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On tidal energy in Newtonian two-body motion

SHUANG MIAO AND SOHRAB SHAHSHAHANI

According to the classical analysis of Newton the trajectory of
two gravitating point masses is described by a conic curve. This
conic curve is a hyperbola if the mechanical energy of the system
is positive, and an ellipse if the mechanical energy is negative. The
mechanical energy is a conserved quantity in an isolated two-body
point mass system. If the point masses are initially very far, then
the orbital energy is positive, corresponding to hyperbolic motion.

In this work we consider the situation when the point masses are
replaced by gravitating incompressible fluid balls with free bound-
aries obeying the Euler-Poisson equations. In this case the con-

served total energy & can be decomposed as & =: Sorbital + @Eti‘;;l’
where &jqa1 is the energy used in deforming the boundaries, and
Sorbital takes the role of the mechanical energy in the point mass

system and is such that if &, pita; < —c¢ < 0 for some absolute
constant ¢ > 0, then the orbit of the bodies must be bounded. In
analogy with the point mass picture we consider the scenario where
initially the two fluid balls are very far and their boundaries are un-
perturbed. In this case the initial orbital energy is equal to the total
energy and is positive. However, in the motion of fluid bodies the
orbital energy is no longer conserved because part of the conserved
energy is used in deforming the boundaries of the bodies. In [4],
based on a linear calculation Christodoulou conjectured that under
appropriate condiﬁii)lls on the initial configuration of the system,
the tidal energy &iiga1 can become larger than the total energy ¢ &

during the evolution. In particular under these conditions &y hital,
which is initially positive, becomes negative before the point of
the first closest approach. In this work we prove Christodoulou’s
conjecture in [4] for the full nonlinear system. That is, we prove
that for a family of initial configurations the fluid boundaries and
velocity remain regular up to the point g_f\tlle first closest approach
in the orbit, and that the tidal energy &ijqa can be made arbitrar-
ily large relative to the total energy &. This reveals the possibility
that the center of mass orbit, which is unbounded initially, may
become bounded during the evolution. Since the initial distance
of the bodies can be arbitrarily large relative to their distance at
closest approach, the a-priori estimates, which as in the framework
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of [16] are carried out in the language of Clifford analysis, are in-
dependent of the initial time and separation of the bodies.

1. Introduction

Consider two point masses of equal mass M approaching each other from
a far distance with initial velocities vy and —wvg. According to Newton’s
laws, the masses accelerate due to the gravitational force between them.
The mechanical energy (per unit mass) of the each point mass is

GM
4rq’

1
(1) & = §|U\2 -

where 71 = r1(t) is the distance of each point mass to the center of mass
of the system, |v| = |v(t)| is the speed of each point mass, and G is the
gravitational constant

(meters)®

G ~6.67x 1071

(seconds)?(kilograms)

The mechanical energy & is conserved in time. As shown by Newton, the
orbit of the point masses is described by a conic curve whose shape is de-
termined by the sign of &: If &1 < 0, then the orbit is an ellipse, if & > 0,
then the orbit is a hyperbola, and if & = 0, then the orbit is a parabola.
Consider now the limiting case when the two point masses were infinitely
far at time minus infinity, that is, lim;_, _~ 71(¢) = co. When discussing the
point mass system we will informally refer to t — —oo as the initial time.
Note that the initial velocities vy and —vy above now refer to the limiting
initial velocities as ¢ — —oo. Then initially lim;, ., &1 > 0 and, since &7 is
conserved, the orbit of the two point masses is hyperbolic.

In this work we are interested in the situation where the point masses
are replaced by two incompressible fluid bodies, B; and Bs, of equal mass
and density which are initially round spheres of radius R, with centers of
mass x; and xo respectively. We consider this configuration as a model for
the motion of two isolated astronomical fluid bodies whose motion is subject
only to the mutual gravitational force between them. More precisely, suppose
By and By are fluid bodies of constant density p and volume |B;| = %”R?’,
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with free boundaries, which satisfy the Euler-Poisson equations

vi+v-Vv=—Vp—V(¢, +1,), in B;(t)

2) V-v=0, Vxv=0, in B;(t)
p =0, on 9B;(t)
(1,v) e T(t,0B;(t)), on 0B;(t)

j = 1,2. Here v denotes the fluid velocity, p denotes the ratio of fluid
pressure to density, and %, j = 1,2, are the gravitational potentials

dy
biltx) = —Gp [
(%) B X =Vl

so that with xz,(;) denoting the characteristic function of B;(t)

A"/’j (t,x) = ArG X, (t)-

The relevant initial configuration is when the bodies are initially at equi-
librium moving at constant speed and zero acceleration and their centers
of mass are as in the point mass system described above. Here equilibrium
refers to the assumption that initially the bodies are perfect spheres, so that
the gravitational force of each body does not generate deformations of its
own boundary. As for point masses we are interested in the limiting scenario
where the bodies have infinite distance at time minus infinity. Mathemati-
cally, we take the perfect spherical bodies to be at distance R; > 1 at time
Ty, a negative number such that |7p| > 1. We then carry out the analy-
sis with all quantitative estimates independent of R; and Tj. The equation
V x v = 0 in the second line of (2) holds because it holds initially, due to
the fact that the bodies are initially at equilibrium. The vanishing of surface
tension on the third line of (2) is imposed because surface tension should
be neglected in the scale of astronomical bodies. The last condition in (2) is
the free boundary condition stating that particles on the fluid boundary at
a given time remain on the boundary at all times.

For this system the total energy of each body,

1 1 1
3) 60 =y [ wiexPict s [ diexax g [t
2 /B, 2 JB.(1) 2 JB.(1)

is conserved during the evolution. Here we have defined the energy only
relative to the first body because by symmetry this is also equal to the
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energy relative to the other body. Note that since the bodies are no longer
point masses, & would not agree with &7 above even if the bodies were perfect
balls moving at speed |v|, because the contribution of 1, to the energy is
now a nonzero constant. Indeed, when B; is a ball of radius R centered at
the origin,

1 by (tx) / / dxdy _  3GM|Bg(0)|
2 Jo,w Br(0) /Br(0) X =¥ SR

To account for this difference we renormalize the energy & above and define
the modified total energy & as

~ 3GM
E:=—8E+ ———.
\B1| 5R

When there is no risk of confusion we simply refer to & as the modified en-
ergy. Note that incompressibility implies that the volume |B;] is conserved
during the evolution, so the modified total energy & is also a conserved
quantity. Now as the bodies approach each other their boundaries deform
from their initial spherical shape and it is conceivable that the energy re-
quired for such deformation is so large that the energy left in the center of
mass motion becomes negative. More significantly, it is conceivable that the
orbit of the two bodies eventually becomes bounded, a phenomenon which
is impossible in the point mass case, and to which we refer as tidal capture.
To better understand the situation we decompose the modified total energy
as

—~—

(4) & = orpital + Eiidals
where
(5)
Stidal = Etidal (1)
i) o vt = Sl e [ S
and

(6) éaOI“bital = gorbital (t)
1 3GM

:—éa ——(g)ia - = L2 / t d
IB1] + SR tidal 2’X1’ +2|Bl‘ Bl¢2(7X) X
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Here, and in the rest of this work, the notation f’ is used to denote the
derivative of a function f of a single variable. We refer to &i;qa1 as the tidal

energy and to &,mital as the orbital energy. Note that the modified total
energy is defined such that zmtmlly when the bodies are perfect balls, the
tidal energy @%dal is zero and & = éaorbltal Moreover, if the initial distance
between the two bodies is sufficiently large, then initially

1 3GM  —~— o
() @5’ * 5R Sorbital =: €0 > 0, Etidal = 0.

We will see that, as in the case of point masses, the two bodies get closer
until at some point they reach their minimum distance! and then start to
move apart. The question of interest for us is if the bodies will continue to
get arbitrarily far as in the point mass case, or if by contrast their orbit
will become bounded and their distance will start to decrease again at some
later time. Suppose now that we have a lower bound

—~

(8) Sidal (1) > mo > e,

for all times t > T3 for some 17 > Ty. This would imply that for ¢t > T}

1,0 1 /
—|x5(t)]" + t,x)dx

(9) — Gpba()
1 3GM  ——
— W)+ T Ba(t) <ep— 0.
Bi] (t) + 0 tidal (t) < eg —mg <
Since

lim t,x =0,
|x1|—00 2|Bl| ¢2( )

and the first term on the left hand side in (9) is non-negative, this would
imply that the orbit cannot be unbounded. Therefore, a uniform lower bound
of the form (8) for all times ¢ > T for some 77 > Tj, implies that tidal

1 To be precise, this is the first local minimum of the distance between the bodies.
However, for brevity, and when there is no risk of confusion, we will often refer to this
as the minimum of their distance. Similarly we will often refer to the corresponding
point in the orbit as the point of closest approach rather than the point of first
closest approach.
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capture occurs. This explains our choice of terminology “orbital energy” for

Eorbital- The relation of the tidal energy é/ati\(;l to the surface deformation of
the fluid bodies can also be made precise, but since this discussion requires
introducing some more parameters, we postpone it to further down in the
introduction; see (14) and Remark 1.4. In this work we will prove that if
certain relations are satisfied in the initial configuration of the system, then
(8) holds near and up to the point of the closest approach, where mg can be
made arbitrarily large relative to the initial energy eg. To state our result
more precisely, we need to describe the setup in more detail.

Consider again the case of point masses. Suppose the two point masses
x1 and x5 have equal mass M, and satisfy

tlir—noo Xl(t) = _t—lir—noo X2(t) = (_bv O0,0) € R3>
tEI_nOO x| (t) = —tl}r_noo x5 (t) = (0, —vp, 0), vg > 0.

The following dimensionless parameter plays a crucial role in the analysis in
this paper:

GM

10 = —.
(10) p w2

The differential equation describing the motion of the point masses is given
by Newton’s second law

Xlll(t) _ GMXl(t) .
x1(2)[?
By direct differentiation we see that the energy,

__GM
Axy(t))

and the angular momentum,
I(t) = x1(t) x x) (),

are constant in time. Conservation of angular momentum implies that the
orbit of the point masses is confined to the z-y coordinate plane, and we
will suppress the z-coordinate in the remainder of the discussion for point
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masses”. As mentioned earlier, when & > 0 the orbit of the two point masses
is a hyperbola. Indeed, a direct calculation shows that

4 GM
11 - ! _
(11) e Vi <x1 x J 4X1|X1> ,

is a constant vector, that is %e = 0. The constant scalar e := |e| is known
as the eccentricity of the system, and is given by

4 1 2 32£1|J 2
= — —_ 2: —_—
e=5 \/<4GM) +26 |32 =1+ G

In particular,

& <0 <<= ex1 and & >0 < e> 1.

Let r := |x;| and 6 be the angle between x; and e. It follows from (11) that

41J12 1
r = .
GM 1+ ecosb

Since e > 1 in the configuration described above, this is the polar repre-
sentation of a hyperbola. By construction, one asymptote of this hyperbola,
corresponding to t — —oo, is the y-axis. The other asymptote, L, corre-
sponding to t — oo is determined by the choice of the parameters b, vy, and
M. Let « be the angle between L and the negative y-axis so that m 4+ «
is the angle L makes with the positive y-axis, measured counterclockwisely
from the positive y-axis. See Figure 1. We call a the scattering angle of x;.
If p(t) is the angle from the positive y-axis to xi, then

>~ d
(12) 7T+a:/ood—fdt.

. 2 2
Since [x}|? = (%) + 2 <d—f> and |J| = by = 7’2Cfl—f,

(%)2 =2(61 — %),

2Here we use the standard convention that the z, y, and z axes correspond to
the directions (1,0,0), (0,1,0), and (0,0,1) in R3, respectively.
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where

I

U= ——— 4 =L
! dr 22

Since the orbit of x; is a hyperbola, r will decrease until it reaches a min-
imum value r, which we call the distance at closest approach, and then
increase again to infinity. If ¢, denotes the time at which r(t4) = r4, then

dr
— = —/2(& — t<t
dt (1 %1)’ = U4y
dr
— = \/2(& — U t>t,.
i (&1 — W), >ty

Using the change of variables A = b~1r, with A} := b~!r,, and recalling the
definition of the parameter p from (10), we can rewrite (12) as

do
= —dt
a—+mT= / at

Ry — S
oo b’l)()?"\/)\Q EX— .y bvor\/)\Q Ex—1
) [ / "
e vor\/)\ 5A — Ay AVAT A+ SA =

The quadratic polynomial A\* + X — 1 factorizes as (A — Ay)(A — A_), where

A =—80=£y/ % + 1. Finally, denoting the speed at closest approach by vy =
x) (t+)], by conservation of the energy & we have v? = (1 + 2%”)

Summarizing we get

1 dA

Y a—2/ o
* E+ +1 * * Ap /\\/)\24—%)\—1

6

GM 2U4T
2 07+
v <+GM>

Now consider the two limit cases where p is very small and very large. First,
when p — 0 (e.g., bvd > GM) it is not surprising that the gravitational
force will almost not affect the trajectories of the masses. Indeed, in this
case Ay — 1 sory — band a — 0 and the motion of the two masses is
almost along a straight line. The more interesting case is when p — oo (e.g.,
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b “y
X1
—vp
// L
i
Figure 1:
GM > by3) and in this case we have
A2, PE oo — 203“ 1
, — , =T, .
pox b GM

These limiting behaviors will be important guiding principles in choosing the
initial parameters in the case of fluid bodies. Suppose now that the point
masses are replaced by fluid bodies obeying (2). Assume that at time t = T
the two bodies B1(Ty) and By (1) are balls of radius R centered at (x,y, z) =
(=b, Ro,0) and (z,y,2) = (b, —Rp,0), respectively, with Ry > b > R. For
future reference let Ry := /b2 + R% be the initial distance of the center of
mass of the entire system to the initial position of the center of mass of each
body. Recall that we denote the center of masses of the two bodies by x;
and xo = —x7 and suppose that the initial velocities of x; and x5 are

Xll(To) =Vpy .= (0, —Uo,O), XIQ(T()) = —Vg = (0,1)[),0), v > 0.
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Note that, by symmetry, the center of mass of the entire system is always at
the origin. We will discuss the local existence of a solution to equation (2)
momentarily, but let us assume for now that there exists a classical solution
on some interval I := [Tp,T,). As mentioned earlier, a direct computation
shows that the total energy & defined in (3) is conserved in I. Since the
center of mass of each body is given by

X; = ﬁ/s xdx,

we have

x’-’:ﬁ/ Vit v-Vv)dx = — 2 Vb, + Vb, )dx.
J M Bj(t ) M Bj( 1 2)

Recall the following points from the discussion above. The modified total
energy

.1 3GM
1 = il
(13) £ =516+ 5E

admits the decomposition

P

&= (gicidal + gorbitaly

where (% and Eurbital are defined in (5) and (6). As in the point mass case,
if the initial separation, 2Ry, of the two bodies is sufficiently large then & is
positive. On the other hand, since the two bodies are initially unperturbed

—_—

round balls, initially & = Eorbital and Sorhital 1S positive, corresponding to
hyperbolic motion in the point mass case. As discussed at the beginning of
the introduction, our goal in this paper is to prove that the parameters of
the problem can be set up so that &iqa becomes arbitrarily large relative
to the modified total energy & at the first point of closest approach, that is,
when the bodies reach their minimum distance. To show this, we also need
to prove that the solution of (2) does not develop singularities until the
bodies get sufficiently close for C:@t_i\d;l to become large. To state the precise
result we need to introduce some more notation. First, motivated by the
more detailed discussion of the point mass system above we define

GM 2b
= — ryoi— —.
b bU(Q) ) +



On tidal energy in Newtonian two-body motion 479

In addition we define the following dimensionless parameters which take into
account the size of the fluid balls:

The analysis in the point mass case shows that, in that case, if p > 1 the
scattering angle approaches 7. It is important to note that in the case of
fluid bodies the condition p > 1 can be achieved while keeping 7 arbitrarily

large relative to R. For instance, one can take vy ~ 1/ CAL3=9/10 p ~ g4/5,

and B > 1. It follows that 7, ~ RBY5 > R. It is in the context of the
limiting scenario p > 1 and r4y > R that we will study the evolution of
fluid bodies. We will choose M, b, and vg such that b > r, and 1 > R,
which in particular imply 8 > 1. As was just mentioned, the significance
of the condition b > r, or equivalently p > 1, is that the scattering angle
is close to 7 in the point mass analysis. The significance of the condition
ry+ > R is that it will allow us to treat the deformation of the bodies
perturbatively in the proof of a-priori estimates. Indeed, note that we need
the solution to remain regular starting at the initial time when the distance
of the bodies is 2R until the time of closest approach. Since, as explained
above, for the configuration of interest R; can be arbitrarily large relative
to the distance at closest approach this amounts to controlling appropriate
norms of the solution for infinite time, and the small parameter n together
with sharp decay bootstrap assumptions are what allow us to achieve this.
We refer the reader to Subsection 1.1.1 below for a more detailed discussion
of this aspect of the analysis.

To relate the energy (?ti\le to the surface deformation, we introduce the
Lagrangian parametrization of the surface. Let £ : R x S — B; be the
Lagrangian parametrization of B; satisfying £(Tp,p) = p for all p in Sg,
that is,

ét(ta p) = V(ta f(t,p)).

Here Sg is the round sphere of radius R. We define the height function
h:RxSgr—Ras

h(t,p) = ]f(t,p) - Xl(t)’ —R.

The following theorem is the main result of this paper.



480 Shuang Miao and Sohrab Shahshahani

Theorem 1.1. Suppose ry > CR where C' > 0 is sufficiently large. Then
|x1(t)| is decreasing on any time interval It := [Ty, T') such that |x1(t)| >
%nr for all ¢ € I, and a classical solution to (2) exists on the longest time
interval on which |x1| is decreasing. Moreover, there exist universal constants
c1 and ca such that, with ro denoting the first local minimum of |x1|, and

for |x1(t)| € (ro,2r0),
GM — GM
c1 ?776 < Siidal < 02?776-

Furthermore, C:pt_i\d;l is related to the height function h as >

—~ GM 1
(14) Stidal ~ F\WH%%SR) + ﬁ”ath’\%z(sﬁ,)-

Here the constants ¢1 and co as well as the implicit constants in (14) are
independent of the initial time Ty and the initial separation Ry . In particular,
if n7p* 2 1, then for some m > 2, and when |x1(t)| € (ro, 2ro),

(15) Eiam > m &

Remark 1.2. Condition (15) in Theorem 1.1 shows that by choosing the
parameters of the problem appropriately we can guarantee that the orbital

energy &uital, which is initially positive, becomes negative, which as de-
scribed above is a significant step in understanding the phenomenon of tidal
capture. In fact, we can make m in (15) arbitrarily large. To see this, sup-

pose we choose vy ~ \/%ﬁ_“, which implies that r, ~ B272*R, and

n3p2 ~ p14e@=12 Then, for both of the conditions r, > R and nip2 21 to

be satisfied, we should choose « in the range [%, 1]. In particular choosing

vo = 1/ “SM 31 with p > 1, we get r4 ~ uR>> R, and

~ _oGM
éatidalNTT/-s—N:u Ta £N|U0‘2N#5 .

R

Therefore choosing f sufficiently large relative to p we can make m in (15)
arbitrarily large.

Remark 1.3. The significance of the comparison (14) can be explained as
follows. As explained in Remark 1.2 above, Theorem 1.1 implies that the

3The notation f ~ g means K~!|f| < |g| < K|f| for some constant K > 0.
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tidal energy @Zti\(;l can be made arbitrarily large relative to the total energy
& at the time of closest approach. By (14) the tidal energy is comparable
to the H! x L? norm of (h,d;h) (and this remains true as long as the tides
remain small). Therefore, if ||(h,0:h)||L2x 2 retains a nontrivial portion of
its size at closest approach as the bodies move away from each other, we can
argue as in the beginning of this introduction to conclude that tidal capture
will indeed happen.

Remark 1.4. It is important to have constants that do not depend on the
initial time Ty and the initial separation R; in Theorem 1.1. The reason is
that it makes sense for the bodies to be perfect balls only when their distance
is infinite. The fact that for us the constants are independent of T and R
allows us to take the limit |7p|, R1 — oo in Theorem 1.1. It follows from our
analysis that in this case the estimate c; GTMnG < @?ti\(;l < ¢y GTMnﬁ is valid

for all times before the first closest approach, that is, before |x;(t)| = ro.
1.1. Discussion of the Proof

We divide the proof of Theorem 1.1 into two parts. The first part consists
of proving a-priori estimates, which in particular show that the solution
remains regular as long as [x1| remains larger than 37,. More importantly
we derive a precise description of the evolution of the bodies up to closest
approach. The second part of the proof is an analysis of the tidal energy
é/at;;l. Here we use the precise description and a-priori estimates from the
first part of the proof to derive a lower bound for the tidal energy. This
lower bound depends on the distance of the two bodies, and comparing it
with the conserved total energy we will see that if |x;| is sufficiently close
to 74 and p?n3 > 1, then (15) holds.

1.1.1. A-priori estimates. Note that since each component of the fluid
velocity is a harmonic function inside B; and Bs, to prove regularity of the
solution it suffices to prove regularity of the boundary and the velocity on
the boundary. Let £ : R x Sp — 9B (t) be the Lagrangian parametrization
of the boundary of the first body, that is, & = v(t, ), with £(Tp, -) = Id, and
let ¢ := £—x1 and u := (4.  is the renormalized Lagrangian parametrization
as the motion of the center of mass is subtracted, and u is the Lagrangian
fluid velocity relative to the center of mass velocity. Local existence of a
solution starting at ¢ = Ty follows from the local well-posedness of the
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system?. However, as we are interested in understanding the dynamics of
the motion up to the point of closest approach, local existence is far from
sufficient for our purposes. To prove the necessary long time existence result,
we derive a-priori bounds using energy estimates to which we now turn. The
first step is to derive a quasilinear equation for u. Since p = 0 on 9B, the
gradient Vp|sg, points in the direction of the normal to the boundary. With
n denoting the exterior normal (in Lagrangian coordinates), let a be defined
by the relation

—-Vp(t,€) = an.

