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Flow of an incompressible nonlinear bipolar viscous
fluid in a sinusoidally constricted channel

ALLEN MoNTZ, HAMID BELLOUT, AND FREDERICK BLOOM

We seek to analyse blood flow in stenosed vessels within the frame-
work of Non-Newtonian fluids. We analyse the model and seek to
highlight the effects of physical parameters on the nature of the
flow. Our main goal was to understand the effects of the physical
parameters on the qualitative behavior of the flow. We introduce
and use approximate solutions as they provide more insight in the
qualitative behavior of the flow than blunt numerical resolution for
a particular value of the parameters. Some numerical simulations
are also provided.

1. Introduction

Steady viscous fluid flow in axisymmetric channels and pipes of varying
cross-section has been the subject of numerous studies because it is relevant
for a diverse range of problems. An important application of this problem
is to blood flow in stenosed vessels. An alteration in the characteristics of
blood flow due to stenosis is well known to be associated with the initiation
and progression of vascular disease [6]. It is thought that greater knowl-
edge of flow characteristics in the presence of a constriction may help in
understanding the complications which arise from stenosis [8]. Flow in wavy
channels and pipes also has applications to porous media flow, because it
is believed that porous media can be modeled as an array of sinusoidally
constricted tubes [7, 10]. We note that, Yoo and Joseph [25], and Ahrens,
Yoo, and Joseph [1], studied flow in a wavy channel and pipe, respectively,
in order to investigate the change of type in the vorticity.

Previous studies which considered steady flow of a Newtonian fluid in an
axisymmetric pipe of varying cross-section, in order to model blood flow in a
stenosed vessel, include [6, 8], and [9]. In [6], the authors obtained an asymp-
totic solution under the assumption of a slowly varying tube wall; with this
solution they predicted a critical Reynolds number (inversely proportional
to the amplitude of the tube constriction, at which flow separation occurs),
axial velocity profiles which exhibit flow reversal near the tube wall, and a
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maximum velocity which does not occur along the centerline of the tube for
moderate Reynolds numbers. It was found that the shear stress varies in a
manner proportional to the amplitude of the wavy wall, with the maximum
of the magnitude of the shear stress occurring in the convergent portion of
the tube. In [9], the authors performed experiments on the flow of blood in a
sinusoidally constricted pipe; they observed that the shear stress varies in a
manner proportional to the amplitude of the wavy wall, with the maximum
of the magnitude of the shear stress occurring in the convergent portion
of the tube. They also found that there exists a critical Reynolds number
for which flow separation, and subsequent reattachment, occurs just after
the convergent portion of the tube. However, the occurrence of the critical
Reynolds numbers for which flow separation occurs is disputed, as noted by
Hemmat and Borhan [10], and several numerical studies have predicted flow
reversal in the case of Stokes flow.

As the boundary-value problems for steady flow of viscous fluids in ax-
isymmetric channels and pipes of varying cross-section are not amenable to
analytic solutions, various methods are available to obtain approximate solu-
tions. A relatively simple method is the lubrication approximation, in which
the flow is approximated by assuming Poiseuille flow at each axial loca-
tion along the channel or tube. Despite the obvious drawbacks, this method
provides a good approximation for domains with a mild constriction. More
accurate solutions may be obtained if the relevant boundary-value problem
is solved numerically, as was done, e.g., in [10] and [7]. A third type of ap-
proximate solution, which may be found using a simple analysis and which
provides more accurate solutions than the lubrication approximation is the
domain perturbation method; it provides asymptotic solutions based upon
the assumed smallness of certain parameters of the domain geometry. This
technique has been applied, under various assumptions on the domain, for
a Newtonian fluid in [6, 20, 23], and [13]. Furthermore, this technique was
applied to study the non-Newtonian four constant Oldroyd fluid in [12] and
an upper convected Maxwell fluid in [1, 25].

The constitutive theory formulated in [5] for an isothermal, incompress-
ible, nonlinear bipolar viscous fluid assumes the form

(1.1&) ti; = —pdij + 2#0(6 + eklekl)_a/Qezj — 2H1A€ij
8eij
(1.1b) Tijk = 211 92y

where d;; is the Kronecher delta, ¢;; and 7;;, are the components of the
Cauchy stress tensor and the first multipolar stress tensor, respectively, ¢,
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Mo, f41, cc are constitutive parameters, and the e;; are the components of the
rate of deformation tensor

1/0v; Ov;
1.2 == : 2
( ) ej 2(61‘]'_‘_6.%1)7

the v; being the components of the velocity vector. It is assumed in [5] that
g, lp, i1 are positive and that 0 < a < 1; for & = p; = 0, (1.1) reduces to
the constitutive relation for a Newtonian fluid as given by the Stokes’ law,
with the nonlinear viscosity

(1.3) u(]e\) = /L[)(&“ + eklekl)_a/Q

reducing to the constant pg. We will refer to the linear bipolar model as the
constitutive theory which results from (1.1) upon formally setting o = 0, and
the non-Newtonian model as the constitutive theory which results from (1.1)
upon formally setting 1 = 0. The bipolar model (1.1) is a special case of
of the broader theory of multipolar viscous fluids, which is consistent with
the principle of material frame indifference and the second law of thermody-
namics, in the form of the Clausius-Duhem inequality [18]. A comprehensive
survey of the theory of incompressible bipolar (and related non-Newtonian)
viscous fluids is given in the recent monograph [4].

The recently published paper [17] contains some of the theoretical back-
ground and justifications for the approaches and assumptions adopted here.

