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From DK-STP to non-square general linear algebra
and general linear group

DA1zHAN CHENG*

A new matrix product, called dimension keeping semi-tensor prod-
uct (DK-STP), is proposed. Under DK-STP, the set of m x n ma-
trices becomes a semi-group (G(m x n,F)), and a ring, denoted
by R(m x n,F). Then the action of semi-group G(m x n,F) on
dimension-free Euclidian space, denoted by R*°, is discussed. This
action leads to discrete-time and continuous time S-systems. Their
trajectories are calculated, and their invariant subspaces are re-
vealed. Through this action, some important concepts for square
matrices, such as eigenvalue, eigenvector, determinant, invertibil-
ity, etc., have been extended to non-square matrices. Particularly,
it is surprising that the famous Cayley-Hamilton theory can also
been extended to non-square matrices. Finally, the Lie bracket
can also be defined, which turns the set of m x n matrices into
a Lie algebra, called non-square general linear algebra, denoted by
gl(m x n,F). Moreover, a Lie group, called the non-square general
Lie group and denoted by GL(m x n,TF), is constructed, which has
gl(m x n,F) as its Lie algebra. Their relationship with classical Lie
group GL(m,F) and Lie algebra gl(m,F) has also been revealed.

1. Preliminaries

The past two decades have witnessed the development of STPs, which gen-
eralize the classical matrix (including vector) products to dimension-free
matrix products [20, 35]. These STPs have received various applications,
including Boolean networks [33], finite games [13], dimension-varying sys-
tems [11], engineering problems [29], finite automata [40], coding [42], etc. In
addition to thousands of papers, there are already many STP monographs
[5, 6,7,8,11, 12, 15, 16, 18, 19, 30, 32, 34, 41|, and books with STP chapter
or appendix [2, 38].

Roughly speaking, up to this time there are mainly three kinds of STPs.
They are matrix-matrix (MM)-STP, matrix-vector (MV)-STP, and vector-
vector (VV)-STP, which are defined as follows (please refer to Appendix A
for notations):
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Definition 1.

(i)

(iii)

MM-STP-1:
Let A € Myyxn, B € Mpyq and t = lem(n,p). The first type MM-STP
of A and B is defined as [6, 7]

(1) Ax Bi=(A®I,,)(B®1,,).

MM-STP-2:
The second type MM-STP of A and B is defined as [11]

(2) AOB = (A® Jyn)(B® Jyp).
MV-STP-1:

Let A € Mpxn, x € RP and t = lem(n, p). The first type MV-STP of
A and x is defined as [11]

(3) Axz = (A Lin) (@ 1y).
MV-STP-2:

The second type MV-STP of A and z is defined as [11]
(4) AGz = (A® Jyn)(x ® 1y,).
VV-STP:

Let z € R™, y € R" and t = lem(m,n). The VV-STP of = and y is
defined as [10]

(5) Ty = (@8 Lym)' (¥ ® L) €R.

In addition to aforementioned STPs, there are still some other STPs.
First, in previous STPs, the main objects, such as matrix A and vector =z,
are lying on left, so they are also called the left STPs. It is also very natural
to put the main objects on right, then the obtained STPs are called the
right STPs. The left STPs are assumed to be default STPs, because they
have some nice properties superior than the right ones [7]. Precisely, we have

[6, 7]

(i)

Right MM-STP-1:

(6) Ax B = (I, ® A)(I,, ® B).
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Right MM-STP-2:

(7) A®, Bi=(Jy/n ® A)(Jy)p @ B).
(i) Right MV-STP-1:

(8) Axz = (I, ® A) (1), @ ).

Right MV-STP-2:

(9) AGz = (Jpym @ A)(1y)p @ ).
(ili) Right VV-STP:

(10) z¥y:=Lym@2) (1, ®y) €R.

Second, instead of I, J,, which are called matrix multiplier, or 1,,
which is called vector multiplier, may we choose other kinds of multipliers
to generate other kinds of STPs? The answer is “Yes.” But so far the others
are less useful [9].

For two matrices A, B, if the column number of A equals the row number
of B, then the classical matrix product is defined. In this case we say that A
and B satisfy dimension matching condition. All the STPs, including MM-
STPs, MV-STPs, and VV-STPs, are generalizations of the corresponding
classical products in linear algebra. That is, when the required dimension
matching condition is satisfied, they coincide with the classical matrix (vec-
tor) products.

Moreover, a significant advantage of STPs is: they keep the fundamental
properties of the classical MM, NV, or VV products available. This advan-
tage makes the usage of STPs very convenient. Hence they received wide
applications in many fields.

The basic idea for all STPs is the same, which can be described as fol-
lows: When the dimension matching condition for factor elements (matrices
or vectors) does not satisfied, we use certain matrices, such as I,,, to enlarge
the matrices or certain vector, such as 1,, to enlarge the vectors through
Kronicker product. Eventually, the enlarged matrices or vectors satisfy di-
mension matching condition, and then the conventional products of the en-
larged matrices or vectors are considered as the STP of the original matrices
or vectors. Roughly speaking, the enlargements change the sizes of the ma-
trices or vectors, but they do not change the “information” contained in the
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original matrices or vectors, because they only duplicate entries of the fac-
tor matrices or vectors. This fact makes STPs meaningful. That is, the STP
represents the “product” of original matrices or vectors in certain sense.

In addition to many engineering or dynamic system related applications
of STP, a challenging theoretical problem is how to describe the action
of matrices of various dimensions on vector spaces of various dimensions.
Because STPs have removed the dimension restriction of matrix-matrix or
matrix-vector products, this action becomes dimension-varying (or overall,
dimension-free). To explore such dimension-free actions, we first introduce
some new concepts, which provide a framework for such dimension-free ac-
tions.

Consider the set of matrices with arbitrary dimensions as [10]

M: U UMan7

m=1n=1

and the dimension-free Euclidian space is defined as

oo
R := ZR".
n=1

Then G := (M, x) becomes a monoid (i.e., semi-group with identity); the
action of M on R®, as X : M x R® — R® (or @ : M x R® — R*>), forms
an S-system [31]; and the ~is an inner product over R*®.! Recently, this kind
of systems have been developed into dynamic systems over dimension-free
manifold [17].

The purpose of this paper is to propose a new STP, called the dimension
keeping STP (DK-STP) and denoted by x. Dimension keeping means if
both two factor matrices are of the same dimension, say, they are in M, «p,
then their product remains to be of the same dimension. This surprising
property makes semi-group G(m x n,R) := (M, xn, X ) a ring, denoted by
R(m x n,TF).

The group action of G(m x n,R) on R is then explored. Based on this
action, the corresponding dynamic systems are also proposed and investi-
gated in detail. As byproducts, some basic concepts of square matrices have

'Precisely speaking, the inner product over R*, defined in [10] is

L
<z,Y >ypi= ;x C Y.
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G(m x n,F); R(m x n,F)

Group Action
Y

G(m x n,F) x R® — R*>®

GL(m x n,F)

Figure 1: Outline of this paper.

been extended to non-square matrices. They are: eigenvalues, eigenvectors,
determinant, invertibility, etc. The Cayley-Hamilton theorem has also be
extended to non-square matrices.

Finally, a Lie bracket is defined to produce a Lie algebra, called non-
square (or STP) general linear algebra, denoted by gl(m x n,F). Certain
properties are obtained. Starting from this Lie algebra, its corresponding
non-square (or STP) general linear group, denoted by GL(m x n,F) can be
deduced. The outline of this paper is depicted in Figure 1.

The rest of this paper is outlined as follows:

Section 2 defines the DK-STP. A matrix, called bridge matrix, is defined.
Using it a formula to calculate the DK-STP is obtained. Some elementary
properties are also provided. Section 3 investigates further properties of the
DK-STP. The ring R(m x n,F) of My,x, is considered in Section 4. Its
sub-ring, the ring homomorphism and isomorphism of R(m x n,[F) are also
investigated. Section 5 considers the action of G(m xn,R) on dimension-free
pseudo-vector space R>°. A matrix A € M« is considered as an operator
on R*°. Then the operator norm, invariant subspace, etc. are considered. As
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byproduct, the square restriction of non-square A is obtained, which leads
to eigenvalues, eigenvectors, determinant, invertibility, etc. of non-square
(NS-) matrices. Moreover, the Cayley-Hamilton theorem has then been gen-
eralized to non-square matrices. Section 6 proposes the NS-general linear
algebra. Related topics such as sub-algebra, algebraic homomorphism, iso-
morphism, and Killing form etc. are discussed. Section 7 constructs general
linear group for NS-matrices, which is denoted by GL(m x n,F). It has
clearly demonstrated that GL(m x n,F) is second countable and Hausdorff
topological space, mn-dimensional manifold, and a Lie group. Finally, it is
proved that gl(m x n,F) is its Lie algebra. Section 8 is a concluding remark,
including some challenging problems which remain for further study.

A list of notations is presented in the Appendix A at the bottom of this

paper.
2. DK-STP

Definition 2. Let A € M,,,x, and B € M4, t = lcm(n, p). The DK-STP
of A and B, denoted by Ax B € M,,xq, is defined as follows.

(11) AxB:=(A®1],)(B®1y,).

Remark 3. (i) It is easy to verify that when the dimension matching
condition is satisfied, i.e., n = p, the DK-STP coincides with classical
matrix product. Hence, similarly to two kinds of MM-STPs, the DK-
STP is also a generalization of classical matrix product.

