Lie bracket of X1 and X» is defined by

(73) [Xl,Xg] =X € VOO(Q)
where X is the vector field determined by generator X, and
X = [XI‘RW’X2|RW]'

Example 75. Assume X,Y € V®(Q), X and Y are generated by Xy €
V>®(R?) and Yy € V°(R3), where

(74) Xo(x) = [.731 + .CC27.’E%]T7
Yo(y) = [v7,0,52 + 3]

Then m =2V 3 =6. On leaf R%, we have

X (2) = 3 Xo(I32) = [, 0, B, B, B]"

where,

1 1
a:§(21+z2+z3+24+Z5+26), ,B:§(Z4+Z5+ZG).

Y(z) = MgYo(I1§2) = [7,7,0,0, 1, ",
where,

1
y==(a14+ =) p= 5(273 + 24+ 25 + 26).

B~ =

Then Z := [X,Y], which is generated by Zy € V(R"), and

Zy = X,Y]=%Xx-Ly

[a,a,b,c,d,d]T.
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where

a = (z1+22)(21 422+ 23+ 24+ 25 + 2)
—%(zlJer)Q—1(23+Z4+z5+26)
= —g(zl+22)2—§(z3+24+25+26)
—§(Z4+Z5+26)(Z3+Z4+25—1—26)
d = Hezi+2+z+2a+2+2)+ 2(2a+ 25 + 2)°
—%(24+Z5+26)(23+Z4+Z5+Z6)

Definition 76. (i) Distribution D(z) C Tz(2), € ) is called an involu-

tive distribution, if any two vector fields X, Y € D satisfy [X,Y] € D.

(i) Let X;, i € [1,n] be given. The involutive distribution generated by

{X; | i € [1,n]}, or equivalently, the smallest involutive distribution

containing {X; | i € [1,n]}, is called the Lie algebra generated by
{Xi|ie[l,n]}, denoted by (X; | i€ [1,n]), ,.

6. Dimension-free Riemannian manifolds

Parallel to the previous discussions, this section introduce the tensor fields
and co-distributions on a DFES, and use them to define the Riemannian
and symplectic structure over DFESs.

6.1. Co-vector fields and co-distributions on DFESs

First, we define the cotangent space on DFES 2.

Definition 77. Let z € Q and dim(z) = m. Then the cotangent space at T,
called the cotangent bundle at T and denoted by Tx(2), is defined by

(75) T () ==y,

Remark 78. When Q is replaced by DFM, Definition 77 remains available.

Similarly to tangent bundle, for a given & € (2, each leaf of its cotangent
bundle is an Euclidean space. Moreover, the cotangent bundle at each point
is a sub-lattice of R*. If 2 is replaced by a DFM, then the cotangent bundle
is similar to tangent bundle. Hence, the Figure 2 may also be considered as
a description of cotangent bundle of DFM.

Next, we define co-vector field on . The following definition is also
applicable to DFM.

Definition 79. @ is called a C" co-vector field on 2, denoted by w € V" (),
if it satisfies the following conditions:
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(i) At each point T € ), there exists a p = pz = pz dim(z), called the di-
mension of co-vector field © at T, denoted by dim(wz), such that @ as-
signs a p-upper sub-lattice of the bundle of coordinate neighborhood at
as Vg)"} ={0P,0% ...}, and then a set of co-vectors w’ € 17, (O7P),
j=1,2,---.

(ii) {w? | j =1,2,---} satisfy consistent condition, that is,

« 1
(76) wﬂzc&@;l}.’, j=1,2,---.

(ii) On each leaf Q7P C Ri#dim(@)
(77) (I)|ij c V*T(O]p)
Definition 80. w € V*"(Q) is said to be dimension bounded, if

(78) max dim(wz) < oo.

Similarly to the vector field, the co-vector field can be constructed as
follows: First, define it on a leaf V™ = R™, then extend it to 7% () = R*.

Algorithm 81. e Step 1: Assume there exists a smallest m, such that
w 1s defined on R™. That is

(79) Wlgm = w € V(R™).

From constructing point of view, assume w € V*"(R™), then @ is de-
fined on R™ as in (79).

e Step 2: Extend w to Ty . Assume dim(y) = s, mV s =t, t/m = a,
t/s = B, and then dim(Ty) = t. Let y € g\ R, and dim(y) = kt,
k=1,2,---. Define

Similarly to the case of vector fields, we can prove the following theorem:

Theorem 82. (i) The w constructed by Algorithm 81 is a C" co-vector
field, that is, w € V*"(Q).
(i) If w € V*"(Q) is dimension bounded, then any w can be constructed
through Algorithm 81.
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Similarly to vector fields, hereafter we consider only dimension bounded
co-vector fields.

Similarly to vector fields, co-vector fields are defined on a sub-lattice of
the bundle of coordinate neighborhood of a point z € Q. Assume w = (g~
is the smallest generator of w. Then, all the generators of w are wy, = @W|gwn,
k=1,2,---. Now assume Z( € Q2 and dim(Zg) = j. Denote j Vn = s, then,

z(\R 0,

if and only if, £ = ks, k=1,2,---.

In fact, a co-vector field can also be considered as a function of vector
field. Hence, the consistence of co-vector fields and vector fields is important.
The following proposition shows this consistence.