The study of flow in a wavy, but rigid, domain can be viewed as an initial
step in the study of the more general problem of blood flow in a stenosed,
elastic vessel. While in medium and large vessels it is well accepted that
blood can be modeled as a Newtonian fluid, in small vessels (specifically
when the shear rate is less than 100 s~* [6]) blood exhibits behavior typical
of a shear-thinning fluid [19]. For results, both theoretical and numerical,
on the Newtonian flow of blood in elastic vessels, see [22] and [21], while
studies in which blood is assumed non-Newtonian include [15, 24], and [11]
(and the references therein).

In this paper we apply the domain perturbation method separately, un-
der two different assumptions on the domain geometry, to study the flow of
a bipolar fluid in a sinusoidally constricted channel of small width. First, we
follow the work in [1] and [25] by assuming that the dimensionless amplitude
of the wall is sufficiently small to justify our asymptotic solution. Next, we
follow the work in [6] by assuming the extent of the surface roughness is
large when compared with the mean height of the channel.
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Figure 1: The domain of the problem, €5.

2. Governing equations

In this paper we restrict ourselves to steady flows in sinusoidally constricted
channels (see Figure 1). The domain is given by

(2.1) Qs ={(z,y) | —oo <z <00, —ys(x) <y < ys(z)},

where +ys(z) are the locations of the upper and lower wavy walls, respec-
tively. For the wall boundary we will take

(2.2) ys(z) = yo + 5sin<27TTx).

The height of the unperturbed channel is yg, the period of the wavy wall is
L, and the height of the perturbation is 4.

We will assume a steady velocity field of the form v = (u(zx,y),v(z,y)),
and a pressure of the form p = p(z,y). Under the assumptions on the steady
velocity field, the nonzero components of the rate of deformation tensor, e,
are

(2.3) ewz:@v eavy:eyuv:1 @-}-@ ) eyy:@.
Ox 2\ 0y Oz oy
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It follows that! the boundary-value problem for the flow of an incompressible
bipolar viscous fluid, in the domain €5, is given by

(2.4a)

@4_ O __@4_ (le[)=/2 @4_@
P\ "oz Uﬁy oz 7 0x?  Oy?

Olel?0u 10le|* [Ou  Ov
_Z a/e—1 | 2151 T% 4 - -
27(]e|) { Oxr Oz * 2 Oy

3_y+83:
4 4 4
" (8_u+2ﬂ+@), n O,

Ozt 0x20y? oyt
(2.4b)
U@Jrv@ ___+ v(le|) /2 @Jra_%
P\ "oz oy) 0x2  Oy?
3 g7(|e|) a/2-1 18|e]2 du v 8|e\2@
2 2 Oz ay ox oy Oy
0*v 0*v 0*v .
- M1 ﬁ + 2781‘283/2 + 8—y4 , in Qg,
ou Ov
2.4 — 4+ — = in ()
( C) ax + 8y 07 m (57
(2.4d) u=v=0, at y = tys(x),
0%u 0% 0%u 0%v
2.4 2/2__/1 2 ol )2 1— /2
(2.4e) Y8 52 Y ( 5)8 5 — Us(3 y5)8x8y+( 3‘%)8:5821
PNCAL 0%
+(1—ya)82+2y582=07 at y = ys(z),
and
0%u 0%v 0%u 0%v
2‘4f 2 /2_ / 1 _ 12 - - / _ 12 1 _ 12
(2.4f) Y5 52 + s ( Z/é)a 5 +Us(3 y5)8x8y+( 3%)83:8?;
0%u 0%v
2 2
+(1—y3)a—y2+2382:0, at y = —ys(x).

LA full derivation of the boundary-value problem for an incompressible bipolar
viscous fluid in a channel with the upper and lower walls given by a function
symmetric about the centerline of the channel is given in Appendix B of the thesis
[16].
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In (2.4), p is the constant mass density and y(|e|) = (e + |e|?). The higher
order boundary conditions (2.4e) and (2.4f) are required due to the depen-
dence of the bipolar model on third order spatial gradients of the velocity.
These boundary conditions are a rigorous consequence of the principal of
virtual work; it is shown in [3] that the general higher order boundary con-
ditions for the initial-boundary value problem for bipolar viscous fluid flows
in a domain 2 with smooth boundary 0f) are given by

(25) TijkViVie — TIjEVIVi VRV = O, 1= 1, 2, 3 on 09.

In (2.5), the v; are the components of the exterior unit normal of 9 and it is
understood that we sum on repeated indices. The boundary conditions (2.4e)
and (2.4f) follow from (2.5), upon applying the definition of 7;;, as given
in (1.1b), the assumptions on the velocity field, the assumed form of the
domain, and the fact that the exterior unit normal of {25 is given by

(—yg(if), 1’ O)

VI @)

The boundary-value problem for the linear bipolar fluid follows from
(2.4) upon setting o = 0, while the boundary-value problem for the non-
Newtonian fluid follows from (2.4) upon setting 1 = 0 and dropping the
higher order boundary conditions (2.4e) and (2.4f). Finally, the boundary-
value problem for the Newtonian fluid follows from the non-Newtonian
boundary-value problem upon setting a = 0.