Note that the positivity of a corresponds to the Taylor sign condition (cf.
[13]), and can be verified using the maximum principle after applying the
divergence operator to (2). With this notation, we write the quasilinear
equation for u, which is derived in Section 2, in the schematic form

GM  3GM

(16) O*u+ an x Vu + U s

Pu=F+N.

Let us explain the notation. On the right hand side, the term F consists
of the principal contribution of the gravity from the second body By, and
represents the contribution to the tidal acceleration from the body B2 acting
on B;. The error from considering only the principal contribution of the
gravity of the second body as well as the genuinely nonlinear terms are
contained in /. The operator n x V, is intrinsic to the surface 9B;. Indeed,
for a scalar function f defined on By, n X V f depends only on the restriction
of f to OB as the cross product with n annihilates the normal component of
V f. For a vectorfield u, which is the restriction to 0B; of a divergence-curl
free vectorfield in By, n X Vu is given by

1
n X Vu=—(£3 X uq — &y X ug),

4Local well-posedness in Sobolev spaces for the free boundary problem of the
incompressible Euler equation with constant gravity was proved in [15, 16]. In
particular, Clifford analysis was used in [16]. Later, the result in [16] was generalized
to the case with non-zero vorticity, again using Clifford analysis, in [19]. For the
particular model at hand with only one body this was established in [11, 12], and
the presence of a second body does not affect the local well-posedness of the system,
since it acts as a lower order source term in the equation. We refer the interested
reader to the works above and the references therein for a more detailed historical
account of these developments.
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in any (orientation preserving) local coordinates (o, §) on Sg, with N = £, x
§s- The operator P is a non-local operator which maps u to the projection
of (u-n)n into the space of curl and divergence free vectorfields on 9B1°. For
the reader who is familiar with Clifford analysis, the projection P admits
the explicit representation

Pu = 3 (I + Hos,) (u-m)n)

where Hpp, denotes the Hilbert transform (see Appendix A)

_ _b.wv. &< (&' / !
a7) How 1) = 57 [ = Eam@n€)as).

We now discuss a novel part of our analysis which is the most delicate point
in the proof of a-priori estimates, and is related to the correct bootstrap
assumptions for the energy and the unknowns. Recall that for the usual
lifespan estimates for a small data quasilinear system, one assumes a boot-
strap bound of the form £ < 2Ce on an appropriate energy functional &,
where C > 0 and ¢ <« 1 are determined by the initial data, and tries to
improve this to £ < Ce. Instead, here we impose a bootstrap assumption of
the form £ < 2C(t) where C(t) is a function that decays to zero as t — —oo,
and improve this to £ < C(t). We emphasize that here the energy functional
£ is an energy functional in the mathematical sense of the term as used to
prove a-priori estimates and is different from the physical energies &, & , ete.
above. The reason for this choice is that the initial data for the problem are
trivial, so for the appropriate choice of &, initially £(Tj) = 0 and we need to
prove the existence of a solution for infinite time rather than on a time inter-
val depending on the size of the data. In fact, it is more natural to think of
the decay in terms of the distance of the bodies from each other rather than
the time of evolution. To be able to close this type of bootstrap assumption,
we need to determine the correct decay rate for the energy functional. This
is based on a careful analysis of the source term F' and the decay behavior
of various small quantities® appearing in the nonlinearity N. More precisely,
to define the energy functional above at the level of u (that is, before com-
muting derivatives with the equation), which we call &,, we take the inner

5More precisely, vectorfields on 93 which can be written as the restriction of a
curl and divergence free vectorfield in B;. We will often simply refer to such vector
fields as curl and divergence free.

6That is, quantities that would be zero if B; were a non-accelerating ball of
radius R.
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product of (16) with “t, which leads to the following definition:

1 2
(18) Eu ::—/ Juel” g 4 L / (n x V) - udS
2 Jop, @ 2 Jos,
GM |u|? 3GM (n-u)?
tom |y S a0

By analyzing the source term in the equations satisfied by v and the height
function h (see Subsection 1.1.2) we pose the bootstrap assumptions

(19) 1h(t)r2(50) < CR*3(2), ()] £2(s,) < CRy*(£)|x] (1))

According to (19) the various terms appearing in the nonlinearity will have
different decay rates, an observation which is crucial in controlling the con-
tribution of the nonlinearity in the energy estimates. Moreover, as shown in
the final section of this article where the tidal energy is analyzed, the decay
rates above for u and h are in fact sharp. The assumptions (19) then lead
to the following bootstrap assumption for the energy:

(20) Eu(t) < CRP ()], (1)

Recall that n(t) := r}(%t)’ so (19) and (20) are formulated in terms of the
position and speed of the centers of mass of the bodies. Therefore, to be
able to prove a-priori estimates we need to control the center of mass motion
of the bodies to obtain bounds on |x;(¢)| and |x}(¢)| when the bodies are
sufficiently far. This requires analyzing the point mass system and the error
resulting from approximating the motion of the bodies by that of point
masses up to the point of closest approach.

The energy functional &, satisfies

d&, / 1 [N
— = F+N)=dS + = / — 0y < > ds +.
dt 631( ) o, |NV| ol

We have not written out all the error terms on the right hand side as they are
not relevant for our discussion of the main challenges in this introduction,
but the precise statement can be found in Proposition 3.3. The definition of
our energy and the energy identity are similar to the ones used in [16, 17]
to study water waves, but here several new ingredients are needed in using
them to prove a-priori estimates for equation (16). These are needed to deal
with the different geometry of the domain as well as the new linear and
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nonlinear contributions from the gravitational force which, in contrast to
the water wave problem, is not a constant. The first issue to discuss is the
coercivity of &,. It is not hard to see that for a curl and divergence free
vectorfield f defined on B,

nxVf=V,f

where V,, denotes the Dirichlet-Neumann operator on 31. This shows that in
terms of the Eulerian fluid velocity relative to the center of mass, u := v—x,

/ (n x Vu) - udS :/ |Vu|?dx.
881 Bl

However, in view of the negative sign of the last term on the right hand side
of (18), it is not clear that the energy functional &, is positive in general. To
show that this negative term can be controlled by the other positive terms
in the definition of the energy functional, first note that since |, B, udx =0,
by the Poincaré estimate

/ |Vul?dx > C [ |u*dx.
1 Bl

Combining this with a careful computation using the trace embedding
HY(B;) < L*(0By), we are able to show the coercivity of the energy func-
tional, and that in particular

GM |u|?
SUZ/ nxVu)- - udS+ — —dS.
85'1( ) R3 oB, @

To derive this estimate we need to have bounds on the constants in the trace
embedding and Poincaré estimates, but such bounds are available so long
as the surface 0B; is close to Sg in the appropriate sense. These statements
are made precise in Lemmas 3.5, 3.7, and 3.11.

The last point to discuss regarding energy estimates is commuting deriva-
tives with equation (16) to estimate higher order derivatives of u. Since the
spatial domain of the Lagrangian variables is Sg, to prove higher order reg-
ularity for v we need to estimate Q%u, where QF denotes k differentiations
using any combination of the restriction of the three rotational vectorfields

Qij:Xiaj—Xj({“)i 1 <1<y <3,
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to Si. However, to preserve the structure of the equation we need the deriva-
tive we commute to have a small commutator with the operator P in (16),
and for the derivative of u to be approximately curl and divergence free.
For this purpose we introduce a modified Lie derivative Du which satisfies
these properties, and such that control of v and Dwu give us control of Qu.
To motivate our definition of the modified Lie derivative, suppose for the
moment that 0B is a round sphere Sg centered at the origin, and that u is
the restriction to Sg of a curl and divergence free vectorfield, u, defined in
Br(0). It is then easy to see that Lqu is also curl and divergence free, where
Lq denotes the Lie derivative with respect to 2. Moreover, since the normal
vector n to Sg is the radial vectorfield J,, we have Lon = 0. Recalling the
definition of P as the projection of (n - u)n into the space of curl and diver-
gence free vectorfields, we see that Lo commutes with P. Now in general,
when B; is not Sg, the Lie derivative Lq is not well-defined. Instead, we
observe that in R?, if e is the axis of rotation for €, we have the simple
relation

Lof =Qf —ex f,
for any vectorfield f. Motivated by this we define the differential operator
@Q =N —-ex.

This operator will then have a small commutator with P, and ®*u is almost
curl and divergence free, in a sense that is made precise in Section 2. Higher
order energy functionals are then defined by replacing w in (18) by the
projection of ®*u into the space of curl and divergence vectorfields”. For
the precise definition see Definition 3.12.

1.1.2. The Tidal Energy. Having proved the existence of a solution to
(2) and estimates on the velocity and height function, h = |(| — R, we can
turn to the study of the dynamics of the equation and the proof of (15).
Using the already-established a-priori estimates, it is not hard to show that

/31 v = x1|%dx ~ R||ih |75,

3GM|B)| _ GM

Bl¢1dx+ R R2 HhH%%SR);

"More precisely by %(I + Hpp, )®*u, which has a scalar component as well. See
Definition 3.12
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proving (14). Therefore, to prove (15) we need to obtain a lower bound on
GMR?||hl[72(s,) + Rl ell72(s,)-

To obtain this lower bound, we study the linearized equation for the height
function h (see equation (22) below) to derive lower bounds for ||A[[12(g,) and
10th|12(s,) in the linearized setting. We then use the a-priori estimates to
show that these lower bounds remain valid even after considering nonlinear
effects. To derive the desired linearized equation we first derive an equation
for h in Lagrangian coordinates which we schematically write as

(21) O*h + V(I —3Ksp )h=F + N,

where the source term F contains the contribution of the gravitational force
from By and A contains the genuinely nonlinear terms. Here F and N are
not the same as in (16). V,, denotes the Dirichlet-Neumann map of B; and
the non-local operator Kpp, is the double-layered potential for B;, defined
as

Kot =50 [ |<§’_ @ FES(E)

for any real-valued function f. To derive a lower bound for ||0;h| f2(s,) we
do not rely on energy estimates for (21) but use the fundamental solution
for this equation instead. More precisely, we first transfer the equation to
an equation on R x Sg, by replacing V,, and Kpp, by D and K, respec-
tively, where D and K are the Dirichlet-Neumann map and double-layered
potential for Sg. The resulting equation is

(22) OPh+D(I —3K)h=F+N,

where N contains the new error terms which arise in passing to the equation
on R x Sg. Note that some of these error terms (in fact, also some of the error
terms in ) are of highest order in terms of regularity, that is, equation (22)
is fully nonlinear. However, since we have already established higher order
regularity and a-priori estimates, regularity is not relevant in the analysis
of (22). We can now use the fundamental solution of (22) by decomposing
h, F, and A into spherical harmonics hy, Fs, and Nj. Studying the source
term J, we find that the main contribution to the equation comes from the
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second harmonic F5, where ho satisfies

( ) 6§h2+a2h2:]-'2 +/\72,
23 . .
lim ho(t) = lim Oihe(t) = 0,

Jp half) = Jig Orha(t)
for some constant coefficient ay > 0. The analysis of the system (23), using
the explicit representation of F3, is carried out in Section 4. This analysis
relies heavily on the fact that the frequency of oscillation of the source term
F3 is much smaller than the natural frequency of the system (23). Using the
explicit representation of F», we then derive the lower bounds

10chal|z2(sm) 2 Bl 1h2lr2(5,) 2 R70°.

Moreover, we show that the contribution of the other harmonics, h;, and
Othyg, ¢ # 2, are smaller and do not affect these lower bounds, so

10 25y 2 B'lxil, Ilhllzagsqy 2 R0,

Note that these lower bounds are consistent with the bootstrap assump-
tions on h and O:h in the discussion of a-priori estimates above, proving
the sharpness of our bootstrap assumptions on the decay rates of h and wu.
Now since the total energy is conserved during the evolution, a comparison
of the implied lower bound on the tidal energy with the initial total energy
allows us to conclude the proof of Theorem 1.1. In fact, it follows from the
estimates above that the main contribution to the tidal energy up to the
point of closest approach is from the the potential energy which contributes
GMR ]2,

1.1.3. Christodoulou’s conjecture and analysis. In [4], Christodou-

lou showed that at the linearized level under the initial configuration vy ~
GM p—
A

6, p ~ B35, the kinetic part %Hath”L?(SR) of the tidal energy &iidal

can be made larger than the total energy & near the point of closest ap-
proach, assuming that a smooth solution to the free boundary problem (2)
exists up to this point. He conjectured that the same conclusion holds in the
nonlinear setting. In this work we give a complete proof of Christodoulou’s
conjecture in the following sense: For a larger set of initial configurations
than the one proposed in [4], we prove the existence of smooth solution to
(2) up to the closest approach. Then based on the a-priori estimates derived
in this analy51s we use the fully nonlinear equation (22) to prove that the

tidal energy g‘mdal can be made larger than the total energy .
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1.2. Organization of the Paper

In Section 2 we derive the quasilinear system for v = (;. Higher order deriva-
tives ®*u and the equations they satisfy are discussed in Subsection 2.2. The
energy estimates are carried out in Section 3. In Subsection 3.1 we define the
energy functional and derive the basic energy identity. Here we also discuss
the coercivity of the energy functional as discussed above. Subsection 3.2 is
devoted to the analysis of the motion of the center of mass x; of By, and
estimates on dl;tl‘ and |x}| are derived. In Subsection 3.3 we introduce the
bootstrap assumptions and show how the various terms appearing in the
nonlinearity can be controlled in terms of the energy under the bootstrap
assumptions. Finally, we close the energy estimates in Subsection 3.4. Sec-
tion 4 is devoted to the analysis of the heigh function A and the proof of
Theorem 1.1. The equation for A is derived in Subsection 4.1, where we also
write the equation in spherical harmonics and obtain the key lower bounds
on h and 0¢h. This analysis is then used in Subsection 4.2 to complete the
proof of Theorem 1.1. There are two appendices to this article where several
technical ingredients are discussed. In Appendix A we recall a few basic def-
initions from Clifford analysis as well as the definition of layered-potentials.
The notation and terminology introduced in this appendix are used through-
out the paper. We also carry out some spherical harmonic decompositions
which are used in Section 4. Appendix B contains classical important sin-
gular integral estimates which are used regularly in the proof of a-priori
estimates.

2. The Equations in Lagrangian Coordinates

In this section we derive the main equations of motion in Lagrangian coor-
dinates, starting with the system

vi+v-Vv=-Vp-— Vv, in B(t)
)

(24) V-v=0, Vxv=0, in B(t
p=0, on 0B(t)
(1,v) € T(t,0B(t)), on 0B(t)

For this we work with the time differentiated equation, taking the La-
grangian velocity as our main unknown. In deriving the desired equation,
we will freely use the basic notation and concepts from Clifford analysis
reviewed in Appendix A. In particular see this appendix for the definition
of the operators Hop,, Kop, and Hpy , Kjp etc. Also the convention intro-
duced in Remark A.1 is in use in the rest of the paper.
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2.1. The Equation for u

We start by introducing the notation

X1 R

r1 = |X1|, & = ma n= H

Let £ : RxSr — 0By (t) be the Lagrangian parametrization of 081 = 9B (t),
such that &(Tp, -) — x1(Tp) is the identity map of Sgr C R3, and define

¢:Rx Sgp— 0By —x1, C(t,p) = &(t,p) — xa.

Occasionally we write
3 .
C = Z <Ze’i7

=1

where ¢! = x' o ( = e; - (. We will denote the exterior unit normal to 9B
by n and let

n(t,p) = n(t, (¢, p)).
In arbitrary (orientation preserving) local coordinates («, ) on Sk we have

N
n=-——, where N =, x £3 = (o X (3.
[N
If f: By — R is a (possibly time-dependent) differentiable function, and
f="fo&, then by a slight abuse of notation we write

Vf=(Vf)eg, df =(df)og,

where d denotes the exterior differentiation operators on 0B;. With this
notation, and using the fact that N = (o x (g

_ gﬂfoc _gafﬂ _ C,Bfoc - Cafﬁ'

nxVf:=(mnxVf)o ] ]

Note that this definition is independent of the extension f of f|sp, to the
interior of Bj.
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The fluid velocity in Lagrangian coordinates will be denoted by v, that
is,
U(t,p) = V(t7€(tvp)) = ft(t,p)
We also let
u(t,p) = v(t,£(t,p)) — x1 = G(t,p).

The gravity potential 1 is written as ¥ = 1, + ¥4 with

i(t,x) = —~Gp / 9y _

B X =yl
and in Lagrangian coordinates we set
P;(t,p) == 1;(t,E(L, p)).
Since p = 0 on 0By,
—Vp = an, where a:=-Vp-n,
and we let

a(t,p) = a(t,{(t,p)).

Remark 2.1. Suppose f : 9B; — R is a function defined on the boundary
of the fluid domain, and let f = f o £&. By a slight abuse of notation, we
often write integrals on the boundary 9B in terms of f instead of f. For
instance we write |, OB, fdS to mean faBl fdS, even though f is a function
with domain Sg.

With the notation above the first equation in (24) becomes
(25) Cu = an — Vb1 — (Viha + x7).

To state the main result of this section we need to introduce some more
notation. Let

(26)  h(t,p)=1[¢(t,p)|— R, and  h(t,p) = [((t,p)]* — R*.

Both % and & vanish when 8B, is a round sphere, and in general we expect
them to be small during the evolution. In computations it is often convenient
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to replace ¢ by R3|¢|73¢. The reason for this is that the function @_‘;‘11‘3 has
zero curl and divergence outside By so Hap, (|¢|73¢) = —|¢|73¢. Here Hypg,
denotes the Hilbert transform introduced in (17). The error that is generated

from replacing ¢ by R3|¢|~3( is encoded in

R3
(27) pwe=1-— W
Taking common denominators gives
(28) = iil + vh,
2R?
where

_lcP+RIGI+R> 3
RS+ R) 2R

(29)

Note that in view of the discussion above

(I + Hop,)¢ = (I + Hap,)(1C).
We now state the main result of this section.
Proposition 2.2. u satisfies

GM 3GM
2
Ofu+ an x Vu + B U 2—R?)(I+H331)((u “n)n)

1
=—F, — O F1+ Ey + 04 <%’> N+ 0, <@/ El(t,X)dx) ,
B,

where with { =x —x1 and ¢’ =y — xa

(30)

GMn?
31 F =
(31) 53

(€ =3(C-€1)&1),

(32)
By — Gp772/ n(¢ — (y —x2)) +2RE, 3
B

(¢ — (y —x2)) + 2RE, > 4R?

— 5 (€= (v =x2) = 3((C — (v = x2)) - €1) €4) | dy.
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B ) n(¢—¢)+2RE &
E1<t’X>—GP”/ [|n<c—<'>+2R£1I3 AR

— 5 (C—¢=3(¢=¢) - €0 &) | dy,
and
(33)
By =20 (1 o, (- (¢ = B + 252 14 g, (0 m¢ — )
o (4 Ho, ) () + 5 (4 Hog ) (o -+ Fe)C)
+ S 00, How ().

Remark 2.3. Note that the left-hand side of equation (30) is a pure vector,
that is (I+Hpp, ) ((n-u)n) has no real part. Indeed (recall that the convention
of Remark A.1 is in use)

Hap, ((n-u)n) =p.v. Kn/n'(n"-u)dS" = —p.v. K(n'-u')ds’
0B: 0B,

is a pure vector.

To derive equation (30) we will differentiate equation (25) in time. To
do this efficiently we need more convenient expressions for Vi1 and Vs,
which are derived in the following lemma.

Lemma 2.4. 1. Let Vi (t,p) := V(t,£(t,p)). Then

GM GM GM

(34) V'(ﬁl 2R3 (I HBBI)C R3 C 2R3 (I + HG&)C

2. Let x be any point in BS. Then
GMn? GMn?

AR2 &+ SR3 (x—x1) = 3((x —x1) - &) &)
+E1(t,X),

(35) Vipy(t, x) =



494 Shuang Miao and Sohrab Shahshahani

where with { =x —x1 and ¢' =y — %2
(36)

_ 2 n(¢ —¢') +2RE, 3
El(t,X) —Gpn /82 [|77(C_C,)+2R£1|3 - AR2

— 5 (¢ =3¢ - ¢)- &) &) | dy.

3. Let Vipa(t,p) := Vapy(t,&(t,p)) and Ey(t,p) := E1(t,£(t,p)). Then

_ GMn?

GMn3

8R3

& + (C—3(¢C-&1)&1) + En.

Remark 2.5. Note that the integrand in the definition (36) of E; consists
the O(n?) terms in the Taylor expansion of

n(¢ —¢') +2RE,
(¢ —¢') +2RE,
in 7, and it is for this reason that E; is regarded as an error term.

Proof of Lemma 2.4. We start with the equation for Vi;. Recall that 1,
satisfies

Ay = AnGpxs, .-

It follows that

4 4
v.<v¢1— ”f%):o and V><<v¢1— 7T3pr>:0

in By and hence

4Gp
3

(I — Hop,)(Vip1) = (I — Hap, )§.

Similarly since V), is curl and divergence-free outside of By,
(I + Hop,)Vip1 = 0.

It follows that

1 1
Vi 25(1 — Hpp, ) Vi1 + 5(1 + Hop, )V
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27G GM
= 3 p(I*HaBlk = 2—]%3(—7* HaBl)f
GM GM GM GM
T R3 é 2R3 (I+H681)€— i3 (§—X1)— 2R3 (I+H681)(§_X1)
GM GM
R3 C_ W(I+H881)Ca

proving (34). Next we turn to the gravity of the second body. The formula
for Vi follows directly from that of Vi), so we concentrate on the latter.
If x € BS is an arbitrary point, then (suppressing the time variable from the
notation)

d

Since x € B, the integration kernel is nonsingular and we can differentiate
inside the integral to get

Vip,(x) :GP/ W dy.

Introducing the notation ¢ = x — x; and ¢’ = y — X and recalling that
X1 = —X9 we can rewrite this as

_ (€—¢)+2xy '
Vi) <Gr [ e

—Con? n(¢ —¢') +2RE;
P ./32x2 n(¢ —¢') +2RE, P

Now Taylor expansion in 7 gives

p (¢ —¢') +2RE,
|77(C ¢') +2RE,|?

