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Periodic solution for a free boundary problem
modeling small plaques

YAODAN HuaNG* AND BEI Hu

Plaque formation within arteries is one of the leading causes of
death in USA and worldwide. Mathematical models describing the
growth of plaque in the arteries (e.g., [1, 2, 3, 5, 6]) were introduced.
All of these models include the interaction of the “bad” choles-
terols, low density lipoprotein (LDL), and the “good” cholesterols,
high density lipoprotein (HDL), in triggering whether plaque will
grow or shrink.

Because the blood vessels tend to be circular, 2D cross section
model is a good approximation, and the 2D models are studied in
[2, 7, 8, 9]. A bifurcation into a 3D plaque was recently studied
in [4]. All of these models assume a constant supply of LDL and
HDL from the blood vessel.

In reality, nutrient concentration changes with the intake of
food, which happens very often in a periodic manner. In this pa-
per, we shall establish a periodic solution when the LDL and HDL
supplies from the blood vessel are periodic.

AMS 2000 SUBJECT CLASSIFICATIONS: Primary 35R35, 35B10, 92B05;
secondary 35Q92.

KEYWORDS AND PHRASES: Free boundary problem, periodic solution,
atherosclerosis.

1. Introduction

Atherosclerosis is caused by the build-up of arterial plaque which eventu-
ally causes potential heart problems including a heart attack or a stroke.
Mathematical models describing the growth of plaque in the arteries (e.g.,
[1, 2, 3, 5, 6]) were introduced. All of these models include the interaction
of the “bad” cholesterols, low density lipoprotein (LDL), and the “good”
cholesterols, high density lipoprotein (HDL), in triggering whether plaque
will grow or shrink.

*Huang’s research is supported in part by Guangdong Provincial Natural Science
Foundation Grant No. 2021A1515111004.
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Friedman et al. [2] considered a simplified model involving LDL and
HDL cholesterol, macrophages and foam cells. As the blood vessel is a long
and thin tube, it is a good approximation to assume that the artery is a
radially symmetric infinite cylinder. They further simplified the problem
by considering the cross section only, which reduces the problem to a 2D
problem. And rigorous mathematical analysis was carried out. Since it is
not reasonable to assume that plaques have a strictly radially symmetric
shape, systematic symmetry-breaking bifurcation [8, 9, 7, 4] was carried out
utilizing the Crandall-Rabinowitz theorem.

All of these models, however, assume a constant supply of LDL and
HDL from the blood vessel. In reality, nutrient concentration changes with
the intake of food, which happens very often in a periodic manner. Thus we
shall assume that the LDL and HDL concentrations within the blood vessel
are of the form

(1.1) Lo(t) = Ly (1 + 7Ly (1)), Ho(t) = H (1 4+ T7Hq(t)),

where Li(t) and H;(t) are given periodic C%(R) functions with period T
with

T T
(1.2) /0 Ly(t)dt = /0 Hy(t)dt =0,
and

(1.3) [ L1llc2po,m) < 1, [ H1llc20) < 1.

Since the LDL and HDL concentrations in the blood vary around their
prevalent values.

We shall study the solution in a small ring of thickness order O(e), € > 0
and take

(1.4) 7 > 0 to be small.

That is, the food intake would not drastically change the prevailing concen-
tration values L., H,.

A periodic solution is a characterization of the normal fluctuation in
reality. This is a solution that will never grow out of control and represent
a special stable state. When Lg(t) and Hy(t) are constants, a small radially
symmetric stationary plaque was established in [2] and bifurcations of var-
ious shape from this small plaque were found [8, 9, 4, 7]. In this paper, we
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are concerned only with the radially symmetric solution and establish the
existence of such a periodic solution of a small plaque.

We refer to [2, 8, 9] for the detailed derivation of the model. Here the
variables L, H, F represent respectively the low density cholesterol, high
density cholesterol, foam cells, and p represents the pressure build-up during
the cell growing or shrinking process. Given that the blood vessel is a long
tube, we assume a 2D cross section radially symmetric domain, with spatial
variables in polar coordinate system. Taking into account the periodic nature
of the low density cholesterol and high density cholesterol within the blood
flow, we find that they satisfy the following equations in the plaque region
{Q(t),t >0}, Qt) = {R(t) < r < 1}, with a moving boundary I'(t) = {r =
R(t)} where 0 < R(t) < 1, and the fixed boundary {r = 1} representing the
blood vessel wall,

oL . (My-F)L
OH HF
1.6) ZL _AH=- —
(1.6) B AH k2K2+F poH,
OF (My— F)L _F(My—F)L
— —DAF —-VF - -Vp=k - A
wn O P=m T L Mo(y + H)
’ e HE ) (Mo —F) F
2K2+F P3 P4 M(] )
| [ (My—F)L
1.8 Ap= — | \— L — My —F) — ps F
(1.8) p Mo[ T H p3 (Mo — F) — p4 }

where A = 9, + %(‘%—i— %899. The boundary conditions and the free boundary
condition are given by

oL O0H OF
(1.9) o o {r=1},
(1.10) % =0 {r=1},
oL
(1.11) S BL—Lo() =0 on T(t),
(1.12) g—g VB (H - Ho(t) =0  on T(t),
(1.13) g—; 4 BoF =0 on T(t),
(1.14) pP=K on I'(t),
(115) Vn = @ on F(t)a

Con
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where, as indicated in the introduction, Lo(t) and Hy(t) are assumed to
be periodic functions rather than constants. Here, x is the curvature in the
outward unit normal 7 (i.e., pointing towards the blood region) for I'(¢), and
in the case of a radially symmetric case r = R(t), k = —%. All parameters
Mo, A\, v, Ki, ki, i (1 =1,2) and p; (j = 1,2,3,4) are positive.

