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(1,1) forms with specified Lagrangian phase:
a priori estimates and algebraic obstructions

TRISTAN C. COLLINS*, ADAM JACOB', AND SHING-TUNG YAU

Let (X,a) be a Kéhler manifold of dimension n, and let [w] €
HY'(X,R). We study the problem of specifying the Lagrangian
phase of w with respect to a, which is described by the nonlinear
elliptic equation

Z arctan(\;) = h(z)
i=1

where \; are the eigenvalues of w with respect to a. When h(z) is
a topological constant, this equation corresponds to the deformed
Hermitian-Yang-Mills (dHYM) equation, and is related by mirror
symmetry to the existence of special Lagrangian submanifolds. We
introduce a notion of subsolution for this equation, and prove a
priori C%# estimates when |h| > (n—2)% and a subsolution exists.
Using the method of continuity we show that the dHYM equation
admits a smooth solution in the supercritical phase case, whenever
a subsolution exists. Finally, we discover some Bridgeland-stability-
type cohomological obstructions to the existence of solutions to the
dHYM equation and we conjecture that when these obstructions
vanish the dHYM equation admits a solution. We confirm this
conjecture for complex surfaces.

AMS 2000 SUBJECT CLASSIFICATIONS: Primary 14J32, 53C07.

1. Introduction

Let (X, «) be a connected, compact Kéhler manifold of complex dimension
n, and let @ € H'(X,R) be a cohomology class. Motivated by Mirror
Symmetry, the second and third authors introduced the following problem
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in [26]; does there exist a smooth, closed (1,1) form w, such that [w] = Q,
and

(1.1) Im(a + v/—1w)" = tan(©)Re(a + v —1w)",

where © is an S' valued topological constant determined by [a], 2?7 When
Q € H%'(X,Z), this equation is known as the deformed Hermitian-Yang-
Mills (dHYM) equation, and plays an important role in Mirror Symmetry.
Written in terms of the eigenvalues of the relative endomorphism Ai =

oﬂ[wkg, equation (1.1) can be written as [26]
n

(1.2) Oq(w) := Zarctan()\i) = © mod 27.
i=1

Equation (1.2) is the natural generalization to compact Kéahler manifolds
of the special Lagrangian equation with potential introduced by Harvey-
Lawson [24] and since studied extensively; see, for instance, [4, 38, 39, 51,
52, 53, 58, 59] and the references therein. The third author, with Leung and
Zaslow [32], showed that when Q = ¢;(L) for a holomorphic line bundle
L — X, and X is a torus fibration over a torus, solutions of equation (1.2)
are related via the Fourier-Mukai transform to special Lagrangian sections
of the dual torus fibration. In their paper [26], the second and third authors
initiated the study of (1.2) over a compact Kéahler manifold, and using a
parabolic flow they proved the existence of solutions when (X, «) has positive
bisectional curvature, and the initial data is sufficiently positive.

A fundamental conjecture in mirror symmetry, dating back to work
of Thomas [46] and Thomas-Yau [48] states that, for a Calabi-Yau man-
ifold (X,w), the class of a Lagrangian [L] in the derived Fukaya category
D™Fuk(X,w) contains a special Lagrangian representative if and only if it is
stable in an algebraic sense. The precise notion of stability has been updated
since the original works [46, 48], and is now understood to be Bridgeland
stability. We therefore state

Conjecture 1.1 (Folklore). There is a Bridgeland stability condition on
the derived Fukaya category such that the class of a Lagrangian contains a
special Lagrangian representative if and only if it is stable.

Joyce has made detailed conjectures in this direction concerning stability
and the behavior of the Lagrangian mean curvature flow [27].

In this paper we study the mirror of Conjecture 1.1. As remarked above,
at least for Lagrangian sections of the SYZ fibration, this is equivalent to
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understanding conditions for the existence of solutions to the dHYM. Our
starting point, at least inspirationally, is the following simple observation;
suppose Q = ¢1(L) is Kéhler, and look for hermitian metrics A on L whose
curvature form satisfies (1.1). We may also look for metrics h on L, so that
the curvature form of h¥ on L satisfies equation (1.1) with ¢;(L) replaced
by kci1(L). These two equations are different. It is therefore natural to ask for
the limiting equation when k& — oco. Multiplying both sides of (1.1) by £7",
and taking a limit as £ — oo one easily obtains that the limiting equation is

(1.3) cw™ =nw" A a,

for w € ¢1(L) with ¢ a topological constant. Equation (1.3) is precisely the
J-equation, discovered independently by Donaldson [16] and Chen [6, 7]. Let
us briefly recall some of the important analytic and algebraic facts about
the J-equation to serve as motivation for our work. Analytically, the solv-
ability of the J-equation on general compact Kéhler manifolds is well un-
derstood thanks to work of Song-Weinkove [42]. Building on previous work
of Weinkove [55, 56], Song-Weinkove show that the existence of a solution
to the J-equation is equivalent to the existence of a Kéhler metric x € [w]
with

(1.4) X" t—(n—1Dx"2Aa>0

in the sense of (n—1,n—1) forms. Very recently, Székelyhidi [44] introduced
a notion of subsolutions for a very general class of Hessian type equations
on Hermitian manifolds, which encompasses (1.4), and showed that the ex-
istence of a subsolution implies a priori estimates to all orders.

The primary goal in this work is to begin building an analytic and al-
gebraic framework for studying the existence problem for solutions of equa-
tion (1.2). As a first step, we study the specified Lagrangian phase equation;

(1.5) O (w) := Zarctan()\i) = h(z).

Our first theorem is that, under the assumption of a subsolution, solu-
tions of the specified Lagrangian phase equation with critical phase admit
a priori estimates to all orders.

Theorem 1.2. Fiz wy € Q. Let u: X — R be a smooth function such that
supy u = 0 and Oq(wo+v—100u) = h(x), where h : X — [(n—2)5+e0,n%).
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Suppose there exists a C-subsolution u : X — R in the sense of Definition 3.2
(see also Lemma 3.3). Then for every B € (0,1) we have an estimate

||U”02,5 g C(X7 «, /87 h7 607(*)07&)-

Our notion of a subsolution is certainly necessary for the existence of a
solution to (1.5), and furthermore agrees with the notion of a C-subsolution
recently introduced by Székelyhidi [44]. The Lagrangian phase equation (1.5)
fails several of the structural conditions imposed in [44] — most seriously, in
general, the operator we study fails to be concave. The main difficulty in
the proof of Theorem 1.2 is the C? estimate which is rather delicate owing
to the lack of concavity. In the real case, a priori second order estimates
for graphical solutions of the special Lagrangian equation with constant
and critical phase are proved by Wang-Yuan [51]. By contrast, the complex
setting studied here introduces several new negative terms into the estimate,
which together with the non-constant phase, further complicate the analysis.

We apply these a priori estimates together with the method of continuity
to prove an existence theorem for the deformed Hermitian-Yang-Mills equa-
tion. Before stating this result, we make two remarks about the topological
constant ©. First, by integrating equation (1.1), we see O is the argument
of the complex number

(1.6) Zy :_/XM’

which only depends on the classes [a],{2. Thus a necessary condition for
existence of a solution is that Z|,; # 0. Second, because it is defined as the
sum of arc-tangents, the angle ©,(w) is real valued, while © is valued in S*.
Thus we need to lift © to R to study equation (1.2), which is the formulation
of the deformed Hermitian-Yang-Mills we solve in this paper. Fortunately,
existence of a subsolution which satisfies (1.7) allows us to specify a natural
lift, and guarantees Z|,; # 0, allowing us to prove the following:

Theorem 1.3. Suppose that there exists a form x := wy + v/—100u € Q
defining a subsolution in the sense of Definition 3.2 (see also Lemma 5.3).
Furthermore, assume

(1.7) Oa(x) > (n—2).

Then there exists a unique smooth (1,1) form w with [w] = Q solving the
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deformed Hermitian- Yang-Mills equation
Oq(w) = 0.

This result removes the hypercritical phase, non-negative sectional cur-
vature, and large initial angle assumptions from [26]. We remark that if there
exists a lifted angle such that © > [(n—2)+ 217 then any subsolution x € (2
will automatically satisfy ©,(x) > (n — 2)5. Thus in this case we do not
need an analytic assumption on Y, only an assumption on the topological
constant ©. We expect this can be improved to when the average angle lifts
and lies in © € ((n— 2)Z, ((n—2)+2)Z). This expectation has been verified
in dimension 2 [26, Theorem 1.2], and in dimension 3 [35], where it follows
from work of Fang-Lai-Ma [21].