G ~
= e (- ) -3¢ —C) ) &) + B,

(38)
dc’.

where

n(¢—¢)+2R¢  Gp
n(¢ —¢') +2RE P 4AR?

~ TN (- ¢ (¢~ <) € &)

E1 =Gp &
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denotes the remainder of order % in the Taylor expansion. Note that by
definition,

/ ¢d¢' =0, and p / ¢’ = M,
Bo—xo Ba—x2

so plugging the expansion above into (38) gives the desired identity

GMn?
4R?

GMn3
8R3

Vipy(x) = & + (x—x1) = 3((x—x1)-&)&) +E1. O

The following simple lemma provides an expression for x/.

Lemma 2.6. The acceleration of x1 is given by the average of —Vp, over
Bi. In other words,

" __i
X (0) =~ /B V1)

Proof. We start by computing x/(t):

X//—id—Q </ xdx)—i (Opv 4+ v - Vv)dx
B2 \ s, Bl Js,

1
=B 5 (Vp + Vo, + Vap,) dx

Using divergence theorem, we have
Vpdx = / pndS = 0.
B 0B,

For the contribution from V1p,, we have

/ V), dx = Gp/ / 3alyalx—Gp/ / 3dxdy
B, B X = Y\ B, X — yl
= —Gp/ / 3dydx = 0. O
By /By \X*y,

We now turn to the proof of Proposition 2.2.

Proof of Proposition 2.2. The statement will follow from differentiating (25)
in time. We start by differentiating V. Using equations (27), (28), and (34)
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we have
(39)
GM  GM
—OVi == rut oop 0y (I + Hog,)(1C)
GM  GM
== gz Ut 5 pz 0 Hos, J(1C)
GM
+ 555 (I + Hop,)0i(1C)
GM  3GM -
= — WU—'— 4R5 (I+H331)(ht<)
b S+ Haw, ) (o) + S (1 + Hog ) (hav + Fua)C)
L GM
+ 573 0, Hop, | (1)
GM  3GM
=- Ut om (I + Hoap,)((u - €)C)
+ %\f(uﬂw)( u) + 2%(“ Hpp, ) ((hv + hiy)C)
QM
2R3 [8?57H881](/’L<)
= St S+ Haw, (- m)n)
3GM
S (T Has ) (u - (C — Bn))C)
3GM M
+ S (T4 Ho, ) (- n)(C = Bn) + 5 o (1 + Hp, ) ()
GM S GM
S (1 Ha ) ((aw + an)0) + 5 (00, Hom, ) (1€)
GM  3GM
== gz ut 5ps (L +Hop) ((u-n)n) + Es.

Next we differentiate an. Since u is curl and divergence free, by (162)
(40) Ny = —(&p X uq — & X ug) = —|N|n x Vu.

It follows that

a

(41) dy(an) = 0 (W) N —an x Vu.
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Finally to compute 0;(Vie + xY), we note that by Lemma 2.6 x/(t) =
|81| I, Vo (t, x)dx, and therefore by Lemma 2.4

1
Vipo + x| =F+ E — — E;(t,x)dx,
1Bi| Js,

SO

1
(42) 0 (Vipy + X)) = Fy + 0, By — 0, <@ /B El(t,x)dx) .

Equation (30) now follows by combining (39), (41), and (42). O

Before deriving the equations for higher derivatives of w we clarify the
structure of the nonlinearity in equation (30) a bit more. We start with

deriving a formula for 0; <| |> N which is also of independent interest for
the energy estimates.

Proposition 2.7. There holds

—(I + Kjp,) <N]8t <\N\>> =Ren[d? +an x V, Hyp, |u

43 GM
(43) - WRen[at,HaBl](I + Hpp, )¢

+ Ren[0y, Hop,| (Vs + Xlll)
Proof. We go back to equation (25) which using (34) we rewrite as

GM GM

Of¢ —an = ——= e 2R3(I+H631)C—(V¢2+X/1,)-

Differentiating in time and using Ny = —N x Vu we get

a
o (m) N
GM GM

= (07 +an x V)u + U~ (I + Hpp, )¢ + 0,(Vipy +x7).

Since (I —Hpp, )u = (I —Hpp,)Vipa = (I — Hpp,)x! = 0, applying (I — Hpp, )
to this equation gives

e (8 (5)1)
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GM

= [07 + an x V, Hop,Ju — <7

+ [8,5, H@BI](VUJZ + Xl)-

[0, Hop, |(I + Hop, )C

Multiplying the equation by n on both sides we get

_(I+H§&)<‘Nat<|Nl)>

=n[0? + an x V, Hpp, |u GMn

2R3
+ n[0y, Hog,](Viby + x7).

[0, Hos,)(I + Hop, )¢

The desired identity now follows from taking real parts. O

Finally we use equation (25)
which will allow us to estimate these terms in the energy estimates.

Lemma 2.8. Let

W= up — g;éé[(l—i- Hop, )¢ + (Vo + x7),
and

o ot + 200 e EI (e ).

R3
Then
" GM _ b

‘44) S RV COE
and
(45)
Rn—(zj;ut—jj\z (a—i?)n—%([—i—HaBl)C C?J\Z(Vibg—l-x)
Proof. First by the definition of a = —Vp - n we know a > 0. Using

Lemma 2.4 we rearrange (25) to get

GM GM

ut s oRs

a =

(I + Hpp, )¢ + (Vo +X )

GM
= ‘WWU"
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A direct computation shows that |%—¥C + w‘ =1/b+ (%—]‘24)2 SO

GM GM\* GM\* b
o\ ) W wm) T —
GG

R2

This proves (44) and (45) follows directly from rearranging equation (25)
and using Lemma 2.4. O

Remark 2.9. Lemma 2.8 shows that under the bootstrap assumptions to
be stated in Section 3, a ~ %—]\f, which is more precise than a > 0.

2.2. The Equation for Derivatives of u

To obtain higher regularity, we need to commute spatial derivatives with
equation (30). Let f : R x Sg — R3 be a vectorfield (typically f is of the
form f(t,p) = £(t,&(t,p)) for some vectorfield f : R x 0B; — R3, which is
not necessarily tangent to 0B; or Sg). Motivated by the discussion in the
introduction we define

(46) @Zf = Qlf —€; X f

Here Q; is the rotational vectorfield about the e; axis in R? and Q;f =
E?:1<Qi f7)e; is computed componentwisely. We also extend D; to real-
valued functions as

(47) Dif =W,
and if f is a general Clifford algebra-valued function the we let
D;f :=9;Ref +3;Vec f.

Here recall from Appendix A that for a Clifford valued function f the no-
tation Ref denotes the scalar, or real, part of f and Vec f its vector part.
Often, the choice of axis of symmetry e; is irrelevant in our computations,
so we simply write 2 instead of €2;, © instead of ®;, and e instead of e; so
for instance if f is vector-valued, then

Df=Qf —ex f.
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Finally, if « is any multi-index o = (i1, ..., 1) we let
DY=29; ...9

Tk

and if only the size || = k is important we simply write ©* instead of D.
Before computing the equation satisfied by ®u we record a simple prod-
uct rule for ® and an integration-by-parts formula for (2.

Lemma 2.10. 1. If f and g are Clifford algebra-valued functions then
D(fg) = (@f)g + f(Dg).
Moreover, if f and g are vector-valued, then
D(f xg)=2f xg+[fxDy,
and
o(f-9)=2f-g+f Dg

2. For any differentiable f and g and with |¢| = \/detd denoting the
volume element on Sg,

1 _
f99as =~ [ (@pgas~ [ foriNllgl s,
0B, 0B, o5, |V]lgl
Here g is induced Euclidean metric on Sg.
Proof. 1. The first statement follows from the usual product rule if either

f or g are scalar-valued, so we assume that both f and g are vector-
valued. Then

D(fg)=D(-f-g+fxg)
=-Qf - g—f-Q+Qf xg+ [ xQg—ex(fxg).

On the other hand

(Df)g + f(Dg)
=—(Qf —exf)g—f-(Qg—exg)+(Qf —ex f)xg
+fx(Qg—exg)
=-Qf g—f- Qg+ xg+fxQg—(exf)xg—fx(exg)
=-Qf g—f-Qg+Qf xg+ [ xQg—ex(fxg)=D(fg)
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according to the previous computation. This proves the first statement
of the lemma, and comparing the real and vector parts proves the last
two statements.

2. This follows from the following computation, where Y and dSg are
the gradient and volume form on Sp respectively:

/a | f9gds = /S F(@gINIgI ds = /S RICROIREr

_ / ©@f)gds — [ fgt
0B,

o8B WQ(WHgl_l)dS. 0

We now derive the equation for the higher derivatives of u in a slightly
more abstract setting.

Proposition 2.11. Suppose f = f o & where £ : R x 0B — R? is such that
Hop, f = f. If f satisfies

GM 3GM

St = S (L4 Hag,) (0 f)n) = go.

OXf +an x Vf + VE

Then for any positive integer k, D f satisfies

(48)
GM 3GM
ROFf +an x VOFf + F@’“f - S I+ Hpp ) (D f -n)n) = gi
where
k . . k . .
gk :=D%go = Y _(Da)n x VDM I f > " (D7a)[DF 7, n x V|f
j=1 j=1
3GM
(49) — a[®*,n x VIf + S (D%, Hop,)((n - [)n)
3GM . o
Srr 2. I+ Has)(D'n D f)DIn).
1<itj<k

Proof. This follows from applying ®F to the equation satisfied by f and
using the product rules in Lemma 2.10. O

In the following lemma we derive formulas for the commutators [D,nx V]
and [, Hpp,| appearing on the right-hand side of (48).
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Lemma 2.12. 1. For any differentiable function f

(50) (D, Hop,|f = — . K(®'¢( —D¢) x (n' x VfdS.

2. For any C? function f

Nl
NTlgl

.+E%T«@4©§»ﬁx—(&x©§»ﬂﬁ.

[O,nx V]f=- x Vf

(51)

Proof. 1. First note that Hpp, 1 = 1 which in particular implies
D (p.v. Kn'dS') =0.
oB;

Using this observation and two applications of Lemma B.4 we get
(where some of the integrals below need to be interpreted in the prin-
cipal value sense)

(52)

D, Hop,|f = | Kn'fds' — | K'(n'f)ds'
381 aBl

+ [ K@W)fds
OB,

= / (Q+ DK —ex K)n'fdS' + | K@) fds'
861 861

Kn/f/
+/ Q/ N/ /-1 dS/
o, Vg1 VT

:/ (Q+ QK —e x K)i/(f — f)dS'
0B,
+/ (Q+Q)K —ex K)n'dS'f
OB

K /g1
+ K(@'n')f'ds'+/ T (N S’

OB, o, IN'llg'| 71

:/ (Q+ VK —e x K)i'(f — f)dS'
B,
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+ [ K®@W)(f - fds
o8,

Kn/(f/ - f) Q,
oB,  IN'llg'[7

- / (D¢ —D¢) - VKW (f — f)ds’

1 Kn/(f/ - f) Q/

os,  IN'llg/[7

+ K(@'n')(f" - f)ds’
OB

- / (D¢ —D¢) - VEW!(f — f)ds’
OB

Kn/(f’ —F) ey -1 /
— =20 dS
* oB, 1g'17! (lg™)

+ [ K@ Gx G - paaas.

+ (IN'llg'1~")ds’

+ (IN'llg'1~H)ds’

Now using (167) we write (the integration by parts here can be justified
by choosing specific coordinates on Sg or invariantly as in Lemma 3.2
below)

/8 (¢ =20) - V(' = )i’
- / o K (D' —DC) % Co)(f — f)daldf
+ [0k x (3¢ ~20)(s -~ praatas

= (D¢ —DC) x (0 x VfdS'
oB,

+ / / K((p x D' = oy x 0gD'C)(f = f)dd'dp'.
Plugging this back into (52) we get

(53) [©,Hop,|f = — - K(®'¢( —D¢) x (n' x VfHds’
Kn/(f/ - f) / /1—1 /
— 70 ds
- oB, |g'17! (™)
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+//K([Q’,8a/}§’ x Chy
+ ¢ x Q01 (f = fda'dp'.

We claim that the last two lines cancel. To see this we write ) =
Q%0 + Qﬁﬁﬂ so that

[Q,00] = —0a0%00 — 0u0°05,  and
[Q,05] = —030%0, — 05093

It follows that

[€2,0a]C % Cg + Ca x [, 05]¢ + [g1Q(Ig1 N

2
- - (Z gla,ngw)) N
pn=1

because (2 is divergence free. Going back to (53) we conclude that

(D, Hop,|f = — . K(D'¢" —9¢) x (n' x V[f')dS,

as desired.
. Using the product rule for ® from Lemma 2.10 we write D (n x Vf)
as

1 Q] 1
gm(gﬁfa - éafﬁ) - _Wn X Vf + Wg(gﬁfa - gafﬁ)-

We rewrite the second term as

Q(éﬁfa - gafﬂ)
= (gﬁaagf - gaaﬁgf) + ((813@{)]004 - (aagg)fﬁ)
+ ([€2,051€) fa — ([, 0a]€) f5 + €5182, Oal f — £al€2, D5l f-

For the first term we have

1 1

T P TR
2N = (e eIV — Igledlgl
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Therefore
DOnx Vf
Q(IN||gl)
:nxVQf—anVf
+ ﬁ ((95(D)) fo — (0a(DE)) f5)

+ 17 (120500 — (19,0016 + £ 0l — €l 9511)

+ [g1Qg] " n x V f.

Now using an argument similar to the one following (53) above we see
that the last line is zero. O

Note that in view of Proposition 2.7 we will also need to commute
with (I + K;Bl)_1 in order to estimate the higher derivatives of the time
derivative of a. Since Kpp, = ReHpp, and in the case where 0B; is a round
sphere Hjz = Hop,, where Hjz = nHppg,n is as defined in Appendix A, it
suffices to compute the commutator between ® and (I + Kyg, )~ L. This is
an abstract computation which is presented in the next lemma.

Lemma 2.13. Let f be a real-valued function. Then

(54) [D, Ko, |f = Re[D, Hop, | f

and

(55)  [D,(I+ Kop,) 'If = —(I + Kop,) [, Kos,)(I + Kop,) ™' f-
Proof. To prove (54) we first note that by definition DF = DF + DF (in
the notation of Appendix A) for any Clifford algebra-valued function F', so

DRel = Re®F. It follows that

DKop, f = DReHyp, f = ReDHyp, f = ReHpp, D f + Re[D, Hop, | f
= Kop,Df + Re[D, Hyp, |/,

proving (54). For (55) we let g := (I + Kpp,)~'f. Then

Dg=D(I+Kop,) ' f =T+ Kog,) 'Df +[®,(I + Kop,) '] f.
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So

D, (I + Kop,) '|f =Dg — (I + Kop,) "D + Kog,)g
=Dg— I+ Kop,) [, Kop,)g — Dg
=—(I+ Kop,) '[D,Kop,)(I + Kop,) ' f. O

Proposition 2.11 can be used to derive the equation for ®*u. However,
as we will see in Section 3, for the purposes of the energy estimates it is
more convenient to work with the unknown )} where

1
up = 5 (1 + Hag, ) D" u.

In view of Lemma 2.12, the difference between ®%u and @, is small, but i,
has the advantage that it is the vector part of a Clifford analytic function.
The following proposition allows us to derive the equation satisfied by .

Proposition 2.14. Suppose f =f o & where f: R x OB; — R? is such that
Hop, f = f, and f satisfies

GM 3GM

O f +anx Vf+ = f = S (I+ Hop,)((n f)n) = go.

For any positive integer k let fi := %(I—FH@Bl)’Dkf and let gy, be as defined
in (49). Then f}, satisfies

O Fu+an x Vit Sl o= S (1 + Ho, (- i) = g
where
(56)
G =g — %an x VVec [OF, Hop,]f — (;—g\/ec [©%, Hap, | f
4 58 Hos, (0 Vee (94, Hos | n) — Yo (6 (9%, Ho, 1/
— T [, Has, (go —anxVf- O
# S0+ How ) (- ) )
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Proof. Let P denote the operator on the left-hand side of the equation for
f, and let Py be the spatial part of this operator, that is

P = 02 + Pof 1= 0Ff +an x Vf + St f — Sl (4 How,)(n- f)m),
Then since Hps, f = f and Ref = 0
P =PD*f — %P\/ec [©F, Hog,) f
=0k — 1730\760 (D", Hop, ] f — Vi[gk Hop, 107 f
VZC 07, [0", Hos, I

The desired identity now follows if we use the equation for f to solve for
o2f. O

We can now combine Propositions 2.2, 2.11, and 2.14 to derive the equa-
tion for higher derivatives of u. We record this equation below for future
reference.

Corollary 2.15. Let

1
go := —Fy — 0B + 0, <—
|B1] Ja,

where F', E1 and Ey are defined as in (31), (32), and (33) respectively. With
this choice of go, let g and gi be defined as in (49) and (56) respectively,
with f = u. Let uy, := %(I + Hop, )D%u. Then iy, satisfies

E (4, x)dx> + By + 8, (ﬁ) N,

GM 3GM
(57)  OFiiy + an x Vil + &5 Uk — Sy (L + Hop, )((n - @)n) = gr,
Proof. This follows directly from Propositions 2.2, 2.11, and 2.14. O

3. Energy Estimates
3.1. General Setup

Given two Clifford algebra-valued functions f and g we define their “dot
product” as

f+g9=TRefReg + Vec (f) - Vec (g).



On tidal energy in Newtonian two-body motion 509

Recall that
Hjp, :=nHpp n

is the formal adjoint of Hpp, with respect to the pairing

0B

where dS denotes the volume form on 9B;. Recall also that sometimes we
use the notation

f:: Vec f and f = Ref.
We consider the model equation

3GM

(58) 8§f+an><Vf+ f SR

(I + Hop,)((n- f)n) =g,

where f = Vec f and f satisfies f = Hpp, f, and define the following asso-
ciated energy

£ = &(t)
1 | fel? / GM If\2
59) ._2/%1 Cdsty [ nx v gas+ o Llas
3GM [ (n-f)?
B - ” ds.

When f = u, then of course Ref = 0 and f is Clifford analytic, but after
commuting derivatives with equation (30) the new unknowns ®*u are not
necessarily Clifford analytic, and we will instead work with wj, where ug =

(I +H331)©ku It is for this reason that we have defined the energies above
for Vec f where f satisfies f = Hyp, f Also note that in our applications, the
domain of the function f is Sg rather than 0B; (for instance when f = u).
In this context we understand the notation £; as

(“:f = 5]005.

Remark 3.1. Note that in the definition above f was considered as a func-
tion on 0B1, whereas a = a o £ is a function on Sgi. So to be precise, we
should replace a by a in the definition of &£, but by abuse of notation we
use a both as the function defined on Sk and as algp, .
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Before stating the main energy identity we record some integration-by-
parts identities. For any two Clifford algebra-valued functions f and g de-
fine

(60) Qf.g) = ﬁ(fagﬁ ~ fsga),

Here |N| = |(o x (g| which makes Q(f,g) coordinate-invariant. If f and g
are vector-valued we also define

, 1
(61) Q(fag) = W(fax.gﬁ_fﬁ Xga)’

Note that when f and g are both scalars-valued Q(f,g) = —Q(g, f), and
when they are both vector-valued Q(f,g) = Q(g, f).

Lemma 3.2. Let Q and Q be defined as in (60) and (61).

1. If f, g, and h are scalar-valued then

Q(f.ghas =~ [ 1Qg)is
oB oB
2. If f, g, and h are vector-valued then
Q(f9) has = [ f-Glhg)ds
oB oB

Proof. In the scalar case the identity follows by writing

(62) Q(f,9)dS = (fays — fs9a)da N dS = df Ndg,

where d denotes the exterior differentiation operator on 9B, and using
Stokes” Theorem. In the vector case we write

3
fg :ZQ hkezxeg) €k,

1,5,k=1
and then apply the scalar identity. O

We are now ready to prove the main energy identity.
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Proposition 3.3. Suppose f = Haglf, and f = Vec f satisfies (58). Then
with € as in (59), and Q as in (61),

% :<9»%>+1<W3t <|N|> ft:ft> - %<
GM /1 IN|
o (i () #9)

3GM / 1 IN| 3GM , _,
o () )

Qu, f), f)

4 3;{]3\4«” - fn, [Hagl,ailat]nﬂ
S (n 1, (Higs, — Hom, (™ )
— SfT]\f<(n - f)n,a” 0, (I — Hog,) f).

Proof. We take the inner product of (58) with é ft and study the terms on
the left hand side one by one. The contributions of the first and third terms
on the left hand side are clear, so we focus on the second and fourth terms.
For the second term we have

/ (nx V) fidS
0B,
=/<%xm—@xmyﬁmw
_ at/%l(n < Vf) - fdS //(ga X fuo — Ca X fug) - fdadB
—//(u5xfa—ua Xfﬁ)-fdadﬂ
_ at/ (nxVF)-fas+ [ O, f)- fds
0B,

0B,

_ // ft+ (s X fo — Ca X f3)dad,

where in the last step we have used Lemma 3.2. It follows that

/ (nx Vf)- fidS = 1at/ (nx V) ~de+1 Q(u, f) - fdS.
OB, 2 Jan, 2 Jos,
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Finally we consider the contribution from (I + Hpg,)((n - f)n). We have

((I+ Hap,)((n- f)n),a”" fy)

= ((n- f)n, (I + Hpg )(a ™" )

(n- f)n, (I + Hog,)(a™ ' f2)) + ((n- f)n, (Hpp, — Hos,)(a™ ' f1))
((n- fin,a™ ' f) + ((n - f)n, [Hop,,a” 01l f)
«nfMaI@U Hpp,)f) + ((n- f)n, (Hys, — Hop,)(a™ " f1))
= 0(a™ f o, fon) = (IN|T'0(INJa™ ) f -n, fon) —2(a™ " f - n, f - i)
<nf)[H%ma YO f) + ((n- f)n, (Hyg, — Hos,)(a™ ' f2))
—{((n- f)n,a” 0(I — Hop, ) [).