(ii) The two kinds of MM-STPs are not suitable for matrix-vector prod-
uct, because in general the results are not vectors. Hence they can not
realize linear mappings over vector spaces, and the two corresponding
MV-STPs have been established to perform linear mappings. Unlike
them, DK-STP can realize MM-product and MV-product simultane-
ously.

(iii) Comparing with the MM-STP defined in Definition 1 [6, 7], this DK-
STP has minimum size m X ¢, no matter whether the dimension match-
ing condition is satisfied. That is why the product is named as dimen-
sion keeping STP.

(iv) If two matrices A and B have the same dimension, the dimension of
their DK-STP remains the same. This is a nice property.

Remark 4. (i) It is natural to define the right DK-STP as follows:
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Let A € Mpxn and B € Mg, t = lem(n,p). The right DK-STP of
A and B, denoted by Ax B € M,,x,, is defined as follows.

(12) AxB:= (1}, ® A)(1,,® B).

(ii) To be more general, let W), € R¥, & = 1,2,... be a set of column
vectors, called weights, where Wi = 1, and 0 # Wy, > 0, Vk > 0. (That
is, W} are non-zero vectors with non-negative entries.) Then we can
define the weighted (left) DK-STP as

(13) AxyBi= (AW, )(B&W,y,).
(iii) Similarly, we can define the weighted right DK-STP as
(14) AxyB = (W}, © A) (W, ® B).

Example 5. The weight vectors can be chosen arbitrary. The following are
some examples.

(i) Taking average, a reasonable definition for Wy, is

1
(15) We=le k21

(ii) Taking normal distribution for W. Note that

1 v g2
(16) o(u) = Jon /_Oo e = dx.
Define
(17)

Wo := (¢(—0.1k), ¢(=0.1(k — 1)),...,
#(—0.1),¢(—0.1),...,¢(—0.1k)),
Wops1 = (¢(—0.1k), ¢(—0.1(k — 1)),. ..,
$(—0.1),0(0), 4(—0.1),...,¢(—=0.1k)), k=1,2,....
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Then
- (1),
= (0.4602, 0.4602),
= (0.4602, 0.5, 0.4602),
W4 = (0.4207,0.4602, 0.4602, 0.4207),

Using the VV-STP, defined in (5), an alternative definition of DK-STP
can be obtained.

Definition 6. Let A, B € M, with A € M;;,»,, and B € M,y,. The DK-
STP of A and B, denoted by C'= AxX B € M,,xq, is defined as follows.

(18) Cij = ROWl(A) B COlj(B), 1€ [l,m], j= [1,(]].

The equivalence of the two definitions can be verified by a straightfor-
ward computation.

Proposition 7. Definition 2 and Definition 6 are equivalent.

Corollary 8. Let x,y € R*. Then
(19) zl xy =27y

That is, DK-STP is also a VV-STP.

Remark 9. (i) The corresponding alternative definition of right DK-STP
is as follows:
Let A,B € M, with A € M,,x, and B € M,. The right DK-STP
of A and B, denoted by C' = Ax B € My, is defined as follows.

(20) ¢i,j = Row;(A) ¥ Col;(B), i€[l,m], j=I[1,n].
(ii) It is also easy to verify that the definition (12) is equivalent to the
definition (20).

(iii) Define the weighted VV-STP as follows: Let x € R™, y € R", t =
lem(m, n). Then the weighted VV-STP is defined by

(21) x?’wy = (.Z' ® Wt/m)T(y ® Wt/n)'
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(iv) Let A,B € M, with A € M;,x, and B € M,y,. The alternative
definition of weighted DK-STP denoted by C' = AX ,B € M,xq, is
defined as follows.

(22) Cij = ROWZ'(A) Tw COlj(B), 1€ [l,m], ] = [1,q].

(v) It is easy to verify that weighted DK-STP, defined by (13), is equivalent
to the one, defined by (22).

(vi) Define the weighted right VV-STP as follows: Let x € R™, y € R",
t = lem(m,n). Then the weighted VV-STP is defined by

(23) THyY 1= (Wt/m ® x)T(Wt/n ® y)

(vii) Let A, B € M, with A € My, xp, and B € M,,,. The alternative def-
inition of weighted right DK-STP denoted by C' = Ax ,B € M, xq,
is defined as follows.

(24) ¢i,j = Row;(A) %, Col;(B), i€[l,m], j=I1,n].

(viii) It is easy to verify that definition (14) is equivalent to definition (24).

Definition 6 implies that the block-multiplication rule for DK-STP is
available.

Lemma 10. Let x € R™, y € R", and r = ged(m,n). Divide both x and y
into r equal parts as x = (x1,x2,...,x,) and y = (y1,Y2,---,Yr). Then

.
(25) eTy=) w Ty
i=1

Proof. Note that z; € F™/" and y; € F*/". Let t = lem(m,n) and ¢/ =
lem(m/r,n/r). Then t' = t/r. Hence

t ottt
m  m/r’ n  n/r
Using it, a straightforward computation verifies (25). O

Using Lemma 10, the following result is easily verifiable.
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Proposition 11. Let A € My,xpn, B € Mpxq, and r = ged(n, p). Split A
mnto T equal size rows and B into r equal size columns as

Arg A oo Ay By Bia -+ By

A1 Ags -+ Ay Bs1 Bop -+ DBo
A= . ' ’ B = . g 3

Aé,l AZ,Z e AZ,T Br,l Br,? te Ar,u

where £ and p could be arbitrary. The row size of A; j (as well as the column
size of B; ;) do not need to be equal. Then the block multiplication rule is
correct. That is, let Ax B =C = (C; ;). Then

Cij = ZAi,k X Bij, i€[L,4,j€l,pl.
k=1

Remark 12. (i) It is ready to verify that the Lemma 10 is also true
for =y, hence Proposition 11 is also true for weighted DK-STP.
(ii) It is also easy to verify that the Lemma 10 is not true for ¥ and %,
hence Proposition 11 is not true for right DK-STP and weighted right
DK-STP.

To explore further properties, we need the following lemma.

Lemma 13. Let A € M,,xn. Then

(1)
(26) A1l =A(I, ®1)).
(i)
(27) A®15 = (I, ® 15)A.
Proof. (i)

RHS of (26) = A(I,®1)) = (A®1)(1,®1]) = A®1] = LHS of (26).
(ii)
RHS of (27) = (I,,®1p)A = (I,,®15)(A®1) = A®15 = LHS of (27).

O
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Using Lemma 13, we have the following proposition.

Proposition 14. Let A € My« and B € Mpyq, t =lem(n,p). Then

(28)

where

(29)

Ax B = A(L, @ 1], )(I, © 14,) B := AWUp,, B,

Uy = (In® 1tT/n) (Iy ® 1;/) € Muxp

is called a (left) bridge matriz of dimension n X p.

Remark 15. Similar argument shows the following corresponding results.

(i)

(i)

(iii)

(30) AxB = A1}, @ I,)(1y, © [,)B := A®x, B,
where
(31) Brxp = (17, ® In) (Lyyp @ Ip) € M

is called a right bridge matrix of dimension n x p.

(32) AR B = AL, @ W}, ) (I, ® W) B := AU B,
where
(33) q;zvxp = (In ® Wz?in) (Ip ® Wt/p) € MHXP

is called a weighted bridge matrix of dimension n x p.

(34) AxyB =AW}, ®I,) (W, ® I,)B := A}, B

nxpt
where
(35) (I)$><p = (Wtj;n ® In) (Wt/p ® Ip) € Mnxp

is called a right weighted bridge matrix of dimension n x p.

The following are some easily verifiable properties come from defini-

tions:
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Proposition 16.
(i) If n = p, then

(i)

(i)

(38)

Ax B = AB.

\PZX[; = TUgyq.

(AxB)T =BT x AT,

rank(A x B) < min(rank(A), rank(B)).

Remark 17. Proposition 16 remains true for x, X, and x,,. That is,

(i) If n = p, then

(iv)

(41)

AxB=AB;, Ax,B=AB; Ax,B=AB.

(I)Z:xﬁ = (I)BXG; [ zxﬁ] \IJBXON [ ;LJUX,B]T = <1>1ﬁ”m_

(AxB)T =BT x AT, (Ax,B)! =BT x,A";
(Ax,B)" =BT x ,AT.

rank(A x B) < min
rank(A % ,B) < min(rank(A), rank(B));
rank(A x ,B) < min
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3. Properties of BK-STP

Proposition 18.

(i) (Distributivity)
Let B,C € Myxn. Then

AX(B+C)=AxB+ AxC,

(42)
(B+C)xA=BxA+CxA.

(ii) (Associativity)
Let A,B,C € M. Then

(43) (AxB)xC =Ax(BxC).

Proof. The proof of (i) is straightforward.
To prove (ii), let A € My, xpn, B € Mpxq, and C € M,«,. Using Propo-
sition 14, we have

= AV, (BY4x,C) = AX (BxC).

Remark 19. Similar argument shows that Proposition 18 remains true for
X, X, and X, respectively.

Proposition 20. Given A,B,C,D € M.

(i) If (B,C) satisfy dimension matching condition, (i.e., |Col(B)| =
| Row (C)|), then

(44) Ax(BC)=(AxB)C.
(ii) If (A, B) satisfy dimension matching condition, then
(45) (AB)xC = A(Bx ().
(iii) If both (A, B) and (C, D) satisfy dimension matching condition, then

(46) (AB)x (CD) = A(B % C)D.
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Proof. (i) First, assume B € M, and C' € R®. Then

Ax(BC)=Ax <i COli(B)Ci)
=1

= c;Ax Coly(B)
i=1
= (AxB)C.
Next, assume C € Mgy ;. Then

Ax(BC)=Ax[BColi(C),...,BColy(C)]
= [A% (BColy(C)),...,Ax (BCol,(C))]
= [(A= B)Coli(C),...,(Ax B)Coly(C)]
=(AxB)C.