In the simple case where the solutions are assumed to be independent

of 6 variable, then we solve from (1.8) that

1 _
(1.16) pp(r,t) = r]bo / [% — p3Mo + (p3 — pa) F'| (&, ) - §d€.

Since the curvature of a disk is a constant, the boundary condition (1.14) is
no longer needed. Writing the domain as {R(t) < r < 1}, we find that the
term VF - Vp in (1.7) becomes F, - p,, and (1.7), (1.8), (1.15) reduce to

O par
F. [Y1(My—F)L
_TMO/T[ T —P3M0+(P3—P4)F](§,t)'§df
(1.17) L (Mo-F)L _ HF  F(My-F)L
VKT L Ko+ F Mo(y + H)
(My— F)F
+(P3—P4)T07

1d. _, ~1 (' ((My—F)L
1.1 - — = — - M, _ F .
(118) 5 [F(0) MO/R@[ 0L+ (s = )

Therefore the equation for p is eliminated and the radially symmetric system
then formulates as

equations (1.5), (1.6), (1.17),
Problem (P): { boundary conditions (1.9), (1.11)—(1.13),
free boundary condition (1.18).

Our main result on the periodic small plaque is

Theorem 1.1. Let the assumptions (1.1)—(1.3) hold. For every small e > 0
and fized H, > 0, there exists a L, = Ly (e, Hy) such that Problem (P) admits
a periodic solution with period T and R(0) = 1—2¢ and 1—3c < R(t) <1—¢
for all 0 <t <T. In particular,

(1.19) L. =ps(v+ H,) +O(e+ 7).
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Remark 1.1. Since a periodic solution returns to its original state after
one period, the high density cholesterol and the low density cholesterol need
to be balanced to produce such a result. Hence the requirement between L,
and H, is reasonable.

One of the challenges for establishing this theorem is the complexity of
the system. Even for the case of constant nutrient supply, the system does
not allow an explicit stationary solution. So we shall explore a variety of
expansion formulas with respect to €. Notice that the plaque region disap-
pears when e approaches 0, so it is crucial to derive various estimates that
are independent of € as € — 0, and that is the theme throughout this paper.

The remainder of this paper is devoted to proving this theorem.

For convenience, we make a change of variables

(1.20) L=L-Ly(t), H=H-Hy(t), F=F
Then Problem (P) is equivalent to the following system:

. - My — F)L
= _AL=—pL—k (Mo — F)
Ky + L+ Lo(t)

(1.21) !
1Lo(t) — Lo(t),

C (Mo —AF)Lo(t) _
Ky + L+ Lo(t)

oH ~ F ~ Hy(t)F /
1.22) — — AH =—k ~ — —k — — poHy(t) — H,
(122) — e 2% 2Ho(t) — Hy(t),
oF -
— — DAF
ot
7 / [(MO—F) Crlo®) ] e
1 M, J, 7+ﬁ+H0(t) p3o + (p3 — P4
(Mo — F)(L+ Lo(t) oy (H + Ho(t))F
Ky + L+ Ly(t) Ko+ F
F(My — F)(L + Lo(t My — F)F
PR =P ELow) | (M= F)F
Mo(y + H + Hy(t)) Mo
with boundary conditions
L 0H OF
(1.24) oL _oH _ 0 =0 on {r =1},

o  or o
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B Y AN - )
(1.25) 3(;% ) or on {r = R(t)},
- W 4+ GoF =0
and
(1.26) o
%% [R*(1)] = ]T/[_z /Rl(t) {(Milﬁ;(f;jg(t)) — p3Mo + (p3 — p4)ﬁ] rdr.

2. Preliminaries

In this paper, we shall use the function

1—702+11
= —logr
4 %%

(2.1) §(r)

a lot when we apply the maximum principle. This function is introduced in
[2] and satisfies

1—r?
(22) —Af = 17 gr(r) = o ’
and  £(r) <0, &(r)=0(?) when 1 —¢ <7< 1.
Take
Cle(2-¢) e(2-¢) 1 € 9
0(6’5)_52(1—5)_ 1 —Elog(l—s):B—FO(e ).
Then it is easy to verify that
0
(2.3) = W +8(¢+e(89)| =0

The following continuity lemma is handy when deriving estimates for
nonlinear system.
Lemma 2.1 (See [8, Lemma 5.1]). Let {Qgi)}iﬂil be a finite collection of
real vectors, and define the norm of the vector by |Qslmax = max ]Q((;)].

1<i<M
Suppose that 0 < C1 < Cy, and

(i) ’QO’max < Cl;
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(ii) For any 0 < 6 < 1, if |Qs|max < Co, then |Qs|max < Ci;
(iii) Qs is continuous in §.