With § = 0, the domain is the channel with flat walls given by Qg =
{(z,y) | —00 < z < 00,—yp < y < yo}; in this case we assume Poiseuille
flow and seek a solution to (2.4), as well as its reductions to the case of
the linear bipolar, non-Newtonian, and Newtonian fluid, of the form v =
(u(y; o, e, p1),0), where we have explicitly denoted the dependence of u on
the constitutive parameters. For the linear bipolar fluid the boundary-value
problem in the domain ) is given by

(2.6) V=

(2.7a) pou” — pu” = -G, in Qo,
(2.7b) u(tyo) =0 and u”(+yp) =0,

where, G is the constant pressure gradient. The solution of (2.7) is given by

(2.8)

G
u(y; 0,0, 1) = 22 [MO (6 — v*) —2m (1—Sech<1 / %%) COSh( %ZJ))]
0
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If we set 3 = 0 in (2.8) we obtain the classical solution for Poiseuille flow
of a Newtonian fluid in the channel, i.e.,

G
(2.9) u(y;0,0,0) = —(y5 — ).
Ho
Note that, as pu3 — 0%, ug(y;0,0, 1) — uo(y;0,0,0), since we have, for
ye [_3/073/0]’
(2.10) 0 < |uq sech (1 /@y()) cosh (1 /@y>| = |p1].
21 251

As py increases from zero, the profiles of (2.8) deviate from the classical
parabolic profiles and begin to flatten out.

For a nonlinear bipolar or non-Newtonian fluid it is not possible to find a
closed form Poiseuille flow solution; however, it has been demonstrated in [5]
that there exists a unique solution u(y; o, €, 1) of the bipolar Poiseuille flow
boundary-value problem, which depends continuously on the parameters «,
e, and 1. Specifically, it was proven in [5] that u(y; a, e, 1) — u(y; o, €, 0),
asp; — 0T, inCHo for0 < o < % Furthermore, the continuous dependence
of u(y; a,e, 1) on € and p; was made explicit in [2].

We will proceed by working with dimensionless variables. Employing a
standard approach (e.g., see [14] for a similar nondimensionalization), we
set

. rx _ Yy _ u _ v _ p
(2.11) z=7, y—%, U= VS PE B
For o # 0, the parameter py does not have the units of viscosity; this is due
to the term (e + |e|?)~%/2 which is present in the nonlinear viscosity, u(|e|),
and which has units of time®. Therefore, for o« # 0, the constant ug has
units of mass x (distance x time!*®) =1, while for a = 0, yio has the units of
viscosity. To nondimensionalize the nonlinear viscosity, we write it in terms

of a parameter, ,u(])V S = ppe~*/2, which has the units of viscosity, times a
dimensionless quantity:
(2.12) p(lel) = pole + le|?) /2

= uS(1+ e ef?) e,
We thus have that

(2.13) o = pd°e®? 5 VS as o — 07,
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We take U = f{?é’ when a = 0, U reduces to the solution (2.9) of the Navier-
Stokes equations with 6 = 0 along the center-line of the channel. The natural
choices for the characteristic velocity in the vertical direction, V = y"LU, and
the characteristic pressure, P = GL, are made clear upon substituting the
dimensionless variables (2.11) into the boundary-value problem (2.4). As §

has the units of length, we also introduce a dimensionless wall amplitude

.
2.14 5= —.
(2.14) "

It now follows that the nondimensional wall boundary is given by y5(Z) =
1+ 0sin(277).

In order to seek a solution to (2.4) in the form of a perturbation expan-
sion, we linearize the nonlinear viscosity, u(|e|), by calculating the rate of
deformation tensor e using a given velocity ug. We take ug to be the solution
in a flat wall channel for the linear bipolar fluid, as given by (2.8). The only
nonzero components of e(up) in this case are e;y = ey, = 3uj(y), and it
follows that |e(uo)|* = Luf.

Applying the transformation (2.11) to the boundary-value problem (2.4),
together with the above linearization of the nonliner viscosity, a straightfor-
ward calculation yields the following dimensionless form of the boundary-
value problem (2.4):

(2.15a)
-5 <)\4% 4222 3524;?42 g:i) , in Qs,
(2.15b)
(i) )
+ g? -8 <)\4§_Z +2)2 6;24%2 g;) . in Qs
(2.15¢) % g; _ 0. inQy
(2.15d) u=0v=0, at g = +y3(x),
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(2.15e)
27 ’22 g —A%ﬂ)? D N3 — A22) aa_zgg
+ A\3(1— 32 ’%%H —\? @)3%»3 ’227:0, at 7 = 75(Z),
(2.15f)
24 322 ;+>\4 L1 — N2yf )% N2P5(3 — A2 /2)8828_31
+A(1 - 3\2 ’2)8‘12(;’_ (1— 25 '2)‘;12‘ 273 'QZ U_ 0, at § = —g5(2).

In (2.15), we have defined the Reynolds number to be

pyoU
(2-16) Re - NS M
Ho

the dimensionless parameters A and 8 by

Yo H1
H0Yo

and, for ease of notation, set

i 1 U 2_/ —a/2
(2.18) Fi(y) = <1 + 3¢ ! <%> u02> .

The dimensionless form of the boundary-value problem for linear bipo-
lar fluid follows from (2.15) upon setting e = 0. The dimensionless form
of the non-Newtonian boundary-value problem follows from (2.15) upon
setting 5 = 0 and dropping the higher order boundary conditions (2.15¢)
and (2.15f); furthermore, if in addition @ = 0, the dimensionless form of the
boundary-value problem for the Newtonian fluid is obtained.

