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One-sided curvature estimates for H-disks

William H. Meeks III
∗
and Giuseppe Tinaglia

In this paper we prove an extrinsic one-sided curvature estimate
for disks embedded in R3 with constant mean curvature, which is
independent of the value of the constant mean curvature. We ap-
ply this extrinsic one-sided curvature estimate in [26] to prove a
weak chord arc result for these disks. In Section 4 we apply this
weak chord arc result to obtain an intrinsic version of the one-sided
curvature estimate for disks embedded in R3 with constant mean
curvature. In a natural sense, these one-sided curvature estimates
generalize respectively, the extrinsic and intrinsic one-sided curva-
ture estimates for minimal disks embedded in R3 given by Colding
and Minicozzi in Theorem 0.2 of [8] and in Corollary 0.8 of [9].
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1. Introduction

In this paper we prove a one-sided curvature estimate for disks embedded
in R3 with constant mean curvature. An important feature of this estimate
is its independence on the value of the constant mean curvature.

For clarity of exposition, we will call an oriented surface Σ immersed in
R3 an H-surface if it is embedded, connected and it has non-negative constant
mean curvature H. We will call an H-surface an H-disk if the H-surface is
homeomorphic to a closed unit disk in the Euclidean plane. We remark
that this definition of H-surface differs from the one given in [27], where we
restricted to the case where H > 0. In this paper B(R) denotes the open
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ball in R3 centered at the origin �0 of radius R, B(R) denotes its closure and

for a point p on a surface Σ in R3, |AΣ|(p) denotes the norm of the second

fundamental form of Σ at p.

The main result of this paper, which is Theorem 1.1 below, states that

if D is an H-disk which lies on one side of a plane Π, then the norm of the

second fundamental form of D cannot be arbitrarily large at points suffi-

ciently far from the boundary of D and sufficiently close to Π. This estimate

is inspired by, depends upon and provides a natural generalization of the

Colding-Minicozzi one-sided curvature estimate for minimal disks embed-

ded in R3, which is given in Theorem 0.2 in [8].

Theorem 1.1 (One-sided curvature estimate for H-disks). There exist ε ∈
(0, 12) and C ≥ 2

√
2 such that for any R > 0, the following holds. Let D be

an H-disk such that

D ∩ B(R) ∩ {x3 = 0} = Ø and ∂D ∩ B(R) ∩ {x3 > 0} = Ø.

Then:

(1) sup
x∈D∩B(εR)∩{x3>0}

|AD|(x) ≤
C

R
.

In particular, if D ∩ B(εR) ∩ {x3 > 0} �= Ø, then H ≤ C
R .

In contrast to the minimal case, the constant C in equation (1) need not

improve with smaller choices of ε. To see this, let S be the sphere of radius 1
2

centered at (0, 0, 12). Each surface in the sequence En = (S+(0, 0, 1
n))∩B(1)

is a compact disk that satisfies the hypotheses of the theorem for R = 1, has

|AEn
| = 2

√
2 and, as n tends to infinity, En moves arbitrarily close to the

origin. In particular these examples show that the constant C in the above

theorem must be at least 2
√
2 no matter how small ε is.

Theorem 1.1 plays an important role in deriving a weak chord arc prop-

erty for H-disks in our papers [26, 25], which we describe in Section 4.

This weak chord arc property was inspired by and gives a generalization of

Proposition 1.1 in [9] by Colding and Minicozzi for 0-disks to the case of H-

disks; we apply this weak chord arc property to obtain an intrinsic version

of the one-sided curvature estimate in Theorem 1.1, which we describe in

Theorem 4.5. In the case H = 0, this intrinsic one-sided curvature estimate

follows from Corollary 0.8 in [9] by Colding and Minicozzi.
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2. Preliminaries

Throughout this paper, we use the following notation. Given a, b, R > 0,

p ∈ R3 and Σ a surface in R3:

• B(p,R) is the open ball of radius R centered at p.

• B(R) = B(�0, R), where �0 = (0, 0, 0).

• For p ∈ Σ, BΣ(p,R) denotes the open intrinsic ball in Σ of radius R.

• C(a, b) = {(x1, x2, x3) | x21 + x22 ≤ a2, |x3| ≤ b}.
• A(r1, r2) = {(x1, x2, 0) | r22 ≤ x21 + x22 ≤ r21}.

We next recall several results from our manuscript [27] that will be used

in this paper.

We first introduce the notion of multi-valued graph, see [6] for further

discussion and Figure 1. Intuitively, anN -valued graph is a simply-connected

Figure 1: A right-handed 3-valued graph.

embedded surface covering an annulus such that over a neighborhood of each

point of the annulus, the surface consists of N graphs. The stereotypical

infinite multi-valued graph is half of the helicoid, i.e., half of an infinite

double-spiral staircase.

Definition 2.1 (Multi-valued graph). Let P denote the universal cover of

the punctured (x1, x2)-plane, {(x1, x2, 0) | (x1, x2) �= (0, 0)}, with global

coordinates (ρ, θ).
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1. An N -valued graph over the annulus A(r1, r2) is a single valued graph
u(ρ, θ) over {(ρ, θ) | r2 ≤ ρ ≤ r1, |θ| ≤ Nπ} ⊂ P , if N is odd, or over
{(ρ, θ) | r2 ≤ ρ ≤ r1, (−N + 1)π ≤ θ ≤ π(N + 1)} ⊂ P , if N is even.

2. AnN -valued graph u(ρ, θ) over the annulus A(r1, r2) is called righthanded
[lefthanded] if whenever it makes sense, u(ρ, θ) < u(ρ, θ + 2π) [u(ρ, θ) >
u(ρ, θ + 2π)]

3. The set {(r2, θ, u(r2, θ)), θ ∈ [−Nπ,Nπ]} when N is odd (or the set
{(r2, θ, u(r2, θ)), θ ∈ [(−N +1)π, (N +1)π]} when N is even) is the inner
boundary of the N -valued graph.

From Theorem 2.23 in [27] one obtains the following, detailed geometric
description of an H-disk with large norm of the second fundamental form at
the origin. The precise meaning of certain statements below are made clear
in [27] and we refer the reader to that paper for further details.

Theorem 2.2. Given ε, τ > 0 and ε ∈ (0, ε/4) there exist constants Ωτ :=
Ω(τ), ωτ := ω(τ) and Gτ := G(ε, τ, ε) such that if M is an H-disk, H ∈
(0, 1

2ε), ∂M ⊂ ∂B(ε), �0 ∈ M and |AM |(�0) > 1
ηGτ , for η ∈ (0, 1], then for

any p ∈ B(�0, ηε) that is a maximum of the function |AM |(·)(ηε̄− | · |), after
translating M by −p, the following geometric description of M holds:

On the scale of the norm of the second fundamental form M looks like
one or two helicoids nearby the origin and, after a rotation that turns these
helicoids into vertical helicoids, M contains a 3-valued graph u over A(ε/
Ωτ ,

ωτ

|AM |(�0)) with the norm of its gradient less than τ and with its inner

boundary in B(10 ωτ

|AM |(�0)).