Proposition 83. Let X € V"(Q), @ € V*"(Q), and dim(X) = dim(®).
Then at any point T € §2 and the sub-lattice of the bundle of coordinate
neighborhood of T where both X and @ are well defined, the action of @
on X, denoted by w(X), is uniquely defined. That is, on x;, = TR,
k=1,2,-,

(81) O(X)|y, = const., k=1,2,---.

Proof. Denote dimx = s, dim(X) = dim(@) = m. According to the previous
argument, it is clear that the sub-lattice, where both X and @w are defined,
is {zp, x2p, - - }, where, p = sV m. To prove (81), it is enough to show that

Assume p = rm, then

wi = w (7 (xp)) I, w = w (H”m’“m(;vkp)) Hrmkm,

m m

Xy =100, X (I (ap)) , X = 07, X (TE (k)

rm rkm

Using which we have

wi(X1) = w (L7 (p)) TP, X (T ()

wi(Xe) = w (TG (21p)) TR IR X (T () )

rkm

(83)

Since x, <> Tpp, then ™ (x,) = ¥ (z;,). Hence, to prove (83) it is
enough to show

k
TP, = T T

rkm-
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A straightforward computation shows

I = rkmm =1, O

rkm

Co-vector field is also called one-form. Assume f € C™(Q), then on each
leaf R™ f™ := f|g= has its differential

afm afm . afm)
Ox1’ Oxy’ Oz

(84) df™ = (

Then one sees easily that
Proposition 84. (84) generates a co-vector field.

Proof. Taking df™ as the smallest generator of a co-vector field. Consider
the differential of f on R¥™. Assume y € R¥™, consider f(II¥™y). A simple
computation shows that

85) ) = (G e+ G e, ) AT = (AT

This fact shows that the differential of f on leaf R¥™ is exactly the co-vector
field deduced by df"™. O

Definition 85. A co-distribution D* on € is a rule, which assigns at each
point T € Q a sub-lattice O; = Oz NRI™, r € Zy, s = dim(z), j =1,2,-- -,
of its bundle of coordinate neighborhood Oz, and a sub-space D;(xrj) C
17 (R"7%) at xj, € Oj.. Moreover, this set of sub-spaces of Ty, (RI"S) satisfy

the consistence condition, i.e.,
(86) Dj(wrj) = Di(z,) @1}, j=12,-

Similarly to distribution, a C" co-distribution on 2 can be constructed
as follows:

Algorithm 86. e Step 1: Assume m is the smallest one, such that D*
s defined on R™. That is,

D*’Rm = D*(.%') C T*T(Rm)

e Step 2: Extend D*(z) to T;(2). Assume dim(y) = s, m Vs = t,
t/m=a, t/s=p, and dim(T;) =t. Let y € 7N R, and dim(y) =
kt, k=1,2,---. Define
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Similarly to distributions, the most important co-distributions are gen-
erated by a set of co-vector fields.

6.2. Tensor fields on quotient spaces
Let

¢: V(R™) x - x V(R™) x V*(R™) x - x V*(R™) — R

~\~
S

T

be an (r, s) th order tensor field on R™, where r is the covariant order and s
is the contro-variant order. The set of (r, s) th order tensor fields is denoted
by T7(R™). Let {e1,ea,--- ,em} be a basis of V(R™), and {d1,ds, - ,dn}
be a basis of V*(R™). Then

i)i )"'77:7‘ R
(87) fyjij;"'vjs T (b(eil?eiz?"' ’eiwdjladjm"' 7djs)7
1§’i1,-..7’iTSm, 1§j1,...’jsgm7

are called the structure parameters of ¢. Using structure parameters, the
structure matrix is constructed as follows:

[ it itm AT e ATm™)
ML m L e g
(88) Ty = : '
’ v},};;;ﬁl Cee o yplm gl g
i, e aihimo L gmmet L mmem|

Using this structure matrix, we have the evaluation formula for ¢ as
(89) ¢(X17 o 7X'r7w17 T ,(.ds) = Ws - 'W1F¢X1 o 'XT"'

In the following we construct a tensor field on 2, denoted by = € T7 ().
Assume Z € T7(R™) is the smallest generator of = € T7(€2), and denote

= =
.:|ka = Zk-

Then it is enough to construct the structure matrix =g, k =1,2,---.

It is clear that =, should satisfy the following requirement: for any
X1, ,Xp € VI(R™) and wy, -+ ,ws € V¥(R™), their tensor value of =
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should be the same as the value of Zj with its arguments as the projected
vectors and co-vectors to R¥™. That is,

(x)(Xl(:E)a e ,XT(:L'),wl(l‘), e ,ws(x))
) (T (X1 (@(9)), - s 7 (X (2 (1)),
T (@12 (1)), -+ T (ws (2 (1)),

—
—
—
—
(=
—

(90) =

where y = II7}, (x), =(y) = I (y).
Let I'(z) be the structure matrix of = and I'y(y) be the structure matrix
of Z. Then (90) can be expressed as

ws() -+ wi(s)'(2) X1 () - - Xy ()
= w (T y) IR - - oy (T ) TIR T g ()
1, X0 (T (y)) - - T, X (T (y)
= ws(@) - wi(@) (Ls—1ym @ TE) - -
(I @ ™) T ()X (L @ TIE ) - -
(Lir—1ym @ 117, ) Xa(2) - - X (2).

Hence we have

(91) (L ® ) TIEMD (y) PP (L @ TIE ) - -

Tor-1ym @ T, -
It follows immediately that

A straightforward verification shows that the I'y defined by (92) satisfies
(91).

