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Equivariant Grothendieck-Riemann-Roch theorem
via formal deformation theory

GRIGORY KONDYREV* AND ARTEM PRIKHODKO!

We use the formalism of traces in higher categories to prove a
common generalization of the holomorphic Atiyah-Bott fixed point
formula and the Grothendieck-Riemann-Roch theorem. The proof
is quite different from the original one proposed by Grothendieck
et al.: it relies on the interplay between self dualities of quasi-
and ind- coherent sheaves on X and formal deformation theory of
Gaitsgory-Rozenblyum. In particular, we give a description of the
Todd class in terms of the difference of two formal group structures
on the derived loop scheme £X. The equivariant case is reduced to
the non-equivariant one by a variant of the Atiyah-Bott localization

theorem.
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0. Introduction
Convention. For the rest of the document we will assume that we work
over some base field k of characteristic zero.

In [15] the formalism of traces in symmetric monoidal (oo, 2)-categories
was used to prove the following classical result
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Theorem (Holomorphic Atiyah-Bott fixed point formula). Let X be a

smooth proper k-scheme with an endomorphism X —2 - X such that the
graph of ¢ intersects the diagonal in X x X transversely. Then for a lax
g-equivariant perfect sheaf (FE,t) (i.e. a sheaf E € QCoh(X)P*! equipped

with a map FE —ts g« E ) there is an equality

Trvectk ( Ex >~ Eg(x) L E:C )
det(1 — d,g)

Trvect, (F(X, ) " px, E)) - ¥

z=g(x)

d . .
where Tx , T X,g(x) = Txx is the induced map on tangent spaces.

In turns out that the transversality assumption in the theorem above
can be considerably weakened. For example, the following extreme opposite
case (when the equivariant structure is trivial, i.e. ¢ = Idx, t = Idg) was
known a decade before the Atiyah-Bott formula

Theorem (Hirzebruch-Riemann-Roch). Let X be a smooth proper scheme
over k. Then for every perfect sheaf E on X there is an equality

Idr(x,m)

Tr(F(X,E) F(X,E)> :/Xch(E)th

where ch(—) and tdx are Chern character and Todd class respectively.

The goal of this work is to provide a common generalization of the two
theorems above as well as their relative versions naturally suggested by the
formalism of traces. In order to state it we first need to introduce a bit of
notations:

Notations 0.0.1. Let X be a smooth scheme equipped with an endomor-
phism X —% -+ X such that the reduced classical scheme X9 := HO(X9)red

is smooth (but not necessary connected). We will denote by j: X9 ——= X
the canonical embedding and by N, gv its conormal bundle. Note that the ac-

tion of g on Q% in particular restricts to an endomorphism I, Ny ——= N

We then have
Theorem (Equivariant Grothendieck-Riemann-Roch, Theorem 6.2.13). Let

o x—L v e
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be an equivariant morphism between smooth proper schemes such that

e Reduced fixed loci X9x and Y9v are smooth.
e The induced morphisms on conormal bundles 1 — (g% )y and 1 —

* . .
(9%) Ny, are invertible.

Then for a lax gx-equivariant perfect sheaf ¥ on X there is an equality

— tdyox tdyy —
7). (B0 E) B T e @)
€gx €gy p
where X9x A Y9r is the induced map on reduced fixed loci, ch(—,—)

is an equivariant Chern character (see Construction 1.1.4 and Proposition
1.3.3), td_ are usual Todd classes and e, are equivariant Euler classes (see
Definition 6.2.8 and Corollary 6.2.10).

If equivariant structures on X and Y are trivial (so eq, = 1,e4, = 1), the
theorem above reduces to the usual Grothendieck-Riemann-Roch theorem.
On the other hand, if Y = % and X9% is discrete, then tdysx = 1 and
we recover the holomorphic Atiyah Bott-formula (see corollaries 6.2.16 and
6.2.15 for more details).

Remark 0.0.2. Even in the case of trivial equivariant structures our proof
of Grothendieck-Riemann-Roch is quite different from the original approach
due to Grothendieck et al.: it is valid for arbitrary smooth proper k-schemes
X and in particular does not rely on the trick of factoring a projective
morphism into a composition of a closed embedding and a projection. On
the other hand, due to heavy usage of deformation theory our proof works
only in characteristic zero and we consider the Chern character and the Todd
class as elements of Hodge cohomology H**(X), not of the Chow ring.

We now explain the key steps in the proof of the Equivariant Grothen-
dieck-Riemann-Roch theorem above.

Non-equivariant part. Let X *f>Y be a morphism of smooth proper
k-schemes and let F be a perfect sheaf on X. Recall that the Grothendieck-
Riemann-Roch theorem asserts an equality

fo(ch(B)tdx) = ch(fo(E)tdy € EPHP(Y, D).
P
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Our first goal is to give a proof of the Grothendieck-Riemann-Roch theorem
using the formalism of traces. Note that the formula above is equivalent to
the commutativity of the diagram

ch(f.(E))
0 @ra)  @ma)
p p

Nltdx Nltdy

DX ) —— P H (V.0
p p

of k-vector spaces. We now recall

Proposition 0.0.3 ([15, Definition 1.2.6]). Let C,D € Caty be a pair of
dualizable k-linear presentable categories. Suppose we are given a (not nec-
essarily commutative) diagram

et ¢
p P T ¥ P
D D,
Fyp

where ¢ is left adjoint to 9 and ¢ o Fe I Fpo ¢ is a (not necessary
invertible) natural transformation. Then there exists a natural morphism

Tra caty, (0,T)

Tracat, (Fe) Trcat, (F'p)

in the (00, 1)-category Homy cat, (Vecty, Vecty) ~ Vecty, called the morphism
of traces induced by T' (in the case when T' = Id,op, we will further fre-
quently use the notation Tracat, (@) := Tracat, (¢, 1dgor,)). Moreover the
morphism of traces is functorial in an appropriate sense, see [15, Proposi-
tion 1.2.11.].

We refer the reader to [15, Section 1.2] for a detailed discussion of the
formalism of traces (see also [13] for a more general treatment in the con-
text of (0o, n)-categories and [5] for traces in the context of derived algebraic
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geometry). The main idea of our proof of the Grothendieck-Riemann-Roch
theorem is that one can obtain commutativity of the diagram (1) above
as a corollary of functoriality of the construction of the morphism of traces.
Namely, let 2 Caty be the (00, 2)-category of k-linear stable presentable cate-
gories and continuous functors. Recall that to each derived scheme Z we can
associate the (oo, 1)-category QCoh(Z) € 2 Caty, of quasi-coherent sheaves
on Z (see [10, Chapter 3]) and a closely related category ICoh(Z) of ind-
coherent sheaves on Z (see [10, Chapter 4]). Then by applying functoriality
of traces to the diagram

Vecty, QCoh(X) — T QCoh(Y)
~ \L ®0x ~ l ROy
ICoh(X) ICoh(Y)

in 2 Caty we obtain a commutative diagram of traces

Tr2 Caty, (f* (E)®_)

T Tra caty, (Idqoon(x)) —— Tr2cat, (Idqcon(y))

lTrQCatk(®OX) \LTl'z Caty, (—®0y)

Tracat, (IdICOh(X)> W TraCat, (IdICoh(X))

in Vecty. The bulk of the paper will be devoted to identifying the morphism
of traces in the diagram above with their classical counterparts. Namely

e Section 1: we prove

0 TrQCatk(IdQCoh X) @Hp (X, 0%)

70 Tra Cat, IdQCoh(Y @ HP(Y, Qp

Moreover, under the isomorphisms above Tr(E® —) and Tr(f«(E)®—)
will coincide with the usual Chern characters of E and f.(F) respec-
tively. In fact, our description of Tr(E ® —) will be in terms of the
Atiyah class of F and is closely related to the description given in [19].
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e Section 2: we have

70 Tra Cat, (Id1con(x @ HP(X,9%)"

o Tra Cat,, (Idicon(y @ HP(Y, Qp

Moreover, under the two isomorphisms above the morphism of traces

induced by the pushforward functor ICoh(X) i>ICoh(Y) coin-
cides with the usual pushforward in homology (defined as the Poincaré
dual of the pullback).

e Sections 3, 4: under the Poincaré self-duality

P HP (X, %) ~ P HP (X, %)Y

p p

the morphism Tro cat, (— ® Ox) is given by the multiplication with the
Todd class tdx and analogously for Y.

Using these identifications and the commutative diagram of traces above,
one immediately concludes the Grothendieck-Riemann-Roch theorem.

Equivariant part. We now discuss how one can get an equivariant version of
the GRR theorem. Let X be a smooth proper scheme with an endomorphism
g and (E,t) be a lax g-equivariant perfect sheaf on X. First, it turns out
that if ¢ = Id x there is simple description of the equivariant Chern character
ch(E,t) (see Construction 1.1.4) in the spirit of the Chern-Weil theory (see
Remark 1.4.8):

Example 0.0.4. Let X be a smooth proper scheme with a trivial equivari-
ant structure. Then under the identification

Try Cat, (Tdqoon(x)) ~ @D HP (X, OX)
p

the equivariant Chern character is equal to Tr(e**) o t), where At(E) is
the Atiyah class of E (see Corollary 1.3.3).