Theorem 2.2 was inspired by the pioneering work of Colding and Mini-
cozzi in the minimal case [5, 6, 7, 8]; however in the constant positive mean
curvature setting this description has led to a different conclusion, that is
the existence of extrinsic radius and curvature estimates stated below, which
do not depend on the results in this paper.

Theorem 2.3 (Extrinsic radius estimates [27]). There exists an R0 ≥ π
such that for any H-disk D with H > 0,

supp∈D{dR3(p, ∂D)} ≤ R0

H
,

where dR3 refers to extrinsic distance.

Theorem 2.4 (Extrinsic curvature estimates [27]). Given δ,H > 0, there
exists a constant K0(δ,H) such that for any H-disk D with H ≥ H,

sup{p∈D | d
R3(p,∂D)≥δ}|AD| ≤ K0(δ,H).
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Indeed, since the plane and the helicoid are complete simply-connected
minimal surfaces properly embedded in R3, a radius estimate does not hold
in the minimal case. Moreover rescalings of a helicoid give a sequence of em-
bedded minimal disks with arbitrarily large norm of the second fundamental
form at points arbitrarily far from their boundary curves; therefore in the
minimal setting, the extrinsic curvature estimates do not hold.

Next, we recall the notion of the flux of a 1-cycle in an H-surface; see for
instance the references [13, 14, 30] for further discussions of this invariant.

Definition 2.5. Let γ be a 1-cycle in an H-surface M . The flux of γ is∫
γ(Hγ + ξ)× γ̇, where ξ is the unit normal to M along γ and γ is parame-
terized by arc length.

The flux of a 1-cycle in anH-surfaceM is a homological invariant and we
say that M has zero flux if the flux of any 1-cycle in M is zero; in particular,
since the first homology group of a disk is zero, an H-disk has zero flux.

Finally, we recall the following definition.

Definition 2.6. Let U be an open set in R3. We say that a sequence of
surfaces Σ(n) in R3, has locally bounded norm of the second fundamental
form in U if for every compact subset B in U , the norms of the second
fundamental forms of the surfaces Σ(n) are uniformly bounded in B.

3. The proof of Theorem 1.1

Proof of Theorem 1.1. After homothetically scaling, it suffices to prove The-
orem 1.1 for H-disks E, where the radius R of the related ambient balls is
fixed. Henceforth, we will assume that R = 1.

Arguing by contradiction, suppose that Theorem 1.1 fails. Then there
exists a sequence of Hn-disks E(n) satisfying the hypotheses of Theorem 1.1
and numbers εn going to zero, such that E(n) ∩ B(εn) ∩ {x3 > 0} contains
points p̃n with limn→∞ |AE(n)|(p̃n) = ∞. Since we may assume that ∂B(1)
is transverse to E(n) then, after replacing E(n) by a subdisk containing
p̃n, we may also assume that ∂E(n) ⊂ ∂B(1) ∩ {x3 > 0}. Note that when
H > 0, after such a replacement of E(n) by a subdisk, it might be the case
that E(n) is not contained in B(1) or in {x3 > 0} because the convex hull
property need not hold.

By the extrinsic curvature estimates given in Theorem 2.4 for H-disks
with positive mean curvature, the mean curvatures Hn of the disks E(n)
must be tending to zero as n goes to infinity. Also, note that for n large, there
exist points p(n) ∈ E(n) with vertical tangent planes and with dE(n)(p(n),p̃n)
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converging to zero, where dE(n) refers to intrinsic distance. Otherwise, after
replacing by a subsequence, small but fixed sized intrinsic balls centered at
the points p̃n would be stable (the inner product of the unit normal to M
with the vector (0, 0, 1) is a nowhere vanishing Jacobi function), thereby
having uniform curvature estimates (see for instance Rosenberg, Souam and
Toubiana [29] for these estimates) and contradicting our choices of the points
p̃n with their norms of the second fundamental form becoming arbitrarily
large.

To obtain a contradiction, we are going to analyze the behavior of the
set of points α̂n in E(n) where the tangent planes are vertical; in particular,
α̂n contains p(n). We will prove for n large that α̂n contains a smooth arc
αn beginning at p(n) that moves downward at a much faster rate than it
moves sideways and so αn must cross the (x1, x2)-plane near the origin. The
existence of such a curve αn ⊂ E(n) will then contradict the fact E(n) is
disjoint from the intersection of B(1) with the (x1, x2)-plane.

The next proposition describes the geometry of E(n) around some of
its points which are above and close to the (x1, x2)-plane and where the
tangent planes are vertical. The proposition states that intrinsically close to
such points E(n) must look like a homothetically scaled vertical helicoid. The
proof of this result relies heavily on Theorem 2.2 and on the uniqueness of
the helicoid by Meeks and Rosenberg [22]; see also Bernstein and Breiner [1]
for a proof of this uniqueness result.

Proposition 3.1. Consider a sequence of points qn ∈ E(n)∩C(12 ,
1
2)∩{x3 >

0} with x3(qn) converging to zero and where the tangent planes TqnE(n) to
E(n) are vertical. Then the numbers λn := |AE(n)|(qn) diverge to infinity
and a subsequence of the surfaces M(n) = λn(E(n)− qn) converges on com-
pact subsets of R3 to a vertical helicoid H containing the x3-axis and with
maximal absolute Gaussian curvature 1

2 at the origin. Furthermore, after
replacing by a further subsequence, the multiplicity of the convergence of the
surfaces M(n) to H is one or two.

Proof. Crucial to the proof of the proposition is understanding the appropri-
ate scale to study the geometry of the disks E(n) near qn, which in principle
might not be related to the norms of the second fundamental forms of E(n)
at the points qn; later we will relate this new scale to the numbers λn ap-
pearing in its statement.

Intrinsically near qn, the surface E(n) is graphical over its tangent plane
TqnE(n). Recall that each tangent plane at qn is vertical, the sequence of pos-
itive numbers x3(qn) is converging to zero and E(n) lies above the (x1, x2)-
plane near qn. It follows that BE(n)(qn, 2x3(qn)) cannot be a graph with the
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norm of its gradient less than or equal to 1 over its (orthogonal) projection

to TqnE(n).

By compactness of BE(n)(qn, 2x3(qn)), there is a largest number r(n) ∈
(0, 2x3(qn)) such that BE(n)(qn, r(n)) is a graph with the norm of its gra-

dient at most 1 over its projection to TqnE(n). Since r(n) < 2x3(qn), then

limn→∞ r(n) = 0.