In the case of a domain in C™, we expect the natural extension of the
subsolution condition considered here to be equivalent to the solvability of
the boundary value problem, in analogy with the work of Guan-Li [23] on
the inverse Hessian type equations. In the real setting, the Dirichlet problem
posed by Harvey-Lawson [24] was solved by Caffarelli-Niremberg-Spruck [4]
under some assumptions on the convexity of the boundary. It is interesting to
note the similarities between these convexity conditions and the subsolution
condition in Lemma 3.3.

Finally, we show that the existence of a subsolution imposes some coho-
mological restrictions on X. In particular, we prove the following simple

Proposition 1.4. For every subvariety V C X, define
(1.8) Ty = _/ e~ V—1lat+v=1w)
\%

If there exists a solution to the deformed Hermitian-Yang-Mills equation
(1.2), then for every proper subvariety V. .C X we have

This condition is a close analog of the stability condition for the J-
equation recently discovered by Lejmi-Székelyhidi [31], and we expect the
obstruction in Proposition 1.4 to arise from a suitable adaptation of the K-
stability framework, a problem we plan to address in future work. In light
of [31, Conjecture 1], and recent evidence for this conjecture by the first
author and Székelyhidi [10] and Lejmi-Székelyhidi [31], it does not seem
irresponsible to pose
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Conjecture 1.5. A solution of the deformed Hermitian-Yang-Mills equa-
tion (1.2) exists if and only if for every proper subvariety V-.C X we have

in the notation of Proposition 1.4.

In Proposition 8.5 we show that this conjecture holds in dimension 2.
Furthermore, we briefly discuss how the stability condition can be inter-
preted in terms of a central charge. In future work we hope to understand
how Conjecture 1.5 fits into the Mirror Symmetry setting for special La-
grangians and the conjectural picture put forth by Thomas and the third
author [48], and Thomas [46, 47]. Finally, we remark that there has recently
been considerable interest in the analogy between the problem of finding
special Lagrangians in a Calabi-Yau, and that of finding K&hler-Einstein or
constant scalar curvature Kéhler metrics as outlined by Solomon [40, 41],
and studied in recent work of Rubinstein-Solomon [37].

The layout of this paper is as follows; in Section 2 we briefly discuss
some background material, mostly taken from earlier work of the second
and third authors [26]. In Section 3 we discuss the notion of a C-subsolution,
and extract the results from [44] which we will need. In Section 4 we prove
an a priori C? estimate in terms of the gradient for solutions of the specified
Lagrangian phase equation (1.5). This is the most difficult step in the proof
of Theorem 1.2. In Section 5 we use a blow-up argument to prove an a
priori gradient bound for solutions of (1.5), which implies a uniform C?
estimates. In Section 6 we discuss the C%P estimates, which follow from
the usual Evans-Krylov estimate by a blow-up argument and a reduction
to the real case. In Section 7 we take up the method of continuity and
prove Theorem 1.3. This actually turns out to be slightly involved, as the
natural method of continuity does not obviously preserve the critical phase
condition, nor the existence of a subsolution. Instead we adapt a trick of
Sun [43], and use a double method of continuity. The first continuity path
is used to find a suitable starting point for the second method of continuity,
whose ending point is the solution of the deformed Hermitian-Yang-Mills
equation. In Section 8 we further discuss the implications of the existence of
a subsolution for the deformed Hermitian-Yang-Mills equation, and deduce
some algebraic obstructions to the existence of (1,1) forms with constant
Lagrangian phase. We prove Proposition 1.4, and give some evidence for
Conjecture 1.5.
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2. Background and notation

Let us briefly discuss our setup. Fix a compact Kahler manifold X with
Kahler form «, and assume the normalization | " = n!. Throughout this
paper, unless otherwise noted, the covariant derivative V and all norms are
computed with respect to .

Fix a cohomology class 2 € H5! (X, R). The deformed Hermitian-Yang-
Mills equation seeks a (1,1) form w € Q with the property that the map

(a+v=1w)"

Xo>z+— eC

lies in a fixed ray R>oeﬁé. If a solution of this equation exists, then we
necessarily have

/ (a+V—-1w)" € R>Oeﬁé
X

and hence © = Arg, , [x(a + vV=1w)" mod 27. As shown in [26], this
problem is equivalent to both equations (1.1) and (1.2). We will primarily
deal with the latter representation. As discussed in the introduction, it is
also necessary to consider the specified Lagrangian phase equation for non-

constant phase
n

O4(w) := Zarctan()\i) = h(x),
i=1
where again )\; are the eigenvalues of a~tw.
It is useful to introduce another Hermitian metric on T19(X), defined
by the formula 7,z = a5 +w; gapgwp,;. Note this metric is never Kéahler. With
this definition, following [26] one can compute the variation of 6, as

(2.1) 00, = njkozg,;é(aémwjm).

This computation has two important consequences. First, using the covariant
derivative V with respect to a, one sees that dO© = 7’ kaj,;,. Furthermore,
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since we consider variations of w which fix «, the linearization of the operator
O4(w) is given by

(2.2) A, = n'*0;0;.

It is easy to check that this operator becomes uniformly elliptic as soon as
|w| is bounded. At a point z( in coordinates where a(xg) is the identity and
w(xp) is diagonal with entries \;, then the metric 1, is diagonal with entries

nii(wo) = (1+ 7).

We conclude this section by restating the observation that the cohomo-
logical data

/X(a +V-1w)"

only provides an S! valued target angle ©,(w) € R/Z. On the other hand,
the Lagrangian phase operator, defined as the sum of arc-tangents, is nat-
urally R-valued. Therefore in order to study (1.2), a lift of © needs to be
chosen. The first observation is that if ' is any (1, 1) form with

(2.3) oscxOq(Y) <7

then there is a lift of © which is in the image of ©4(x') : X — R. Further-
more, an easy application of the maximum principle shows that any (1,1)
form satisfying (2.3) must give rise to the same lifted angle. Fortunately,
our assumption (1.7) implies (2.3) and hence we obtain unique lift of © to
the branch ((n — 2)%,n%). Following [26] and [51], we say that an angle is
supercritical if it is larger than (n—2)%, and hypercritical if it is larger than
(n —1)5. For further discussion and background we refer to reader to [26].

3. Subsolutions and the C° estimate

In order to introduce the notion of subsolution for the Lagrangian phase
equation, we first define the relevant cone in which our solutions takes values.
Let I';, € R™ denote the positive orthant. Recall that (X, «) is a fixed Kéhler
manifold, and wy is a fixed (1,1) form. In this paper we are interested in
finding forms w such that [w] = [wo], and

(3.1) Oa(w) =Y arctan(\¢) = h(z)
(=1
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where )\, are the eigenvalues of the hermitian endomorphism A}C = Wi
and h: X — ((n—2)F,n%) is a smooth function. We call this the Lagrangian
phase equation with supercritical phase. To lighten notation, let us define

©:R" = R to be
O(x1,...,2n) = Z arctan(x;).
i=1

Let I' C R™ be the cone through the origin over the region

™

{(ml,...,mn) . O(x) = (n— 2)5}.

I' is an open, symmetric cone with vertex at the origin containing I',,. Ad-
ditionally, for any o € ((n — 2)5,n%) we define

(3.2) I :={xel:0(\) >a}.

Note that for any ¢ such that I'? is not empty, the boundary 0I'? is a smooth

hypersurface. The geometric and arithmetic properties of the cone I', and
the sets I'? will play a crucial role in the developments to follow.

Lemma 3.1. Suppose we have real numbers Ay = Ao = -+ = A\, which
satisfy O(X) = o, for o = (n —2)5. Then (Ai,...,\,) have the following
arithmetic properties;

(i) )\1 > )\2 =2 >\n71 >0 and >\n71 > |)\n|
(i) A1+ (n— 1)\, = 0.
(113) ok (A1,...,A\n) =0 foralll <k<n-—1.

Furthermore,
(iv) IfT'? is not empty, the boundary OI'? is a smooth, convex hypersurface.
In addition, if o > (n —2)5 + 3, then;

(v) if Ap <0, then Ap—1 = e0(5).
(vi) [An| < C(B).

Proof. Statements (i)-(iii) are due to Wang-Yuan [51, Lemma 2.1]. State-
ment (iv) is Yuan [59, Lemma 2.1], while (v) and (vi) are trivial. O

In particular, it follows from part (i) of the above lemma that

L C{(M,- s An) €R™ Y N >0}



416 Tristan C. Collins et al.

We recall the definition of a C-subsolution, due to Székelyhidi [44].

Definition 3.2 ([44], Definition 1). Fiz wy € Q. We say that a smooth
function uw : X — R is a C-subsolution of (3.1) if the following holds: At
each point x € X define the matrix Aé = a*(wg + \/—_185y)j,—€. Then we
require that the set

(3.3) {X el: i arctan(\;) = h(z), and N — \(A(z)) € I’n}

(=1

is bounded, where \(A(x)) denotes the n-tuple of eigenvalues of A(x).