Then |C§5\max < Cq forall0<d < 1.
3. Approximation

We start with several lemmas. In order to obtain a periodic solution, we
consider the following auxiliary problem

equations (1.21), (1.22), (1.23),
Problem (P*): { boundary conditions (1.24), (1.25),
free boundary condition (3.1),

where
(3.1)
1d —1 (Y (Mg — F)(L+ Lo(t)) .
- R2(t) :n+—/ o~ — p3sMo+(ps — pa) F | rdr.
2 ) MORw[ v+ H + Ho(t)
and the constant 7 satisfies
(3.2)
Ty =1 U (Mo F)(L+ L) _
TH-—/ = —psMo + (p3 — pa) F|rdr pdt =0,
/0 { My R(t)[ v+ H + Hy(t) ( ) ] }

where the period T' is given in (1.3). The introduction of 7 forces the free
boundary to be periodic, and later on we shall that 5 can be chosen as 0 to
recover the original problem.

As a balance between LDL and HDL is required to produce a periodic
solution, we assume

(3.3) L. =ps(yv+ Hy) + m(e + 1), —1l<m(e+71) <1,

with m a constant to be determined and, as indicated in the introduction,
e > 0,7 >0, g, 7 are small. The second assumption in (3.3) is crucial, as
the various estimates we derive in the following are all independent of m,
allowing us to freely choose m to allow 7 to be 0.

In what follows we shall establish

(3.4) n=O(er + £2).
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We shall carefully show that all our estimates, including (3.4), are indepen-
dent of m.

We first consider the initial value problem, with the initial condition
satisfying the compatibility conditions:

oL 8H aﬁ
oL

—Z2(1—2¢,0) + B1L(1 — 2¢,0) = 0,

or

(3.5) o
o (1—2¢,0)4 B1H(1—2¢,0) =0,

B)
oF -
———(1—2¢,0) + B2 F(1 —2¢,0) =0,

or

with the bounds on the initial data

(3.6) IL(r,0)| < Cie, |H(r,0)| <Cte, 0< F(r,0) < Cie,

and its first order derivatives
oL . |0H . |OF .
B |50 <l [Srmo| <ot [5E00)| < ce

where the constants Cj and C} are independent of € and 7. We also assume

(3.8) 0)‘ < ¢(r),

oL OH 0
a, 70 ’ < ) ‘— 70 ‘ < 9 ‘_
S0 <o), TG0 <o), |F0r
with a function ¢ defined explicitly later in (3.31). These conditions can be
rewritten in terms of the derivatives of the initial data through the use of
the equations, but it is clearer to leave the expressions as above.

We take € to be small so that

Cie <1, Cie<l1.
We let
s ={(L,H,F) € (C*[1 — 2¢,1])* (L, H, F) satisfies (3.5)~(3.8)} .

Lemma 3.1. Assume that the period T is given in (1.3). Given initial condi-
tions (L(-,0), H(-,0), F(-,0)) € .# and the initial position of the free bound-
ary R(0) =1 — 2. For small €, the Problem (P*) admits a unique solution
foro<t<T.
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Proof. This is accomplished by contraction mapping principle. Let
% = {R e CL0,T); R(0) = R(T) = 1 — 2¢, |R'()] < %}

It is clear that any R € % must satisfy

(3.9) 1-3<R(t)<1-—c¢.

Step 1. Given R € Z, the system (1.21)—(1.23) with boundary condi-
tions (1.24), (1.25) and initial conditions (3.5)—(3.8) admit a unique solution.
We use a contraction mapping principle in this step.

Take

610) A { @) H S0 IS Cie 0< T < Gye,
. — ) ) ) arz S C**57 arﬁ S C**6’ 67»? S C**E:
1 b :

where Cj* and C}* are to be determined, with Ci*e < 1, C}*e < 1. For
each (L, H,F) € A, we solve the following linear equations:

~

8—L—Aiz—k‘1 (MO__F)L _plE
(3.11) ot Ky + L+ Lo(t)
' (Mo — F)Lo(t) /
—k — puLo(t) — LL (1),
e T~ e~ L)
oH . HF . Ho(t)F /
312) L _AH =k _ o H—k = o Hy(t) — HI (1),
(3.12) 5 2K+ T p2 Y+ T paHo(t) o(t)
F.o L r(My—TF) (L + Lo(t
OF .o I [ [0 =F) (L + Lot)
ot TM() v+ H 4+ Ho(t)
— p3Mo + (p3 — pa) ] §d§
Mo — F)Y(L + Lo(t H+ Ho(t))F
(3.13) =k1( 0 — F)(L + Lo ))—kg( + Ho(t))
Ky + L+ Ly(t) Ky+ F
F (My—F) (L + Lo(t
PO =T L)
My(v+ H + Ho(t)) Mo
P4 =\ B
L O0H OF
(3.14) 8_:8_:8_20 on {r=1, t>0},

or or or
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oL ~ OH .
——— +5L=0, ———+/H=0,
(3.15) or_, or on {r=R(t)},
OF -
— o+ BF =0,
or

and the compatibility conditions:

oL oH OF

5, (1,0) = 5=(1,0) = =—(1,0) = 0,
T ~

_‘3—(1 —96,0)+ BL(1 — 2¢,0) = 0,

(3.16) aé“

—(1-20,0) + BLH(1—2¢,0) =0,
F R

_‘Z—ra —92,0)+ BoF(1— 26,0) = 0,

and under our assumptions (3.6)—(3.7) that L(r,0), H(r,0) and F(r,0) sat-
isfy

(3.17) IL(r,0)| < Cie, |H(r,0)| < Cte, 0<F(r,0) < Cpe,
(3.18) 1L, (r,0)| < Cte, |Hq(r,0)| < Cfe, |Fn(r,0)| < Cie.