(ii) Using (44) and (i), we have
[(AB)xC]" = CT % (AB)T = €T % (BTAT) = [7 = (BT)] AT
Taking transpose yields (45).
(iii) (46) follows from (44)—(45) immediately. O
Remark 21. Similar argument shows that Proposition 20 remains true for
X, X4, and X, respectively.

4. DK-STP ring

Recall that if A,B € M,,xn then AX B € M,,x,. This fact makes X a
dimension invariant operator over M,,x,. Taking Proposition 18 into con-
sideration, the following claim is obvious.

Proposition 22. (M, xn,+, X) is a ring, denoted by R(m x n,F).
Remark 23. According to [24], (R, x,+) is a ring, if
(i) (R,+) is an abelian group;
(ii) (R, x) is a semi-group;
(ifi) (Distributivity)
(a+b)xc=axc+bxe,
ax(b+c)=axb+axec.
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Following this definition, it is straightforward to verify Proposition 22. (Some
other references, say, [28], require (R, x) to be a monoid (semi-group with
identity).)

Remark 24. (i) It is ready to verify that (Mpxn,+, X ), (Mmxn, +,
X w), and (M, xn,+, X ) are also rings, denoted by R, (m x n,F),
R, (m x n,F), and RY, (m x n,F) respectively. Hence, we also under-

stand that Ry (m x n,F) = R(m x n,F). All these rings are called
DK-STP rings. But for statement ease, hereafter the default one is
R(m xn,F) = Rg (m x n,F).

(ii) Since (Muxn,+) is a vector space, then (M, xn, +, X ), (Mumxn, +,
X ), (Mpmxn, +, Xw), and (M, xn, +, X ) are also algebras [28]. Then
the following discussion about sub-ring can also be considered as for
the sub-algebra.

Consider the sub-rings of DK-STP ring.

Definition 25 ([24]). Let (R, +,*) be aring and H C R. If (H, +, *) is also
a ring, it is a sub-ring of R.

In the following some examples for sub-rings of DK-STP ring are pre-
sented.

Example 26. Consider DK-STP ring R(m x n,F).
(i) Let r = (r1,...,75) C [1,m].
(47) Mr)xn = {A € Mmxn | Row,(4) =0, rer}.
Then it is ready to verify that
M\ryxn € Mmxn

is a sub-ring.
(ii) Let r = (r1,...,75) C [1,n].

(48) Mo (m\r) i= {A€Mpyn| Col,(4) =0, rer}.

Then
me (n\r) - Man

is a sub-ring.
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(ili) Let r = (71,...,70) C [1,m] and s = (s1,...,53) C [1,n].

(49)
Mm\r)x(n\s) = {A € M,,xn | Col.(A) =0,Rows =0 rer,se s}.

Then
Mme)x(m\s) © Mmsxn
is a sub-ring.
(iv) The above arguments are also true for Ry (m x n,F), RY, (m x n,F),
RY (m x n,F).
Next, we consider the ring homomorphism.
Definition 27 ([24]). Let (R;, +i,%;), ¢ = 1,2 be two rings.

(i) ¢ : Ri — R2 is a ring homomorphism, if

(50) ¢(r+18) = o(r) +20(s), 1,5 € Ry.
and
(51) P(r*18) = ¢(r) %2 ¢(s), r,5€ Ry.

(ii) ¢ : R1 — Rg is a ring isomorphism, if it is a one-to-one and onto
homomorphism. Moreover, its inverse ¢~! : Ry — R; is also a ring
homomorphism.

(iii) If ¢ : R — R is a ring isomorphism, it is called an automorphism.

Lemma 28.

(52) Lpg=1,®1) =17 x1,.
(ii)

(53) 1ywg @1 =1,® 1pyg.
(iii)

(54) Lpxg ® 15 =17 © Ly
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Proof. (i) It can be proved by a straightforward verification.
(ii) Using (i), we have

Lg®1,=(1,®1]) ®1,
T
=1,®1,®1]
T
=1,®1,®1]
=15 ® 1pxg

(iii) The proof is similar to the one for (ii).
(iv) It can be verified by a straightforward calculation. O

As special cases of (52)—(54) we have

1 1.7
(56) %:5%®%:5%®hn
(57) Jy @1y =1,®J,,
(58) J,017 =11 @ J,.

The following Theorem is fundamental for R(m x n,F) homomorphism.

Theorem 29. (i) Let m1 : Myysn — Msmxsn be defined by
m:A— Js® A

Then 71 is a ring homomorphism.
(ii) Let w3 : Myxn — Masmxsn be defined by

m i A AR J,.

Then o is a Ting homomorphism.

(iii)
(59) m1(R(m x n,F)) = 73 (R(m x n,F)).

Proof. Let A, B € Muxn.

(i) Since m;, i = 1,2 are linear mappings, it is obvious that

7T1(A+B):7TZ(A)+7TZ(B), 1=1,2.
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Set t = lem(m,n), then

m(A)xm(B) = (Js® A® 1/, )(Js ® B® 1)
=J?®(AxXB)=J,®(AXB) =7 (AXB).

m(A) X ma(B)
— (A J,©1],)(B® J,©1,,)
= (A®1],®J)(A1], @ J)
=(A® 15n)(3 ® 1) ® JZ
= (A®1],)(Bo 1) ® J;
= mo(A X B).
We conclude that

R(m x n,F) ~ R(sm x sn,F).
(3) Define
AR J)=J,0A, Ac Mpxn.

We show that ¢ is an isomorphism.

o[(A® Js) + (B® J,)]

=¢[(A+ B) ® Jj]

—J,® (A+ B)

= p[A® J5| + o[B ® J4,

and
o[(A® Jo) X (B® J,)]

—pl(AeJs®1],) (B J;©1y,)]
=pl(Ae1], ®J) (B 1, J)]
=o[((A®1,)(B® 1)) ® Ji)]
=J, 0 (A1, ) (B® 1))
= (L ©A®1],)(Js © B& 1))
= ¢(A) = p(B).

Hence ¢ is a ring homomorphism.
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To see ¢ is an isomorphism, one sees easily that ¢ is one-to-one and
onto. Hence, we have only to show that ¢!
We have

is also an homomorphism.

e (Js®A) + (J,©B)] = ¢ ' [Js® (A+ B)]
=(A+B)®J,=¢p [J, @ A+ ¢ ![J, ® B,

and
o [(Js ® A) % (Js © B)]
= (I ®A® 1;—%) (Js® B®1,)]
¢ ' [le(Ael],)(Bo1,,)]
= ((A ® 1tT/n) (B® 1t/p)) ® Js
=(A® 1tT/n ® Js)(B® 1, ® J)
= (A= N(B).

Hence ¢~ is also a ring homomorphism. We conclude that ¢ is a ring
isomorphism. O

1
Remark 30. It is easy to verify that the results of Theorem 29 are also
true for Ry (m x n,F), R (m x n,F), and RY, (m x n,F).

The following theorem is fundamental for R(m x n,[F) isomorphism.

Theorem 31. Consider the ring R(m x n,R). Let t = lem(m,n), r =

ged(m,n), a =m/r, b =n/r, and M, € O, be an orthogonal matriz, i.e.,

MY = M. Then ¢ : Myxn — Muxn, defined by

(60) A (M, @ L)AMI ® L), A€ Muxn,

18 a Ting automorphism.

Proof. First, we show ¢ is a ring homomorphism. It is obvious that
@(A+B) :QO(A)—FQO(B)v A, B € Myxn.

We prove

(61) P(AxXB) = p(A)xp(B), A€ Mpxn.
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Note that
p(AxB) = [(M, ® 1.)A] % [B(M;! ® 1))
= (M, ® I,)[Ax B|(M} ® I,,)
= (M, @ 1) AWy, B(M] @ 1),
and

p(A) = (B) = [(My ® L) A(M;" © I)] W [(Mr ® 1) B(M,” © Ip)]
= (Mr & Ia)A(M;‘«r & Ib)q/nxm(Mr & Ia)B(MTT & Ib)

Hence, to prove (61), it is enough to show

(62) (ML @ L) U (M, @ 1) = Uy
(M & 1) Wrem (M @ 1)
= (M @ Iy @ 17)(M, @ I, ® 1p)
=1L o (Lol (L, o1,
= (Lo L1 (L ® 1, ® 1)
= (In ©17)(Im © 1)
= Upm.

Next, we show that ¢ is a ring isomorphism. It is enough to show that

o~ ! exists and is also a ring homomorphism. Define ¢ : My, xn — Mymxn by

A (MI®I)AM, ® 1), A€ Mpxn.
Then it is obvious that ¢ is also a ring homomorphism. Moreover, ¢ =
oL O
Remark 32.

(i) When m = n, Theorem 31 becomes the following: (M xn, X, +) is a
ring. Let M,, € GL(n,R) be an orthogonal matrix. Then ¢ : M,,x,, —
My «n, defined by

¢: A MyAMT,

is a ring automorphism. This is a well known fact.
(ii) From the proof of Theorem 31 it is obvious that if the r is replaced by
any s > 1 and s|r, the theorem remains true.