In the present setting we have the following explicit description of the
C-subsolutions.

Lemma 3.3. A smooth function u : X — R is a C-subsolution of (3.1)

if and only if at each point x € X, if p1,...,un denote the eigenvalues
of the Hermitian endomorphism Aj := o (wo + V—100u) 1, then, for all
7=1,...,n we have

(3.4) Z arctan(ug) > h(z) — g
L#]

Proof. We show that if u satisfies (3.4), then it is a C-subsolution. Fix a
point xy € X, and suppose we have numbers A\ > Ay > ... > A, such that

Z arctan \; = h(xo).
It suffices to show that if A; > u; for all ¢, then Ay < C. Fix § > 0 such that
T
Zarctan(ug) > h(xg) + 6 — 5

t#j

and suppose we can find an n-tuple Ay > A9 > ... > )\, as above such that
arctan A\; > w/2 — §. Then we clearly have

T
;arctan()\i) < h(zg) + 6 — 5 < ;arctan(ui).

Since arctan(-) is monotone increasing, we must have that p; > \; for some
J, but this is a contradiction to the assumption that A; > u; for all 7. The
proof of the reverse implication is similar. O
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Throughout this paper we will be somewhat abusive in referring to the
(1,1) form x := wp + v/—100u as a subsolution. We hope that no confusion
will result.

Remark 3.4. The condition in Lemma 3.3 can be expressed in terms of the
positivity of a certain (n — 1,n — 1) form, which is similar in spirit to the
subsolution condition discovered by Song-Weinkove [[2] in the setting of the
J-flow. We will discuss this fact, as well as some consequences in section 8;
see Proposition 8.1 below.

The following proposition is due to Székelyhidi [44], refining previous
work of Guan [22]. This proposition play a fundamental role in proving the
C? bound for our equation, which we demonstrate in the next section.

Proposition 3.5 ([44], Proposition 6). Let [a,b] C ((n—2)5,n%) and é, R >
0. There exists k > 0, with the following property: Suppose that o € [a, b

and B is a hermitian matriz such that
(A(B) —261d+T),) N oI'° C Bg(0).

Then for any hermitian matriz A with A\(A) € OI'? and |[A\(A)| > R we either
have

DU A)[Byg — Apgl > kY 0P(A)

or nﬁ(A) > K/Zp nPP(A) for all i, where n = Id + A2

Proof. Since o > (n — 2)%, Lemma 3.1 part (iv) implies that 0I'” is a
convex hypersurface. With this observation, the proof in [44] goes through
verbatim. O

The following estimate, based on the Alexandroff-Bakelman-Pucci max-
imum principle, is due to Székelyhidi [44]. Blocki [1] first applied the ABP
estimate to the complex Monge-Ampere equation on Kéahler manifolds fol-
lowing earlier suggestions by Cheng and the third author. While the operator
under consideration here does not have the structural properties imposed in
[44], it is straightforward to check that the proof requires only the ellipticity
of the operator, and hence applies verbatim here.

Proposition 3.6 ([44], Proposition 10). Suppose that O, (wy + v/ —100u) =
h(z), where h : X — [(n — 2)5,n%), and suppose that u = 0 is a C-
subsolution. Then there exists a constant C, depending only on the given
data, including wy, such that

osexu < C.
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When a C-subsolution u exists, we will denote by y := wo++/—100u € Q
the corresponding (1,1) form.

4. The C? estimate

The main result of this section is

Theorem 4.1. Suppose u : X — R is a smooth function solving the equation
(4.1) Ou(x + V—100u) = h(x)

where h = X — [(n — 2)5 + B,n%) for some B > 0. Then there eists
a constant C depending only on the subsolution x, as well as |h‘cz(x7a),
oscxu, o, 3, such that

|00u| < C (1 + sup |Vu]2) .
X

Proof. The proof is via the maximum principle. Let w := x + v/—190u. We
begin by defining functions ¢(t),(t) as follows. Let K = 1 + supy |Vul?,

and set

1 t
=——log(l — — K —1].

Note that (t) satisfies

1
UE)™ <@ <@E)T, @' =200 0<p(t) < Slog2

Normalize u so that infx v = 0. By Proposition 3.6 we have a bound on
supy u. Define v : [0, supy u] — R by

Y(t) = —2At + %ﬁ

where A > 0 and 7 > 0 are constants to be determined. We choose 7
sufficiently small so that

AL -y <24, ¢ =Ar

Define the Hermitian endomorphisms

A= a(x+ V—100u);;, Ag := a5
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and recall that we are assuming x is a C-subsolution. Let \,,,, denote the
largest eigenvalue of A, which is a continuous function from X to R. We
want to apply the maximum principle to the quantity

Gofa) = 3 Toa(1+ N2ur) + @(IVul?) + (u).

This quantity is inspired by the one considered by Hou-Ma-Wu [25] for the
complex Hessian equations and subsequently used by Székelyhidi [44] for a
large class of concave equations. The gradient term used appearing in Gg was
first used by Chou-Wang [8] in their study of the real Hessian equations. The
function G differs from the one considered in [25, 44] in its highest order
term, where we have used a function of the eigenvalues which first appeared
in the study of the real special Lagrangian equation in work of Wang-Yuan
[51]. This modification is not merely cosmetic — the added convexity of this
higher order term appears essential to the estimate. Finally, we note that,
unlike the estimates in the real case, we require extra lower order terms in
order to counter additional negative terms which appear when differentiating
the eigenvalues of a Hermitian (rather than symmetric) matrix.

The function Gy(z) is clearly continuous, and hence achieves its maxi-
mum at some point xg € X. Fix local coordinates (z1, ..., z,) centered at
which are normal for the background Kéhler metric «, and such that w(xg)
is diagonal with entries A\; > Ao > --- > \,,. By Lemma 3.1 we may assume
that A; is sufficiently large so that A\; > max{2|\,|, |\n| + 1}. Since x is a
subsolution, we can find §, R > 0 depending only on h,wq such that

A(Ao(z0)) — 261d + T',)] N OT™M=) ¢ BR(0).

We may assume that |[A(A(zo))| > R, so that Proposition 3.5 applies. In
particular, there exists k > 0 depending only on §, R and h such that either

Xpp — Ap
4.2
(4.2) o 1+v o Z1+A2

or (1+X)"1>k >+ A2)~! for all i. Since A, is uniformly bounded by
Lemma 3.1 part (vi), we may assume that \; is sufficiently large so that

1o 1
<K .
1+ M 1+ A2

In particular, (4.2) must hold.
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In order to apply the maximum principle, we must differentiate the
function Gy twice. Since the eigenvalues of A need not be distinct at xg,
the function Gy may only be continuous. To circumvent this difficulty we
use a perturbation argument similar to the one used in [44]. We choose
a constant matrix B, defined in our fixed local coordinates to be a con-
stant diagonal matrix B, with real entries satisfying B11 = By, = 0 and
0< By <---< Bp_1n-1, and such that

> Bjj<(n- 1)8—20
j

where €q is the constant from Lemma 3.1 part (v). We work with the matrix
A = A — B, and apply the maximum principle to the smooth function

G(x) = 3 1o (1 + X, + (IVul) + ¥(w)

where Apqe denotes the largest eigenvalue of A. Note that G(z) < Go(x) and
that G(z) achieves its maximum at g, where we have G(zo) = Go(zo). If we
denote by ); are the eigenvalues of A, then A; = A1, and all the remaining
eigenvalues are distinct from A;. In particular, A; is a smooth function near
zo and we may differentiate it freely. Computing derivatives of A; yields

VA = Vi — VB
Vsw,il? + [Vswigl?

VSV§S\1 = styx)lj + Z

(4.3) et )
‘ V.w.,1VsBis + Vewi1aVsB, 1
+VVsBii — 2Re WqlVsD1g T VsW1g Vs Dpl
= A=A
+ S‘IquVS(qu)VE(BM)’
where
N 5100156 51001,0,
NPTTE = (1 — §y,) 2IPE (1 5y, ) 2R
1= )\p 1— )\r

see, for example, [44, Equation (70)] or [45]. Evaluating this expression at
xo € X, and using that B is constant, B1; = 0, and that we are working in
normal coordinates for «, we have

VA = Vewg

4.4 ~ Vsw + |Vsw
( ) VSV§)\1 V W11 + Z | q1| | 1l1|
q>1 Q)
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We are thus reduced to differentiating equation (4.1). Using (2.1), and com-
puting at xg, we have

ViVeh = VB(nsqvaWSq)
(4.5) = 1*1V5Vawsg + (Vi) Vawsg
= 11V Vaw,p + 1%V, Vilwag + (V5n®?) Vawsg.

