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Hermitian K-theory, Dedekind (-functions, and
quadratic forms over rings of integers in number

fields
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We employ the slice spectral sequence, the motivic Steenrod alge-
bra, and Voevodsky’s solutions of the Milnor and Bloch-Kato con-
jectures to calculate the hermitian K-groups of rings of integers
in number fields. Moreover, we relate the orders of these groups
to special values of Dedekind (-functions for totally real abelian
number fields. Our methods apply more readily to the examples of
algebraic K-theory and higher Witt-theory, and give a complete set
of invariants for quadratic forms over rings of integers in number
fields.

AMS 2000 SUBJECT CLASSIFICATIONS: 11R42, 14F42, 19E15, 19F27.
KEYWORDS AND PHRASES: Motivic homotopy theory, slice filtration,
motivic cohomology, algebraic K-theory, Hermitian K-theory, higher
Witt-theory, quadratic forms over rings of integers, special values of
Dedekind (-functions of number fields.

1. Introduction

The themes explored in this paper are Karoubi’s hermitian K-theory [23],
Lichtenbaum’s conjectures on special values of ¢-functions [33], [34], Milnor’s
conjecture on quadratic forms [37], [38] extended to arithmetic Dedekind do-
mains [18], and Voevodsky’s slice filtration [66]. By explicit slice spectral se-
quence calculations we identify the hermitian K-groups of rings of integers in
number fields in terms of motivic cohomology groups. Voevodsky’s proof of
Milnor’s conjecture on Galois cohomology [67] combined with Wiles’s proof
of the main conjecture in Iwasawa theory |70] allow us to relate the orders of
hermitian K-groups to special values of {-functions for totally real abelian
number fields. While these beautiful links between number theory and homo-
topy theory are traditionally expressed in terms of algebraic K-theory, recent
calculations of universal motivic invariants have brought hermitian K-theory
into focus [54]. One expects that motivic homotopy theory has more to offer
in this direction since hermitian K-theory is in a precise sense closer to the
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motivic sphere than algebraic K-theory. A shadow of this is witnessed by
the Betti realization functor sending algebraic K-theory to topological uni-
tary K-theory and hermitian K-theory to topological orthogonal K-theory.
Via the J-homomorphism and the Adams conjecture, the latter 8-periodic
theory gives rise to cyclic summands in the stable homotopy groups of the
topological sphere whose orders are related to Bernoulli numbers [48], [49,
Chapters 1, 5]. Our calculation of the hermitian K-groups represents a de-
cisive first step in a quest to establish a motivic analogue of this result over
number fields.

Suppose F' is a number field with r; (resp. r2) number of real (resp. pairs
of complex conjugate) embeddings into the complex numbers C. Let S be
a (not necessarily finite) set of places in F' containing the archimedean and
dyadic ones. We denote the ring of S-integers in F' by Ops. Classically,
the zeroth hermitian K-group KQu(Ops) is the Grothendieck-Witt ring of
symmetric bilinear forms on Ops [38]. When S is finite, then KQ,,(OF.s)
is a finitely generated abelian group for all n > 0. Its odd torsion sub-
group is the invariant part of the odd torsion subgroup of the algebraic
K-group KGL,,(OFs) for the involution M — tMton GL(Ofs), see |5,
Propositions 3.2, 3.13]. Our main focus is on the two-primary subgroup of
KQ, (OFs). We also identify its ¢-primary subgroup, for ¢ any odd prime
number, by making use of the Rost-Voevodsky solution of the Bloch-Kato
conjecture [69].

In the first main result of this paper we identify the mod 2 hermitian K-
groups KQ,,(Ors;Z/2) up to extensions of motivic cohomology groups of
Dedekind domains as defined in [16], [30], [60]. Our method of proof reveals
for n > 1 the existence of an 8-fold periodicity isomorphism

(1.1) KQ,(0Ors;2/2) =2 KQ,, 3(OFs;Z/2).
Moreover, for all k£ > 0, we show the vanishing result
(1~2) KQ8k+5(OF,S;Z/2) =0.
By the universal coefficient short exact sequence
0—+KQ,(Ors)/2 - KQ,(Ors;Z/2) = 2 KQ,,_(OFs) = 0,

the vanishing in (1.2) implies the multiplication by 2 map on the abelian
group KQ, (Ops) is injective when n = 8k + 4 and surjective when n =
8k 4 5.
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To state our main result for KQ, (Ors;Z/2), let h?9 (resp. h%?) denote
the degree p and weight ¢ mod 2 (resp. positive mod 2) motivic cohomology
of Ops (see Appendix A). As usual p is the class of —1 in AbL. Let hP4/pt
denote the cokernel of p’: hP~#4~% — hP4 and ker(pﬁ,,q) denote the kernel of
pls WP — pPTHIT We denote the Picard group of Ops by Pic(Op.s), and
its Brauer group by Br(Ops). If A is an abelian group, we let A denote its
subgroup of elements of exponent 2 and rky A its 2-rank.

Theorem 1.3. Let Ops be the ring of S-integers in a number field F'. The
mod 2 hermitian K-groups of Ofs are computed up to extensions by the
following filtrations of length .

Table 1: The mod 2 hermitian K-groups of Op s

n>0 |l | KQ,(Ors;Z/2)

8k 3 fo/fl = h0’4k, fl/fg = h1’4k+1 (&) ker(p2y4k+1), fg = h2’4k+2/p
8k+1 |2 | fo/fi = WO+ @ker(pyanit), f1 = B2 @ ker(pa ap12)
Sk 42 3 fO/fl _ h0’4k+1, fl/f2 _ h0,4k+2 D hl,4k+27 f2 — h2,4k+3

8k + 3 2 f()/fl = h0’4k+2, fl = h1’4k+3

8k 44 2 fO/fl — h0,4k+3’ fl — h4,4k+4

8+5 1|0 |0

8k + 6 2 f()/fl = ker(p274k+4), fl = h4’4k+5/,03

8k + 7 2 f()/fl = ker(p% 4k+4)’ fl = ker(p274k+5)

Remark 1.4. In Table 1: h%7 2 7Z,/2, ker(pa,1) = h*! = Pic(OFps)/2, h11
OFs/2 ®2Pic(OFs), h*1 = Pic(OFs)/2 ® 2 Br(Ops) for ¢ > 1, h4/p?
W3/ p? 2 (Z/2)55 15, Ker(paq) = im(h3T — h29) for ¢ > 1, ker(p? ) =
im(hY? — hY9), and ker(pr,) C im(h}? — R'9). Here t{ is the 2-rank
of the narrow Picard group Pic;(Ops) and ts = rksPic(Ops). The 2-
rank of ker(piq) (resp. ker(pagq)) equals ro + ss + t§ (resp. ss +ts — 1),
where ss is the number of finite primes in S. This determines the abelian
group KQ, (Ops;Z/2) up to extensions, e.g., there is a short exact se-
quence

[t

0 — WY F2 @ p24542 3 KQgpi1(Ors; Z/2) — WO+ @ ker(py apsr) — O.

Remark 1.5. More generally, Theorem 4.23 identifies the homotopy groups
p,qKQ/2 for the motivic spectrum KQ representing hermitian K-theory
over Ops. When ¢ = 0,1,2,3mod 4 and n = p — 2¢, 7, ,KQ coincides
with Karoubi’s hermitian K-groups KQ, = KO,, USp,,, KSp,,, and U,
[23].
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Calculating the cup-product map p: h'? — h29%! is a challenging arith-
metic problem. (See also Lemma A.18.) While p" # 0 for all n > 1 if F
admits a real embedding, it is unknown when p? # 0 over totally imaginary
quadratic number fields.

Moreover, for every integer n > 1 we calculate the mod 2™ algebraic
K-groups, hermitian K-groups, and higher Witt-groups of Ops. When § is
finite we use this to identify the corresponding 2-adically completed groups.
With this in hand we are ready to discuss the analytic aspect of these K-
groups in connection with Dedekind (-functions. For complex numbers s
with real part Re(s) > 1, we have

(1.6) Cr(s) =Y (#0p/I) ",

T£0

where the summation is over all nonzero ideals .# C Op and #O0p/.7 is
the absolute norm. The sum in (1.6) diverges for s = 1, but work of Hecke
shows (r admits a meromorphic extension to all of C which is holomorphic
except for a simple pole at s = 1 with residue expressed by the analytic class
number formula [41, Chapter VII, §5].

The functional equation relating the values of (r at s and 1 — s implies
the multiplicity dg of the zero of (r at 1—¢ (0 < ¢ € N) is equal to r; +73—1
if g=1, 7y if ¢ is even, and 1 + 172 is ¢ > 1 is odd. In [10], Borel showed that
d4 coincides with the rank of Ky, 1(OF) for ¢ > 0. Note that d; = 0 occurs
only if F'is totally real and g even, when (r(1—¢q) € Q by the Siegel-Klingen
theorem [25] (in this case the Borel regular map is trivial and (r(1—q) equals
the leading term (5 (1 — q)).

The Birch-Tate conjecture relates the special value (g(—1) # 0 to alge-
braic K-groups by the formula

_  #10(0F)

Here wy(F') is the largest natural number N such that the absolute Galois
group of F acts trivially on u%q, i.e., the order of the étale cohomology group
HY (F;Q/Z(q)). Wiles’s proof of the main conjecture in Iwasawa theory [70],
which identifies the characteristic power series of certain inverse limits of p-
class groups with p-adic L-series, implies (1.7) for totally real abelian number
fields via the formula

#T1, H2(Or[L]: Z,(e))




Hermitian K-theory, Dedekind (-functions, and quadratic forms 509

The factors on the right hand side of (1.8) identify with motivic cohomol-
ogy groups via the Milnor and Bloch-Kato conjectures [67], [69] (see [16]).
Following [50] for the two-primary part, this implies

#Koq—2(OF)

(1.9) (r(l—q) = i2rlm

for ¢ > 2 even, see [26, Theorem 0.11] (the sign in (1.9) is positive if
is even and negative if r; is odd according to the functional equation). We
relate special values of (-functions to hermitian K-groups in the following
amelioration of |7, Theorem 5.9).

Theorem 1.10. For £ > 0 and F a totally real abelian number field with
ring of 2-integers OF[%L the Dedekind (-function of F takes the values

_ #hPH #KQg 5 (Or(5]s Zs)
AR+ #KQsms(OF[%};Zﬂ
#KQgy.16(OF[5]; Zo)
1
3

)
)

#KQg,47(OF(5]; Z2)

Cr(—1—4k)

CF(—?) — 4]{1) = 27‘1 . #ker(p274k+4) .

up to odd multiples.

Our calculations depend on strong convergence of the slice spectral se-
quences for mod 2" reduced higher Witt-theory KW /2" over Ops, n > 1.
Showing strong convergence turns out to be related to finding a complete set
of invariants for quadratic forms over O s involving the fundamental ideal,
the Brauer group, the Clifford invariant, and motivic cohomology groups.
In Theorem 2.48 we show a form of Milnor’s conjecture for quadratic forms
[37] over OFs by generalizing the proof given in [52|. Our formulation of
the Milnor conjecture for quadratic forms involves the slice filtration for
higher Witt-theory, the element —1 € h%!, and the mod 2 Picard group h?!
of Ofs.

Outline of proofs

Our approach is based on applications of the Milnor and Bloch-Kato con-
jectures on Galois cohomology and K-theory [67], [69], the motivic Steenrod
algebra [21], [68], the slice filtration [66], and the identification of the slices
of hermitian K-theory in [52], [54].
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The slice filtration for a motivic spectrum E gives rise to distinguished
triangles in the stable motivic homotopy category

(1.11) fg41(E) — f4(E) — s4(E) — 210,11 (E),

where {f,(E)} exhausts E, and the slices s,(E) are uniquely determined up
to isomorphism by (1.11), see [66, Theorem 2.2|. Applying the motivic ho-
motopy groups 7, to (1.11) yields an exact couple and an associated slice
spectral sequence in weight w, with E'-page
(1.12) Ep 4 w(E) = mpuwsq(E) = mpuw(E).
The slice d!-differential in (1.12) is induced by d*: s,(E) — %19s,,1(E) ob-
tained from (1.11). Here the slices of E are modules over the zero slice sp(1)
of the motivic sphere spectrum by [17, §6 (iv),(v)], [47, Theorem 3.6.13(6)].
Let fymp,w(E) denote the image of 7, ,f,(E) in 7y, (E). While {f;m, »(E)} is
an exhaustive filtration of 7, ,(E), convergence of (1.12) is unclear in general
(see Lemma 2.5).

Over any field F' of characteristic char(F") # 2 the slices of the motivic
spectra of algebraic K-theory KGL, hermitian K-theory KQ, and higher
Witt-theory KW are identified in [52]:

(1.13) s,(KGL) ~ ¥?11MZ,
YHAMZ Vo BFTCIMZ/2 g =0 mod 2
(1.14) s¢(KQ) ~ . 2
Vican SHTEIMZ /2 ¢ =1mod 2,
(1.15) sg(KW) ~ \/ 2199MZ/2.
1EL

Here MZ (resp. MZ/2) denotes the integral (resp. mod 2) motivic coho-
mology or Eilenberg-MacLane spectrum. The slices are motives or MZ-
modules by [54, Theorem 2.7] and the slice d!-differentials are maps between
FEilenberg-MacLane spectra. These facts make the slice spectral sequence
amenable to calculations over base schemes affording an explicit description
of the action of the motivic Steenrod algebra on its motivic cohomology ring.
More generally, using Spitzweck’s work of motivic cohomology in [60], after
localization the isomorphisms in (1.13), (1.14), and (1.15) hold over Dedekind
domains of mixed characteristic with no residue fields of characteristic 2, see
54, §2.3].
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We investigate the convergence properties of (1.12) for KGL, KQ, and
KW. Earlier convergence results include [32, Theorem 4|, [54, Theorem 3.50],
and [66, Lemma 7.2]. Assuming ved(F') < oo and char(F') # 2, we show the
slice spectral sequence for KQ/2" is conditionally convergent [9]. In the proof
we note the filtrations of W (F')/2" by the powers of I(F')/2" and of o W (F)
by the powers of o» I(F') are both exhaustive, Hausdorff, and complete. The
Wood cofiber sequence [52, Theorem 3.4| identifying KGL with the cofiber
of the Hopf map n on KQ is also used in the argument. This confirms a
special case of Levine’s conjecture on convergence of the fundamental ideal
completed slice tower [32].

The most technical part of the paper concerns the calculations of the
slice d!-differentials for the mod 2" reductions of KW and KQ. We give
succinct formulas for the d!’s as quintuples of motivic Steenrod operations
generated by Sq' and Sq? and motivic cohomology classes of the base scheme.
Over rings of S-integers O s in a number field ' we show by calculation that
the slice spectral sequence for KQ /2" collapses, so that it converges strongly,
and we identify its £ = E™*!-page. This finishes the proof of Theorem 1.3.
Using the Bloch-Kato conjecture for odd primes and finite generation we also
deduce an integral calculation of the hermitian K-groups of Ofs.

Throughout the paper we use the following notation.

KGL, KQ, KW
1, MZ

fq(E), sq(E)

P9q

SH, SH°!

M M MW
K*vk*aK*

Tp.q(E) = Epq
HP(X; A)
OF.s

hPa, HPa

pT )
hP4/p*, ker(p;, 4)
cdo(F), ved(F)

algebraic K-theory, hermitian K-theory, higher Witt-theory
motivic sphere, motivic cohomology

qth effective cover, gth slice of a motivic spectrum E
motivic (p, ¢)-suspension

stable motivic homotopy category of a field F

or Op,s, effective version

integral and mod 2 Milnor K-theory,

integral Milnor-Witt K-theory

bidegree (p, ) motivic homotopy group of E

bidegree (p, q¢) motivic cohomology of X with A-coeflicients
ring of S-integers in a number field F', § D {2, 00}

bidegree (p,q) mod 2 and mod 2™ motivic

cohomology of F', O s

the class of —1 in A and h%!, respectively

cokernel of p' : hP~97% — hP9 kernel of p' : hP»9 — pPHia+i
mod 2 cohomological and virtual cohomological

dimension of a field F

We use matrices to represent maps between suspensions of free MZ/2-
modules; the entries will be ordered according to the simplicial degrees of

the summands.
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Guide to the paper

Section 2 recalls some basic properties of the slice filtration in SH. Our calcu-
lations rely on convergence results shown here for the slice spectral sequences
of the mod 2" reductions of KGL (see Theorem 3.5), KW (see Theorem 2.28
and Theorem 2.52), and KQ (see Theorem 2.66 and Theorem 2.67). More-
over, we study multiplicative properties of the slice spectral sequence for
pairings of motivic Moore spectra. This part allows us to circumvent the
lack of an algebra structure on the slice spectral sequence for calculations
with mod 2 reductions of motivic spectra.

One of the points of Section 3 is to show that our methods provide
effective tools for calculations of algebraic K-groups (see Theorem 3.7, The-
orem 3.11, and Theorem 3.23).

In Section 4 we first identify the mod 2 higher Witt-groups and the mod
2 hermitian K-groups of Of s (see Theorem 1.3, Theorem 4.6, and Theo-
rem 4.16). Second, we extend these calculations to mod 2™ coefficients for
all n > 1 (see Theorem 4.32 and Theorem 4.39), and consequently to 2-
adic coefficients. The corresponding calculations for odd-primary coefficients
are straightforward. Using this we deduce an integral calculation of the ho-
motopy groups of KQ over Ofs in terms of motivic cohomology groups
(see Theorem 4.61 for the odd-primary calculations).

Section 5 relates the orders of the hermitian K-groups to special values of
Dedekind (-functions of number fields (see Theorem 1.10 and Theorem 5.1).
We perform some technical work in Section 6 where we determine the mul-
tiplicative structure on the graded slices s,(KQ/2") for n > 2 (see Theo-
rem 6.11); this part is needed to determine extension problems arising in
the slice spectral sequence for KQ/2" (see Theorem 4.61 and Section 5).
In Appendix A we review background on motivic cohomology and the mod
2 motivic Steenrod algebra over fields and rings of S-integers — with focus
on low weights and coefficient rings — which is used throughout our calcu-
lations. Finally, in Appendix B we give charts and tables summarizing the
calculations in the main body of the paper.

Relation to other works

Our results are more complete than the calculations of hermitian K-groups
in [4], [5], [6], and [7] in the sense that we consider arbitrary number fields.
Our motivic homotopy-theoretic techniques apply more readily to algebraic
K-theory than to higher Witt-theory and hermitian K-theory; we use this
to revisit some of the results in [22], [28], and [50] based on the Bloch-
Lichtenbaum spectral sequence [8] (which is unpublished and may forever
remain so).
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2. The slice spectral sequence and its convergence

In this section we discuss the slice filtration in SH developed in [17], [47],
and [66]. Over fields for which the filtration of the Witt ring by the powers of
the fundamental ideal is complete, exhaustive, and Hausdorff, we show con-
ditional convergence of the slice spectral sequence for the mod 2" reduction
of hermitian K-theory (see Theorem 2.66). This lays the foundation for our
calculations. For later reference we summarize results on the multiplicative
structure of the slices and the slice spectral sequence.

2.1. Convergence of the slice spectral sequence

With reference to (1.11), recall that a motivic spectrum E is slice complete
[54, Definition 3.8| if the homotopy limit

holim_, fy(E)

is contractible. The algebraic K-theory spectrum KGL is slice complete over
fields [55, Lemma 3.11]. Recall the coeffective cover f9~1(E) — see [54, §3.1]
— is defined by the cofiber sequence

f,(E) — E — f71(E),

and the slice completion sc(E) — see |54, Definition 3.1] — is defined as the
homotopy limit

sc(E) = holimg_,o f?(E).
The slice completion is related to the convergence of the slice spectral se-
quence (1.12).
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Lemma 2.1 ([55, Section 3]). For every motivic spectrum E we have the
following.

» A cofiber sequence
(2.2) s4(E) — f4(E) — f41(E) — ©10s,(E).
» A commutative diagram

—>q
sq(E f

(2.3) | / l

El Of +1<E e 21 0S +1(E)
» A map of cofiber sequences

sq(E) ——— f9(E) ——— fI71(E) —— 10, (E)

e L ]

sq(E) —— 2L 1 (E) —— BUf (E) —— 19, (E),

which induces an isomorphism from the slice spectral sequence (1.12)
to the spectral sequence obtained from (2.2), up to reindexing.

Proof. Both (2.2) and (2.3) are obtained by filling in the diagram

for1(E) » f1(E)

| |

E
|
f,(E) y T fa=1(E)

| !

sq(E) ’ 210,(E)

similarly to Verdier’s octahedral axiom (TR4) [40] (because of * all squares
in this diagram commute). Moreover, (2.3) implies (2.4), and the last claim
follows since the spectral sequences have isomorphic E'-pages. O

Lemma 2.5 (|55, §4]). The slice spectral sequence for E € SH is condition-
ally convergent to
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For a fixed w this is a half plane spectral sequence with entering d"-differ-
entials of degree (—1,7 + 1).

Remark 2.7. If E"(E) = E*°(E) for some r > 1, then (2.6) converges strongly
to mp.wsc(E) by conditional convergence and [9, Theorem 7.1]. This applies
to all the examples considered in this paper.