Define a map . : (L, H,F) — (E, .FAI, ﬁ) We shall prove that .Z maps
A into itself and .Z is a contraction, which indicates that the unique fixed
point of .Z is the unique classical solution of the system (3.11)—(3.17).
Combining (1.3) with (3.10), we immediately obtain

O _pog WB-PE g
ot K1+ L+ Lo(t)

_ ’lﬁ (Mo — F)Lo(t)
Ky + L+ Lo(t)

+p1L

+ mLo(t) + Lo(®)| < T,

where C is independent of ¢, 7, C3* and C7*. Here and hereafter we shall use
the notation C to denote various different positive constants independent of
e, 7, C¢* and C7*. Tt follows that C(£(r) + ¢(B1,¢)) + Cge is a supersolution
for :I:Z, then, recall (2.2),

(319) |L] < C(&(r) + c(Br,e)) + Cge < Ce(Br, ) + Cie < 25—?6 + Coe,
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where £(r) is defined in (2.1). Similarly, we also obtain
~ 20
(3.20) | < ﬁ_cg +Cre.
1

The fact (L, H, F) € A implies that L+ Lo(t) > 0 and H + Hy(t) > 0 for
small € and 7. By the maximum principle, we clearly have, for R(t) < r < 1
and t > 0,

(3.21) 0<F < M.

By (3.10) and (3.21), the right-hand side of equation (3.13) is bounded, i.e.,

OF 5 B /1[(M0—F) EELo®) _ ) o+ (o — po) F|-cag

v+ H + Ho(t)

The extra term involving F} gets a coefficient of order O(e) and alters only
in an insignificant manner the computation of the supersolution. One can
show that C(&(r) + ¢(B2,€)) + Cge is a supersolution for F, so that

- _ 2C
|| < C(§(r) + (B2, €)) + Cye < Ce(Ba,€) + Che < 5Tt Coe.
2
Thus we can take

ok _ 1 )
(3.22) O3t = € + 20 max ( T
We next proceed to find C7*. Differentiating the equations in r and
applying maximum principle, we find that the system for r-derivatives is
similar to that for the original functions, with the right-hand sides bounded
by Cy. Furthermore, on r =1, L, = H. = F, = 0. On r = R(t), we use the
boundary conditions (3.15) to derive

1~ ok 1 =~ ok 1 A Hok
EUJT' <Cy'e, E\Hr| <Cy'e, E\FH <Cye.

Thus a similar argument as above gives us

2C; 20

(3.23) C* =Cy +max( B 6 ,

B1Cy, 6205 )
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Above all, we have shown that (E,f] ,ﬁ ) € A, which implies that &
maps A into itself. We shall next prove that £ is a contraction.
Suppose that (Lj, Hj, F}) = £ (Lj, Hj, F;) for j = 1,2, and set

o =||Ly — Ly||p= + [[H1 — Ha||p= + [|[F1 — Fa||z~,
% = ||L1 — La||p= + [[H1 — Ha| L~ + || F1 — F2|| L.

Recalling (3.11)(3.12), we get, for some constant C" independent of ¢,

‘w _A(El —Ez)‘ <C'(d +B),
\w — A(H —ﬁh)) <o + B).

We now establish the inequality that ﬁl — ﬁg satisfies. By a simple compu-
tation, we have
O(Fy — Fy)
ot

g(L1,Hy, Fy)

— DA(Fy — Fy) — B

B, (F, — 2)( <T'( + B),
where

. R
g(Ly, Hy, F) :/r [(MOV +F%)1(+L1HJ;(5)0(75)) — p3Mo + (p3 — p4)F1] - €dg.

By (3.10), we have |g(L1, Hy, F1)| < Ce. Recall that 9,F; (i = 1,2) are

Z1 7H1 7F1 o -
bounded by C}*e. Therefore the presence of the term %8 (F1 — Fy)

only presents a minor addition and does not alter the computation of our
supersolutlon Slnce we have zero initial conditions for L1 —Lg, H 1 —H 2, F 1 —
Fy, the function C" (o + ) (£(r) +¢(Bi, €)) clearly serves as a supersolution
and therefore by the maximum principle,

L1 — Lo| < T (o + B)(Er) + c(Br, ),
|Hy — Ha| < T (o + B)(E(r) + (B, €)),
|F1 — | <T'(o + B)(E(r) + (B2, 0)),

which implies

’El — Eg‘ < 6**<527 +<@)€,
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|H, — Hy| < C (o + B)e,
P, — | <C™ (o + B)e,

where both C* and C"" are independent of ¢ and 7. The above inequalities
imply that

B <C" (A + B)e.
By taking e sufficiently small, we have

—kx

C
7_**<1,
1-C ¢

so that .Z is a contraction mapping. The contraction mapping principle
then gives us a unique solution in A of (1.21)-(1.25) for each fixed R € Z.