Now if the equivariant structure on X is non-trivial, we in general do
not have a convenient description of Trgcat, (9«) and therefore of ch(E,t).
To circumvent this, we shall reduce the situation to the non-equivariant case
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by restricting along the (classical, reduced) fixed point locus j: X9 ——= X
of the endomorphism g, like in the Atiyah-Bott localization theorem. Note
that this indeed gives a good description of the Chern character: since the
restriction of the lax g-equivariant sheaf (E,t) to X9 is naturally equivariant
with respect to the trivial equivariant structure on X9, by the example above
we have a grasp on

ch(j*(E,1)) € o Tra cat, (1dgoonn) = @D HP (X9, 08).
p

Moreover, we will show that under reasonable assumptions the morphism j*
in fact does not loose any information:

Theorem (Localization theorem, 6.2.2). Assume that the reduced classical
fixed locus X9 is smooth and let Ngv be the conormal bundle of j. Then the
induced map

Tracat (J*) Y a
o Tra Cat, (g*) LA o TV(IdQCoh(ﬁ)) = @ Hp(Xg’ Q];TJ)
P

is an equivalence if and only if the determinant det(1 — gr}\/v) is invertible.
9

Let now

(X —L v e

be an equivariant morphism from (X, gx) to (Y, gy) satisfying assumptions
of the Equivariant Grothendieck-Riemann-Roch theorem. Then by applying
Tra cat, to the commutative diagram

gx gy«
) )
Vecty — 2~ QCoh(X) — 1"~ QCoh(Y)
~ \L ®R0x ~ l ®0y
ICoh(X) —— ICoh(Y')
W) )
gx gy«

and using the identification from the localization theorem o Tro cat,((9x )x) =
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b, H?’P(X9%) and analogously for Y, we obtain a commutative diagram

ch(f.(E,t))

m HPP(Y97)

ch(Et)
p
Nl.tdgx N\L. tde

@ HPP(X9x) — @HW(W)

in Vecty, for some equivalences td,, and tdg, (see Notation 6.1.5). Finally,
by applying the commutative diagram above to the special case when the
morphism is X9x & X and using the non-equivariant part it is straight-

forward to identify tdg, with XQX (Proposition 6.2.12), where ey, is the
Euler class (see Definition 6.2.8 and Corollary 6.2.10) and similarly for Y.

Remark 0.0.5. Even if one is only interested in the equivariant part, in
order to reduce it to the non-equivariant version in our approach it is still
necessary to identify the morphism of traces

Tra cat, (—®0%7)

Tr2 Gat, (Idgeon(xa)) Tr2 Cat,, (Idjcon (x7))
in classical terms. In other words, we really need to reprove (non-equivariant)
Grothendieck-Riemann-Roch theorem in the language of traces.

Relation to previous work

Our identification of the morphism of traces in the non-equivariant case is
closely related to the work of Markarian [19], where the role of the canonical
action of the Lie algebra Tx[—1] on any object of QCoh(X) (via Atiyah
class) was emphasized. Moreover, he provides an interpretation of the Todd
class tdx as an invariant volume form with respect to the Hopf algebra
structure on Hochschild homology. The key difference of our approach is the
systematic use of the formalism of traces, derived algebraic geometry, ind-
coherent sheaves and deformation theory of Gaitsgory-Rozenblyum, allowing
us to give a precise geometric interpretation of Markarian’s ideas in terms of
formal groups over X and to generalize them in some directions. The idea
of such an interpretation of tdx was explained to us by Dennis Gaitsgory
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who in turn learned it from Maxim Kontsevich, according to whom this idea
ultimately goes back to Boris Feigin.

Ideas similar to our trace formalism were used in a series of papers [4],
[5], [6] to derive many interesting trace formulas in various contexts (such
as D-modules on schemes or quasi-coherent sheaves on stacks). However,
as explained in [5, Remark 1.6], some additional work is needed to fully
recover the usual GRR-theorem from their results. Among other things, in
this paper we provide a necessary identifications of morphisms of traces in
classical context by studying the formal geometry of the derived loop scheme.

Localization theory relating equivariant cohomology and ordinary coho-
mology of the fixed locus was studied for a long time already, see e.g. [3] for
the de Rham variant of the theory. For various reasons the methods of [3]
don’t apply directly in our context (e.g. since equivariant cohomology of a
point is too small in the case of a plain endomorphism to invert something
there), but the idea that equivariant cohomology and ordinary cohomology
of the fixed locus agree up to localization of the Euler class is ultimately
motivated by their work.

Formality of derived fibered products was thoroughly studied in [1]. As
an application they prove ([1, Corollary 1.12]) that for a finite order auto-
morphism the derived fixed locus is always formal. Hence our localization
theorem 6.2.2 may be considered as a generalization of this result, providing
formality criterion for an arbitrary endomorphism.

A similar result to that of ours was obtained in [8] over an arbitrary alge-
braically closed field but with an additional assumption that both X,Y are
projective and that both gx, gy are automorphisms of finite order coprime
to the characteristic of the base field. Donovan’s proof is quite different from
ours and is much closer to the original approach due to Grothendieck: it relies
on the fact that an equivariant projective morphism f: (X, gx) —— (Y, gy)
(with gx, gy being automorphisms of finite orders) can be factored into an
equivariant closed embedding into relative projective space followed by pro-
jection. We do not see how to generalize this approach to the case of a
general endomorphism. On the other hand, Donovan’s formula holds in the
Chow ring, while our proof gives equality only in Hodge cohomology.

One can also extend the classical Grothendieck-Riemann-Roch theorem
in a non-commutative direction by studying traces of maps on Hochschild
homology induced by functors between nice enough (e.g. smooth and proper)
categories (see [22], [16], [20], [7]). But while the Chern character makes per-
fect sense in the non-commutative context, it was already pointed out by
Shklyarov that the Todd class seems to be of commutative nature and is
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missing in general non-commutative GRR-like theorems. Hence the The-
orem 6.2.13 may be considered as a refinement of the more general non-
commutative versions under additional geometricity assumptions on cate-
gories and endofunctors.

Finally, there is a categorified version of the GRR-~theorem conjectured
in [23], where (among many other things) the role of the derived loops con-
struction was empasized. See [24] and [14] for proofs and interesting appli-
cations.

Acknowledgments. The idea to use the categorical trace to prove the
Atiyah-Bott formula and Grothendieck-Riemann-Roch was suggested to us
by Dennis Gaitsgory. We are grateful to him for guidance throughout this
project. We also would like to thank Chris Brav for carefully reading drafts
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to thank Pavel Popov for helpful discussions about localization theorems.

The first author was supported by the HSE University Basic Research
Program. The second author is partially supported by Laboratory of Mirror
Symmetry NRU HSE, RF Government grant, ag. 14.641.31.0001 and by the
Simons Foundation.

Conventions.

1) All the categories we work with are assumed to be (0o, 1)-categories. For
an (oo, 1)-category € we will denote by (€)= the underlying co-groupoid of
C obtained by discarding all the non-invertible morphisms from C.

2) We will denote by S the symmetric monoidal (0o, 1)-category of spaces.
For a field k£ we will denote by Vecty, the stable symmetric monoidal (oo, 1)-
category of unbounded cochain complexes over k up to quasi-isomorphism
with the canonical (0o, 1)-enhancement. We will also denote by Vectg the
ordinary category of k-vector spaces considered as an (oo, 1)-category.

3) We will denote by PrL the (0o, 1)-category of presentable (0o, 1)-catego-
ries and continuous functors with the symmetric monoidal structure from
[17, Proposition 4.8.1.15.]. Similarly, we will denote by Pr5st the (o0o,1)-
category of stable presentable (0o, 1)-categories and continuous functors con-
sidered as a symmetric monoidal (0o, 1)-category with the monoidal struc-
ture inherited from PrL_.

4) Notice that Vecty, is a commutative algebra object in PrLst. By [17, Theo-
rem 4.5.2.1.] it follows that the presentable stable (oo, 1)-category of k-linear
presentable (0o, 1)-categories and k-linear functors Caty, := Modyect, (Pr'(;jt)
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admits natural symmetric monoidal structure. We will also denote by 2 Caty,
the symmetric monoidal (0o, 2)-category of k-linear presentable (oo, 1)-cat-
egories and continuous k-linear functors so that the underlying (oo, 1)-cat-
egory of 2 Caty, is precisely Caty.

5) We will denote by PreStack the (oo, 1)-category of functors
Funct(CAlgEo7 S), where CAIgEO := CAlg(Vect)=" is the (0o, 1)-category of
connective commutative algebras in Vect. For a prestack X € PreStacky we
will denote the k-linear symmetric monoidal (oo, 1)-category of unbounded
complexes of quasi-coherent sheaves on X by QCoh(X) € CAlg(Caty). We
refer the reader to [10, Part I] for an introduction to the basic concepts of
derived algebraic geometry.