2.2. Convergence for higher Witt-theory

Following [52] we discuss the slice filtration for KW /2" over a field F' of
characteristic different than 2. Recall that f,mp ., (E) denotes the image of
Tpwfq(E) in 7y (E). The slice spectral sequence for E converges if for all
p,w,q € Z we have

ﬂ forimpwfq(E) = 0.
i>0

In this case the exact sequence of [9, Lemma 5.6, |66, Lemma 7.2]

0 — fomp (KW /2") /T 17p 0 (KW /27) — B2 (KW /2") —

- ﬂ forimp—1,wfg+1 (KW /2") — m fotiTp—1,0fg (KW /27),
i>1 i>0

yields the short exact sequence

(2.8) 0 = oy 17 (KW /27) = om0 (KW /27) — E2° (KW /27) — 0.

p!q?w

Lemma 2.9. For all integers p, w, ¢ € Z, assume 7 ,f,(E) is a finite abelian
group and

m fotimpwfq(E) = 0.
i>0

Then for n > 2 we have

ﬂ fotimpwfq(E/n) = 0.
>0

Proof. Follows from the universal coefficient sequence since fy4;mp /1 (E)
and yfg4imp.(E) are finite. O

Lemma 2.10. If #F* /2 < oo then the slice spectral sequence for KW /2"
converges.
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Proof. By n-periodicity SV KW ~ KW [52, Example 2.3] we may assume
w = 0. When ¢ < 0 we have

W(F) p=0mod4

p,0fg (KW) = m,0(KW) = {() otherwise

By the assumption 7 os,(KW) and 7, of,(KW) are finitely generated abe-
lian groups for all p,q € Z. We conclude using Lemma 2.9. O

Lemma 2.11. If ved(F) < oo then the slice spectral sequence for KW /2"
converges.

Proof. As in Lemma 2.10 we may assume w = 0 and prove the vanishing

(2.12) () farimp—1.0fgr1 (KW/2") = 0

i>1
where foimp—1,0fg+1(KW/2") is defined as the image
m(7p—1,0fg4ifg+1 (KW /2") = mp_1 0fg41 (KW /27)).

Owing to the natural isomorphism f,,f, ~ f,,, for n < m we may identify the
latter with

m(Trp_Lofq_i_i(KW/Qn) — 7Tp_17[)fq+1(KW/2n)),Z' > 1.

Since m, ) KW = 0 when p # 0 mod 4, we may assume p = 0,1 mod 4. We
claim there is an isomorphism

(2.13) im(7p—1,0(fg+i(KW) — f,(KW/2")))
= im(mp-1,0(fg+ (KW /2") — £, (KW /2"))).

To prove (2.13) we use the naturally induced commutative diagram of uni-
versal coefficient short exact sequences

(2.14)
0— 7Tp71’()fq+i(KW)/2n — TI'pfl,ofqﬂﬂ‘(KW/Qn) — 27L7Tp7270fq+7;(KW) — 0
. . .
0 — 7Tp_170fq(KW)/2n — 7Tp_1’0fq(KW/2n) — 2nﬂ'p_2,()fq(KW) — 0

According to [52, Lemma 6.13| the map

(2.15) 71,0fg+i(KW) — 7 0fs(KW)



Hermitian K-theory, Dedekind (-functions, and quadratic forms 517

is trivial for { = 1,2,3 mod 4. Hence the rightmost vertical map in (2.14) is
trivial. By [52, Corollary 6.15| there are isomorphisms

91 0f g (KW) 2 7, 0y (KW) 22 70, of (KW /27 2 h07 00 @ pd= 44 gy

for m = imod 4, ¢ > 0, and ¢ = 1,2,3. When ¢ > 1, [52, Corollary 6.16]
shows there is a naturally split short exact sequence

(2.16)
0— hI= 40l g pt=8a= gy s g of (KW — f7m0,0(KW) = T9 — 0.

This identifies the outer terms of the short exact sequences in (2.14). The
naturally induced diagram

Sqti—1 (KW /2") —— BL0f (KW /2")

(2.17) i l

Sqti—1(ZHKW) —— 210f 1 (EHKW)
in SH(F) yields the commutative diagram

7p,0Sq+i~1 (KW /2") —— m,_1 ofq1i(KW/27)

(2.18) i i

ﬂ'pfl’(]Squifl(KW) I 7I‘p,2’0fq+i(KW).

In (2.18) the left vertical map is a split surjection by (1.15) and (4.1). More-
over, the lower horizontal map is surjective for p = 0,1,3 mod 4 by (2.15).
It follows that

(2.19) Wp,05q+i_1(KW/2n) — 7Tp_2,0fq+i(KW)

is surjective for p = 0, 1,3 mod 4. Since f,;(KW/2") — f,(KW /2") factors
through f (KW /2") — f 1,1 (KW/2") for all i@ > 1, the image of the
upper horizontal map in (2.18) injects into the kernel of the middle map
in (2.14), i.e., there is an inclusion

(2.20) i (.01 (KW /27) — 7,1, 0f 14 (KW/27)
- ker(ﬂp_170fq+i(KW/2n) — 7Tp_170fq(KW/2n)).
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From (2.19) and (2.20) we deduce a naturally induced surjection

(2.21)
ker(Trp,170fq+i(KW/2") — ﬂ'p,l’[)fq(KW/Qn)) — 2n7Tp,270fq+i(KW),

where
20 p—2,0f+i(KW) = 72, 0fgi (KW).
Combined with (2.14) this proves (2.13). Note that f,1;(KW) — f,(KW/2")
factors as the composite of the canonical maps fy1;(KW) — f,(KW) and
f(KW) — f,(KW/2"). Using (2.15) this readily implies (2.12) for p =
0 mod 4.
For p = 1 mod 4 we show

(2.22) () im(mp— 1,0+ (KW) = m,_1 0f,(KW)/2") = 0.
i>1

To begin we first note there is a short exact sequence

0— fq+l‘7ro70fq(KW) ﬂ Qnﬂo’ofq(KW) — fq_;_iﬂ'o’()fq(KW) —
— im(fq+i7r070fq(KW) — 7T070fq(KW)/2n) — 0.

For ¢ > 0 we claim
(2.23) fori70,0fg (KW) [ 2770,0f (KW) — £y im0,0fg (KW)

is the identity map. Hence the Milnor exact sequence implies the vanish-
ing in (2.22). Now the leftmost terms in (2.16) for f,;(KW) map trivially
to (2.16) for fo(KW). Thus the image of 7o ofy+;:(KW) in 7 of,(KW) is con-
tained in the direct summand I%. From [1, Lemma 2.1] we get I*t! = 2J%,
where I* is torsion free for i 3> 0 (here we use the assumption ved(F) <
00, see also the proof of Theorem 2.28). Hence for ¢ > 0 the image of
70,0fg+i(KW) in mg of,(KW) is a multiple of 2". O

Theorem 2.24. For p = 0 mod 4 and w € Z there are isomorphisms

(2.25) FTp w0 (KW /2M) 2 im(17°0 — W (F)/2"),
(226) fq7'['p+w+17w(KW/2n) = inq_w.

By convention I7™% = W (F') for ¢ < w.
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Proof. We may assume p = w = 0 by (4,0)- and (1, 1)-periodicity of KW
[52, §6.3|. To show (2.25) we consider the commutative diagram of universal
coefficient short exact sequences

0— Woyofq(KW)/Qn — 7T070fq(KW/2n) — 2n7r_1’0fq(KW) — 0
2 N I 2
0— 7T070(KW)/27L — 7T070(KW/2n) — 2n7T_170(KW) =0— 0.

Recall that 7 o(KW) is the Witt ring W (F'). As in (2.19) there is a surjec-
tion

T1,0S¢q—1 (KW/Q”) — 7T_17()fq(KW),

and as in (2.20) there is a natural inclusion

im (1 g5y 1 (KW/2") = m,0f, (KW /2")
- ker(7r070fq(KW/2") — Wo}o(KW/Qn)).

Similarly to (2.21) and (2.13), we obtain a naturally induced surjection
ker(mo,ofg (KW /2") — mo0(KW/2")) = m_1 of;(KW),
and an isomorphism
im (0,0 (f, (KW /2") — KW /2")) = im(mo,0 (£, (KW) — KW /2").

The latter group may be identified with im(/¢ — W (F')/2"™) by |52, Corollary
6.11].

To prove (2.26), recall from [52, Corollary 6.16] the split short exact
sequence

(2.27)
0— h? 2t g 30 g — o of (KW) — fym0,0(KW) = 17 = 0.

By [52, Lemma 6.4] we have mg ofo(KW) = fomg o(KW) = W(F). The mod
2™ universal coefficient exact sequence shows there is a commutative diagram
with surjective vertical maps

Wl,ofq(KW/Qn) e 7T170(KW/2n)

i I

on 7T070fq(KW) — 2n710,0 (KW) .
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The right vertical map is an isomorphism since 7 o(KW) = 0. Thus the
image of 11 of, (KW /2") in 71 (KW /2") coincides with onfymo o(KW), and
our claim follows from (2.27). O

Theorem 2.28. Assuming ved(F) < oo the filtrations of W (F')/2" by
I9(F)/2™ and of 9nW(F) by 9nI9(F) are exhaustive, Hausdorff, and com-
plete. Hence the slice spectral sequence for KW /2™ is strongly convergent.

Proof. We claim our assumption implies I9(F(y/—1)) = 0 for ¢ > ved(F)+1.
By the Milnor conjecture on quadratic forms over fields [43], [52], we find
I9(F(v/-1)) = I"T(F(y/-1)) for i > 1 since the étale cohomology group
HZ(F(v/=1); p2) = 0. It follows that I9(F(y/—1)) = 0 by the Arason-Pfister
Haupsatz [2]. Thus by [15, Corollary 35.27] we deduce I9(F) = 2I971(F) is
torsion free for ¢ > 0. Hence both filtrations in question are finite, and
therefore complete and Hausdorff. The filtrations are exhaustive since 10 =
W (F). Our last claim follows in combination with Theorem 2.24. O

Remark 2.29. The filtration of 9n W (F') by 2. I(F') is always Hausdorff. In
the filtration of W (F)/2" by I9(F)/2" there is a possibly nonzero lim'-term
that obstructs the Hausdorff condition.

The proofs of Lemma 2.11 and Theorem 2.24 are based on results shown
over fields in [52, §6]. In the following we extend these results to rings of
S-integers in number fields, assuming {2,000} C S.

Theorem 2.30. Over Of s the Oth slice spectral sequence for KW collapses
at its E%-page, and there are isomorphisms

h®4 p=0mod4,q # 2
h*%/7 p=0mod4,q=2
h?1 p=3mod4,g=1

0 otherwise.

p.a,0(KW)

12

Proof. The proof is similar to the calculations for fields in [52, Theorem 6.3|
with the exceptions that EZ5, ((KW)(Ops) & h%*2/7 by Lemma A.11 and
B 310(KW)(OFs) = h*! = Pic(Ops)/2. The d!-differentials take the
same form as in [52, Theorem 5.3| by base change, see the proof of Theo-
rem 4.3. Thus E;’%O(KW)(F) and E;,q?O(KW)(OES) agree in all degrees
with the exception of

E3pi110KW)(Ops) = k> @bt @ hot.
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The summand h?! of Eip+171’0(KW)(OF73) supports a d'-differential given
by T-multiplication, which is injective by Lemma A.11. The d'-differential on
the summand h?! of Eip+2 1,0(KW)(Op,s) is trivial. This yields the claimed
E? = E*-page along the lines of [52, Theorem 6.3]. O

We refer to [14] for the construction of the “defect of purity” transforma-
tion
N2 (=) =t (—).
Following Quillen’s purity theorem for algebraic K-theory we will make use
of the following special case of absolute purity for hermitian K-theory.

Theorem 2.31. Let i: ¢ — Spec(OF,s) be the inclusion of a closed point
x ¢ S. Then in SH(k(x)) there exist absolute purity isomorphisms

(2.32) £TN(KQ) = i (KQ)
and
(2.33) 2 2L (KW) S i (KW).

Proof. This is shown for KQ in [14]. The case of higher Witt-theory follows
since KW = KQ[%] and 7' commutes with sequential colimits [35, Proposi-
tion 5.4.7.7]|. O

Theorem 2.34. With the notation in Theorem 2.31 there is an absolute
purity isomorphism

(2.35) 227 %, (KW) S5 i's, (KW).
Proof. Combine (1.15) with absolute purity for motivic cohomology in [60,
Corollary 3.2]. O
Lemma 2.36. There are isomorphisms

W(OFs) p—q=0mod4
(2.37) Tpq(KW)(OFs) = ¢ Pic(Ops)/2 p—q=3mod4

0 otherwise.

Proof. Combine the exact sequence and vanishing in [3, Corollary 92| with
the Knebusch-Milnor exact sequence

(2.38) 0— W(Ops) — W(F) — EB W (k(z)) = Pic(Ops)/2 = 0
¢S

from [38, p. 93|, [57, p. 227]. O
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Lemma 2.39. Over Of s the slice filtration for KW induces a commutative
diagram

7T070f1(KW) E— 7T070f0(KW)

| |

I(Ops) — W(OFs).

Here I(OF,s) is the kernel of the rank map rky: W(Ops) — Z/2. By multi-
plicativity of the slice filtration this yields an inclusion

IQ(OES) C fQWOVO(KW)(OF,S).

Proof. This is shown over F' in [52, Lemma 6.4]. Our first claim follows since
W(Ops) — W(F) is injective — see [38, Corollary IV.3.3], [57, Theorem
6.1.6] and 70,0s0(KW)(Ops) — m050(KW)(F) = h%? is an isomor-
phism. The second claim follows as in [52, Corollary 6.5]. O

Lemma 2.40. The composite map
7T_170f1 (KW) — 7T_17051(KW) = h2’1 S5 ho’l E> h2’1

is an isomorphism.

Proof. In the proof we make use of Lemma 2.36. The naturally induced map
73,0f1 (KW) — 73 ofg (KW),

where 73 ofo(KW) = h?1, follows from the long exact sequence

74,0f0 (KW) = 74,050 (KW) = 73 of 1 (KW ) = 73 ofo (KW ) — 73 950 (KW ) =0,

and the natural surjection W(Op,s) = m4,0fo(KW) — 74,050(KW) = h%0

by Lemma 2.39.
For a closed point 7: x — Spec Of s there is a commutative diagram

T_100x* S 2" HKW) <= 1_1 0iyi* 0271 KW) —— 71 giri'(KW)

q /] g

T_1.0f0ixi* 72T HKW) <— 7_1 005" 5727 (KW) — 71_1 giyi'f; (KW)

|7 |7 |5

7T_170$0Z'*i*272’71(KW) & 7T_1702'*Z'*272’7151(KW) i) F_lyoi!ilsl(KW).
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Here h; is obtained using [24, Lemma 4.2.23|. Absolute purity as in Theo-
rem 2.31 and Theorem 2.34 imply the indicated isomorphisms. The maps g;
and gy are isomorphisms since m_1 ofo(—) = 7_1,0(—). Since 7, 0i1i'so(KW) =
0 when ¢ = —1,—2 we get a bijection m_1 giyi'f;(KW) — 7_1 gii'fo(KW).
It follows that g3 is an isomorphism by contemplating the diagram with exact
rows

00— ﬂoyofo(KW) — Woyoj*j*fo(KW) — @Igsﬂ'flyo’i[i!fo(KW) — 11,0 KW — 0

Lk 1 -

0 — m0,0KW —— 70,0j:5 " (KW) — @pgsm_1,00i (KW) — 711, 0KW — 0.
4

To show that h; is an isomorphism we reduce to showing ] : g ¢i*so(KW) —
70,050%" (KW) is an isomorphism, and conclude using the naturally induced
commutative diagram

7T070$0i (KW) (* o, (]Z So(KW) i 7T0,0$0(KW)

| l

7T0,0f0i (KW < T, 02 fo KW) < 7o OfO(KW)

| !

7T(],ol (KW) — ’7T0,0KW.

1%

Here 1 € mo oKW maps to the units in mgspi* (KW) and g ¢i*so(KW).
The map fi is surjective since it identifies with the rank map rko: W(Ops) —
Z/2 as in the proof of [52, Lemma 6.4]. It follows that f, and f3 are surjec-
tive.

Next we consider the commutative diagram with exact rows and col-
umns

Bogsm_1,00i 1 (KW) SELEN Bogsm—_1,000'51 (KW) ——— Brgsm_2,0i1i f2(KW)

| l |

7T_170f1 (KW) —_— T—1,0S1 (KW) =~ h2’1 b ho’l e 7T_270f2(KW)

/ | |

To1.0§2§ FL(KW) =0 — 71,075 51 (KW) 2 b1 =5 1 05,5 f2 (KW) = b1,



524 Jonas Irgens Kylling et al.

Since f3 is surjective we conclude W_Q’Oi!i!fQ(KW) = 0. Chasing the latter
diagram shows

W_Q’OfQ(KW) = ho’l

and the composite map
7T_170f1 (KW) — 7T_17051(KW) = h2’1 ® ho’l — h2’1

is surjective. U

Lemma 2.41. Over Ops we have

() fa+impufy(KW) = 0.
i>0

Hence the slice spectral sequence for KW is convergent.

Proof. By n-periodicity of KW [52, Example 2.3| we are reduced to showing

(2.42) () farimpofy(KW) =0
i>0
forp=20,1,2,3.
When p = 0,1, Theorem 2.30 shows E}%, , o(KW) = 0. As in [52,

Corollary 6.16] we deduce that fy17, of;(KW) — 7, of;—1 (KW) is injective.
Hence, we obtain the injection

(2.43) () farimpofgr1 (KW) — () fouimpof(KW).

The target of (2.43) is trivial by induction. When p = 0 recall that the
natural map W(Ops) — W (F) is injective [38, Corollary IV.3.3] and that it
factors via the slice filtration, i.e., there is a canonical map f,(KWop, ) —
J«fq(KW ) for the generic point j : Spec F' — Spec Op,s. The vanishing of
the group

T1,0(KW) =0

holds according to Lemma 2.36.
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When p = 2,3 we consider the unrolled exact couple for KW

0 0
7l'37052(KW) 7l'37051(KW) 7T37050<KW)
0

Inspection of the differentials shows the indicated trivial maps, see [52, The-
orem 5.3|. By Lemma 2.40 there is an isomorphism

coker(w;;,ofl(KW) — 7T370$1(KW)) = ho’l.

This implies the vanishing 73 of2(KW) = 0. Since ES; ((KW) =0 for ¢ > 1
according to Theorem 2.30 and 73f;(KW) — ker(déyLO) is surjective, a
diagram chase implies the map

fq+17T270fq(KW) — 7T2,0fq_1 (KW)

is injective for all g. This implies (2.42) when p = 2.
When p = 3 and g > 2 we show in Lemma 2.44 that there is a naturally
induced surjection

7T470fq_1(KW) — 7T4708q_1(KW) — Eéff)qfl,O(KW)‘

This implies the map fy11730fy(KW) — 73 of,—1 (KW) is injective (in fact,
it is trivial). O

To proceed we recall some facts about the Clifford invariant for rings of
S-integers from [18|. Any quadratic space (P, ¢) over O s has an associated
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Clifford algebra C(P,¢). This is a graded Azumaya algebra; in particular,
it defines an element of the Brauer-Wall group BW(OFs). The Clifford
invariant is the induced group homomorphism Cl: W(Ops) - BW(OFrs),
see [18, p. 206]. Over the field F, the restriction of the Clifford invariant
to the square of the fundamental ideal I2(F) factors through the 2-torsion
subgroup 2 Br(F') of the Brauer group, see [18, p. 207, Theorem 13.14], [38,
Lemma 4.4|. From these considerations we obtain the commutative diagram

— //\
ClI (2 Br(Op,s)) N I2(F) < W(Ops) 2 BW(Oks) <> 2Br(Os)

I J | I

I2(F) — 5 W(F) =% BW(F) +— 3 Br(F).

— W) o BV

Lemma 2.44. There is a naturally induced isomorphism
fam0,0(KW) /fy11m0,0(KW) = E55 o(KW).

Proof. This is shown over F' in [52, Lemma 6.9]. By Lemma 2.39 there are
maps

19(Op,s) /177 (OF,s) = fqm0,0(KW) /fa117m0,0(KW)(Oks),

and a commutative diagram

(2.45)
I(OF,s) /17 (Or,s) — fqmo,0(KW)/fg117m0,0(KW)(Or,s) < Eg% o (KW)(OF,s)

| / |

I9(F) /19N (F) —=— fm0.0(KW) /fgr17m0.0(KW)(F) ——— h%4(F).

The injections in (2.45) follow from [9, Lemma 5.6] and the isomorphisms
follow from [52, Lemma 6.9]. In (2.45) we want to show there is a naturally
induced surjection

fq70,0(KW) /fg11m0,0(KW) — Eg o(KW).

When g > 2, Theorem 2.30 and Theorem A.9 imply Eg5, o(KW)(OFs) =
h®9(F). Moreover, I9(F) is generated by forms defined over Op . Indeed,
by [38, Corollary 1V.4.5] the image of W(Ops) N I?(F) by the signature
map is 4Z™. It follows that o(I(Ops)) D 4Z™ and I?(Ops) = I3(F) =
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8Z™ . Hence the leftmost vertical map in (2.45) is surjective. This implies
fqm0,0(KW) /fyi17m0,0(KW) — h99 is surjective.

When ¢ = 1 we note the map 74051 (KW) — 73 ofo(KW) is trivial. It
follows that 7y ofi (KW) — 74051 (KW) = E§S ((KW) is surjective.

In the more complicated case ¢ = 2 we first show there is an isomorphism

(2.46) lel(g BI‘(OES)) N I2(F) = fgﬂ'op(KW),
and hence an injection
Cl Y9 Br(Op,s)) N I*(F) 2 fomoo(KW) < m0,0(KW) 2 W (Op,s).