Expanding the third term, we have

— ]E - —
(46) (Ven™) = —775777”%77]‘1’@
= ="M 1P (P Mwy Viwjim + P wjin Viwyg) |
Using that o, w are diagonal at xg, we can now solve for Apw1,

As Ry * s1
14 A2

>‘1R ssl )‘5+)‘q 2

01V Va1 = ViVih — Z
(4.7)

Combining this expression with (4.4) allows us to solve for Anj\l. This al-
lows us to compute the Laplacian of the highest order term from G(z) at
the point zg

A A 11—\
(1+X3) (1 + AZ)

+Z 1+)\2)\Vs wit]*.

1
Ayzlog(1+32) = L V1

The Laplacian term can be computed as

Y A sB?® 51 AlRi 5s1
Aph = ViVih — Z e Z—HA?

>\ + X ) |V sw,il? +|sz1q|
Viwgs .
+Z (1+A2) 1+A2‘ oas +XS:; L+ A2) (A1 = Ag)
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After some algebra we arrive at the formula

(4.8)
1 ~ A —MAsR1? 1+>\%Rl—j
A, =log(1 4+ \? ih + 8s
v loall + A1) = A2V1V > 1+A2)(1+A2)
s =1 1+A2)(1+A§>< +A?,>( A)

1 A2As + 201 — As + A As(dg — N
+ s Viwni P + ) H =0 AsfAs — A
(14 A7) T+ A2+ A2) (M — A)

)

’leSQ‘Q

Vs W11|
s>1

A 9
! Zl (ESvIESErs Wit

The main difficulty is finding a useful estimate for this quantity. For
the remainder of this section we let C' denote a constant depending only
on the stated data, but which may change from line to line. The first two
terms contribute only a negative constant. For the third term, we require
the following simple lemma

Lemma 4.2. If \y > X2 > --- > \,, and these numbers satisfy O(\) >
(n—2)%5, then

L+ A (A +A0) = XA >0

unless j =€ =mn and A\, < 0.
Proof. The lemma is obvious if A;, A¢ > 0, since A\; > max{\;, A\¢}. By sym-
metry we can consider the case when j = n, A\, < 0, and £ < n. In this case

Lemma 3.1 part (i) guarantees that Ay + A, = 0, and so again we are done,
since the final term above is positive. O

The fourth term in (4.8) is positive, as is the fifth term, unless s = n
and A\, < 0. The sixth term is also clearly positive. Thus, if A, > 0, then

1 ~
Az log(1+ A > -C.

If A, < 0 then the estimate is much worse, due to the presence of several
negative terms. Throwing away some but not all of the positive terms, we
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rewrite (4.8) as

1
——— | V1w
(14 \2)2 H

3 AL 4 2X0 — A2 420, (Mg — Ag)]
= EADA A2 = Ag)
3 AN 4200 — Mg+ M (N — )

- Vw1 |2
(L+A2)2(1+A2) (A1 — Ag) Vel

1 -
Ay log(1 + A) > —C+

|V1qu’|2

(4.9)

g>1

Let us analyze this more difficult case. We first estimate the second line
above. Note that we can write

AL+ 202 — A2 4+ 22 (A — Ag)]
(1+ A1) (1+A2)2(A1 — A)
Aq
(1+A2)2(A1 — Ag)
(A1 = A) (1 4+ A1) + 220,01 (N — \y)
(1+ A1+ A2)2(\ = Ay)
A IR & 20
(1+A2)2(A1 — Ag) (L AD)(1+A2)?
()‘q)‘l — 1)()‘11 — 5‘(1) _
1+ A1+ A2)2(A1 — Ag)

and so we can rewrite the first and second lines in (4.9) (excluding the
constant) as three separate sums

Aq

I) = O B
14+ A1) ) ] 2
II) = PR B
(4.10) ( ) ; (1+ M) (1+ /\g)g| 1Weq] i+ )\%)2| 11|

(III) _ Z ()‘q)\l — 1)()\q — 5\q) fvlwqq*|2

(T4+A)A+A2)2(M - Ay)

1<g<n

where we have used that B, = 0. We may assume that Ay is sufficiently
large so that for ¢ < n we have A\;A\; > 1, since A\,—1 > ¢ by Lemma 3.1
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part (v). In particular, the third sum is positive. We next consider terms (I)
and (IT) individually, beginning with term (I). The only negative contribu-
tion to the sum occurs when ¢ = n. Differentiating our main equation (4.1),

we have, for any 4,5 >0,5=1,...,n—1
(4.11)
Viwns \Y
(’1 -I:UA?' B ‘ ; 1wqq
< ( )|v1h|2 Z Vlwqq
q<n

1Waa| 1
<1+ >|v B + (Z ﬁiz ) .|
< j<n J

In the above we have used Young’s inequality for the first line, and the
Cauchy-Schwartz inequality in the third line. Now, set oy = )\A_/\ for
1 < g <mn,and a; = 1, and choose § = €p/2, where ¢ is as in Lemma 3.1

part (v). Let us denote

Z |Vlwqq| Qyq
(1+ )\2

q<n
)‘q 2 |V1W1i|2
- | Viwgg* + s
1«24271 (14272 = Ag) " (1+A7)?

Multiplying (4.11) by (/\1’\_73\") and observing that %%\Tiw > —C, by

our choice of o; we have,

(4.12)
An| V1w |2 An 5 A=A
> — -_— 1 R .
EST WAl s w (UL Wi R B

1<j<n J

Note that the left hand side above is the ¢ = n term from (I), while the re-
maining terms from (I) are equal to Y. Using that A, = A, < 0, we estimate
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(I) as follows

(4.13)
An M= by
> — J
I = CHI—5 N 52 Z X
J<n Jj<n 1<j<n
> _CpT 2 Loy syt
A — An Y Y
7>1 i<n
An Un 1 A
>_C+7Y
RS v i RN ;)\

Since 0,,—1(A(A)) = 0, and 0, (A(A)) < 0 by Lemma 3.1 part (i), the first
term in the brackets is negative. Furthermore, by our choice of B we know

that
B
—1) —JJ
Z)\ (n - Aj
j>1 1<j<n
1
>0~ 238,
J
n—1
> )
2

and hence our choice of ¢ implies that the final two terms combine to be
negative as well. Thus, we obtain that the term (I) in equation (4.10) is
bounded below by a negative constant depending only on the stated data.
Next we consider the sign of the sum (II). Again, the only negative
contribution to the sum occurs when ¢ = n.
We use an estimate similar to that in (4.11) to get that, for any 9, o, a >
0,1<75<n
(4.14)
M A | Viwns |? S C A

> -~ + (1 o
(14 A2)(1+ X2)2 & (1+2} ; g

C |Viwgg|* A1y
z—=+M
5t (qz( + A1) (1 + A2)2

|Viwgql® ag
IAn
* (;L(urv 1+)\2

M\IH
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where in the last line we have used the Cauchy-Schwartz inequality twice.
We take oy = Ay, and a; =1 for 1 < g < n. To simplify notation, let us

define
_ Z |V1qu| A1Ag
L+ A2)(1+ /\g) '

Substituting the estimate in (4.14) into the expression for term (II) and
simplifying we obtain

C 1 |v1wnﬁ
i) > —— — 12
(I1) > — (1+A§)2W1“’”‘ T 2
’VIqu’|2
+<14+6(n—1)\,
(4.15) { (n=1) }; (11 X2)(1+A2)2
+7T Z y
j<n

If we choose ¢ sufficiently small depending only on the uniform lower bound
for \,, provided by Lemma 3.1 part (vi) then the first term on the second
line is positive, while the final term is always positive by Lemma 3.1 part
(i17). Thus

1

I > -C - ————|Viw i
( ) (1+)\%)2’ 1(")11’

Summarizing, we have proven the estimate

(4.16)
1

1 ~

AN+ 20 — Mg + AN (A — A
Z 17\q ( Q>‘qu1ﬂ2

2T N4 A2 (M — Ag)
1 M|V nws1)?
>-C—-———|V R .
e Ve e e o =)

where in the last line we have used the obvious fact that
AN 420 = A+ AN (A= A) =0,  1<g<n.