6) By ‘scheme’ we will always mean a derived schemes (in the sense of
[10]) if not explicitly stated otherwise. For a smooth classical scheme X we
will sometimes denote its Hodge cohomology HY(X, Q%) by HP(X).

1. Categorical Chern character

Let X be an almost finite type scheme (see [10, Section 3.5.1]) with an

endomorphism X —~ X and let (E,t) € QCoh(X) be a lax g-equivariant
compact quasi-coherent sheaf on X (i.e. a sheaf E € QCoh(X) together

with a morphism FE _ts g«E ). Our goal in this section is to describe the
categorical Chern character ch(E,t) € Trycat, (g«) obtained by applying the
formalism of traces to the commutative diagram

IdVectk

Vecty, Vecty,

—QF Hom(E,— —QF Hom(E,—)

T

QCoh(X)

7 QCoh(X)

in more concrete terms. This will be done in several steps:

e First, using that the assignment X —— QCoh(X) lifts to a functor
from an appropriate category of correspondences we will identify

TrQCatk (g*) = F(Xg7 OXQ)



Equivariant GRR theorem via formal deformation theory 821

where X9 is the derived fixed locus of g.

e Specializing to the case when g = Id x so that X9 ~ £X is the so-called
inertia group of X we will show that E admits a canonical action of
LX and compute ch(F,t) in terms of this action.

e Finally, under additional assumption that X is smooth (so that we
can apply QCoh-version of formal deformation theory) we will show
that the canonical action of the £LX on FE is closely related to the
canonical action of the Lie algebra T x[—1] given by the Atiyah class
of E deducing that

ch(E,t) = Tr(exp(At(E)) ot).

In particular, if ¢t = Idg we will show that ch(F,Idg) coincides with
the classical topological Chern character (defined using the splitting
principle).

1.1. Self-duality of quasi-coherent sheaves and Chern character

We start with a short reminder of self-duality of QCoh. Recall the following

Theorem 1.1.1 ([10, Chapter 3, Proposition 3.4.2 and Chapter 6, Propo-
sition 4.3.2]).

1. For any two X,Y € Schuf (for the definition see [10, Chapter 2, 3.5]) the
morphism

QCoh(X) ® QCoh(Y) QCoh(X xY)
in Caty induced by the functor
QCoh(X) x QCoh(Y) —2~ QCoh(X x Y)

is an equivalence.
2. For any X € Sch,s the morphisms

A Ox

Vecty, QCoh(X x X) ~ QCoh(X) ® QCoh(X)
and

QCoh(X) ® QCoh(X) ~ QCoh(X x X) — 22"~ Vecty,

exhibit QCoh(X) as a self-dual object in Caty.
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Corollary 1.1.2. Let X be an almost finite type scheme with an endomor-

phism X —2 5 X . Then there is an equivalence
Trycat, (9x) ~ T'(X, A*(Idx, 9)«Ox) ~ T'(X9,Oxs),

where X9 is the derived fixed locus of g defined by the pullback square

X9t X

zl l(IdX:g)

XTXXX.

Proof. Unwinding the definitions and using the theorem above one finds
that the trace Tracat, (9+) is given by the composite
(Idx xg)~

A*OX ToA*

Vecty, QCoh(X x X) QCoh(X x X) Vecty,
which is given by tensoring with I'(X, A*(Idx, g)«Ox). Now by applying
the base change for quasi-coherent sheaves (see [10, Chapter 3, Proposition

2.2.2.]) to the diagram above we get
I'X,A*(Idx, 9)«Ox) ~T'(X, 4" Ox) ~ I'(X,i.0x0) 2 T'(X9,Ox5)

proving the claim. O

Example 1.1.3. Note that in the case when g = Idx we get an equivalence
X9 ~ LX where LX is the derived loops scheme of X defined as

LX :=Map(SL,X)~X x X
XxX

In particular, in the case when X is smooth the Hochschild-Kostant-Rosen-
berg isomorphism (see Corollary 1.3.1) states that

dim X
mT(LX, Orx) ~ @ HIX,0%).

p—q=t

As we will in Theorem 6.2.2 under some reasonable assumptions one can use
the Hochschild-Kostant-Rosenberg isomorphism to get some understanding
of I'(X9,0x.,) for g which is not necessary an identity.
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We now turn to the categorical Chern character. Recall from [15, Defi-
nition 1.2.9] the following

Construction 1.1.4. Given a compact sheaf E' € QCoh(X) together with

. t .
an endomorphism E —— g,F we can form a diagram

Id\/ectk

Vecty, Vect,

—QF Hom(E,— —Q®F Hom(E,—)

QCoh(X) QCoh(X)

g«

in 2 Cat, with the 2-morphism T induced by the morphism ¢. The corre-
sponding element

ch(E,t) € Tracat, (9¢) = T(X9,Ox4)

obtained via the formalism of traces (see Proposition 0.0.3) is called a cate-
gorical Chern character of E.

Recall also the following result
Proposition 1.1.5 ([15, Proposition 2.2.3.]). Assume that X is a quasi-
compact scheme (in this case QCoh(X) is compactly generated by dualizable
objects). Given an endomorphism X —? - X and a dualizable sheaf E €

QCoh(X) together with a lax g-equivariant structure FE —ts g« on E
there is an equality

”
ch(E,t):TrQCOh(Xg)<i*E L R ZE>

in I'(X9,0x4), where b € Homgeen(x)(9*E, E) is the morphism which
corresponds to ¢ using the adjunction between ¢* and g, the morphism

X9~ X is the inclusion of the derived fixed points and the equivalence
B is induced by the equivalence i ~ g o i.

It turns out that the equivalence 8 above is non-trivial even in the case
g = Idx. In fact, it is closely related to the Atiyah class of E, as we will see
further in this section.
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1.2. Canonical £X-equivariant structure

In this subsection we will construct a canonical action of £X on any sheaf
in QCoh(X) and use this structure to give an alternative description to the
morphism S from Proposition 1.1.5. We start with the following

Definition 1.2.1. Let X € PreStack be a prestack and Y € PreStack,x be
a prestack over X. Then for a group G' € Grp(PreStack,x) which acts on Y
define a prestack Y/G € PreStack as the colimit

Y/G::coAlim<...:;GXXGXXYHGXXY%Y>

in the category of prestacks.
Recall now the following

Definition 1.2.2. Let X € PreStack be a prestack and Y € PreStack,x
be a prestack over X. Then for a group G € Grp(PreStack,x) which acts
on Y we define a category of G-equivariant sheaves on Y denoted by
Reps(QCoh(Y)) simply as

Reps(QCoh(Y)) := QCoh(Y/G).

We will further frequently abuse the notation by considering G-equi-
variant sheaves on X as objects of the category QCoh(Y") via the pullback
functor

QCoh(Y/G) —~ QCoh(Y)

~

where Y — "~ Y/G is the natural projection map.

Construction 1.2.3. Notice that by the definition of ¥/G we have an
equivalence of functors a*h* ——= ¢3h* . Consequently, for every G-equi-

variant quasi-coherent sheaf F € Reps(QCoh(Y)) we get an equivalence

a*]:a—j> ¢35 F which we will further call an action morphism of G on F.

Remark 1.2.4. Suppose that the action of G on Y is trivial so that a = ¢
and therefore for any F € Repg(Y) the morphism ar is an automorphism.
For dualizable F € QCoh(X) we then define a character xr of the repre-
sentation F as the trace

XF = Trqcon(axxv)(@F) € ml'(G xx Y, Ogx v)
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of the action morphism. To justify the notation above, suppose that X =
Y = Speck and G is an ordinary group scheme over a field k. In this case F
corresponds to some representation p € Repq(Vecty) and for every g € G(k)
the pullback g*ar is equal to p(g). In particular, since the pullback functor
is symmetric monoidal we get

x7(9) =g TfQCoh(Gxxy)(af) = Tr(g"ar) = Tr(p(g))

i.e. xr defined as above coincides with the usual character of representa-
tion p.

Notice now that for a morphism Z —-= X in PreStack together with a

section X —>= Z of p the fiber product G := X x z X admits the structure
of a group object over X: the morphisms p and s above realize Z as a
pointed object in PreStack,x and the fiber product X xz X is simply the
loop object of Z € PreStack,x at the point s. Moreover, we can regard X
as acted on by G by the (necessarily) trivial action and there is an induced
map X/G ——= Z (which is equivalence if and only if the section s is an
effective epimorphism).

In this paper we are interested in the special case when Z := X x X, the
morphism p := ¢ is given by the projection to the first component and the
section s := A is given by the diagonal morphism. In this case the resulting
group

X x_ X € Grp(PreStack, x)
XxX

is called the inertia group of X and by definition coincides with the de-
rived loop stack £LX of X from Example 1.1.3. In particular, by the discus-
sion above we see that £X naturally acts on X and that we have a map

B, xLX —“ > X x X (where B,xLX € PreStack,x is the delooping of LX

over X ). We are now ready to state the following

Proposition 1.2.5. Every F € QCoh(X) admits a natural £X-equivariant
structure.