Remark 33. Theorem 31 can be extended to other rings.

(i) Similar argument as for Theorem 31 shows that ¢ is also an automor-
phism for R (m x n,R).
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(ii) Define ¢ : Mpmxn — Mmpmxn by A — (I, @ M,)A(I, ® MT). Then a
similar argument shows that ¢ is an automorphism for both R, (m x
n,R) and RY (m x n,R).

(iii) When the complex case is considered, i.e., F = C. We have only to
replace M, € O, by M, € U, and M;f by M,H . Then a similar argument
shows that:

¢ is an automorphism for both R ¢ (m x n,C) and R, (m x n,C);

¢ is an automorphism for both Ry (m x n,C) and RY (m x n,C).

The following is an obvious isomorphism.

Proposition 34. (i) Let F = R. Then the transpose A — AT as a map-
ping o1 : Mipxn — Mpxm s an isomorphism. That is,

(63) R(m x n,R) = R(n x m,R).

(ii) Let F = C. Then the conjugate transpose A — AH as a mapping
0H : Mmxn = Mpxm s an isomorphism. That is,

(64) R(m xn,C) = R(n x m,C).

Remark 35. Proposition 34 can obviously be extended to Ry (m x n,F),
R (m xn,F), and RY (m x n,F).

5. Group action of STP semi-group on R*
5.1. Dimension-free Euclidian space

This subsection presents a brief review for dimension-free Euclidian space,
which provides a state space for dimension-varying dynamic systems. The
dimension-varying linear (control) systems have been investigated in [9, 10,
12], the dimension-varying non-linear (control) systems have been investi-
gated in [17].

Recall that the dimension-free Euclidian space is constructed by R>* =
Unzi R™.
Definition 36 ([17]). Assume z,y € R, which are specified as x € R™
and y € R", and lem(m, n) = t. Then the addition (subtraction) of = and y
is defined by

(65) rty = (2@ 1y,)+ (Y1, e R
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With the addition (subtraction), defined by (65) and conventional scalar
product, R* becomes a pseudo-vector space, which satisfies all the require-
ments of a vector space except that x — y = 0 does not imply z =y [1].

Definition 37 ([17]). Assume z,y € R*, which are specified as z € R™
and y € R", and lem(m, n) = t.

(i) The inner product of x, y is defined by
(66) (v = 1 = 4 (0 1) (@ 1),
(ii) The norm of z is defined by
(67) [zlly == VI[{z, z)vll
(iii) The distance of x and y is defined by
(68) dy(z,y) = [z = yllv-

With the distance, defined by (68), R> becomes a topological space with
the distance deduced topology. (But it is not Hausdorff.)

x and y are said to be equivalent, if x —y = 0 (or equivalently, dy(z,y) =
0), denoted by z <> y. Define

(69) Q:=R®/ ¢ .

Denote by
z:={y eR® |y« z}.

(70) T+y=xxy, x,y¢€q.

Then (70) is properly defined. Moreover, with this addition (subtraction) and
conventional scalar product, 2 becomes a vector space. Moreover, define

(Z,9)v == (z,y)v, TET, yey,
(71) 1Zlly = [|zllv, T €I,
dV(jvg) = dV($ay)7 TET, YEY.

The inner product, norm, and distance on € are all properly defined, which
turn © a (Hausdorff) topological vector space [27].
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Recall that M := |J°_; Ur? | Myxy is the set of matrices, which acts
on R® by z — Axz € R™® as defined by (3), (or # — ASz € R*® as
defined by (5)). Hereafter, for statement ease, only the first type of action
is considered. In fact, almost all the arguments are also applicable to the
second type action.

The action (3) (as well as (5)) is called a group action, which means
(M, x) is a monoid, and the action satisfies the following properties:

(72) (AMB)D?:C:AD?(BD?x);
and
(73) Exz =,

where E =1 € M is the identity.
Using action (3), a dynamic system can be defined as

(74) r(t+1) = A({t)xz(t), z(0) =2z € R™,

which is called a semi-group system (or S-system) [31].

Moreover, it is also a dynamic system, that is, R* is a topological space,
and for a fixed A, r — AXz (as a mapping: R>® — R*) is continuous [36].
The only inferior is: the state space R* is not Hausdorff. To overcome this,
we turn to quotient space as follows.

Let A, B € M. A, B are said to be equivalent, denoted by A ~ B, if
there exist identity matrices I,,, and I, such that

Denote by
(A) :={BeM|B~ A},

and the set of equivalence classes is denoted by

(75) =M/~

Then the action of M on R* can be transferred to the action of 3 on Q) by
(76) < A>KT:=(AXz), Ac(A), rcz.

The dynamic system (71) can also be transferred to €2 as

(77) F(t+1) = (A)YRE@), 2(0) € Q, (A®)) €3,
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which surely needs to be well posed, that can be proved easily.
Now (77) is a dynamic system over a vector space X, which is also a
Hausdorff space [17]. A detailed argument can be found in [11, 17].

5.2. DK-STP based group action of matrices on R*°

In previous subsection one sees that unlike classical linear system over R”, to
construct dynamic systems over R*°, we need both MM-STP and MV-STP.
Fortunately, when DK-STP is used, we go back to the classical situation,
where one operator X is enough for both matrix-matrix product and matrix-
vector product. This is an advantage of DK-STP.

Consider the following dynamic system

(78) 2(t+1) = A@t) = z(t), (0) =0 € R®, A(t) € M.

According to Proposition 18, it is clear that (78) is an S-system. To see
it is also a dynamic system, we have to estimate the norm of A € M with
respect to DK-STP.

Definition 38. Let A € M,,,xn, C M. The DK-norm of A, denoted by
|A||  , is defined by

A%z
(79) [Allx = sup ————
0ATER> zllv

This norm can be calculated as follows.

Proposition 39. The DK-norm of A, defined by (79) is

1 m
(50) Al = | = I Row; (A)].
j=1

Proof. Denote by
Y=Y, .,ym). = Axaz.

Using Schwarz inequality, we have

yj = Row! (4) "z < | Row;(A)[yllally. j € [Lml.



From DK-STP to non-square general linear algebra 25

Hence
m
IIyIIVS Z 1 Row; (A)||v] [|=]13
7j=1
1 m
= Ez I Row; (A)[[v] [l [v-
7=1
That is,

Al % < _ZHROWJ Hv

Note that when z = 1,, the equality reaches, which implies that

1 m
4l > | = > [ Row;(A)I
j=1

We conclude that (79) satisfies (80). O

Proposition 39 ensures that (78) is a dynamic system.
To compare the DK-STP based dynamic system with MV-STP based
dynamic system, we recall the following.

Definition 40 ([11]). Consider the MV-STP based dynamic system (74)
and assume A(t) = A. A matrix A € M, specified by A € My,xn, is a
(dimension) bounded operator if for any xzo € R* there exist a 7y > 0 and an
Euclidian space R", depending on xg, such that the trajectory z(t, z¢) € R"
for t > Tp. Otherwise, A € M« is a (dimension) unbounded operator.

The following proposition shows how to judge if a matrix is bounded or
not.

Proposition 41 ([11]). Consider S-system (74}) with constant A(t) = A €
Mopxn. If min, A is (dimension) bounded. Otherwise, A is (dimension)
unbounded. Moreover, if A is (dimension) unbounded, then
nh_)n(r)lo dim (z(t, z0)) = oc.
Unlike MV-STP based dynamic system, if we consider the DK-STP

based system (78) with A(t) = A, then the following proposition is obvi-
ous.
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Proposition 42. Consider the DK-STP based system (78) with A(t) = A.
Assume A € Myxn, then the trajectory x(t,xo) € R™, t > 1. That is, R™
18 its invariant subspace.

Proof. For any x(0) = z¢p € R, it follows from definition that z(1) € R™
and all z(t), t > 1 remains in R™. O

Proposition 42 ensures that under operator X any A € M is a dimension
bounded operator for system (78).

Remark 43. (i) Consider an S-system
(81)  x(t+1)=A@)xxz(t), =x(0) =z R>®, A(t) € M.

Similar arguments show that for A € M (80) remains true. Hence (81)
is also a dynamic system.

(ii) For weighted DK STPs, the corresponding S-systems can be con-
structed as

(82) z(t+1) = A(t) X wx(t), x(0) =29 € R™, A(t) € M,
and
(83) z(t+1) = A(t) x (), =z(0) =z € R>, A(t) e M

respectively. It is easy to verify that both (82) and (83) are dynamic
systems.

Definition 44. Assume A € M, x,. The restriction of A on R™ is denoted
by Il4, called the square restriction of A. Precisely speaking, Algm = Il4,
that is,

(84) Axz=1lqz, VreR™

Proposition 45. For each A € My, «n, there exists a unique I14 € My xm,
such that (84) holds.