3. Perturbation expansion in §

We seek a solution to (2.15) in the form of a regular perturbation expansion
in § of the form

(3.1a) W(7,9) = to(y) + 01 (z, §) + O(6?),
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In (3.1), the zeroth order solution is the Poiseuille flow solution for the
linear bipolar fluid. Recalling the solution (2.8), we have, upon applying the
transformation (2.11), that

(3.2) uo(7) = %(1 — 7)) =B (1 — sech <%> cosh (%)) :

To find a solution to (2.15), of the form (3.1), we apply the domain
perturbation method [14], the key to which is to derive an asymptotically
equivalent form of the the boundary conditions (2.15d), (2.15¢), and (2.15f).
As in [14] or [1], we first take a Taylor expansion in & to approximate @ at
y = y5(Z) in terms of u and its derivatives evaluated at g = 1. Thus, to first

order in 6, the boundary condition (2.15d) is

(3.3) 0 = u(z,y5(z)) = u(z,1) + Eg—g

955
o1 00

=0

a(z,1) + 5sin(2m)?
y

g=1

Inserting the perturbation expansions in (3.1) into (3.3) yields

(3.4) 0= [ao(1) + 6u1(z,1)] + & sin(27z) [ag(l) +o——

=1p(1) + 6 [a1(7, 1) + sin(2r7)7)(1)] + O(52).

It follows from (3.4) that the O(d) asymptotically equivalent form of the
boundary condition (2.15d), at § = y5(Z), is

(3.5) u1(z,1) = —sin(27z)ug(1).
A similar calculation for v shows that

(3.6) v1(z,1) =0.
Similarly, for the boundary y = —gz(z), we find that

(3.7) u1(Z, —1) = sin(277) 1y (—1)
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and
(3.8) v1(z,—1) =0.

We now derive asymptotically equivalent forms of the higher order
boundary conditions (2.15e) and (2.15f). Recalling that g5 = O(9), (2.15e)
and (2.15f), to first order in 9, are

0% 0% e 0*v  0%u

(3.9) Misoms — N5 55 " 555 T o 0, at ¥ = y5(z)
and
0% , 0% 0*v  0%u
4 2~ 2 _
(310) X' +3X°75 - a_+)\ s5o; FaE =0 U= —y5(2)

respectively. Substituting the expansions (3.1) into (3.9), we find that, to
first order in 6,

82}1 _n 82 . _
9505 +u +562—0, at g = y5(x).

(3.11) )

Therefore, the first order in ¢ higher order boundary condition is

9 82’1_)1 821]1

12 —
(312) 00y 0y?

=0, at y = ﬂg(i’)
A similar calculation for (3.10) yields

821)1 + 82u1
0xdy  0y?

(3.13) A2 =0, at § = —75(Z).

If we now expand the terms %2—;; and gmgl_ in Taylor series about 6 = 0,

substitute these expansions into (3.12) and (3.13), and factor out 6, it follows
immediately that the first order in 0 asymptotically equivalent form of the
higher order boundary conditions are

(3.14) 5595 " 9

=0, at y = 1.

Finally, combining the equations which result from (2.15a), (2.15b),
and (2.15¢) and the perturbation expansion (3.1), along with the bound-
ary conditions (3.5), (3.6), (3.7), and (3.8), and the higher order boundary
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conditions (3.14), the complete boundary-value problem (2.15), to first order
in 6, is

(3.15a)
ReA (uo% + ugm) = —% +F (Aﬁ;u; + %2—;21>
+1H] (i‘;il )
0 (G2 )
(3.15b) Remo% — ;2 aap_l + R ()\2 ‘?;”1 + %y”l>
s (ot )
(3.15¢) % + %—Egl =0,
(3.15d) a1 (%, 1) = Figp(£1) sin(27r),
(3.15¢) 01 (2, +1) = 0,
(3.15f) A2 gjg; %2;—21 =0, at § = £1.

We now introduce the O(§) streamfunction v1(Z, 7), defined by

o
9y

31!}1

and 77 = 57
T

(3.16) Uy =
Differentiating (3.15a) with respect to § and adding (3.15b), after differen-
tiating it with respect to Z and multiplying by —\?, yields, in conjunction
with (3.16), the equation

(3.17)
_ 831/;1 —//awl 2— 83"&1
Re)\ (UO aggaf Uy —F=— ax + AU 673 >
O o'y oMy Py 0y
—F 4 2 2 F 2
1 (A ot 2 e T o >+ 1 <A 27205 ag3>

1 11 8¢1_ 231/)1
+2F2(8y /\8932
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&% 8% Y1 %
— 6 4 4
b <)‘ oz6 34 074072 3 0z20y* * 2y >

Equation (3.17) is subject to the boundary conditions (3.15d) and (3.15e),
which, in terms of the streamfunction )1, are

o

(3.18) 8 = Fa)(+1) sin(277)
7 P—
and
(3.19) Gvl
o P

Equation (3.17) is also subject to the higher order boundary condition
(3.15f), which, in terms of v, becomes

O*p1 By _
85?28g+ o5 =0, at y = £1.

(3.20) —\?

Because of the form of the boundary condition (3.18), the linearity
of (3.17), and the fact that the coefficients in (3.17) are independent of Z, we
seek a solution to (3.17), subject to the boundary conditions (3.18), (3.19),
and (3.20), in the form

(3.21) ¥1(Z,7) = V1(y) cos(2nz) + Vo (y) sin(27z).

Upon substituting (3.21) into (3.17), as well as the boundary condi-
tions (3.18), (3.19), and (3.20), and collecting the terms multiplying cos(27Z)
and sin(27z), the following boundary-value problems for ¥; and ¥y are ob-
tained:

(3.22a) 21 R [0 VY — (ug + 47r2)\2ﬂ0) )]
= Fy (167 A0y — 872X\ + wl")
= S (rW — W) £ S (W + 4N
+8 (647T6A6‘111 — 48NN+ 12722 \1/§6>> ,
(3.22b)  2mRA [(af) + 4m°Ni) Uy — oY)
= F1 (16m'A" Wy — 872X Wy + 03")
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3 1
_ §F{ (6m° N30, — UY') + 5Fl” (U5 + 47222 W,)

+8 (64W6A6\If2 — 48Ny + 1272\ — \ygﬁ)) ,

(3.22¢) Ty(+1) =0 and Uy(+1) =0,
(3.22d) W (+1) =0 and Wh(x1) = Fay(£1),
(3.22¢) UV (£1) =0 and WY (£1) = £4m2\2ah(£1).