Proof. The desired structure is given by the composite
QCoh(X) —£~ QCoh(X x X) —<~ QCoh(B,x LX) = Repx (QCoh(X))

where X x X —2- X is the projection to the second component. ]
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Following [11, Chapter 8, 6.2] we will further call this structure the
canonical LX -equivariant structure on F.

Remark 1.2.6. Notice that if one would take the first projection ¢; in the
proposition above instead the resulting £X-equivariant structure on every
quasi-coherent sheaf on X will be trivial (since we consider X x X as an
object over X precisely via ¢;). The canonical £X-equivariant structure is,
however, highly nontrivial as we will see just below.

We are now ready to describe how the categorical Chern character can
be understood using the natural action of £LX on X:

Proposition 1.2.7. Let E —'S F be a dualizable quasi-coherent sheaf
on X together with an endomorphism. Then

ch(E,t) = Troconcx) (i°(t) o ag) € ml'(LX, Orx)

where ch(E,t) € Tracat, (Idgcon(x)) = I'(£X, Orx) is the categorical Chern
character and ap is the action morphism of £LX on E from Construction
1.2.3 (here F is considered as an £X-equivariant quasi-coherent sheaf on X
using the canonical £X-equivariant structure from Proposition 1.2.5).

Remark 1.2.8. Note that in the case ¢t = Idg the right hand side coincides
by definition with the character of the canonical representation of LX on F
from Remark 1.2.4.

Proof. Let more generally g be arbitrary endomorphism of X and consider
the pullback diagram defining XY

X9 " _x

zl \L(Id)mg)

Unwinding the definitions, one finds that the morphism S from Proposition
1.1.5 can be rewritten as the composite

i"E ~i*A*qyE ——i*(Idx, 9)" ¢ F ~ i*g*E,

where the middle morphism is induced by the pullback diagram above. In
particular, in the special case when ¢ := Idx and b := t we get an equivalence

Ch(E, t) == TrQCoh(EX) (Z*E #— i*F L(t)- ’L*E)
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and [ is equivalent to the composite
VE ~ AN G E — " A E ~ ' E

with the middle morphism above induced by the pullback diagram

| |a

X —=XxX—"=X
Rewriting this diagram as

LX— =X 2o xxx-%.x
7

we see that 3 is precisely the action morphism of £LX on A*g;E, that is,
an action morphism of £LX on E with the canonical £X-equivariant struc-
ture. ]

1.3. Categorical Chern character as exponential

In this section we give a different description of £X-equivariant structure
on a sheaf £ € QCoh(X) on a smooth proper scheme X using the for-
mal deformation theory developed in [11] (we invite the reader to look at
Appendix A for a quick reminder). Recall that in order to conveniently
work with deformation theory one needs to replace the category of quasi-
coherent sheaves QCoh(X) with a closely related but different category
of ind-coherent sheaves ICoh(X) (see section 2.1). However, for a smooth
scheme X there is a mnatural symmetric monoidal equivalence

QCoh(X) LNX> ICoh(X) (see Example 2.1.5), so we will state all needed
results of [11] using QCoh(X) instead of ICoh(X).

As we have seen in Proposition 1.2.7 the Chern character can be de-
scribed using the group structure (over X) on the inertia group £X of X.
Note that the underlying quasi-coherent sheaf of the Lie algebra Liex (LX)
that corresponds to £X via formal groups-Lie algebras correspondence (see
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Theorem A.0.2) is easy to understand: because of the pullback square
LX ——=X

4l

X—XxX
A

where e is obtained by pulling back ¢q; we get an equivalence

e Trx/x ~ e " Tx/xxx = Tx/xxx = Tx[-1]

in QCoh(X).

Corollary 1.3.1 (Hochschild-Kostant-Rosenberg). For a smooth scheme X
we have
dim X
ixOrx ~ Symqeoncx) (2 [1]) ~ @5 % [p)
p=0

dim X
HH(X)~ P HY(X, ).

pP—q=1t

Proof. Since by definition HH;(X) := mI'(LX,Orx) ~ mI'(X,i.Orx) the
second equivalence immediately follows from the first one. To get the first
equivalence, note that applying the exponent map (see Theorem A.0.6) we
get an equivalence

€XP,x

~

V(Tx[-1]) LX

of formal schemes over X. But by smoothness of X we have (Tx[—1])" ~

Q% [1] € Coh=<%(X) and hence by Example A.0.5 we get

V(Tx[-1]) = Spec;x (Symoconx) (2x[1)

thus obtaining an equivalence i.Orx ~ 7Oyt [~1)) ~ Symqeon(x)(Q2x[1])
in QCoh(X).
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Now the Hochschild-Kostant-Rosenberg theorem above shows us that for
a perfect sheaf with an endomorphism (F,t) the categorical Chern character
ch(E,t) is in fact an element of

dim X
ml(£X, Orx) ~ €D HP(X, %),
p=0

In particular, it makes sense to ask for a more concrete description of
ch(E,t). In order to do this, let us pick a sheaf F € QCoh(X) and ana-
lyze the canonical £X-equivariant structure on E. Since action of a formal
group correspond to the action of the corresponding Lie algebra (see Theo-
rem A.0.2) in the case when our formal group is the inertia group £X we
get an equivalence

Repx (QCoh(X)) = Mody, ) (QCoh(X)).

Consequently, we see that the canonical £X-equivariant structure on E €
QCoh(X) can be equivalently understood in terms of the corresponding
action of Tx[—1] € LAlg(QCoh(X)) on E (which we will further also call
canonical).

In order to understand the canonical action of T x[—1], let us for a sec-
ond discuss a more general situation. Suppose that we have a Lie algebra
g € QCoh(X) which acts on some F € QCoh(X). The associative algebra
structure on Endqoon(x)(F) € Alg(QCoh(X)) endows it with the structure
of a Lie algebra (we will further denote by gl € LAlg(QCoh(X)) the corre-
sponding Lie algebra) and the action of g on F induces amap g—— glr in

LAlg(QCoh(X)). Now by Lie algebras-formal groups correspondence from
theorem A.0.2, we can “integrate” this map to obtain a map G-~ GLx

of formal groups, where LieX(@) ~ g and Lie X((/}i;) ~ glr. It particular,
by functoriality this gives a commutative diagram

V(Liex (p))
(g) —— V(alx)

v
expg | ~ ~ \LGXP@]_—

~

G GLr

of formal moduli problems over X.
Now applying the above procedure to the canonical action of Tx[—1] on
E we arrive at the following
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Definition 1.3.2. Let X be a smooth scheme. Define Atiyah class At(E)
of £ € QCoh(X) as the top horizontal map in the commutative diagram

At(E)

V(Tx[-1])) V(glg)
expLXiN NlEXP@E
LX - GLg.

By the Lie algebras—formal groups correspondence Atiyah class of F cor-
responds by definition to the canonical T x[—1]-module structure on E. By
taking dual of the Lie-module structure map Tx[—1] ——= Endqoon(x)(E)

we see that At(E) corresponds to some class in H!(X, Endqoon(x)(£)®Lx).
Combining Proposition 1.2.7 with the notation above we obtain:

Corollary 1.3.3. Let X be a smooth proper scheme and E € QCoh(X) is a

perfect sheaf with an endomorphism FE —* = E . Then under the Hochschild-
Kostant-Rosenberg identification we have an equality

~

Ch(E,t) = TrQCOh(ﬁx) ( ' E oP(AUE)) i*E o () )

of elements of @ HP(X,0%).
P

Example 1.3.4. Recall that for a perfect sheaf £ € QCoh(X) we have an
equality

cho(E) = 1k(E) = Trqoon(x)(Idg)
where ch(E) here is the classical Chern character. Now as we will see below
(Proposition 1.4.9), the categorical Chern character ch(E,Idg) in fact coin-
cides with the classical one ch(F). In particular, the corollary above allows

as to prove a generalization of this statement: for a perfect sheaf (F,t) with
an endomorphism we get an equality

A E/\2
ch(E,t) =Tr <t+toAt(E)+to%+...)

and therefore since Tr(At(E)"\") € H"(X, Q%) we obtain cho(E,t) = Tr(t).
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1.4. Comparison with the classical Chern character

We will now compare our definition of Atiyah class with a more classical
one. These results are well-known to experts and we include them mostly
for reader’s convenience.

Definition 1.4.1. The prestack Perf of perfect sheaves is defined as
Perf(R) := (Mod®™)>.

Note that since the operation of taking full subcategory of dualizable
objects commutes with limits of symmetric monoidal categories and the
operation of taking maximal subgroupoid commutes with limits of categories
for any prestack Y € PreStack we get a natural equivalence

Hompyestack (Y, Perf) ~ Spec grer}% o, Hompestack (Spec R, Perf) =

~

_ . perfy\~ __ perf
SpecgrenAﬁ/y(ModR )~ =~ (QCoh(Y)P)

Let us now denote by £ € QCoh(Perf) the universal perfect sheaf classified
by the identity morphism Idpe.s. We then have

Proposition 1.4.2 ([11, Chapter 8, Proposition 3.3.4.]). There is a canon-
ical equivalence

Tpert[—1] —== Endqconpert) (€)
of Lie algebras.