Next, set € Q, dim(Z) = s, s Vm = p, and let p = pus = Am. Then, =
is defined at Z(R*P, k =1,2,---. Denote zj, = Z (| R*P, then

(93) (Zs- mm) (I (2
(I( ® Hk)xm) ( @ Hk)xm) Hk/\m
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Example 87. Assume = € T2(Q), and its smallest generator is = € TZ(R?),
which has its structure matrix as

(94) T(z) = [

0 sin(z1 + z2) 0 cos(zy + x2)
—cos(z1 + x2) 0 sin(zy + z2) 0

(i) Find the structure matriz of =|gs.
Using formula (92), we have

Elgs = ﬁn%@»@gn@m \
= TED([2g, i) (I @ 113) 11
4/ 0 5 0o So0ocCo0C
- 0 S 0 S o0}’

-C 0 —-C
S
o { nmzmpma) o (noapen) |
(gt ) - cog (tieglets )

where

Y1+y2+ys+ya

Y1+Y2+Ys+ya +yz+y3 +Ya Y1+y2+ystya +y3+y4

COS COS
{ coS (y1+y2+y3+y4) cos (y1+yz+y3+y4) }

(ii) Assume T € Q and dim(z) = 3. Then E is defined only on zyp, p =
2v3=6,k=1,2---. Using formula (93), we have

2., = IET(II5(22)) (12 @ 119) 11§
= I3 ([ 222 222200 (1, @ 11§) 11§
= %[A,AvAaBaB B] ® 13><3a

where
. 0 sin (2(21+§2+23))
cos (W) 0
s 0 cos (2(21+§2+23))
o sin (2(21+§2+Z3)> 0

Remark 88. (i) The above constructing technique is applicable to tensor
fields on DFMs. Hence, we assume tensor fields on DFMs are also
properly defined.



128 Daizhan Cheng and Zhengping Ji

(i) A tensor field T? is called a covariant tensor field. A tensor field T}
1s also called an r-form.

6.3. Dimension-free Riemannian manifolds and dimension-free
symplectic manifolds

Definition 89. Let Z € T§(2) be an r th order covariant tensor field.
(i) Z is said to be symmetric, if
(95) E(X1, -, X)) = E(Xoqr), s X)) 0 €Sy
(ii) Z is said to be skew-symmetric, if
(96) E(X1, -, Xy) = sign(0)2(Xey, > Xo@)), 0 €Sy

Second order covariant tensor fields (or 2-forms) are of special impor-
tance. Their structure matrices can also be expressed into a quadratic form
as

’}/11 712 . ,yln
21 722 2n

(97) Mz =
,.ynl ,yn2 ,ynn

Using this structure matrix, the tensor field can be the expressed into a
classical quadratic form as

(98) 2(X1, Xo) = X{ M=X>.

Then we have

—_
=

Proposition 90. = € T2%(Q) is symmetric (skew-symmetric), if and only
if, its smallest generator = is symmetric (skew-symmetric). That is, it has
a symmetric (skew-symmetric) structure matriz.

Definition 91. Consider Q). Assume there is an order 2 covariant tensor

field = € T(9).

(i) (,Z) is called a dimension-free Riemannian manifold, if = is gen-
erated by =, = Z|gn and (R",=,) is a Riemannian manifold. That
ge € T2(R™) has a symmetric positive definite structure

y = . =
18, Zp 1= 2

matriz Mz, .
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(ii) (%, Z) is called a dimension-free symplectic manifold, if = is generated
by E, = Z|rn, where n = 2m is even, and (R",Z,) is a symplectic
manifold. That is, Zay, = Z|gem € T?(R*™) has a skew-symmetric,
non-singular structure matrix M=, , and = is closed.

—=2m )

Remark 92. An r form Z is closed if d= = 0 [2]. Let = € T*(R"). E is
closed, if and only if, its structure coefficients satisfy [13]

0 (4% + 0 0

(99) ox; Ox;j (") oxy.

(v =0, 1< i, j, k<n.

Definition 93. (i) A DFM M with a two-form © is called a dimension-
free Riemannian manifold, if there exists an open sub-bundle cover of
M such that each open sub-bundle is bundle isomorphic to an open
sub-bundle of a Riemannian manifold of 2 with Riemannian two -form
E. Moreover, © is isomorphic consistently to =.
(ii) A DFM M with a two-form © is called a dimension-free symplec-
tic manifold, if there exists an open sub-bundle cover of M such that
each open sub-bundle is bundle isomorphic to an open sub-bundle of a
symplectic manifold of ) with symplectic two-form Z. Moreover, © is
isomorphic consistently to =.

Remark 94. 7Let My and My be two DFMs, and ¥ : My — Ms be an
isomorphism. =; € TY (M;), i = 1,2 are said to be isomorphic consistently,

if

[I]|

(_ 1, X?"awly' '7w5) N «
So (W ( ), (X)), U (W), -+, U (wy)),
Xlu o )XT‘EV(Ml)v Wi, 7w$€V*(M1)'

(100)

Example 95. Consider DEES (2.

(i) Assume Q has a two form & € T*(Q) with its generator o € T*(R?),

. . 0 -1 . .
and the structure matriz of o is M, = [1 0 } . Since My is a sym-
plectic matriz, it is clear that (Q,7) is a dimension-free symplectic

manifold.
Assume T € Q and dim(Z) = 2. Then & is defined on Ty = {R** | k =
1,2,---}. Moreover, the structure matriz of o(xy) is

My, := M|,, = I3, M 113 = M, ® I
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Assume § € Q and dim(g) = 3. Then & is defined on Ty = {R%* | k =
1,2,---}. Moreover, the structure matriz of o(yar) is

My := M|,,, = 02, M, IS = M, ® I3.