For this we consider the commutative diagram with exact rows and columns
obtained by localization and the slice filtration

(2.47)
KON Op.s) = 1051 (KW) —2— 710,02 (KW) s 70 ,0f1 (KW)

| [

ROV(F) = m107.5%s1 (KW) —2— 70,05 F2 (KW) ——— 70 0.5*f1 (KW)

0 |

@IQSWL()?;!’L'!Sl(KW) E— @xgsﬂ'o’oi!i!fQ(KW) — @Igsﬂo70i1i!f1<KW)

70,051 (KW) > 7T_170f2 (KW) .

An inspection of the slice differentials following [52, Theorem 5.3] yields the
indicated injective and trivial maps. Say o € ClI7! (3 Br(Ops)) N I%(F) C
T0.0J+5* f2(KW) 2 I2(F) = C1" (3 Br(F)) N I?(F) maps to

ﬂ S @xgsﬂ'o’oi!i!fg(KW).

(The isomorphism is [52, Corollary 6.16], and the equality holds because
the Clifford-invariant surjects onto o Br(F') by [18, Theorem 14.6]). Then g
maps trivially to ®gsm0,0iri f1 (KW) because C17* (2 Br(Ops)) N I3(F) C
W(Ops) NI(F) =1(OFs) and m ofi (KW) surjects onto I(Op,s). We also
note that 8 maps trivially to m_; ofo(KW). Hence S is the image of some
element v € @xggmpiyi!sl (KW). Say v maps to d under the injective map
to mp 051 (KW). By commutativity of (2.47), 6 maps to zero in m_1 ofo(KW).
Hence 8 = 0, which implies « is in the image of the map from m of2(KW).



528 Jonas Irgens Kylling et al.

To conclude (2.46), it remains to combine the inclusion I(Ofs) C I(F) with
the injection of mp ofo(KW) into g j«j*f2(KW) in (2.47).

The commutative diagram of short exact sequences (see Lemma A.11
and its proof)

0 —— h*(Ops) —— h**(Ops) —— 2HZ (Ops; Gp) — 0

| | !

0 > 0 T h22(F) — 5 oH2(F; Gp) — 0

yields a naturally induced injection EF o(KW) = h22(Ops)/T — h22(F).
Here we use the injection of Brauer groups HZ(Or.s; Gm) — HZ(F;Gp)
from [36, p. 107|. Hence we may identify

f27T070KW — fgﬂoyoKW/fgﬂ[)’oKW — E&OQ’O(KW)
with the upper horizontal map in the commutative diagram

fomo o KW 2 C171 (3 Br(Op.s)) N I2(F) -2 2HZ (Op.s:Gm) = W22 (OF.s) /T

[ [

fomo.0jxj* (KW) = C171(;, Br(F)) N I2(F) —2— 2 HE(F; Gy) = h22(F).

By [18, Theorem 14.6] the horizontal maps are surjective, and we conclude
the naturally induced map

f27T070KW/f37T0,0KW — EOO?ZO(KW)

is surjective. O

From the proof of Lemma 2.44 we obtain the following form of Milnor’s
conjecture for quadratic forms [37] over the Dedekind domain O s.

Theorem 2.48. Set 1,(OFs) = fym0,0(KW)(OFs) for all integers q. Then
1,(Ops) =W (Ops) for ¢ <0, I1(Ops) = ker(rks),

L(OFps) = Cl7 (3 Br(Ops)) N I2(F),

and I,(Ops) = I{(Ops) for ¢ > 2. For 7 € h®! the class of —1 and every
q > 0 there is an isomorphism

(2.49) 14(0F,s)/14+1(OF,s) = h"(OFps) /T
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Remark 2.50. Note that h??/7 = h%4 for q # 2. Via the Clifford invariant the
proof of Lemma 2.44 identifies (O s) with the kernel of the Arf invariant
[18, p. 206].

By now-familiar arguments this allows us to conclude the following gen-

eralization of Theorem 2.24.

Theorem 2.51. Over Ofs there are isomorphisms for n > 1, p = 0 mod 4,
and w € Z

KW/2") = h*1(Ops) ¢ im(I;_(Ops) — W(Ors)/2"),q < 1
=i ( +w(Ors) = W(Ofrs)/2"),q > 1
q w(OFS)

fqTptw,w( )
fqTptw,w (KW /27)
fTptw+1,0 (KW /2")
faptw+2,0 (KW /2") =
forp+uw-+3,0 (KW /2")
fqTp w30 (KW /2") =

1Tptw+3,0 (KW /2") & h* I(OFS)
0,q > 1.

Here we write A e B for an abelian group extension of B by A, i.e., there
is an exact sequence

0—-A—AeB — B —0.

Theorem 2.52. The filtrations of W(Ops)/2" by I,(OFs)/2" and of
W (OFs) by 2n1,(OFs) are exhaustive, Hausdorff, and complete. Hence
the slice spectral sequence for KW /2" over Op s is strongly convergent.

2.3. Convergence for hermitian K-theory

In this section we combine the convergence results for KGL and KW to
conclude conditional convergence of the slice spectral sequences for KQ.
Recall that KW is obtained by inverting the Hopf map n on KQ while
KGL and KQ are related via the Wood cofiber sequence [52, Theorem 3.4]

(2.53) »HKQ 5 KQ — KGL.

Recall from [52, Lemma 2.1] the canonical isomorphism in SH
(2.54) f 1 2OF(E) ~ B0k, (E).
Definition 2.55. For i > 0 define si**(E) by the cofiber sequence

fori(E) — f4(E) — sIT(E).
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Lemma 2.56. For every motivic spectrum E there are cofiber sequences

(2.57) SITL(E) = sTT(E) — sy(E).

Proof. This follows from Definition 2.55 and the octahedral axiom |20, Def-
inition 7.1.4]. O

Lemma 2.58. For integers p,w,q,i € Z, 1 > 0, and k > 0 we have

(2.59) Tprhwss T (KGL)
(2.60) Tp—twfqrx(KGL)

0,
0.

Proof. We note that m,41,5,(KGL) = H2—n—kg—w=k — ( for k > 0.
Induction on ¢ using (2.57) proves (2.59) for all i. Moreover, (2.60) follows
because the slice spectral sequence for f,,,(KGL) is strongly convergent
(see Theorem 3.5). O

Proposition 2.61. The slice spectral sequences for KQ and KQ/2" are
convergent, i.e.,

ﬂ forimasf KQ ﬂ foriTa . KQ/2n) =

i>0 i>0

Proof. By applying 7., to the diagram of cofiber sequences

N2 (KGL)
C— fi(KQ) — Y7070 (KQ) — 27 b1, (KGL) —

C— f(KQ) — Y7 (KQ) —— 2771, (KGL) —

L — sITKQ) — IS (KQ) — LI (KGL) —
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we obtain a double complex A** with A% = 7, ,f,(KQ) and exact rows
and columns. Lemma 2.62 applies to A** since

A2+3k2+3k _ 7Tp+2+k,w+1sgii+1(KGL) —0
for k£ > 0 according to Lemma 2.58. Thus for ¢ > 0, so that
Tp+2w+1fgi(KGL) = 0,
the composition

foriTpwfe (KQ) = mpwfyg(KQ) = Tpi1wt1fe1(KQ)

is injective. More generally,

foririTpriwtifg(KQ) = Tpitwifr1(KQ) = M1t wi1fgrir1 (KQ)

is injective for [ > 0 because

Tpti42,u-+4+1fg+14i(KGL) = 0

for i > 0, see Lemma 2.58.
Since (V;5¢ fg+ime«fo(KW) = 0, any @ € (;5¢ fg+imp,wfy (KQ) maps triv-
ially under the composition

Tpwfq(KQ) = Tpt1w+1fg+1 (KQ) = Tpt2,w+2fg+2(KQ) — - - = mp oy (KW).

But since fgyimp o f (KQ) maps injectively under this composition for i > 0,
this implies = 0.
A verbatim argument applies to KQ/2". O

Lemma 2.62. Suppose A** is a double complex with exact rows and col-
umns such that A¥*¥ = 0 for some k > 0, and with differentials dp?: AP —
Artha @bt . A4 AP94=1 Then for any x € A%! in the kernel of the
composite map A% — A0 — ALO there exists an element y € A~1! such
that « and y have the same image in A%9.

Proof. We set z1 = dg’l(m) and inductively zg,q = dﬁ’kﬂ(m;). Here z), €
AR+ g g 1ift of xy, i.e., dqlf’kﬂ(m;c) = z3,.. Note that xy, € APF, 2} € ARFTL
d{fk(ajk) = 0, and z,, = 0 for some n > 0. Next we construct elements
g € APFTL such that dbF(y) = dﬁ’kﬂ(x;) = x5 and di’kﬂ(yk) = 0.

First we set y,—1 = a},_; for n as above. Since deH’kH(ka) = 0, there
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exists 22 )., such that dZ’kH(a:’k’ +1) = Yrt1- To conclude we set yp =
/ k20 _
zy, —dy () and y = 27 . O

Proposition 2.63. Let (E,E’) be shorthand for (KQ,KW) or (KQ/2",
KW /2"). Then we have

(2.64) li(l}rn Tpwfq(E) = li;n Tpwfq(E), li;nlwp,wfq(E) = li(llrnlﬂnwfq(E').

It follows that E — sc(E) is a my 4-isomorphism if and only if E' — sc(E’) is
a Ty «-isomorphism.
Proof. The Wood cofiber sequence (2.53) induces the commutative diagram

(2.65)

! N R

Tpwfett (KQ) = mpt1,wr1feri41 (KQ) —7 .70 — mpik,winferntit(KQ) — oo — mp wfy 11 (KW)

J LT J
l N

7p,wlg(KQ) = mp41,wt1fet1(KQ) — .70 = mpik,wikfern(KQ) — ... = mp wfg (KW),

where each horizontal map is part of a long exact sequence

= Tprkt 2wtk 1 i1 (KGL) = Tk kfern (KQ) —
= TpthtLwtht1fgrrr1(KQ) = Tp it wihs1fgirrn (KGL) — -

By Bott periodicity for KGL [65, Theorem 6.8| and (2.54) there are isomor-
phisms

Tpthet Ltk 1fg k1 (KGL) = mp,, B™FFD=0DE ) (KGL)
2= T ufg (B~ HUKGL)
= 7, wfg(SFHOKGL)
= mp_k—1,0f(KGL).

According to Lemma 2.58 we have m,_; ., f;(KGL) = 0 for all [ > 0 and
q > 0. Thus the horizontal maps in (2.65) are isomorphisms, and the in-
verse systems {mp.,f;(KQ)}, and {mp ,,f;(KW)}, are levelwise isomorphic
for ¢ > 0. This proves the isomorphisms in (2.64).
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The final claim follows from the Milnor exact sequence

0— h;’l’ll’ﬂ'p+1’wfq(E) — Tp . holim, f,(E) — lign Tp.wiq(E) — 0.

A verbatim argument applies to (KQ/2", KW /2"). O
We are ready to state our main convergence result for fields.
Theorem 2.66. Suppose the filtrations {im(I¢(F) — W(F)/2")}, of
W(F)/2" and {2:19(F)}, of oW (F') are exhaustive, Hausdorff, and com-

plete (e.g., if ved(F') < oo or F'* /2 is finite). Then the slice spectral sequence
for KQ/2", n > 1, is conditionally convergent with abutment , ,(KQ/2").

Proof. Follows from Lemma 2.5, Theorem 2.24, Theorem 2.28, and Proposi-
tion 2.63. O

Similarly we obtain a generalization of Theorem 2.66 to rings of S-
integers based on Theorem 2.51 and Theorem 2.52.

Theorem 2.67. Over Op the slice spectral sequence for KQ/2", n > 1,

is conditionally convergent with abutment , .(KQ/2").

2.4. Multiplicative structure and pairings of slice spectral
sequences

Let us begin by constructing a pairing of slice spectral sequences based on
the motivic version

(2.68) 1/4A1/2—1/2

of Oka’s module action of the mod 4 by the mod 2 Moore spectrum [42, §6].
If E is a motivic ring spectrum, i.e., a monoid in SH, then (2.68) induces the
more general pairing

(2.69) E/4NE/2 — E/2.

The slice filtration of E gives rise to an Eilenberg-MacLane system in the
sense of [11] and hence to an exact couple. By [54, Proposition 2.24|, (2.69)
induces a pairing of slice spectral sequences

(270) E;,q,w(E/4) ® Eg’,q’,w’(E/2) - E;+p’,q+q’,w+w’(E/2)a

satisfying the Leibniz rule d"(a - b) = d"(a) - b + (—=1)Pa - d"(b) for a €

Ey .w(E/4), b€ B 0 (E/2). Here E/4 is a motivic ring spectrum, and the
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groups Ej (E/4) form the E"-page of an algebra spectral sequence whose
differentials satisfy the Leibniz rule. On the level of slices there is a multi-
plication map

S10(1) A 54(E) = Sgm(E).
The positive slices of the motivic sphere spectrum contain MZ/2 as a direct
summand up to G,,-suspensions [54, Corollary 2.13|. More precisely, we have

Sm(l) =~ X" MZ/2V - - -

Any differential entering or exiting the direct summand h™™ < mg 05, (1) is
trivial [54, Theorem 4.8|. By the Leibniz rule with respect to the differentials
[54, Proposition 2.24], there is an induced pairing

(2.71) R @ By 4 w(B) = Ep gimaw(E)-

Under this pairing we have d"(z-y) = z-d"(y) for allz € A™™, y € £, (E).
Lemma 2.72. Over a field F' of characteristic char(F') # 2, the canonical

map 7o,0f1(1) = m,051(1) sends (—1) — (1) € GW(F) to p € hbL.
Proof. In the proof we will make use of Milnor-Witt K-theory KMW(F) of

F' (see [39]). Consider the commutative diagram

S (1) —=s (1) — 7 £ 1)

| !

21’150(1) *) 51(21 11) —> 51(1

| |

SLIMZ ik y SLIMZ/2.

See |52, Lemma 2.1] for the upper leftmost square and [54, Lemma 2.32] for
the bottom square. Applying mp o we get the commutative diagram

7T,17,1(1) E— f17T171(1)

| |

HYW(F;Z) —— hbL.

The left vertical map identifies with the quotient map KMV F) — KMW(F) /n
under the isomorphism 71 _1(1) = KMW(F). Here, n € KMY(F) corre-
sponds to the Hopf map in 71 1(1) and f, 79 0(1) = I"™ over perfect fields |31,
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Theorem 1]. (For a general field use base change and [52, Lemma 2.5]). That
is, the isomorphism K} (F) — GW (F) given by 1+ n[u] + (u) induces a
commutative diagram with surjective maps

EYW(F) —— KYW(F)/n

(2.73) [ [

I I/1? y KMV(F)/(n,2) = AbL.

A diagram chase in (2.73) shows (—1) — (1) maps to p. O

To state our next result we set A := {x ¢ S}~1Z — the localization of Z
inverting every rational prime not in SNZ — and let E, (resp. Ap) be the

corresponding localization of the motivic spectrum E (resp. abelian group
A), see also |54, Definition 2.1, Remark 2.2].

Lemma 2.74. Over Op the canonical map moofi (KQ,) — m0,051(KQy)
sends (—1) — (1) € GW(OFps)a to p € b1,

Proof. Since moo(1)(F) — m,0(KQ)(F') is an isomorphism the correspond-
ing statement holds over /' by Lemma 2.72. Comparing Of s with F' we have
the commutative diagram

70,0f1(KQp)(OFs) — m0,0f1 (KQ)(F)

[ [

m0,0(KQp)(OFs) —— m0,0(KQy)(F)

¥ I

GW(OES)A > GW(F)A.

The maps GW(Ops) — GW(F) and h'1(Ops) — hYML(F) are injective
(see [38, Corollary IV.3.3] and Appendix A). Hence (—1) — (1) € GW(OF.s)
maps to p € h!, since this holds over F. ]

Remark 2.75. If absolute purity holds for the sphere 1 — see Theorem 2.31
for KQ — then localization implies Lemma 2.72 holds over Ofs. By com-
paring the slice spectral sequences for 1 and KQ one obtains a version
of Lemma 2.72 for n-completions.
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3. Algebraic K-theory KGL

Throughout we work over a base field F' of char(F) # 2 or the ring of S-
integers in a number field. From [52, §5] we have the slice calculation

(3.1) s,(KGL/2") ~ ©2%1MZ/2".

Since S contains all dyadic primes, the same calculation holds over Or s by
[54, Theorem 2.19]. Recall the slice spectral sequence for KGL /2™ converges
conditionally over fields F' by [55, Lemma 3.11] and over rings of S-integers
in number fields by the Wood cofiber sequence (2.53) and Theorem 2.67. We
give an alternate proof in Theorem 3.5.

By the proof of [52, Lemma 5.1] the slice d!-differential for KGL/2 is
the first Milnor operation

(3.2) Q1 = Sq® + Sq?Sqt.

In weight w = 0 we obtain E;,q,o(KGL/Q) = h%7P4 which vanishes if
2q < p or ¢ > p with the possible exception of the mod 2 Picard group
h*! = Pic(Ops)/2.

Over a general base scheme there is a canonical orientation map

$¢: MGL — KGL

of motivic ring spectra. By passing to effective covers we obtain the factor-
ization

MGL % fo(KGL) — KGL.
In the Lazard ring L = Z[z1, z2,...] the generator z,, can be viewed as a
map X?»"1 — MGL defined over the integers. By complex realization we

have ®(z,) = 0 and hence ¥(z,) = 0 for all n > 2. Hence ¥ defines a map
©: MGL/(x2,z3,...)MGL — fo(KGL) of quotients, following [61, §5|.

Proposition 3.3. Let S be a Dedekind domain containing % Then ©/2
induces an equivalence

MGL/(2, 29, x3,...) — fo(KGL/2).

Proof. This follows from |61, Proposition 5.4| in combination with [60, The-
orem 11.3]. O
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Corollary 3.4. Let S be a Dedekind domain containing % Then
f,(KGL/2) = 2% (KGL/2)

is g-connective.

Proof. Follows from Proposition 3.3 and Bott periodicity for KGL [65, The-
orem 6.8]. O

Theorem 3.5. Let S be a Dedekind domain containing % and let n > 1.
Over S the motivic spectrum KGL /2" is slice complete and its slice spectral
sequence is conditionally convergent with abutment =, .(KGL/2").

Proof. We may assume n = 1 and conclude using Corollary 3.4 and [58,
Proposition 3.7]. More precisely, Milnor’s lim! exact sequence

0 — 11311 [2ME, £, (KGL/2)] — [E, holim f, (KGL/2)]
q—00 q—0o0

— lim [E,f,(KGL/2)] - 0
q—00

for E passing through the standard generators of SH(S) implies, using |58,
Proposition 3.7|, that the homotopy limit holim,_,~ f,(KGL/2) is contracti-
ble. Hence KGL/2 is slice complete. The convergence statement then follows
from Lemma 2.5. [

Remark 3.6. As a related statement, [58, Corollary 3.8] implies that the ho-
motopy t-structure on the stable motivic homotopy category of any noethe-
rian base scheme of finite Krull dimension is left complete, i.e., under the
said assumptions any motivic spectrum is the homotopy limit of its Postnikov
truncations.

Theorem 3.7. In the slice spectral sequence for KGL/2 there are isomor-
phisms

B2l (p—w,q) = (0,1)
Ezg,q,w(KGL/m = QhPPaY /pd p—w—q=0,1mod 4
ker(p%qu,qfw) pP—w—q= 2, 3 mod 4.

Proof. See Figure 4 for the E'-page when w = 0. By Table 10 the first
Milnor operation Q; acts on h?¢~P9~" as multiplication by p> times a 7-
multiple when p — w — ¢ = 2,3 mod 4, and trivially otherwise. Note that
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E? . (KGL/2) is the homology of the complex

p7q7w
d;) 1,9—1,w d;,q,w
By go1.0(KGL/2) 22222 B (KGL/2) = B} 1, (KGL/2).

Depending on p — w — ¢ mod 4, if d})’qﬂu is multiplication by p? times a 7-

multiple then d}) +1,g—1,w 18 trivial, and vice versa. Thus the E?-page takes
the claimed form. O

Remark 3.8. Note that Ef , ,(KGL/2) is not an algebra spectral sequence.
This follows since d*(72) # 0, while a Leibniz rule would imply d'(72) =
27d (1) = 0.

Example 3.9. If F'is a real closed field, then h** = Fa|r, p] and the proof
of Theorem 3.7 implies

o | z)2{p*Prr=9} ¢q—p=0,3mod4,and 2¢q — p=0,1,2
g0 (KGL/2) = {O

otherwise.

In the abutment, this gives the 8-periodicity Z/2, Z/2, Z./4, 7./2, 7Z./2, 0, 0,
0 for the mod 2 K-groups of the real numbers, see e.g., [62, Theorem 4.9].

Recall there is an isomorphism KGL,, ;(F) = K,_2,(F) [65, §6.2].

Example 3.10. If cdy(F) < 2 and n > 1 there is an isomorphism
Kon 1(F;7Z/2) = h'™ and a short exact sequence

0 — h%" — Kop_o(F;Z/2) — h%" — 0.

Theorem 3.11. The mod 2 algebraic K-groups of O s are computed up
to extensions by the following filtrations of length I.