Remark 1.4.3. It is not hard to show that the underlying sheaves of Lpe,¢
and Endqcon(pert) (€)[—1] are equivalent. Indeed, the pullback diagram

L Perf : Perf

7
el |z A
\

Perf — Perf x Perf

induces an equivalence

* ok *
Lperf =~ ]LPerf/Perf X Perf[_l] =e ]LPerf/Perf X Perf[_l] ~e'Lp Perf/Perf[_l]'
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Now to calculate e*ILz peyt / pert[—1] We note that by definition for any mor-
phism
Spec R — " Perf

classifying F € Mod%erf and an R-module M € Mod%0 the space

HomModR (U*e*Lc Perf / Perf>» M)

is equivalent to the space of lifts

Spec R " Perf —°~ L Perf

_ 7
—
— .
tl ~ 7 2
~
—~
—~

Spec R[M] : Perf .

Now the morphism ( classifies the module u* E where Spec R[M]—"= Spec R

is the projection map (so that t*u* =~ Idyed,) and L£X classifies a perfect
sheaf together with an automorphism we get

HOInModR (77* €*LL Perf / Perf M) ~ AutMDdR[M] (u*E) X {IdE} ~
AutModR(E)

~ HomModR[M] (WVE,u"FE) X {Idg} ~

Autyiod p (B)

~ Homy., (E, uxu*E) X {Idg} ~

Autyrod ()

~ Homyy.,(E, E® E ®g M) X {Idg} ~ Homy,..(E,E ®pr M) ~

Autyod  (B)

= HomModR (gndModR (E)7 M) = HomModR (n*gndQCoh(Perf) (5)7 M)

proving the claim, where above we use that any endomorphism of u*E €
Modga lying over Idg is automatically invertible.

The following proposition provides a convenient description of the Atiyah
class as a map of underlying sheaves:

Proposition 1.4.4. Let E € Perf(X) be a perfect sheaf on a smooth scheme

X classified by the map X —<= Perf . Then the induced map of tangent
spaces

Tx —— " Tpert =~ Endgcon(x) (E)[1]
is equal to At(E)[1].
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Proof. Note that given two stacks X,) admitting deformation theory to-

gether with formal groups H € Grp(mi x)and G € Grp(miy) over
X and Y respectively the datum of commutative square

f

X y
E/XHHE/J)G

determines a morphism
H——G X = X Xy G

of formal groups over X. Unwinding the definitions, one finds that under
the identifications

Liey(H) =~ TX/(E/XH) Liex(Gx) ~ f* Liey(G) ~ f*Ty/(E/yG)
the induced map of Lie algebras

TX/(E/XH) ~ Liex(H) —— f* Liey (G) =~ f*T)J/(E/yG)
coincides with the natural map of relative tangent sheaves. Applying this

observation to the diagram

(2) X = Perf

s |

(X x X)z — 7 (Perf x Perf) 3

and using the equivalence Tx >~ Tx/(xxx); [1] (and similarly for Perf) we de-
duce that the map of tangent sheaves Ty —— €*Tpert = Endqcon(x)(£)[1]

we are interested in is the shift of the morphism that underlies the map of
Lie algebras induced by the morphism L£X ——= X Xperf L Perf of formal
groups over X, where L Perf € Grp(@iperf) is the completion of L Perf
along the constant loops. Since £ Perf classifies a perfect sheaf with an auto-

morphism we get an equivalence X Xpet L Perf ~ GL / x (E) of formal groups
over X. Moreover, by commutativity of the diagram (2), the induced group
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morphism £X —%= GL / x(F) is given precisely by the canonical action.
The result now follows from the definition 1.3.2 of the Atiyah class. O

Recall now the following

Construction 1.4.5 (Classical algebraic Chern character). Let X be a
smooth proper scheme and £ be a line bundle on X. We define

ch(L) :=exp(c1(L)) € @HP(X, %),
P

where ¢1(£) € H' (X, Q) is the algebraic (Hodge version of the) first Chern

dl
class defined via the map O% i N QY . For a general perfect sheaf E on X

we define ch(E) € B, HP (X, QOF) by additivity and the splitting principle.

Warning 1.4.6. Let £k = C, X a smooth proper scheme over k and F a
vector bundle on X. Then one has a priori two different notions of the Chern
character: the one constructed above and the topological Chern character

ch'?(E) € H*(X(C),Z)— H*(X(C),C) ~ @%q H?P(X) . It turns out
these two notions do not coincide, but are very closely related to each other:
a simple computation on P! shows that ¢;°P(Op: (1)) = —2mi-¢; (Op: (1)) and
hence in general ch;”P(E) = (—2mi)* chy(E).

In particular, as a well-known corollary we recover the fact that the
classical Chern character of a sheaf can be expressed in terms of the Atiyah
class:

Corollary 1.4.7. Let X be a smooth proper scheme.

1. Let M be a line bundle on X. Then the Atiyah class At(M) €
HY (X, Endqeon(x)(M) ® Q) ~ H' (X, Q%) of M coincides with the
first Chern class ¢; (M) of M.

2. Let E be a perfect sheaf on X. Then the classical Chern character of
E is equal to Trexp(At(E)).

Proof. For the first claim, note that by Proposition 1.4.4 the Atiyah class
of any perfect sheaf E € QCoh(X )P can be equivalently described as the
shift of the induced map on tangent spaces

TX —— G*Tperf ~ gndQCOh(X) (E)[l] 5
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where the map X —%= Perf classifies E € QCoh(X )P, Now if E = M
is a line bundle, the classifying map X —— Perf factors through BG,,
and so it is enough to prove the statement for the universal line bundle £
on BG,,. But the canonical map BG,, —— Perf induces an equivalence
Tpg, =~ u*Tper and hence the Atiyah class obtained as the shift of

At(£): Opg,,[1] ~ Tpe,, — Endqcon(se,) (£)[1] ~ Opg,, [1]

is just the identity map, which corresponds to ¢1(£).

For the second claim, as both ch(F) and Tr(exp(At(E))) are additive in
triangles and commute with pullbacks by the splitting principle it is sufficient
to prove the equality for F = M being a line bundle. But since by the
previous part At(M) = ¢1(M), we get

Tr(exp(At(M))) = exp(At(M)) = exp(c1(M)) = ch(M)

as claimed. O

Remark 1.4.8 (Chern-Weil theory and the Atiyah class). Since ch(E,t) is
k-linear in the second argument, one expects it to be an element of some
k-linear cohomology theory of X like de Rham or Hodge cohomology. Our
description of ch(F,t) is closer to the differential-geometric approach to
characteristic classes. Namely, recall that if X is a smooth proper scheme
over the field C of complex numbers and E is a vector bundle over X one
can give the following description of the algebraic Chern character of E (see
Warning 1.4.6 for the difference between algebraic and topological Chern
characters): choose a smooth connection V on E and let Fy € End(E) ® Q%
be the corresponding curvature form. Then

ch(E) = Tref™ € Hiz(X,C).

Now assume additionally that V is of type (1,0). Then the curvature Fy
splits into a sum Fé’o + Fé’l. It follows that Trefv' is a representative of
ch(£) in Hodge cohomology €P,HPP(X) =~ P, FPHLL (X,C)/
FPHLHL. (X, C). Finally, it turns out the class Fé’l € H'(X, 0% ® End(E))
is independent of a choice of V and in fact coincides with the Atiyah class
At(E) (see [2, Proposition 4]), linking the previous corollary and the Chern-
WEeil theory.

Finally we obtain a concrete description of the categorical Chern char-
acter of a sheaf with the trivial equivariant structure
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Proposition 1.4.9. Let E be a dualizable object of QCoh(X ). Then under
the Hochschild-Kostant-Rosenberg isomorphism 1.3.1

dim X
70 Tracar, (Idqeon(x)) = Mol (LX, Orx) “ 5 @D HP(X,0%)
p=0

the categorical Chern character ch(F,Idg) coincides with the classical one
ch(E).

Proof. By Proposition 1.2.7 we have ch(E,Idg) = Trqconcx)(@r) and by
definition of the Atiyah class we have exp}y(ag) = exp(At(E)). Since by
construction HKR = exp7y, we conclude by the second part of Corollary
1.4.7. O

2. Trace of pushforward functor via ind-coherent sheaves

Recall from [10, Chapter 5, 5.3] the quasi-coherent sheaves functor in fact has
an appropriate 2-categorical functoriality, in a sense that it can be lifted to a
symmetric monoidal functor from a symmetric monoidal (oo, 2)-category of
correspondences (see Appendix B for a discussion of traces and correspon-
dences). This allows us to reformulate many 2-categorical questions about
quasi-coherent sheaves to questions about the category of correspondences,
where they can be in most cases answered by direct diagram chasing. This
observation, for example, gives a direct proof that the morphism of traces
Tr(f*,1ds-) induced by the diagram

Idqcon(x)

QCoh(X) QCoh(X)
|| R
QCoh(Y) ;> QCoh(Y)

in Caty coincides with the classical pullback of global sections (see Remark
2.2.6). However, the same argument does not apply to the morphism of
traces

dim X dimY

Tr(f.,1dy,)
P H? (X, 0% )~ Tr(ldgcony)) ———= Tr(ldgcen(x)) ~ P HP (Y, 0F)
p=0 p=0
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we are interested in. Indeed, due to the post factum knowledge that the
answer should involve the Todd class, one should not expect to obtain a
concrete description of it in a purely formal way.