Assume Q has a two form @ € T%(Q), where w is deduced from part of
sphere So\Pa. We refer to Example 57 for notations. Assume Sa has
the standard distance inherited from R3. Then the structure matriz of
w 18

ox ox H <@ @>
851 851 ) 862
M, V(=) =
&1 0&s 852
where
2 2 2 2
o) _ [ 0xy Oxo ox:
8] = (32) + () + (%)
<6$1 Oz \ __ Oz Oz + 0x2 Oz + Ozs Oxs
85 ? 85 - 351 852 851 852 851 852
2 2 2 2
o) _ [0z 0z Oxs3
Il = () + (B2) + ()
and
Oz _ 2-263+263 Oz, _ =466
96 T (IHE+E5)27 06— (1+60+85)2
Qwy _ __—4&&  Omy _ 2423265
851 (1+£1+§2)2, 852 - (1+§1+£2)
Oxs _ __ —4&  Ozy . —4&%
0& T (1+€74€35)20 06 T (1+£1+§2)2

Hence, (2, @) is a dimension-free Riemannian Manifold (DFRM).
Assume © has a two form 6 € T?(0©), where 0 is deduced from part
of sphere So\Q2. Assume Sy has the standard distance inherited from
R3. Then the structure matriz of © is

ox . p. Oz H <8—I @>
87)1 87]1’ 6772
My = (5 (50) =
n n Oz Oz
8771 ’ 8772 8772
where
oo |1* _ (0en)? 4 (002)? 4 (002
om - 771 om om
Oz, Owy \ _ Omy Omy | Oxwp Oy y Owg Oz
on on ) m Onz * Oni Onz ~ Om O
Oz 2 — [ Oz 2+ 0zs 2+ Oz 2
61’]2 87]2 8772 8172 ?
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and
dxy _ 2—2ni+2n3 Oz, _ __—dmm
om — (I+ni+m3)2°  one — (I4+ni+n3)?
Ory _ _—Amny Oz _ 24207205
o~ (I+ni+n3)?’ On2 — (I4+ni+m3)?
Oy . _ —4m Oy . __ —4np
om — (I+ni+m3)??  one — (L4ni+n3)?

Hence, (©,0) is also a DFRM.
Combining Q with ©, one sees that So is a DFRM too.

7. Dimension-varying dynamic (control) systems
7.1. Dynamic (control) systems over DFMs

7.1.1. Projection of dynamic (control) systems Consider a dynamic
system over R?, described as

(101) Y: &z=F(z), xecRP

Definition 96. Consider dynamic system (101). Its projection onto R is
a dynamic system over RY, described as

(102) m™(8): 2=F(z), z€RY,
where
(103) F(z) = TIPF(IT4(2)).

Consider a control system
(104) »¢: & =F(z,u), zcRP, uckR".
Definition 97. Consider control system (104). The w = uy,--- ,u, can be
constdered as parameters. Then its projection to R? can still be considered
as a projection of vector field as
(105) (29 2=F(zu), zeR, uelR,

where

(106) F(z,u) = IIEF(IT%(2), u).
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Remark 98. The projection from RP to RY can be extended to a projection
from p dimensional manifold to q dimensional manifold. Then the above
descriptions can be considered as the expression over local coordinate charts.

The following is an example.

Example 99. Consider the following control system X:

(107) {jzl = uy sin(x1 + x2),

&9 = ug cos(xy + z2).

(i) Project (107) onto R3. It is ready to calculate that

2
1

[2 1 0]7 I = )

1

N = O

Then the projected system w3 (%) is calculated as

(108)
2 =u sin(%(zl + 20 + 23)),
Z9 = % (u1 Sin(%(zl + z9 + 23)) + u2 COS(%(Zl + 29 + 23))) s

23 = ug cos(3 (21 + 22 + 23)).

(ii) Project (107) onto R*. We have

O O =
= =0 O

Then the projected system w3(X) is easily obtained as

(21+22+2’3+24 ,

# = uysin(} )
Z9 = w1 Sin(%(m + 20+ 23+ 24)),
(3 )
(3 )

(109)

Z3 = U3 COS ,

(Z1+22+Z3+Z4
(

Z4 = ugcos(5(z1 + 220+ 23+ 24
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(iii) Project (108) (i.e., 73(%)) back to R?, we have
(110) {a’:l = = (buy sin(zy + x2) + cos(z1 + x2)),

&9 = ¢ (ug sin(z1 + x2) + 5cos(z1 + x2)) .

D= o=

System (110) differs from the original system, which means the trans-
fer loses information.

(i4i) Project (109) (i.e., m3(X)) back to R?, we have %, which means the
transfer is lossless.

Motivated by the above example, we can prove the following result.

Proposition 100. Let f(x) € V°(RP) and g = kp. Then
(111) my oy (f(2)) = f(2).

Proof. First, a straightforward computation can prove the following equal-
ity:

(112) PTG = 1.

Using it, we have that

f@) I f (H’;Pz)

ﬂ’ljp
g, f (I, = £(@).