Proof. By the linearity, A
of R™. Consider

rm is uniquely determined by its action on a basis

AxS =&, i€[l,m].
Then we have
Ax Iy =1[61,...,&m] == E.
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Using Proposition 20, we have that
ARz =AX (Inx) = (AxIp)r = Ex.
It follows that = is the unique II4, satisfying (84). We, therefore, have
(85) Iy =Ax Iy = AUy, O

Remark 46. Similar argument shows that

(i) (For Right DK-SPT:) Assume A € M, ;. The restriction of A on R™,
called the right square restriction of A and denoted by Il4, satisfying

(86) Axx = Mz, VreR™,
is

(ii) (For Left Weighted DK-SPT:) Assume A € M, . The restriction of
A on R™ called the left weighted square restriction of A and denoted
by IIY, satisfying

(88) ARy =%z, VreR™
is
(89) A=AV

(iii) (For Right Weighted DK-SPT:) Assume A € M,,x,. The restriction
of A on R™, called the right weighted square restriction of A and
denoted by ITY, satisfying

(90) Axypr =%z, VreR™,
is
(91) Y4 =AY

Example 47. Given
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(i) Using (85), we have

3 00
1 2 0
qI4><3_ 0 2 1 Y
0 0 3
and

5 2 11
HA:AXI;g:A\I’4><3: 10 2 —6
13 4 1

Let z = (2,—1,3)T. Then a numerical computation shows that
Axx =TIz = (41,0,25)T.

(ii) Consider the right DK-STP, then

1 1 1
1 1 1
q)4><3 - 1 1 1 9
1 1 1
and

6 6 6
g =Ady3=12 2 2
6 6 6

(iii) Consider a weighted left DK-STP by using normal distribution for
weights. From Example 5 we have

W3 = [0.4602,0.5,0.4602] 7,
Wy = [0.4207,0.4602, 0.4603, 0.4207]~ .

Then
0.6355 0 0
w _ |0.1936 0.4221 0
4x3 = 0 0.4221 0.1936]°
0 0 0.6355
and

1.0227 0.4221 2.3484
W — AUY . = [2.1001 0.4221 —1.2710
2.7902 0.8443  0.1389
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(iv) Considering a weighted right DK-STP by using the same weights as
in (iii), we have

0.1936 0.2301 0.2118
w _ 0.1936 0.1936 0.2301
4x3710.2301 0.1936 0.1936]°

0.2118 0.2301 0.1936

and
1.1979 1.3441 1.2528
Iy = A®Y, 5 = [0.3509 0.4237 0.4782
1.2894 1.3076 1.1795

5.3. Generalized Cayley-Hamilton theorem

The following result is called the generalized Cayley-Hamilton theorem,
which extends Cayley-Hamilton theorem to arbitrary matrices.

Theorem 48 (Generalized Cayley-Hamilton Theorem). Let A € M,xn
and r = min(m,n). Set

114, r=m,
I(A) := {HAT e

and denote by p(z) = a" + py_12" "L + -+ py the characteristic polynomial
of II(A). Then

(92) AT Loy AT 4 pgA=0.
Proof. First, assume m < n. By definition and using (85), we have

HZL +pm71H7X_1 + -+ polm
- (A\I’(n,m))m +pm—1(A\I/(n7m))m71 + -+ polm
- A<m>\1}(n7m) + pm71A<m_1>\Il(n’m) + o+ pol, = 0.

Multiplying A on right side yields
A<m+1> +pm71A<m> 4. +p0A —_ O,

which verifies (92).
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Next, assume n < m. Similar argument leads to

(AT g (A7) AT =0

Taking transpose on both sides yields (92). O

Remark 49. (i) From the proof one sees easily that: using the charac-

(iii)

teristic function of II4 we can have a (92) with » = m and using the
characteristic function of II4r we can have another (92) with r = n.
Both of them are correct, but we prefer to choose the lower order one.
To see this is a generalization of classical Cayley-Hamilton Theorem,
it is clear that when m = n (92) degenerates to

(93) A"l L AT+ ppA=0.

Deleting A yields the classical Cayley-Hamilton Theorem. (Even if
A is singular, it still can be deleted from (92). Because selecting a
nonsingular sequence { A, } and let lim,,_,o, A,, = A proves the required
equality.)

We may define a formal identity I,,x, € R(m x n,F), which satisfies

(94) IanXA: AXIan :A7 VA S men.
Then (92) can be written as
(95) A< 4 p g AT 4 polxn = 0.

But remember that here I,,,x, is not a matrix, so (95) is only a con-
venient formal expression.

Let p(z) = 2" 4+ p,_12" "' + - - - 4+ pg be any annihilating polynomial of
IT4 or IT4r. Then (92) remain available. Note that now in general r #
min(m, n). Particularly, we are interested in the minimum annihilating
polynomial.

Remark 50. Similar results are all correct for right DK-STP, weighted left
DK-STP, and weighted right DK-STP. For instance, we consider the right
DK-STP. We have Generalized Cayley-Hamilton Theorem for right DK-STP
as follows: Let A € M,,,x,, and r = min(m,n). Set

1T 4, r=m,
H(A) = {HAT r =

S
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and denote by q(z) = 2" + g.—12" "1 + - - + qo the characteristic polynomial
of II(A). Then

(96) ACHD 4p AT 4 pgAd =0,

We give a numerical example.

Example 51. Using MatLab, a randomly chosen matrix A € M3x4 is

0.9572 0.1419 0.7922 0.0357
A= 104854 0.4218 0.9595 0.8491
0.8003 0.9157 0.6557 0.9340

(i) (Generalized Cayley-Hamilton Formula Based on (Left) DK-STP)
We have
3.0134 1.8682 0.8993
Mg = AWy = [1.8779 2.7625 3.5069
3.3166 3.1430 3.4577

The characteristic function of I14 is
f(z) = 2% — az® + bz — ¢,
where

a=9.2336, b=10.7830, c=2.2366.
Then it is ready to calculate that

F(A) = A<Y — gAS3> 1 pA<? — cA = 0.

(ii) (Generalized Cayley-Hamilton Formula Based on Right DK-STP)
We have
1.9270 1.9270 1.9270
My = ADyy3 = [2.7158 2.7158 2.7158
3.3057 3.3057 3.3057

The characteristic function of II4 is

3

g(x) = 2° — ax® + bx — ¢,

where
a=179485 b=0, c=0.
Then it is ready to calculate that

g(A) = AW —¢A®) = 0.



32 Daizhan Cheng

Definition 52. Let A € M, «n.
(i) The II-determinant of A is defined by

det(Il4), m <n,
det(HAT), m > n.

(97) Det(A) = {
(ii) A is said to be Il-invertible, if Det(A) # 0.
Proposition 53. The Il-determinant Det has following properties.
(i) Det is a generalization of det. That is,
(98) Det(A) = det(A), A€ Myxn.
(ii)
(99) Det(Ax B) = Det(A)Det(B), A,Be M.
(iii) If Det(A) # 0, then A is of full rank. That is, if A € Mpxn, then
(100) Det(A) # 0 = rank(A) = min(m,n).

The converse is not true.

Proof. (i) Since for a square matrix A we have II4 = A, the conclusion
follows.
(ii) Let A € Myxp. Since 114 = AV, . If rank(A) < min(m,n), then
I14 is singular. Hence, Det(A) = 0. (100) is verified.
The following counterexample shows that the converse is not true.

Consider
1 -2 1
A= [1 0 0] ’
which is of full rank. But
2 0
My =AV¥z,=A41|1 1 :B 8],
0 2

which is singular. O
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Theorem 54. Assume A € My,xn is Il-invertible, then there exists a
unique B € Muyxn, (specified by By for m < n and Bz for m > n) called
the Il-inverse of A, such that

BixAxIL, =1, m<n,
(101)

I,xAxBy=1,, m>n.

Proof. First, assume m < n:

Let ™+ pp—_12™ 1+ - -+ pg be the characteristic function of IT4. Since
A is Il-invertible, pg # 0. Then

(A\Ijnxm)m + pmfl(A‘Ianm)m_l + - ‘|‘pOIm

— A<m>\1’nxm +pm_1A<m71>\Ijn><m R
+p1A\I’n><m ‘I'pOIm

= [(A<m> + pm—1A<m71> 4 +P1A)] \I"nxm +pOIm

— {[A<m—1> +pm71A<m—2> 4. —|—p2A] < A
+ pl(\llmanjnxm)i \I’mxn\I]nXmA} Voscm + podm

= {[A¥" 7 4 P AT 4 A
+ pl(q]manjnxm)_lwmxn] \I’nXmA} \I’nxm +pOIm'

Set

1
(102) By =AY = - [AS™1> g, JASTT2 p oA
0
+ pl(qlmxnlpnxm)_lq/mxn] 5
which is called the Il-inverse of A. Then we have

(B1 X A)Vyxm = BRAX I, = I

Next, assume m > n:
Let the characteristic function of Il 4~ be ™+ ¢,—12" ! +- - -4 qo. Using
the previous proof, we have that

Bl s AT <1, =1I,.

That is
I, xAxXB=1,,
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where
B () [
o+ @ (AT) + G (Vsm Pinxn) ™ W] -
That is,
(103) By = (A)Y = _qlo [ASP=1> g, (A2 L
+ @2 A+ QW (Ynxm Tmxn) '] - O

Remark 55. If we use formal identity, then By and Bs can be expressed as

(104)
1
Bii= A = - [ASm> g AT b L g At il
bo
and
(105)
1
By = (A)Y = “w [ASP 71 4 g A2 o A e -
0

Moreover, (101) can be expressed in more elegant form as

106 AxBy X1, =B1xAxI,, =1,, m<n,
(106) I, xByxA=1,x AxXx By = 1I,, m > n.
Remark 56. The formal identity I,,x, is considered as the identity of the
ring R(m xn,F). Precisely speaking, the identity of semi-group (M, xn, X ).
We do not consider it as a member in group (M, xn,+), because it may
causes some trouble.
As a convention, we define

(107) = 1I,.

Irnxn :

To express dimension-free eigenvectors, we set

C*>® .= G c™.
n=1
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Definition 57. Let A € M,,«x, be a real or complex matrix.