But as is mentioned in previously, apart from QCoh(X) there is an-
other important (oo, 1)-category we can associate to X: the (oo, 1)-category
ICoh(X) € 2Caty of ind-coherent sheaves on X. As a toy example, for

a smooth classical scheme X there is a functor ICoh(X) LNX> QCoh(X)

which identifies the category of ind-coherent sheaves with the category of
quasi-coherent sheaves (see Example 2.1.5) as a plain category, but does not
|

preserve monoidal structure: via this equivalence the natural ®-monoidal
structure on ICoh(X) is given by

!
FRG=FRGRwY.

where wx € QCoh(X) is the dualizing sheaf.

In this section we will prove that the morphism of traces induced by
pushforward could be understood relatively easy in the setting of ind-coher-
ent sheaves:

e In subsection 2.1 we will review relevant facts about the category of
ind-coherent sheaves.

e Similar to that of QCoh, using (Serre) self-duality of ICoh we will
prove that there is an equivalence

Tro Caty (9) = T(X7, w0,
e Then we will show that the morphism of traces

Tra cat (f*)
F(Xg7 wAIXCQOh> ~ TI’Q Caty, (gX*) c%' TI’Q Caty, (gY*) ~ F(Yga w%/cg()h)

induced by the diagram

(gx)«

1Coh(X) 1Coh(X)
/| B
ICoh(Y) ICoh(Y")

gy )«

in 2 Caty coincides with the natural pushforward of distributions. In
particular if both X,Y are smooth and proper with trivial equivariant
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structure, from this we will deduce that the morphism of traces

Tro Caty, (f*)
Tra cat, (Idicon(x)) ——— Tr(Idicon(y))

dim X v dimY v

Tra caty, (f+)
P v (X, 0%) | ——=Tr(ldicenr)) | @ H (Y, QF)
p=0 p=0

coincides with the pushforward in homology.

After dealing with this, we will use further sections to investigate how
one can describe the relation between the morphism of traces induced by
pushforward in the setting of ICoh and in the setting of QCoh.

2.1. Reminder on Ind-coherent sheaves

In this subsection we review some basic facts and constructions related to
ind-coherent sheaves. We refer reader to [10, Part II] and [9] for further
details. We start with the following

Definition 2.1.1. For X € Sch,s (see [10, Chapter 4, 1.1.1]) define the
category of ind-coherent sheaves on X denoted by ICoh(X) simply as

ICoh(X) := Ind(Coh(X)),

where we denote by Coh(X) the category of coherent sheaves on X, i.e. the
full subcategory of QCoh(X) consisting of those F € QCoh(X) such that
H'(F) are non-zero only for finitely many 7 and are coherent over the sheaf
of algebras H(Oy) in the usual sense.

Properties of the ind-coherent sheaves construction we need in this paper
can be summarized by the following

Proposition 2.1.2.
1) ([10, Chapter 4, Proposition 2.1.2, Proposition 2.2.3]) The assignment of
ind-coherent sheaves can be lifted to a functor

ICoh..

Schagt Caty,
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such that, moreover, for every morphism X I Y in Sch,q the diagram

ICoh(X) —*~ QCoh(X)

| |

ICoh(Y) —— QCoh(Y)

commutes, where ICoh(X) &QCoh(X ) is obtained by ind-extending
the natural inclusion Coh(X) C QCoh(X) (and similar for ).

2) ([10, Chapter 4, Corollary 5.1.12]) The assignment of ind-coherent sheaves
can be lifted to a functor

ICoh!
SchP o

aft,proper

Catk,

such that, moreover, given a proper morphism X *f>Y in Schys the
induced pullback functor f':= ICoh!( f) is right adjoint to f,.

3) ([10, Chapter 4, Proposition 6.3.7; Chapter 5, Theorem 4.2.5]) For ev-
ery X € Sch,p the category ICoh(X) is symmetric monoidal and self-dual
as an object of Caty (see Theorem 2.2.1 below for a concrete description

of duality maps). Moreover, for every proper X I Y the induced func-
tor f' is symmetric monoidal. We will further denote the monoidal struc-

!
ture on ICoh(X) by ® and the monoidal unit, the so-called ICoh-dualizing
sheaf, by wif°h € ICoh(X). It is straightforward to see that there is in

ICoh
X

fact an equivalence w ~ p'k, where X —P . % is the projection and

k € ICoh(x) ~ Vecty.

4) ([10, Chapter 6, 0.3.5, 3.2.5]) The functor QCoh(X) gICoh(X) ob-
tained from Ux using self-dualities of QCoh(X) and ICoh(X) is symmetric

monoidal and for every proper morphism X N Y in Sch,q the diagram

QCoh(X) — %~ ICoh(X)
; :
QCoh(Y) ICoh(Y)

commutes.
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In our main case of interest the categories of quasi-coherent sheaves and
ind-coherent sheaves are not that far away to each other. Recall first the
following

Construction 2.1.3. Since X € Sch,g is quasi-compact, the global sections
functor

QCoh(X) > Vecty,

is continuous, hence admits a right adjoint p'. We define QCoh-dualizing
sheaf wx € QCoh(X) by setting wx := p'(k).

Example 2.1.4. If X is smooth, then by classical Serre duality there is an
equivalence

wy ~ QY™ X [dim X]
in QCoh(X). In particular, wx is dualizable in this case.

Example 2.1.5. Let X be a smooth classical scheme. Since X is quasi-
compact and separated there is an equivalence QCoh(X ) ~Ind(QCoh(X)Pe )
of categories (see e.g. [4, Proposition 3.19]), and by smoothness we also get
Coh(X) ~ QCoh(X )P, Consequently, it follows that the canonical func-

tor ICoh(X) Tx, QCoh(X) is an equivalence of categories and thus the

functor QCoh(X) L ICoh(X) is a symmetric monoidal equivalence of

categories. In particular we can identify ICoh(X) with QCoh(X) with the
twisted monoidal structure

!
FRG~FoGawy.

We will further need comparison between wy and w%?"h:

Proposition 2.1.6. Let X be a proper derived scheme. Then there is an
equivalence wy =~ Uy (W) in QCoh(X). In particular T'(X,w!lo") ~
I'(X,wx) where here I' = p, is the pushforward along projection morphism
X 2+ & in the setting of ind-coherent and quasi-coherent sheaves respec-
tively.

Proof. The first statement follows from the fact that due to [9, Proposition
7.2.2., Proposition 7.2.9(a)] the diagram

ICoh(X) —*~ QCoh(X)

p!,ICohT Tp!,QCoh

v,
Vecty, Vecty,

~
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commutes. The assertion about global sections follows from commutativity
of the square

ICoh(X) —*~ QCoh(X)

p*l lp*

Vecty, ~—~ Vecty, .

~

O

Remark 2.1.7. Note that unlike the QCoh-dualizing sheaf, the ICoh-dual-
izing sheaf is defined for much bigger class of prestacks (the quasi-coherent
dualizing sheaf wy € QCoh(X) exists only if Ox € QCoh(X) is compact).
However for the comparison of the morphism of traces induced by pushfor-
ward in QCoh-setting and ICoh-setting it is more convenient to work with
QCoh-version of dualizing sheaf.

2.2. Computing the trace of pushforward

In this subsection we discuss morphism of traces in the setting of ind-
coherent sheaves. We first note that similar to quasi-coherent sheaves, ind-
coherent sheaves are self-dual as an object of Caty:

Theorem 2.2.1 ([10, Chapter 4, Proposition 6.3.4; Chapter 5, Theorem
4.2.5]).

1. For any two X,Y € Sch,g (for the definition see [10, Chapter 2, 3.5]) the
morphism

ICoh(X) ® ICoh(Y) ICoh(X x Y)
in Caty induced by the functor
ICoh(X) x ICoh(Y) — 2~ ICoh(X x Y)

is an equivalence.
2. For any X € Sch,s the morphisms

ICoh

Vect, —“"_ 10oh(X x X) =~ ICoh(X) ® ICoh(X)

and
ICoh(X) ® ICoh(X) ~ ICoh(X x X) — 2" Vect,

exhibit ICoh(X) as a self-dual object in Caty.
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The proof of the following corollary is similar to that of Corollary 1.1.2
(where we use [10, Chapter 4, Proposition 5.2.2] to perform base change for
ind-coherent sheaves)

Corollary 2.2.2. Let X be an almost finite type scheme with an endomor-
phism g. Then

Tr2 Caty, (g*) = F(X7 A!(IdX> )*ngC)h) F(Xg W£?90h).

In particular, in the case when X is proper by Proposition 2.1.6 we get an
equivalence

Tra cat, (9+) = T'(XY, Wg?JO}l) ~ (XY, wxa).