Table 2: The mod 2 algebraic K-groups of Of s

nz O l Kn(ORS;Z/Q)

8k 2 fo/fl = h0’4k, fl = ker(p274k+1)
8k+1 | 1 | fy = hlak+l

8]€ + 2 2 fo/fl = h0’4k+17 f1 = h2’4k+2

8k+3 | 2 | fo/fy = hIARF2 f) = p3akt3 /58

Sk 44 9 fO/fl — h2,4k+37 fl — h4’4k+4/p3
8k+5 | 2 | fo/fi =ker(p? 4 p3), fr = K34+ /P
8]@’ + 6 2 fO/fl = ker(p2}4k+4), fl = h4’4k+5/p3
8k+7 | 1 | fo=ker(p] 45.4)
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In Table 2: h%4 = 7Z/2, h'4 = OF /2@ Pic(OF,s5)/2, ker(pg,1) = h*! =
Pic(OFps)/2, h*? 2 Pic(Ops)/2®2 Br(Ops) for ¢ > 1, h39/p3 = (Z/2)" 71,
Wi/ pd e p3al/p? = (2/2)1570 ker(p} ) & ker(p} ) & im(hy? — BM9),
ker(pa,q) = ker(p3,) = ker(p3,) = im(h3? — h%9) for ¢ > 1. Here t{ is
the 2-rank of the narrow Picard group Pic, (OFs) and ts is the 2-rank of
Pic(OFs). Moreover, ker(piq) has 2-rank 7o+ s+t&, where 75 is the number
of pairs of complex embeddings of F' and sg is the number of finite primes
in S, while ker(pgq) has 2-rank ss +ts — 1.

Proof. Combining Theorem 3.7 with (A.13) and (A.14) we deduce Table 2.
The 2-rank formulas follow from (A.13), see [45, Lemma 13]. O

Remark 3.12. Theorem 3.11 is in agreement with [50, Theorem 7.8]. The
calculations in [50] are based on the unpublished work [8] (cf. the comments
in [63]).

Lemma 3.13. There is an isomorphism Eg5 ((KGL/4) = HY(Ops;7./4).

Proof. The d'-differential is trivial on the mod 4 class 7* generating
Eg,0(KGL/4) = H*Y(Ops;Z/4).

Here 7 is the generator of H*!(Op s; Z/4) = py(O g). Since EL ,  (KGL/4)
is an algebra spectral sequence, this follows from the Leibniz rule, i.e.,

dH(7h) = 473d"(T) = 0. O

Since KGL is a motivic ring spectrum, see e.g., [53], (2.70) yields a
pairing of slice spectral sequences

(3.14) E! o (KGL/4)® Bl 0 (KGL/2) = EL, i (KGL/2).

The generator 7¢ commutes with the differentials and acts as multiplication
by 74 € h%* under the pairing (3.14). Thus it induces a periodicity isomor-
phism on E7 . (KGL/2) in the range ¢ < p. For the abutment we deduce
the following result.

Corollary 3.15. For n > 1 the permanent cycle 7 induces an 8-fold peri-
odicity isomorphism

K (Ops;iZ/2) = Knys(Ors; Z/2).

Proof. Follows from Theorem 3.11 and the discussion of (3.14). O
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More generally, comparing with real closed fields, see Example 3.9, the
techniques in [56, §4,5| yield a periodicity result for fields of finite virtual
cohomological dimension.

Corollary 3.16. Let F' be a field of char(F') # 2 and assume ved(F') < oo.
The permanent cycle 7* induces an 8-fold periodicity isomorphism

K(FiZ/2) = Koys(FiZ)2)

for all n > ved(F) — 1.

Our next aim is to determine KGL/2" for any n > 1 over rings of S-
integers. We first calculate the differentials in the slice spectral sequence over
R, and then transfer these to O s under the real embeddings of F. As in the
mod 2 case the slice spectral sequence collapses at its E2-page. This is made
possible by the following description of the mod 2™ motivic cohomology of R.

Lemma 3.17. Set H’ = H*)(R;Z/2"), and let (prd")et : H® — hod,
(inc3. )b : hab — HEP (92")%b . HE —5 pot1b and (82,)% : B — HATHP
be the maps induced by the short exact sequences

0—7Z/2—7/2"" - 7Z/2" - 0and 0 — Z/2" — Z/2"™ = Z/2 — 0.

» If a —b = 1mod 2, (inc3.)*", (93")%* and (02.)*" are isomorphisms,
and (pr2")®? is trivial.

» Ifa > 0,a—b=0mod 2, (pr3")*" is an isomorphism, (inc3,)%?, (63" )*?
and (02,)*? are trivial.

» If a =0 and b = 0 mod 2, (02")*" and (02,)*° are trivial, and there
are nonsplit extensions

b mczn

0 ROb 5y 06 L 0% 0 and 0 — HOY, - HOY P 0 s g,
Proof. This follows by induction on n using the diagrams with exact rows,

ha+1,b

J{incgn

1b 82n pr%"“ 2n LD
he~ H® >

HY n+1 O
\ lpr? \ lazn

h® ,b ha+2 b
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when @ — b = 0 mod 2, in which case Sq' : h%? — o1l ig trivial, and

ha72,b ha,b

1

_ 3" inc2, 4y o3"
Hg 1,b 2 ha’b 2 Ha,b Hg,b 2 ha+1’b

n+1
l"

ha—l,b

when @ — b= 1 mod 2, in which case Sq' : h*® — h*t1? is an isomorphism,
a > 0. In the above we used that [MZ/2, >*0MZ/2] = 0 (see Appendix A).
The extensions are nontrivial by a standard Galois cohomology calculation.

]

Remark 3.18. In fact there is an isomorphism of algebras

H**(R;Z/2") = Z,/2"[u, T, pl / (2p, 27, 7%),
where u, 7, and p are the generators of H2(R;Z/2"), H%'(R;Z/2"), and
HYY(R;Z/2™).

Lemma 3.19. If a d'-differential for KGL/2 over the real numbers is sur-
jective then the corresponding d'-differential for KGL/2" is also surjective.

Proof. The canonical maps KGL/2 — KGL/2" — KGL/2 induce a com-
mutative diagram

B o(KGL/2) = i & paepsdautl Z Bl (KGL2)
E;7q7w(KGL/2n) _ HTQLCI*IMI*w d, ngfp+3,q*w+1 _ E;_Lq+17w(KGL/2n)
B} 1o (KGL/2) = po-pav & paipisa—vil ZBL L (KGL2).

If g—p+w = 0 mod 2 the lower vertical maps are surjections and the lower
left vertical map is an isomorphism (cf. Lemma 3.17). If ¢ — p+w # 0 mod 2
the upper vertical maps are isomorphisms. O
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Corollary 3.20. The E? = E>-page of the slice spectral sequence for
KGL/2" over O s is given by

H2=P4=(Op s;Z/2") p—w —q=0,1mod 4

P,g,w fﬂq—p,q—w(oF’S; Z/2") p—w—q=2,3mod 4.

E® (KGL/2") = {

Here we set

HPY(Op,s;Z/2")
- Coker(pr&qfl(OF?g; Z/Q") N EBm prS,qfl(R; Z/Q”)) p>3
") gra p<3

and

HP(Op,5;2,/2") = ker(HP'(Op.s;2/2") — (D HP(R; 2/2")).
In particular, E]‘jf’%w(KGL/Q”) =0 for 2¢ — p > 5.

Proof. For p > 3 the real embeddings of F' induce an isomorphism (see Ap-
pendix A)
HP(Ops; Z/2") = @D HP(R; Z/2").

We have a commutative diagram

H2P0-0(Op 51 2/2") ——— @ HXP0-(R:2/2")

I [

H2q—p+3,q—w+l(0F7S; Z/Qn) = @h H2q—p,q—w (R, Z/2n)7

where the lower horizontal map is an isomorphism for 2¢ — p > 0. This
determines all the differentials, and the E?-page takes the above form. For
degree reasons this is the E°°-page. O

When § is a finite set, finite generation of KGL*,*(OES) implies the
inverse limit
(3.21) lirrln E;q’w(KGL/Tl)

defines a spectral sequence with the d"-differentials given by inverse lim-

its of the slice d"-differentials. Its EJ7  -term is given by the inverse limit
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lim,, E55, ,,(KGL/2") identified in Corollary 3.20. Due to collapse at the
E? = E>-page for each n > 1 the inverse limit spectral sequence con-
verges strongly to the 2-adic algebraic K-groups K,(OFs;Z2). In this way
we deduce two-primary calculations first carried out in [22], [28], and |50,
Theorem 0.6]. Moreover, by Voevodsky’s proof of the Bloch-Kato conjecture
at every odd prime ¢ [69], assuming ¢ is invertible in Op s and S is finite, a
straightforward calculation with the slice spectral sequence for KGL yields
isomorphisms for f-adic coefficients

(3.22) Kon-m(Ops; Z¢) = H™™(Ops; Zy)

for n > 2, m =1,2 (see Appendix A for a review of the integral motivic co-
homology groups of O s). Corollary 3.20, localization and purity, and (3.22)
conspire to give an integral calculation for arbitrary S containing the infinite
primes.

Theorem 3.23. For n > 2, m = 1, 2, the map
(3.24) Kon-m(Ors) — H™"(OFs)

is an isomorphism when 2n — m = 0,1,2,7 mod 8, a surjection with kernel
(Z/2)™ when 2n—m = 3 mod 8, and an injection with cokernel (Z/2)"™ when
2n —m = 6 mod 8. Finally, when n = 3 mod 4, there is an exact sequence

(3.25)
0— Kgn_g((')p,g) — H2’n(OF73) — (Z/Q)rl — Kgn_l(OF,g) — Hl’n(ORS)
— 0.

4. Higher Witt-theory and hermitian K-theory

Throughout we work over a base field F' of char(F) # 2 or the ring of S-
integers in a number field. From the identification (1.15) in [52, Theorem
4.28] of the gth slice of higher Witt-theory we obtain

(4.1) sq(KW/2) ~ \/ 57 9MZ/2.
JEZ

Since (Sq',id) is a nontrivial automorphism of MZ/2VX10MZ /2, the wedge
product decomposition of s,(KW/2) is only unique up to MZ-module iso-
morphisms. Similar observations apply to KQ and its mod 2 slices in (1.14).
For the purpose of systematic calculations we fix an explicit choice:
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Convention 4.2. Let E denote KQ or KW.

1. The canonical maps E — E/2 and E/2 — X1°E induce either inclusions
or projections on the slice summands.

2. The naturally induced map s,(KQ/2) — s,(KW /2) is compatible with
the canonical map of cofiber sequences from KQ — KQ — KQ/2 to
KW — KW — KW/2.

In particular, the top summand ¥?%9MZ/2 of s,(KQ/2) maps by
(Sq',id) to s,(KW/2) if q is even. All other summands of s,(KQ/2) map
by the identity to s;(KW/2).

Over a field F of char(F) # 2, recall that m, KW = W(F) if p =
g mod 4 and 7, ;KW is trivial in all other degrees. By the mod 2 universal
coefficient sequence we deduce

W(F)/2 p=qmod4
Tpo(KW/2) = ¢ oW(F) p=gq+1mod4

0 otherwise.

Theorem 4.3. The restriction of the slice d!-differential to the summand
YITIIMZ /2 of s,(KW /2) in (4.1) is given by

(44) d'(KW/2)(q,5)

(S9°Sq',0,54¢%,0,0) j=0mod 4
B (Sq®Sq*, Sq?Sq + Sq3,Sq%, p + 7Sqt, 0) j=1mod 4
) (Sa®Sq',0,Sq* + pSq’, 0, 7) j=2mod 4
(Sq°Sq', Sq?Sq' + Sq®,Sq* + pSq', 7Sq', 7)  j = 3 mod 4.

Figure 1 shows the slice d!-differentials for KW /2. Each dot is a suspen-
sion of MZ /2. The simplicial degree (resp. weight) is indicated horizontally
(resp. vertically).

Proof. According to [52, Theorem 6.3] the corresponding slice d!-differential
of KW is given by

(Sq*Sq*,Sq?,0) j=0mod 4

d'(KW)(q,j) =
( )(q,7) {(Sq33q1,5q2 +qu1,T) j =2mod 4.

From the homotopy cofiber sequence KW — KW/2 — XSMKW —
LKW we get d{(KW)(q,7) = d'(KW/2)(q,5) when j is even. This
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q—|—3 . . . . . . . . . .

q+2

q+1

4 —4 43 —2 43 4i 42 4i 44
Figure 1: Slice d!-differentials for KW /2.

proves (4.4) for j = 0,2 mod 4. When j is odd, pro d'(KW)(q,j) = pro
d}{ (KW /2)(q, j), where pr is the projection of %!Ys,.;(KW/2) onto the
odd summands. Hence, by Lemma A.4, we have

(4.5)
d' (KW /2)(g; j)

(Sa®Sqt, aSq®Sqt + bSq®, Sq?, ¢ + ¢rSqt, 0) j=1mod4
(Sq®Sq', a/Sq?Sq' + ¥'Sq?,Sq” + pSqt, ¢’ + ¢7Sqt,7) j =3 mod 4,

where a, b, ¢, a', b/, ¢ € h% = Z/2 and ¢,¢ € hb!. Since the slice d'-
differential squares to zero, the product of the matrices

Sq3Sq* 0 0 0 0
aSq®Sqt +bSq®  SqSq! 0 0 0
Sq? 0 Sq3Sqt 0 0
¢ + crSq* Sq?  @’Sq*Sq' +¥Sq®  Sq3Sq! 0
0 0 Sq? + pSq* 0 Sq3Sq!
0 0 ¢ + /7Sq* Sq% + pSq'  aSq®Sq + bSq®
0 0 T 0 Sq?
0 0 0 T &+ erSqt
0 0 0 0 0

and (Sq°Sq*, a’Sq?Sq' 4+ ¥/Sq?, Sq? + pSq', ¢’ +/7Sq!, ) is zero. That is, the
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matrix
0
0
0

(¢+¢' +p)Sq’Sq" + (V' + d/)Sq’Sq”

0

(a+b)pSq* + (b + )7Sq® + (a + ¢)7Sq?Sq" + (b + ¢)p?Sq*
0

(¢ + ¢ + cp) + (c+ ¢)12Sq*
0

has zero entries. This implies ¢ + ¢’ +p=d +V =0, anda=b=c= (.
Next we consider the commutative diagram for g even
5¢(KQ/2) —————— 5,(KW/2)
|erxa/2@ | w2
$10s,11(KQ/2) —— X10s,1 1 (KW/2).
Here the upper horizontal map restricts to (Sq',id) on the top summand

Y209MZ/2 of s,(KQ/2). The top summand of ¥'9s,.;(KQ/2) is
¥20+34T1MZ /2. Hence X2¢9MZ/2 maps trivially to the summand

2211+4,Q+1Mz/2
of 219, 1(KW/2), ie.,

0 (aSq?Sq" +bSq*)Sq' +Sq®Sq'id ¢ = 0 mod 4
(a’Sq*Sqt + 0'Sq®)Sqt + SqSqlid ¢ =2 mod 4.
It follows that b=V =1, and thusa=d =b=b0 =c=¢ = 1.
The relation ¢ = p € h! is shown in Lemma 4.8.

Finally, a base change argument as in [52, Lemma 5.1| extends the result
to O FS- O

Theorem 4.6. Over fields F of char(F) # 2 and ¢’ = ¢ — w, the E?-page
of the slice spectral sequence for KW /2 is given by
h?49 /p p =w mod 4
E;q’w(KW/Q) = dker(pyg) p=w+1mod4

0 otherwise.
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The same identifications hold over the ring of S-integers in a number field
with the exceptions

h*2/(p,7) p—w =0mod 4
E} i2.0(KW/2) 2 Sker(pao)/T p—w=1mod 4
0 p—w = 2,3 mod 4,

Ml e h?t p—w=0mod4

ker(pi1) p—w=1mod4

E? KW/2) =
p’wH’W( /2) p—w = 2mod 4

h21 p—w = 3 mod 4.

Proof. Note that E;zl),q,w (KW /2) = @glzo h®? by (4.1). The slice differentials
d;vqﬂu : @ hiVQ/ — @ hz’q,—‘rl
i i

from Theorem 4.3 are given by matrices with entries 0 and p®r®, where
a €N, beZ,ctf. Table 10. When b < 0 this makes sense in the range where
multiplication by 7 is an isomorphism on the mod 2 motivic cohomology ring
h**, see Appendix A.

Let d} (i, 4) be the restriction of d} ., to h%4" — h3+L For i,j < q
we have

(4.7) Ay gu(8,3) = 01f [i — j| >4, d} ., (6,5) = dp 4 (i +4,5+4),

d;),qﬂ,w (1,5) = dzla,q,w (4, )

From (4.7) we deduce the repetitive form of the matrix (d} (i, 7))i; as

indicated in Figure 2. Every void box indicates a trivial map.

The d'-differential exiting E} , (KW /2) is given by a (¢' +2) x (¢’ +1)
matrix similar to the one in Figure 2. Since A% is trivial for i < 0 this
matrix is of size (4N + 1) x 4N for some N. Table 3 displays all details for
¢’ = 3. All other differentials are determined by Table 3 and (4.7).

Using Figure 2 and Table 3 it is straightforward to determine the kernel,

image, and homology in each column E;,*yw (KW /2). We summarize the cal-

culations in Table 4. As an example, we identify the kernel of multiplication

by (d;qyo(i,j))i,j when p = 1 mod 4. In each column corresponding to h*9

where ¢ = i mod 4 we obtain ker(¢; ,) if i = ¢, and if i # ¢ and for x € h"4
the element (p*7=*, ¢771, 1)z is in the kernel. O
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ha'd pa' —Lapa' —2.qp4' =34 ...

Ra+1.d +1 p2r1 pir=3
pa'ha'+1 P p2rt p3r2
' —1.d +1 T p27'_1
ha =20 +1 T

Figure 2: The matrix (d}, ,(i,7))ij<q for p = 0,3 mod 4. The entries for

p = 0 mod 4 are shown. The dotted red rectangle shows the matrix for dzla,q,w
when ¢’ = 3.

Table 3: The matrix for d> N=1

p?q’w’

0 p2r-t 0 ptr—3 6 0 pPr=2 pir—3

0 ) P27t pir 0 0 p2r7t 0
p—w=0mod4,| 0 T 0 p2r—1 p—w=1mod4,| 0 0 ¢+p 0

0 0 T b +p 00 T 0

0 0 0 0 00 0 T

0 0 0 plr—3 b+p pirol pPr? pipd

T p4+p pirt pir72 T 0 p2r~ ! 0
p—w=2mod4,| 0 0 0 0 p —w = 3 mod 4, 0 T ¢ pirt

0 0 0 ¢ 0 0 0 0

0 0 0 T 0 0 0 0

Lemma 4.8. Over a field F' of characteristic char(F) # 2 we have ¢ =
p € hbL.

Proof. Over the real numbers, W(R) = Z and I? = (29) via the index.
By (2.8) and (2.25) this implies
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Table 4: The homology of E;
p—wmod4 | ker(d. )

D, w
0 @q’—iEOth, ® @q’—i53 (p2772a d) + P 1)hi’QI

1 ker(gq q) ® @q/—izlhi’q, D DBy —i=0,i<q (P77 ¢, 1)hid
2 Bg—i=1((¢+ p)771, 1)hi’q/ B By —iz2(p*172, 1)hi’q,

3 Dy —iza(pP*172, o7 L 1A © @y _i=3(pPT72, 1)hH
im(d;Jrl,qfl w)

0 im(¢g—1,g-1) ® By—1-i=2(p>772, 0771, ¢+ p, 7)RHT ~1p
By —1-i=3(p*r =3, 7)hP4 1

1 @qukionhi’q/_l B By —1-i=3(p*773, 8, T)hi’q/_l

By —1—i=0(0d + p, T)Thi’q/_l @ @q’717i51(p27'_17 T)hi’q/_l

3 @qlflfizl(pQTfl, o, T)hi’ql71 ©® @q/flfizz(pQTil, T)hi’qlfl

KW/2)

7>0<,7,U(

ZJ2 q=0

(4.9) EgS o(KW/2) = {0 o

Moreover, by the proof of Theorem 4.6, we have

B4 | pha—La—1 p=0mod 4
(4.10) E]%,q’O(KW/Q) &~ S ker(¢: h%9 — h9thath) p =1 mod 4
0 otherwise.

Here h** = Fq[p, 7|, where |7| = (0,1), |p| = (1,1), see Table 11. It follows
that ¢ = p € hb! over R. Over Q we compare with the completions R and
Qy, ¢ a prime number, via the injective map

(4.11) hMHQ) — A (R) @ D RMH(Q).
4

According to [27, Theorems 2.2, 2.29] and [57, Theorem 6.6] the Witt-group
and the nonzero powers of the fundamental ideal of the f-adic completion of
Q are given by:

Table 5: The Witt-group of Q and nonzero powers of the fundamental ideal

Qe | W(Qp) | I | I?

(=2 Z/8® (Z]2)? | Z/4& (Z]2)? | Z/2
¢=1mod4 | (Z/2)* (Z)2)3 Z]2
¢=3mod 4 | (Z/4)* Z/4AD7Z)2 Z)2
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From (4.11) and the calculation over R it follows that ¢ = p + p’ over Q.
Over the f-adic completions we identify the groups in (4.10) with the corre-
sponding mod 2 Milnor K-groups given in |37, Example 1.7], [44, §3.3]:

Table 6: The mod 2 Milnor K-groups of Q,

Qe | kM

(=2 Falp, z, yl/ (2%, 4%, p* + zy, pz, py)
/=1mod4 ]Fg[u,f]/(u2,€2)

=3mod4 | Falp, €]/ (p* L(p— 1))

Here u is a nonsquare in the Teichmiiller lift F,* C Q. For £ = 2 we write
and y for the square classes of 2 and 5, respectively.