Step 2. We now have a solution of (1.21)—(1.25) for each fixed R € Z.
We next proceed to derive the estimates for |L¢|, |Hy| and |Fy|. We claim
that, for the function ¢(¢) in (3.8) still to be determined,

(3.24)  |Ly| < ¢(r), [Hi| < 6(r), [Fi| < (r), R(t) <7 <1, 0<t<T.

Notice that in the definition of the closed convex set %, R is assumed to
be a C' function. Differentiating the equations (1.21)~(1.23) in ¢, we obtain
the equations for Lt, Ht and Ft, respectively. Even though the equations are
more complex, they are similar in structure as the equations (1.21)—(1.23).
For example, for the equation for ﬁt, we have

o.F, — DAF,
o.F / {<MO — F)(L + Lo(t))
rMo v+ H + Hy(t)
_ ﬁj/% My—F - (M~ F)(L+Lyt)) 5
— - P — ~
r My v+ H+ Hy(t) (v+H+Hy(t))?
L+Lo(t) = My —F
— i_ 0( ) F; + AO
v+ H + Hy(t) v+ H + Hy(t)
My — F)(L + Lo(t
(v + H + Ho(t))
k1 Ky (My — F) 7 A F(My—F) 7

= t =
(K1 + L+ Lo(t))? Mo~ + H + Ho(t)

— psMo + (ps — pi) F] - edg

Ly (t)
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Foo. F(My — F)(L .
AHt+iF(M° AF)(L+Lo(t))H
Ky +F Mo (v + H + Hy(t))?
L+L ~ koKo(H + Hy(t)) ~
tLo(t) 5 keKa(H + Ho(t)) 5

— ko

—k1 = } —
Ky + L+ Lo(t) (Ko + F)?
A (Mo —2F)(L - - S
A (Mo )( +L0(t))F+P3 p4(M0—2F)Ft

My ~+H+Ho(t) Mo

ki K (Mo — F)Ly(t) " FHi(t) X F(My— F)Ly(t)

(K1 + L+ Lo(t))? Ko+ F Mo ~+ H+ Hy(t)
LA F(Mo = F)(L + Lo(#) Hy(t)

Moy (y+ H + Hy(t))?

The equations for ft and ﬁt can be computed in a similar manner (and
simpler). In summary, we have, for R(t) <r < 1,0<t<T,

(3.25)
atz/\t ALt = a1LLt + a2LHt + a3LFt + a4,
O Hy — AH, = alHLt + agr Hy + aspr Fy + aag,

atﬁt — DAﬁt + bF&nFt —/ (alFLt + (lQFHt + agth + a4p)§d£
r ~ ~ —~
+a1ply + acp Hy + aspFy + agrp,

where by = O(¢), and a;r,, a;m, ajr, Gjr (j = 1,2,3,4) are bounded with the
bounds depending only on the known quantities.

We next derive boundary conditions for the t-derivatives. Obviously,
differentiating the boundary conditions with respect to ¢, we obtain at r = 1,

(Et)r(lat) = (ﬁt)r(lvt) = (ﬁt)r(lvt) = 0.

To derive the boundary conditions at r = R(t), we differentiate the boundary
condition for L in (1.25) in ¢ and obtain

(3.26) —LyyR — Lo+ B (LR +L;) =0, r=R(t),0<t<T.
The equation (1.21) together with the estimates in (3.10) imply
(3.27) Ly — Ly| <Co, R <r<1,0<t<T,

for some constant Cyy depending only on the given data (i.e., Cp depends only
on || Lollcrjo7s 1Holler 0,71, Mos p1, 2, P35 P4, k1, ko, K1, K2, A, 7y). Combining
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the estimates (3.26) and (3.27), using also the fact that R € %, we find, for
small €,

(3.28) |—(L)r + (81— RNL <1, r=R(t), 0<t<T.

We also have

€ 1
> B — — > ~B.
B1— R > T2 2ﬁ1
Similarly,
(3.29) |—(Hy)r + (b1 — R)H,| <1, r=R(t), 0<t<T,
and
~ I _N\=
(3.30) —(F), + (- SRR <1, r=R@#),0<t<T,
where, for small ¢
1,1
— —R'> ~ps.
B2 DR > 252

aL aH 8F
8tr0‘_ ) 8tr0’_ ) at(ro)‘ pr),

where

(3.31) P(r) = %[g(r) —¢(1 — 3¢)] + max <ﬁ By 6)

Then the function ¢ is a supersolution for ift, :l:flt, :l:ﬁt. Indeed, for any
0<d<1,if

(3.32)

s { L |H| |F } <9
R(t)<r<t,0<t<sT Lp(r)” o(r)” o(r)) =7

then the right-hand side functions of (3.25) are all bounded by a constant de-
pending only on the known data. Furthermore, for the equation and bound-
ary conditions for F}, the supersolution ¢ satisfies

] S

1 1—1r2
>

Oy — DA + bpdy¢ = D—+O()\/g 25

NG

By
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Or¢ = 0, r=10<t<T,

and
00+ (B 5 R )6
—%O(e) n (52 - %R’)%O(ez) n (52 - %R’) max (% %,6)
>240(EY?, r=R@t),0<t<T.