Remark 2.2.3. Let Z —-> % be an almost finite type scheme. Note that
then

I'(Z,wz) ~ Homqoen(z)(Oz, p'k) ~ Homyeey, (px Oz, k) ~ T'(Z,0z)".
In particular, using the previous proposition we obtain an equivalence
Tracat, (9+) = T(XY,wxo) = T(X9, Ox0)".

As a corollary, we get
Corollary 2.2.4. Let X be smooth and proper scheme. Then

\
dim X

HKR
Tra cat, (Idicon(x)) T (LX, wex) ~D(LX, Orx) v @ HP(X,0%)

where HKR is the Hochschild-Kostant-Rosenberg equivalence (see Corollary
1.3.1).

We now turn to the computation of morphism of traces. Main result of
this section is the following

Proposition 2.2.5. Let (X,gx)—— (Y,gy) be an equivariant proper
morphism in Sch,g. Then the induced morphism of traces

Tro cat,, (f+)
D(X9%, WO &~ Try cat, (9xx) ————— Tracat, (9y«) = ['(Y97, wISoM)
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can be obtained by applying the global sections functor I'(Y9, —) to the
morphism

(fawier = (F)u(f) wysd® ————— w3

in ICoh(X) induced by the counit of the adjunction (f9). - (f9)', where
X9x S Y9 is the induced by f morphism on derived fixed points.
Proof. The proof is a direct consequence of the fact that the self-duality of
ind-coherent sheaves arise from the category of correspondences. Namely,
by [10, Chapter 5, Theorem 4.1.2] the ind-coherent sheaves functor can be
lifted to a symmetric monoidal functor

Corr(Schyf )ProPe”

2 Caty,

where Corr(Scha,s) is a symmetric monoidal (0o, 2)-category whose objects
are X € Sch,f, morphisms from X to Y are spans

X~—W-—Y

in Sch,f (with the composition given by pullbacks), 2-morphisms are com-
mutative diagrams

where h is proper and the monoidal structure is given by the cartesian prod-
uct. Informally speaking, the extension of the ind-coherent sheaves to the

category of correspondences is given by mapping the span X <>— w—tsy
to the morphism ICoh(X) L ICoh(W) b ICoh(Y) in 2 Caty. We re-
fer to [10, Chapter 7, Chapter 5] for a throughout discussion of the category

of correspondences and to Corollary B.1.7 for a complete proof of the propo-
sition. n

Remark 2.2.6. One can similarly show that the morphism of traces

g Tra caty (f7) g
(Y9, Oyoy ) >~ Tracat, (gy«) — = Tracat, (9x+) =~ I'(X9%, Oxox)
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is induced by the natural map Oysy —— (f9).Oxsx . It follows that for
X and Y smooth and proper with trivial equivariant structure, under the
Hochschild-Kostant-Rosenberg equivalence

ml(LX,0ex) ~ @ HIX, Q%)  mT(LY,Oy)~ @ HIY, %)
p—q=t pP—q=t

the morphism of traces is exactly the pullback in cohomology.
Note, however, that the strategy above does not give directly the de-
scription of the morphism of traces

Tr2 caty, (f+)
I(LX,Orx)~Tracat, (Idqcon(x)) —— Tracat, (Idqcon(y)) = I'(LY, Ory)

on quasi-coherent sheaves. The reason is that in this case the formalism of
traces uses the right adjoint to f, which is f'. However, the functor f' does
not come from the QCoh functor out of the category of correspondences
(which uses the adjoint pair f* - f, instead).

Finally, using the identification of Corollary 2.2.4 we obtain

Corollary 2.2.7. Let X,Y be smooth and proper with the trivial equivari-
ant structure. Then under the HKR-identification the morphism of traces

Tr2 caty, (f+)

Tr2 cat, (Idicon(x)) Tra cat, (Idicon(v))

\Y V
dim X dimY

Tra caty, (F+)
P (X, 0%) | — | P HP(Y.QF)
p=0 p=0

coincides with the pushforward in homology (which we define as the map
dual to the pullback of cohomology).

Proof. Immediately follows from the fact that for a map of schemes

Z I W the induced map
I(Z,0z)" ~T(Z,wz) —=T(W,ww) ~T(W,0w)"

coincides by construction of dualizing sheaves with the map dual to the
pullback of functions. O
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3. Orientations and traces

Let X I Y be a morphism between smooth proper schemes with trivial
equivariant structure. Our goal in this section is to give some description of
the morphism of traces induced by the pushforward functor

QCoh(X) S QCoh(Y) (which is automatically equivariant). Since the
diagram
QCoh(X) —L*~ QCoh(Y)
®OX\L \L®OY

ICoh(X) 5 ICoh(Y)

commutes and we already have a description of the morphism of traces in-

duced by the functor ICoh(X) L ICoh(Y) (where we take identity endo-

morphisms on both ICoh(X) and ICoh(Y)), it is enough to understand the

morphism of traces induced by QCoh(X )% ICoh(X) and analogously

for Y. We start by introducing the following
Definition 3.0.1. For an almost finite type scheme Z an orientation on Z
is a choice of an equivalence Oz ~ wyz in QCoh(Z).

Remark 3.0.2. Let u: Oz ~ wy be an orientation on Z. Then in particular
we obtain a self-duality equivalence

F(Z, Oz) 42> F(Z,O.)Z) ~ F(Z, Oz)v

which is moreover a morphism of I'(Z, Oz)-modules. Note that the space of
orientations on Z is a torsor over I'(Z, Oz)*, i.e. after a choice of particular
orientation, all other orientations are in bijection with invertible functions
on /.

The relevance of the constructions above to the comparison of traces is
explained by

Remark 3.0.3. If X is smooth proper scheme, then any orientation ¢ on
LX induces an equivalence

u-! HKR im
70 Tra Cat, (Idcon(x)) 2 mol (LX, wex) o= mol (LX, Opx) = @5y  HP(X,0%).
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3.1. Serre orientation

In this and the next subsections we will introduce several orientations on
the derived fixed schemes and discuss some of their properties. We start by
recalling that there is a well-known isomorphism

@Hq (X, Q%) (EBH‘I (X, Q%) )

given by the Poincaré duality. The next construction shows that this equiv-
alence is in fact induced by an orientation:

Construction 3.1.1 (Serre orientation). Let X be a smooth proper scheme

and denote by V(Tx[-1]) 7~ X the evident projection map so that in
particular we have an equivalence of sheaves

3xOv(Tx[-1)) = Symqcon(x) (2x[1])

(see Corollary 1.3.1). By projecting this equivalence to the top exterior sum-
mand we obtain a map

JxOv(ry[-1) — > wx

in QCoh(X) which using the adjunction j, 4 j' (as the morphism j is proper)
induces an equivalence

Ov(ry[-1]) —=> Jlwx ~ Wy(Tx[-1])

and hence endows V(Tx[—1]) ~ £X with an orientation. We will further
call this equivalence the Serre orientation.

The following proposition is a formal consequence of the construction

Proposition 3.1.2. Let X be smooth proper scheme. Then the equivalence
D, i HIX, ) T2 ml(LX, Orx) —== mDl(LX, wx)
where ug is induced by the Serre orientation, followed by

D (LX, wex) —mT(LX, 0px)Y B @y HI(X, Q8 )Y

q—p=i
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coincides with the one induced by the classical Serre duality. In particular,
dim X

it sends a form 7 € @ HY(X,0%) to the functional [, — A7, ie. it is

X
given by the usual Poincaré pairing.

Using the proposition above we obtain

Proposition 3.1.3. Let X —f>Y be a morphism of smooth proper
schemes. Then the induced morphism of traces

(3)

dim X T (£) dimY

2 Caty, (f+
P HP (X, %) ~ Trycar, (Idicon(x)) ————= Tracat, (Idicon(y)) ~ @ HP(Y, Q)
p=0

coincides with the pushforward in cohomology (the Poincaré dual of the
pullback map), where the first and the last equivalences are obtained from
3.0.3 using the Serre orientation 3.1.1.

Proof. By Corollary 2.2.7 the morphism of traces

dim X v dimY v

Tra cat *
P mrx, ) | e @y By, o)

is dual to the pullback in cohomology. It follows from the Proposition 3.1.2
that the composition (3) first takes Poincaré dual of the form, then pushes
it forward in homology and then again takes the Poincaré dual. O

3.2. Canonical orientation

Another important CY-structure is given by the

Construction 3.2.1 (Canonical orientation). Let X be a smooth proper

scheme. Given an endomorphism X — %~ X the derived fized-points of g
defined as the pullback

X9t _x

zl l(ldx,g)

XT>X><X
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admits an orientation which is given by the series of equivalences

1

. . — . . . .1
Oxs ~i'wy @i'wy ~i'wyxy ® z*wX/XXx ~ *wx ® Wxo/x = IWX = Wxs.

We will further call this orientation on X9 canonical.
To see why the canonical orientation is relevant, we prove the following

Proposition 3.2.2. For a classical smooth scheme X the morphism of
traces
Tra caty, (—®0x)

INLX,Orx) — INLX,wex)
induced by the diagram
QCoh(X) 99 _ 3 Ooh(X)
—®(9XJ/ \L—@Ox
ICoh(X) E— ICoh(X)

is obtained by applying the global sections functor I'(£LX, —) to the canonical

. o u
orientation Opx —=wey on LX.