The statement of the proposition now follows by combining the previous
identities. 0

Remark 3.4. Suppose f = ZZ 1 fe; is the vector part of a Clifford analytic
function f, f = H@Blf, and let f = Ref. Then from (160)

3
nx V=3 (Vafei+ Vof —nx VF,
=1

where V,, denotes the Dirichlet-Neumann map of 0B;. It follows that in this
case

/ mxvﬂ,msz—/ (n x Vf)- fds.
OB, OB

The energy defined in (59) is the natural energy associated to the time
symmetry of the equation, but unfortunately it is not clear that it is in
general positive definite. A similar problem was encountered in [2]. As in [2]
here we will be able to show that £ is positive if B is a small perturbation
of Sr (that is under our bootstrap assumptions) and for f of interest. The
approach we take here is more direct than the one in [2]. The following two
general results are the first steps in this direction. The first result provides
a lower bound on the constant for the Poincaré inequality, or equivalently
the first nonzero Neumann eigenvalue of the positive Laplacian.

Lemma 3.5. [18] Let D C R? be a simply connected bounded domain with
diameter® d, such that the second fundamental form of 0D with respect

8The diameter d of D is by definition d = sup, yep [x —y|.
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to the exterior normal is non-negative. Then for any function f satisfying

[p f(x)dx =0 there holds

d
[ fllz2(py < ;||Vf||L2(D)-

Remark 3.6. We will later prove that the hypotheses of Lemma 3.5 are
satisfied under the bootstrap assumptions to be introduced.

The next result provides a lower bound for the constant of the trace
embedding H(D) < L?*(dD).

Lemma 3.7. /8] Let D C R3 be a simply connected bounded domain with
C' boundary 0D, and let v denote the exterior normal. Suppose p is a C
vectorfield defined in a neighborhood of D such that p(x)-v(x) > b >0 for
all x € OD. Then for any function f in H'(D),

2 2 2 ) ) 2dx.
b /a | IFGOAS() < sl /D V) P+ 1+ 5up ¥ - ) /D £(x) 2

Proof. Because the statement is slightly different from the one in [8], we
provide the proof which is directly from [8]. By the divergence theorem

2/ fo~p,dX:/ V(f?) - pdx = —/ f2V~udx+/ f2u - vdS.

D D D oD

The desired estimate follows by rearranging and applying Cauchy-Schwarz.
O

Remark 3.8. In our applications 9D will be close to Sg, in which case
v(x) = R~'x. The choice p(x) = x then gives b = R™1.

To use Lemma 3.5 to prove lower bounds for the energies for i we
also need to show that the average of wuy is small for all k. We will use the
following notation for a Clifford algebra-valued function f defined on B;:

1
AV(f) = — fdx.
V(f) M, x
Lemma 3.9. Let uj, := 3(I + Hyp,)D"u, and let uy be the Clifford analytic
extension of up to By, with ug = u and ugp = u. Then for k>0
1

updS — —— (¢ — Rn)nugdS

AV(uy) = ——
(we) = 337 o5, 3M Jop,

(64)

1
— I+ H, d
SY; 881(( + Hop, )C)nugdsS,
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and for k>1

/ ude = Uk—1 wdS —e X Vec / uk_ldS
9B, 9B, [N||g] 0B,

1

——/ (D, Hop, 9% tuds.
2 Jon,

(65)

Remark 3.10. This lemma can be used inductively as follows. First, since?

AV (u) = 0, we can use (64) to control fE)Bl updS. Then we use (65) to bound
u1dS. We then use (64) to estimate AV (uy) in terms of u1dS, which
0B OB,

we in turn estimate in terms of f uodS according to (65). This process can
now be continued inductively to estlmate AV (uy) for all k. We summarize
this process in the following chart:

0= AV(uo) — U()dS — UldS — U,st
831 881 631

— .. updS — ...,
B,

/ updS — AV(ug) for k>1.
0B,

Proof of Lemma 3.9. Since uy, is Clifford analytic, by Theorem A.2, for any
¢ B

! _i 5/_5 n u
w(€) = - [ e gamemisie)

SO

_ 1 £-¢ u
vt =5 [ (f = g€ ) € (E)a5(6)

Notice that the inner integral is equal to —GipV¢1(£). So using Lemma 2.4,

1 1
AV(ug) = — 3 o Cnukds teur - (I + Hog, )¢)nudS
R 1

9By definition, u = v — x}. On the other hand, x| = 9, (ﬁ fBl xdx) =

1
B fBl vdx.
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— I+ H, .
+ e 831(( + Hop, )¢)nuidS

This proves (64), and (65) follows from the identity

1 1
up, = 5(1 + Hop,)®"u = Qui_1 — e x Vec up_; — 5[97 Hygp, D" 'u,
k>1,

and an integration by parts according to Lemma 2.10. O

Using Lemmas 3.5 and 3.7 we can prove the positivity of the energy to
leading order. In fact we will show that £ controls the L? norm of f.

Lemma 3.11. Suppose the second fundamental form of 0B1 with respect
to the exterior normal n is non-negative. Suppose further that there is 6 €
[0,1) such that ¢ satisfies ( -n > (1 — d)R and such that for all x € By,
|x—x1| < (140)R. Let f = Vec f and fy = Ref, where f is a Clifford analytic
function in By, and let f and fy be the restrictions of £ and fy to OBy. If 6
1s sufficiently small and f satisfies the assumptions in Proposition 3.3, then
there exist absolute constants ¢, C > 0 such that

(66)
1 . 1 2 3 L £\2
2/mfj’l(nx Vf)-fdS+ SR /881 |f|#dS — IR /881(11 f)=ds

3 CM
> o P =55 [ (g 0= RS = ZEav()?

3 PR ) nds
15 o P0G ) s

L L N 245 — 2
1B /B1 fodx+4R2 /881@ n)fodS C'R/aB1 In x V fol“dS.

3

sp [, % Q) (= RO RS

Moreover,

(67)

Ifo|2dx < C’R/ | fol?dS + 033/ |V fol?dS + CMp(AV (£p))?.
Bl 861 8»61

Proof. We start by proving (66). Let f = Vec f, where f is the Clifford
analytic extension of f to the interior of By, and let ¢ = x — x; be the
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harmonic extension of ( to the interior. First note that since n x Vf =
Vol + Viafo—n x Vfy and f has harmonic components,

1 pgg = 1 25, L .
5/%l(nxw) de—Q/Bl VERd Q/aBI(nxvfo) fds,

where |Vf|? = Z?Zl |VEi|2. Next, by assumption 9;f7 — 8;f = €080,
where €, = 1 if (ijk) is an even permutation of (123), €;;, = —1 if (ijk) is
an odd permutation of (123), and €;;, = 0 otherwise. Combining this with
the facts that V-f =0 and V - ( = 3, we write

(63)
[ mepras= [ (0 mas s [ (7omf - mOdS
oB; 0B,

0B,
1

= — . . X -n -(nm — -1
= L V@ onixs [ (- r0ds

1

1 9 1 . ) | P
_E/Blm dx+ﬁ BIC VIf] dx+/ (f-n)f-(n—R10)dS

0B,

1 .
+—/ f’CJeijké?kfgdx

/ P+ o [ V- R+ / (f -m)f - (n— R7)dS

0B

1
+ }_z 5, ( C EZkaO)dX - E 5, ka CjezjkadX

1 1

_ fI2 — 2¢. . (n— R
R/&' |dx+2R/aB IFI°¢ nd5+/1(f n)f-(n—R7¢)dS
1 1

+ = agl(f x () (n— R™() fodS — IR /Bl erioerij € foOu fodx

/|fy dx + - / |f|?dS

1 - . . . [— _1
+§/831|f! (B m)nds [ (7om)f - (0= RS

1 _ 3 2
+E 881(fXC)'<TL—R 1§)f0d5+ﬁ/81f0dx
L[ (¢omysas.

2R Jog,
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To pass to the last equality, we have used the fact that

1 X 1 )
_§€ki€€kijcja€fg =- 58Z(C]fgeki£€k1‘j) + 365 = —V - (f2¢) + 3f5.

Combining this with the previous identity, and for any constant ¢ € (0, 1),
we get

(69)
1 1 ) 3 )
5/881(n><Vf) is+ g | rtas — op [ o pas
1
/ ve| dx+4R2/ £ |2dx ”/88 Il dS+4R/ \f2dS
3 -1
_@ aBlff\( -n)- "dS—ﬁ 8Bl(f‘”)f‘(n—R ¢)ds

—5/861(n><Vf0) fds — 2R2/ (f x¢) - (n—R7Y) fodS
i/ f2dx+i/ (C-n)fidS
AR? Jpg 7" 4R? Jop, 07
Now applying Lemma 3.7 with D = B; and g = ¢ we get
(1- 5)3/ 1£2dS < sup\cyQ/ nyde+4/ IF[2dx
oB: By B B
< (1+5)2R2/ |Vf|2dx+4/ If|2dx.
Bl Bl
It follows that

1 +c 9
|VE | dx+—— / If|2dx — / |f|?dS
/ 4R? 0B,

_2— (1+ )2 (14+c)(1 §)~t /1|Vf]2dx

_(4(1+c)(1—5)_1—3)(1+€)/ £ — pAV(E) Pdx
B

4R?
CMp
-5

(AV(£))?,

where ¢ > 0 is a small constant to be chosen, and C > 0 is an absolute
constant depending only on ¢, £, and §. Now since by assumption |x —x;| <
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(1+0)R for all x € By, the diameter d of B; satisfies d < 2(1+0)R. Therefore
applying the Poincaré estimate in Lemma 3.5 to the right-hand side of the
estimate above, and choosing §, €, and ¢ sufficiently small we get

1 9 3 2 1+c/ 2 CMp 2
- = _ > .
2/81 |V dx+4R2 /Bl f|“dx iR Jos |fI7dS > 72 (AV(f))

Identity (66) follows from plugging this back into (69) and applying Cauchy-
Schwarz to [z (n x Vfo) - fdS.
We next prove (67). Note that by the Poincaré estimate in Lemma 3.5

[ ofax = [ 16~ pAV(E) + pAV(Eo) P
Bl Bl
<2 [t pAV(E)Pdx-+ 207 [ |AV(E) P
81 Bl

< 32/ \VEo|?dx + Mp(AV(fy))%.
B

But since fj is harmonic in B,

1 R
/ \VfofdeZ/ foVin fodS < ﬁ/ | fol?dS + 5/ IV fol?dS,
. OB, OB, OB,

proving (67). O

Since a is equal to %]\2/[ to leading order (see Lemma 2.8), and u has zero

average in B, we can use Lemma 3.11 to prove positivity of the energy £
for f = u.

We close this section by defining the main energies, motivated by the
discussion above.

Definition 3.12. Let ug := v and u, = %(I + Hpp, )D“u for any multi-
index o with |a| > 1. We then define

k
8j = Z 8@@, and ggk = Z;gj,
j=

|lal=j

where £¢ is defined in (59).
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3.2. Estimates on the Center of Mass x; and Angular
Momentum J

In the next section we pose our bootstrap assumptions in terms of the dis-
tance |x1| between the center of mass of each body to the origin, which is
the center of mass of the entire system. We expect that as long as this dis-
tance is large, the size of x; and its time derivatives can be approximated by
the corresponding quantities in the motion of point masses. Our goal in this
section is to make this claim rigorous by providing quantitative estimates.
Recall once more the definitions

X1 R

ry = |X1|7 & = @7 n

B b
- xal R
We also define the angular momentum vector J as

J:=x; xx],

and the velocity v; as v; = X} so that
2 /12 ra P
(70) lu1]® = [x3]* = [r] +T_2a
1

where J = |J|. Recall from Lemma 2.6 that x; satisfies the ODE

1 GMn? 1
71 x| =—— Vapy(t,x)dx = — — Eq(t,x)dx
( ) 1 |Bl| 8, 1[’2( ) 4R2 51 ‘Bl’ B, 1( )
(72) L

4113 [Bi] Jp,

where E; is defined in (36). In the remainder of this section we write

. 1
AV(E)) = B /s E;(t,x)dx.

It follows from a simple computation that

(73)
"o GM |x1 x X/1|2 .

TG T P

GM J? —~
+ ——= — &, - AV(Ey).

€1 : AV(EI) = _4|X1|2 |X1|3
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The point mass energy &) of x; is by definition

vi|2 GM
& = —
! 2 47‘1’
SO
GM J?
74 M2 —9L 4 = 2
(74) P =26+ 305

To be consistent with the assumptions of Theorem 1.1, we write the initial

velocity as
o |GM
vo = [x1(To)| = Kp R

where a € [g, 1], k26%272¢ > 1, and k= 1p14212 > 1 (see Remark 1.2)'°.
To unify the notation, we introduce the new parameter

Co = Hﬁg_aa
so that cp < 1 for all choices of a € [g, 1] and

_s |GM
’U():C()ﬂ 7 T

This implies that

2 12 GM GM
(75)  JX(Tp) = BTGMR,  28(Ty) = 37— — o
R 2R,

Unlike the point-mass case, the energy &1 and angular momentum J are not
conserved and instead satisfy the evolution laws

J = AV(E)) x x1,

(76) N —

© =2 ((AV(BY) x)(x1 %))~ (AV(EL) X)) paal?)
and
(77) &= —AV(E) - x].

10T practice we first choose x and then 3 depending on & so that both conditions
are satisfied. For instance, when e = 1 we choose K> 1 and 3 such that 5% > k!4,
When a = % we choose k < 1 and 3 such that 57 > k2.
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In the following proposition we derive estimates on the radial velocity |r]].
Since 7] is initially negative, by continuity, it will remain negative for ¢ close
to Tp. It follows that there exists 7 such that for any 7" > Ty

(78) r(t) >7 Vt<T, implies  rj(t) <0 Vt<T.
We define rg to be the smallest such 7, that is,
ro := inf{7 s.t. (78) holds},

and let to, if it exists, be the first time such that 7 (t9) = ro. Then by
finding the roots of the quadratic polynomial in r] Lin (74) we see that rg,
if it exists, satisfies,

4% (to)

79 rog = ;
( ) 0 \/G2M2 + 32(531<t0)J2(t0) +GM

whenever G2M? + 32&(tg)J?(tg) > 0. We prove the estimates on r; and its
derivative under the mild assumption that the diameter of the second body
B is bound by a constant multiple of R. When we apply these estimates in
the proof of energy estimates, the diameter of Bs will in fact be close to 2R
under our bootstrap assumptions.

Proposition 3.13. The following statements hold if a solution to (24) exists
and the diameter of Bo is no larger than 10R.

1. If B is sufficiently large, then for some universal constant C' and all
r > T0

CGM

(80) G—M < |v" <
Clm2 = "1~ P
2. If B is sufficiently large, then %C(Q)Rﬁ% <ryg < %C%Rﬁ% and | satisfies

the following estimates for some universal constant C

(81)

é %MCOB-? < ril < C@cw—? if > Re?87,

% ng% <l <c G}]%wn% if 3chﬁ% <r < Rcfﬂ%,
g@ﬁﬁ <l < cgﬂ—%m

if ro <11 < 4C%RB%.
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3. If B is sufficiently large, v1 satisfies the following estimates

(82)
1 M 12
- G—Coﬁ T < |l <Oy G—Coﬁ" if r1 > Rey?B7,

/GM /GM 2 12
— 772 <‘U1|<C 7’]2 if EBC%FLB7 <r §R062577

GM |G 2
c% = 7 < lu1| < Ceyt [3_— if  rg<r <4ERB7.

Proof. Note that under the assumption on the diameter of By and by (36),
there exists a universal constant ¢ such that

cGM 1
N N R E

cGMn*
Rz

Combined with (76) and (77) this implies that

a6
dt

4
dt

< cGMn*|v. |

72| < CGM7747”% |v1 ]
R2 '

(84) <=5

and ‘

The estimate on |v]| is a direct consequence of (71) and (83). Next we
prove the estimates on |r}| and |v1| in the first two stages, that is, when
r> 4Rc3ﬁ%. For this we rewrite (70) and (74) as

(85)
GM  J*(Ty dé&

()2 = 2&.(T, — +2/ —d — —J2ds

‘ l( )‘ 1( 0) 27’1(t) 7,% T T% To
and

2 t

86 v1t2:r’t2+J(TO) L 9 24
( 1

A0 30 Jr, ds

If Ry is sufficiently large, it follows from (75) that the desired estimates
hold at t = Ty with C = 1 4 10719, Therefore, it suffices to assume that
the estimates on |v1| and |rf| hold for 71 > c;?f'%7R with C' = 20, and
show that the same estimates hold with C = 10. To prove this we show that
the contribution of the time mtegrals of ‘dgl‘ and }dtﬂ‘ to (85) and (86)

can be estimated. If 7 > Rey B 7 it follows from (84) and the bootstrap
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assumption on |v1| and |r]| that

dé&) GMn4|r’1| d , GMn4r%|r’1|
87 do1) o =0 nl @ | < ST
(87) ‘dt ~ TR e e N
S0
Ll dé (Do) | dsy || dt M3 _ SGMB™7
e 2 o0 e
T t rl(t) dt dTl R R

and similarly

iﬁ

t
i

If B is sufficiently large these estimates allow us to close the bootstrap as-
sumption in the region r; > Rcy 2 7. The analysis in the second region
3Rc(2)5% <r < RCEQ,B% is similar. Indeed, the estimates at r| = Rca25%
are satisfied, because we have already proved the estimates in the first stage
with C' = 10. So as in the first stage, we assume that the estimates on |v|
and || hold with C' = 20 and improve this to C' = 15. Since (84) are still

valid in the region region 3RC(2)B% <r < RCSZﬂ%,
t t

dt S ——— and /
/To R T, |dt

It follows that if 3Rc287 < ry(t) < Ry~

dt < GMRn < EGMRB™~.

dé| . _ GMy’ d

- dt < GMRn.
7 S GMRn

GMC%B‘%
R

AGMRBT — CGMRny < J*(t) < AGMRB* + CGMRy).

3
<GM17’

261(t) — SR

(88)

Combining this with (70) and (74) we can close the bootstrap assumption
in the second region. Here we have used the fact that in the second stage
GM(2r;)~" — J%(Ty)ry? is positive. For the last part we argue a bit differ-
ently. Since we have already closed the bootstrap assumptions in the second
region, the estimates on |r}| and |v1| hold at the starting point of the last
region where r; = 4chﬁ%. Let t2 be the time at which 7 (t2) = 40(235%}2.
We still use a continuity argument by assuming the estimates for |v;| and
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|r1] in the last region hold with a larger constant. Since the estimates (84)
still hold, for r(t) > ro,

tdé& nlt2) | ggy || dt Mg (rlta) g1
/ —1dt—/ it —drlgG SCO / 7’8 dr’
ts dt r (t) dt d’l“l R; - (t) /T'/ — 1
—6 3
5 GMCO 6_2 5 GMU ‘
R R

It follows that the estimate on & in (88) still holds in the last stage. A
similar argument shows that the estimate on J in (88) also holds in the last
stage. Now we can argue that ro exists as follows. From (88) and (73), we
see that r{ is positive for r; € [0362/ "R, 3c2 B2/7R]. Assume for contradiction
that 7} does not become zero in finite time. We first show that in this case
r1 must get as small as %cgﬁQ/ "R. If not, then since 7 is negative, it follows
that 71 will remain in the interval (%0362/71%, 3c23%/TR]. But then using (88)
and (73) we conclude that r{ has a non-trivial lower bound, contradicting
the fact that 7”/1 does not vanish in finite time. Let ¢, be the time at which
ri(ts) = %C%,B2/7R, and t3 the time at which 71 (t3) = 3¢23%7R. Integrating
the identity

a
dt

i = 20,

from ¢3 to t. and using (88) and (73) we conclude that ] becomes positive,

which is the desired contradiction. Having proved that ] vanishes in finite

time, the formula (79) together with (88) give the desired range for ry.
Next, we rewrite (74) as

GM  J?(tp)

L (8)]* = 2&1(to) + o) (1) + 2(&1(t) — &1(to))
e () — (k) = T+ 11,
ri(t)

where I := 263 (to) + G2 — L) and 1T := 2(61(t) — &1 (t)) — by (JA(1) -

J%(t0)). A simple calculation using (74) and (79) shows that

. <8£’1 (to)r1 + GM + /GZM? + 326"1(t0)J2(t0)> i
o 4r? Loor
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It follows that

so it suffices to show that the contribution of I can be estimated using the
bootstrap assumptions. For this we use (77) and (76) to write
2 'S 2 2
I = —— AV(Eq)(s) - v1(s)(ri(s) —ri(t))ds
ri(t) Ji,
2

- %/t x1(s) - AV(E1) (s)r1(s)r (s)ds.

For the second term above we use (83) to estimate

(89)

t AV 4
% /to x1(s) - AV(Eq)(s)r1(s)ry(s)ds| S G];;[Q” I — ol
GMpB*
S o

To estimate the first term on the right-hand side in (89) we note that since
r1(t) is decreasing for t > to, we have

r3(t) = ri(s)] = Ira(8) = r1(s)llri(t) + ra(s)] < 2r1(8)|ra(t) — 7ol

It follows that under the bootstrap assumptions

AV(E1)(s) - vi(s)(r}(s) — r3(t))ds

T%(t) to
GMn*B~7 ([ df
S—— —— | |r1 — 70|
coR> ro VT1—T0
GMpB™ 7
S —spIm1— ol
S R?

which can be controlled if § is sufficiently large. This proves the desired esti-
mates for |} |. The estimates on |v1 | are simpler and similar to the arguments
in the first two stages. We omit the details. O

Finally for future use we record the formulas for v} and r{ in the fol-
lowing lemma.
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Lemma 3.14. x{" and " satisfy

GM’Ul 3GMX1 d 1
W=— I —— (= | Ei(t,x)d
OO TR T dt<|zsar/& 1) X)’

(91)
e :GMr’l B 3J%r)
2x1®

+2<<1811/31E1“’ )d) 51) P 2(|81|/81E1“’ )d> ]
d (1 L1
-& - 7 <@ /61 El(t,x)dx> —& - <@/1E1(t,x)dx) .

Proof. These formulas follow by differentiating (71) and (73) and using
(76). 0

We end this subsection with the following simple consequence of Propo-
sition 3.13 which will be used many times in the remainder of the paper.

Lemma 3.15. Under the assumptions of Proposition 3.13 and for r1 > rq,
the following estimate holds for any m > 1, and some universal constant

C=C(m):

/T 7™ () or () ds < CRy™(0).