Consider the sequence of translated and scaled surfaces

Σ(n) =
1

r(n)
(E(n)− qn).

We claim that it suffices to prove that a subsequence of the Σ(n) converges

with multiplicity one or two to a vertical helicoid containing the x3-axis.

To see this claim holds, suppose that a subsequence Σ(ni) of these surfaces

converges with multiplicity one or two to a vertical helicoid H′ containing
the x3-axis, then λ := |AH′ |(�0) ∈ (0,∞) and

(2) λ = lim
i→∞

|AΣ(ni)|(�0) = lim
i→∞

r(ni)|AE(ni)|(qni
) = lim

i→∞
r(ni)λni

.

Since the numbers r(ni) are converging to zero, equation (2) implies that

the numbers λni
must diverge to infinity, the sequence of surfaces

M(ni) = λni
(E(ni)− qni

) = λni
r(ni)Σ(ni)

converges with multiplicity one or two to H = λH′ and the proposition

follows. Thus, it suffices to prove that a subsequence of the surfaces Σ(n)

converges with multiplicity one or two to a vertical helicoid containing the

x3-axis.

There are two cases to consider.

Case A: The sequence of surfaces Σ(n) has locally bounded norm of the

second fundamental form in R3.

Case B: The sequence of surfaces Σ(n) does not have locally bounded norm

of the second fundamental form in R3.

Suppose that Case A holds. A standard compactness argument gives

that a subsequence of the Σ(n) converges Cα to a minimal lamination of R3

for any α ∈ (0, 1): see for example any of the references [2, 8, 22, 31] for

these arguments when the surfaces Σ(n) are minimal surfaces. After possibly

replacing by a subsequence, we will assume that the original sequence Σ(n)

converges to a minimal lamination L of R3.
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Let L be the leaf of L that passes through the origin and recall that L
has a vertical tangent plane at the origin. Since L is not a plane, because it is
not a graph over this vertical tangent plane with the norm of its gradient less
than 1, then L is a non-flat leaf of L. By construction L has bounded norm
of the second fundamental form in compact subsets of R3. By Theorem 1.6
in [22], L is a non-limit leaf of L and one of the following must hold:

• L is properly embedded in R3.
• L is properly embedded in an open half-space of R3.
• L is properly embedded in an open slab of R3.

Since L is properly embedded in a simply-connected open set O of R3,
then it separates O and so it is orientable. Since L is non-flat and it is
complete, then L is not stable by the classical results of do Carmo, Peng,
Fisher-Colbrie and Schoen [10, 11]. We claim that the instability of L implies
that the multiplicity of convergence of domains on Σ(n) can be at most one
or two. Otherwise, suppose that the multiplicity of convergence of portions
of the surfaces Σ(n) to L is greater than two and let Ω ⊂ L be a smooth
compact unstable domain. A standard argument that we now sketch pro-
duces a contradiction to the existence of Ω. By separation properties, the
uniform boundedness of the norms of the second fundamental forms of the
compact oriented surfaces Σ(n) in a small ε-neighborhood of Ω in O and
the properness of L, together with the fact that L is not a limit leaf, we
have that for n large there exist three pairwise disjoint compact domains
Ω1(n),Ω2(n),Ω3(n) in Σ(n) that are converging to Ω, each domain is a nor-
mal graph over Ω and the unit normal vectors of Ω1(n) and of Ω3(n) at
corresponding points over points of Ω have positive inner products converg-
ing to 1 as n goes to infinity. Moreover, if we let f1(n), f3(n) : Ω → R denote
the related graphing functions, we can assume that (f1(n) − f3(n)) > 0.
After renormalizing this difference as

F (n) =
f1(n)− f3(n)

(f1(n)− f3(n))(q)

for some q ∈ Int(Ω), elliptic PDE theory implies that a subsequence of the
F (n) converges to a positive Jacobi function on Ω, which implies Ω is stable.
This contradiction implies that the multiplicity of convergence is one or two.

Since the multiplicity of convergence of portions of the Σ(n) to L is
one or two, then, for n large, we can lift any simple closed curve γ on
the orientable surface L to one or two pairwise disjoint normal graphs over
γ and contained in Σ(n), where the number of such lifts depends on the
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multiplicity of the convergence. This construction gives either one or two
simple closed lifted curves in Σ(n). Hence, since the domains Σ(n) have
genus zero, it follows that any pair of transversely intersecting simple closed
curves on L cannot intersect in exactly one point; therefore, L also has genus
zero. By the properness of finite genus leaves of a minimal lamination of R3

given by Meeks, Perez and Ros in Theorem 7 in [15], L must be properly
embedded in R3. In fact, this discussion demonstrates that all the leaves of
L are proper. Since the leaf L is not flat, then the strong halfspace theorem
by Hoffman and Meeks in [12] implies that L is the only leaf in L. If L has
more than one end then, by the main result of Choi, Meeks and White in [3],
L has non-zero flux and so, by the nature of the convergence of the Σ(n) to
L, the domains Σ(n) must have non-zero flux as well. However, this leads
to a contradiction since flux is a homological invariant and thus Σ(n), being
topologically a disk, has zero flux. Therefore L must have genus zero and
one end, which implies that it is simply-connected. By [22], L is a helicoid
and it remains to show that it is a vertical helicoid.

Claim 3.2. The leaf L is a vertical helicoid.

Proof. Recall that L is the limit of

Σ(n) =
1

r(n)
(E(n)− qn).

Therefore the helicoid L contains the origin, the tangent plane at the origin
is vertical and, by the definition of r(n), the geodesic ball centered at the
origin is not a graph with norm of its gradient bounded by one over its
tangent plane at the origin.

Let p be the point on the axis of the helicoid L that is closest to the
origin. By the geometric properties of a helicoid and the discussion in the
previous paragraph, it follows that there exist k1, k2 > 0 such that |p| < k1
and that |AL|(p) > k2 ∈ (0, 1). Let p′n ∈ Σ(n) be a sequence of points such
that limn→∞ p′n = p and let pn ∈ E(n) be the sequence of points such that
p′n = pn−qn

r(n) . Recall that limn→∞ x3(qn) = 0 and that |qn|2 − x3(qn)
2 ≤ 1

4 .

Thus, for n sufficiently large the following holds:

• |pn − qn| ≤ r(n)|p′n| ≤ 2k1r(n);

• |pn| ≤ |pn − qn|+ |qn| ≤ 2k1r(n) +
√

1
4 + x23(qn);

• |x3(pn)| ≤ |x3(pn − qn)| + |x3(qn)| ≤ |pn − qn| + x3(qn) ≤ 2k1r(n) +
x3(qn).