(i) A € Cis called a IT-eigenvalue of A, if

Det(A — Aypsn) = 0, <n,
(108) et( P ) me=n
Det(A" — AMpsm) =0, n<m

The set of eigenvalues is denoted by o(A).
(ii) Let A € 0(A). 0 # x € C™> is called an eigenvector w.r.t. eigenvalue A,
if

Axz =X x, m<n,
(109)

AT sz =Xz, n<m.
The following result is an immediate consequence of the above defini-
tion.

Proposition 58. Let A € My« be a real or complex matrix.

(i) A € C is a Il-eigenvalue of A, if and only if, X is an eigenvalue of
II(A).

(i) © € C*® is a II-eigenvector of A w.r.t. A, if and only if, x is an eigen-
vector of II(A) w.r.t. A\. Hence 0 # x € C" and r = min(m, n).

Remark 59. Corresponding to right DK-SPT, left weighted DK-SPT, and
right weighted DK-SPT, the Il-eigenvalues and Il-eigenvectors, II,-eigen-
values and IL,-eigenvectors, and II,-eigenvalues and Il,-eigenvectors can
also be defined. Moreover, the Proposition 58 remains true for each cases.

5.4. DK-STP
based continuous-time systems

This subsection considers DK-STP based continuous-time dynamic systems,
which is defined as

(110) (t) = Axa(t), =(t),z(0) =29 € R>®, Aec M.
A straightforward computation verified its solution.

Proposition 60. The solution of (110) is

o
t’ ;
(111) z(t) :xO+ZEA<l>m0.
i=1
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It is natural to define an “exponential” function as

0 1 )
(112) Eap(A) i= Imxn + Y ﬁA<z>.

=1

Since I, xp is a formal identity, we consider Exp(A) as a linear operator
as

Exp(A) : R*® — R,

Though Exp is very similar to an exponential function, but precisely speak-
ing, it is not an exponential function from M;,«x, to M, xn. Hence, we
denote it by Ezp, but not exp.

Using this notation, the solution of (110) can be expressed as

(113) x(t) = Exp(At) X xg.

Assume A € M,,xn, then no matter what is the dimension of g, we
have x; := z(1) € R™. Hence the solution (111) can be expressed as fol-
lows:

(o] y oo y
t* : .
(114) {L‘(t) =x0+ E Z,—'A<Z> Xxog=x9+ 21+ E ﬁHfglml,
i=1 i=2

where x1 = Ax g € R™.
Decompose

z1 = o + Mo,
where
&o € Span{Col(Il4)}, mno € SpanL{Col(HA)}.
Then there exists a £ € R™ such that
ITA€ = &o.
If I14 is nonsingular, then
=101 =1 2.
Then (114) becomes

o
tZ

(115) z(t) = zo + E A" x 10
2.

=1
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=30+ T+ Y 7lag
i=2
=z + [z1 — & — T14€ + exp(IL4t)¢].

Note that (115) is a closed-form (or finite term) solution.
Remark 61. Similarly, we can define

(i) (for right DK-STP)
(116) #(t) = Axz(t), =z(t),z(0) =x9 € R® A ec M,
(ii) (for left weighted DK-STP)
(117) (t) = Ax pz(t), x(t),z(0) =z € R, A e M;
(iii) (for right weighted DK-STP)
(118) (t) = Axpa(t), z(t),z(0) =29 € R A e M.

The arguments for DK-STP based dynamic system (110) remain avail-
able for (116)—(118).

To save space, hereafter we will note mention such extensions any more.
But the extensions are all available for the rest of this paper.

6. STP-based
general linear algebra

We refer to [23, 39] for the concepts and basic properties of Lie algebra.

Definition 62 ([3]). A vector space V with a binary operator, called Lie
bracket, is a Lie algebra, if

(i) (Bi-linearity)
(119) [ax 4+ by, 2] = a[x, 2] + by, 2], =x,y,z€V, a,beTF.
(ii) (Skew-symmetry)
(120) [z, 9] = =ly,2l, zyeV.
(iii) (Jacobi Identity)

(121) [z, 9], 2] + [[v, 2], 2] + [[z,2],y] =0, z,y,z€V.
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Remark 63 ([3]). Consider M,,x,, and define
(122) [A,B] = AB — BA, A,B &€ M;xn.

Then (Myxn,[-,-]) is a Lie algebra, called the general linear algebra, and
denoted by gl(n,F). Its corresponding Lie group is the general linear group
GL(n,TF).

In the following one will see that the DK-STP can extend the Lie al-
gebraic structure from the set of square matrices M, «, to non-square case
M xn- Its corresponding Lie group will also be constructed later.

Definition 64. Consider M,,x,. Using X, a Lie bracket over M,y is
defined as

(123) [A,B]x :=AXB—-BxA, A Be& Mpxn.

Remark 65. If m = n, then (123) is degenerated to (122). Hence, (123) is
an extension of (122) to non-square case.

Proposition 66. M,, ., with Lie bracket defined by (123) is a Lie algebra,
called the STP general linear algebra, denoted by gl(m x n,TF).

Proof. It can be verified by a straightforward computation. O

Definition 67 ([23]). Let V' be a vector space with a bracket [-,-] : V — V,
and £ = (V,[,-]) be a Lie algebra. H C V be its subspace.

(i) If H = (H,[,,-]) is also a Lie algebra, H is called a Lie subalgebra
of L.
(ii) If # C L is a Lie subalgebra, H is called an ideal, if

(124) [z, H]| CH, VzeV.

Example 68. Consider gl(m x n,F). Assume r = ged(m,n) and s|r.

(i) Denote by

(125) D = {A1+ e +AS | A € Mm/sxn/sa (S [1a 5]}7
and define
(126) Ds = (DS’['v']X)

Then Dy is a Lie subalgebra of gl(m x n,F).
Using Proposition 11, this claim is obvious.
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(ii) As a special case of (i), we define
(127) I, =1:® Mm/sxn/s C Ds.

Then it is easy to verify that Z is a Lie subalgebra of D;.
(iii) Let 1 =rg <ry < --- <1 =7 with r4|rj31. ThenZ,, CZ,, , C--- C
Z,, is a set of nested Lie subalgebra.

Let £ be a Lie algebra. Denote its center as
Z(L):={z€L|[z2]=0,Vz € L}
It is easy to verify that when m # n:
Z(gl(m x n,F)) = {0}.

This fact implies that R(m x n,F) does not have identity when m # n,
because if there is an identity, e # 0, then e € Z(gl(m x n,F)), which leads
to a contradiction.

Definition 69. Let £; = (V,[-,]i), i = 1,2 be two Lie algebras.

1. If there exists a mapping ¢ : Vi — V5, such that

(128) o(x1 +1 22) = o(21) +2 p(22), 21,22 € V13

(129) olr1, z2)1 = (1), p(22)],, 1,22 € V5

Then £ is homomorphic to L9, and ¢ is a homomorphism.
2. If o : V1 = V3 is a one-to one and onto homomorphism, and ¢! :
Vo — V7 is also a homomorphism, then ¢ is called an isomorphism.

The following proposition can be verified by definition immediately.
Proposition 70. Consider R(m x n,F).

(i) If H C R is a sub-ring of R(mxn,F), then (H,[-,-] ¢ ) is a sub-algebra
of gl(m x n,F).

(i) If © : R(m x n,F) — R(m x n,F) is a ring isomorphism, then 7 :
gl(m x n,F) — gl(m x n,F) is also a Lie algebra isomorphism.
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Since the STP general linear algebra can clearly expressed into matrix
form, many properties can be easily verified via matrix form expression. As
an example, we consider its Killing form.

Definition 71 ([23]). Let £ be a Lie algebra.
(i) For a fixed A € L the linear mapping ad : £ — L, defined by

(130) ady : X — [A, X], X €L,

is called the adjoint mapping of A.
(ii) A bilinear form on £, defined by

(131) (X,Y) :=trace(adxady), X,Y €L,
is called the Killing form of L.
Proposition 72. Consider gl(m x n,F). Then
(132) (X,Y) = trace { [I, ® (X Tpxm) — (X Wrnxn) @ I
[1n @ (YWum) = (YT Wpsny) ® In] }
X,Y € gl(m x n,F).

Proof. Assume Z € M,xn, and both pair (A, Z) and pair (Z, B) satisfy
dimension matching condition. Using column stacking form, we have [5]

Vo(AZ

) =
(133) V(Z5) =

(In ® A)Ve(Z),
(BT ® In) Ve(2).
Let A, B € M,xn. Using (133), we have
and
V(X % A) = Vo(X Ui A) = [VpxnAT) @ L, ] Vo(X).
It follows that

Ve(adaX) = {[In ® (A¥nxm)] = [(ATnxm)" @ L] Ve(X).
{[In @ (A¥pm)] = [(TmxnAT) @ L] }Ve(X).