We have computed approximate solutions for ¥; and ¥y with NDSolve
in Mathematica, and combined the computed solution with (3.21) to find
the streamfunction ;. From the dimensionless solution (3.2) for a linear
bipolar fluid in a flat walled channel, the corresponding streamfunction is
obtained in the form

- 1 1 L y
(3.23)  Yo(y) == <§ - —173> —-p <gj — /B sech (—) sinh (—)) .
2\" "3 VBsee | 75 Jsinb { 75
Therefore, the streamfunction, 1, up to first order in 6, is ¢ = Vg + 51,
where 1) is given by (3.23) for the bipolar fluid (both linear and nonlinear).

4. Perturbation expansion in A

In this section we seek a solution to the various boundary-value problems
for the flow of a fluid in a sinusoidally constricted channel using a regular
perturbation expansion in the parameter A = y—]j We assume throughout
that A < 1. The advantage of using A as the parameter in the perturba-
tion expansion, as opposed to J, is that we are able to obtain closed form
solutions. The disadvantage is that to obtain these closed form solutions we
must assume that the viscosity is constant. Thus, we assume throughout
that o = 0. This technique has been applied in [6] for a Newtonian fluid in
a sinusoidally constricted pipe.
We introduce the streamfunction 1) defined by

(4.1) ﬂzg—g and @:—Z—Z,
and seek a solution of the form

(4.2) ) = 1o + My + O(N\?).
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Upon applying the definition in (4.1), and the assumption (4.2), to the
dimensionless boundary-value problem (2.15), a straightforward calculation
yields, up to first order in A, the following boundary-value problems:

Linear Bipolar Zeroth Order:

Oipy 0% .

(43&) 78:&4 i/B (9[(]6 :07 m Qé?
(4.3b) %—120 = % =0, at y = +75(2),
.

(4.3¢) 88;”30 =0, at § = +7;(z).

Linear Bipolar First Order:

My 0% Obg Piho by o
4.4 - — R, _ in 9,
(44a) o p 95 r (ag 0720z 0z 0y > 0
Oy Iy N
&1y _ _
(4.4c) R =0, at g = +y5(7).

The equivalent boundary-value problems for a Newtonian fluid follow from
(4.3) and (4.4), respectively, upon setting 8 = 0 and dropping the higher-
order boundary conditions (4.3c) and (4.4c).

The solution to the boundary-value problem (4.3) involves a straightfor-
ward, but lengthy calculation. We find that the solution to (4.3), which has
the same constant volumetric flow rate as the streamfunction for a Newto-
nian fluid with § the perturbation parameter (i.e. the streamfunction (3.23)
with 5 =10) is

) 73 + 68y — 633/2 sech(&\/g)) sinh(%) - 3@%(@@‘

4.5 Do (T, 7
o s (@) — @) — 397 b5

Upon substituting v, as given by equation (4.5), into the boundary-
value problem (4.4), we are able to compute, with the aid of Mathematica,
a closed form solution to (4.4) with the same volumetric flow rate, up to
first order in A, as 1)p. The full solution, which is given in Appendix C of
the thesis [16], is reproduced in Appendix A of this paper.
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5. Results
5.1. Perturbation expansion in 4§

Various plots of the flow based on the perturbation expansion in ¢, for fluids
with both a constant viscosity (i.e. Newtonian and linear bipolar) and a
nonlinear viscosity (i.e. non-Newtonian and nonlinear bipolar), are presented
below. The base values of the constants are taken to be « = 0.1, ¢ = 0.1572,
R.=1,8 =0.1,and A = 0.1, except where noted otherwise. We also assume,
for simplicity, that y% = 1. Since the flow for both the nonlinear bipolar and
linear bipolar fluids depend continuously on 3, and converge to the flow for
a non-Newtonian and Newtonian fluid, respectively, as 8 — 07, the results
for both a non-Newtonian and a Newtonian fluid correspond to those for a
nonlinear bipolar and linear bipolar fluid, respectively, with § = 0. As the
resulting boundary-value problem (3.22) in the domain perturbation method
is posed on the domain —1 < y < 1, we obtain information in the divergent
portion of the channel, where 1 < |y| < |y5(z)|, for 0 < Z < 1, through
polynomial extrapolation.

The effect of an increase in the parameter A = % on the dimensionless
axial velocity profiles is shown in Figure 2 for fluids with a nonlinear vis-
cosity. For 8 = 0, as A is increased, the profiles in the divergent portion of
the channel deviate from their parabolic shape near the boundary, with flow
reversal occurring for A = 0.7 in the peak of the channel. For 5 > 0 (with
B = 5 shown), the profiles no longer vary with A\, and flow reversal does not
occur. The profiles flatten as (5 is increased. Analogous results for fluids with
a constant viscosity are similar.