The computations for other equations in the system are similar. By maxi-
mum principle, for small &,

(3.33)  |Le < 6(r), [Hy| < ¢(r), |Fy < o(r), R(t) <7 <1, 0<¢ < 6T,

i.e.,

L |Hi| |F]
34 <
(3:34) re s 07 60" 507 S

Note that the above estimate is true for § = 0 since it is assumed in (3.8).
The continuity lemma, Lemma 2.1, then implies our ¢ derivative estimates
for 6 = 1.

With the estimates of ¢ derivatives in hand, we immediately obtain es-
timates for the second order r-derivatives through the equations.

Step 3. We now define 7 by (3.2), and define a new R(t) by (3.1) with
R(0) =1 — 2e:

— p3Mo + (p3 — P4)ﬁ] rdr,

d {ﬁz(t)] Ll /tt)[(Mo—ﬁ)(f—kLo(t))

al 2 17" R v+ H + Hy(t)

T —1 [ [(My— F)(L+ Lo(t =
/ {n+—/ [( C] of ))—p3M0+(p3—p4)F]7“dr}dt=0-
0 Mo Jreyt v+ H + Ho(t)

We next proceed to show that the map . : R — R2 #Ris a contraction.
First we show .# maps Z into itself. From (3.1), (3.2), (1.1) and (3.3),
we find that |R'(t)] < C(er + €2), so that |R/(t)| < e/T for 0 <t < T if 7
and ¢ are small enough.
To show that it is a contraction, take Ry, Ry € Z. Let (L;, H;, F;,n;)
(1 = 1,2) be the corresponding solutions from Step 1. We need to make a
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change of variables to transform the equations into the same domain:

-~ 1—7r )
(3.35) (77 = (1 - 261_7&@),0, i=1,2.

It maps r = R;(t) (i = 1,2) into 7 = 1 — 2¢ and keeps the boundary r = 1
fixed. Notice that under our assumptions,

e<1—R;(t) < 3e.

Under this change of variables,

9 _0, RO o 0 _ 0 R®1-T9
ot ot 1-— Ryt or ot Si(t) 2 o
A L=Ri(t) 1 3 1-7
. £ — < < — < <
i(t) 2 2—5’(t)—2’ 0 2¢ =1

Ra(t) — Ry (t
Si(t) — sa(0) = 20,
15
a_19
or  Si(t)or’

LoGoy_ L0 ! )
ror\"or) ~ 2072 T 1= Si(t)(1—7) Si(t) oF

Let Ez(ﬁft\/) = Zi(rvt)) ﬁz(?afv) = ﬁi(rat) and f’z(ﬁﬂ/) = E(T?t)a =12
Then the system is transformed to

oL, 1 02Ei+[_R§(t)l—?_ 1 1 }a_il

ot S2(t) or? Si(t) 2e 1—S;(t)(1—7) S;(t)] or
:fL(zZ7ﬁi7ﬁl)7

0H; 1 O°H; [ Ri(t)1-7 1 1 ]af{r,-

ot S%(t) or? Si(t)  2e 1—-S;(t)(1—7) Si(t)] or
:fH(Eiuﬁiaﬁl)7

8@_ 1 9%F,

ot S2(t) or2

_Rjt) 1-7 1 1

g(zi,ﬁi,ﬁi)ﬂ 3_ﬁz

(p+ M, o

)
Sit) 2¢  1-Si(H)(1-7) Si(1)
= fr(Li, Hi, ),
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for 1 —2¢ <7 < 1andt >0, where

Py o (M= FL
Ky + L + Lo(t)

My — F;)Lo(t
py Mo F)Lo®) ) poy e,
Kl—{—Ll—}—Lo(t)
ﬁzf’z ~ Hoy(t ﬁz
9 — — poH; — k‘Q—O( )~ —pQHO(t) _H(,)(t)a
Ko + F; Ky + F;
(Lo Fi By = by Q0= T Lolt)) (i Ho(O)F
Kl—i-LZ'—i-L()(t) K2+Fi
\FiMo — F)(Li + Lo(t)) PP B
Mo(y + H; + Ho(t)) Mo
= S-(t)/l [(Mo—Fi)(Lz‘+L0(t))
7 v+ H; + Hy(t)

+(ps — pa) ] - (1= 8,(1)(1 — ©)) de.