Proof. We write

/ (o (5) ds = /Rl .

TU T (t)

ds

dry.
d’l“l |U1’ &

According to Proposition 3.13 in the first two stages of the evolution, that
is, when 71 > 3¢28% 7R, |v1| and |r}| are comparable and the statement of
the lemma follows from the identity above. In the final stage of the evolution
when r; is between rg and 303/82/ "R we get

/ 7 (3) o (5)]ds
To

_ /R1 7’]m+1d7‘1 +77m(t)c_15_%R% /3c352/7R L < Ry™(0). O
™ JacgR 0 i (b) Vri—ro "~
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3.3. Bootstrap Assumptions and Estimates on the Error Terms

In this subsection we estimate various error terms appearing in the equations
for u;, j > 0, in terms of the energies in Definition 3.12. We will do this under
smallness bootstrap assumptions on u. The precise bootstrap assumptions,
which are motivated by the analysis in Section 3.2 and the ODE (21), are
as follows. Suppose T > 0 is such that wu(¢, p) is a solution of (30) for t < T
and 7 (t) > 1o for t < T, and let £ > 5 be a fixed integer. We assume that
for some fixed constants C1, all p,q € Sg, and all t < T

R7YDu(t)] L2(sp) + v/ i 10D u(t)] L2(s) < Crn*(B)[or (8],
la < ¢

p< Eenstal <o je(tp) —xa(n)] <SR, § <l

<<

1
2
RYD(INGIllzz(sq) < Cr®, 1< Jal <4
R722%(¢ = Bn)llpa(s,) < Cin’, ol < ¢

et 9% (0 = G || pags,y < Crn®s ol <€

(92)

R72DC 2(sp) + RHD M 2(s,) < Cins, 1< o] <€+1,
1< |yl <4

R2|D%h||12(s,) + BHDull 12(s,) + RID V| 12(5,) < C1n?,
la| <0

\

Here we recall from (27) and (29) that

p=1-20 g KEARAERT 5
P P+ R 2Fe

Before proceeding to the estimates, we observe that by the Sobolev em-
bedding, the bootstrap assumptions (92) imply the simple pointwise bound

(93) 1D ()] L (s) S Cin* D)1 (B)],  Ja| < £—2.
We start with the following simple estimate on the expression n x Vf.
Lemma 3.16. Suppose the bootstrap assumptions (92) hold. Then

3

nx VA1 S Mellds] S 5 D 10
=1
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Proof. The first estimate is a direct consequence of (62), and the second a
consequence of the first and the fact that, by (92), |d¢| < 1. O

More generally, we have the following estimate on the quadratic form Q.

Lemma 3.17. Suppose the bootstrap assumptions (92) hold. Then

3 3
Q(F,9)| < Idflldg] S % (Dmﬂ) (Zrmm) .
=1 i=1

Proof. This follows from the same argument as in the proof of Lemma 3.16.
O

Using Lemma 3.16 we are able to compare L? norms on Sp with L?
norms on 0B;. For this, we first recall that by equation (40)

(94) 8M— |N|n'(n><Vu).

gl gl

Since lim;_,7, %' = 1, we conclude that

Nl [TING)]
9 1

(95) _ /Tt ('N‘;” - 1) n(s) - (n(s) x Vu(s))ds

_ / n(s) - (n(s) x Vu(s))ds.

To

n(s) - (n(s) x Vu(s))ds

Lemma 3.18. Suppose the bootstrap assumptions (92) hold and 8 is suffi-
ciently large. Then

[N
91

Moreover, if f is a function defined on 0By then

1‘ Sn?’.

3 5
Z’|f05||L2(SR) < |[fllz2(08,) < Z||fO§HL2(SR)-
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Proof. The first estimate is a consequence of (93), Lemmas 3.15 and 3.16,
and (95). The second statement follows from writing

[N (p)]
9(p)]

17122 ) = /S o) X g

— I focl? o 2 (IN(p)| _ )dS
I €liisiy + [ 1ot (! sl =1 as)
and using the bound on % — 1‘. O

We now state the following important result which allows us to estimate
error terms involving Hpp, and Kpp, .

Lemma 3.19. Suppose the bootstrap assumptions (92) hold and that [ is
sufficiently large. Then the following estimates hold for any function [ de-
fined on OBy and any k < £:

D% Ho, fllz2(sm) S D ID7 Fllra(sn)s
i<k
D" Kos, fllL2(sn) + 195 + Kop,) ™ Fllraesny S DD fllra(sn
i<k
1D* 1D, Hog, | fllr2(sn) + 1@, Hos ) fllzz(smy S7° > 197 Fllracsns
j<k—1
1D D, % VIl 2(sn) + D% 0 X VI l2(sn) S B0 ) 1D fll2(sn),
i<k
ID% n % V, Hog, ) fll sy S B'0% ) 197 Flla(si)s

j<k—1

1D%10y, Hom, ) fl|22(s) S B0 oa Z 197 £l 12(55)»
i<k

GM ,
ID*[0F, Hos,) f | 2(sn) S \/ Fﬂﬂvl\ D D7 fllrsn
i<k
+ Rt vy Z 10607 fll 22(5)»
i<k
IVnf e (s S Inx Vs SR 1D fllzsn)-

J<1

Proof. This is a corollary of Lemmas 2.12, 2.13, 3.16, 3.18, A.4, and A.7,
Corollary B.6, equation (168), Propositions B.2 and B.3, and Theorem A.3.
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Note that the estimate on [DF, Hyp,]f follows from the estimate on
DD, Hyp,]f by writing

[QkaHalgl]f
= [Q? HaBl]Qk_lf + ©[©7 Hagl]gk_Qf e @k—l[g’ H@B1]f7

and a similar argument can be used to estimate [D%,n x V|f. O

Recall the definition u, = 3(I + Hpp,)®“u. As a corollary of Lem-
mas 3.18 and 3.19 we can control the L?(Sg) norms of ®%u in terms of the
L%(d8B;) norms of i, which appear in the energies.

Corollary 3.20. Suppose the bootstrap assumptions (92) hold and that
is sufficiently large. Then for all |a| </

1D%ull o5y S Y Niyllzzomy, — and
(96) IvI<lal .
10:D%ull 25y S D N0yl z2(08,)-
IvI<lal

Proof. We prove (96) inductively on |a|. If |a| = 0, this follows from the
fact that Hpp,u = u and u is a vector as well as Lemma 3.18. Assume (96)
holds for all | < k < £ — 1. We write D1y

1
DMy ==(I + Hop, ) D" u + §[®k+17H881]u

N =

1 1

=41+ 5Re(l + H)D* 1y + 5[@’”1, Hpp, u
. 1 1

=Uk+1 — §Re[©k+la H381]u =+ §[©k+17 H881]u

1
=1 + 5Vec [D*L Hyp, Ju.

Similarly ;@' = Oiiy41 + $Vec 0[O, Hyp,Ju. Estimate (96) for
la] = k 4+ 1 now follows from Lemmas 3.18 and 3.19 and the induction
hypothesis. O

To be able to use Lemma 3.11 to replace the L? norms on the right-hand
side of (96) by the energies defined in Definition 3.12, we need to show that
the second fundamental form of 0B; is positive. This is an easy consequence
of the bootstrap assumptions.
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Lemma 3.21. Suppose the bootstrap assumptions (92) hold and that [ is
sufficiently large. Then the second fundamental form of OBy is positive.

Proof. In arbitrary orientation-preserving local coordinates, we need to show
that the eigenvalues of the matrix

g lea(t) n(t)  eigas(®) - n(t)
Mo == <|ca|cﬁ|<5a()' n(t)  Eptest) n(t)

are positive. Note that since 9B; at time ¢t = T is the round sphere Sg,
the eigenvalues of M (Tp) are both equal to R~!. Now the positivity of the
eigenvalues of M(t) follow from writing

t
dM
M(t) = M(Tp) + / () g,
Ty s
and using the bootstrap assumptions and equation (40). ]

We are now in the position to estimate the L? norms of ®*u and 9;,0%u
in terms of the energies in Definition 3.12.

Proposition 3.22. Suppose the bootstrap assumptions (92) hold and that
B s sufficiently large. Let E<j, be as defined in Definition 3.12. Then for for
all3<k </

> (R_1||©ju||%2(sR) + (GM)_lRQHOtQjUH%z(SR)) S E<k-

i<k

from

Proof. Note that since under the bootstrap assumptions a < Glé‘f
Lemma 3.18 we have

' ol
ZHatQJUH%2 (Sw) NZ/ latuj\QdSN 7 Z/a |0 ]‘

i<k i<k i<k
Therefore to prove the proposition it suffices to show that

1 .
(97) Ez 1D7ul s, S D E

J<k J<k

1 GM ;]2 3GM (n - ;)?
2 u:) - Uid L dS — AN
; 2/681(n><VUJ) u;jdS + s i S 53

Cn
S
Il
I

ds.

0B, a
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By the bootstrap assumptions (92) it suffices to prove (97) with 8]0 replaced
by Ejl, where

1 1 3
£l == i) - ;dS + == ij|%dS — —— ~iij)%dS.
J ) /981(” x Viiy) - i;dS + R /631 || R 831(n i)

Indeed, using the bootstrap assumptions on a — %—]\{[ the difference between
S]Q and 8} can be absorbed into the left-hand side of (97). By Lemma 3.21
the second fundamental form of 9B is positive. Therefore by Lemma 3.11
and with the same notation,

£ > 5 / apas—% | () (0= B
Rl C " R
——/ C—n)-ndS—ﬁ/ (@j x¢) - (n— R ()u;dS
OB
CMp C .
RQ/ i P P+ g [ 1 nlliPas

- C’R/ In x vaj|2ds.
B1

Using the bootstrap assumptions we conclude that
1 . C . CMp
72 I1D7ullas,) SY &+ <ﬁ/ i [*dx (d )I2>
i<k <k i<k B
+) = / 1] dS+ZC’R/ In x Vi,|2ds.

i<k i<k

Now by equation (67), we have
/ i [2dx < C’R/ |i;]%dS + CR3/ |Vnit|2dS + CMp(AV (1))
. OB, 0B,

For the average AV (11;)?, we use Lemma 3.9. Taking real parts on both sides
of (64) and using the bootstrap assumptions (92) we have

. R!
V@) % 3gg [ 1isPas + 55 S [0,
]<k

CMp 2 1 7’
S V@) S 5 [ ifas + T S 107l

j<k
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Taking vector parts on both sides of (64) and using bootstrap assumptions
(92) as well as (65) inductively, we have

M 2
CR2p (AV(ii)® S e </ ﬁjd5’>
0B,

<)’ ~ 12 n° o2
SR Z o5, |@|"dS + EZ”Q ul|72 (5,5

1<j J<k

<

which, by the bootstrap assumptions and the argument in Remark 3.10, can
be absorbed by the left hand side & doi<k ||©Ju||%2(SR). So we get

1 .
= > 197l s,

i<k

SO

i<k

C
+ Z<_/ |i;]2dS + CR/ Vi 2dS + CR/ In x vaj|2ds>.
i\ 1tJos, B, 0B,

Since DJu is a vector, @; = —3Re[D7, Hyp, Ju. So using Lemma 3.19 we
conclude that
1 i 112 1
=2 PMula,) S D8 U
i<k i<k

Using Proposition 3.22, we can now estimate the quantities h, u, v,
D¢, Dn, @(!N||g|_l —1), Rn—(, and a — %J‘z/f appearing in the bootstrap
assumptions (92) in terms of the energies ;. We will also derive a simple
estimate for n, and 0y(I — Hpp, )y, where uy := %(I + Hpp, )®*u, which
appear in the energy identity (63). Note that since n; appears only in the
energy identity (63) and not in the nonlinearity in the equation (30) for u,
we do not need to estimates the higher derivatives of n;. Also note that in
(99) and (103) below we do not estimate the top order derivatives yet. We
will consider the top order derivatives later, after estimating |N|0;(a|N|™1)
in Proposition 3.25.

Proposition 3.23. Suppose that the bootstrap assumptions (92) hold and
that (3 is sufficiently large. Let uy := %(I+H331)©ku. Then for all3 <k </
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and some universal constant C

(98)
) L[t 1 2 9 3
D (¢ — Rn)||p2(s, SC’RE/ E2,(8)ds + C——=E2, +20R"n”,
]Szk” ( )HL (Sr) T Sk( ) \/G—M <k
(99)
t o
> 1l < CRY [ £, (s0ds,
1<j<k To
(100)
S 10nll s < CR™3 [ €2, (s)ds + C—— 52k+30Rn7
1<j<k To vVGM
(101)
S 1D hllrz(se + BN plirasn + B2 197w s,
j<k J<k i<k
t
< CR: E2,(s)ds,
T —
(102)
> D7 (a— GMR™?) || ra(s,
i<k
GM VGM _:  10GMn?
Tos_ $)ds + C~—— £z, —
(103)
A Lot
> IR NI~ Dl < OR [ €l (5)ds
j<k—1 To
(104)

Inellrz(s,) < CR™ 25;
(105)

S VG 1
10:(1 — Hop, )ikl L2(s,) < C( "+ R™2n v E2-

Proof. We start with the estimates for h. Note that 9;h = TC 0 |0th| = |ul.
Since h(Tp) = 0, we have

t

W@ < [ uls)lds.

To
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It follows that

t
Wl zas) < /T ()l s .

The desired estimate for [|h[/z>(g,) now follows from Proposition 3.22 and
Lemma 3.15. The estimates for the derivatives of h follow similarly by dif-
ferentiating 0;h = % and using the bootstrap assumptions. For u and v we
argue exactly the same way using the fact that u(7p) = v(Tp) = 0. To esti-
mate the higher derivatives of (, first note that ©*((7p) = 0 for all |o| > 1.
It then follows that

t
D) = | D%(s)ds,

To
and the estimates on [|D%(||z2(s,) follow from the assumptions (92) and
Proposition 3.22. We next turn to a — %—A{I for which we use equation (44)

from Lemma 2.8. First note that in view of (35) and Lemma 2.6, under the
bootstrap assumptions (92) and if 3 is sufficiently large, we have

. GM 3
(106) D110 (Va5 a5y <~
J<k

Since we have already proved (99) and (101), we can use (44) together with
Proposition 3.22, the bootstrap assumptions (92), and Lemmas 2.4 and 2.6
to establish (102). Here (I + Hpp, )¢ can be estimated by observing that
(I + Hpp, )¢ = (I + Hpp,)(Cp) and using equation (101) and Lemma 3.19.
We can now use (102) to prove (98). The argument is similar to the one
used to prove (102), but we now use (45) instead of (44), and use (102) to
estimate the term involving a — (igf in (45). Estimate (100) now follows from
(98) and (99). Estimate (103) follows from differentiating equation (95) and
using Lemma 3.16 and Proposition 3.22. For (104) we use (40) to get

ng = —nx Vu+ (n-(n x Vu))n,

and use Proposition 3.22 and the bootstrap assumptions (92). Finally for
(105) we note that since ReD*u = 0

at(I - H881)ﬁk
1 1
= =501 = Hop,)Re(I + Hpp, )D%u = At Hpp, )Re[DF, Hap, Ju
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1 1
=5 - Hpp, )Red;[DF, Hyp, Ju — 510, Hpp, |Re[DF, Hop, Ju

1 k k k
= _E(I — H&Bl)Re {[&,H@&]@ U+ [Ha&,@ ]Gtu +9 [Halgl,at]u}

1
- §[at7 H861]Re[©kv HaBI]u'

The estimate (105) now follows from the bootstrap assumptions (92), Lemma
3.19, and Proposition 3.22. O

To estimate the nonlinearity in equation (30) we still need to estimate
|N|0;(a|N|~1) in terms of the energies. For this we will use the expression
(43) derived for |N|9;(a|N|~1) in Proposition 2.7. However, to estimate the
derivatives of this expression we need to compute the commutator of (I +
Kggl)*l and ©. The same argument used in Lemma 2.13 to derive (55)
gives

[, (I + Kjp,) 7' = —(I + Kjp,) "' [0, Kjp, (I + K, ) 7' f.

The commutator [D, K 531] can now be computed using the fact that Kgp, —
K3p, is small. That is, we rewrite the identity above as

(107)
D, (I+ Kpp,) '1f == (I + Kjp,) ' [®, Kog, ) (I + Kpp,) ' f
— (I + K3p,) '@, Kjp, — Kos,)(I + Kjp,) ' .

A precise expression for the difference K35 —Kpp, can be obtained by taking
the real part of identity (108) in the following lemma, where we compute
Hyp, — Hpp, which also appears in the energy identity (63).

Lemma 3.24. For any Clifford-algebra valued function f we have
N2 _ p2y _ (112 _ p2
:p-V~/ (1< R/) (IBCI R )f’dS’
21R Jog, & =&l

—1,P-V. / BV
(108) ~n- RN [ K —ofas

(Hjp, — Hop,) f

p-v. / / —1 1\ gt Q!
S e g - Rsas

Moreover, if the bootstrap assumptions (92) hold and [ is sufficiently large
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then for any k < /{

(109) 19" (Hon, — Hyp,) fll12(sm) S 7° Z 197 fll 22(55)
i<k

Proof. By definition Hj; = nHpp,n so with K = K(§' —§)

Hyp f=np.v. Kn'n'f'dS" = —p.V./ nK f'dS’
881 881

= Haglf — p.V./ (nK -+ Kn’)f’dS’.
0B

Identity (108) follows by observing that

nK + Kn' =(n— R QK+ K(n'— R ')+ R (K + K¢

:(n _ R_lg)K + K(n/ _ R—lc/) + 1 ‘CP — |C/’2.
2rR ¢ = (PP
The proof of estimate (109) using (108) uses Propositions B.2 and B.3 and
Corollary B.6 as in the proof of Lemma 3.19. O

We can now estimate |N|9;(a|N|™1).

Proposition 3.25. Suppose the bootstrap assumptions (92) hold and that
B is sufficiently large. Then for any 3 < k < ¢ (the implicit constant below
depends on C1 in (92))

. _ GM 1
D 7N (al N r2(sn) S gniﬁ‘?ék-

i<k

Proof. This proposition follows from differentiating equation (43) and ap-
plying the estimates in Lemma 3.19, Propositions 3.22, Propositions B.2,
and B.3, Corollary B.6, and the bootstrap assumptions (92). To estimate
the contribution of Vs +x/ we use (106), and to commute derivatives with
(I 4+ Kpg, )~ we also use (107) and Lemma 3.24. O

Finally we use Proposition 3.25 to estimate one more derivative in (99)
and (103).

Corollary 3.26. Under the assumptions of Propositions 3.23 and 3.25,

t
1Dl 2250 + RID (NI gl = Dllp2(si) < CR?/T E2(s)ds.
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Proof. We first estimate @é(|gHN!_1). Note that in view of (92) and (102)
it suffices to show that

- GM [* 1
9% allIN Yz < O [ €251

But this follows from the identity

9D (algl|N|™") = D° (IN|~"|gl IN|0e(alN| ™))

=D e (glINITHD (NGl N 7)),
k<t

where ¢ ¢ are some constants, combined with (92) and Propositions 3.23
and 3.25. Next, to estimate DT we first note that

1
nx V(¢ = —=((sa — Calp) = —2n.
It follows that
(110) nx VO = —[0% n x V|¢ —29n.
Now using (51) we write
[D°,n x VI¢
= [0 nx VD¢ + 21D, n x V|¢
= @1 nx VD¢

e L _ ANl
+D <|N| ((93(90) = (a(D0))G) = =715 xvc>

1

= 177 (@500 — (0u(DC))Gs) + 1.

where I consists of terms which are lower order in regularity, or which can
be absorbed using the bootstrap assumptions (92), and the fact that we
have already estimated D‘(|N||¢|™!). Combining with (110) and using the
coordinate expression for n x V!¢ we get

2

(111) v

(G5 % 0a(D°Q) — Co x 05(00)) = 1 20",
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Note that D¢ = LVec (I — Hyp, )¢ + LVec (I + Hyp,)D'C. Since

Ca % O5Vec (I — Hpp,)D'C — (5 x 0 Vec (I — Hpp,)D*C
= (05 Vec (I — Hap, ) D¢ — (504 Vee (I — Hpp,)D*C
+ Co - 05Vec (I — Hop,)D'C — (g - BaVec (I — Hyp,)D'C,

and using a similar computation for (I 4+ Hag, /D¢, we get

(Cp X 0aD¢ — (o x 95DC)

|N |
=nx VDY
1
SN (ga 9sVee (I — Hyp,)D'¢ — Cg - 8aVee (I — HaBI)BDKC)
1
o (ga 5Vec (I + Hop,)D'C — C5 - Do Vec (I+H831)®fg)

Now by (162) applied to B; and B,

1
I-H t I-H ¢
i (o @aVee (I = Hos, )9 = Gy 0aVee (1 = Ha, )9'¢)
R
:V$t§u>4%&ﬁﬂa
1
5] (ca 93Vec (I + Hop,)D'C — C5 - Do Vec (I+H831)®fg)

Re
= Vin_— (I + Hyp,)DC,

where VU and VI are the Dirichlet-Neumann maps for B¢ and By, respec-
tively, both with respect to the exterior normal n to B;. Moreover, since
Hpp, ( is a pure vector (see (34)),

Re(I — Hpp,)D'¢ = Re[®%, Hpp,)¢  and
Re(I + Hpp, )D'¢C = —Re[®", Hyp,]¢,

which shows that the real parts Re(I — Hpp,)D*C and Re(I + Hyg, )D( are
lower order with respect to regularity compared to ¢, so

(112) ——(Cp X BaDC — (o x D) =n x VDI +I1.

INI
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where IT is lower order with respect to regularity compared to ®¢+1¢. Next
we write
1
nxVRIC= o (€(0)06DC = Cal0)052"¢) + 11T,

where III denotes the error which can be absorbed using the bootstrap
assumptions (92). Since ((0) : Sg — Spg is the identity map, combined
with (112) this gives us control of VD¢ where Y is the intrinsic covariant
differentiation operator on Sk, which in turn gives us control of ®t1¢. O

3.4. Closing the Energy Estimates

In this section we use the results in Sections 3.1, 3.2, and 3.3 to close the
energy estimates for equation (30). More precisely, our goal is to prove the
following result, where we use the notation introduced in Sections 3.1, 3.2,
and 3.3.