If £ = 1 mod 4 we have p = 0 over Q. By (2.25) we obtain Eg ((KW/2)
=~ (Z/2)%. Hence the image of p': h%0 — AL is trivial, i.e., p’ = 0 over Qy
when ¢ = 1 mod 4. The same analysis is inconclusive over Q2 and Q, for
¢ = 3mod 4 in the sense that we are unable to determine the value of p
by comparing with (2.8), (2.25), and (2.26). The filtration of the abutment
is the same regardless of the value of p’ (that is, up to isomorphism of each
filtration quotient).

Next we show p/ = 0 over Q. Over Qg the slice spectral sequence for
KQ/2 converges strongly to . .(KQ/2) by Theorem 2.66. The slice d!-
differentials are identified in terms of those of KW /2 in Theorem 4.14, with
the caveat that one should replace p by p + p' (before concluding p’ = 0).
Its E?-page with p’ = 0 is identified in Theorem 4.16. To show p’ = 0 we
consider weight zero and E%’*7O(KQ /2). The proof of Theorem 4.16 shows
E3,0(KQ/2) = E3, ((KW/2) if i > 4, and E3, ,(KQ/2) = 0if i < 0. We
have E227Z-70(KQ/2) =% 0 only if 4 = 1,2,3 by Theorem 4.6. Calculations as
in Theorem 4.16 show

E22,O,O(KQ/2) =0, E22,1,0(KQ/2) = ker(pp 1),
E340(KQ/2) = h'? & h°?, E33,(KQ/2) = h**/(pp').

If p/ # 0 this filtration cannot produce KQo(Qy;Z/2), see Lemma A.20.
Thus we conclude p’ = 0.

Via (4.11) we conclude the claim for Q and hence for any field of charac-
teristic zero using base change. For fields of positive odd characteristic one
may proceed as in the proof of [52, Lemma 5.1]. O

Next we calculate the E%-page of the slice spectral sequence for KQ/2
over fields and rings of S-integers in number fields. Specializing to fields
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with ved(F) < 2 or Of s the spectral sequence collapses, and we deduce a
calculation of the mod 2 hermitian K-groups up to extensions.

The slices (1.14) of KQ were identified in [52, Theorem 5.18]. It follows
there is an isomorphism

(4.12) 5¢(KQ/2) ~ \/ £ IMZ/2.

J<q

Remark 4.13. We shall refer to the summands 979 MZ/2 of s,(KQ/2) as
even or odd when j is even respectively odd. These are summands arising
from s,(KQ) or £1%,(KQ) in the cofiber sequence defining s,(KQ/2). As
it turns out it is often easier to compute with the even summands.

Theorem 4.14. The restriction of the slice d!-differential to the summand
SItIIMZ /2 of s,(KQ/2) in (4.12) is given by

d'(KQ/2)(q, 1)

(Sq35q1u 0, SqQ,O,O) q>j=0mod4
B (Sq®Sqt, Sq%Sqt + Sq?,Sq?, p + 7541, 0) g>7=1mod4
) (59%Sq*, 0,592 + pSqt, 0, 7) g>j=2mod4
(Sq®Sqt, Sq%Sq' + Sq*,Sq? + pSql, 7Sql, 7) ¢ > j =3 mod 4,

(0,59?Sq', Sq? + pSqt,0,0) g =0 mod 4
41 (KQ/2)(q. ) (0,S9°Sq" + Sq*,Sq%, p 4+ 754", 0) ¢ =1mod 4
’ (0,S9%Sq*,Sq? + pSqt, 7Sqt, 7) g =2mod 4
(0,Sq%Sq' + Sq?,Sq? + pSqt,7Sql, 7) ¢ =3 mod 4.
Here the ith component of d'(KQ/2)(q, ) is a map
NITIIMZ /2 — $IHITeatINVIZ /2.,

Proof. This follows from Theorem 4.3 by applying Convention 4.2 to the
commutative diagram

5,(KQ/2) ——— 5,(KW/2)
(4.15) ldl(KQ/Q) ldl(KW/Q)
$10s,.1(KQ/2) —— 1051 (KW/2).
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Suppose ¢ is even. When ¢ < j it is immediate that d'(KQ/2)(q,j) =
d'(KW/2)(q,5). When ¢ = j the top horizontal map in (4.15) equals
(Sql,id), while the lower horizontal map is an inclusion. Hence we
obtain

d'(KQ/2)(¢,q) = d'(KW/2)(q,q) + d' (KW /2)(¢,¢ + 1)Sq".
For example if ¢ = 0 mod 4 we have

(0,5¢°Sq",0,5q%,0,0) + (Sq°Sq*, Sq?Sq* + Sq®, Sq*, p + 7Sq*,0,0)Sq’
=(0,0,59%Sq",Sq” + pSq*, 0, 0).

Suppose q is odd. When j < ¢— 1 it is immediate that d*(KQ/2)(q,j) =
d'(KW/2)(q, 7). Note that d*(KQ/2)(q,q— 1) takes the asserted form since
Sq3Sq'Sql = 0. If j = ¢, then ¥?4T29+'MZ/2 maps by the identity un-
der the lower horizontal map in (4.15). Thus d'(KQ/2)(q,q) agrees with
d' (KW /2)(q, q) except for on the summand $2¢+39+ I MZ /2 of 5,11 (KW /2)
(this is not a summand of s;41(KQ/2)). Finally, note that s,(KQ/2) —
sq(KW/2) is a split monomorphism. O
Theorem 4.16. The groups Eg%w(KQ /2) over fields F' of characteristic
different than 2 and rings of S-integers in number fields are given by Table 7
and Table 8. (In the tables p—w and g —p+w are congruence classes modulo
4 with the exception of ¢ — p+ w in Table 8, and a = 2¢ — p, ¢ = ¢ — w):

Table 7: The group E’qu’w(KQ/2) is trivial if p/2 > ¢ and for ¢ + w < p it
is given by:

b g ptuw 0 1
0 ha,q’/p5 ker(p;q,) @ ho—La /p2
1 ker(pa,q) @ he=14 /p? | ker(p2_, ) @ ho72 /p?
2 ha—l,q’/pS ® ha—2,q//p ha—2,q//p3
3 he=24 [ p? ker(p2 )
2 3
0 ker(p_1,,) ©h*=24 [p he=2
1 ker(p]_s o) - ker(pg )
2 ker(p? /) h* 4 /p® ® ker(p2_y o)
3 ker(pa,q) ®ker(pl_ ) | he~t7 /p* @ ker(p3_, )
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Table 8: For ¢ +w > p + 1 the group E?2, ,(KQ/2) is given by:

P.g.w
q¢—ptw 1 >1
p—w
0 ha—1.d /p2 ha'a /p
1 ker(pa—1,4) & h*=27 /p? | ker(py o)
9 ha72,q’/p3 0
3 0 0

Proof. Taking homotopy groups in (4.12) yields

min{2q—p,q’}

E,.(KQ/2)= &

1=0

If ¢ > p — w + 1 the canonically induced map

B, w(KQ/2) = EL, (KW /2)
is an isomorphism. Moreover, the entering and exiting d'-differentials for
KQ/2 and KW /2 coincide when ¢ > p — w + 1, see Theorem 4.14. Thus
pqw(KQ/2) pqw(KW/Q) in this region. By Theorem 4.6 we obtain
the second column in Table 8.
If ¢ < p—w we proceed as in Theorem 4.6 by writing d} as a matrix

Pygw
(d119 q, w(,9))ij, where

dp g(i,5) s BP9 — RPTHL
To determine this matrix we combine Theorem 4.14 with Table 10. Set a =
2 —p,a’ =a—b, and

b= (q¢—pmod4) e {0,1,2,3}
A=20¢-1)-(p+1)=a-3
B=((g—1)—(p+1) mod 4) = (b+ 2 mod 4)
A=A—B=a—-3—(b+2mod4).

Note that %7 is the top summand of E} ».q.w(KQ/2), and likewise for pAe -1

and Ep+1 ¢—1.0(KQ/2). The entry d}, 4.0(1, J) is possibly nontrivial only when
(i,7) € 10, b+ 4n) x [0,b + 4n + 1), where n > [(2¢ — p — b)/4]. Thus
(d} 40(i:9))ig is a (b+4n) x (b + 4n + 1)-matrix. To simplify we consider
its submatrices M}, := (d} ,(i,))i; for i € [d’,a] given in Table 12, and
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ng’ (dzl,qw(z J))i,; for i € [0,a’). Here Mz}qw isa(b+1)x (b+4n+1)-
matrix, cf. Table 12, and M2 . is the block matrix obtained by inserting one

P,qw
of the matrices in Table 3 along its diagonal and zero entries elsewhere. In the
first block of M; 2 ¢ We remove the first column in the corresponding matrix
from Table 3. That is, M7, (i,§) = Mp_wmod 4(i mod 4, j + 1 mod 4) if
|i — (j+1)| <4 and 0 otherwise. Here M,_,, is the (p —w mod 4)th matrix

in Table 3.

It is helpful to note the equality d!

1
P,q,0 — =d

ptw,qw- deed, we have

dl

q+i.q 1
ptw,gw 7TP+“”“’(\/ DITHMZ)2) = Ep oy g1

Ji<q
and

7Fp+w,w(\/ NITIIMZ/2) = @ pa+i—p—w.g—w _ @ FI—Ppati—p—w,qtj—p-w
J<q J<q J<q

Here the d'-differential depends only on the powers of 7, and the integers ¢
and j. The decompositions

ker(d ) = ker(M! )@ ker(M?, ),

p,q,w p,q,w p,q,w

and

lm(d}laqw) = (M}}q w) @lm(Mng w)

follow by inspection. To determine the E?-page we identify the kernels, im-
ages and homologies for all the matrices Mp qw 10 Table 12, and likewise for
M? A part of the calculation for M? . was carried out in Theorem 4.6,

w W
seg gfable 4. The kernels and images tog};‘gher with the values of a’ and A’ are
determined by Table 13. Using this data we deduce Table 7. If ¢ = p—w+1,
the entering d'-differential is given by Table 12 and the exiting d'-differential
by Table 3. By combining Table 4 (or Table 13 for ¢ — p + w = 0 mod 4)
with Table 13 for ¢ —p+w = 1 mod 4, we deduce the first column in Table 8.
The E?-page in weight w = 0, 1,2, 3 is shown in Figure 5, Figure 6, Figure 7,
and Figure 8, respectively. O

Combining the ring structure on KQ in [46] with (2.70) we obtain a
pairing of spectral sequences

(417) pqw(KQ/4) ® E; ,q" W’ (KQ/2) — E;+p ,q+q'  w+w’ (KQ/Q)
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The proof of Lemma 3.13 shows the group Ef,,(KQ/4) is isomorphic to
HY4(F;7Z/4), generated by 7 for all » > 1. Here 7* commutes with the
d'-differential and it defines an (8, 4, 0)-periodicity element on the E"-pages
under the paring (4.17). The generator 7% € H%*(F;Z/4) acts as 7% € h04,
and we obtain:

Lemma 4.18. There is an isomorphism Eg5 ,(KQ/4) = HY4(F;7Z/4).

Recall the slice spectral sequence for KQ/2™ is conditionally convergent
over ' when ved(F') < oo by Theorem 2.66.

Theorem 4.19. If F is a field of characteristic char(F) # 2 and ved(F) <
00, the E2-page Egquw(KQ/Q) of the slice spectral sequence for KQ/2 is
(8,4,0)-periodic for p — 2w > ved(F) — dp. Here 6p = 2 if ved(F) +w =
0 mod 4, and dp = 1 if ved(F') + w # 0 mod 4. The periodicity isomorphism
is induced by multiplication by 74 € E§7470 (KQ/4) in the pairing (4.17).

When ved(F) = 2 the mod 2 hermitian K-groups of F' are given up to
extensions as follows.

n=0 |1 | KQ,,[:Z/2)
8k 3 fo/fl = h0’4k7f1/f2 = ker(p2,4k+1) &) h1’4k+1, fo = h2’4k+2/p
8k+1 | 2 | fo/fi = ker(piant1) @ ROHF T £ = ker(po,ap42) ® A1 4FH2
8]{? + 2 3 fO/fl — hO,4k+17 fl/f2 — h1,4k+2 e h0,4k+27f2 — h2,4k+3
8k +3 2 fo/fl — h0,4k+27f1 — pLAk+3
8k+4 | 2| fo/fi = ROFFS f = ptaite
8+5 010
8]{? + 6 1 fo = ker(p2,4k+4)
8k —+ 7 2 fo/fl = ker(pi4k+4), fl = ker(p2’4k+5)
n=0 |1l | KQ,.,,(F;Z/2)
8k 3 | fo/fi = ker(po,ar), f1/f2 = ker(p? 451 1) ® KO
f2 = ker(pz,ar+2)
8k+1 | 2| fo/fi = hO¥H! £ = phaht?
8k+2 | 1 | fo=hOH2
8k+3 | 1| fg=h>*+3
8k + 4 1 fo = ker(p274k+3)
8k+5 | 2 | fo/fi = ker(pf 4ys), fr = B> /p® ® ker(po,ania)
8k +6 | 3 | fo/fi = ker(pg apis)s fi/fo = ker(pa,anta) @ ker(p? 4 s4),
fo = ker(p2,ak+5)
8k+7 | 2 | fo/fi = ker(pf 4p4q) ® RO,
fi = ker(pa,arts) @ hV* 40 /p
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n>0 I | KQ, 4o (F3Z/2)

8k 1] fo = RO

8+1[0|0

8k+2 | 1| fo=h2*+2

8k+3 | 2 | fo/fi = ker(p] 4pi0), f1 = A2 /p?

8k+4 | 3| fo/fi= ker(Pg,4k+2)7fl/f2 = p>* 3 g ker(p§,4k+3)7

fy = ROARHE ) 3 @ 2kt
8k+5 | 2 | fo/fi =ker(p1,ants) ® ker(p arys),

fi =R/ p? @ ker(p} 4p44)

8k+6 | 3 | fo/fi = ker(ﬂg,4k+3)7 f1/f2 = ker(ﬂ?,4k+4) @ RO,
f2 — h2,4k+5/p2

8k+7 12| fo/fi = ker(pg’4k+4),f1 = ker(p%’4k+5)

n>0 ! KQn+6 3(F§ Z/2)

8]1) 1 fO = ker(p2’4k+l)

8k+1 |2 | fo/fi= pLAR+L £ h2,4k+2/p2

8k+2 | 3| fo/f1 :ker(p3,4k+1),f1/f2 = ker(pa,akt2) @ plAk+2
f2 — h2,4k+3/p2

8k +3 | 3 | fo/fi = h" "2 @ ker(pd up i), fi/f = K243 @ B4k T3 /.
f2 — h3,4k+4/p3

8k+4 | 3 | fo/fi =ker(poar+2),fi/f2 = RYARES @ ker(Pg,4k+3)y
fa = h2’4k+4/p2

8k+5 | 3 | fo/fi = ker(pd apys), fi/fo = hU4FHE fy = pOARH5 /o
8k + 6 fo = ker(pg,4k+4)

8+7 1010

[

Proof. We make the following observations:

» If ¢+ w < p, the group E2  ,(KQ/2) is identified in Table 7.

» The direct summands of Eg%w (KQ/2) are subquotients of h24—P~54=w,

for 0 <4 < 2. Such a subquotient is trivial if 2¢g — p — 2 > ved(F).
Now assume p — 2w > ved(F).

» If ¢ < %(p + ved(F') + 2), then ¢ + w < p, and (8,4,0)-periodicity
follows.

» If ¢ > %(p + ved(F) + 2), then 2¢ — p > ved(F) + 2, and hence
E2, ., (KQ/2)=0.

P.gyw
It remains to consider degrees with p = ved(F') + 2w — 0, 6 = 0,1, i.e., com-
pare E2 ., for q € (ved(F) +w — §,ved + w + 1 — (§/2)] with Eg+87q+4?w. If
¢ is not in this interval, B2 is either zero or determined by the (8,4,0)-
periodic Table 7, as observed above. It remains to show the E?-page in de-
grees (p,q,w) € {(ved(F)+2w, ved(F)+w+1,w), (ved(F)+2w—1,ved(F) +
w,w)} and (p+ 8, ¢ + 4,w) are isomorphic via the map 7%. This follows by
inspection of Table 7 and Table 8 in Theorem 4.16. The sharper bound for
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ved(F) +w = 0 mod 4 follows by inspection of the degrees (ved(F) + 2w —
2,ved(F) +w — 1,w) and (ved(F) + 2w — 2, ved(F) + w, w). O

Corollary 4.20. Suppose F is a field of char(F") # 2 and ved(F') < oo. The
permanent cycle 7* induces an 8-fold periodicity isomorphism

KQ,w(F;2Z/2) = KQyis,,(F; Z/2)
for all p — 2w > ved(F') — 1.

Proof. Multiplication by 7* commutes with the differentials, so the period-
icity in Theorem 4.19 carries over to the £E°°-page. We conclude by reference
to Theorem 2.66. O

Example 4.21. Let F be an algebraically closed field, or more generally

a quadratically closed field, of char(F) # 2. Then h** = Fy[r] and Theo-
rem 4.16 implies isomorphisms for 2w < p

RO4=% 2 —p=0,2 and p = 0,2 mod 8
hO4=w 2¢ —p=1and p=1,3 mod 8
ho4=% 2¢ —p=2and p=2,4mod 8

0 otherwise.

B, (KQ/2) =

p?q?w

For 2w > p we have isomorphisms

h%0 ¢g=wand p—w =0,1 mod 4

0 otherwise.

B (KQ/2) = {

Over C, this gives the 8-periodicity Z/2, Z/2, Z./4, 7.2, Z/2, 0, 0, 0 for the
mod 2 K-groups of the real numbers, see e.g., [62, Theorem 4.9].

Example 4.22. If F is a real closed field, then h** = Fa[r, p]. In the follow-
ing tables we use the notation in Theorem 2.51 and determine the filtration
quotients for the group KQg o0 (F;7Z/2).

n>0 | KQ, 45(F;Z/2) | KQ, 63(F;Z/2)
Sk h0,4k+1 0

8k+1 1|0 pLAk+1

S8k +2 h2,4k+2 h1,4k+2
8k+310 h2,4k+3 ° h1,4k+2
Sk +4 h2,4k+3 h1,4k+3

8k+5 1|0 plAk+4

8k +6 | hOdk+d 0

8k+7 10 0
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n>0 | KQ,(I:Z/2) KQ, 5, (F;Z/2)
Sk h1,4k+1 ° h0,4k: h0’4k+1

Sk 4+ 1 h1,4k+2 ° h0,4k+1 h1,4k+2 ° h0,4k+1
8k + 2 h0,4k+17 h1,4k+2 D h0’4k+2, h2,4k+3 h0,4k+2

8k +3 h1,4k+3 ° h0,4k+2 h3,4k+3

8k 14 h4,4k+4 ° h0,4k+3 0

8k+5 |0 0

8k+6 |0 0

8k+7 1|0 pO4k+4

We are ready to prove Theorem 1.3 stated in the introduction.