- plzi -

— p3My

It is also clear that, at 7 =1,

(L)#(1,t) = (Hi)i(1,¢) = (Fi)#(1,¢) = 0,

and at ¥ =1 — 2¢,

—(Li)#(1 — 22, t) + BuSi(t)Li(1 — 2¢,t) = 0,
—(H;)#(1 — 2¢,t) + B1Si(t) Hy(1 — 2¢,t) = 0,
0

_(E)T’(l - 257 t) + 525’1(15)}?‘2(1 - 25? t)

As in Step 1, define
of =||Ly — La||~ + || Hy — Hol|z=~ + || Fy — B,

where the norms on E, H , F are taken in the transformed domain. We let

1
9 = gHRl — Ra|l p=jo.1) + IR — RSl o< jo,17-
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Then El — EQ satisfies zl(~,0) — Lo(-,0) =0 and

ot S2(t) o2
Ri(t)1—7 1 1 19(Ly — L)
+[- i) 22 1-SH)0—7 Sl(t)] o
1 1 10%L Ri(t) Ry(t)\1-T7
- [Sf(t) a S%(t)] 8?‘22 * [(Sll((t)) a Ss((t))> 2
1 1 1 1 10L,
TTZ5m0—n St 1-Sm0 -7 Sz(t)] ar

+ fr(Ly, Hi, Fy) — fr(Lo, Ha, F)
A
— JL7

where by Step 2 and (3.10), we clearly have
|J| < C(o + D)

with C' independent of € and 7. The equations that PNI1 — ﬁQ and fl - fg
satisfy are similar. Using maximum principle as in Step 1, we find that the
function C (o7 + Z)(&(r) + 3¢(Bi, €)) is a supersolution, i.e.,

(3.36) L1 — Ly| < Ced + C=2,
(3.37) |H, — Hy| < Cest +Ce2,
(3.38) |Fy — Fy| < Cesd + Ce9.

Taking 3Ce < % we find
(3.39) g < Ceg.
Notice that in the new variables
d [R3() —1 Y (Mo — Fy)(Li + Lo(t))
SEL gt [ 00T
el 2 Mo J1-2 v+ H; + Hy(t)
+ (ps = p) B Si(O[1 = Si(H) (1 - P dF,

Ty =1 Y (Mo — F)(Li+ Lo(t)
/0 {m+ M, /125{ ~ + H; + Ho(f) p3Mo

+ (ps = p) BE] Si(8)[1 = Si() (1 — 7)]dF bt =,

— p3My
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from which and (3.39) it follows that

(3.40) I —m2| < C(e* +e7)2,
d[R3(t) — R3(t)]

(3.41) —

<02 +e7)9.

Since R;(0) = Ry(0) = 1 — 2¢, we derive

(3.42) I(1)* = (R2)*lcrjor) < Cle+7)|[Ry = Rallenjory-
Combining with the fact that 1 — 3¢ < RVZ <1-—¢, we find
(3.43) IRy = Rollcror) < Cle+7)[|1R1 — Rallcrjom),

and hence we have a contraction if € and 7 are small. Thus we have a unique
fixed point. O

Notice that with the introduction of 7, the free boundary r = R(t) is
already periodic with period T', namely, R(T") = R(0) = 1—2¢. To produce a
periodic solution, we use another contraction mapping principle. We define
a map that will map the initial data at time ¢ = 0 to the data after one
period t = T'. Then a fixed point of this map will correspond to a periodic
solution. But first we need to show that this map will map an appropriate
set of initial data satisfying (3.6), (3.7) and (3.8) into itself. The estimate
for (3.8) at t = T was already established in Lemma 3.1. We shall establish
(3.6) and (3.7) for t = T in the next lemma, which will serve this purpose.
This lemma can be established in our case since the energy is released at the
boundary at » = R(t) while the domain is small.

Lemma 3.2. The constants C§ and C} in (3.6) and (3.7) can be selected
such that, at t =T,

~

(3.44) \L(r,T)| < Cie, |H(r,T)| < Cge, |F(r,T)| < Cge,
(3.45) \L,(r,T)| < Cte, |H.(r,T)| <Cfe, |Fp(r,T)| < Cfe,
and

(3.46) IR'(t)] < % for0<t<T.

Proof. We have already established (3.46) and the following estimates:

(347)  |L(nt)| <Cge, |H(rt)| < Cge, |F(rt)| < Ci'e,
(3.48) L (r,t)| < CfFe,  |Ho(r,t)] < C*e,  |Ep(r,t)] < Cf,
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where, by (3.22) and (3.23),

Cyt =G +2C’max(ﬁ1 512)

207 20,

C]. C]. + max ( B 5 B 5
1

p1Cq 75203*>7

with the constants C' and C; independent of Cj and C7, as long as ¢ is
small so that Ci*e < 1,Cf*e < 1. Thus C(&(r) + ¢(B1,¢)) + Ciee ' is a
supersolution for +L for small e. Taking Cjj such that

1 1
(3.49) Ci(1—e 1) =20max (51 52)

then, for small ¢,

IL(r,T)| < C(£(r) + ¢(B1,€)) + Ciee T = 526 + O(e?) 4 Chee™ ! < Cie.
1

Then, as in the proof of Lemma 3.1, we also conclude the estimate for
|L,(r,T)|. The rest of the proof is similar. O

Lemma 3.3. Assume that R(0) = 1—2¢ and (E(, 0), .FAI(-,O), 13’\(, 0) e 7.
We define the solution (L, H,F,R,n) by Lemma 3.1. Then the mapping
A (L(-,0),H(-,0), F(-,0)) = (L(-,T),H(-,T), F(-,T)) maps .# into itself
and is a contraction and therefore admits a unique solution in & . It is clear
that this unique solution corresponds to a periodic solution of (P*).