The wall shear stress, to first approximation, is 7, = Txy‘y:iyé(x), and is
an important quantity to calculate in studies of blood flow as it is implicated
in the initiation and progression of arterial disease [6]. For a nonlinear bipolar
fluid, 7, assumes the form

(5.1) R (,eD@_ ﬂ_‘_@_}_a—gv
’ w = K oy i 0x20y = Oy>  Oxdy?

y==x1

In (5.1), we approximate the wall boundary y = +¢5(z) by y = £1, as in the
domain perturbation method, and apply the boundary condition v (%, +1) =
0. We define the dimensionless wall shear stress to be

Tw

5.2 Tw = =,
( ) Gyo
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(a) A=0.1,8=0 () A=0.1,8=5

(b) A=0.7,8=0 (d)A=07,8=5

Figure 2: Nondimensional axial velocity profiles for fluids with a nonlinear
viscosity over one period, L, of the wavy wall at z = 0, £ = i, T = %, and
T = %, for several values of # and A. The common parameters in each model

are taken to be « = 0.1, e = 0.1, § = 0.1, and R, = 1.

and convert (5.1) to dimensionless variables; this yields

(5.3)

o Pu_ Pu ., P
_ 11e2)-a/29% _ 5 ()2 a3 + A2
Tw = |1+ "|e[%) oy B( 9320y * 0y3 3 1+ 0702 )] ‘ﬂil'

Figure 3 shows plots of 7, for an increasing sequence of «, for the non-
Newtonian and nonlinear bipolar fluid, respectively. In Figure 3(a), a = 0
corresponds to the Newtonian fluid, while in Figure 3(b), a = 0 corresponds
to the linear bipolar fluid. In each case, the effect of « is to increase the values
of 7, with 7, remaining negative for each «. For the non-Newtonian fluid,
as « is increased, the amplitude of 7,, decreases, with 7,, becoming almost
constant for « = 0.9. The amplitude of 7, also decreases for a bipolar fluid,
however, the rate of this decrease is slowed. At @ = 0.9, 7, still varies along
the channel in a sinusoidal fashion similar to the variation when o = 0.

The dimensionless wall shear stress, 7, is shown for an increasing se-
quence of A, for the non-Newtonian and nonlinear bipolar fluid in Figure 4.
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bl
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(a) B=0

]|

(b) B=0.1

Figure 3: The nondimensional wall shear stress, 7,,, at the upper wall, y = 1,
for the non-Newtonian and nonlinear bipolar fluids, respectively, for several
values of . The common parameters in each model are taken to be § = 0.1,
A=0.1,and R. = 1.

A bifurcation between the fluid models occurs in the behavior of 7, as A is
increased. For § = 0 (Newtonian and non-Newtonian), 7,, follows the vari-
ation in the wavy wall, with the amplitude increasing with A, but always
remaining negative. For 8 > 0 (linear bipolar and bipolar), 7,, again follows
the variation in the wavy wall as A is increased, but the increase in amplitude
is greater than for the case with 5 = 0, with 7, assuming positive values in
the divergent portion of the channel for A = 0.5 and 0.7.
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(a) p=0

all

(b) B=0.1

343

Figure 4: The nondimensional wall shear stress, 7,,, for the non-Newtonian
and nonlinear bipolar fluids at the upper wall, § = 1, for various values of A
and for a =0.1,e =0.1, Re =1, and § =0.1.

The vorticity, &, for a 2-D flow is given by

(5.4)

We take
vorticity

(5.5)

(1]

is

_ Gy

_Ov Ou

5_%_8_@

as the characteristic vorticity, so that the dimensionless

given by

Iy

£=)

, 97

dz

ou

_6_5'



344 Allen Montz et al.

We can characterize flow separation, in a first approximation, as occurring
when the dimensionless vorticity is zero at the channel wall.

The contour lines of the vorticity for an increasing sequence of A\ are
shown in Figures 5 for the Newtonian, non-Newtonian, and nonlinear bipo-
lar fluids. The non-Newtonian fluid exhibits a change in behavior from the
Newtonian as A increases. Circular contours emanate from the divergent
portion of the channel, separating the contours which approach the bound-
ary, and for A = 0.7, a zero contour occurs in the peak of the channel wall,
which implies flow separation. The occurrence of flow separation is signifi-
cant because it occurs for only R. = 1 and a slight constriction. As noted
by Hemmat and Borhan [10], there is a debate in the literature on the oc-
currence of flow separation at low Reynolds numbers, with some studies,
e.g. [6], reporting no flow separation below R. = 25, while others, e.g. [9],
indicate that the possibility occurs at lower Reynolds numbers. For 5 > 0,
both for the linear bipolar fluid (not shown) and the nonlinear bipolar fluid,
a change in behavior from the non-Newtonian fluid occurs as A increases. In
each case, the contours flatten out in the divergent portion of the channel,
but no flow separation is observed.

5.2. Perturbation expansion in A

Various plots of the flow for the asymptotic solutions found for the pertur-
bation expansion in A, for both the Newtonian fluid and the linear bipolar
fluid, are presented below. As in the previous section, we refer to results
for a Newtonian fluid with § = 0. We note that we observe no signif-
icant differences between the Newtonian and linear bipolar fluids at low
Reynolds numbers; our results are for moderate and high Reynolds num-
bers.

In Figure 6, representative flow patterns for the streamlines ¢ = constant,
to first order in A, are shown for increasing 3, with § = 0.3, A = 0.1, and
R, = 600. For the Newtonian fluid, Figure 6(a), the streamlines follow the
variation in the channel wall with a region of circulation behind the trough
of the wall, corresponding to flow separation, while a circular streamline
encloses the centerline of the channel prior to the trough of the wall. For
a linear bipolar fluid, the p; parameter, or in nondimensional form, the
8 = #’:;3 parameter, corresponds to a stronger mechanism of dissipation.
This is observed in Figures 6(b)—(d) in which 8 > 0. In Figure 6(b), 5 = 0.01
and the streamlines are qualitatively similar to the case for which 5 = 0,
but the circular regions have decreased slightly. As 3 is increased to 0.1, in
Figure 6(c), the circular streamline about the centerline disappears, while a
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Newtonian non-Newtonian Nonlinear Bipolar

(¢ =0and =0) (¢ =0.1and 8 =0) (¢ =0.1and B =5)

(b) A=0.7 (d) x=0.7 (f) A=0.7

Figure 5: Contour lines of the vorticity for fluids with a nonlinear viscosity
with several different values of A and 5. The common parameters in each
model are taken to be a = 0.1, ¢ = 0.1, 6 = 0.1, and R, = 1. Solid lines
correspond to positive vorticity and dashed lines correspond to negative
vorticity.

small circulation region remains behind the trough of the wall. This result
is most similar to those observed in [9] for the flow of a Newtonian fluid in
a wavy tube with R. = 600. As § is increased further to 0.2, Figure 6(d),
the streamlines follow the variation in the channel wall and no circulation
occurs.