Theorem 4.23. The mod 2 hermitian K-groups of O s are computed up
to extensions by the following filtrations of length I.

n>0 |1 KQno(OF,SSZ/Q)

8k 3 fg/fl = h0’4k, fl/fg = ker(p2,4k+1) b h1’4k+1, fo = h2’4k+2/p
8k +1| 2| fo/fi = ker(prap1) © WO fi = ker(ppapr2) © hHH4H2
Bh+2 | 3 | fo/fy = ROAKH f /fy — plake2 g pOAR+2 f) — 24K+
8k+3 12 f(]/fl = h0’4k+2, f1 = pLAk+3

8k+4 12 fo/f1 — h0’4k+3,f1 — h4,4k+4

8c+5]10 |0

8k + 6 2 fg/fl = ker(p2,4k+4), fl = h4’4k+5/p3

8k+7 | 2| fo/fi =ker(p? i 4),f1 = ker(p2ap+s)

n>0 |1 | KQ,51(0rs;Z/2)

8k 3 f()/fl = ker(00,4k)7 fl/fQ = ker(p%74k+1) e h(),4k—"—17
fa = ker(pz.ax+2)

8k1+1 |2 f()/fl — h0’4k+1,f1 — plak+2

8k+2 | 1| fy= RO+

8k+3 | 1 | fo = h34F+3

8k+4 |2 f()/fl = ker(p2?4k+3), fl = h3’4k+4/p2

8k+5 1|3 fo/fl = ker(pi4k+3), fl/fg = h3’4k+4/p3 D ker(p274k+4),

fy = h4’4k+5/p3

8k +6 | 3| fo/fi = ker(pf 4p13), f1/f2 = ker(p2anta) ® ker(p} 41.44);
fy = B34H5 /02 & ker(pg. 4+ 5)

8k+7 | 3 | fo/fi = ker(p} 4.y ) ® WO,

fi/fo = ker(pa.an+s5) ® hH*45 /p, fy = 3446 /p?
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n>0 |1 | KQ,, 42(0Frs;Z/2)

8k 1| fo = pO4+t

8k+1|01|0

Sk+2 1|2 fO/fl — h2’4k+2,f1 — h3’4k+3/p2

8k +3 | 3| fo/fi = ker(p] ypp0), fi1/fo = h2HH3 /2 fo = p3ARHL ) p2
8k +4 | 4| fy/fL = ker(p%Ak_s_z), f1/fy = K243 g ker(pi4k+3)>

f2/f3 — h3,4k+4/p3 o h2’4k+4/p, f3 — h4,4k+5/p3

8k +5 | 3| fo/fi = ker(piars3) @ ker(p8,4k+3),

fl/f2 —_ h2,4k+4/p2 D ker(p%,4k+4)7 f2 — h3,4k+5/p2
8k+6 | 4| fo/fL = ker(p%74k+3), f1/fo = ker(pi4k+4) @ hO4kte
f2/f3 — h2’4k+5/p2, f3 — h6’4k+6/p5

8k +17 | 2| fo/f = ker(pd ypa) 1 = ker(pf 4y 5)

n>0 |1 KQn+6,3(OF,S; Z]2)

8k 1| fo = ker(pa,ak+1)

8k+1 1|2 fO/fl — h1,4k+1’ fl — h2,4k+2/p2

8k+2 | 3| fo/fi = ker(p§ 4411): fi/f2 = ker(p2,ax+2)
fy = h2,4k+3/p2

8k+3 1|3 fO/fl —_ h1,4k+2 D ker(p% 4k+2)7 fl/f2 — h2’4k+3 D h1’4k+3/p,
fo = h3,41<;+4/p3 ’

8k +4 | 3| fo/fi = ker(poart2), fi/f2 = p14E+3 g ker(p874k+3),

fy = h2,4k+4/p2

8k +5 | 3| fo/fi = ker(pf 451 3): fi/fo = hVAFHE £y = ROARFS />

8k + 6 fo = ker(pg’4k+4)

8k+710]0

1,4k+2
@ hbARt2,

[

Proof. We have ved(F') = ved(Ops) = 2. The proofs of Theorem 4.16
and Theorem 4.19 apply to Ofs since there are no nontrivial differentials
exiting or entering h*! € E&LO(KQ /2). Lemma A.15 shows the naturally
induced map h??(Ops) — Q" h»4(R) is surjective for ¢ > 2. For degree
reasons E*°(KQ/2) = E?(KQ/2). The 8-periodicity follows as in the proof
of Corollary 4.20. O

Our next aim is to compute the slice d!-differentials for KW /2" and
KQ/2"™ when n > 2. By (1.15) the slices of KW /2" are given by

(4.24) sg(KW/2") ~ \/ £1H9MZ /2,

J

while (1.14) identifies the slices of KQ/2" as
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S2IMZ/2"V \ ., STHIMZ/2 g even

(425)  5,(KQ/2") = {ngq SRV VAL ¢ odd.

The MZ-module structure on the wedge product decomposition of
sq(E/2™) is not unique. For our calculational purposes we may make the
exact same choices as in Convention 4.2.

Theorem 4.26. The restriction of the slice d!-differential to the summand
$ITIHIMZ/2 of s,(KW /2") in (4.24) is given by

(Sq®Sqt, 0,592, 0,0) j=0mod 4

Sq3Sq*,0,5¢%,0,0 i =1mod 4
(427) dl(KW/2n)(q,j): ( q3 qlv ) q27 ) ) ) j mo
(59°Sq",0,S9” + pSq*,0,7) j=2mod 4
(Sq®Sqt, 0,59 + pSqt,0,7) j =3 mod 4.

Proof. According to [52, Theorem 6.3] the corresponding slice d!-differential
of KW is given by

3Gl Qu2 .
4 (KW)(q. /) = {(ngSql,qu,O) 1 j = 0 mod 4
(S9°Sq*,Sq” + pSq*,7) j =2mod 4.
When j is even it follows that d'(KW)(q, j) = d*(KW/2)(q, 5).
When j is odd, prod'(KW)(q, j) = prod' (KW /2)(q, j), where pr is the
projection of 19,1 (KW /2) to the odd summands. Hence, by Lemma A.4
and the vanishing d' o d! = 0, we have

d'(KW/2")(q,5)

(Sq®Sqt,0,5q%,0,0) j =0mod 4
B (Sa®Sq', a(Sq?Sq* + Sq®), Sq?, ¢ + arSqt, 0) j=1mod 4
B (Sq®Sqt,0,Sq? + pSqt, 0, 7) j =2mod 4
(Sq3Sqt, a/(Sq%Sql 4-S¢®), Sq® + pSqt, p+ap+arSql,7) j =3 mod 4,

for some a,a’ € %Y and ¢ € h''. Consider the commutative diagram for ¢
even

2 (KQ/2") ———— 5,(KW/2")
ldl(KQ/2)(q) ldl(KW/m(q)
$10s,, 1 (KQ/2") —— =105, 1 (KW /2").
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The top summand %2%9MZ/2" maps by (93 ,pr3") and hence trivially to
the summand $297491MZ/2 of 10,1 (KW /2"), i.e.,

~ Ja(Sq?Sq" +5q°)03" +Sq’Sq'pr}” ¢ = 0mod 4
1 d/(Sq?0%" 4+ Sq°)Sq" +Sq®Sq'prd” ¢ =2 mod 4.

This implies @ = @’ = 0. Next we show ¢ = 0. For ¢ = ¢ — w the E?-page of
the slice spectral sequence for KW /2" over a finite field or a completion of
Q takes the form

R4 /¢ p =w mod 4
(4.28) E2 = S ker(¢gy) p=w+1mod4

P,q,w
0 otherwise.

Table 5 and Table 11 show this filtration is too small to produce the mod 2"
Witt groups if ¢ # 0. O

In (4.28), h?-? identifies with the quotient of h9 7 @hI ~4d he =84 @, ..
by elements (1,2, ... ), where 2; = Sq*Sq'z;, 1 for all i > 1. To understand
the product structure we write

Sa®Sqt 0
(4.29) s_| T Sasa 0
. 0 T Sq35q1
(4.30) P — HPY g pp—44 @ pp—84 @ .
T B (hp—4,q—1 e hp—8,9—1 D ... )
0
(4.31) jpa_ MTORTMG TR G

B(hp=4a=1 @ hp=84-1 @ . .)

With this notation we can describe the E?-page of the slice spectral
sequence for KW /2™ over any field of characteristic unequal to 2 and rings
of S-integers in number fields.
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Theorem 4.32. For ¢’ = ¢ — w the E?-page of the slice spectral sequence
for KW /2" over a field F' of characteristic unequal to 2 is given by

’

R p =w mod 4
KW/2") = { ¢ p=w+1mod4
0

otherwise.

pqw(

The same identifications hold over the ring of S-integers in a number field
with the exceptions

ﬁZ,Q/T p—w=0,1mod 4
fo5 KW /2") = ’
w+2w( /2") {0 p—w = 2,3 mod 4,

Rl e h2l p—w=0mod 4

Rl p—w = 1mod 4

E2 p,aw+-1, w(KW/2n) = .
p—w=2mod4
h?1 p—w = 3 mod 4.

Remark 4.33. We note that E? # E* for KW /2" over R and Q. Over R
there is a family of differentials on the E™-page, see Theorem 4.35, and over
Q9 there is a nontrivial d?-differential.

Theorem 4.34. For [ = 1 or n, the restriction of the slice d!'-differential to
the summand Y4+t59MZ/2! of s,(KQ/2") in (4.25) is given by

Sq®Sqt,0,5q2,0,0) g—1>j7=0mod4
SqSqt, 0,592, 0,0) g—1>j=1mod4
Sq®Sqt,0,5q9% 4+ pSqt,0,7) ¢—1>j=2mod 4
Sq3Sqt,0,Sq% + pSqt,0,7) ¢—1>j =3 mod 4,
9)

d'(KQ/2")(q.j) =

2.59°Sq', 0,592, 0,0) ¢g—1=0mod4
Sq®Sqt, 0,592, 0,0) g—1=1mod4
82LSq2Sq ,0,Sq° + pSq* ,0,7) ¢g—1=2mod 4
a®Sqt, 0,59 + pSqt,0,7) g—1=3mod 4,

\
OSq282, q? o pr3",0,0) g =0 mod 4
0,inc2. 0 Sq?Sq', Sq?,0,0) g=1mod4
05q28§,5q oprd", 703" ;Toprd") ¢=2mod4
0,inc3. 0 Sq?Sq',Sq? + pSql,0,7) ¢ =3 mod 4.

d'(KQ/2")(¢,q) =

(
(
(
(
((
d'(KQ/2") (q.q — 1) = E
(s
(
.
(
.



Hermitian K-theory, Dedekind (-functions, and quadratic forms 563

The ith component of d!(KQ/2")(q,7) is a map
2q+j,qM2/2l N EqujJri’qulMZ/Ql/’

where I’ =1 or n.
Proof. This follows from Theorem 4.26. O

Theorem 4.35. The only nontrivial d’-differentials for i > 2 in the slice
spectral sequence for KW /2" over the real numbers R are d": EJ,, —
E} | gtnw for p—w =1mod 4. The E*-page is given by

h'? p—w=0modd,¢d =qg—w<n
E>* (KW /2™
pawl /2% {O otherwise.

Proof. The abutment in question is given by

Z/2™ —w = 0 mod 4
(4.36) KW, ,(R; Z/2") = /2" p-w=0mo

0 otherwise.
If EZk Htwww = h%9 does not support any differentials then

KW, ., (R; Z/2") # 0

for p — w = 1mod4, a contradiction. By (2.71) multiplication by p €
hbl = m0s1(1) — generator in the polynomial algebra h** — induces a
map Ep ., = Ej 11, that commutes with the differentials. Thus, by p-
linearity, if Ej;_ 1., .. Supports a nontrivial d"-differential then so does
the group E2k+1+w,w+q,w for every ¢ > 0. If r # n the terms on the E*°-page
cannot produce the groups in (4.36) by a cardinality count. ]
Remark 4.37. Since (—1) — (1) = —2 € W(F'), Lemma 2.72 implies p maps
to —2 € m, . (KW). Hence we recover KW, (R;Z/2") from the associated
graded (all the extensions are nontrivial).

In the next result we let @ = 2¢ —p, ¢ = ¢ —w, ¢ = (¢gmod 4) €
{0,1,2,3}, and set

he3-1 p_g—w=1-—gmod4

ja—4-

=]

Ryqw= p—q—w=—qgmod 4

0 otherwise,
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((inc2.5q25q", Sq% + pSql, r)ha=3-00 1 — gi=97 o
p—qg—w=1—gmod4,g=0

(859%Sq", 5% + pSqt, T)he4=aa 1y gAtlTTd g
p—qg—w=—gmod4,g=0

Apgw = (Sq3Sq1, Sq2 + qul,T)iL‘kS*a’qu —y potl=ad o
p—qg—w=1—gmod4,7#0

(S9°Sqt, Sq? + pSqt, T)heATd 1 5 T g
p—q—w=-—-gmod4,7#0

\ 0 otherwise.

Remark 4.38. Rpq. and imA,,, are used to identify ho—%9  with
pFr—4kpa—a—4k4d" This records the multiplicative structure on the E?-page,
which is important for determining higher differentials and extensions, cf.
Theorem 4.59.

Theorem 4.39. Over fields F' of char(F) # 2 and rings of S-integers in
number fields we identify the term E2 ,(KQ/2") as follows.

For ¢ + w < p there is a direct sum decomposition

2 2 .
Epquw g <Ep7q7w EB Rp7q7w)/lm Aqu,u“

where E2 . is the first homology group of the following complexes:

p7q7w
(4.40)
(%)
=2 ~ g \Sapr a+3,q'+1 a+2,q'+1
Ep,qEO mod 4,w — Hl(o - Hn7q —h 4 ©h 4 )v
(4.41)
EQ

p,g=1 mod 4,w

<Sq2a§n> <Sq2 0 >
2 2
= Hl(HS*&qlfl % hCL,q’EBha*Lq’ &} ha+2’q,+1@ha‘+3’q/+1)7

(4.42)

inc3.Sq%Sq!  92.5q2Sq*
Sq> 0

- 0 Sq?
2 ~ a—3,g'—1 a—4,g'—1 ( N
Ep,qz2 mod 4,w — Hl(h @ h
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(4.43)
93" Sq®> 0
Tprgn 0 Sq?

ngq/ ® ha—17q’ ® ha—qu’ ) ha+3,q+1 D ha+2,q+1),

(4.44)

2
Ep,qES mod 4,w

03" Sq 0 >
2m 2
ng(Ha—&q’—l D ha—4,q’—1 D ha—5,q’—1 <Tpr2 0 5q N
- n
ha=24 g po=3 5 ().

For ¢ +w > p the canonical map KQ/2" — KW /2" induces an isomor-
phism of E2-pages for ¢ +w > p over fields and for ¢ +w — 1 > p over rings
of S-integers. The E2-page of KW /2" is given in Theorem 4.32.

Proof. This follows by inspection of the differentials similarly to the proof
of Theorem 4.16. To give the gist of the argument we discuss a few special
cases.

When ¢ = 0 mod 4 the group Eg%w is the homology of the complex:
ha—3,q’—1 D ha—4,q’—1 D ha—5,q’—1 D ...

inc2,, Sq2Sq1 Bgn Sq2Sq1 0

Sq% + qu1 0 Sq?’Sq1 0 L.
0 Sq2 + qu1 0 SqSSq1 0
T 0 qu 0 Sq35q1 0 A
0 T 0 Sq? 0 Sq3sq! 0 e
0 0 0 0 qu + ;7ch1 0 Sq3Sq1 0 .
0 0 0 0 0 Sq2 + pSqt 0 Sq35qt 0 .
0 0 0 0 T 0 Sq? 0 Sq3Sq 0

Hg,q/ @he L @ po 24 g

sq202" Sq3sql 0 .
2 27 3¢l
Sq“pry 0 Sq°Sq 0
0 Sq2 + qu1 0 ng’Sq1 0 C.
0 0 Sq? + pSqt 0 5q35qt 0 S
0 T 0 Sq? 0 Sq3Sqt 0 .
0 0 T 0 Sq? 0 Sq3Sqt 0 ..
0 0 0 0 0 Sq2 + pSqt 0 Sq3sqt 0

h(l+37q +1 @ ha+27q +1 EB ha+17q +1 @ L

In the latter matrix, a Sq? to the right of 7 and a Sq3Sq' above 7 can-
not both act nontrivally, i.e., Sq*(77*2) and Sq®Sq!(7P) are never nontrivial
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simultaneously, cf. Table 10. We find the kernel is given by

2 n
(4.45) ker(<5q2 62211) :Hg,q’ _y pot3.a+1 @ ha+2,q’+1)
Sq“pr;
(4.46) @ (17153, 1)(h 3 @ h* T g L)
(4.47) @ (1718q%, 1) (h ™ @ h* T @),

and the image by

inc2.5qSq* 822n5q25q1 0

Sq? + pSq* 0 Sq3Sqt 0
(4.48) 0 Sq? + pSq* 0 Sq°Sqt
T 0 Sq? 0
0 T 0 Sq?
% (ha73,q'71 ) haf4,q/71 @ ha75,q’71 D hafﬁ,qlfl)
(4.49) +(Sq3Sqt, Sq? + pSqt, 7)(he Tt g patibd Tl gy )
(4.50) + (SqSSql, Sq? + pSq’, 7')(h“78’q/71 @ pe 1201 g ).

The term Sq2Sq' above 7 and Sq? to the left of 7 cannot both act nontriv-
ially simultaneously, hence the image contains im A, ;,,. Here Sq®Sq! acts
(non)trivially on h =44 =1 depending on p — ¢ —w mod 4. The last terms
in (4.45) either cancel the corresponding terms in (4.48) or give rise to h* 57,
j=3—34—q(Sq3Sql(r?) # 0 if and only if ¢ = 3 mod 4, cf. Table 10).
This produces R, 4, and im A, ; ,, connects it to the first term of the kernel.
In this way we arrive at the complex in (4.40).

When g = 3 mod 4 the group Ef)’q,w is the homology of the complex:

Ha73,q'71 @ haf4,q’71 o ha75,q’71 @

$q202"  sq3sq’ 0 .
qupr%n 0 5q35qt 0 S
ragn Sq2 0 Sq35qt 0 .
‘rprg 0 Sq2 0 5q35q! 0 R
0 0 0 Sq2 + pSqt 0 Sq35qt 0 o
0 0 0 0 Sq2 + pSqt 0 Sq3Sqt 0 .
0 0 0 T 0 Sq? 0 Sq35qt 0 .
0 0 0 0 T 0 Sq? 0 Sq3Sqt 0

ha7q/ @ h(],—l,ql @ ha_qu/ @ .
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inc271 Sq25q1 Bgn Sq25q1 0 .
Sq“ + qu1 0 SqSSq1 0 S
0 Sq2 + qu1 0 SqSSq1 0 .
T 0 Sq2 0 qu}Sq1 0 -
0 T 0 Sq2 0 Sq?’Sq1 0 .
0 0 0 0 Sq2 + pSqt 0 Sq35qt 0 o
0 0 0 0 0 Sq2 + pSqt 0 Sq3sqt 0

Ha+3,q’+1 ® ha+2,q’+1 ® ha-i—l,q’-l—l @

Here a Sq? to the right of 7 and a Sq®Sq* above 7 cannot both act nontrivally;
Sq?(7P+2) and Sq3Sq!(7?) are never nontrivial simultaneously, cf. Table 10.
We find that the kernel is given by

(4.51)
inc2.59%Sq!  92.59°Sqt 0 0 / / / /
ker( T 0 Sq> 0 | : h¥T @ht b @paT29 @poT3a
0 T 0 Sq?
(4.52)
N Ha+3,q’+1 @ ha,q’+1 @ hafl,q’%»l)
n
(4.53)
® (771592, 1)(h* 59 @ ho109 @ )
(4.54)
S (7_—lsq27 1)(ha—7,q' D pa—11d’ @D ... )7

and the image by
Sq?03"  Sq*Sq! 0
Sq’pr3” 0 Sq°Sq’
703" Sq? 0
2m 2
Tpr; 0 Sq
(4.56)  +(Sq®Sqt,Sq? + pSqt, 7) (R Il @ pel0d Tl gy
(4.57) + (S9°Sqt, Sq? + pSqt, 7 (ha T g pe Tl g ),

(4.55) (Ho-34~1 g pa—ta'=1 g pa50/-1)

The action of Sq3Sq' on h®7—4:4'~1 depends on p — ¢ — w mod 4. The last
terms in (4.51) and (4.55) either cancel or give rise to h* 4| j =3—7,4—q
(Sq®Sqt(79) # 0 if and only if ¢ = 3 mod 4, cf. Table 10). This produces
Ry 4w and im A4, , ,, connects it to the first term of the kernel. Hence Equyw
is the homology of the complex

Ha—S,q/—l ® ha—4,q’—1 ® ha—5,q’—1
n
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Sq?02"  Sq3Sq! 0

Sq’pr3’ 0 Sq’Sq’
703" Sq? 0
Tpra. 0 Sq?

ha,ql @ ha—l,q/ oy ha—2,ql @ ha—3,q/ D Rp,q,w
inc3.59°Sq’  02.59°Sq* 0 0
T 0 Sq2 0
0 T 0 Sq?

Ha+3,q’+1 @ ha,q’Jrl @ han,q/Jrl
n

modulo im A, ;.,. Here Sq?Sq! and Sq? are connected via 7 in the latter
matrix and they are never nontrivial simultaneously. This yields the complex
in (4.44). Similar arguments apply in the remaining cases. O

Next we specialize the computation in Theorem 4.39 to the real num-
bers R and rings of S-integers Ops in a number field F'. We determine
the higher differentials by comparison with KW /2" over R. A combination
of Lemma 3.17 and Theorem 4.39 yields the following description of the
E?-page.

Corollary 4.58. Over a number field /' and its ring of S-integers Of s the
E2-page of the slice spectral sequence for KQ/2" is given as follows. Let €
be 0 for a number field ' and 1 for Ops. When a = 2¢ — p < 0 we have

E} . (KQ/2") = 0.

When a =2g—p > 6 and ¢+ w — € < p we have

Y7 p—w=0,1mod4 and ¢ = 0 mod 4
E;q’w(KQ/Q”) = { po—la=q'mod4d)d’ 4y 4, =0, 1 mod 4 and ¢ % 0 mod 4
0 otherwise.

When ¢ + w — € > p we have

ha' p—w=0,1mod4

0 otherwise.

B 4.,(KQ/2") = {
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The same identifications hold over Of s with the exceptions

g2 (KQ/2") = {132’2/7' p—w=0,1mod 4
p,w+2,w -

0 p—w= 2,3 mod 4,
hbl @ p21 p—w = 0mod4
Bl p—w=1mod 4
E; KQ/2") =
p’w+1’w( Q/2") 0 p—w = 2mod 4
h?! p—w = 3 mod 4.

The remaining groups in the region 0 < a = 2g — p < 6 are given in Theo-
rem 4.39.

The E?-page sorted by the congruence class mod 4 of w are given in Fig-
ure 9, Figure 10, Figure 11, and Figure 12.

Proof. When a =2q —p > 6 we hlave B2, o(F) =" E;g,w(R) by Theo-
rem 4.39. If @ — 3 > 3 then H* 39 (F;Z/2") = @™ H* 37 (R;Z/2"); that
is, the terms in the slice spectral sequences over F' and R are isomorphic in

this range. Combined with Lemma A.19 we obtain the figures. O

We determine the E*°-page for KQ/2" and n > 2 by comparison with
KW /2™ over the reals. It turns out that the higher differentials for KQ/2"
are determined by the d"-differentials for KW /2" over R.