In particular, on the original scale, the points pn and qn have the same limit.
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The new sequence of surfaces

Σ′(n) =
1

r(n)
(E(n)− pn)

converges to the translated helicoid L̂ = L−p whose axis contains the origin.
Clearly, in order to prove the claim, it suffices to show that L̂ is a vertical

helicoid. Suppose that the axis of L̂ makes an angle θ > 0 with the x3-axis.

Let τ > 0 and let Gτ := G(14 , τ,
1
20) as given by Theorem 2.2 with ε = 1

4

and ε = 1
20 . Let z′n ∈ Σ′(n) ∩ B( Gτ

20k2
) be a sequence of points where the

maximum of the functions

|AΣ′(n)∩B( Gτ
20k2

)|(·)(
Gτ

20k2
− | · |)

is obtained. Clearly, limn→∞ |z′n| = 0. Let zn ∈ E(n) be the sequence of

points such that z′n = 1
r(n)(zn−pn). By the previous discussion, 1

r(n)(E(n)−
zn) converges to the helicoid L̂.

Consider the sequence of surfaces

Mτ (n) = E(n)− pn = r(n)Σ′(n).

Recall that ∂E(n) ⊂ ∂B(1) ∩ {x3 > 0}, E(n) ∩ {x3 = 0} = Ø, |pn| ≤
2k1r(n) +

√
1
4 + x23(qn) and |x3(pn)| ≤ 2k1r(n) + x3(qn). Therefore, when

n is sufficiently large and abusing the notation, we can let Mτ (n) denote

the subdisk of Mτ (n) containing the component of Mτ (n) ∩ B(14) that con-

tains the origin and with boundary in ∂B(14). Recall that the constant mean

curvatures Hn of E(n), and thus of Mτ (n), are going to zero as n goes to
infinity. Therefore, when n is sufficiently large, we have that Hn ∈ (0, 18).

Note that

Mτ (n) ∩ {x3 = −2k1rn − x3(qn)} = Ø.

Let ηn = Gτr(n)
k2

. Then, limn→∞ ηn = 0 and for n sufficiently large, the

sequence Mτ (n) satisfies the following properties.

• |AMτ (n)|(�0) > k2

r(n) =
Gτ

ηn
;

• the maximum of the function |AMτ (n)∩B( ηn
20

)|(·)(ηn

20 − | · |) is obtained

at the point zn − pn;
• on the scale of the norm of the second fundamental form Mτ (n)− zn
looks like the helicoid L̂.
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Let Π denote the plane containing zn−pn and perpendicular to the axis
of L̂. Then, under these hypotheses, Theorem 2.2 implies that there exist
constants Ω(τ) and ω(τ) such that Mτ (n) contains a 3-valued graph over the

annulus in Π centered at zn of outer radius 1
4Ω(τ) and inner radius ω(τ)

|AMτ (n)|(�0)
.

Note that limn→∞ zn = �0 and that limn→∞
ω(τ)

|AMτ (n)|(�0)
= 0. Therefore, by

taking τ sufficiently small, depending on θ, and n sufficiently large, this
geometric description contradicts the fact that Mτ (n) ∩ {x3 = −2k1r(n) +
−x3(qn)} = Ø. This contradiction finishes the proof of the claim.

This finishes the proof of the proposition when Case A holds. To com-
plete the proof of Proposition 3.1, it suffices to demonstrate the following
assertion, which is the difficult point in the proof of Proposition 3.1.

Assertion 3.3. Case B does not occur.

Proof. Some of the techniques used to eliminate Case B are motivated
by techniques and results developed in [4, 19, 21] and their correspond-
ing proofs. Arguing by contradiction, assume that the sequence of surfaces
Σ(n) does not have locally bounded norm of the second fundamental form
in R3.

For clarity of exposition, we will replace the sequence of surfaces Σ(n) by
a specific subsequence such that for some non-empty closed set χ in R3 with
χ different from R3, the new sequence of surfaces has locally bounded norm
of the second fundamental form in R3 −χ, converges Cα, for any α ∈ (0, 1),
to a non-empty minimal lamination Lχ of R3−χ and no further subsequence
has locally bounded norm of the second fundamental form in R3−χ′, where
χ′ is a proper closed subset of χ. This reduction is explained in the next
claim.

Lemma 3.4. After replacing by a subsequence, the sequence of surfaces
Σ(n) satisfies the following properties:

1. There exists a closed non-empty set χ ⊂ R3 such that for every point s ∈
χ and for each k ∈ N, there exists an N(s, k) ∈ N such that for each j ≥
N(s, k), there exists a point p(j) ∈ Σ(j) ∩ B(s, 1k ) with |AΣ(j)|(p(j)) ≥ k.

2. The sequence Σ(n) has locally bounded norm of the second fundamental
form in R3 − χ.

3. The sequence Σ(n) converges Cα, for any α ∈ (0, 1), on compact domains
of R3 − χ to a non-empty minimal lamination Lχ of R3 − χ.

4. There exists a maximal open horizontal slab or open half-space W in
R3 − χ, �0 ∈ W and L = Lχ ∩ W is a non-empty minimal lamination
of W .
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5. The leaf L of L that passes through the origin is non-flat and contains an
intrinsic open disk Ω passing through the origin which is the limit of the
surfaces BΣ(n)(�0, 1) and Ω is a graph over its projection to T�0 Ω which is
a vertical plane, and with norm of the gradient of the graphing function
at most one.

Proof of Lemma 3.4. We begin by constructing the set χ and the related
subsequence of surfaces Σ(n) described in the claim. The assumption that
the original sequence of surfaces does not have locally bounded norm of
the second fundamental form in R3 implies there exists a point q(1) ∈ R3

such that, after replacing this sequence of surfaces by a subsequence Γ1 :=
{Σ(1, n)}n∈N, the surfaces in Γ1 satisfy the following property: For each
k ∈ N, there is a point p(1, k) ∈ Σ(1, k)∩B(q(1), 1k ) with |AΣ(1,k)|(p(1, k))≥k.

Let Q, Q+ denote the set of rational numbers and the subset of positive
rational numbers, respectively. Consider the countable collection of balls

B = {B(x, q) | x ∈ Q3, q ∈ Q+},

and let B = {B1, B2, . . . , Bn, . . .} be an ordered listing of the elements in
B where q(1) ∈ B1. If Γ1 has locally bounded norm of the second funda-
mental form in R3 − {q(1)}, then χ = {q(1)} and we stop our construc-
tion of the set χ. Assume now that Γ1 does not have locally bounded
norm of the second fundamental form in R3 − {q(1)}. Let Bn(2) be the
first indexed ball in the ordered listing of B − {B1}, such that the fol-
lowing happens: there is a point q(2) ∈ Bn(2) − {q(1)}, a subsequence
Γ2 := {Σ(2, 1),Σ(2, 2), . . . ,Σ(2, k), . . .} of Γ1 together with points p(2, k) ∈
Σ(2, k)∩B(q(2), 1k ) where |AΣ(2,k)|(p(2, k)) ≥ k for all k ∈ N. Note that Bn(2)

is just the first ball in the list B−{B1} that contains a point q different from
q(1) such that the norms of the second fundamental forms of the surfaces
in the sequence Γ1 are not bounded in any neighborhood of q, and after
choosing such a point, we label it as q(2).