Remark 101. (i) Proposition 100 shows that when a vector field is pro-
jected onto its multiple-dimension Euclidean space there is no infor-
mation lost. This is essential for constructing a control system on
dimension-free manifolds.

(ii) In previous sections, according to the definition of a vector field on
R, for a vector field on RP only its integral curves over RFP are
considered. That means only the projection of the vector field to RFP are
considered. In current definition, the projection to any R® is allowed.
In fact, only when s = kp, the extension is lossless. When s #£ kp, the
projected system can only be considered as an approximated system of
the original one. Its integral curve can not be considered as the integral
curve of the original system, but only an approximation too.
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7.1.2. Nonlinear control systems over £ To avoid counting the de-
grees of differentiability, the functions, vector fields, etc. are assumed to be
of C*°.

Definition 102. (i) A nonlinear control system over 2, denoted by ¥, is

(i)

(iii)

(i)

described by

T =F(z,u)
() {gs _ho(@), s Ll

where F(Z,u) € V®(Q), hy € C®(Q), s € [1,p], u = (u1,ug, -+ ,Un)
are controls, which can be considered as parameters in F. ys, s € [1,m)]
are outputs.

Let f, gj, j € [1,m] € V=(Q),

(114) ;
[

Then (114) is called an affine nonlinear control system over Q.
Assume

g :=lem (dim(F(u)), dim(hs), s € [1,p]).

Then Y|ga := X is called the minimum generator of 3, denoted by

(115) {a’::F(:r,u), x e R?

ys = hs(x), s€[l,p)].

¥ is said to be completely controllable (observable), if ¥ is completely
controllable (observable).

Rema_rk 103. (i) If the state space of minimum generator is on R?, then,

(i)

¥ is well posed on R¥, k = 1,2,---. They will be called the realizations
of F(u). Unfortunately, the control properties, such as controllability,
observability, etc., of the realizations with different dimensions are not
the same. Hence the controllability and observability of ¥ are defined
by corresponding properties of its minimum generator.

Hereafter all the control properties of ¥ are referred to the correspond-
ing properties of its minimum generator.
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7.2. Linear systems over DFMs

e Linear vector fields

Let X € V*°(Q) be a linear vector field and dim(X) = m. Then there
exists A € My,xm such that X := X|gm = Axz. Consider X|grm: Let y €
RF™ Then

(116)  Xp = X(y) = T, (X (T ())) = 105, ATy i= Ay,
where,

1
(117) Ay =100 ATIF = — (1, @ 14) A (I, ® 1}) .

k

Then we consider the integral curve of X. B
~ Assume X € V*(Q) is a linear vector field and dim(X) = m. X :=
X|gm = Ax. Consider z° € Q.

Case 1: Assume dim(z°) = m. Then the integral curve of X with initial
value z¥ is defined only on a filter of the tangent bundle

T [\R¥™, k=1,2,---.

On Ty (RF™, at 1:2 = 29 ®1y, the vector field is determined by (117).
Then the integral curve becomes
Tk (t7 x ) €th 2

(Tim + t(Iny @ 1) A(Ly, @ 17)+

2

Gin © WA 1)+ ) (o 0 1)
1

= E(Im ® 1;)e (I,  17) (29 @ 1)
(I X 1k)6 )

=M To ® 1g.

Case 2: Assume dim(z%) = s, mV s = p = km = rs. Then the integral
curve of X with initial value z° is defined on a filter of its tangent
bundle

Too) [ \R?P, j=1,2,--.
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On leaf Tso (RP, the initial value 20 = 29 ® 1,, where 29 € 2 is its
smallest element. The vector field is Agz, where Ay is determined by
(117). Hence, the integral curve is

1
2t ) = e¥15) =+ (I @ Lp)e (I @ J) (2 © 1),

On leaf Ts (\R?P, the integral curve with initial value z% =N®1;

is
1
er(t7 z]r) = et 97“ = E(Im ® 1k)eAt(Im ® Jlrgr)(z(l) ® 1j7")'

Summarizing the above argument, we have the following result.

Proposition 104. Let X € V>°(Q) be a linear vector field, and dim(X) =
m. X := X|gm = Az. Assume 7° € 0, dim(z") = s.

(i) If s = m, then the integral curve of X|gm is

‘I)X(ffl) Xtﬂf(f-

Hence, the integral curve of X|g- becomes
;7 (2) = [eXaf] @1,

Finally the integral curve of X with initial value 7% is @)X (29) C Q.
(ii) If s = km, then the integral curve of X|grm is
7 (29) = e¥+taf,
where, X}, is determined by (116). Hence the integral curve of X with
initial value 7° is ;" (29) C Q. B
(iii) If mV s = p = km = rs, then the integral curve of X|gr is

;1 (27) = X (2} © L),
Hence, the integral curve of X with initial value Z° is ;" (29 ® I,) C
Q.
e Linear control systems

First, we consider the relationship among equivalent matrices, equivalent
vectors, and linear vector fields.
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Definition 105. Let A, B € M.

(i) The matrices A and B are said to be type 1 left equivalent, denoted
by A ~ B, if there exist I, and Ig, such that A® I, = B® Ig. The
equivalence class of A is denoted by (A),.

(iii) The matrices A and B are said to be type 2 left equivalent, denoted by
A = B, if there exist Jo and Jg, such that A® J, = B ® Jg, where
Ji = 31,54, i=1,---. The equivalence class of A is denoted by ({A)),.

More general notions on matrix equivalence can be found in [8]. With
these concepts we can define the linear vector fields over 2.