Theorem 4.59. Let F' be a number field with ring of S-integers Op s and
let n > 2. The slice spectral sequence for KQ/2" over Ops has only d’-
differentials for » > 2 when r = n, and the E* = E"tl-page is obtained
from the E? = E™-page (see Figure 9, Figure 10, Figure 11, and Figure 12)
as follows:

» If B2, ,(R; KW /2") supports a nontrivial d"-differential then
Epw(Ors; KQ/2")

identifies with the kernel of
By 4 Orsi KQ/2") = (D By (RIKW/2").

» If B2, ,(R;KW/2") is the target of a nontrivial d"-differential then
By w(OFs; KQ/2") identifies with the cokernel of

Eg—l,q—n,w(oF,S§ KQ/2n> — @ Eg_Lq_mw <R7 KW/2n)

» In all other degrees we have E>® = E2.
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The E*-page of the weight 0 slice spectral sequence for KQ/2" is displayed
in Figure 3. In negative degrees it is isomorphic to the E*°-page for Witt-

theory, cf. Theorem 4.35.

n+4

n+3

n+2

" /hy '

n+1

ker p3

H* (Sa?pr)y (5q29)

n24nt nlin®
P2 mor Dot
3
T 0 70 0 0 Td s:ﬁ) 0
ker a2
. (Tpr 5q2>39 T o qu)z (Tpr 0), o) o

ht n°

Figure 3: Egy . 414.0(KQ/2"),k > 0.

Remark 4.60. The terms E§k+p+w,4k+q+w,w(KQ/2n) in the range —1 <
p,q < 8w,k > 0 are displayed in Figure 9, Figure 10, Figure 11, and Fig-
ure 12. By periodicity it suffices to consider w < p < w + 8. We use the
shorthand notations

4k 4k Tp _ 7 mi 4k 2n
HP = Ptk pp — ppatdk pp — pmin{patdk} o 52"

ﬁg,q+4k p<q+4k

— 92" fr —
8—827[—[ _{iLP#I-‘rﬁlk p > q+4k.

The groups H2? and h?? are defined in (4.31). A bracket (-)p denotes the
kernel of some matrix — where p refers to top cohomological dimension p in

the source — as in

70 0 0

pr 0 Sq? )

— ker<(7822n 0 0 ) . H2,q+4k ® hl’q+4k @ ho*‘”‘”“
: : Hp

mpr3" 0 Sq?

5 hi,q+4k+1 @ h2,q+1+4k>'
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Proof. (Theorem 4.59) Consider the commutative diagram

By gw(Ors;KQ/2") —— B (Orsi KW/2") ———— @™ By, (REKW/2™)

ldT(OF’S;KQ/zrn) ldT(OF’S;Kw/%-n) ldT(JR;KW/Zn)

, nip—Llat,w ngp—l,q+7“'u) f— n
Ep—l,q+r,w(OF,S?KQ/2 ) ” Ep—l‘q+7‘,w(OF='5;KW/2 ) ) Ep—l,q+r,11)(R; KW/2™).

Inductively the maps f)_q .4, and g, q 44, are isomorphisms whenever
E;—l,q—l—r,w is the target of a nontrivial differential. For f£_17q+7,7w this is the
content of Corollary 4.58. For g; 4 ..., the group £}, ., (Ops;E/2") is

isomorphic to K7 (Ops) for some b > 3, and

W (Ops; 2/2") — P r (R)

is an isomorphism (see Lemma A.8). Thus d"(Ors; KQ/2") is determined
by d"(R; KW /2") and the composite g;, ; ., © fp 4. Since d"(R; KW /2") is
nontrivial only when r = n the same holds true for d"(Ops; KQ/2"), and
the spectral sequence collapses at its E"!-page. O

In the following we give an integral calculation of the hermitian K-groups
of Op,s. Recall that KQ, ,(OFrs) is a finitely generated abelian group when
S is finite [5, Proposition 3.13]. Hence the group KQ, ,(Ors;Z/(") is finite
for all primes ¢ (when ¢ = 2 this also follows from the E*-page in Theo-
rem 4.59). Consider the commutative diagram of cofiber sequences

KQ 2% KQ —— KQ/2"! —— $IKQ

Eol L

KQ 25 KQ —— KQ/2" —— Y10KQ.

Here KQ/2""! — KQ/2" induces an inverse system of the slice filtrations of
KQ, ,(OFs;Z/2"), and an inverse system of the £°°-pages. Since the groups
KQ, ,(OFs;Z/2") are finitely generated, the lim*-term in the Milnor exact
sequence vanishes and we obtain

KQp,w(OF,S; Zy) = lign KQp,w(OF,S; 7)2").

Hence the limit of the inverse system of filtrations becomes an exhaustive,
Hausdorff, and complete filtration of Kprw(ORS;Zg). Moreover, each fil-
tration quotient is the inverse limit of the corresponding E°°-terms.
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Theorem 4.61. When {2,00} C S the 2-adic hermitian K-groups

KQ*,*(OF,S; ZQ)

are determined up to filtration quotients in Table 9.
When {¢,00} C S for an odd prime ¢ and p — w > 0 there are isomor-
phisms

HOLP=0)/2 (O s; Zy) p—w = 0 mod 4
0 p—w=1mod4
H?2 =02/ (Op 5: 7)) p—w =2 mod 4
HLHP=)/2)(Op s;Z4) p—w =3 mod 4.

(4.62) KQ,,(OpsiZ) =

Proof. In the decomposition

(4.63) 5(KQ/2") ~ £#(MZ/2' v \/ ©7'MZ/2),
Jj<q

where | = n if ¢ is even, and [ = 1 if q is odd, the slice summand ¥/°MZ /2
maps by the identity to the next stage of the inverse system when j is even,
and by 2 = 0 when j is odd, if j < ¢ (there is no Sq* from an odd slice sum-
mand to an even slice summand in the inverse system, cf. Convention 4.2).
Thus to identify the inverse limits it suffices to consider the summands h®*?
of 2 ,(KQ/2") when a —b+p+w =i = 0mod 2.

Since p € mpps1(1) on the E*°-page of the slice spectral sequence for the
sphere 1 maps to —2 € KW(F) by Lemma 2.72, we can use p to detect
non-split extensions in Witt-theory and hence also in hermitian K-theory.
Similarly we can detect non-split extension in Witt-theory and hermitian
K-theory over Ops with the help of Lemma 2.74. Using Theorem 4.59 we
are ready to show the calculations in Table 9. We give proofs in some special
cases.

From Figure 3 we read off the filtration quotients

0,4k 31,4k+1 2 2,4k+2 13,4k+3 £78,4k+4
H>™ h © ker(p3 4542), 1 h JH yee

for KQgy 0(OF,s;Z/2"). Since ker(p%’4k+2) vanishes in the inverse limit we
are left with the groups

0,4k 7 1,4k+1 724k+2 73,4k+3 778,4k+4
H"*" h Jh Jh JH ,.

ey
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Table 9: The 2-

adic hermitian K-groups of Of s

073

n >0 ! KQ7L,4I€(OF,S; ZQ)

Sk 4 fO/f — HO04k f /f — pLAR+T f /f — h2’4k+2,f3 — 251
Sk —+ 1 2 fo/fl = hO 4k+1 fl = ker(pr3 4k+2) hl 4k+2

8k + 2 2 fo/fl = ker(Tpr Sq )2 4k+25 f1 = hl 4k+3/7‘pl’

8k +3 2 fO/fl = ker(pr174k+2) fl = ho 4k+3

8k+4 | 1| fo =273

8k+5 1100

k+6 | 1| fg= ker(qupr)274k+4

8k+7 | 2 | fo/fi =ker(Sq*9) 14544, F1 = ker(p3 45 5)

n=0 ||| KQ,41(0rs;Zs)

8k 2 | fo/fi = ker(pi4k+4), fy = ker(p§74k+5)

8k +1 4 fO/fl :h074k,f1/f2:ker(pr374k+1)@h174k+1,fg/fg,:h2’4k+2/7'pr,f3:Z£1
8k+2 | 2 | fo/fi =ker(pry 45y 1) ® hOHHTL f = REAR2 /pr
8k +3 2 fO/fl = ker(pr174k+1)7 fl = h0’4k+2

8k+4 |00

8k+5 | 1| fg =23

8k+6 | 1| fo=ker(prgp3)

8k+7 | 2 | fo/fi =ker(Sq’pry 443), 1 = ker(p2 ap+4)

n>0 |1 KQn,4k+2(OF,S§ L)

8k 2 | fo/f1 = ker(p? 4k+3) fi = h2AFF1/p2

8k+1 | 2| fo/fi = ker(pg 4p43),F1 = ker(pi 44 44)

8k+2 | 3 | fo/fi = ker(7pr2 a) © 04k fl/fz = hbARHL irpr £y =
8k+3 | 2| fo/fi = ker(per) fi = h 4k“/Tpr

k+4 |1 | fyg= ker(prOAk)

8+5 0|0

8k+6 2 fo/fl = H2’4k+2,f1 = Zgl

8k + 7 2 fO/fl == H1’4k+2, fl = h2’4k+3

n>0 |1 | KQ,uuy3(Ors;Z2)

Sk 2 | fo/fL = RUARFL §| = pZARFS ;2

8k+1 | 3 | fo/fi = ker(pf 41,1 0),f1/fo = ker(pry 45.13),f2a = h24k+4 /rpr
8k +2 2 fO/fl = ker(Tpr, Sq2)2’4k+3, fl = h1’4k+4/7'p|’

8k +3 3 fo/f1 = ker(prlAkfl), fl/fg = h074k, f2 = Zgl
8k+4 |00

8+5 0|0

8k+6 |1 | fg= ker(Sq28)2,4k+1

8k + 7 3 f()/fl = H1’4k+1, fl/fg = h2’4k+27 fQ = Zg
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connected via p-multiplications. Hence the filtration takes the form

0,4k 1 1,4k+1 12,4k+2 pr
H>* h Jh s Ly

If k > 0 the filtration identifies with ker(p? 4, ), ker(p2 art2), Z5' (see The-
orem A.9).
The filtration quotients of KQgy11¢(OF,s; Z2) are given by

1,4k+1 1,4k+2
h yker(prs 4p,42) ® h :

Indeed, these are the only summands surviving in the inverse limit of

{KQg1+1,0(0F,8;Z/2") }r>1.-
The filtration quotients for KQgy. 7 2(OF,s;Z2) are given by

ker(pry 4x42), h24E+3 /Sq2pr.

By Theorem A.9 and Lemma A.19(3) these terms identify with H>*+2 and
h24+3  respectively.
When £ is an odd prime, the slices of KQ/¢™ are given by

" Y249MZ/0" g = 0mod 2
a(KQ/") = {0 q =1 mod 2

Since cd¢(OFp,s) < 2 the slice spectral sequence for KQ/¢™ collapses at its
El-page, and we are done. O

5. Special values of Dedekind (-functions

In this section we relate special values of (-functions of totally real abelian
number fields to hermitian K-groups of rings of integers.

Theorem 5.1. For k£ > 0 and F' a totally real abelian number field with
ring of 2-integers O F[%], the Dedekind (-function of F' takes the values

Cp(—1—4k) = #H>"2(Or[3); Z2) _ #R #KQsp120(OF[3]; Z2)
#HLA2(Op (3] Z)  #hY3 H#KQgps.0(Or (3] Z2)
o2k #K Qg 62(0r[3]; Z2)tor
#KQr 512(OF[5]; Z2)
(r(—3 — aky = FLTHOFL] Z)

#H4(Op[3]; Z2)
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1
) 2

_ gril Hp2Ak+3 #KQ8k+2,2(OF[%};Z2)t0r
FRLATL LK Qg1 30(OF[5); Zo)

up to odd multiples.

Proof. Throughout the proof we write KQ,,, for KQ, ,,(Or[3]; Z2) and
HPY for HP"(Op[3]; Z2). Based on Wiles’s proof of the main conjecture in
Iwasawa theory [70], Kolster |50, Theorem A.1] showed

#Hgt(oF[
#Hélt(OF[

J; Z2(2K))
|; Z2(2K))

(5.2) Cp(l—2k) =2

N[N =

up to odd multiples. We relate the right hand side of (5.2) to the hermitian
K-groups KQ,, ,,,-
By Theorem 4.61 the filtration quotients of KQgy, 5 o are given by

ker(7pr, Sq2)2,2+4k, h1’3+4k/7'pr

and the filtration quotients of KQgy 3 are given by

keT(Pf1,2+4k)a pO-3tAR,

We note there are exact sequences

0= ker(rprd" Sq2)2,4k+2 N Hg,4k+2 @ pOAR+2 _y p24k+3 o

0 — ker(rpry )1 arya — Hy ™2 — b8 - plARES Jrpd® 5 0,

and
Tpr
H0,2+4k P h0’3+4k = 0.
Here 7pr3” is surjective on H,2L’4k+2, cf. Lemma A.19. These exact sequences
imply
1,4k+3 1,4k+3 2™
F#hLAt B #h +/7Pr2
- n )
FHLAR2 keT(TPf% )1,4k+2
and

2#H2,4k+2

+# ker(TprgnSq2)274k+2 = W'
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In conclusion, we find the equalities

AL [ 2,4k +2 n
#KQSk-i—Q,O ﬁhwkw #h1’4k+3/7pr§ L LAR+3 4 2, 4k+2

#KQgris0  2#ker(rprd )i apye  #EhZART3GEIILARY

By Theorem 4.61 we have
KQg; 6,0 = (S4°pr3 )2.sk+6;
and there is a short exact sequence
0 — (ker pa apt5) — KQgy 170 — ker(Squrgw)lAkH — 0.
Moreover, there is an exact sequence
0— ker(Sq2pr%x) — g2k pAdkts ()

Hence we find

H2,4k+4

#KQsr 16,0 _ ERTARTS
#KQgpi70  #Hker(poapys)#HLATIE

By Theorem 4.61 the filtration quotients of KQgy ¢ o are given by
H2’4k+2 Z;l
n Y

Here Z;' arises from the tower B33 , }AL4’4, .... There is a p-multiplication be-

tween H£’4k+2 and Z5'. The map from KQ — KW induces an isomorphism

on the filtration quotients with the exception of H2ART2 _y p2.4k+2

p = —2 in the Witt ring, we find

. Since

#(KQ8k+6,2)tor = #H2’4k+2/#h3’4k+3_

For KQgj,72 we have the short exact sequence

0 — h24+2 KQg), 70 — HYMAR2Z 0,

Hence we find

#(KQ8k+6,2)tor 1 #H2,4k+2

#KQgpy7o IR LR2ART2 g prlAR+2
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The filtration quotients of (KQgj. 2 2)tor are given by
(Tprgn)274k®ho,4k’ ker(RL4+1 /rprd™ s (ROARHLpLAR+L) /(S35 gL r)pLdk+d)
obtained as the inverse limit of
(Tprgn)uk @ KOk, hl"”“rl/rpr;7 ﬁ2’4k+2, e

By comparing with KW we see the groups h%4*, h1’4k+1/7'pr§", ﬁ2’4k+2, .
are connected by 2-multiplications, hence are nontorsion.
For KQg, 130 we have the short exact sequence

0 — h074k+1 — KQ8k+3,2 — ker(pr%oo)lAk — O

The exact sequences

n Tpl’2n n
0— (’7 pr% )1,4k — H71174k —2, h1’4k 1 — h1’4k 1/’7 pr%
and

0— ker(h1,4k+1/7_pr%” N (h5,4k+1 @ h1’4k+1)/(5q35q1,T)h1’4k+4)

- h1,4k+1/7pr%" N <h5,4k+1 o h174k+1)/(5q35q17T)h1,4k+4
o 5kt

conspire to produce the equalities

#hl’4k+l/7'pl’%n #h1,4k+l
ker(Tprg")lAk C HHLAk

and

#ker(hl,4k+1/7_pr%" N (h5,4k+1 D h1’4k+1)/(sq35q1,T)hl’4k+4)
_ g
- Hh5 AR+

Hence we obtain

n hL4k+1 g"
H(KQupra)ior  #(TPr3" o anthOWE o P
#KQ8k+3,2 #(Tpfgn)l,%#ho’%“
#H2,4k #h1,4k+1

= HR2ARTT Rk L FLAR L5 AR+T ]
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Remark 5.3. The motivic cohomology groups appearing in Theorem 5.1 are
given explicitly in terms of r1, 79, ss, ts, and t§ in Corollary A.17.

Remark 5.4. Theorem 5.1 is a vast generalization of [7, Theorem 5.9] for
totally real 2-regular number fields (in which case ss = 1, and ro = ts5 =
t& =0). The grading convention in [7] is such that

1 1
GW(OF (1)) = KQy -y u(OF L))
6. The multiplicative structure on s,(KQ/2") for n > 1

In this section we determine the multiplicative structure on the slices of
KQ/2" for n > 1. The answer shows 74 acts periodically. Our main input
is the calculation of the graded slices s,(KQ) in [51]. In outline, we first
determine the multiplication on the top summands, and then transfer this
information to all other summands via multiplying by the Hopf map 7.

Lemma 6.1. Let n > 1.

1. The forgetful map f : KQ/2" — KGL/2" induces the following map
on slices

5.(f) = (id,0,...) g = 0 mod 2
! (inc3.,02.,0,...) q=1mod 2.

2. The Hopf map 7 : EHKQ/2" — KQ/2" induces the following map
on the top slice summands

&

n2a-LaNz/2 Ly n20aMZ/2" v S IMZ/2 g =0 mod 2
(822" )
pr’
-

Table 10 shows inc3. is the unique nontrivial map MZ/2 — >%0MZ /27,
and 93, is the unique nontrivial map MZ/2 — X40MZ/2".

Sq(n)\ =

$2a-LaNZ, /2n $2IMZ/2 v £2HIMZ/2 g = 1 mod 2.

Proof. When ¢ is odd this follows from [52, Corollary 4.13] (the top summand
of s,(LVTKQ/2") is even).
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When q is even we compare the top summands in the commutative dia-
gram

5,(KQ/2") —5— ¥, (KQ/2")

st |
so(KGL/2") —4 $10s | (KGL/2")
s,(KGL/2) 4=%, 5105 .| (KGL/2)

obtained from (3.2) and Theorem 4.34. This forces the formula for s,(f).
The second claim follows from the first via the Wood cofiber sequence
(2.53). O

Lemma 6.2. On slices the iterated Hopf map n™: X""KQ/2" — KQ/2",
m > 1, restricts to the top summand X2-™4MZ /2! of 5,(X™™mKQ/2") as

( n
03
pr27‘b
$20-maNZ /on 2L
g —m = 0mod 2
0
id
Y20-mAMZ /2 —— Y2 mHLaMZ /2! v 2224 IMZ /2
qg—m =1mod 2.

$20-m+LaM7Z,/2 v $2-mIMZ /2

\
Here I =n if m =1, and [ = 1 otherwise.

Proof. For ¢ = m mod 4 this follows since the top summand %24="™9MZ /2 is
even. For ¢ —m = 1 mod 4 we compare with the d!-differential. Lemma 6.1
shows the claim when m = 1. The following diagram commutes since the
d!-differential vanishes on 1 (cf. [54])

s (EmMKQ/2m) — $10s L (SmmKQ/2")
(6.3) ls‘f(") Fl,osqﬂ(n)
5,(KQ/2") ——— B0, (KQ/2").

Nontriviality of $2¢~™IMZ/2 — ¥2¢~mTLIMZ /2 would contradict com-
mutativity of (6.3). O
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Lemma 6.4. When ¢ = m mod 4 the restriction of s,(n™) to the top sum-
mand of s,(KQ/2") is given by

827L

pr%’n
—
When ¢ # m mod 4 the map s,(n") restricts to the direct summands of

s«(KQ/2") as
0
)

EQq_m_j’qMZ/2 ! Ezq—m—jJrl,qu/Ql Vi Z2q—m_jquZ/2.

»2-mAMZ /2" »2-mtLaNMZ /2 v B2 IMZ /2.

Here lisnif m =1,7 =0 and ¢ = 0 mod 4, and 1 otherwise.

Proof. Multiplication by i yields a surjective map from a top summand to
another summand. Our claim follows from Lemma 6.2. O

Since all slices are sp(1) ~ MZ-modules it follows that s,(KQ) is an
MZ-algebra, and hence for our purposes we may form smash products of
slices over MZ. This helps us simplify the calculations.

Lemma 6.5. Under the identification
MZ/2" Amz MZ/2 ~ SYOMZ/2 v MZ /2

we have

0 0

pri" AMZ/2 = <0 id) :2OMZ/2 v MZ/2 — ©1OMZ/2 v MZ/2

and

0 0

93" N\MZ/2 = <id 0) :2OMZ/2v MZ/2 — $2°MZ/2 v 21MZ/2.

By [51] we have the following description of the multiplication map on
the slices of KQ.

Lemma 6.6 (|51, Theorem 3.3|). The multiplication map on the MZ/2-
summands of s,(KQ) A s.(KQ) is given by

SIMZ/2 Az, B0 MZ /2 ~ Smtmatd (pLOMZ /2 A MZ/2)
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Sqt 0
0 id .,
— Ly ymtmatd (920MZ/2 v MZ /2)
and

YIMZ /2 Az B MZ )2 ~ mtmiatd (S LOMZ /2 A MZ/2)

2. 0
0 id

—~ L ymAmiatd (520MZ v MZ/2).

The multiplication map on the MZ-summands of s,(KQ) A s.(KQ) is the
identity.