If Γ2 does not have locally bounded norm of the second fundamental form
in R3−{q(1), q(2)}, then there exists a first ball Bn(3) in the ordered list B−
{B1, Bn(2)} such that there is a point q(3) ∈ [Bn(3) − {q(1), q(2)}] and such
that after replacing Γ2 by a subsequence Γ3 := {Σ(3, 1), . . . ,Σ(3, k), . . .},
there are points p(3, k) ∈ Σ(3, k) ∩ B(q(3), 1k ) with |AΣ(3,k)|(p(3, k)) ≥ k for
all k ∈ N.

Define n(1) = 1. Then, continuing the above construction inductively,
we obtain at them-th stage a subsequence Γm = {Σ(m, 1), . . . ,Σ(m, k), . . .},
Γm ⊂ Γm−1, a set of distinct points {q(1), q(2), . . . , q(m)} and related balls
Bn(1), Bn(2), . . . , Bn(m) in B such that for each i ∈ {1, . . . ,m}, each Σ(m, k)
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contains points p(m, k, i) in the balls B(q(i), 1k ), where the norm of the second
fundamental form of Σ(m, k) is at least k. Note that n(i+1) > n(i) for all i.

Let Γ∞ = {Σ(1, 1),Σ(2, 2), . . . ,Σ(n, n), . . .} be the related diagonal se-
quence and let χ be the closure of the set {q(n)}n∈N. By the definitions of χ
and of Γ∞, for each point s ∈ χ and for each k ∈ N, there exists N(s, k) ∈ N

such that for j ≥ N(s, k), there are points p(j) ∈ Σ(j, j) ∩ B(s, 1k ) with
|AΣ(j,j)|(p(j)) ≥ k.

We claim that the sequence {Σ(n, n)}n∈N = Γ∞ has locally bounded
norm of the second fundamental form in R3−χ. To prove this, it suffices to
check that given a point y ∈ R3−χ, there exists a closed ball B such that y ∈
Int(B) and Γ∞ has uniformly bounded norm of the second fundamental form
in B. Choose an r ∈ (0, 14dR3(y, χ))∩Q+ and let x ∈ Q3 be a point of distance
less than r from y. By the triangle inequality, one has B(x, 2r) ⊂ R3 − χ
and suppose B(x, 2r) = BJ ∈ B, for some J ∈ N. We claim that Γ∞ has
uniformly bounded norm of the second fundamental form on B(y, r) ⊂ BJ .
Otherwise, by compactness of B(y, r), there exists a point q ∈ B(y, r) ⊂
BJ such that the norms of the second fundamental forms of the surfaces
in the sequence Γ∞ are not bounded in any neighborhood of q. By the
inductive construction then {q(1), . . . , q(J)}∩BJ �= Ø; however, BJ ⊂ [R3−
χ] and {q(1), . . . , q(J)} ⊂ χ. This contradiction implies that Γ∞ has locally
bounded norm of the second fundamental form in R3 − χ.

Now replace Γ∞ by a subsequence, which after relabeling we denote by
Γ = Σ(n), such that the surfaces Σ(n) converge Cα to a minimal lamination
Lχ of R3 − χ for any α ∈ (0, 1). This completes the proofs of the first three
items of Lemma 3.4.

Recall that the intrinsic open balls BΣ(n)(�0, 1) ⊂ Σ(n) are graphs of
functions with the norms of their gradients at most one over their vertical
tangent planes. Hence, after refining the subsequence further, assume that
the graphical surfaces BΣ(n)(�0, 1) converge smoothly to a graph Ω over a ver-

tical plane. In particular for some δ ∈ (0, 14) small, depending on curvature
estimates for H-graphs, we can find arcs

γ(n) ⊂ BΣ(n)(�0, 1) ∩ {|x3| ≤ δ}

with one end point in the plane {x3 = δ} and the other end point in {x3 =
−δ} and the δ-neighborhood of γ(n) in Σ(n) is contained in BΣ(n)(�0,

1
2). In

particular, the curves γ(n) stay an intrinsic distance at least δ from any
points of Σ(n) with very large curvature.

Claim 3.5. Let p ∈ χ. Then, after choosing a subsequence, there is a hor-
izontal plane Q(p) passing through p such that Q(p) − {p} is the limit of a
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sequence of 3-valued graphs G(n) ⊂ Σ(n) over the annulus p+A(n, 1
n) with

the norms of their gradients less than 1
n .

Proof. Recall that

Σ(n) =
1

r(n)
(E(n)− qn),

and as n goes to infinity, the constant mean curvatures H(n) = r(n)Hn of
the surfaces Σ(n) are converging to zero, while the distances from ∂Σ(n) to
the origin are diverging to infinity.

By item 1 of Lemma 3.4, for each k ∈ N, there exists an N(k) ∈ N such
that for each n ≥ N(k), there exists a point pk(n) ∈ Σ(n) ∩ B(p, 1k ) with

|AΣ(n)|(pk(n)) ≥ k. Let Σ̃(n) = Σ(n)− pk(n) and note that |A
˜Σ(n)|(�0) ≥ k.

Without loss of generality, we may assume that as n goes to infinity, ∂Σ̃(n) ⊂
∂B(R(n)) with limn→∞R(n) = ∞ and that its mean curvature H(n) ∈
(0, 1

2R(n)).

Given i ∈ N, let τi and εi be two sequences of positive numbers going
to zero as i goes to infinity and let εi be a sequence of positive numbers
going to infinity such that εi/Ωτi is also going to infinity, where Ωτi is given
by Theorem 2.2. By the discussion at the beginning of the proof and after
possibly considering H(n)-subdisks of Σ̃(n) that, abusing the notation, we
still call Σ̃(n), the following holds: for each i ∈ N, there exists ni ∈ N such
that |A

˜Σ(ni)
|(�0) > max(iωτi , Gτi), ∂Σ̃(ni) ⊂ ∂B(εi) and H(ni) ∈ (0, 1

2εi
),

where ωτi and Gτi are again obtained by applying Theorem 2.2.

By Theorem 2.2 with η = 1 there exist points p(ni) ∈ B(εi) such that
after translating Σ̃(ni) by −p(ni), the following geometric description of
Σ̃(ni) holds:

On the scale of the norm of the second fundamental form Σ̃(ni) looks
like one or two helicoids nearby the origin and, after a rotation that turns
these helicoids into vertical helicoids, Σ̃(ni) contains a 3-valued graph u(ni)
over A(εi/Ωτi ,

1
i ) with the norm of its gradient less than τi and with its inner

boundary in B(10i ). Since, as i goes to infinity, εi/Ωτi goes to infinity, and τi
and εi are going to zero, the sequence of 3-valued graphs u(ni) is converging
to the (x1, x2)-plane minus the origin.