Proposition 106. Let X € V°(Q) be a linear vector field and dim(X) = m.
X := X|gn = Az. Assume 2° € Q, dim(z°) = 5. mV s = p = km = rs.
Then X is defined only on the filter of its tangent bundle

29 =To (\R?P, j=1,2-.

Moreover, on the leaf containing x° it is X (20) = Akag, where Ay is de-
termined by (116). On the leaf containing x?r it is X (20) = Ajkxgr, Jj=
1,2,---, where the two sets of consistent matrices are

(118) Ajp = A @ I ~ Ay,

(119) Ajp, = A ® Jj = Ay,
respectively. The available variables are

(120) 20 =20 ®1; 2.

gr =

Proof. In fact, what do we need to show is that the tangent vectors on the
bundle leaves are consistent. That is,

(121) X(:::?T) =X ®1;, j=1,2,---.

It is obvious that (118) together with (120), or (119) together with (120)
can ensure (121) to be true. O

Next, we consider the linear control system on 2. Recall a classical linear
system [18]

m
T =Ax + Z biu;,
i=1

y=Cz, x€R" yecRP

(122)
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One sees that a classical linear control system consists of three ingredients:
linear vector field Az, a set of constant vector fields B = {b1,- - , by}, and
linear function C'z. To extend a classical linear control system to €, it is
enough to create these three kind of objects to 2. The key of this extension
is to make them consistent at each = € ().

(i) Linear Vector Field: Assume the smallest generator of linear vector
field X is X = Azx € V°(R™). dim(z") = s, mV s = p = um = rs.
Then according to the argument in previous subsection, we know

(123) X (T = {X(xjr) |j=1,2,---}.
Moreover,
(124) X('xﬂ“) = Aj,u':vjra ] = 1727 Ty

where, A;, is defined by (117) with k£ = jpu.

(ii) Constant Vector Field: Assume the smallest generator of the constant
vector field X is X = b € V°(R™), where dim(z°) = s, mV s =p =
um = rs, that is, (123) holds, and

X(xjr) = H;ZmX(H{#mxjr) =17,.b=b® 1,

iii) Linear Function: Let h € C®°(Q). dim(z°) = m, h is expressed at z?
1

as hx = cpr, where ct € R™. Let 2 € Q,dim(2) =s, mVs=p=
rs = um. Then h is expressed at z; as

- 1
h(z1) = h(IL},z1) = ;cm (Im ® 13) (Is ®1,) 21

Hence h can be expressed on leaf R® as

h|RS = Cs%,

where ¢, = %cm (Im ® IE) (Is ®1,).
Particularly, when s = km, we have ¢y, = %cm (Im ® 15)

Definition 107. Assume f(z) is a linear vector field, B = [by, - , by is

a set of constant vector fields, C' = [¢1, - ,Ep]T s a set of linear functions,
then
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18 a linear control system over €.

Example 108. Consider a linear control system ¥ over Q, which has its
dynamic equation as (114), where the smallest generator of f is f(x) =
2[x1 + 29, 12]T € V(R?), m = 2, the smallest generators of g1 and gz are
g1 = [1,0,0,1]T € V°(R?Y), go = [0,1,0,0]T € V°(R?) respectively. p = 1,
h’RQ =X — I1.

Then, g = 4.

Z1t 22+ 23+ 24
Z1+ 29+ 23+ 24
23+ 24
23+ 24

Fles = T3 f (H3]21, 22, 23, 24] 7)) = = Az,

where,

S O =
OO = =
e
— e

hles = h(H%Z) =h(z1+ 22,23+ 24) = 21 + 20 — 23 — 24 := Cz,

where C' = [1,1,—1, —1]. ) B
Then the smallest generator of system X, denoted by ¥ := X|ga, is

2= Az+ Bu,
y=Cxz.

It is easy to calculate that the controllability matriz of X is

10216 2 16 4
c— 01216 2 16 4
1001020 4 0
101020 4 0

Since rank(C) = 4, ¥ is completely controllable. By definition, ¥ is com-
pletely controllable.
The observability matrix of ¥ is

11 -1 -1
22 0 0
O=14 4 4 4
8 8 16 16
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Since rank(Q) = 2 < 4, X is not completely observable, and so is 3.
7.3. Dimension-varying dynamic (control) systems

Consider a continuous time dynamic system
(125) t=F(x), zeX,

where F' is considered as a vector field on a manifold X. Then the solution
(integral curve) is expressed as z(t,zo) = ®! (z0). It is well known that if
(125) is a dynamic system, then x(t, xg) must be continuous with respect to
t [22]. Hence a continuous time dimension-varying dynamic system can not
be defined on ESDD R*. It can only be defined on DFES Q (or in general,
DFM).

Definition 109. Consider a dynamic system

(126) r=F(z), 7€

(127) &= F(x), zeR"CR™,

is called a realization (or a lifting) of (126), if for each T there exists x € T,
such that the corresponding vector field F(x) € F(z). Meanwhile, system
(126) is called the project system of (127).

The following result is an immediate consequence of the definition.

Proposition 110. Z(t) = z(t,Z) is the solution of (126), if and only if,
x(t) = x(t, zo) is the solution of (127), where x(t) € Z(t), t € [0, 00).

It is obvious that the lifting system of (126) is not unique. Assume at
t € [0,T) the system (126) is lifted to R™ and at ¢t € [T,00) the system is
lifted to R™ (m # n), then the overall lifting system becomes a dimension-
varying system.