We now compute the action of the linearized operator on the lower order
terms in the definition of G.
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o |UQ|2 / )\q — Xqq
i) =710 3 5% 4000 A
2
QOH V’LL2
An@ﬂvum = % Z Zquuj + Ug;uj
q a |3

’LL'V*' _
+2¢/(|Vul?) ZRe <ujh Z%)
" a

J

]Vu\ Z ZWMI +’qu‘2+Rqr7MW“l?;

1+ A2 14 A2
Now, it is easy to see that

Ry Mwu,;
1+ A2

Uj vj Xpp

+ 2Re <ujhj - n )\%

) > Gk,

so at xg, where G achieves its maximum, we have

WIWHP )‘%)‘n|vnwli’2
0=>A7,G>—C —
" P22 T A2 A2) (A — )
2

1
+@/,Z 2 Zquuijquu; — ¢'CoK
p 1+ A7 -

2 2
/ |ujgl® + |ug;| " |uq’ — Xqq
+zq: 9023,: 14 A2 Ty 1+/\2+1’Z) L+ A2

Furthermore, we have V,G(z¢) = 0, and so

)\1V W11
P — Y (ugg + ) — V'
1+ A -

In particular,

)‘%An‘vnwlip S An (1 + 5)(80/)2
(T+AD2T+22) (A —An) ~ T+ A2) (M = An)

L 146D
(1 + A%)()‘l - >\n)

UnjUj + Ujly;

‘un‘Q‘
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In a similar fashion we have

2
[Viwnil? _ (1+40)(¥)
<
1+ 22 < N g ULjU; + UjUyj
1+6H(y)?
+ ( A2)< ) |u |2.
1

We now use that ¢ = 2(¢')2. If we take § = 1/2, then we have at x
2
2 1+06
2 - }
o @S| ()
2

(¢')? An(1+90)
+ Y Zunju]- + Un;uj 24+ ——=
g

COEEH@? o Al )

|un‘2

)\% (14+X2)(A1 — )
2
i |2 et + | — ¢'CoK
1<g<n a1 4
+Z "OIZ ’“j(i|2+ |qu|2 + o |Uq| +¢ — Xqq
- —~ 1+ 1+ A2 T A2

If A1 is sufficiently large, depending only on the lower bound for A,, then

2 1406 An(1+ 6)
—= %) >o, 24+ 2T >
<1+A% A2 ) < + /\1—)\n)

In particular, since ¢” > 0 we have

1+6 ')
_Cl_(p/COK_( /\2)(1#) g 2
1
p AL+ 02N Jun?
+<¢ L Ve 1+ A2

‘UJQ‘ + Jugs|? " Jug|? Ag — Xqq
T Z 14 A2 T 21+A2+¢2q: 1+X2°
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As long as Ay is sufficiently large, depending only on 7, A, the bracketed
term on the second line is positive. For the last term on the first line we
clearly have the estimate

-1 AV 2
A2 A2
1 1

and so
CoA’K
)\2

|an’ ‘Hqu‘ g~ Xqq
Z L4+ A2 v Z L4+ A2

Now, if A\; is sufficiently large relative to x1, then we have

—Cl — go'C'OK —

1
luyg]? > ?\%

and so, since (4K)~! < ¢’ < (2K)~! we have

CoA’K
0> -Cy —Co— 0A2
(4.17) )
o g — Xqq
T3 v Z L4+ A2

Recall from equation (4.2) that we have

q
Since |\, | < C3 by Lemma 3.1, we can choose A sufficiently large so that
K
> —Cy — Cy,
T2 1 0

then, since A < —1)' < 2A, we have

A2 CoA’K
0> 1 - :
8K (1+ \?) N2

In other words,

K2 \ )\2 < 05-
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Thus, at the maximum of G we have A\ < C5K. At this point we have

|[Vul?
2K

1 1 1
5 log(1+ A?) — = log(1 — )+ Y(u) < 3 log(1 + C5K%) +C

2

which after simplification yields the desired estimate;

1+ M < GsK. O

5. The blow-up argument and the gradient estimate

We now apply a blow-up argument to the estimate in Theorem 4.1 to ob-
tain a gradient bound. By contrast with the general setting considered by
Szkelyhidi [44], or the complex Hessian equation studied by Dinew-Kotodziej
[14], the argument here is rather simple. By the lower bound for w from
Lemma 3.1, part (vi) it suffices to prove

Proposition 5.1. Suppose u: X — R satisfies

(i) wo ++v/—100u > —Ka,
(i) supx |u| < K,
(iii) |00u| < K(1 + supy |Vul?),

for a uniform constant K < +o0o. Then there exists a constant C, depending
only on (X, a),wp, and K such that

sup |Vu| < C.
X

Proof. We argue by contradiction. Suppose we have a Kdhler manifold (X, )
where the estimate fails. Then we have smooth functions u; : X — R, and a
(1,1) form wp such that the assumptions (i) — (7) hold uniformly in n € N,
but

sup |Vug| = Cy, > k.
X

Let 2 € X be a point where supy |Vug| is attained. Up to passing to a
subsequence we may assume that {zj} converges to some point z € X. In
particular, we may assume that about each x; there is a coordinate chart
U C X with coordinates (z1,. .., 2,) defined on a ball of radius 1, centered
at xp, such that

a(z) = Id+ O(|2]*)
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on Uy. In particular, estimates (7)-(%7) hold uniformly on B;(0) with «
replaced by the Euclidean metric, after possibly increasing K slightly. Define
dy(2) = u(&-), defined in the ball of radius Cj. From properties (i)-(iii)
and the above remark we have

o 90Uy > =B for all z € Be, (0),
OSCBCk(O)’LALk < K,
|00uy| < 2K for all z € B¢, (0)

|Vig(z)| < 1= |Vug(0)] for all z € Be, (0).

Since C} — 00, a standard diagonal argument yields, for a fixed 5 € (0, 1),
the existence of a C1# function us : C* — R so that Uj — U In clB
topology on compact subsets. Furthermore, by the above estimates u is con-
tinuous, uniformly bounded, has |Vu(0)| = 1, and satisfies v/—190u > 0 in
the sense of distributions. Hence, u is bounded, non-constant plurisubhar-
monic function defined on all of C™. By a standard result in several complex
variables, no such functions exist [36]. O

6. Higher order estimates

The higher order estimates follow from the Evans-Krylov theory. The equa-
tion (1.5) is only concave when h : X — [(n — 1)§,nF), the so called
hypercritical phase case. However, as long as h > (n — 2)F, we can exploit
the convexity of the level sets OI'? (see Lemma 3.1 part (iv)) to obtain the
C?# estimates by a blow-up argument. The first step in this direction is to
prove a Liouville theorem. The following proposition implies the complex
analog of [59, Theorem 1.1] except that we also assume a second derivative

bound. Let Herm(n) denote the space of n x n Hermitian matrices.

Lemma 6.1. Suppose u: C* — R is a C° function satisfying
F(d0u) = o.
where F : Herm(n) — R is smooth and elliptic. Assume that the set
I' = {M € Herm(n) : F(M) > o}

is conver. If \65u\Loc((cn) < K < o0, then u is a quadratic polynomial.

The proof follows by combining the convexity of the level sets of the
equation F'(00u) = o with an extension trick in order to apply the standard
Evans-Krylov estimate. The extension trick occurs in two steps. First we
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find a concave elliptic operator Fy(-), such that Fy(99u) = 0 if and only if
F(00u) = 0. Secondly, we use a trick due to Wang [54], which was used
also by Tosatti-Wang-Weinkove-Yang [49], to extend Fj to a real uniformly
elliptic concave operator, to which we apply the Evans-Krylov theory. While
we expect this is well-known to experts, we give the details for the readers’
convenience.

Proof. Let Sym(2n) denote the space of real symmetric 2n x 2n matrices.
Note that we have a canonical inclusion ¢ : Herm(n) < Sym(2n), and so we
will always regard Herm(n) C Sym(2n). Let H) o C Sym(2n) denote the set
of symmetric matrices with eigenvalues lying in [\, A].

As in [44], we define Fp : Herm(n) — R by

(6.1) Fo(A) :=1inf {t : N(A) —t- Id e T"},

where A\(A) denotes the eigenvalues of A. The reader can check that Fj is
a smooth, elliptic, non-linear operator on Herm(n). The convexity of I'”
implies that Fy(-) is a concave operator. Furthermore, Fy(00u) = 0 if and
only if F(90u) = o. Consider the compact, convex set

Bog :={M € Herm(n) : |M|| < 2K}.

Since Fy(-) is smooth, and elliptic, and Byg is compact, Fy(-) is uniformly
elliptic on Bk

The next step is to extend Fy to a uniformly elliptic, concave operator
outside of Bax. We use an envelope trick due to Wang [54] (see also [49]).
The complex structure J on C™ gives a canonical projection p : Sym(2n) —
Herm(n), by setting

T
p(M) = M + g MJ .
Define
Bor :={N € Sym(2n) : p(N) € Bax},

and extend Fj to a smooth, concave operator Fo : Bog — R by setting
Fy(N) := Fy(p(N)).