Thus, after possibly reindexing the elements of the sequence of surfaces
Σ(n), choosing a subsequence and applying a rotation R, the previous dis-
cussion shows that there is a horizontal plane Q(p) passing through p such
that Q(p) − {p} is the limit of a sequence of 3-valued graphs G(n) ⊂ Σ(n)
over the annulus p+A(n, 1

n) with the norms of their gradients less than 1
n .

In order to finish the proof of the claim, it suffices to show that the rotation
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R is in fact the identity, namely that the helicoids forming on the scale of
the norm of the second fundamental form are vertical. This follows using
arguments that are similar to the ones used in the proof of Claim 3.2. This
observation finishes the proof of Claim 3.5.

We now continue with the proofs of items 3 and 4 in Lemma 3.4. The
previous claim gives that in the slab S = {− δ

2 < x3 < δ
2}, the sequence

of surfaces Σ(n) ∩ S has locally bounded norm of the second fundamental
form. Otherwise there would be a point p ∈ χ ∩ S and a horizontal plane
Q(p) passing through p such that Q(p)−{p} is the limit of 3-valued graphs
G(n) ⊂ Σ(n). This is impossible since these 3-valued graphs would intersect
the arcs γ(n) contradicting embeddedness of the surfaces Σ(n).

Let T be the set of open horizontal slabs containing the origin and
disjoint from χ. The set T is non-empty as it contains S. Since χ �= Ø, the
union W = ∪

̂S∈T Ŝ is the largest open slab in T or the largest open half-
space containing S for which W ∩χ = Ø and containing the origin. The fact
that L = Lχ ∩W is a non-empty lamination of W is clear by definition of
lamination and this proves item 4. The validity of item 5 is also clear. This
completes the proof of Lemma 3.4.

Lemma 3.6. The leaf L given in item 5 of Lemma 3.4 has at most one
point of incompleteness in each component of ∂W and any such point lies
in χ. Here we refer to a point p ∈ R3 as being a point of incompleteness of
L, if p is the limiting end point in R3 of some proper arc α : [0, 1) → L of
finite length.

Proof. Since L is a leaf of a lamination of W , a point of incompleteness of
L must lie in ∂W . Let P be one of the horizontal planes in ∂W and let
y1 ∈ P . Suppose that there exists some smooth, proper, finite length arc
αy1

: [0, 1) → L with limiting end point y1 and with beginning point αy1
(0)

in L; then such a point y1 is a point of incompleteness of the leaf L. Note
that the half-open arc αy1

can be taken to be a C1-limit of smooth embedded
compact arcs αn

y1
⊂ [Σ(n) ∩W ] of lengths converging to the length of αy1

.
Let y1(n) ∈ αn

y1
be the sequence of end points of αn

y1
, which are converging

to y1.

We claim that there must be positive numbers τn with limn→∞ τn = 0,
such that BΣ(n)(y1(n), τn) contains points of arbitrarily large curvature as
n goes to ∞. In particular, it would then follow that y1 ∈ χ and that we
could modify the choice of the curves αn

y1
so that the endpoints y1(n) are

points with arbitrarily large norm of the second fundamental form as n goes
to infinity. To see that this claim holds, suppose to the contrary that after
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choosing a subsequence, for some small fixed ε > 0, the norms of the second
fundamental forms of the intrinsic balls BΣ(n)(y1(n), ε) are bounded, and by
choosing ε smaller, we may assume that these intrinsic balls are disks that
are graphs over their projections to their tangent planes at y1(n) with the
norms of their gradients at most 1. Then a subsequence of these intrinsic
balls would converge to an open minimal disk D with y1 ∈ D and D ∩ L
contains a subarc of αy1

. By the maximum principle, D contains points on
both sides of P . Since the distance from P to χ is zero, then Claim 3.5 implies
that P is also the limit of a sequence of 3-valued graphs G(n) ⊂ Σ(n). But
then for n large, this sequence G(n) must intersect D transversally at some
point qn ∈ D. Since the disks BΣ(n)(y1(n), ε) converge smoothly to D, then
for n sufficiently large, G(n) also intersects BΣ(n)(y1(n), ε) transversely at
some point. This contradiction then proves the claim that y1 ∈ χ and that
we could modify the choice of the curves αn

y1
so that the endpoints y1(n)

are points with arbitrarily large norm of the second fundamental form as n
goes to infinity.

Without loss of generality, assume that W lies below P . Suppose that
there is a point y2 ∈ P , y2 �= y1, of incompleteness for L with related proper
arc αy2

beginning at αy2
(0) with limiting end point y2, and related approxi-

mating curves αn
y2

in Σ(n) with end points y2(n) converging to y2, where the
norm of the second fundamental form is arbitrarily large. Also assume that
αy1

, αy2
are sufficiently close to their different limiting end points so that,

after possibly replacing them by subarcs, they are contained in closed balls
in R3 that are a positive distance from each other. By Claim 3.5 there ex-
ist sequences of 3-valued graphs G1(n), G2(n) in Σ(n) with inner boundary
curves converging to the points y1(n), y2(n), respectively, and these 3-valued
graphs can be chosen so that each of them collapses to the punctured plane
P punctured at y1, y2, respectively. For n large, G1(n) must lie “above” the
point αn

y2
(0) which implies that near y2(n), G1(n) must lie above G2(n) as

well, otherwise, G1(n) would intersect the arc αn
y2
, which would contradict

the embeddedness of Σ(n). Reversing the roles of G1(n) and G2(n), we find
that G2(n) must lie above G1(n) near y1(n); hence, for n sufficiently large,
the multigraph G1(n) must intersect G2(n). This contradicts that Σ(n) is
embedded and thereby proves that there is at most one point y ∈ P ∩χ that
is a point of incompleteness of L.

So far we have shown that L can have at most one point of incomplete-
ness on each of the components of ∂W and all the points of incompleteness
are contained in ∂W . Define S to be the set of points of incompleteness of L.
By the previous claim, the possibly empty set S has at most two points. The
next claim describes some consequences of this finiteness of S.
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Lemma 3.7. The leaf L has genus zero and the closure L of L in R3 − S
is a minimal lamination of R3 − S that is contained in W − S.

Proof. We first prove that L is not a limit leaf of L. If L were a limit leaf of L,
then its oriented 1 or 2-sheeted cover would be stable by Theorem 4.3 in [16]
or Theorem 1 in [17] by Meeks, Perez and Ros. Stability gives curvature
estimates on L away from S and thus the closure L of L in R3 − S, is a
minimal lamination of R3−S. By Corollary 7.2 in [19] by Meeks, Perez and
Ros, the closure of L in R3 is a minimal lamination of R3 and each leaf is
stable; in particular, by stability the closure of L in R3 must be a plane.
This is a contradiction because L lies in a horizontal slab and its tangent
plane at the origin is vertical.