Hence
ada = [In ® (A¥nxm)] — [(ATV () © Ina).
(132) follows immediately. O
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Example 73. Assume

10 -1 0 10 00 1
St T Bl R A

check the following properties:

(1)

(134) (A,B) = (B, A)
W3y = (13 ® 12T) (I, ®13)
(2 0
=1 1
0 2

ads = [I3 ® (A¥3x2)] — [(AT Usx2) @ ]

0 -2 —-1 0 0 07
1 1 0O -1 0 0
oo 1 2 2 o0
100 1 -2 0 -2
2 0 0 0 0o -2
0o 2 0 0 1 1]
adp = [I; ® (BU3x2)] — [(BT U3x2) ® L]
M1 1 1 0 2 0]
-2 2 0 1 0 2
|20 0 1 0 o0
S l0 -2 =2 1 0 O
0 o -1 0 -11
0 0 0 -1 -2 0

ade = [I3 ® (CUsx2)] — [(CTWsx2) ® I1]

0 2 0 0 0 0
1 1 0 0 0 0
o 0 -1 2 -2 0
1o 0 1 0 0 -2
-2 0 -1 0 0 2
0 -2 0 -1 1 1|

It is ready to verify that

(A,B) = (B, A) = 35.
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(ii)
(135) (A+ B,C)=(A,C)+ (B,C).

It is easy to calculate that

(A, C) =5,
(B,C) = —11,
(A+ B,C) = —6,

which verifies (133).
(i)

(136) (ada(B),C) + (B,ada(C)) = 0.
A straightforward computation shows

(ada(B),C) = 60,
(B,adA(C)) = 60.

The equation (136) is satisfied.
7. STP-based general linear group

Definition 74 ([39]). Consider a Linear algebra £ = {V, [, ]}. Define
(137) CL)={zeV|[zy =0 VyecV},

which is called the center of L.
It is obvious that the center of £ is an ideal of £ [39].

Example 75. (i) Consider gl(n,F). It is clear that

(138) C(gl(n. F)) = {0}.

(ii) Let M be an n-dimensional manifold. Consider the set of vector fields
on M, denoted by V(M). The Lie bracket of f(x),g(x) € V(M) is
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defined as [25]?

_ 0g(z) Of(x)
(139) (7). g(0)] 2= 2 iy - 1) g
Now assume f(z) € C(V(z)). Taking g(x) = 8%1_ and setting
[f(x),g(x)] = 0, a straightforward computation shows f(z) is inde-
pendent on z;, i € [1,n]. Hence f(x) = [a1,a9,...,a,] is a constant
vector. Next, setting g(x) = (0,...,0,2;0,...,0)7 and calculating
i—1 n—i

[f(x),g(x)] yield a; = 0, i € [1,n]. We conclude that
(140) C(V(M)) ={0}.

(iii) Consider gl(m x n,[F). Without loss of generality we assume m < n.
Assume A € C(gl(m x n,F)), then we have

[A, X] g = AVpumX — XUy A=0, VX € My xn.

In vector form we have

[In ® (A¥psm — (VpsmA)T @ L, Ve(X) =0, VX € Mypxn.
We conclude that A € C(gl(m x n,F)), if and only if,
(141) I, ® (A¥pym) — (AT Up0,) ® Iy, = 0.
Converting it into a linear system yields
(142) CoxnVi(A) = 0.
Numerical calculation shows that (142) has no non-zero solution for

some small m and n. (Please refer to Appendix B for its numerical
form.) So we conclude that (a rigorous proof is expecting)

(143) C(gl(m x n,F)) = {0}.
%In fact the Lie bracket is defined by [3]

[F(@),9()] = Jim 2 [(@757) g(®{“)(x)) ~ g(a)].

(139) is its expression in a coordinate chart.
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Remark 76. (i) For a Lie algebra L, its center C(£) = {0} is a necessary
condition for the existence of its corresponding Lie group. Because it
is easy to check that each € C produces exp(x), which is an identity
of exp(L). |C(L)| > 1 forces exp(L) to be non-group.

(ii) What I am confusing is: why classical textbooks about Lie group and
Lie algebra did not mention non-zero center? Is it possible that because
only Lie group and Lie algebra of type (i) and (ii) of Example 75 have
been considered in these books? Or there is no non-zero center for
finite dimensional Lie algebras?

Definition 77. Consider M, «xn. Define a product o : M,,xn X Mupxn —
Mpxn by

(144) AoB:=A+B+AxB.

Proposition 78. gmxn := (Mimxn,©) is a monoid.

Proof. Define
(145) emxn = Omxn.
A straightforward computation shows that
(146) emxn O A=Aoenxn=A4, A€ Myuxn.
Let ep be another identity, then
eoey=e=eg.

Hence ey = e is the unique identity.
To see the associativity, we have

(AoB)oC=(A+B+AxXB)o(C
=(A+B+AxB)+C+(A+B+AxB)xC
=A+B+C+AXB4+AXC+BxC+AxBxC
=Ao(Bo(). 0

Definition 79. A € g« is invertible, if there exists B € gy, xpn such that
AoB=BoA=c¢nxn.

Then B is the inverse of A, denoted by B = A~L.
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Lemma 80. Consider A € gmxn. If A is invertible, then A~ is unique.

Proof. Assume both B and C are the inverse of A. By associativity, we have
BoAoC=(BoA)oC =epxpoC=C.

We also have
BoAoC=Bo(Ao(C)=Boepxn =B.

The conclusion follows. O

Proposition 81. Let A € Gyxn- Define

(147) Ersn(A) = [ (In @ (AWpxm)) + Inn }

I ® (A¥nxm) — (AT Wsn) @ In.
(i) A is invertible, if and only if,

(148) Een(A)z = [_VCW]

Omn

has unique solution x € F™".
(i) If x is the unique solution of (148), then

(149) V(A7) =

Proof. 1t is clear that X is the inverse of A, if and only if,
(i) Ao X = epxn, which leads to

(150) A+ X +AxX =0.
(i) Ao X = X o A, which leads to
(151) AxX = X XA

Putting X into its vector form V,(X) and using (133), we have

(152) Ve(A) + Ve(X) + (In © (AWpm)) Ve(x) = =Vo(A),
and
(153) (I ® (ATpm) — (Vs A)T @ I | V() = 0.

Putting them together yields (147) and (148). O
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Remark 82. Because of Lemma 80, a necessary condition for xg to be the
unique solution is rank(Ey,xn(A)) = mn. Moreover,

[%(A)}

Omn

-1
(154) 2o = (EL 0 Bmxn)  Eb
is the only solution.

So to verify if A is invertible, we can first solve zy, and then verify
whether xg is the solution of (148).

Define

(155) M?

mxn

= {A € gmxn | A is invertible}.

Proposition 83. M/°

mXn
Proof. Let Ag € M,,.,,. According to Remark 82, E,,«n(Ao) has full rank.

Then there exists an open neighborhood

s an m X n dimensional manifold.

Ua, C Mgzxn C Mipxn = R™.

The conclusion follows. O
Define a mapping Ep : G(m x n,F) — M0 as
(156) Ep(A) =) 5A<Z>, A€ Mypxn.
i=1

Then we have the following result:

Proposition 84. The image Eo(Mpxn) is a pathwise connected component
of My,

Proof. Consider Ej at each neighborhood of Ag as Ag + X, then the Ja-
cobian matrix Jg, |4, is the identity matrix. Hence, Eo(M,,xn) is an mn
dimensional submanifold of M,,«,. To see it is pathwise connected. Let
X,Y € Ey(Minxn), then there exist A, B € M,,xpn, such that Fy(A) = X
and Eo(B) =Y. Let P(t), t € [0, 1] be a path in M, x,, such that P(0) = A,

Xn*

P(1) = B. Then Ey(P(t)) C Eo(Mmxn) is a path connecting X, Y. O
Define
(157) ggnxn = Eo(Mmxn).

Then the following relationship is obvious.
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Proposition 85.

(158) (9mxn>©) < (Mpyuns©)
18 a sub-group and a sub-manifold.

Finally, we define a mapping

T A= A+ I,

denote

(159) T(gmxn) = Gmxns
and set

(160) (99 wn) = GL(m x n,F).

The product on GL(m x n,F) is defined naturally as
(Ian—i-A)O(Ian—l—B) = an+A+B+AXB

Then the following result is easily verifiable.
Proposition 86.
()
(161) 72— GL(m x n,F)
s a group isomorphism.

Hereafter, we may consider A = (a;;) € g%, as the coordinate of
Iyxn + A€ GL(m x n,F).

(i) Define
1
(162) Exp(A) = manrZﬂA .
i=1
Then

Exp(G(m x n)) = GL(m x n,F).
(iii)
(163) Exp =mo Ej.

That is, the graph in Figure 2 is commutative.
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Imxn = (Man,O) = > g?nxn = ngnUImxn
T T: A= A+ Lixn T
g?nxn < (M791><n7o) T > GL(TTL X ’I?,,F)
Ey Ezxp
G(m x n,TF)

Figure 2: Mappings among (semi-)groups.

In the following we analyze GL(m x n). We have
Proposition 87. GL(m x n,R) is a Lie group.

Proof. First, since ¢2,.,, is a pathwise connected mn-dimensional manifold,
7: g%, — GL(m x n,R) is a manifold homeomorphism, GL(m x n,R) is
also a pathwise connected mn-dimensional manifold.

Second, GL(m x n,R) is a group isomorphic to g2,,,. What remains to
verify is: the group operators are analytic.

(i) (A,B) — Ao B is analytic. Let A = I,,x, +a and B = I,x, + b,
where a,b € M, x,. Then

AoB=1,xn+a+b+a¥,xmb.