We claim that Fg is uniformly elliptic on Bsg. This is just a matter of linear
algebra. First, observe that if M > 0 is positive semi-definite, then so is
p(M), since, for any vector v € R?",

(v, Mv) + (Jv, M Jv)

(v, p(M)u) = X .
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Furthermore, we clearly have Tr(p(M)) = Tr(M). From these two facts the
uniform ellipticity of Fy on Bog easily follows from the uniform ellipticity of
Fy on By . Hence, there are constants 0 < A < A < +oo such that, for all
A € Bog the differential of Fy, denoted DFp, at A lies in Hy p. We define

(6.2)
Fi(N) :=inf {L(N) : L :Sym(2n) — R affine linear ,

DL € Hyp, and L(A) > Fy(A), VA € BQK}

where DL denotes the differential of L. In words, F} is the concave envelope
of the graph of Fy over Bok. As in [49, Lemma 4.1] it is straightforward to
check that F; : Sym(2n) — R is uniformly elliptic, concave and agrees with
Fy over Bag. Since 99u : C™ — Bax we have

Fy(D?u) = 0.

By the Evans-Krylov theorem [20, 29], [3, Theorem 6.1] and a standard
scaling argument we have; for some 8 = f(n,A\,A) € (0,1) and for every
R > 0 there holds

| DUl (Ba(0)) < C (0, A, M)R™P || D] o (5,0 < C(n, A, A)R™PK.
Letting R — +o0o we get the result. O

We use this Liouville type result to conclude C*# estimates by a blow-up
argument.

Lemma 6.2. Suppose u: Bo C C" — R is a smooth function satisfying
F(z,00u) = h(x),

for some smooth map F : By x Herm(n) — R. Suppose that F(x,-) is uni-
formly elliptic on By x 00u(Bs) with ellipticity constant 0 < A < A < +oo.
Assume h : By — [a,b] is C? and, for every o € [a,b] and x € By the set
' := {M € Herm(n) : F(z,M) > o} is convex. Then, for every 3 € (0,1)
we have the estimate

|85U|CB(B1/2) < C(n767 AA, |85u|L°°(Bz)7 ”h”Cz(Bz))‘
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Proof. The proof is by a standard blow-up argument; see, for instance [9].
We give the details for the convenience of the reader. For each x € By
consider the quantity

N, := sup d,|000u|(z)
B,

where d, := dist(x,0B). Suppose the supremum is achieved at xg € Bj.
Consider the function @ : By, (0) — R defined by

N2 dy
u(z) = dT“u <x0 + NO z) —A— Az

where A, A; are chosen so that @(0) = 0u(0) = 0. Note that
85& = 85u, HaﬁguHLx(BNu(o)) = \885u(0)\ =1.

In particular, we have |85u|05(31) < 1 for every g € (0,1) and @ solves

dil?o ¥a¥ed dfco
F(xo+ EZ’ 00u(z)) =h (xg + Ez) , z € By, (0).

Differentiating the equation in the 9y direction yields

i1 dZE() N~ ~ dZE() Zo
FY(xo + mz, 001)0;0;0pt = mh' <x0 + —z> )
Since F'(z,-) is uniformly elliptic and A is smooth, the Schauder theory im-
plies 0u is bounded in C27ﬁ(BNu/2(O)), and so @ is controlled in
C*P(By;, 12(0)).
Now, for the sake of finding a contradiction, suppose we have:

e a sequence uy, : By — R such that [[00uy||p=(p, < K, but so that
Ny, =2n
e functions h,, : By — [a,b] such that [|hy[|c2(p,) < K

For each n let x,, € By be a point where N, is achieved. By compactness,
after passing to a subsequence (not relabelled) we may assume that:

® 1, = To € B1.
e h, converges to some function h uniformly in C*#" topology on Bj /2
for some fixed g’ € (0,1).

By the above rescaling we find functions 4y, : By, (0) — R such that
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o |[inlcos By, (0) < C and

o F(x,+ ](f,'i" 2,001,) = hy, (:En + ](f,'i" z) z € By, (0).

Since N,, > n, a diagonal argument yields the existence of a function
u : C" — R and a subsequence (again, not relabelled) such that {uy,}n,>k
converges uniformly to u in C*%/2(B(0)). In particular, we have

F(zg,00u) = h(x), |000u|(0) = 1.
Clearly h(zg) € [a,b], and so we may apply Lemma 6.1 to conclude that u
is a quadratic polynomial, which is a contradiction. ]

By arguing locally, Lemma 6.2 immediately implies the following corol-
lary, whose proof we leave to the reader, and finishes the proof of Theo-
rem 1.2.

Corollary 6.3. Suppose u: X — R is a solution of
On(w + V/—100u) = h(x)

where h(x) > (n —2)% + ¢ for some € > 0. Then for every B € (0,1) we
have the estimate

|00u| s (x) < C(n, X, @, B, ||hllc2, |00u]| L (x))
7. The method of continuity and the proof of Theorem 1.3

In this section we prove Theorem 1.3, using the method of continuity. Unfor-
tunately, the naive method of continuity does not work due essentially to the
fact that the subsolution condition is non-trivial; for related discussion see
[44]. Instead, adapting an idea of Sun [43] in the setting of the J-equation,
the proof of Theorem 1.3 requires two applications of the method of conti-
nuity. Let us first prove openness along a general method of continuity.

Lemma 7.1. Fiz k > 2,6 € (0,1) and suppose we have C*=2P functions
Hy,Hi : X - R, and a C*# function v : X — R such that

Ou(w +V—100u) = H,.
Consider the family of equations

(7.1) Ou(w + V—100u;) = (1 — t)Ho + tHy + ¢4
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for ¢; a constant. There exists € > 0 such that, for every |t| < e a unique
pair (ug,c;) € CPP x R solving (7.1). Furthermore, if Hy, Hy are smooth,
then so s ug.

Proof. The proof is by the implicit function theorem. Fix § > 0, k > 2 and
consider the map F : [0,1] x C%% x R — C*~2# given by

(t,c,u) — Oy(w ++v/—100u) — (1 — t)Hy — tHy — c.

Let A, denote the linearization of ©, around (u, ¢p) := (u,0). The operator
A, is homotopic to the Laplacian with respect to «, and so has index 0. By
the maximum principle, the kernel of A, consists of the constants, and hence
the cokernel of A, has dimension 1. Another application of the maximum
principle shows that the constants are not in the image of A,,. It follows that
the linearization of F' at time 0, given by

(v,¢) — Ayv +c,

is a surjective map from C*? x R to C*~2#_ In particular, by the implicit
function theorem we conclude that there exists ¢ > 0 such that, for all |t| < e
we can find a unique pair (u,¢;) € CH# x R solving (7.1). By a standard
boot strapping argument, we find that wu; is in fact smooth provided Hy, Hy
are smooth. O

Suppose now that we have a subsolution x € [Q] to the deformed
Hermitian-Yang-Mills equation satisfying the assumptions of Theorem 1.3.
Let us denote by

Op = Ou(x)-

As stated above, by assumption (1.7), the average angle O lifts naturally
to R. Without loss of generality, we will assume that ©y # ©, for otherwise
we are finished. Now, and for the remainder of this section, we let w1, - - - iy
be the eigenvalues of the relative endomorphism o'y at an arbitrary point
of X. We clearly have

Zarctan(,ui) > Qg — g V5.
i#]j

In particular, we can find dg > 0 such that

Z arctan(y;) > max{©g, O} 4+ 1005y — g V7.
i#]
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Furthermore, since
Arg/ (a++vV=1x)"=6
X

we must have that inf x Oy < ©. Choose d; > 0 such that

A~

igl(f O + 1000; = ©

Set 0 = min{dp, 41}, and define
0, = max;{6, Oy}

where maxs denotes the regularized maximum [12]. We have

Lemma 7.2. Fiz a point p € X where ©q achieves its infimum. The function
©1 has the following properties:

(i) ©1 is smooth.
(ii) max{©g, O} < O; < max{Oy, O} + 4.
(iii) ©1(x) = © on the set {x € X : Og + 6 < © — }. In particular,
O1(x) = © in a neighbourhood of p € X.
(iv) ©1(x) = Oy(z) on the set {x € X : © 40 < Oy — d}.
(v) For everyt € [0,1]

inf[(1 — )80 + t61] = (1 — ) inf O + 10 = (1~ 1)y (p) + 1.

(vi) supx[©1 — Op] = O1(p) — Op(p) = © — infx Oy(p).

Proof. Statements (i) — (iv) are just the properties of the regularized max-
imum, [12, Chapter 1, Lemma 5.18]. We prove (v). From our choice of 6,
and the definition of ©; we have O;(p) = ©. Thus

(1—1)O0(p) +tO© = (1 — t)Op(p) + tO1(p)
> igl(f[(l — 1) + t@l]
> (1—t)inf O + tinf O,
X X
= (1—1)O(p) + 1O,

establishing the fifth point. For (wvi), we first consider the set Uy := {z €
X : 00+ 6 <O —7}. On this set we have ©1 — Oy = O — Og by property
(7). This difference is maximized at the point p € Uy, where we have

A~

O1(p) — Oo(p) = © — Og(p) = 10057 > 1006.
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Now consider the set Uy := {z € X : © +§ < O — §}. On this set we have
©1 — Oy = 0 by (iv). Finally, we consider the set Us = {x € X : [0 — O] <
20}. On Us we have

01 — Oy < max{Bg, O} + 8 — Oy < 35 < 1009,
and the lemma follows. O

We use the function ©; as the first target for the method of continuity.