Let W̃ ⊂ W be the smallest open slab or half-space containing L. We
claim that L is properly embedded in W̃ . If not, then the closure L of L
in W̃ is a sublamination of L with a limit leaf T . Note that since W̃ is the
smallest open slab or half-space in W containing L, T cannot be a plane.
The proof of Lemma 3.6 applies to T to show that it has at most one point
of incompleteness on each component of ∂W and any such point lies in χ.
By the arguments in the previous paragraph, T must be a plane. This is a
contradiction and therefore L is properly embedded in W̃ .

Since L is properly embedded in a simply-connected open set of R3,
then it separates the open set and so it is orientable. As L is not stable,
the convergence of portions of Σ(n) to L has multiplicity one or two which
implies that L has genus zero and zero flux; see the discussion when Case A
holds for further details on this multiplicity of convergence bound and the
genus-zero and zero-flux properties.

It remains to prove that the closure L of L in R3 − S is a minimal
lamination of R3−S. By the minimal lamination closure theorem by Meeks
and Rosenberg in [23] (specifically see Remark 2 at the end of this paper),
this desired result is equivalent to proving that the injectivity radius function
of L is bounded away from zero on compact subsets of R3 − S. Otherwise,
the local picture theorem on the scale of the topology by Meeks, Perez and
Ros in [20] implies that there exists a sequence of compact domains Δn ⊂ L
such that related homothetically scaled and translated domains Δ̃n converge
smoothly with multiplicity one to a properly embedded genus-zero minimal
surface L∞ in R3 with injectivity radius one and there exist closed geodesics
γn ⊂ Δ̃n with nontrivial flux. So, the latter cannot happen as L has zero
flux. On the other hand, if the former happens then, by the classification of
non-simply-connected, properly embedded minimal planar domains in R3 in
[18] by Meeks, Perez and Ros, the surface L∞ is a catenoid or a Riemann
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minimal example and so has non-zero flux; therefore L∞ cannot be the limit
with multiplicity one of translated and scaled domains in L. In either case,
we have obtained a contradiction, which proves that the injectivity radius
function of L is bounded away from zero on compact subsets of R3−S. This
completes the proof of the claim.

Finally we prove that Case B cannot occur. By Lemma 3.7, the clo-
sure L of L in R3 − S is a minimal lamination; in the technical language
developed in [21] by Meeks, Perez and Ros, L is a singular minimal lami-
nation of R3 with a countable (in fact at most two) set of singular points
and its regular part in R3 − S contains the genus-zero leaf L. By item 6 of
Theorem 1.8 in [21], the closure of L in R3 must be a properly embedded
minimal surface in R3. Since L is non-flat and is contained in the open slab
or half-space W , the half-space theorem in [12] applied to L gives a contra-
diction, which proves that Case B cannot occur. This completes the proof
of Assertion 3.3.

Since Case B does not occur, then Case A must occur. We have already
proven Proposition 3.1 when Case A holds, thus, the proof of Proposition 3.1
is finished.

The next corollary follows immediately from Proposition 3.1.

Corollary 3.8. Given ε1 ∈ (0, 1/2), there exist ε2 > 0 such that the follow-
ing holds. Let E be an H-disk satisfying

E ∩ B(1) ∩ {x3 = 0} = Ø and ∂E ∩ B(1) ∩ {x3 > 0} = Ø.

Suppose p ∈ E ∩ B(ε2) ∩ {x3 > 0} where the tangent plane to E is vertical.
Then there exists a vertical helicoid H with maximal absolute Gaussian cur-
vature 1

2 at the origin such that the connected component of [|AE |(p)(E −
p)] ∩ B(1) containing the origin is a normal graph u over its projection
Ω ⊂ [B(1 + 2ε1) ∩ H], where Ω ⊃ [B(1 − 2ε1) ∩ H] and ‖u‖C2 ≤ ε1.
Furthermore, [|AE |(p)(E − p)] ∩ B(1) consists of 1 or 2 components and
if there are two components, then the component not passing through the
origin is a normal graph u′ over its projection Ω′ ⊂ [B(1 + 2ε1) ∩H], where
Ω′ ⊃ [B(1− 2ε1) ∩H] and ‖u′‖C2 ≤ ε1.

As a consequence of Proposition 3.1 and Corollary 3.8, we obtain the
next claim.

Claim 3.9. There exists an ε > 0 such that the following holds. If E is an H-
disk satisfying the hypotheses of Theorem 1.1 for R = 1, then E∩B(ε)∩{x3 >
0} contains no vertical tangent planes.
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Proof. Arguing by contradiction, let E(n) be a sequence of Hn-disks satis-
fying the hypothesis of Theorem 1.1 for R = 1, together with a sequence of
points p(n) in E(n) ∩ B( 1n) ∩ {x3 > 0} with vertical tangent planes. Given
δ > 0, let Γn(δ) be the connected component of

E(n) ∩ B(δ) ∩ {x3 > 0} ∩N−1
n ({x21 + x22 = 1})

containing p(n), where Nn is the Gauss map of E(n). It follows from Corol-
lary 3.8 that given ρ ∈ (0, 1/2), there exists δ > 0 such that for n large,
Γn(δ) is an analytic curve that can be parameterized to have unit speed and
so that |〈Γ̇n(δ), (0, 0,−1)〉| > 1 − ρ. By taking ρ sufficiently small, and for
n sufficiently large, this curve crosses the (x1, x2)-plane nearby the origin.
This is impossible because the disks E(n) are disjoint from B(1)∩{x3 = 0}.
This contradiction completes the proof of the claim.

To complete the proof of Theorem 1.1, recall that at the beginning of the
proof of Theorem 1.1, we showed that if the theorem fails, then there exists
a sequence of Hn-disks E(n) with ∂E(n) ⊂ ∂B(1) and Hn ≤ 1 satisfying the
hypotheses of Theorem 1.1 and points pk(n) ∈ E(n) with vertical tangent
plane and converging to the origin. This contradicts Claim 3.9 and the proof
of Theorem 1.1 is completed.

The next corollary follows from Theorem 1.1 by a rescaling argument.
It roughly states that we can replace the (x1, x2)-plane by any surface that
has a fixed uniform estimate on the norm of its second fundamental form.

Corollary 3.10. Given a ≥ 0, there exist ε ∈ (0, 12) and Ca > 0 such that
for any R > 0, the following holds. Let Δ be a compact immersed surface
in B(R) with ∂Δ ⊂ ∂B(R), �0 ∈ Δ and satisfying |AΔ| ≤ a/R. Let D be an
H-disk such that

D ∩ B(R) ∩Δ = Ø and ∂D ∩ B(R) = Ø.