Dimensionless axial velocity profiles are shown in Figure 7 at several
locations along the channel, over a range of 3, for § = 0.5, A = 0.1, and
R, = 150. Two points are of particular interest as f is increased: £ = 0
and 1/2. At z = 0, for 8 = 0, flow reversal occurs near the channel wall, as
also noted by Chow and Soda [6] for a Newtonian fluid in a wavy tube. As
B is increased from zero, this behavior no longer occurs. For g = 0.01, the
profiles are flat as they approach the wall, but no reversal occurs, while for
8 = 0.1 and 0.2, the profiles assume their familiar parabolic shape, which
occurs for lower values of R, or §. At = 1/2, for both 8 = 0 and 0.1,
the profiles do not have a parabolic shape and the maximum velocity no
longer occurs at the centerline of the channel. Such profiles were predicted
by Forrester and Young [9] and Chow and Soda [6] for a Newtonian fluid
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(b) B =0.01 (d) B =0.2

Figure 6: Streamlines }ﬁ = 1)y + M) = constant for four different values of
B with o = 0 and for 6 = 0.3, A = 0.1 and R, = 600. Solid lines correspond
to positive streamlines and dashed lines correspond to negative streamlines.

at the corresponding location in a wavy tube. As § is increased to 0.1 and,
subsequently, 0.2, the profiles revert to a parabolic shape and the maximum
velocity occurs along the centerline.

Similar behavior is also seen in Figure 8, which shows the dimensionless
axial velocity profiles for an increase in 6, for both f = 0 and 8 = 0.1. At
a small constriction (not shown), the profiles for the Newtonian and linear
bipolar fluid are indistinguishable. As ¢ is increased to 0.3 the profiles for
a Newtonian fluid flatten out and, subsequently, exhibit flow reversal near
the wall at £ = 0, while the maximum velocity no longer occurs along the
centerline at z = 1/2. At the same time, the corresponding profiles for
the linear bipolar fluid only deviate slightly from their parabolic shape. At
§ = 0.7 for the linear bipolar fluid, the maximum velocity no longer occurs
at the centerline at & = 1/2, while a very weak flow reversal occurs in the
corresponding profile for a Newtonian fluid.
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(b) 8 =0.01 (d) B=0.2

Figure 7: Nondimensional axial velocity profiles over one period, L, of the
wavy wall at £ =0, T = %, T = %, and T = %, for several values of J with
a = 0. The common parameters in each model are taken to be § = 0.5,

A=0.1 and R, = 150.

The wall shear stress for the linear bipolar fluid, with the boundary
taken at y = £y5(z) (and not approximated at y = £y, as in (5.1)) is, to
first approximation,

(5.6)
o (Or 00N (e Pu O P
w = KO oy Oz H 0x20y Oy  0x3  Ox0y>

Converting (5.6) to dimensionless variables, as in (5.3), we find that, to first
order in A

y==ys(x)

8y i}

— 3,
(5.7) 7, = {8“ _ 5_‘;1;]
Y"1 lg=xg5(2)

In Figure 9, the nondimensional wall shear stress is plotted over one period
of the wavy wall for several values of 3, with § = 0.4, A\ = 0.1, and R, = 150.
As (3 is increased, T,, decreases slightly in the peak of the channel, and by
an order of magnitude in the trough. This slight decrease in the peak of the
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Newtonian (3 = 0) Linear Bipolar

(b) §=0.7

(d) § =0.7

Figure 8: Nondimensional axial velocity profiles over one period, L, of the
wavy wall at £ =0, z = i, T = %, and T = %, for several values of 5 and ¢
with @ = 0. The common parameters in each model are taken to be A = 0.1

and R, = 150.

Tw

=23

Figure 9: The nondimensional wall shear stress at the upper wall,
Tw(Z,75(Z)), for various values of § with & = 0 and for § = 0.4, A = 0.1,
and R, = 150.
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Figure 10: The nondimensional wall shear stress at the upper wall,
Tw(Z,y5(Z)), for the Newtonian and linear bipolar fluids for various values

of § and for « =0, A = 0.1, and R, = 150.

channel causes 7, to remain negative throughout the channel for 5 = 0.5
and 1, while for 3 = 0 and 0.1, 7, is positive in the peak and trough of
the channel, respectively, indicating possible flow separation; this behavior
is further illustrated in Figure 10, which shows the dimensionless wall shear
stress for an increasing sequence of 6, for the Newtonian and linear bipolar
fluids, respectively, with A = 0.1 and R. = 150. For a Newtonian fluid, 7,
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(@) B=0 (c) B=0.01

(b) =01 (@ B=1

Figure 11: Contour lines of the dimensionless vorticity for several different
values of S witha =0, = 0.4, A = 0.1 and R, = 200. Solid lines correspond
to positive vorticity and dashed lines correspond to negative vorticity.

assumes positive values in the peak and trough of the channel; however,
for a linear bipolar fluid, 7,, remains negative except in the peak of the
channel for 6 = 0.7. These differences in 7,,, between the Newtonian and the
linear bipolar fluid, persist if, instead, we fix § = 0.4, and take an increasing
sequence of R,.