Proposition 7.3. There exists a smooth function vy : X — R, and a
constant by < 0 such that

™

On(w + vV—190u1) = O1 + by, and  ©1+b1 > (n—2)7
Proof. We use the method of continuity. Consider the family of equations
(7.2) On(x + V—100u;) = (1 — 1)O¢ + tO1 + b;.

Define
I={te0,1]:3 (ut,b) € C®(X) x R solving (7.2)}.

Since (0,0) is a solution at time ¢ = 0, we have that I is non-empty. By
Lemma 7.1 the set [ is open. It suffices to prove that I is closed. This will
follow from the a priori estimates in Theorem 1.2 together with a standard
bootstrapping argument provided we can show

e X is a subsolution of equation (7.2) for all ¢ € [0, 1]
e (1-1t)09+tO1 +b; > (n — 2)F uniformly for ¢ € [0,1].

In order to do each of these things, we must control the constant b;. First,
we claim that by < tsupy (09 — ©1) < 0. To see this, choose ¢ € X where
u; achieves its maximum. Then at ¢, ellipticity implies

©0(q) > Oa(x + V=109u;)(q) = (1 — 1)O0(q) + tO1(q) + by
Rearranging this equation yields

be < tsup(©p — O1) < 0
X
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where the final inequality follows from the fact that ©; > ©g by construc-
tion. It follows that for every 1 < j < n there holds,

Z arctan(y;) > max{©g, O} + 1005 — %
]
T

>@1*§

> (1=1)00 + 101 + b — 5

and so x is a subsolution of equation (7.2) for all ¢ € [0, 1], taking care of
the first point. To take care of the second point we look at a point ¢ € X
where u; achieves its minimum to find

by > —tsup(©1 — Op).
X

Combining this estimate with the results of Lemma 7.2, we have

inf (1~ )00 + 101 +bi] = (1~ )00 (p) +1O1(p) + by

©o(p) + t(O1(p) — Oo(p)) + bt
(7.3) (p)+tsup(91 ©o) + by
©o(p)
( 2)2

By Theorem 1.2, together with the usual Schauder estimates and bootstrap-
ping argument we conclude that I is closed. Proposition 7.3 follows. O

We now turn to the proof of the main theorem. Let w; = x +/—100u1,
where uq is the function from Proposition 7.3. We consider the method of
continuity

(7.4) Ou (w1 + V—=180v;) = (1 — )01 + O + ¢;.
Define
I'={te0,1]:3 (v, ¢r) € C(X) x R solving (7.4)}.

By Proposition 7.3 we have a solution at time ¢ = 0, with constant ¢ = b;.
Thanks to Lemma 7.1, the set I is open, and so it suffices to prove I is
closed. Again this will follow from the a priori estimates in Theorem 1.2, if
we can show that
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e Y is a subsolution along the whole method of continuity (7.4).
e (1-1)01+t0+c¢; > (n—2)5 forall t €[0,1].

as in the proof of Proposition 7.3, it suffices to control the constant ¢;. To
control ¢; from above we observe that since ©®; > ©, the cohomological

condition
Arg/ [det T i(1-t)oitt6+e) n _ G
X det (6%

implies that ¢, < 0 for all ¢ € [0,1]. Arguing as in the proof of Proposi-
tion 7.3, we conclude that y is again a subsolution along the whole method
of continuity. Furthermore, if p € X is a point where ¢ achieves its infimum,
then Lemma 7.2 part (4ii), combined with Proposition 7.3 implies

O + b1 = O1(p) + b > (n—2)g,
and so in particular, we have
(1—1)[©1 4 b1] + [0 + b1] > (n — 2)%

In order to show that (1 —£)0; +t0 +¢; > (n— 2)7 it suffices to show that
¢y = by for all t. This is easy. If the maximum of v; is achieved at the point
q € X, then we have

01(¢) + b1 < (1 —1)O1(q) + O + ¢4,

or in other words,
¢t > b +t[01(q) — O] = by

since ©; > O. As a result we can apply the a priori estimates in 1.2 uniformly
in t to conclude that I is closed. The higher regularity follows in the usual
way from the Schauder estimates and bootstrapping. Since we clearly have
¢1 = 0 by the cohomological condition, Theorem 1.3 follows.

Remark 7.4. It is easy to establish the following weaker existence theorem
using the parabolic flow introduced in [26]: If 6 > (n—=1)5, and x € Q
is a subsolution with ©4(x) > (n — 1)%, then the flow in [26] starting at
x converges smoothly to a solution of the deformed Hermitian-Yang-Mills

equation.
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8. Subsolutions, class conditions and stability

In this section we briefly elaborate on the subsolution condition as well as
pose some natural conjectures related to the existence of solutions to the
deformed Hermitian-Yang-Mills equation. The first step is to observe that
the subsolution condition in Lemma 3.3 is equivalent to a class condition,
as we alluded to in Remark 3.4. Recall that Q@ € HY'(X,R) is a fixed
cohomology class. We then have the following proposition.

Proposition 8.1. Let © € ((n — 2)5,n%) be the fived constant defined in

Section 2. Then a (1,1) form x € Q, satisfying ©a(x) > (n —2)5 is a
subsolution to equation (1.2) if and only if

1. dim¢ X =n is even and
(8.1) —(") (Im(a +V=1x)""! + cot(O)Re(a + \/—_1x)"*1) >0
2. dimg X =n is odd and
it (tan(@)lm(a +vV—=1x)""' + Re(a + \/—71)<)"71> > 0.

In each line, positivity is to be understood in the sense of (n—1,n—1) forms.

Proof. We will prove the statement in the case n = 0 (mod 4), as all other
cases are similar. Suppose that y is a subsolution in the sense of Lemma 3.3.
Since the statement is pointwise, it suffices to fix a point xg € X, and
coordinates so that « is the identity at xg and x(z¢) is diagonal with entries
W1, .-, n. By assumption, for every 1 < j < n we have

7r AT
(n— 1)5 > Zarctan(ui) >0 — 3

i#£]
In other words
T AT
(8.2) (n—1)5 > Arg 1;[(1 +V-1w) | >0 -5,
Ve

where again we have fixed the branch cut of Arg by setting it to be zero
when pi1 = -+ = pu, = 0. If © = (n — 1)7, then the fact that n = 0 (mod 4)
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along with (8.2) implies
Im H(l +v—-1y;) | <O.
JFi
Since cot(©) = 0 in this case, we obtain (8.1). Otherwise, (8.2) implies

Im]J[._.(14++/—1p; N
arctan H#]( i) >0 — T_ km
Re T (1 +v—1m) 2

where on the right hand side, we choose & € Z so that 6 - 5 — km €
(=%,0)U(0, ). Since tan(-) is increasing and non-zero on (-7, §), we obtain

Re Hz’#j(l + v —1/12‘)
Above we have used the elementary fact that tan(xz—7/2) = — cot(z) for = #
0 (mod 7). By (8.2), the complex number [],;(1 + v/—1u;) has argument
lying in the interval ((n —3)%5, (n —1)%). Since n = 0 (mod 4), this implies
that it has negative real part. As a result, we have

ImH(l +vV/=1p;) < — cot(©)Re H(l + V= 1).
i#j i#]

> —cot(©).

Since this holds for all j, we obtain that (8.1) holds in the sense of (n—1,n—1)
forms.

The reverse implication holds by essentially the same argument. Suppose
that x satisfies (8.1). Since x € 2 we get

Arg/ (a++vV=1x)"=6© mod 2.
b's

™

By assumption O,(x) > (n — 2)%, and so it follows that there exists a
point xg € X such that O,(x) = 0 e ((n- 2)%,n%). In particular, in a
neighbourhood of zg, x defines a subsolution in the sense of Lemma 3.3.
The set of points U C X where y defines a subsolution is thus open and
non-empty. On the other hand, it is also closed. To see this assume we can
find points p; € U converging to p, and at p there exists a j such that

Z arctan(u;) = O -
i#]

b | 3
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The above computation implies that, at p the (n — 1,7 — 1) form
—Im(a 4+ vV—=1x)""' = cot(©)Re(a + v—1x)" !

is positive, but not strictly positive, which is a contradiction. Since X is
connected, it follows that x is a subsolution everywhere. O

Notice that if x is a subsolution to the deformed Hermitian-Yang-Mills
equation (1.2) in the sense of Lemma 3.3, then in fact we obtain a large
set of inequalities that the eigenvalues of x with respect to o must satisfy.
Namely, at a point zg € X, and in coordinates so that « is the identity at

xo and x(x) is diagonal with entries u1, ..., iy, then for every choice of ¢
distinct indices ji, ..., j¢, and every 1 < £ < n — 1, we must have
A T
E arctan(p;) > © — EE.

i#{j1mdn}

Of course, for any ¢ > 1, these inequalities are all implied by the definition
of a subsolution, so we have not really gained anything new. On the other
hand, this observation suggests a cohomological obstruction to the existence
of solutions for the deformed Hermitian-Yang-Mills equation. In order to
explain this, we first prove

Lemma 8.2. A (1,1) form x € [w] with O4(x) € ((n —2)§,n%) is a
subsolution to the deformed Hermitian-Yang-Mills equation if and only if,
for any 1 < p <n—1, and any non-zero, simple, positive (n—p,n—p) form

B8, we have

—(=VDPla+V-I)PAB|

(8.3) Im 1) B

0.