Proof. Lemma 3.2 and (3.24) ensure that .4” maps the set .% into it-
self. Given two set of initial data (L;(-,0), H;(-,0), F;(-,0)) (i = 1,2), by
Lemma 3.1, there exist corresponding unique solutions (El,ﬁl,ﬁ,R) for
(P*). We now proceed with the transform (3.35) to map into the same do-
main. Let L;(7,7) = L(rt) H;(7,1) = Hi(r,t) and F;(7, 1) = Fy(r,t). Then,
for 1 —2e <7< 1land?>0,

oL, 1 0% [_R;(t)1—?_ 1 1 }@

ot Si(t) or? Si(t) 2 1—S;(t)(1—7) Si(t)) or
_fL(L’L’E[iaﬁ’L)7

OH; 1 9°H; [ Rt 1-7 1 1 ]aﬁl

ot S2(t) o2 Si(t) 26 1—S;(t)(1—7) Si(t)) oF
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oF, 1 O°F
ot S2(t) Or2
Ri(t) 1—F 1 1 §(Li, Hy, F;)\10F;
-2 1T (0 BBy 28
Sl(t) 2e 1— Sz(t)(l — ?‘,) Sl(t) Mo aT‘
:fF(zlv ﬁh f’l)>
where fr, fir, fr are defined in Step 3 of Lemma 3.1, and
L= Ry(t)
Si(t) = 5 -
Furthermore, L — Zz satisfies
8(21 — Eg) _ 1 aZ(El - E2)
ot S2(t)y  or?
+[R’1(t)1—77 1 1 }a@l_zz)
Si(t) 2e 1-51(t)(1—=7) Si(t) or
B [ 11 }62z2 [<R’1(t) B R’Q(t))l—r
N 87“2 Sl(t) SQ(t) 2e

St(t)  S3()
1

+

1 1 1 0Ly

1=Si(H)(1—7) Si(t) 11— S(t)(1—7) 52(75)}
+fL(E1,ﬁ1,ﬁ1) —fL(EQMEIQ,ﬁQ)

£ Ji,

where |Jp| < C(#/ 4+ 2) with C independent of & and 7. The equations that
Hy — Hs and F; — F5 satisfy are similar. And as in the proof of Lemma 3.1,

(3.50) Im —m2| < CerP + Cesd,

< Cer9 + Ced
where
o 2 || Ly — Lol| g~ (- 11xj0.1)) + 1 H1 = Ha| 1o ((1—2¢.1]x0.7)
+[F1 = Fal| o (1—2¢,1)x[0,1)
1
9 = EHRI — Ra|lp~po,r) + IR — Rl Lo,7-
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It follows from (3.51) that

HRl — RQHLOO[QT] < CetP + Cedd + 082@,
IR} — Ryl p<jo,r) < CemP + Cedd + Ce9.

Choosing € and 7 to be small enough, we find
(3.52) |R1 — Ral|crjor) < Ced .

Then we follow the proof of Lemma 3.2, say, to construct supersolutions
C[€(r) + 3c(B1,€)] + et L1(+,0) — La(+,0)|| L~ for Ly — Lo. After working
through all equations, we find
L1 (o) = La(, )| oe + [ HA(t) = Ha(, )|l + [|FL (-, ) = Fa(, )| o
< Ced/ + e '[||L1 (- 0) = La(-, 0)[| L= + || H1 (-, 0) — Ha(+, 0)| =
+ [[F1(+,0) = Fo(+, 0) | =],
which implies, if Ce < %,
1 ~ ~ ~ ~
57 S 1L1(,0) = L2, 0)lz= + [|H1(, 0) — Ha(:, 0)l| 2
+[|F1(-,0) = Fa(-, 0)|| -

Taking € small so that 20e+e T < 1, we then conclude that the mapping
A is a contraction. O

4. Completing the proof
We now proceed to show the existence of a periodic solution of the original

problem. All we have to show is that n = 0 for appropriate data.

Lemma 4.1. For every small €,7 and fired Hy, > 0, there exists a L, =
L. (e, Hy) such that the problem (P*) admits a periodic solution with period
T, R(0) =1—2¢, and with n = 0.

Proof. From (3.2), we have

MOLO
/ / Y H — p3My + O(s)] rdrdt

4.1
(4.1) Uy
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1 T 1 L*
= — — + 0 + 0 drdt.
- /0 /R ) | — 0 + 0 rar

The integrand in the above expression is of order
[ms + O(e)} + [mT + O(T)}, >0, 7>0.

and the estimates for all previous lemmas are independent of m. It follows
that if we choose m > 1 in (3.3), then n > 0, and likewise, it is clear
that n < 0 when m < 1. Notice that the solution is unique within .# and
therefore the values 7 various continuously with the changing m value. Thus
there must a value m for which i = 0. This completes the proof. O

Remark 4.1. It is also clear that
L. = p3(y + Hi) + O(e) + O(7).
5. Conclusion

In reality, nutrient concentration changes with the intake of food, which hap-
pens very often in a periodic manner. It is therefore biologically reasonable
to seek a periodic solution. Indeed, we have rigorously established a periodic
small-plaque solution in this paper, once again confirming the strength of
the model, established by Friedman et al. [1, 3].

Establishing a small radially symmetric periodic plaque is only the first
step. Questions such as stability, and potential bifurcation into non-radially
symmetric periodic solutions, are the subject matters for future studies.
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