Proposition 3.27. Let £ > 5 be a fized integer, and suppose B is sufficiently
large. There exists a constant Cy such that if u is a solution to (30) on [Ty, T)
and ri(t) > ro for allt € [Ty, T), then

(113) E<o(t) < R (D)f,  te [T, 7).

Moreover, there exists a constant C1 > 0 such that the estimates (92) are
satisfied for all t € [Ty, T).

The existence of a solution up to the point of closest approach 7y is an
immediate corollary of Proposition 3.27 and the local well-posendess result
in [12].

Corollary 3.28. If ty is the time at which r(ty) = ro then the solution to
(24) remains regular for t < t.

Proof. By the local well-posedness result of [11, 12]!! the solution exists
locally in time starting at ¢t = Ty. By Proposition 3.27 the higher order
derivatives of the solution and the Lipschitz constant of the boundary remain
bounded as long as r < rg, so referring back to [11, 12] the solution can be
extended to ¢t = . O

H1See also [2] where the local well-posedness in dimension two and in the irro-
tational case was derived in a set up more similar to the one used here. The local
well-posedness proof of [2] can also be extended to three dimensions as in [16].
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The proof of Proposition 3.27 uses the energy identity (63), where we
will treat the contributions from the source term 0;F and the rest of the
terms, to which we refer as “error terms”, separately. To understand the
contribution of the source term we use the analysis from Section 3.2, and
for the error terms we use the estimates in Section 3.3.

Proof of Proposition 3.27. We divide the proof into several steps.

Step 1. Since E;(Tp) = 0 for all j, the estimate (113) is trivially satisfied
at t = Ty for any choice of Cy. Given Cy (to be chosen later) we let T} be
the largest time in [Ty, 7] such that

(114) Eci(t) < SGRPOlOP, ¢ [Ty, Th).

For another constant C; to be fixed later, we let T5 be the largest time
in [Ty, T] such that the bootstrap assumptions (92) are satisfied for all ¢ €
[Tv, T>). Note that since the assumptions (92) are trivially satisfied at t = T,
we have T5 > Tj.

Step 2. We claim that if ' and S are chosen sufficiently large, then
Ty < T5. Assume for contradiction that 75 < T;. Let 3 be so large that the
results in Section 3.3 hold. By Propositions 3.22, if 'y is chosen sufficiently
large relative to Cp, then the estimates on H@kuHLz(SR) and ||6t®ku||L2(SR)
in (92) hold with C replaced by C;/2 for ¢t < T5. We will now use Proposi-
tion 3.23 and Corollary 3.26 to show that the remaining conditions in (92)
also hold with C7 replaced by Cy/2 for t < Ts, which is a contradiction. Let
B so large that the conclusions of Proposition 3.13 hold. Then by (114) and
Lemma 3.15,

t 1,
| Eisas i),
To -

It follows from Proposition 3.23 and Corollary 3.26 that if C'y is chosen
sufficiently large relative to Cy then the bootstrap assumption on h, u, v,
D¢, Dn, (—Rn, a— GR—]\f, and |N|]g]_1 — 1 are satisfied with C replaced by
(/2 for t < T,. Note that the estimate on |¢| = |£ — x1| with 5R replaced
by 3R follows from the estimate on h if 8 is sufficiently large. Similarly
if 8 is sufficiently large the estimates on |N|[¢|~* — 1 imply the estimate
% < LL/ILL < % Finally to show that % < % < %, we consider the map
¢ : Sg — 0B and derive a pointwise estimate on the differential of { with
respect to p € Sg, which we denote by d(. To estimate d{ we view ( as a
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map to all of R? and identify the tangent space of R? with R3. Note that

t t
¢(t,p) = ¢(0,p) + ; Gt p)dt' =p+ . Gt p)dt’,
t

= dC(t,p) =+ [ dG(t',p)dt,
T

where ¢ is the inclusion of the tangent space 7}, Sg into R3. Using the fact that

|d¢| < R (Zf’zl |Qi§t\2) ?, Proposition 3.22, and the Sobolev inequality,
we have

Sn(t)’.

So the differential d¢ is a small perturbation of the inclusion map. It follows
that, viewed as a map from T},S7 to T¢(,)0B1, d¢ (p) has norm close to one.
By the Inverse Function Theorem, as a map from S to dBi, ¢ has an
inverse and the differential of its inverse also has norm close to one. Using
the mean value theorem for both ¢ and its inverse, the desired estimate for
€)—E(@)l _ K@) =C@] o110ws.
[p—q Ip—dl

Step 3. In this and the next step we show that if § and Cy are suffi-
ciently large, then T} = T. We will do this by showing that of § and Cj are
sufficiently large, then

t
/ dé (¢, p)dt’

To

(115) Ecelt) < JCORP O (P, e [To,T).

Note that since we have already shown that 77 < T, we may assume that
the bootstrap assumptions (92) hold for all ¢ < T;. Moreover, by taking
sufficiently large we may assume that the conclusions of Propositions 3.22
and 3.23 hold for all ¢ < T7. We treat the contribution of the source term
F} to the energy identity (63) in this step, and leave the error terms to the
following step. More precisely, we consider the contribution of

2
(116) =B

= G—M@t@kF, Oyl

to the energy identity (63), where we have replaced a by its leading order
contribution %]\2/[ , and where the source term F is defined in (31). We will
show that if g is large enough, then

/TZ I(s)ds

(117) < Ce R () ()2
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Note that if C is sufficiently large, then the right-hand side above is bounded
Con®()|v (1)[2 s
by . Writing

100
I= GR—;/[&(@D’“F, i) — j—&(@f@kﬂ ix),
for any t < T gives
/t 1(s)ds :R—2<8{DkF(t),ﬂ'k(t)> - R—2 t(c‘)f@kF(s),ﬁk(s))ds
(118) Jr, GM GM Jr,
=11 + I.

Using the results from Sections 3.2 and 3.3, we will obtain estimates on 9, F
and 02 F. Direct differentiation of (31) gives

3G Mn*r! GMn?
OuF == (= 3(C - €0)81) + - (u— 3(u- €18 — 3(C - €&
—3(C-£1)€h),
and
G 4./
o7F = 2O 3 £)6, — (¢ €6~ B(C-€1)8))
GM 3 73 1!
g (v = 3 €& — 3(C- €DE1 — 3(C- €8]
— 6(u- €1)&; — 6(u- €1)€1 — 6(C - €1)€1)
3GMnp(rh)? 3GMn'r]
OV (¢~ 3¢ € - 2T -3¢ €8,
Also
/ U1 rll
1 — E - pr
" _27‘/1111 vy 7Jllﬁl 2(7’1) 3
o1 [? _ (v1 '51)2'

1 /
rp=uv;-&§ +
1 r1

Differentiating these relations using ® and combining with Proposition 3.13
and the bootstrap assumptions (92) we conclude that
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(119)
ZH@]@% Ollz2(s5)
i<k
MO S~ 1o + EIL OO | GMA Ol (0)
L*(Sr) R2 R2
1<k
Z H@J HLZ s GM774(t)|Ul(t)|
R) 2 )
1<k 'R
and
(120)
ZHQJ@Q Ol z2(sn)
]<k
Z 10:D7u(t) || L2(5.0)
i<k
GM T + |v
MWL) S o,
1<k
. GMn5(|v1|2 ) | CMhy]
R3 R?
GMn v
CUY D) S ooy + ELE IO S o),
i<k j<k
GM?]5|7)1‘2 N G2M2'l76

R3 R4
Plugging (119) back into (118) and using (114) and Proposition 3.22 we get

1 S OR™ Y 1D7u(®)| s, + 0 Or (0] Y 197u(t)l| (s
i<k i<k
SCoBn' ()1 (B)]” + Cg R (®)|v (D] < Cg Bn® (D)o (1),

where the last step follows if 3 is sufficiently large. We next turn to I in
(118). By repeated applications of Proposition 3.22, (120), and (114) we get

L (0204 (s),(5)) SC0y| oLt (5) o (8) 2+ Con'(s) o o)

. GMC?
+ Cen’(s)|vi(s)]> + TOU10(8)|01(8)|-

(121)
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Now using Proposition 3.13 and Lemma 3.15 we conclude that if § is suffi-
ciently large, then

(122) |12()] S Cg R (£) v (£) .
Since |v1| has higher powers in (121) compared to Lemma 3.15, we carry
out this computation for the last two terms on the right hand side of (121),

CenP(s)|vr(s)[? and MLy (5)10]y, (5)|. Note that if 8> 0 is large enough,
the first term on the right had side of (121) is smaller than the last term
and second term is smaller than the third term. Let

Ry
123 = C / |’L)1 |

We consider three different cases acl(zzording to Proposition 3.13 depending
on the value of ri(t). If ry > 052R57 then

ds

d d’l“l

GMACi % [ :
s I [ P S O s

Next, using this estimate, if | € [BC%RB%,CE2RBL72], then

1 3 15 3 15 GMCQC? co “RBT
b SCF R (6 B8 on(g RO )P + S50 [ goar

1 1 GM L
SCERnP(r1) v (r)]* + C¢ Rng(ﬁ)?W(h) < CERn®(r1) s (r1) -

Finally, using this estimate, if 71 € (ro, 403]%,8 %], then

1 2 2 GMC_lgc’% 19 4COR/B7 dr
Los <C2 RP (42 RB%) vy (A2RS? 2+$57/
2,3 o 1tn° (4 )[v1(4ch )| I . Vr—ro
16 ,_16 GMc 2

<G5 R ()l ()2 + Cg Reg 19577 220

<C3 R (r)[oa () .
completing the estimate for I 3. The estimate for

GMCp [
Iy = 0/ n'0(s)|v1 (s ] — drl
R Juw
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follows from the one for I3 and the observation that, in view of (82),
In| < (GM)~!R|vi|?. This completes the proof of (117).

Step 4. Let I be as defined in (116), and let I1 be defined according to
the relations (63) and

— =1 -1
dt

We will show that if 5 is sufficiently large then

/Tz I1(s)ds

Combined with (117) this will complete the proof of (115) and hence of the
proposition. We divide the terms in I7 into several groups. Let g be as
defined in Corollary 2.15, and set

1
< == CoRi* (1)1 (8) .

(123) =100

_ o
Il = <gk,t7k> +1,

1/ 0 (INN L. o\ GM /1IN .
th =g (gt () o)+ S (e ()

+3GM ia m U -, U -1
2R3 ‘N’ t a k s Wk )

[\

II; = 3%\4 {a Vg - iy )

Il = —3;]‘5 (- )n, (Hg, — Hop, )~ 0,),

Il = ?’%‘f«n i), a0, — Hog, i),

1y o= =258 (-, (o, o™ 00)is) — (G ), ).

The first term [1; contains the error terms from the nonlinearity in the
equation (57) for i, and the remaining terms Iy, ..., Il contain the other
error terms arising in the energy identity (63). Using the bootstrap assump-
tions (92) and (114), Propositions 3.22, 3.23, and 3.25, Corollary 3.26, and
Lemmas 3.24 and Lemma B.1 we get (with constants possibly depending on

Ch)

[115] S R ' |v1|€<k, S Con'®loyf?,

_3 .1 2
15| S R72E258<k S Cgn'?lon P,
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GM GM
(14| S/ & B ey < Coy/ ?771”@1\2,
GM GM
5| S\ — = "<k + Rt oi|€<k S Coy/ —5- I n' i |2+ Con'?|o

11| < R 'n*|vi]é<k S Con'?loy .

Arguing as in the proof of (122) we conclude that if 8 is sufficiently large
(depending on Cy and C1), then

(124) Z/ |I1;(s)|ds < mCORn (t)[v1(2)]?.

We now turn to the error terms form the nonlinearity in ;. Let go be as
defined in Corollary 2.15, that is, in the notation of Proposition 2.2,

1
go = —(%F — atEl + 8t <—/ El(t,X)dX) + EQ + 815 < ) N.
Bi| Js, [NV

Repeated applications of Lemma 3.19, Propositions 3.22 and 3.23, and Corol-
lary 3.26 give

- ; GM 5.1 vVGM
D d = DI golla(sn) S—==n €2, + h2
0<j<k R

1
774’U1|5§k

+ Sl [ eoas+ Sl

CQGM VGEMCy
SOTUWH + TUSM\Z‘

Here to estimate the term [07, [DF, Hyp, ]Ju we have used the fact that
(07, D, Hop, |Ju = D*[6}, Hop,Ju — [0}, Hop, | D" u,

and applied Lemma 3.19. Use Lemma 3.15 as in the proof of (122) now
shows that if 3 is sufficiently large, then

/t
To

)| ds < —_Cor GIEAG]

(Gr(s) — D" go(s), < 100
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For the contribution of ®*gy note that

ol R? 1 . o
<©k90a %> +1 :<at©kF, (G—M - E> atuk> <at®kE1a tu}€>
1
1

8tuk Oy,

+ (D By, —=) + @k(at(a\N\*l)N)v
—.11171 + IILQ —|— 11173 + 11174 + 11175.

)

The contribution of Il ; is smaller than the contribution of I computed
in Step 3. The contribution of I/; 2 and /I3 can also be estimated simi-
larly. Indeed Fy was obtained by subtracting the leading order term F' from
Vb + x| so the contributions of F; and ﬁ fBl E;(t,x)dx are also smaller
than that of F' which we estimated in Step 3. Note that since the fluid is
incompressible and irrotational, and E; is a function of x — x;, the time
derivative of ﬁ f 5, E1(t,x)dx can be computed as

(125)
o (g L Erexx) = [ (B0 (vt - i
1Bil /5, 1B1| /s,
1
4+ — (0 E1)(t, x)dx
|B1| /g,
1 1
- E dS + — 0:Eq1)(t, x)dx.
Bil Jon, 1 5T B Jp, (B

The time derivative (0;E1)(t,x) can be computed similarly using the fact
that the fluid is incompressible and irrotational in By, and the fact that in
the integral expression for E; in (36) the integrand depends only on y — xa,
where y € By is the variable of integration. Next, recalling the definition of
E, from (33), from repeated applications of the bootstrap assumptions (92)
and (114), Proposition 3.22, and Lemma 3.19, we get

<l 35& GM CGM7

k
D% Esl|r2(50) S —5 Sl S =

~

|v1].

Using Lemma 3.15 as in the proof of (122) we conclude that if 3 is sufficiently
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large, then

asﬁk(s)

/; a(s)

Finally direct application of Proposition 3.25 gives

GM GM
1115l 12(50) S A g1 E<k S A/ —55-Con™Hvi]*.
R R

It follows that if 8 is sufficiently large then
8sﬁk($)

/Tt a(s)

completing the proof of the proposition. O

1
< —Cyr® 2,
ds < 8000077 (t)[v1(?)]

(I11,4(s), )

>\ ds < X CorP()or (1),

II <
(TT,5(5), = 1000

4. Tidal Energy

In this final section we prove Theorem 1.1. For this we will express the tidal
energy in terms of the height function h = |(| — R and its time derivative
Oih. The first subsection below is devoted to the analysis of the dynamics
of h and O0:h. We then use this analysis in the second subsection to prove
Theorem 1.1.

4.1. The height function

A crucial step in the proof of Theorem 1.1 is to analyze the behavior of the
tidal energy in terms of the height function (see (26))

(126) h(t,w) == h(¢(t,w)) == |((t,w)| — R, w € S?.

Recall also the definition of & (see (26)):

(127) h(t,w) = |((t,w)* — R?,

and the relation h = h(h+2R) = 2Rh+ h?. From now on, we will call & the
modified height function. Our goal in this section is to derive the equation
satisfied by h. Let ¢ and gi) denote the velocity potentials for v and x7,
respectively, that is,

v(t,x) = =Ve(t,x),
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o

X)(t) = —Vo(t,x),  ¢(t,x):=—x| - (x —x1).

We will denote x — x; by . In Lagrangian coordinates, let ¢(t, p) = ¢(t,§(t,
p)) and ¢(t,p) := ¢(t,((t,p)). The modified height function satisfies,

he =2¢ - =2RG -n+2( - (C — Rn) = —2RV, (6 — ¢) + 2 - (C — Rn).
Differentiating this equation in time we get

hit = — 2RV, (1 — ¢t) — 2R[0;, Vi) (¢ — ¢) + 2G4 - (¢ — Rn)
(128) + 2 - (¢ — Rn)
= —2RV, (¢ — 1) + R,

with
(129) Ry := —2R[8;, V] (¢ — ) + 2us - (( — Rn) + 2u - (u — Rn).

To express ¢ — d) in terms of h, we use the Bernoulli equation

1 1
Op =1+, +p+ §|V|2a = Q=1+ — §|Ct+X/1\2-

Remark 4.1. Note that here d,¢ is the Eulerian timte derivative of ¢ in
fluid domain, while ¢, is the restriction of the Lagrangian time derivative of
¢ on the boundary. Therefore the coefficient of |(; 4+ x}|? in the second term

above is —% instead of %

On the other hand, by the definition of <§,
G =—G x| — ¢ x{,
S0
7 1 2 Lo "

Gt — ot =1+ 2 — §|Ct| - §|X1! + ¢ xy.
Equation (128) is therefore equivalent to
(130) hit = —2RV b1 — 2R(x] - 1+ Vatho) + Ry + Ry,
where

(131) Ry = RV, |ul?.
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Next we derive an expression for ¢/;. Recall from Lemma 2.4 that

GM GM

VIS TR o

(I+ Hpp,)C.

This formula will be useful for analyzing $R;, but since 1, is not harmonic
inside By, V,11 cannot be computed by taking the inner product of this
identity with n. Instead, to compute V,11 we argue as follows. First, since

Dipy = Vip; = D((Vih,)C)
outside of By (here (V)¢ denotes the Clifford product),

(I + Hop, )1 = (I + Hop, ) ((Vp1)C).

Using the formula Vi; =

2R3 M (T + Hyg, )¢ above we get

(132)

GM GM
(I + Hop, )1 = ——5- (I + Hog,)([¢%) — 5 U+ Hos, )(((I + Hos, )C)C)-
Now recall from (27)—(29) that with up =1 — = iL + hv,

|C|3
(I + Hop, )¢ = (I + Hap,)(CH)-

Going back to equation (132) we get

(133) (I + Hog )1 = (;]3”(1+H851)(h+32) + B+ A
where
B o= =2 H, ) (1 + Ho, ) ()
and
i — g (I How (T + o, ())0).

To compute B we keep in mind that Hpp,nf+nHpp, f and ( — Rn are small
quantities for any f, and write

3GM

B =-
4R5

(I + Hop, )[(C)(I — Hop, ) (h)(C)]
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Ag
—35%]\54(1 + Hyp,) [(CHaBﬁ + Hop, (C’b) C]

3GM
:A —_
27 4RS

(I+ Hpg,)[(Q)*(I + Hop,)h — 2(¢)*Kog, h]
As

(I+ Ho,)(C)((C) - (Hop,h — Kop, h))]

3GM ~ ~
5 (I + Hop,)[(I + Hop,)h — 2K g, h]

Ay

_3GM
2R5

3GM 3 A
+—55 (I + Hop,)[h(I + Hop,)h — 2hKpp, h]

4R5
3GM

*AQ +A3 +A4 + 2R3 (I+H881>(I_K881)E'

Plugging back into (133) we get

_GM

R3
3GM
2R3

(I + Hop,)th1 = (I+ Hpg,)(h+ R?)

+ (I + Hap,)(I — Kop,)h + Ay + Ay + Az + Ay.

Taking real parts and applying (I + Kap,)~! gives

(134)
P = —GTM—FE([ 3K331)h+9%3 —GTM—Fg(I—ngaBl)h—F%g,
where g = %]\24,
N3 = (I + Kon,) " (Re(Ar + Az + As + A1),
and
(135) Ry = Rz + %(I — 3Kpg, ).

It follows that

(136) vnwl = gvn(f — 3K331)h + V. AR3.
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The formula above gives us an expression for the first term on the right-hand
side of (130). Since 15 is harmonic in B, the second term on the righthand
side of (130) can simply be computed by using the relation V93 +n-x{ =
n- (Ve +xY). Indeed, this identity combined with Lemma 2.4 and the fact
that x| = —f; [z Vpdx, gives

3
R T (R II)
e -2 | B, d>
(137) +n < i 5 1(t,x)dx
3 2
_G]\gfggt) (1_3(€1Rz<) >+%4,
where
3
(189)  By= (¢ Rn)n - 3¢ €)(E - (0 - RTC)))

+n- <E1 — % N El(t,x)dx> .

Inserting (136) and (137) back into (130), we get the desired equation for h
which we summarize in the following proposition.

Proposition 4.2. Let Ry,...,QRy be as defined in (129), (131), (135), and
(138), respsectively. Then h satisfies

(139)

he + gvn(I — 3K,331)h

=— 1-3(& R — 4+ — =V, R3 — Ry — =h; — =hhy.
srp (1736 RO + op + o5 = Vadls = B — hi — phhw

Proof. This follows by combining equations (128)—(138). O

Except for the term [9;, V,,](¢ — @) in 91, all the error terms in (139)
can be estimated using the results in Section 3. The commutator [0, V] is
also calculated in Lemma A.7. We next derive an expression for ¢ — gb in
terms of h which is of independent interest for future calculations. Note that
o — d) is the solution to the Neumann problem

Alp — @) =0, in B,

(140) .
n-V(ip—¢)=-n-(v—xi(t)) on 9B;.
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Therefore by equation (166),

¢—d= 25861(I Kpp,) ' (n-u)

:Esaslu — Kop,) ' (Cut (Bn =) - w)

:}%5831 (I—K3g,) (e +2(Rn— () - u)

2
zﬁsagl (I — Kjp,) "(Rhy + hhy + (Rn =€) - ).

(141)

To estimate [9;, V,](¢ — ¢), we only need the expression ¢ — ¢ = 2S5, (I —
Kjz,) 7' (n - u) together with Lemmas A.7 and B.4. However, the entire
expression will be needed in the next subsection.