Proof. The proof is a matter of linear algebra. Recall that a smooth (k, k)
form 3 defined on an open set is said to be a simple positive form if it can
be written as

B= =1 B ABIANBLAB2L A+ A By A By

for smooth (1,0) forms f; [28]. Since the statement is pointwise, we again
fix a point ¢y € X, and coordinates so that « is the identity at xg and x(xg)
is diagonal with entries p, ..., ,. For any p, we can have

(a+V~=1x)? = (V-1)Pp! Z H(l + V=1 )dz? AdzT

J jeJd
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where the sum is over ordered sets J C {1,...,n} of cardinality p. Suppose
that x is a subsolution. Then by the above remarks we know that, for any
J we have

[T+ V=1p) € RogeY 197,
jeJ
where ©7 > © — (n — p)5- In particular, for each J
— (V=PI (4 V=1py)
_(_\/__1)718\/—_1@)

Let 8 be any non-zero simple positive (n —p,n —p) form. Then we can write

Im

8= (\/—_1)"7chsz‘]€ AdzT* + B

J

for a smooth (n — p,n — p) form § satisfying 8 A dz” A dz7 = 0 for all J.
Here again the sum is over ordered sets J C {1,...,n} of cardinality p, and
J¢ denotes the ordered complement of J. The coefficients c¢; are necessarily
real, non-negative, and at least one ¢y must be strictly positive since

p!(\/—l)"zcjdzl ANdZTA - Adzp A dZ, = B A aP.
J

The right hand side is positive and not identically zero, since § is non-zero.
Thus we have

L i ) (e

(6% X
J jeJ

The right hand side is a positive linear combination of complex numbers
lying in the upper half-plane and so lies in the upper-half plane, proving one
implication. The reverse implication is trivial, by taking 8 = (v/—1)""Pdz’A
dz7¢ for every ordered set .J of cardinality p.

O

The upshot of this linear algebra is the following proposition, which is
essentially a corollary of Lemma 8.2

Proposition 8.3. For every subvariety V C X, define

(8.4) Zy = _/ e~ V—1(at+v=1w)
1%
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If there exists a solution to the deformed Hermitian-Yang-Mills equation,
then for every proper subvariety V- C X we have

Zy
Im{—)] >0.
<ZX>
Note that by convention we only integrate the term in the formal ex-

pansion of e~ V=1e+V=19) which has order dim V. When [w] = ¢;(L), this
formula is equivalent to

(8.5) Zy(L) = — /V e~V=1ach(L).

It is easy to check that if L admits a solution of the dHYM equation with
O € ((n—2)5,n%) then Zx (L) lies in the upper half plane. Let us denote by
Arg, , the principal value of Arg, valued in (—m,7]. Then, in the notation

of Proposition 8.3 we have Im (g—)‘;) > 0 implies

Argp.v. ZV(L) > Argp.v. ZX(L)

The numbers Zy appearing in (8.5) bear a resemblance to the various no-
tions central charge appearing in stability conditions in several physical and
mathematical theories. For example, we refer the reader to the works of
Douglas [17, 18, 19], Bridgeland [2], and Thomas [47] to name just a few.
We hope to further elucidate this observation in future work.

Additionally, the condition appearing in Proposition 8.3 is, at least
heuristically, similar to the algebro-geometric stability notions appearing
in other problems in complex geometry. Perhaps most notably, the notion
of Mumford-Takemoto stability pertaining to the existence of Hermitian-
Einstein metrics on holomorphic vector bundles [15, 50], and the recent
stability condition posed by Lejmi-Székelyhidi for the convergence of the
J-equation, and more generally existence of solutions to the inverse oy-
equations [31]. Let us briefly recount this conjecture in the setting of the
J-equation.

Conjecture 8.4 ([31]). Let (X,«) be a Kdhler manifold, and [w] another
Kahler class. For every subvariety V C X with dimV = p define
pr wdimp—l Ao

fv wP

Then there exists a solution to the J-equation if and only if cx > cy for all
proper subvarieties V C X.

Cy ‘=
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This conjecture is known to hold when dim X = 2, thanks to the third
authors solution of the Calabi conjecture [57] and work of Demailly-Paun
[13]. The conjecture also holds when X is a complex torus, due to Lejmi-
Székelyhidi. Recently, the first author and Székelyhidi [10] have proven the
conjecture in the case that X is toric. It is interesting to note that the sta-
bility condition in Conjecture 8.4 arises from a modification of K-stability
by considering certain special test configurations arising from deformation
to the normal cone. We expect that the stability type condition in Proposi-
tion 8.3 can be realized in a similar manner, a point which we will address
in future work. Finally, we note;

Proposition 8.5. Ifdim X = 2, then a solution to the deformed Hermitian-
Yang-Mills equation exists if and only if, for every curve C' C X we have

(8.6) Tm (%) > 0.

Proof. First, an application of the Hodge index theorem shows that Zx # 0.
Let us assume that Im(Zx) > 0. If Im(Zx) < 0, then we can replace [w]
with [—w], and if Im(Zx) = 0, then the condition in (8.6) is vacuous, and
a solution always exists, as observed in [26]. We can therefore assume that
O € (0,7), and so

(8.7) 1—/Xw2:2cot(é))/XaAw.

It was observed in [26] that a solution to the deformed Hermitian-Yang-Mills
equation exists if and only if the class [cot(©)a +w] is Kéhler, thanks to the
third authors solution of the Calabi conjecture [57]. Since [o] is Kéhler, the
class [Q7] := [(T + cot(0))a +w] is a Kéhler class for T > 0. Suppose there
exists a time 7" > 0 where [Q27] lies on the boundary of the K&hler cone —
that is, [Q7] is nef, but not Kéhler. First, we claim that [Q7] is big. By [13,

Theorem 2.12] it suffices to check that [, 02 > 0. We compute

/XQ%:(T—i—cot(@))g+2(T—|—cot(G)AX))/on/\w+/Xw2

—(T+cot(@))2+1+2T/ aw,
X

where we have used (8.7). Note that since InZx > 0 we have

2/ aAw=Im(a+vV—1w)? > 0,
X
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and so the above computation implies

/Q2T>1
X

Finally, by the main theorem of [13] (see also [11]), we can conclude that
[Q7] is Kéhler provided [, Qr > 0 for any curve C' C X. Fix C' C X. Define

6¢ = Arg, , /C(oz +vV—1w)

Since Im (%) > 0, and ImZy > 0, one easily see that O¢ € (—%, %),

Oc > 6 — T, and so the following equality makes sense;

tan@c /a—/

Because tan(-) is defined an increasing on (-3, 5 ), we have

s
27

tan(©¢) > tan(© — =) = — cot(O).

T
2

/w:tan(é)c)/ a}—cot(@)/a.

C C C
/QT—T/a+/cot(@)a+w>T/a>0,
C C C C

and so [Qp] is Kéhler as long as T' > 0, and the proposition follows. O

We obtain

Since T' > 0,

We end by remarking that one could hope for a similar framework for
the lower branches of the deformed Hermitian-Yang-Mills equation — that
is, when ©x < (n — 2)§. However, due to the lack of convexity in the
lower branches we expect that the deformed Hermitian-Yang-Mills equation
with subcritical phase may be extremely poorly behaved from an analytic
and algebraic stand point. For example, in the real case Nadirashvili-Vladut
[34] and Wang-Yuan [52] have demonstrated the existence of C? viscosity
solutions to the special Lagrangian equation with subcritical phase on a
ball in R? for n > 3 which are not C? in the interior. Furthermore, Wang-
Yuan [52] have shown the existence of smooth solutions {u°} to the special
Lagrangian equation with fixed, subcritical phase on a ball in R? such that
| Duf|| =~ < C, but so that |D?uf|(0) blows up as & — 0.
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