Then:

(3) sup
x∈D∩B(εR)

|AD|(x) ≤
Ca

R
.

In particular, if D ∩ B(εR) �= Ø, then H ≤ Ca

R .

Proof. Let f : (Δ, ∂Δ) � (B(R), ∂B(R)) be the immersion associated to the
immersed surface Δ and choose a point pf ∈ f−1(�0). Let P ⊂ R3 be the
plane passing through the origin and tangent to the immersion f at f(pf ).
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After a rotation of Δ, we may assume that P is the (x1, x2)-plane. After
scaling by 1/R, we may also assume that R = 1.

If a = 0, then Δ = P ∩ B(1). In this case the corollary follows from
Theorem 1.1 by setting Ca = C, where C is given in Theorem 1.1 and ε > 0
is also given by that theorem.

Assume now that a > 0 is fixed. Arguing by contradiction, suppose
that the corollary fails to hold. Then, as in the proof of Theorem 1.1,
there exists a sequence of compact domains Δn with associated immer-
sions f(n) : (Δn, ∂Δn) � (B(1), ∂B(1)) that satisfy the conditions of Δ with
corresponding Hn-disks E(n) satisfying the hypotheses of D,

E(n) ∩ B(1) ∩Δn = Ø and ∂E(n) ∩ B(1) = Ø,

together with points p̃n in E(n) and satisfying:

(4) |AE(n)|(p̃n) ≥ n2, dR3(p̃n,�0) ≤
1

n2
.

For each of the immersions f(n), make a choice pf(n) ∈ (f(n))−1(�0).

Since we are assuming that |AΔn
| ≤ a, there exists an ε1 = ε1(a) ∈ (0, 12)

such that the component Δ′
n of (f(n))−1(B(ε1)) containing pf(n) satisfies

that f(Δ′
n) is a graph of gradient less than 1 over its projection to P . Let

E′(n) be the component of E(n)∩B(ε1) containing p̃n, and, without loss of
generality, assume that E′(n) lies in the component of B(ε1) \ f(Δ′

n) that
contains the positive x3-axis.

For n > 1/ε1, replace the immersed surfaces f(Δn) by the connected
embedded scaled surfaces Δ̃n = nf(Δ′

n) ∩ B(1), replace the Hn-disks E(n)

by the scaled (
1

n
Hn)-disks nE(n) and let Ẽ(n) be the connected component

of nE(n) ∩ B(1) that contains np̃n.

Notice that as n → ∞, the graphs Δ̃n converge C1 to the disk P∩B(1). It
follows that there exists a strictly increasing sequence {nk ∈ N}k∈N such that
each of the vertically translated planar domains Ê(k) = Ẽ(nk)+(0, 0, 1k ) lies

“above” the vertically translated graph Δ̃nk
+ (0, 0, 1k ). Moreover, from (4),

the points p̂k = nkp̃nk
+ (0, 0, 1k ) in Ê(k) converge to the origin as k → ∞

and |A
̂E(k)|(p̂k) ≥ nk.

By Theorem 1.1, the translated disks nkE(nk) + (0, 0, 1k ) must inter-

sect P ∩ B(1) at some point below the positive graph Δ̃nk
+ (0, 0, 1k ). But

Theorem 1.1 gives a contradiction by only considering the component of
Ê(k) ∩ B(1) ⊂ {x3 > 0} that contains the point p̂k instead of the entire set
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(nkE(nk) + (0, 0, 1k )) ∩ B(1). This contradiction completes the proof of the

corollary.

4. Consequences of the one-sided curvature estimate

In this section we state several theorems that depend on the one-sided cur-

vature estimate in Theorem 1.1. These theorems appear in [26, 24, 25, 28].

We begin by making the following definition.

Definition 4.1. Given a point p on a surface Σ ⊂ R3, Σ(p,R) denotes the

closure of the component of Σ ∩ B(p,R) passing through p.

In [26], we apply the one-sided curvature estimate in Theorem 1.1 to

prove a relation between intrinsic and extrinsic distances in anH-disk, which

can be viewed as a weak chord arc property. This result was motivated by and

generalizes Proposition 1.1 in [9] by Colding and Minicozzi. More precisely,

the statement is the following.

Theorem 4.2 (Weak chord arc property [26]). There exists a δ1 ∈ (0, 12)

such that the following holds.

Let Σ be an H-disk in R3. Then for all intrinsic closed balls BΣ(x,R)

in Σ− ∂Σ:

1. Σ(x, δ1R) is a disk with piecewise smooth boundary ∂Σ(�0, δ1R) ⊂
∂B(δ1R).

2. Σ(x, δ1R) ⊂ BΣ(x,
R
2 ).

By the relation between extrinsic and intrinsic distances described in

Theorem 4.2, the extrinsic radius and curvature estimates given in The-

orems 2.3 and 2.4, that were used to prove Theorem 4.2, become radius

and curvature estimates that depend only on intrinsic distances; see [27] for

details on the proofs of the two theorems below in the extrinsic distance

case.

In the next theorem the radius of a compact Riemannian surface Σ with

boundary is the maximum intrinsic distance of points in the surface to its

boundary; in the second theorem, dΣ denotes the intrinsic distance function

of Σ.

Theorem 4.3 (Radius estimates [24]). There exists an R ≥ π such that

any compact disk embedded in R3 of constant mean curvature H > 0 has

radius less than R/H.
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Theorem 4.4 (Curvature Estimates [24]). Given δ, H > 0, there exists a
K(δ,H) ≥

√
2H such that any compact disk M embedded in R3 with constant

mean curvature H ≥ H satisfies

sup
{p∈M | dM (p,∂M)≥δ}

|AM | ≤ K(δ,H).

An immediate consequence of the triangle inequality and Theorem 4.2
is the following intrinsic version of the one-sided curvature estimate given
in Theorem 1.1. In the case that H = 0, the next theorem follows from
Corollary 0.8 in [9].

Theorem 4.5 (Intrinsic one-sided curvature estimate for H-disks). There
exist εI ∈ (0, 12) and CI ≥ 2

√
2 such that for any R > 0, the following holds.

Let D be an H-disk such that

D ∩ B(R) ∩ {x3 = 0} = Ø

and x ∈ D ∩ B(εIR) where dD(x, ∂D) ≥ R. Then:

(5) |AD|(x) ≤
CI

R
.

In particular, H ≤ CI

R .
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[15] W. H. Meeks III, J. Pérez, and A. Ros. The geometry of minimal sur-

faces of finite genus I; curvature estimates and quasiperiodicity. J. Dif-

ferential Geom., 66:1–45, 2004. MR2128712, Zbl 1068.53012.
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