To analyze equation (139) we will decompose h into spherical harmonics,
but in order to do this effectively we need to replace the non-local terms
V, and Kpp, on the left-hand side of the equation by the corresponding
operators on Si. In the following lemma we calculate the resulting errors.

Lemma 4.3. Let K, S, and D denote the double-layered potential, single-
layered potential, and Dirichlet-Neumann operators on Sg, respectively. Let
f:RxSgp—>Rand F: R x 0B; — R be related as f(t,p) = F(t,&(t,p)).
Then

Kop, F —Kf

__ / <p.v. / (0 — ) - V)K(E —€) -1 + K(€ —€) - nl) (5)
Sr

To

y ”];[,/’F’(t)dS(p’)> ds

(o [ ®E@ -0 w) 92N pase)) as,
[ (o o

Sop, F' —Sf = R(Kf — Kpp, I')

1 h/ h / / !/ / /
b [ (31— - K€~ (' = ¢)) Fas’,

&P
Kop, F —Kf = Kop, F = Kf

1 h — h, / / —1
+p.v./881 <2WR|§, gt KE = (0 — R

+(n— ng))) F'ds’,
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1

VaF -Df = (I +Kig) ' — (I +K)) p.V./ (nx K)- (0 x V)F'dS’
-1 n (n / |N,’ o !
4 (I+K) p.V./ (nx K) - (n x V)F <|¢’! 1>dS

Sr

-1 t ng(s S
+(I+K) /To<p.v./SR(s()><K()
+n(s) x (W' (s) — u(s)) - V)K(s)) - n'(s) x VF'(t)dS’) ds

t

+ (I—I-K)_l/T (p.v./s (n(s) x K(s))

(NG s (5) Ealt) — ta)F(0) d5f> i

t

LI+ K) /T (p.v. /SR(n(s) < K(s))

(NG e e \.
(TP €00 - ) dS)d .

Proof. Recall that by assumption 081 (1p) = x1(7p) + Sg and by definition
¢(Th,p) = p for all p € Si. It follows that

Kop, F(€)

— _pv —Nen ,\N(p/)\
= —p-v. SRK(€ 5) (p)‘g(p/ﬂ

1) - [ (o [ 5% (=) B ) 0 Proasi) ) o
=Kf(p)

. /T t <p.v. /S (0 ) VIR €+ K(E =) ) ()

F(£hdS(p')

[N'] ,

x ‘g/|F(t)dS(p)>ds

— t v 'y Sat’N’| , ) .
/To (p /SR (K(S &) )() ] F'(t)dS(p ))d

The second and third identities follow by inspection of (164) and (165), and
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noting that

/ r_ 1 (CI_C)'C, / 1 —1
SKE = = e S KE -9 0 - R
11 1 W—h

K ¢ - (' - R7'(),

TR —¢  ImR|E —€F

and similarly

(n+n) - K& -¢)
1 h—HW

= erie g K€ -9 (0 =R+ (0= RO,

For the last identity, we use Lemma A.4 to write

Vi F =(I + K)_lp.v./ (nx K)-(n' xV)F'dS’

R

+(I+Kpp) ' —(I+K)™) p.V./ (nx K)-(n' x V)F'dS'
0B

+(I+K) 'pv. /

SR(” x K)-(n'x V)F’ (’N/ 1> as’

rie

=Df+ ((I+K}g) ' —(I+K) ) pv. /BB (nx K)-(n' x V)F'dS'

I+ K) Tp. /

| (nxK): (' x V)F' <|N’ - 1) 45’

'l

t

I+ K)! /T (p.v. /SR (ns(s) x K(s)

+n(s) x (W' (s) —u(s)) - V)K(s)) - (n(s) x V) F'(t)dS') ds
-1 t X s
+ (I +K) /TU (p.v. /SR (n(s) x K(s))
(IN(3)| ™ (up(s) Falt) — ua(s)Fs(t))) ds') ds

t

—(I+K)! /T (p.v. /SR (n(s) x K(s))
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(05N () )IN(5)| 2 (Ea(5) Falt) — Eals)F, ())d5>d8~ O

Combining the previous lemma with Proposition 4.2 we arrive at our
final equation for h which we record in the following corollary.

Corollary 4.4. Let

(142)
3
ft.w) = =55 (1-3(61-w)°)
(143)
Rs 1= —lhf — lhhtt +g(DI - 3K) -V, (I —3Ksp,)) h

R R

2 (e ()ds)2 e (6 [ uos).

and R = 9%1 + 9%2 — V,R3 — Ry + Rs, where Ry,..., Ry are as in Propo-
sition 4.2. Then h R x Sgp — R satisfies

(144) (07 + gD(I — 3K))h(t,w) = f(t,w) + R,
and the remainder SR satisfies the estimates
1R]|2(5,) S GMR™'n*
10:R ] 12(50) S GMR 1’ |v],
107R 125y S (GM)2 R™205 g,
1P R | L2(5) S (GM)*R™°n" vy

Proof. Equation (144) is just a rewriting of (139). The estimates on the
remainder R can be proved much in the same way as the estimates in Sec-
tion 3. We will use Proposition 3.27 to obtain the estimates. Using Propo-
sitions 3.22, 3.23, 3.27 and Lemmas A.4, A.7, and B.4 and equations (141)
and (129) we get

1R10 22(50) S VGM R |vy].
For Ry, by Lemmas A.4 and B.4 and (131) we have

192|225,y S Ror®lon]?.
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Next, using (135) and Lemmas A.4 and B.4, we get

GM
IVeRs|lp2(s) S THG-

Here to estimate A we have written
CHop,h + Hop, (Ch)
= Rn(Hap, — Hjp,)h + (¢ — Rn)Hop, h + Hap, (¢ — Rn)h),

and applied Lemma 3.24. Similarly for A3 we have used the expression K =

K —-¢) = —%ﬁ for the kernel of Hpg, to write

¢ (Hop, — Ko, )h

= p.v. K x (n' — Rilcl)i/dsl
OB

+R7 ¢ pv. /86 (( x K+ K x )h'ds’

=(-p.v. K x (n — RTINS’
0B

For MRy by (138) we have

1Rull2(sp) S —5 1" + —5—

where the last term on the right is the contribution of Fj. Finally by (143)

and Lemma 4.3
GM GM
Rs|| 72 < W27 il
[R5l L2(50) S 4/ 7 lu1] + 7

finishing the proof of the estimate on |9 72(s,). The estimates for the
time derivatives are similar where we additionally use Proposition 3.13,
Lemma 3.14, and Lemma B.4 and to estimate the time derivative of E;
we use the same argument as in (125). O

Equation (144) is our working equation for the remainder of this section.
Our goal now is to use this equation to obtain a lower bound for [|9;hl| 12 (s,,)-
For this, we decompose h and R into spherical harmonics (see Appendix A)

> 0(0+1
h=>Y "hy,  Ahy= (R2 Db,
=0
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0+ 1)
R2

R=) Ry, AR = Re.
=0

Using Proposition A.6 and the facts that Dhy, = %h@ and that f belongs to
the second eigenspace of the Laplacian, )s, we can write equation (144) as

OFhy + aghy = fo,

(145) fo=f+Re,  [fi:=TRe, (#2
lim hy(t) = lim Ohy(t) =0, Ve >0,
t—Ty t—To

where

__§2€(£—1)
W= R0

The following is the main result of this section.

Proposition 4.5. The following estimates hold for r € [rg, 10r¢]:

R0 < [lhallr2(sn) < 20°,

(146)
1B = hallr2(sm) S B0,
and
Rl S [10ehallr2(s,) S Bn'loal,
(147)

18:(h — ho)ll2(5) S Bn’lva.

In particular [h(t)|z2(s,) 2 B2(t) and [|00h() |25 2 R (0) oa ()]

Proof. The proofs of (146) and (147) are almost identical, so we provide the
details only for the latter. Solving the ODE (145) we get

1 t
- Va g,

Differentiating in time and using several integration-by-parts, for ¢ > 2 we
arrive at

he(t) sin(y/ag(t — s)) fe(s)ds.

(148)
Ohy(t) :/ cos(y/ag(t — s)) fe(s)ds

To
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1 td
= ey @ Cmva = s) fel(s)ds
:ﬁsin(\/a_g(t—Tg) fg TO +— - Sln t_s))fé( )
:é—%éngVQQ—@»ﬁ(M&%ﬁiﬂﬂ/_@_%»ﬁaw
_fl®) l/ cos(v/ag(t — ) f/ (s)ds
Ay Qe JT,

v L sin (Va(t — T)) fo(To) — - cos (Var(t — To)) £i(To)
Vai a

'(t 1 [td "
:fz(z) + / - (sin(/a(t - 5))) £ (s)ds
. % sin (Vau(t — To)) folTo) — — cos (v/ag(t — To)) FUTy)
ay ay
/t 1 t . 11
10 o [ sy — )7 (i
— i sin (Var(t = To) £/ ()
Gy
+ % sin (Vaz(t - To)) folTh) — — cos (v/ag(t — To)) fi(Th).
ay ay

It follows from the estimates in Corollary 4.4, Proposition 3.13, and Lemma
3.14, that

1
/|@m&w=—§/|ﬁWW+00me)
Sk a2

Sk

Here we want to show that the first term on the right hand side above has a
lower bound of order O (|v1|2 8) Since Oy fo = O f+0¢R2 and ||8tR2||L2(SR <

[u1[*n*?, the problem reduces to deriving a lower bound of order O (|v1|?®)
for fSn |8tf\2dS. According to (142) we can write f and J; f in the schematic
forms

flt,w) = e (t)(1 — c2(&(t) - w)?),
= Of=a (773(75))/ (1 —ca(&1(t) - w)?) — crean®(t) (€, ‘W)Q)/y

where c¢1,co are constants depending on G, M, R. This gives the following
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formula for |9, f|?:

(149)
00f 12 =3 (320 (1)) (1 — ea(€y - w)?)? + 43En0 (1) (& - w) (&) - w)?
— 2, (@) P (1) (1 — c2(€1 - w)?) (&) - w)?)’

The integral of the second line above on Sg is zero. Indeed,

—2¢3 (P (1)) P (t) /S (1 - ca(éy - w)Hea (€ -w)?) dS

R

=G P0) 10 [ (1=l -w??) ds
Sr
- d ) P ([ 0-at-wprs).

But due to the symmetry of Sg, the integral fSR(l — c2(&; - w)?)2dS does
not depend on &; and hence on time, so the last term above vanishes. Going
back to (149) and using the symmetry of Sk again, and using the values of
c1 and cg from (142), we see conclude that

/SR 10, f|2dS > (GTM>2774(75)(77/@))2 N <GTM>2,]6(t)|£rl(t)|2

2
2(G0) B0 (RO + o - rigaP)

GM\* _
(%) mPOme,

For the last inequality above we simply observe that the estimate is trivial if
] > Yui|, and if |rf] < Y{vq|, then |vy — r{€&;| > 3|v1]. Returning to (148)
we have proved that

Ry*lor| < 0ol r2(s,) S Bn'lvil,

(150) 3
10chellL2(s) S G—MHatRéHLQ(SR)a > 3.

Since ag = a1 = 0 this argument does not apply to £ = 0, 1. Instead, to
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estimate hg and h; we argue as follows. First, since the fluid is incompressible

AT R3 :/ n-CdS = udS
oB,

91

:/SRn-CdS—i—/SRn g(ﬁ— )dS
:é SRg-gdS+/gR (n—%()-g‘dé’—k/ n- C(%—l)ds
:47TR3—|—% SRizdS+/SR (n—%()-CdS%—/ n- c(’g" )dS
:47rR3+2/thS+%/Rh2dS+/R(n—E(>~CdS

/SRn g(ﬁ— )dS.

We can now solve for hg = ﬁ /. Sh hdS from this equation to estimate hg and
differentiating in time. Indeed the third term on the right hand side above
is already quadratic in h. On the other hand, the time derivative of the sum
of the last two terms is

/ (n—R_lg“)-CtdS—l—/ e (M —1) dS—R Y[ ¢-¢dS
Sn Sn 4] Sn

+/ " C&t'lgr|

The first two terms are quadratic and their time integration is bounded as
desired. For the third term, using the harmonicity of v, we write

1 )

/SRc ¢.dS

AN | |N|) |
—/SR(R ¢ —n) gtd5+/SRn g( 4 dS+/aBln S

:/SR(R_lg—n)-CtdS%—/SRn G (h%)cl&

which is quadratic and can be bounded as before. Finally, using (94) and
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Lemma 3.2, and the facts that n x V{ = —2n and v is harmonic,

|V
o gs
fm oy
:_/ (- n)n - (n x Vau)dS
OB,

:—R/ n-(nxVu)dS—i—/ (R—=C-n)n-(nxVu)dS
0B 0B,

=— (-(nxVu)dS—/ (Rn— () - (n x Vu)dS
OB 0B,

+/861(R—C-n)n-(n><Vu)dS

:/ (nx VO)-udS — | (Bn—¢)-(nx Vu)ds
0B, 0B,

+[981(R—(-n)n-(nxVu)dS

:—/ (Rn—()'(nxVu)dS—l—/ (R—C(-n)n-(nx Vu)dsS,
0B, 0B,

which is again quadratic. This completes the proof of the desired estimate
for both hg and 0;hg. Similarly, for hq, since fBl (x —x1)dx =0,

o—/ \q%ds—/ hndS
881 aBl
=2 / h¢dS + 2 / h(Rn — ¢)dS + / h*ndS
OB, 0B,

861

o [ hwds+2 [ R(Ct) - (0))dS +2 / h(Bn — C)dS
0B, 0B, 0B,

+ / h2ndS
0B,

=2 /SR hwdS + 2/SR hw <%’ - 1) ds + 2/%1 h(C(t) — ¢(0))dS

+2 h(Rn — ¢)dS + h*ndsS.
881 881

Since {w’};—1,23 form a basis for };, we can solve for h; from this relation,
and differentiating in time we can estiamte 9;h1. Combining with (150) we
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get the desired bound
10e(h — ha)l|r2(50) S B’ |val- O
4.2. Proof of Theorem 1.1

Recall that the total energy

1 1 1
=5 / ’V(t,X)‘QdX—‘r 5 / ¢1(t,X)dX+ 5 / ¢2(t7x)dx
2 /n, 2 Jn, 2 Jn,

is conserved during the evolution. To see this we compute the time derivative
of each of the terms in the definition of &. First,

v(t,x)|“dx :/ v-(Ohv+v-Vv)dx
5 (L vesopix) = [ - )

(151) —_ / V- (VP + Vab, + Vaby) dx
B
:—/B V(V¢1+V¢2)dx

For the contribution of ¥, we have

P < . Yy (t,x dx> GP/I/1 \x—y\3 (v(x) —v(y)) dydx
= [ V69 - v, i

= /B V() Ty (0
For 1),
(153)

G ([ wteix) <o [ [ == w0 —viy)
= [ v iix+ Go [ viy)

1 82
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</ y_xgdx>dy
By ly — x|

=/Bl V(%) - Vipy(x dx+/82v Ve, (y)dy

:/Bl v(x) - Vaby(x dx+/8 v(=y) - Vibi (—y)dy.

1

Note that v(—y) = —v(y) and

Voi(y) = Gp | I Eda=Gp [ IV ida— -Viy(y),
B l—y B, 12—l

o (153) becomes

(154) a(/ | waltx)ix) =2 [ () T (x)e

Multiplying (152) and (154) by 27! and adding them to (151), we see that
% = 0. Recall also that &}iqa is defined as

e 1 1 1 3GM
Stidal (1) := 3B s [v[2dx — §\X'1\2 + W/B Yrdx + .

We divide &iga1 into its kinetic and potential parts &igal := &2 tidal T é”tldal
where

1 1
Edal = / v[2dx — Z|x))?,
tidal - 2‘31’ Bl| | 2| 1|

1 3GM
Edy = —— dx + ——.
tidal 2‘81| /Bl /llbl X+ 5R

Proof of Theorem 1.1. The existence part of the theorem was already proved
in Corollary 3.28. We now prove (14). First,

(155)

1 1
Bl =y [ (vP =P ax =3 [ (v=xi+xi - ) dx
81 Bl

1 1
=— v —xPdx+ [ x| - (v—x])dx== v — x [2dx
2./p B, 2/

_1 a2 :1 g g
=5 [ Vo )Pax=3 | (6~ 6)Vulo - das
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1 °

1 ; e L M.
:_5/861(¢—¢)n-(v—xl)d5— Q/mw d)(n- G)ds

1 o~ 1 0 1
1

S §/SR(¢¢)htdS+L

where

1

o o 1 1 °
P2 [ oo (i - s 2 [ (o s

- %/@B@—&) ((n— %c) -4}) as.

To understand the contribution of the main term we let P, denote the
projection on the /th eigenspace, ), of A and use (141) to write

D(é— &) = —hy — %hht + (R —n)-u+ (D= V)6 o).
Therefore,
(156)
b— ¢ :%S(I —K) "' (Rhy + hhy + (Rn = ¢) - u — R(D = V,,)(¢ — 9))
_ %Pz(Rht +hhy+ (Rn = ¢) - u— R(D — V,)) (¢ — 9))
+ %S(I —K)" I —Py)(Rhy 4+ hhy + (Rn — () -u
— R(D = Vy)(¢ - 9))
- g@thg + 11,
where
I :=— 2Po(hhy + (Rn— ) - u— R(D = V,))(é— 3))

2

+ %S(I —K)"N(I = P2)(Rhy + hhy + (Rn — () - u

— R(D — V,)(¢ — 9)).
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Combining with (155) we get

R 1
B = Z/ |O¢ho|?dS + 1T — 5/ I x hdS.
Sr Sr

It follows from Propositions 4.5, B.2, B.3, 3.27, Corollary B.6, Lemma 4.3,
and (141), that for some universal constant Cy > 0,

(157) Ehan (t) = R0k a5,y = Con® ()]ur (£)|*.

Here the last estimate is valid for r € (ro, 10rg). For &, we argue differ-
ently. First note that since Bj is a ball of radius R at t = Ty,

bd 1
158 Eiida /— — P(s,x)dx | ds.
(158) haa) = | (2,81| RS )

Recall that acceleration of B due to the self-gravitational force from B is
zero, that is,

B

Using this observation, (152), (134),and the curl and divergence free prop-
erties of v we compute

d 1
it (2\611 5 Wb‘)

1 1
:@ ; v-quldx:@/ (v —x}) - Vipdx

BI,/ V- (g, (v — x)))dx

GM
@ 0B, G -hdS = 1By !/ o <1/11 - T) 15

R-! GM
=3B L, <w1 + T) 5
! G- (n— R (w +G—M> ds
|B | /B,

1 GM R™! GM
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! G- (n—R7YQ) <w1 + G—M> ds

\Blf B, R
|B A 8t (I —3Kpp,)hdS + 111,
1
where
R GM
1] \=—— h8 h + —> ds
B t (1/)1 7
1 GM 1
n—R7! +—>d5+ mahds.
‘Bl‘ B, Ct ( C) (wl R ’Bl’ 30Ut
Letting
IV = Oth(I —3Kpp,)hdS — O¢ho (I — 3K)hgo dS,
131| B, 131| Sn

and using Proposition A.5 we arrive at

d 1
—— || h2||5- 11141V.
7 (767 [, 9) = siyelis + 117+

Inserting this into (158) and applying Proposition 4.5, it follows as in the
proof of (157) that for some universal constant Cp > 0

GM GM
éatldal( ) ~ R5 ||h( )HLZ(SR > C’0 R 6

This completes the proof of (14). On the other hand, using the notation
introduced in Subsection 3.2,

= GM 1

(9@— lim (g——cg?B 7

t*)o 2

In view of Proposition 3.13, if ¢* is such that r;(t*) = 362Rﬂ% and if ¢ is

sufficiently small, then & pital(t*) = & — é’tldal(t*) —c EM 776 (t*) for some
positive constant ¢; > 0, completing the proof of the theorem O

Appendix A. Clifford Analysis and Layered Potentials
A.1. The Clifford Algebra C¥¢p2(R)

In this appendix we recall basic algebraic properties of the Clifford algebra
C := Clp2(R). We refer the reader to [7] for a much more complete treat-



On tidal energy in Newtonian two-body motion 569

ment, and to [16, 17] and the references therein for earlier use of Clifford
analysis in study of incompressible free boundary problems. The algebra C
is the associative algebra generated by the four basis elements {1, e1, e, e3}
over R, satisfying the relations

le; =€, eej=—eje;, 1#7], 14,5 =1,2,3, erez=es,

e2=-1,i=1,2,3.

()

(159)

Every element ¢ € C has a unique representation & = &9 + Z?:l £le;. Some-
times we also write eg for 1 so that & = Z?:o E'e;. We call €Y the real part
of ¢ and denote it by Re&, and Zf‘:l €'e; the vector part of ¢ and denote it
by Vec £&. An element £ € C is referred to as a Clifford vector. If Re§ = 0
we say that £ is a vector (or pure vector) and if Vec & = 0 we say that &
is a real number or a scalar (or pure scalar). We identify the real numbers
R with Clifford numbers using the relation a — al, and identify vectors in
R? with Clifford vectors using the relation vie; — vie;. Here {e1,e9,e3} is
the standard basis for R3. The dot product of two Clifford vectors 1 and &
is defined as

3

¢ 1= RetRen + Vec £ - Vec n = > _ €'’
=0

If ¢ and i are vectors, then, in view of (159), the usual (or Clifford) product
of £ and 7 is

En=—E-n+Exn,
A.2. Layered Potentials and the Hilbert Transform

The Clifford differentiation operator D, acting on Clifford algebra-valued
functions, is defines as

3
D= E axieia
i=1
1,2

where z = (2!, 22, 23) are the usual rectangular coordinates in R3. If f is a
Clifford algebra-valued function we denote the real part of f by f := Ref )
and the vector part of f by f:= Vec f = Zg’zl fie;. The Clifford derivative
of f then satisfies

DEF=Vf+Vxf-V-f
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Moreover, by direct computation we see that D*f = —Af = — Z?:o Afie;.