Definition 111. System (127) is called a dimension-varying system, if there
are at least two points x1, xa such that F(x1) € V(R%), F(xy) € V(R%)
and d1 75 dg.

Remark 112. The Definitions 109 and 111 can easily be extended to cor-
responding control systems in a natural way. The Proposition 110 has also
its corresponding version for control systems.
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In the following we consider how to construct dimension-varying control
systems. We consider two cases.

e Case 1: switching dimension-varying control systems

Assume the original control system is
(128) &= F(x,u), ze€R™ ueckRP
The target system is
(129) z2=G(z,v), zeR" veRL

Our purpose is to switch system (128) to system (129) at time ¢t = 7.
To get a continuous trajectory over €1, the following condition is necessary:

(130) #(T) = %(T) € Q.

Proposition 113. Assume (130) is satisfied, and assume system (128) is
controllable. Then the dynamic switching from system (128) to system (129)
at time t =T s realizable.

Proof. We construct the following system over €Q:

: F(&u), t<T,
) e~ {aen i

Since system (128) is controllable, there exists u(t), t < T, such that (131)
is controllable to £(T) = z(T) = z(T), where dim(£) =p A q.

Then the minimum realization of (131) becomes the required dimension-
varying system. ]

Example 114. Consider two systems

0 0 1
DI 2= Az+ Bv, z€R3.

R at:[o 1}x+[0}, x € R?, x(0) = (0,0)7,

Design a control such that X1 is switched to Yo at T = 1.
Since X1 is completely controllable, and 2 N3 =1, so we have to design
a control which can drive the system from z(0) to z(T) with dim(z(T)) =
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1. We may choose x(T) = (1,1)T. Then it is easy to calculate that the
controllability Gramian matriz is

t T 123 —3¢2
Welt) = / e ATBBTe AT dr = { 2 3t }
0

—3t2 ¢
Then the control is
u(t) = =BT e M W H(T) (2(0) — e a(T)) = —6t.

Using this control, the system can be switched from 31 to Yo at T = 1.
e Case 2: continuous dimension-varying control systems

In this case we require the designed dimansion-varying system has con-
tinuous F'(Z,u). For instance, in a docking/undocking process, we want the
dimension-transient process to be as smooth as possible.

First, let us see what a dimension-varying system with “continuous”
vector field means.

Let 99 and v2 be two vector fields on €. Our purpose is to design a new
vector field which continuously transfer from vy to v3. Define

v, t€ [to,0,t1),
V:i=< U = (1 — )\)770 + Aoy, té€ (tl,t2>,
U2, € (tQ,OO),

where \ = %
Assume the minimum realization of ¥y is vg € V" (RP), the minimum
realization of vy is vy € V"(R?). Then the minimum realization of vy is

v1 € V"(RPVY). Then the integral curve of v can be lifted as shown in Fig 3.
e Docking:

Assume there are two original control systems as

(132) Y1: z=F(z,u), ze€R"™ ueRP

(133) Yo: 2=G(zv), ze€R" ueRL

They will be docked into the target system 2 as

(134) §=H(Ew), (R’ weR
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v __r—] RPVY,
vy _ == | Vo

T

| V2

Figure 3: Lift and projection of integral curves.

It is required that the docking happens during a transient period [Tp, 71],
and the process is smooth.

Definition 115. System (132) and system (133) are said to be docked into
(134) smoothly during the transient period [Ty, Th]. If the following require-
ments are satisfied.

(i) There exists a smooth monotonically non-decreasing function A(t), t €

[To, T1], such that
0, t=1
)\(t) _ Y 0
1, t=T.

(ii) There exists a control deformation function w = ¢(u,v), and using it
a control system over §, called a transient system, is constructed as

E=(1-A1)) [ggg;] +AOH(Ew) +¥(T,2,&u,v), te[Ty,Th]

(i1i) The transient system is controllable to
i’(Tl) =
v = &(Ty),
[Z(Tl)} §(11)

with Aim(&(T1)) =p A g A s.
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Remark 116. In (135) V(z,%,&,u,v) is a (fictitious) virtual force, caused
by the interaction of docking objects, satisfying

W(‘i.7 27 57 u7 1}) = ) Zf [2} gg = O'
In control of Clutch System the virtual force is chosen as [23, 24]

Te = FeRy(wi,wp).

Particularly, it was chosen as [9]: . = sign(w; — wo)F.
e Undocking:

Assume there is an original system ¥; as:
(136) {=H(w), (€R, weR"
It will be undocked into two systems as

(137) Yo: @&=F(z,u), ze€R™ ueckP

(138) Y3: 2=G(zv), ze€R" ueR%.
It is required that the docking happens during a transient period [Tp,T1],
and the process is smooth.

Definition 117. System (136) is said to be un-docked into (137) and (138)
smoothly during the transient period [Ty, T1]. If the follow requirements are
satisfied.

(i) There ezists a smooth monotonically non-decreasing function A(t), t €

[To, T1], such that
0, t="Tp,
Mt) = '
1, t=T.
(ii) There exist two control deformation functions u = @(w), v = p(w),

and using them a control system over 2, called a transient system, is
constructed as

£ = (1-A)HEw)
(139)
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The transient system is controllable to state £(Ty) = [SZE(TI)

dim(§(T1)) =p AgAs.