It is obvious that x is analytic.
(ii) A+ A~!is analytic. Using the matrix expression (154), this is also
obvious. O

Now we are ready to prove our main result.
Theorem 88. The Lie algebra of GL(m x n,R) is gl(m x n,R).
Proof. We have only to show that the algebra generated by left invariant

vector fields on GL(m x n,R) is isomorphic to gl(m x n,R). Note that the
left transition L, : A — X A is:

Ly :ILnxn +a— Lxn+xXa.
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Let V € Ty, .. It is well known that each left invariant vector fields V()
can be generated by

V() = (Lz)« (V).
Denote the set of left invariant vector fields by
gr = {V(a:):(L )«(V) | x € GL(m x n,R), VGTIMW}
We have only to show that
(164) gl(m xn,R) = gr.

Note that gr, C T(GL(m x n,R)) are set of vector fields on tangent space of
the manifold GL(m x n,R). Hence the Lie bracket of f(z), g(x) € g; is [25]

7). 9], = 2 i) - D gy,

where subset F' means the Lie bracket of vector fields. Hence to prove (164),
it is enough to show

(165) [(L:C)*A7 (Lx)*B]F = (Lw)*[Aﬂ B] x

Considering the product over g2 . . and putting both sides of (165) into
column stacking form yield

Ve(LHS) = [Ve(x % A), Ve(z % B)|p
[( nxm ) ) c@)v( nXmB>T®Im>Vc($)]F

_((‘Ijnxm ) )(( nxm ) ®Im)] Ve(z)

= [(B"Upsn AT Wiy — AT BT V) @ I ] Vi(2),
Vo(RHS) =V (xx (AX B — BxA))
= (T (AW B — BUn AN @ L, |Ve()
= [((\I’nxmB)T ® Im)((‘llnxmA)T ® Im)
— (TxmA) T @ L) (YsemB)! @ Ln)] Vie()
= [(B"Upsn AT Wiy — AT BT ) @ L] Vi(2).

This proves (165). O

Next, we consider the relation between sub-algebra and sub-group.
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Theorem 89 ([22]). Let g be the Lie algebra of a Lie group G and let h C g
be a subalgebra of g. Then there exists a unique connected Lie subgroup H,
which makes the following diagram commutative:

Figure 3: Subalgebra to subgroup.

Applying Theorem 89 to STP algebra and STP group, we have the
following result.

Corollary 90. Consider gl(m x n,R), assume 1 < k = lem(m,n). Then
gl(m/k x n/k,R) is a subalgebra of gl(m x n,R). Hence GL(m/k x n/k,R)
is a Lie subgroup of GL(m x n,R).

It is also true for and s > 1 and s|k.
Finally, we consider the relationship of GL(m x n,F) and GL(m,TF).

Theorem 91. Consider gl(m x n,F) and gl(m,F).
(i) Define ¢ : gl(m x n,F) — gl(m,F), defined by
(166) p(4) i=TLy.
Then ¢ is a Lie algebra homomorphism, that is,
(167) gl(m x n,F) ~ gl(m,F).
(ii) Correspondingly, set

GL(m x n,F) := Exp(gl(m x n,F)),

(168) GL(m,F) := Exp(gl(m, F)).

Then ¢ : GL(m x n,F) — GL(m,F) is a Lie group homomorphism,
that is,

(169) GL(m x n,F) ~ GL(m,T).
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Proof. (i) Define ¢ : gl(m x n,F) ~ gl(m,F) by ¢ : A 1I4. Let A, B €
gl(m x n,F). Then

Y[A,B]lx =¢(AXB—-BxA)
= (AU, B — BU ) AV
= @(A)p(B) — ¢(B)p(A)
= [p(A), p(B)].

(ii) The proof is mimic to the proof of Theorem 3.7 of [21]. O
8. Concluding remarks

In this paper a new STP, called (left) DK-STP and denoted by x, has been
proposed. Using it, the corresponding ring, Lie algebra, and Lie group are
presented. The algebraic objects concerned in this paper can be described
as:

R(m x n,F) X, gl(m x n,F) L, GL(m x n,F).

The action of G(m x n,F) on dimension-free vector space R* is also
considered, which proposed discrete-time/continuous-time dynamic systems
as

X .
G(m x n,F) — R* — S-system — dynamic system.

Meanwhile, by introducing the square restriction ITy € N, xn of A € Maysn,
some interesting things have been obtained, including eigenvalue, eigenvec-
tor, determinant, invertibility, etc., for non-square matrices. Particularly, the
Cayley-Hamilton theory can also be extended to non-square matrices.

In addition, the right DK-STP, weighted (left) DK-STP, and weighted
right DK-STP are also briefly introduced. They have similar properties as
(left) DK-STP.

This paper may pave a road for further development of STP of matrices.

Though these new STPs shown many interesting properties, it can not be
used to replace existing STPs, because they have quite different properties,
which makes their functions different. Unlike existing STPs, application of
these new STPs is still waiting for exploring.

There are many related topics remain for further study. The following
are some of them.

(i) Understanding gl(m x n,F) and GL(m x n,F).
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(iii)

Daizhan Cheng

The investigation of non-square general linear group and general linear
algebra is only a beginning. To reveal their more properties is theoreti-
cally important and interesting. Particularly, general “non-square” Lie
group and Lie algebra may be developed. Say, group representation of
nonlinear mapping ¢ : R™ — R™ etc.

Dimension-varying (Control) System:

Consider a control system:

(170) {"3“) = Ax(t) + Bu(t), x(t) € R", u(t) € R™,
y(t) = Cx(t), y(t) € RP.

If we allow dimension perturbation in w(¢) and z(¢). That is, z(t) may
disturbed to R™*" or so. Then (170) can be considered as a nominal
model. This happens from time to time for nature systems or artificial
systems. For instance, the Internet changes its size, because of varying
number of users. In gene regularity network, the number of nodes are
changing because of the birth or death of cells. If we use dimension
keeping STP to the nominal model (170) as

(171)
{:b(t) = A [z(t) + £@)] + Bru(t) + ()], z(t) € R", u(t) € R™,
y(t) = Ox[z(t) +C(1)], y(t) € R, &), m(t),¢(t) € R,

where £(t), n(t), ((t) are disturbances of different dimensions.

Then the overall model does not need to adjust the dimensions of
nominal model to meet the perturbation. This is another reason to
name such SPT dimension keeping one. The properties of such systems
are worthy for further investigations.

Analytic Functions of Non-square Matrices.

Using DK-STP, the analytic functions of non-square matrices are prop-
erly defined. Their properties with applications need to be investigated.
Say, for non-square matrix A, using Taylor expansion with DK-STP
power A<" to replace A™, we can also prove Euler formula

e —cos < A> +isin< A >, A€ Mpsn.

Appendix A

List of notations:
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23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
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. R: set of real numbers.
. C: set of complex numbers.
. F: field (R, C, or other fields with characteristic 0).
M xn: the set of m x n real matrices, (could be over F if necessary).
AT transpose of A.
AT conjugate transpose of A.
V.(A): column stacking form of A.
V:(A): row stacking form of A.
lem(a, b): least common multiple of a and b.
ged(a, b): great common divisor of a and b.
. Col(M) (Row(M)) is the set of columns (rows) of M.
Col;(M) (Row;(M)) is the i-th column (row) of M.
1, =(1,1,...,1)".

—_——

l
L xn € My« with all entries equal to 1.
0, = (0,0,...,0)T.
—_————

0puxn € Mﬁmxn with all entries equal to 0.
I,,: Identity matrix.
Ip = %]—nxn-
O,: set of r-dimensional orthogonal matrices.
U,: set of r-dimensional unitary matrices.
§¢: the i-th column of the identity matrix I,,.
[m,n] ={m,m+1,...,n], m <n.
f: matrix direct sum.
: Kronecker product.
: (left) type 1 MM-STP.
: (left) type 2 MM-STP.
: (left) type 1 MV-STP.
: (left) type 2 MV-STP.
(left) VV-STP.
: right type 1 MM-STP.
®p: right type 2 MM-STP.
X: right type 1 MV-STP.
®y: right type 2 MV-STP.
¥ : right VV-STP.
% : left DK-STP.
x : right DK-STP.
X w: left weighted DK-STP.
X 4 right weighted DK-STP.

OO X ® +

X
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38. A<F> .= Ax ... x A.
k

39. AK) .= Ax ... x A,
k

40, A<k>w .= Ax o XA
(L

k
41. ARw = Ax - X, A.
—_—

42. Uy, n: left brid;;ce matrix of dimension m X n.

43. D, «p: right bridge matrix of dimension m x n.

44. wp . left weighted bridge matrix of dimension m x n.
45. @Y . .. right weighted bridge matrix of dimension m x n.

46 HA = A\Iann“ A & men.

11
47. TI(A) = {HZ’T :iz where A € Moy

48. G(m x n,F) = (Mp,xn, X ) is the semi-group.

49. G*(m x n,F) = (Myxn U{Imxn}, X) is the monoid.

50. gl(n,F): general linear algebra, where F =R or F = C.

51. GL(n,F): general linear group, where F =R or F = C.

52. gl(m x n,F): NS-general linear algebra, where F =R or F = C.

53. GL(m x n,F): NS-general linear group, where F =R or F = C.

54. Iyxn: identity of GL(m x n,TF).

55. ~: equivalence.

56. ~: I-equivalence of matrices.

57. ~j: J-equivalence of matrices.

58. ~: isomorphism of universal algebra (including semigroup, group, ring,
algebra etc.) [4].

59. =: homomorphism of universal algebra.

60. Exzp(A): exponential mapping for general (non-square) matrices.

Appendix B

The coefficient matrix I' for equation 141
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=2,n=3:

(ii) m

e}

e}

I‘2><3
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= 4.

2,n

(iii) m

0
0

['oxs
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