Let Q be a C2, bounded, and simply-connected domain in R3 with
boundary ¥ and complement 2¢. We denote the exterior normal vector to
> by n and the induced volume form on ¥ by dS. We say that a function f
defined on € is Clifford analytic, if Df = 0. Note that if f is vector-valued,
this is equivalent to f being curl and divergence free. In general the compu-
tation above shows that the components of a Clifford analytic function are
harmonic. The following simple observations are used many times in this
work. For any function f defined in €,

nDf = —n - Vf +n x VI.

Since the components of a Clifford analytic function are harmonic, it follows
that if f is the restriction to X of a Clifford analytic function f in 2, then

(160) V,.f =nxVf,

where V,, denotes the Dirichlet-Neumann map of Q. Moreover, writing f=
f+f, Wlthf Ref —f|2 and f = Vec f —f\g, since V x f = Vf in Q, we
have (the same identity holds if €2 is unbounded but f decays at 1nﬁn1ty)

(161) &5 fo— o ) = o EELOF — 0,F) =n- Vi = V],

v V]

In particular, when f is a vector-valued Clifford analytic function

1
m(&ﬂ X fa *ga X f,@)

We next turn to the definition of the Hilbert transform and layered
potentials. Let I'(x) := _#Irl’ x € R3, be the fundamental solution of the

Laplace equation in R3, and let

(162) nxVf=

1 =z

3

K(z) = -2DI'(z) = —

For a Clifford algebra-valued function f defined on 3 we define the Hilbert
transform of f as

(163)  Hyf() = pov. /E K - onE)f(€)as(E),  Eex.
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Remark A.1. We often use the shorthand [ Kn/f'dS’ for the integral in
(163). More generally, when considering integrals with variable of integration
&', we write f’ instead of f(¢’) and dS’ instead of dS(¢').

Similarly, the Cauchy integral of f is defined for interior points n € €2 as

Csfn / K€ — () f(€)dSE),  neq

The Hilbert transform satisfies H% = Id and Hx1 = 1. The following the-
orem summarizes the relation between the Hilbert transform and Clifford
analyticity.

Theorem A.2. [See [7] Chapter 2 and [16] Remark 1] If f is the restriction
to X of a Clifford analytic function £ defined in a neighborhood of 0, then
f(n) = Csf(n) for every n € Q. Conversely, if f € C1(X,C), then Csf is
Clifford analytic in Q and continuous on Q. Moreover, if f € C1(%,C), then

1 1

SHO+5Hsf(©),  gex

Csf(§) = 5

Finally, f is the restriction to ¥ of a Clifford analytic function f € C°(€,C),
if and only if f = Hxf. Similarly, f is the restriction to ¥ of a Clifford
analytic function £ € C°(Q°,C) with lim, o0 £(z) = 0, if and only if f =
—Hsxf.

The Hilbert transform is also related to the classical layered potentials

for the Laplace operator on 2. Recall that the double-layered potential, Ky,
and the single-layered potential, Sy, are defined as

Ksf(€) = —pv. / K(&’—f)-n(&’)f(f’)dS@’), cex,
(164)

Ssf(§ £ eR?,

!f’
where f is a real-valued function defined on ¥.. By direct inspection, we have
Ksf =ReHsf and DSyf=-Cx(nf).

We define the formal L?(X,dS) adjoint of Hyx, by Hy, := nHxn. Then the
L?(%,dS) adjoint of Ky, satisfies

(165)
K f(§) = P'V-/Zn(é) K (&' =€) f(¢)dS(E) = ReHs f(€), e
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As shown in [9, 10, 14], the operator I + Ky, : L*(%,dS) — L?(%,dS) and
its adjoint I + K% : L*(¥,dS) — L%*(X,dS) are bounded and invertible.
Theorem A.3. For any bounded domain Q C R® with Lipschitz boundary
¥, the operators I + Ky, I+ K3, : L*(%,dS) — L?(%,dS) are bounded and
invertible. Similarly, with L3(%,dS) denoting the space of L? functions with
zero average on X, the operators I — Ky, I — K& : LE(%,dS) — L3(%,dS)
are bounded and invertible. Moreover the operator bounds ||(I £ K&)™ 1|22
and ||(I + Kx)7Y|2.2 depend only on the Lipschitz constant for 3.

The double-layered potential Ky is related to the Dirichlet problem on
Q) in the following way. If f € L?(X,dS) then the unique solution to the
Dirichlet problem

Au=0 1in (, uly = f,

is given by

L[,
utn) = 5 [0+ K oas(©. nen

See [9], [10], or [14] for a proof of this fact. Similarly, if f € L?(2,dS) then
the unique solution to the Neumann problem

Au=0 1inQ, Vauls = f,

is given by

— i 1 _ pexN\—1 _ gy —1
(166) u(n) = 277/2 e KD F(£)dS(§) = =255 — K3)™ f(n),

n € L.

See [9], [10], or [14] for a proof. Note that since f = V,u, [ fdS =
JoAudz = 0, so f belongs to the domain of (I — K%)™'. In the follow-
ing lemma we also provide an expression for the Dirichlet-Neumann map
V, of ¥ in terms of layered potentials.

Lemma A.4. For any differentiable function f on 3, the Dirichlet-Neu-
mann map, Vy, satisfies

Vof =T +K&)™! p.v./z(n x K)-(n' xV)fds'.
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Moreover, if £ denotes the harmonic extension of f to the interior, 2, and
Df the restriction of Df to X, then

Df = (I + Hs)(n(I - K3)™'Vaf).

Proof. See [16], equation (3.13), for the proof of this statement. O

Finally, we restrict attention to the case where € is a ball in R3, Q =
B1(0), with the standard sphere as boundary, 9Q = S?, and present a
formula for the double-layered potential K := Kg» in terms of spherical
harmonics. We start by fixing our notation for spherical harmonics. Recall
that L?(S?) admits a direct sum decomposition L?(S?) = ;2 Y, into the
eigenspaces of the Laplacian A on S?. In other words, any smooth function
f € L*(S?) admits a unique decomposition f = Y72, fe, fo € Vs, such that

—Afo =+ 1)fy

The fth eigenspace Y, has dimension 2¢ + 1, and using the usual polar
coordinates & = (cossiné,sinpsinf, cosd) for ¢ € S?, an orthonormal
basis for )y is given by

2041 —m)!
dr (L +m)!

P;™(cos 0)e"™?,

Y (&) = Y"(0,0) = (—U"M

m=—{,... 0

where PJ" are the Legendre polynomials P}"(z) = 5 (1— x2)m/? dcif; (22—

1)*. Using this basis we can decompose a function f € L?(S?) as

o) l
JO=2 3 In¥"©:.  fni= | JETEASE).

{=0 m=—¢

Our interest is in understanding the action of the double-layered potential
K on ).

Proposition A.5. Let K and S be the double-layered and single-layered
potentials on S?, respectively. K is self-adjoint, that is, K* = K, and for any
fe €Y

1

Kfr=—-Sfo=(1- 440&)_%& Y

fe.
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Proof. The self-adjointness of K follows by inspection of formulas (164) and
(165), and the observation that when ¥ = S? the exterior normal is given
by n(£) = £. Using this same observation we get

K1) = 3 [ 2 Las() = -50(o).

Since for any €,¢' € 8%, &|¢’ —r¢[™' = |¢/ — r€| (€ € —r) < 0, by the
dominate convergence theorem

%) = tm o+ [ )

i1+ AT Joo | — rE]

ds(&).
We now use the following representation for |¢' — r&|, valid for any r > 1:
0 _k k

1 4 " m (NI En
e ey L O

k=0 m=—k

This relation can be verified by direct computation using properties of Leg-
endre polynomials. See for instance [1]. Plugging this back into the rep-
resentation for K above and using the fact that f, € )y, with f,(§) =

S oo FLYE(E), we get

—(—1 1

L
¢ yvm _
1mz_£mez (&) = 57 1r O

Kfe(§) = 1

. T
11m
ro1+ 20 +

The analysis above can be extended to Sg, the sphere of radius R. We
denote the /th eigenspace of the Laplacian A of Sg by ), so that Af, =
—~R™20(£ 4 1) f, for f, € Vy. Let K and S be the double and single layered
potentials on Sg, respectively. The following proposition is the analogue of
Proposition A.5 for Sg.

Proposition A.6. Let K and S be the double-layered and single-layered
potentials on Sy, respectively. Then K and S are self-adjoint and S = —RK.
Moreover, for any fo € Vi we have

1
K =
20+1

fe

Proof. The proof is the same as that of Proposition A.5. O
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A.3. Commutator Formulas

We present a number of commutator formulas that are frequently used in
this paper. The proofs of these formulas are similar to the ones in the case
where the domain is diffeomorphic to R? where they were derived by Wu in
[16, 17].

The following important identity is from [16] (see equation (3.5) on page
453): Suppose &£ n € R3 are arbitrary vectors with ¢ # ¢, and let K =
K (&' —¢&). Then in local coordinates («, 3) on X

(167)
—(n- V)E (& x &) + (&0 - VIE(n x &) + (§p - V)E (§qr x ) = 0.
The proof of this identity is identical to the one in [16] so we omit it. Before

stating the commutator formulas for the Hilbert transform Hsy, we recall the
following notation from (60):

1
Q(f?g) = W(fagﬁ - fﬁga)a

where (a, 3) are orientation preserving local coordinates on 3.

Lemma A.7. Let f € CY(R x X) be a Clifford algebra-valued function, and
let a € CO(R x X) be real-valued. Then

0y, Hs)f = /Z K(E — €)(& — &) x (n' x V)dS,
[an x V, Hy|f = / K —¢&)(an—d'n') x (n' x Vf)ds',
>

02 Hy]f = /E K(€ — €)(€n — &) x (n' x Vf)ds’

1+ / K~ €)(& — €) x (n' x V)’

>
+ / K(€ - €)(& — €)Q(f,€)ds’
>

+ /E K (£ —€)(& — &) x (n' x Vf)dS.
[0, Viulf = (I + K&) 'Re {—nyHsDf — n[d;, Hs|Df + nHx(ninDf)}
+ (I+K§)1/ nx K(& —¢)

3
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: <Q(f’,u’) - ({)‘t]’\[]\,] ’n’ X Vf’) ds’.

Proof. The proof is the same as the proof of Lemma 1.2 in [17]. The last
statement has the same proof as equation (3.16) in Lemma 3.2 of [16]. Note
that the analogues of the integration by parts in the proof of Lemma 1.2
in [17] in our case can be carried out using the invariant formulation in
Lemma 3.2. O

Remark A.8. Expressions of the form 1 x (n x Vf) in the identities above
should be understood componentwise. That is,

nx (nx V)= ﬁ (1% €5)fo — (1 % Ea)f3) -

To show that the commutator between n x V and Hy, is small in the
case where 3 is close to a round sphere, we need an additional identity. This
identity which is from the proof of Proposition 2.2 in [17] states that for any
differentiable function f

/E K(& —€)( — &) x (0 x Vf)dS' = 0.

We omit the simple proof which uses (167) and integration by parts, and can
be found in [17], Proposition 2.2. Note that when ¥ is a round sphere the
vector £ points in the same direction as the normal vector, so comparing with
the expression for [n x V, Hx|f in Lemma A.7 we see that [nxV, Hg,|f = 0.
More generally, for arbitrary ¥ we get

(168)
1

o V. s)f = 35 [ K(E = O((Fn =€) = (Baf =€) x (0 x V)as’

Appendix B. Analytic Preparations

In this appendix we collect some general estimates that are used in the paper.
In this section Y denotes the covariant differentiation operator with respect
to the standard metric on Sgr and €2; denotes the rotational vectorfield about
the axis e; in R3. €); is tangent to Sg and in coordinates is given by xk9, —
x{0y, for some k and ¢. Since the three vectorfields 1, Q, and 3 span the
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tangent space to Si at each point, for any function f : S — R we have the
pointwise estimate

1 3
VIS 5 2191
1=1

The following lemma is just the standard Sobolev estimate on Sr which we
record for reference.

Lemma B.1. For any f € H*(Sg)

3 3
1 1 1
1 l=(sm) S HllFllzz(sm) + 3 > 19 fllzz (s + i > 119285 £l L2 (s0)-
=1

4,j=1

When the axis of rotation is not important we simply write Qf instead
of Q; f, and Q2 f instead of Q;Q; f, etc. We next turn to estimates on singular
integral operators, due to Calderon, Coifman, David, McIntosh, and Meyer
(see [3], [5], and [6]). The general setup is as as follows. Let J : S — R,
F:RF - R, and A : Sg — R be smooth functions. We want to estimate
singular and nonsingular integrals of the following forms:

(169)
C1f () = pov. /

S

T(p) = J(0)\ TI, (Ai(p) — Ail9))
RF< P —ql ) p — q[V+2 f(g)dS(q),

where dS denotes the surface measure on Sg, and where we assume that the
kernel

J(p) —J N (Ailp) — A;
k1(p, Q) —F < (Ir; — q‘(Q)> Hz_1|(p _(1;)|N+2 (Q))
is odd, that is, k1(p,q) = —k1(q,p). Similarly,
(170)
- J(p) — J(@) ) [IZ; (Ai(p) — Ai(a))
C2f(p) =P- /sR F < lp—q ) lp— q|NH! D/(@)d5(a).

where we assume that the kernel

J(p) = J (Q)> [T, (Ailp) — Ai(a))

lp— 4 lp — q|NH!

kao(p,q) = F (
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is even, that is, ka(p, q) = ka(q,p). Here D f = Qf where Q is a rotational
vectorfield defined earlier, but we have chosen the notation ® f instead of
Qf for consistency with the main body of the article. To prove the desired
estimates we fix a finite covering {U,} of S with geodesic balls of radius
r < R, such that if U, NUg = 0, then infcp, yev,y o —yl > cR for
some absolute constant c¢. We let {x} be a smooth partition of unity with
respect to the finite covering {U,}. Before stating the main estimates we
remark that with d denoting the geodesic distance on Sg we have

Ip—q| <d(p,q) < Clp—ql, Vp,q € Sk,

and for some absolute constant C' > 0. We now state the estimate on C7.
Recall that ¥ denotes the standard covariant differentiation operator on Sp.

Proposition B.2. With the same notation as (169)

N
A7) Cfllzz(sn) < CTT UV Aill(sm) + B Al e (50)) 1112250
=1

and
1C1f I r2(50) < C (IV A1l z2(s) + B ALl 22(50))
(172) N _
< [T IV Aill (s + B Aill L) 111 (525
1=2

where the constants depend on F and ||V J| e

Proof. For simplicity of notation we assume N = 1. Writing

B Y J(p) —J(q)\ Alp) — Alq)
&ﬂ@—%kuﬂéF( ) (@) F@)dS(q),

lp — q| lp—q|?

and using the triangle inequality in L?(Sg) we estimate
2
1C 1725

5§£m@

2
x(waéF(ﬂm_J@>A@_A@&M®ﬂWﬁ@)dﬂm

lp — g lp—ql?
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=: Ing.

We estimate 1,4 differently according to whether U, and Ug intersect non-
trivially. If U, N Up = 0 then |p — ¢q| 2 R, so we simply have

2
Ip S R Al} (s ( /S f(q)dS(q)> S B2 A (s 11725,

in accordance with (171). Similarly

2
Ly ST [ 15,y ([ Atwas(o) + #24)) asio)
S R 2 oy 1A s

in accordance with (172). Next, if Uy, N Ug # 0 then we define U to be a
slight enlargement of U, UUg and let ¢ : B — U C R3 be a diffeomorphism
onto its image, satisfying

(173)
< M <ecy, Vo,yeB and c3<|¢(x)] <ecy, VreB.
L=y
for some absolute constants cy, ..., cs, where B = {x € R? s.t. |z| <}, and
|¢| := 101 x Dagp|. We can now use the coordinate function ¢ to write the

integrals I, as integrals on R2. For this we first extend ¢ to a map from all
of R? to R? in such a way that (173) holds on all of R? and ¢(x) ¢ U, U Ug
for x ¢ B. We then have

Lo =
Te(@) — Te0) Alpl@) — Aloly)
[ xaloto) (p L7 ( )

Let A:R2 5 R, f:R2 -5 R, and J : RZ — RFFL be

A=Aoyp, J=(Jop,p), f=I[|fop.
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We also define I € C°(R**1 R) in such away that outside the interval
|Zk+1| < 57 J < ¢,

~ 1
F(zl,...,zkﬂ)* F( 1 i)

aealP \zel 7 |2k

It follows that

A(e(y))
lp(z) — o(y)]?

s <J<x> - J<y>> A(x) - Aly)

lz — 9 |z —y[3

Since |§0I|7 |Xa|7 |Xﬁ‘ S 1, and ||VA||LP(R2) S HWAHLP(SR) for p = 2,00, the
contribution of I, can be bounded using Proposition 2.6 in [17]. O

For Cs f we have the following estimate.

Proposition B.3. With the same notation as (170)

N
(174)  1Cofllz2(sp) < C T IV Aillnisn) + Bl e (s) 1 1lz2(50):
=1
and
1C2flz2(sm) < C (IV A1l r2(s0) + B A1l £2(50))
(175)

N
< [T IV Aillz(sn) + B Al L) 111 (55
i=2

where the constants depend on F and ||V J| L.

Proof. This follows from Proposition B.2 and integration by parts. Note that
since YV - 2 = 0, for any differentiable functions f and g defined on S we
have [y fQgdS = — [g gQfdS. O

To estimate the derivatives of integral operators such as C; and Cs we
need to find a convenient expression for these derivatives. We derive such an
expression in the next lemma, both in the case where the domain is Sg and
when the domain is the free surface boundary 0B;. The latter is of separate
interest in the paper.
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Lemma B.4. 1. Suppose L = L(&,¢) is a vector-valued kernel on OB x
OBy such that |&€ — &'|2L(&,¢") is continuous and L is differentiable
away from & = &. Then for any Clifford algebra-valued differentiable
function g on 0By,

(176)
D Lg'dS" — / LD'¢'dS’ :/ (Q+Q)L—exL)gdsS
881 861 8lf)’l

Lg -1
+/ L9 (Nl
o5, INIIF] T /

2. Suppose L = L(£,&') is a vector-valued kernel on Sr x Sg such that
|€—¢&')2L(&,¢) is continuous and L is differentiable away from & = €.
Then for any Clifford algebra-valued differentiable function g on Sg,

(177)
© [ Lgds — / LD ¢dS = / (Q+ Q)L —exL)gds"
SR SR SR

Proof. The second part is a consequence of the first in the special case where
OB is a round sphere, so we concentrate on the first. If ¢’ is scalar-valued,
then by Lemma 2.10

’D/ Lg'dS’ —/ (QL —e x L)g'dS’
0B, oB’

:/ (Q+ Q)L —ex L)gdS —I—/ LO g'dS’
861 8Bl

Lg, / 111 1—1 /
+/ L9 (NS,
o5, I /

proving (176) when ¢ is scalar-valued. If ¢’ is vector-valued, then

© [ Lgds
0B,

= / (QL) - g'dS’ + / (L) x g'dS’ — / e x (L x g)ds'
0B,

0B 0B,

— [ (@ )ngas'~ [ ex(Lxg)as
881 661

Lg' _
+/ LQ’g’dS’+/ —7___Q/(IN'|l#|1dS’
0B, on, |N||g'|7 (ATl
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:/ (Q+Q)L)gads’ —/ e x (L xg)ds +/ L(e x ¢g')dS’
oB; oB; 0B

Lgl -1
+/ L@’g’dS’—i—/ L9 o N YS!
OB, o, IN'l|g'| 71 Vg

:/ (Q+Q)L)g'ds —/ e x (L x g’)dS’—i—/ g - (ex L)ds'
681 81 881

—i—/ (L x e) xg’dS’—/ e x (¢ x L)dS'
0B, 0B

L¢ _
—|—/ L’D’g’dS’—i—/ —___Q'(IN'||#'|~1)dS’
OB, o, IN'l|g'| 1 (Tl

- / (Q+ Q)L)gdS' — / (e x L)g'dS’
OB, OB,
/

Lg _
+ / LD'g'dS" + / eV (IN[|¢ 7 dS
OB, o, IN'l|g'| 7 /

proving (176) when ¢’ is vector-valued. O

Combining the previous lemma (in the case where 0B; is Sg and £ is
the identity mapping) with Sobolev estimates and Proposition B.2 we get
the following L estimate.

Proposition B.5. There is a constant C = C(F,HWJ”LOO’Hyy?JHLW7
HVSJHLoo) such that

N 3 2
_ k k
IC1 fll L= (sn) < CRTV]] (E RM|Y Az‘HLoo(sR)> (Z RM|Y fHLoo(sR)> :
k=0

i=1 \k=0

Proof. The proof is immediate from Lemmas B.1 and B.4 and Proposi-
tion B.2. Note that we have used the embedding L*>(Sg) — L?*(Sg) to
replace the L? norms on the right-hand side in Proposition B.2 by L
norms. O

In applications we often encounter integrals similar to C; and Cy which
are defined on 9B rather than Sg. The estimates in Propositions B.2-B.5
can be transferred to this case if we parameterize 0B; by £. More precisely,
we have the following corollary.

Corollary B.6. Suppose for some £ > 5, £ satisfies

sup % < cp, Z Hg&ﬂN”ﬁ’il)HL?(SR) < e,

pquSR |OZ|§Z



On tidal energy in Newtonian two-body motion 583

Z 1D L2(5,) < €25

jal<t

where N = &, X &g, for some constants cy, c1, and cs.

hE) = [ K& —8(9(&)—9(&)f(€)dS(E)

0B

for some given functions f and g. Then there is a constant C = C(cg, c1,¢2)
such that for all k < {

C . )
1D%h|| 1208, < = Z 1979l 12 (08.) Z 197 fll r2(08,)-
j<max{k,3} j<max{k—1,3}

Proof. To be able to use Propositions B.2 and B.3 we write F' (identifying
h o & with h as usual) as

1 ' —pl* (@) —£P)gl) —g9(p) IN@)
21 Js, 16(0) — &(p) I3 ' —pl? lg(®)|

x f(p")dS(p').

Similarly for the L?(0B;) norms we write

h(p) =

A : N(p
[0hl ey = [ 1 n P Plasp)

S 19(p)|

The statement now follows from Propositions B.2 and B.3, together with
Lemma B.4, and the Sobolev embedding. We refer the reader to Lemma 2.5
in [2] for a similar argument in dimension two. O
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