Remark 118. In (139) F(Z,z,£,w) is a virtual force, caused by the inter-
action of docking objects, satisfying

U(z,2,Ew) =0, if Eﬁ] FE=0.

8. Concluding remarks

The main purpose of this paper is to construct a new geometric object called
the DFES (or DFM), which provides a framework (i.e., the state space) for
DVDS. We briefly summarize the results.

The DFES is constructed as follows:

Step 1: Define an inner product for two vectors of different dimensions.
It turns the ESDD V = R* = [ J>° | R™ into a distance space.

Step 2: Two vectors x,y € R are said to be equivalent, denoted by
x <> y, if their distance is zero. The quotient space Q2 = R>*/ < is
called the DFES. In fact, dy(z,y) = 0, if and only if, there exist 1, and
15 such that r®1, = y®1g4. It is clear that two vectors are equivalent
if they contain the same information. In other words, vector form is a
way for a set of data to express itself. It may be expressed as vectors
of different dimensions, but from information point of view, they are
equivalent.

Step 3: By posing scalar multiplication and addition €2 becomes a topo-
logical real vector space. Let Pr : R® — () be the natural projection.
Then (R*°, Pr, ) becomes a fiber bundle.

Step 4. Using the fiber bundle structure of (R*°, Pr,Q), each z € Q
has a coordinate neighborhood, which is a set of coordinate charts of
various dimensions. It is called a bundle of coordinate charts. Hence
Q is called a DFES.

Step 5. Using the bundles of coordinate charts, a differentiable struc-
ture can be posed on €2, making it a DFM. Then the continuous func-
tions, (co)-vector fields, (co)-distributions, and tensor fields can be
built for €. Eventually, the dimension-free Riemannian manifolds and
dimension-free symplectic manifolds can be properly constructed.

Note that the gluing topology on the DFES = R*°/ «+» makes it a path-
wise connected topological space. Therefore, intuitively, the trajectories of
dynamic systems over {2 can continuously move “across” Euclidian spaces of
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different dimensions. This is the main idea for using DFM to design DVDS
and DVCS. Lifting the trajectory of a dynamic system over €2 to a leaf
(a Euclidian space of fixed dimension) is called a realization. As a dynamic
system over (2 is lifted onto leafs of different dimensions, a dimension-varying
realization is obtained. Conversely, we can also project the trajectory of a
dynamic system on a Euclidian space of fixed dimension onto 2.

The design of dimension-varying dynamic (control) systems can be de-
scribed as follows:

e Step 1: Project a dimension-varying dynamic system, which has bro-
ken vector fields over Euclidian spaces of different dimensions, onto
Q to form a dynamic system over €2, which consists of several (finite
number) of vector fields.

e Step 2: Lifting the dynamic system on {2 to a Euclidian space of proper
dimension, where all the vector fields involved by the dynamic system
on {2 can be properly lifted into this Euclidian space.

e Step 3: All the analysis and control design can be done in conventional
way for this lifting system on its Euclidian space.

e Step 4: Project the resulting manipulated system back to €2 and then
lifting it into several original Euclidean spaces, where the original
dimension-varying system lies on.

It is noteworthy that our construction may have a physical interpretation
from the viewpoint of multi-agent system synchronization: if there are m
independent agents moving on an n-dimensional manifold and obtaining
complete synchronization, then the dimension of the system can be reduced
from mn to n, which gives the equivalence defined by (7) in this paper when
the state space is Euclidean.

Finally, we would like to present a conjecture: The DFM might provide
a framework (i.e., the state space) for string theory in physics. The idea is
sketched as follows:

Consider a subspace of DFM as Q3 := {7z € Q| dim(z) < 3}. We choose
3 because it is the dimension of real physical world.

Now (R*°, Pr,Qs) is a sub-bundle of the fiber-bundle (R*°,Pr, Q). If
we consider all possible realization of dynamic systems over {23, then the
minimum total subspace which allow all possible realizations is R[*6l. Hence,
if we desire a space which is of minimum dimension and contains all moves
(or dynamic systems), then it is B := (RI*% — Qj3). Since this manifold is of
dimension 9, plus a dimension for ¢, a manifold of dimension 10 is reasonable
for describing state-motion-time. This might be the string space.

Some further arguments are the following:
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It is well known in classical differential geometry that an n-dimension
manifold M has an n-dimensional tangent space at each point. Hence,
if taking both M and T'(M) into consideration, an n-dimensional man-
ifold with its tangent bundle is a 2n dimensional manifold, which is a
well known fact. So consider the bundle B as a 9-dimensional manifold
is reasonable.

It seems that there is no static particle in the world. That is, particles
are always joined with their moves. Moves can be described by vector
fields. So to describe a particle, a position plus a vector field on its
tangent space may be reasonable to describe it, as the particle is small
and its movement is very fast. Using string to describe a particle might
essentially be a description for both the position and the trajectory of
a particle.

Now taking the position and moving trajectory into consideration.
We may consider the extra 6 dimensions being used to describe open
string (or open movement of a particle). In addition, we need SU(3)
to describe the gauge group and SU(1) for rotation. Then we have
B+ SU(3) + SU(1) + time, which is of dimension 26. This manifold
might be proper for Bosonic super-sting model.

In brief, DFM could provide a framework for systems with arbitrary
dimensions. DFM with a Reimannian structure becomes a DFRM. The in-
vestigation of DFRM in this paper is very elementary. A continuous study is
necessary. It is promising that DFRM might overcome the crisis of classical
Riemannian geometry [29].
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