From equation (5.5), the dimensionless vorticity, to first order in A, is
given by £ = —g—g and we may characterize flow separation (in a first ap-
proximation) as occurring when the dimensionless vorticity is zero on the
channel wall. In Figure 11, contour lines of the dimensionless vorticity are
shown for increasing (3, with 6 = 0.4, A = 0.1, and R, = 200. For 8 = 0 and
0.01, possible flow separation occurs just prior to the peak of the channel. As
B is further increased to 0.1 and 1, the contour lines converge to those seen
at lower Reynolds numbers or for channels with less severe constrictions.

The differences in the vorticity contours between the Newtonian fluid
and the linear bipolar fluid are further illustrated in Figure 12, in which
the contour lines of the dimensionless vorticity are shown for an increasing
channel constriction, with A = 0.1 and R, = 100, for both the Newtonian
fluid and the linear bipolar fluid, with 8 = 0.1. For a small constriction,
d = 0.1 and the contour lines for each model are nearly identical. At § = 0.3,
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Linear Bipolar

Newtonian (8 = 0)

(8=0.1)

(a) 6=03 (c) 5=0.3

(b) 5=07

(d) §=07

Figure 12: Contour lines of the dimensionless vorticity for several different
values of  and 8 with a =0, A = 0.1, and R, = 100. Solid lines correspond
to positive vorticity and dashed lines correspond to negative vorticity.

the contour lines for the models begin to diverge slightly, with flow separation
occurring for the Newtonian model at § = 0.5 (not shown), but not for the
linear bipolar fluid model, even for 6 = 0.7.

6. Summary

For the approach with ¢ as the perturbation parameter, in Section 3, signif-
icant qualitative differences between the non-Newtonian fluid and the non-
linear bipolar fluid exist. Flow separation, and subsequent reattachment,
is observed in the divergent portion of the channel for the non-Newtonian
fluid, but not for the nonlinear bipolar fluid, with A = 0.7 at low Reynolds
number and mild constriction. As uq, or equivalently, 3, is increased from
zero, the axial velocity profiles flatten from their parabolic shape. The wall
shear stress varies with the Reynolds number for the non-Newtonian fluid,
but not for the nonlinear bipolar fluid. For A > 0.5, a large change in am-
plitude of the wall shear stress occurs, which causes a sign change, for the
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Table 1: Parameter values for which the non-Newtonian and the nonlinear
bipolar fluid diverge for the corresponding flow characteristic. In each case,
0=01,a=0.1,and e = 0.1

non-Newtonian Nonlinear Bipolar
(a>0,6=0) (a>0,8>0)
Flow Separation e Occurs at A = 0.7 and e None observed
R.=1
Shear Stress e Amplitude varies e 1o variation with R,
proportionally with R,
e Remains negative for e Turns positive for
0.1<A<0.7 0.5<A<0.7
e Decreases for 5 >0
Vorticity e Zero contour near peak e Contours flatten in peak
of wall for 0.5 < X < 0.7 of channel for
0.5<A<0.7
Axial Velocity Profiles e Parabolic in shape e Profiles flatten as 5 1

nonlinear bipolar fluid, while only a moderate change in amplitude, with
no sign change, occurs for the non-Newtonian fluid. Finally, the wall shear
stress decreases as (8 is increased from zero. See Table 1 for a summary of
these differences.

When A is the perturbation parameter, as in Section 4, several significant
qualitative differences between the linear bipolar fluid and the Newtonian
fluid occur. Flow separation, which occurs at high Reynolds numbers and
moderate constriction for the Newtonian fluid, does not occur for the linear
bipolar for all 5 greater than some critical positive number which depends
upon the Reynolds number. A significant decrease occurs in the wall shear
stress for § > 1. Furthermore, as 3 is increased from zero, the axial velocity
profiles flatten from their parabolic shape, and the vorticity contours return
to those seen at low Reynolds numbers or with a mild constriction. See
Table 2 for a summary of these differences.

Appendix A. First order in A streamfunction

The solution to the boundary-value problem (4.4), with vo(z,y) given by
(4.5), is

¥1(Z,7) = (Re sech [%\/?] (2(86 cosh [gf/(g)] (315@32(6@2 + 209) cosh [%}
+ 25(5° + 425" B + 252008%) cosh F‘;(?} —1058%/2(5" + 14758 + 11078%)
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Table 2: Parameter values for which the linear bipolar fluid diverges from
the Newtonian fluid for the corresponding flow characteristic. In each case,

A=0.1
Newtonian Linear Bipolar
(0[:0,5:0) (a:075>0)
Streamlines e Large circulation region e Circulation region

prior to peak of wall for
large R, (> 600)

e occurs for R, = R},
some R = R*(6) >0

Flow Separation for

e Sign change near
peak/trough of wall for
§>0.3.

e Zero contour near
peak/trough of wall and
large circular zero contour
about center of channel
for moderate R, (> 125).
Axial Velocity Profiles e Flow reversal near walls
for moderate R, (150)

e max does not occur
along centerline for
moderate R, and § > 0.3.

Shear Stress

Vorticity

dissipates, disappears as
B 1 for large R, (> 600)
e Does not occur when
B > B*, for some

8" = B*(R.) >0

e Significant decrease for
B > 1; can cause |T,,| > 0,
V.

e Contours return to
those seen at low R, or
small 6 as 3 7.

e Profiles flatten as 8 1
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