Lemma 6.7. For n > 1 the multiplication map on the even summands of
s«(KQ/2") Amz s«(KQ/2") is given as follows: On the MZ /2-summands it
is given by

SIMZ /2 Az, 8™ MZ )2 ~ mtmatd (S LOMZ /2 Aviz MZ/2)
Sqt 0
0 id o
— Ly yymimbatd (520M7Z /2 v MZ/2)
and
YIMZ /2 Az, B MZ )2 ~ mtmatd (S LOMZ /2 Avig MZ/2)
93. 0
0 id L
L At d (120\M7Z /2" VMZ /2).

On the MZ /2" Avizjon MZ/2- and MZ/2" Ayiz jon MZ /2" -summands it is
the identity.
Proof. This is straightforward from Lemma 6.6. O

It remains to determine the multiplication on the odd summands of
s«(KQ/2") Amiz s«(KQ/2™) for n > 1.

Lemma 6.8. Let n > 1 and consider the commutative diagram

s1(KQ/2") Amz 51(KQ/2") ——— s2(KQ/2")

(6.9) l l

s1(KGL/2") Amz s1(KGL/2") — s,(KGL/2").
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Restricting the multiplication map
(X2IMZ/2 Apz 22TMZ/2) v (32IMZ /2 Apz HTMZ/2) v
V(SYIMZ/2 Avz S2IMZ/2) v - —
— YH2MZ/2" v 23 PMZ )2,
to the top summands yields the trivial map
Y2IMZ/2 Apmz B2TMZ /2 — Y2 MZ /2" v $32MZ/2,
and

Y2IMZ/2 Apmz 2HMZ /2 ~ 242 MZ/2 v 232 MZ /2

inc3. 0
0 id

- 2IMZ /2" v 232 MZ)2.

Permuting the smash factors X*'MZ/2 and X1'MZ/2 in the source yields
the same map in SH.

Proof. Note that so(KQ/2") — so(KGL/2") restricts to an isomorphism on
the top summand ¥*2MZ/2. On the first summand the left vertical map
02, A 92, in (6.9) is trivial by Lemma 6.10. For the second map we look at
the commutative diagram

Nlso(KQ/2") Amz s1(KQy2m) B2 o 1 Q/2m) Az s1(KQ/2")

! |

»hls (KQ/2") so(KQ/2m).

Here the left vertical map restricts as (0, X32MZ/2) on the summand
YMMZ/2" Az B2IMZ )2 ~ 242 MZ/2 v £32MZ /2.

Lemma 6.1 shows the horizontal maps agree with (95", pr3") Apz X MZ/2
and (0, ¥32MZ/2). Incidentally, this also implies

Y2IMZ/2 Apmz B2TMZ /2 — Y2 MZ /2" v 32 MZ /2
is trivial. By commutativity of the diagram we have

YMMZ/2 Apz B2TMZ /2 ~ Y2 MZ/2 v 232 MZ /2
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?7 0
0 id 4,2 3,2
—— XM MZ/2" v ¥*MZ/2.

Using (6.9) and Lemma 6.10 we conclude ? = inc3.. O

Lemma 6.10. The map
030 NO3n
MZ/2 Az MZ/2 22290 $20MZ /97 Az MZ /2"
is trivial, while

82, AincZn

MZ/2 AMZ MZ/2

0 0
inc3. 0

»OMZ/2v MZ/2 ~——— ¥20MZ/2" v £ OMZ /2.

»EOMZ/2" Apvz MZ /2"

coincides with

With notation inspired by [51] s.(KQ/2") is a polynomial algebra with
generators and relations

+1 8§n incgn
MZ/2"[va™ ", 0,41/ (2n = 0,7" == Va,7* = 0,97 — Va).
Here the bidegrees of \/a, n, and v are (4,2), (1,1), and (2, 1), respectively.

Theorem 6.11. Let n > 2. For ¢ > 1 and j > 1 the multiplicative structure
on s,(KQ/2") is given by

2. 0

P2
=0 0, m= ('nff” i%) 7* =0,
0 id
o Sqt 0 ‘ Sqt 0
=10 0f,y=10 0
0 id 0 id

Proof. Use Lemma 6.4 and the multiplicative structure on the top summands
given in Lemma 6.8. H
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Appendix A. Motivic cohomology and the Steenrod algebra

In this section we review the motivic cohomology groups of rings of integers in
number fields and properties of the mod 2 motivic Steenrod algebra. Suppose
F is a field of char(F) # 2. Recall that H**(—;Z/2) is a contravariant
functor defined on the category Smp of smooth separated schemes of finite
type over F', taking values in bigraded commutative rings of characteristic 2
[64, §3]. Let h™* be short for the mod 2 motivic cohomology ring P, , K"
of F. The structure map X — Spec(F') turns H**(X;Z/2) into a bigraded
commutative h**-algebra for every X € Smp.

By change of topology there is a naturally induced map between motivic
and étale cohomology

(A1) WP s HE(F; "),

The map in (A.1) is an isomorphism if p < ¢ and ¢ > 0 by the solution
of the Beilinson-Lichtenbaum conjecture [64, §6] in Voevodsky’s proof of
Milnor’s conjecture on Galois cohomology [67]. Here 7 € h%! maps to —1 in
HY(F; p2) = po(F) = {41}; multiplication by this class is an isomorphism
on étale cohomology. It follows that 7% # 0 in h%*. By [64, Theorem 3.4| there
is an isomorphism hPP = k:]';/' = K]';/'(F )/2 for all p > 0, and we conclude

(A.2) he* = kM7

That is, h»4 = 0 if p > qor if p < 0, PP = kj';/' and multiplication by
7 € h%! is an isomorphism on ~**. Note that when 0 < p < ¢, every element
of hP9 is a 79 P-multiple of an element of APP. Formally inverting 7 yields
an isomorphism [29, Theorem 1.1, Remark 6.3|, [21, Corollary 3.6]

(A.3) W S HE(Fu$).

We write A™* for the mod 2 Steenrod algebra of bistable motivic co-
homology operations on Smp generated by the Steenrod squares Sq* and
multiplication by elements in h**, see [21], [68]. Every map

MZ/2 — SPIMZ/2

in the stable motivic homotopy category SH(F') induces a bistable operation
of bidegree (p,q); in fact, every operation arises in this way. For degree
reasons the action of any Steenrod square on hPP is zero. By (A.2) and the
Cartan formula |68, Proposition 9.6] it essentially remains to determine the
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actions on 7. Recall p denotes the class of —1in ALt = F* /2 and Sq*(7) = p.
In the main body of the paper we make use of Table 10, which is the content
of [52, Corollary 6.2].

Table 10: Steenrod operations acting on 7-powers, k > 0

FAk Akl 4k42 4k+3
Sq1 0 o 0 TRz
Sq2 0 0 P2kl 2 dkt2
Sq2 +psq1 0 ,027’4k p27_4k+1 0
Sq° 0 0 PPt 0
Sq%Sq* 0 0 0 piraktl
Sq25q1 =+ Sq3 0 O p3,7_4k: p37_4k?+1
Sq°Sq’ 0o 0 0 phrik

The localization sequences for motivic cohomology [28, §14.4] and étale
cohomology [59, I11.1.3] show that (A.1) and (A.3) generalize to the ring of
S-integers OF s. One notable difference compared to the case of fields is the
possible non-vanishing of h*! 2 Pic(Ors)/2. By the work of Spitzweck [60],
the mod 2 Steenrod algebra A** over the Dedekind domain Ops has the
same structure as over fields. In particular, Table 10 remains valid over rings
of S-integers.

Lemma A.4 (|68, Lemma 11.1], [21, Theorem 1.1], [60, §11.2]). In weight
0 and 1 the motivic Steenrod algebra A** is generated by Sq', Sq?, Sq?,
Sq?Sq! and Sq®Sq' as a free left h**-module. The nontrivial elements are:

P, q Ap:a

0,0) | A0D

1,0) | h%9{Sq'}

0,1) | %07}

1,1) | A4 @ h00{7Sq'}

~
—_

h2’1 D hl,l{sql} D h0,0{SqQ}
h*{Sq'} & h*{Sq*Sq'} & h0{Sq"}
hO,O{SqSSql}

NN N TN TN N N /™
B~ o
—

~— — — — ~— — |~ —

Lemma A.5 ([54, Theorem A.5]). There are naturally induced cofiber se-
quences

on azn—l
Mz/2" "t - Mz/2" 22 MZ /2 2225 21OMZ /27!

and

Mz/2 " MzZ/2m s Mz/2nt E s s1O0MZ/2,
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In weight 0 and 1 there are the following nontrivial maps:

(p,q) | [MZ/2",XP9MZ/?2]
(0,0) ho’o{pr%n }
(1,0) | n%0{05"}
(0,1) | A%{pr"}
(1,1) | A5Ypr3"} @ h%1{05"}
(2,1) | B>"pr3"} @ h*0{Sq?pr3"} ® 11 {05}
n 3 n 2 n
(3,1) | h>{05" } & h"0{Sq’pry", Sq" 05" }
(4,1) | B%{Sq'Sq*35"}
(p,q) | [MZ/2, SP9MZ /27|
Eo, 0; in2c%n (?20
1,0) | 63.n%
(0,1) | inc2.h0!
(1,1) | inc3.hlt @ 02,00
(2,1) | inc2. h>! @ inc2.Sq?h*0 @ 93, h!-!
(3,1) in;%nS;]Zslqlglg’o @ 02, h* @ 92,5q*h00
(4,1) | 05.59°Sq"h"

We note the equalities pr" 03, = Sq' = 92"inc3..

Lemma A.6. For every number field F' there is a naturally induced surjec-
tive map

T1
F*/2 — PR /2.
Proof. Follows from the strong approximation theorem for valuations in
number fields [12, §15]. O

Lemma A.7. For every number field F' the naturally induced map

T1
kn(F) = €D kn(R)
is surjective for n = 1,2, and bijective for n > 3.

Proof. Lemma A.6 implies this for n = 1,2 since ko(F') is generated by
products k1 (F) ® ki(F') — ka(F'). The bijection for n > 3 is shown in [37,
Theorem A.2|. O

We can recast these results in terms of motivic cohomology by using the
identification of Milnor K-groups with the diagonal part of motivic coho-
mology [64, Theorem 3.4].
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Lemma A.8. For every number field F' the naturally induced map
W(F) — @ nP9(R)

is injective for p = 0, surjective for p = 1,2, and an isomorphism for p > 3.

For a € Op \ {0} we have Ops = {z € F|||z|, < 1forallv ¢ S} =
@) F[%] if and only if the prime factors of aOp are precisely the primes ideals
p for which the corresponding place p, € S \ Soo. Note that (9;3 ={z €
Fl|||z][y, = 1lforallv ¢ S} is a finitely generated abelian group of rank
#S — 1 =11 +1r2+ #(S \ Sx) — 1. By the solution of the Bloch-Kato
conjecture [69] the results on the motivic cohomology groups of Op s with
Zg)-coefficients in [28] extend to integral coefficients.

Theorem A.9 (|28, Theorems 14.5, 14.6]). The integral motivic cohomology
group HP4(OF) is trivial outside the range 1 < p < g except in bidegrees
(0,0) and (2,1).

The naturally induced map HP4(Ops) — HP4(F) is:

» bijective for p = 0 and all ¢, and also for p =1 and ¢ > 2 (14.6 (3)).

» injective for (p,q) = (1,1),(2,2) (14.6 (1)).

» surjective for (p,q) = (2,1) (the target is the trivial group).

» injective for p = 2,¢ > 3 (14.6 (4)), and there is a short exact localiza-

tion sequence

0— H>(Ops) » H*(F) - @ H" (k(z)) - 0.
z¢S

» bijective for p > 3, p < ¢ (14.6 (3), 14.5 (2), 14.5 (3)), and

. 1 (Z/2)" p=gmod2
1™ (Ors) = {O p % g mod 2

Corollary A.10. For 0 < p < g, multiplication by 7 € h®}(Op.s) induces
an isomorphism

T hp’q(OF’g) E) hp’q—'—l(OF’g).

Proof. This follows from (A.1), finiteness of h*¢(Ofs) for all p,q € Z, and
the exact localization sequence |28, §14.4] commutative diagram
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Dags WP~ (k(z)) —— hWP91(Ops) —— hPI(F)
Dags W2 (k(x)) —— WP Ops) —— RPITHE).

Alternatively, apply the Beilinson-Lichtenbaum conjecture for Dedekind do-
mains |16, Theorem 1.2 (2)]. O

Lemma A.11. Over Ofs the map 7: h?1 — h?2? is injective with image
contained in ker(p2).

Proof. Asin [64, §6] the change of topology adjunction between the Nisnevich
and étale sites over Op s (see also [60, p. 9], [16, Theorem 1.2.4]) yields a
commutative diagram with vertical product maps

h21 @ 0L — H2(Ops; pa(1)) @ HY,(Ops; ua(1))

(A.12) J F

p22 = HZ (OFs; u2(2)).

The lower horizontal and right vertical maps in (A.12) are isomorphisms
(use the localization sequence for the horizontal map). Injectivity of the top
horizontal map in (A.12) follows from the commutative diagram of exact
coefficient sequences obtained from the change of topology adjunction

H>'/2 = HZ (Op.s; Z(1))/2

I [

W3l ——— H2(Ors;Z/2(1)) = HE (OFs; p2(2)).

Here the maps exiting the top left corner are isomorphisms (use H*! = 0
and the quasi-isomorphism Z(1) ~ Gy,[—1] in [60, Theorem 7.10]). This
shows 7 : h*! — h??2 is injective. Its image is contained in ker(p22) because
ph*! = 0. O

When ¢ > 2 the positive motivic cohomology groups h%? of Op s fit into
an exact sequence

(A13) 0 — KO (Z/2)rtre — pL0 s pla Uy (g 9y p29 _ p2a

P2z 12 < 0.
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Here we consider the canonically induced map

Upq: BP(OFs) = @ WPI(R) & @ hP(C).

We refer to [13] for the definition of positive étale cohomology groups; see [45,
(9)] for the indexing in (A.13). The exactness of (A.13) follows by identifying
étale and motivic cohomology groups in the given range, see |28, Theorem
14.5]. The subgroup of totally positive units of Op s is defined by

OIX«“; ={a € OES |o(a) >0, Vo: F — R}.
The narrow Picard group of Op s is defined by the exact sequence

0— O;; — F*% = Div(Ops) — Picy (Ors) — 0.

Here Div(Op,s) denotes the group of divisors. By [50, Lemma 7.6(a)| there
is an exact sequence

(A.14)

0 = im(h"9 — B19) = 11 (Z/2)™ 5 Picy (Ops) — Pic(Ops) — 0.

Using (A.13) we note the following result.
Lemma A.15. The naturally induced map

gt K (Ops) - @ h*(R)

is surjective for g > 2.

Proposition A.16 (|28, Theorem14.5 (3), (4), (5)], [50, Propositions 6.12,
6.13]). Suppose S is a set of places of F' containing the archimedean and
dyadic ones.

1. H%(Opgs) =Z if ¢ = 0 and trivial if ¢ # 0.

2. HY(Ops) = Z% @ Z/wy(F), where d, = ry if ¢ > 2 is even and
dg =71+ 72 if ¢ > 1is odd.

3. H*9(Ops) is a torsion group for all ¢ € Z. If #8 < oo then H*4(Op s)
is finite and the 2-rank rko H2’q((’)F,5; Z2)/2 equals 11 + ss +ts — 1 if
q is even and sg +ts — 1 if ¢ is odd.

Corollary A.17. For the ring Ofs of S-integers in a number field F' we
have

+ _
#hl,l — oritratsstts ’ #h2’2 — 9ritsstts 1’
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HATT = 2" if g > 3, ker(p} ) = 2SS,
#ker(ps o) = #ker(pag) = 25T @n®? /p? = #h>2 /2 if ry > 0.

Lemma A.18. For the ring of S-integers Ops in a number field F' the
multiplication map p?~!: A1t — b9 is surjective when ¢ > 3.

Proof. By Theorem 2.48 there is a commutative diagram

I(Op;s)/I*(OFs) = 1 (Ops)
I(F)/I*(F) = > hUL(F)

|n=cnye |

[9(F)/IT(F) = [9(Ops) /19 (Ops) —— h%9(F) = ht4(Op).

The left vertical composite is surjective. Indeed, by 38, Corollary 1V.4.5] the
image of W(Op,s)NI%(F) by the signature map is 47", hence o(I(Ops)) D
47", so multiplication by the element (1) — (—1) corresponding to p induces
I¥}(Ops) = I3(F) 2 8Z™. O

Lemma A.19. The following holds over the ring of S-integers Op s in any
number field.

1. prd": H>1 — p24 ig surjective if ¢ = 0 mod 2, and it has cokernel of
rank 2™ if ¢ = 1 mod 2.

2. 93" H2Y = 34 s surjective if ¢ = 1 mod 2, and trivial if ¢ = 0 mod 2.

3. HY Pl pla 39, p3.atl g trivial if ¢ = 0,1,2 mod 4.

82" 2
4. Hy? Zoy p2a 59, phatl s trivial if q = 1,2,3 mod 4, and surjective
if ¢ = 0 mod 4.

Proof. In the proof we make use of the motivic squaring operation Sq?
and Table 10. (1) and (2) follow from the commutative diagrams with exact
rows

2" na
Hy'(Ops) =2 h*9(Ops) = H2Y(Op;s) — Hy'(Ors)

! !

" HM(R) — @ HI(R),

n
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8§n on+1
Hy(Ops) —— h*1(Ops) LN HY1(Ops) —— Hy(Ops)

E F

@" HY (R) —— @™ Hi'(R).

The lower horizontal map is trivial if ¢ = 0 mod 2 and an isomorphism if
¢ = 1 mod 2 (see Table 10).

(3) The Steenrod square Sq?: B3+l — p54+2 ig an isomorphism if ¢ =
0,1 mod 4 (see Table 10). Thus the composite

Hia P Pri plg SU 1341

is trivial if ¢ = 0,1 mod 4, since Sq?Sq®pr3” = 75q3Sq'pr3” = 0. If ¢
2 mod 4, Sq? acts trivially on h"9 (see Table 10).

(4) The Steenrod square Sq?: h*7+1 — p69+2 is an isomorphism if ¢ =
1,2 mod 4 (see Table 10). Thus the composite

qu h2"1 S9° phatl

is trivial if ¢ = 1,2 mod 4, since Sq?Sq?93" = 7593Sq'05" = 0. If ¢ =
3 mod 4, Sq? acts trivially on h29 (see Table 10). Finally, Sq28§ninc%n =
Sq?Sqt : h14 — B+ s surjective if ¢ = 0 mod 4 (see Table 10). O

F

Lemma A.20 (|19, p. 528]). The second hermitian K-group of any field
is given by
KQq(F) = Ka(F) @ hot.
Example A.21. Examples of mod 2 motivic cohomology rings used in the
main body of the paper.

Table 11: Here u € hb! is the class of a nonsquare in F'* not equal to p or
7, and ™ € hY1 is the class of £ € Q)

F h**

R | 2727

Qs | Z/207u, p, 7]/ (72,02, pu, e, e + )
Q¢ | Z/2[r,u, 7]/ (u?, %), =1 mod 4

Q¢ | Z)2[r, p, 7]/ (p*, 7(p+7)),¢ =3 mod 4
Fe | Z/2[r,u]/(u?),£ =1 mod 4

Fy, | Z/2[r, p]/(p?),£ = 3 mod 4
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Appendix B. Tables and figures
h5,5 h4’5 h3’ h2,5 h1’5 h0’5
5
pA B33 p2:2 Bl p0,4
4
h3’3 h2’3 h1,3 h0,3
3
B2:2 R1:2 p0,2
2
B2l Lol BO1
1
h0,0
0
0 1 2 3 4 5 6 7 8 10 11 12

Figure 4: The E-page of the weight 0 slice spectral sequence for KGL/2.

h®8/p | kerpg g h®8/p | kerpgs n8:8 /3 ker pF g ker pg g
8
RT7 /p | ker pr.7 RT7p | ker pr 7| k67 /pB K37 /p% p4T/p2 ke pf 7 2.7
7
h56/p2 B46/p | B0 /p2 B2:6/, | 1,6 10,6
(&3] (&) 53] 53] 53] 53]
hS:6/p | ker pe6 h8:6/p | ker pg 6| ho:6/p® ker pf | ker pf g ker p3 ¢/ 1.6
6
RA5 /p2 B4 /58 ker pg 5| 1.5 10,5
D D D D D
h®5/p | ker ps 5 h®5/p? ker ps 5 ker p3 5| ker p 5/ ker p3 5| ker p1 5 p0:5
5
pi4 k 4,4 ker p2 ,| ker p2 ,| ker p>
% /p | kerpg 4 h4 P34 P24 P1,4) p0,4
4
h33/p | ker p3 3| 2.3 pl3 B0.3
3
Rl:2 h0:2
20 52 53]
h*%/p | ker pa 2| p1,2 0,2
2
R0:1
Rl ker p1,1| ;0.1
1
10,0
0
0 2 3 4 5 6 7 8 9 10

Figure 5: EZ | ((KQ/2).
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Table 12: Matrix
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Table 13: Kernel and image of Mg’q and Mz?,q used in Theorem 4.16
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Figure 10: E§k+p+1,4k+q+1,1(KQ/2n)-
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Figure 11: E§k+p+2,4k+q+2,2 (KQ/2).
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Figure 12: E§k+p+3’4k+q+3,3(KQ/2n)-
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