Proof. The proof essentially boils down to coherence of various operations,
see Theorem B.2.7 in appendix for a full proof. O

3.3. Group orientations

The previous subsection raises the question of how one can understand the
canonical orientation more explicitly. Our goal now is to show how one can
obtain Serre and canonical orientations on £X using various formal group
structures on £X. To begin, we first need to fix some concrete way how we
trivialize the tangent sheaf to a group:

Construction 3.3.1. Let G € Grp(l\mi/x) be a formal group over
smooth proper scheme X such that the corresponding Lie algebra g :=
Liex (G) lies in Coh(X)<Y. Consider the pullback diagram

i+l

G

7
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where B / X@ is the completion along X of B, X@. Since the relative tangent
sheaf by its universal property is stable under pullbacks we get a trivializa-
tion

~ ¥ AAN‘**'* /\/\N.**/\ ~ g¥
']I‘@/X_z TX/B/XG—Z €'l TX/B/XG_z e TG/X ~7g.

Remark 3.3.2. Intuitively, the trivialization Tz /x = 1*g above is given by

the left-invariant vector fields.

Now trivialization of the tangent sheaf to a group sometimes allows to
construct orientations. To explain how, recall that for an eventually cocon-

nective almost of finite type morphism of derived schemes Z N W | there
is a natural equivalence f'— ~ ws ® f*— of functors, and, moreover, if the
morphism f is a regular embedding one can explicitly identify w; with the
shifted determinant of the normal bundle of f (see e.g. [9, Corollary 7.2.5.]
and [11, Chapter 9, Section 7] respectively). We will need not only the ex-
istence of the equivalences from loc. cit. but also their constructions, so we
review here relevant parts of the theory in QCoh-language. We start with
the following general

Proposition 3.3.3. Let € = QCoh(X) and let V' € C be a dualizable object
such that Sym&™ (V) ~ 0 and Sym& (V) # 0 for some d > 0. Then:

1. We have SymZ%(V) ~ 0 and Sym¢(V) € € is dualizable.

2. The top symmetric power Sym?(V) is an invertible object of € with
the inverse equivalent to Sym&(V'V).

3. The multiplication map followed by the projection on the top sum-
mand

Syme(V) ® Syme (V) —= Syme(V) —— Symg(V)

is a perfect pairing, i.e. the induced map Syme (V) ® Sym%(V)~' —
Syme (V)Y is an equivalence.

Proof. 1. Assume that Sym@ (V') ~ 0 for some n € Zx. Since we are in char-
acteristic zero we have an equivalence Sym?% (V) ~ (V®")*» and the nat-

ural map (VO H)Zni o (VO™ 20 admits a section Nm§:+1/[2n+1 :

). Hence Symp (V) is a direct summand in (V" +1) 2 ~ Sym@ (V) ®
V ~0, so SymgH(V) ~ 0. Finally, using characteristic zero assumption
again we deduce that Sym’gf is a colimit over a finite diagram and hence
Syme (V) ~ @Z:O Sym& (V) is dualizable as a finite colimit of dualizable

objects.
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2. Let us show that the evaluation map e : Sym%(V) ® Sym&(VV) —— I¢

is an equivalence. Since € = QCoh(X) is a limit of module categories, it is
enough to assume € ~ Modpg for some connective k-algebra R. Moreover,
by derived Nakayama’s lemma we can assume R is discrete. Further, by
the usual Nakayama’s lemma it is enough to prove the statement for all
residue fields of R, in which case the statement is clear.

3. Similar to the previous point. O

Let now A € CAlg(C) be a commutative algebra object in a presentably
symmetric monoidal k-linear category €. Note that the forgetful functor

Mod 4(C) — '~ @ admits both left i* and right i' adjoints explicitly given
by
H(F)~A®F i'(F) ~ Home(A, F),

where Home(—, —) is the inner hom in €. We then have

Corollary 3.3.4 (Grothendieck’s formula). In the notations above let A :=
Syme (V) where V € € = QCoh(X) is a dualizable object such that moreover
Sym%™ (V) ~ 0 and Sym& (V') 2 0 for some d > 0. Then for any F € € there
is a natural equivalence

iN(F) ~w®a i*(F)
in Mod4(€@), where w := A ® Sym?(V[1])~!.
Proof. By the previous proposition A is dualizable and AV ~ w. Hence
i(F) ~ Home(A, F) ~ A @ F~ AV 94 (AQF) ~ w @4 i*(F)

as claimed. O

By applying The Grothendieck’s formula to the case F = Ox, V =
Qx[1] we thus obtain an equivalence

T wyryoa/x =0 (Sym"™P(Qx[1)) 1) ~

=~ Sym"P (*(Tx [~1])) = Sym"P(Tyz [ -1])/x);

where in the last equivalence we use the abelian group structure on
V(Tx[-1]) to identify i*(Tx[~1]) =~ Ty(t,[-1})/x- Consequently, given any
other trivialization of the relative tangent bundle a: Ty, —1))/x =~
i*(Tx[~1]) we can precompose Sym'P(a) with 7% to obtain an equiva-
lence wy(ry [-1])/x ~ i*w)_(l. This suggests the following
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Construction 3.3.5 (Loop group and abelian orientations). Let X be a
smooth proper scheme. For any group structure on V(T x[—1]) by Construc-
tion 3.3.1 we obtain a trivialization of the relative tangent sheaf Tyt [—1))/x

and hence by discussion above an equivalence wy(r, [—1])/x = i*w;(l. By mul-
tiplying both sides with i*wx we obtain an orientation

Wy (T 1)) = Wy(Ty [-1])/x @ Fwx = i'wy! @ ifwx = Oy, 1)

If group structure on V(T x[—1]) is pulled back from £X via the exponent
map exp,y, we will call the orientation above loop group orientation. In
the case when group structure on V(Tx[—1]) is abelian, we will call the
corresponding orientation abelian orientation.

The orientations on V(T x[—1]) from above are in fact not new ones:
Proposition 3.3.6. Let X be smooth proper scheme. Then:

1. The abelian group orientation on £X coincides with the Serre orientation
from construction 3.1.1.

2. The loop group orientation on £X coincides with the canonical structure
from construction 3.2.1.

Proof. 1. Since V(Tx[—1]) is affine over X, the space of orientations
Oy(ry-1) = wy(ry[-1)) on V(Tx[-1]) is equivalent to the space of
i*OV(TX[_l})-Iinear equivalences i*OV(Tx[—l]) =~ i*wV(TX[—l}) in QCOh(X)
Also note that

ixOy(T 4 [-1)) = Symqcon(x) (2x[1])

and
Wy (T [-1]) = Homqeon(x) (Sym(Qx[1]), wx)-

In particular, unwinding definitions one finds that the Serre orientation
is induced by the non-degenerate pairing given by the multiplication

Symqcon(x) (2x[1]) @ Symqceon(x) (2x[1]) — Symqeon(x) (2x[1])

followed by the projection to the top summand

Smecoh(X)(QX [1]) - Symgéoh(x)(ﬁx[lb = wx.

But this is precisely the same pairing which we used to construct an
equivalence wyr, [—1)),x =~ Sym'? (i*(Tx[—1])) (see Proposition 3.3.4).
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2. Consider more generally arbitrary formal group structure on V(T x[—1])
induced by a pullback diagram

for some B € Moduli x//x- This diagram induces an equivalence
O wyry-1y/x =1 (Wx/p)

of relative dualizing sheaves. Since w /B = w)_cl, by multiplying C with
i*wx we obtain an orientation ug on V(Tx[—1]). As an example, if we
consider B = (X x X )z the orientation obtained this way by definition
coincides with the canonical one. Let now a: Tyt [—1))/x = *(Tx[-1])
be the trivialization of the tangent sheaf obtained from the pullback di-
agram above. Unwinding the definitions, one finds that the composite
equivalence

ab o Sym®°P () O/ % il —
(T 1))/ X e SYMUP (T 1)y x) — = Sym P (i* T [~ 1]) — i*(w )

~

coincides with C'. But by definition this equivalence tensored by i*(wy) is
the group orientation and C'® i*(wx) = ug, hence the group orientation
coincides with ug as claimed. 0

4. The Todd class

From Proposition 3.2.2 and Proposition 3.3.6 we know that the morphism
of traces

Tra Caty, (—®Ox)

T(LX, Orx) ~Tracat, (Idgcon(x)) Tr2 Caty, (Idicon(x)) = D'(LX, wex)

is given by I'(LX, uc), where uc is the canonical orientation from Construc-
tion 3.2.1. In Proposition 4.1.3 we will prove that the composite equivalence

—1
uc Ug
Orx ——=wex —=Orx
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is given by the determinant (we refer the reader to [21, Section 3.1] for the
construction of the determinant map det : Perf(X) ——= Pic(X) ) of the
derivative of the exponential map

dexpLX: Z*Tx[—l] ~ TV(TX[fl])/X ~ epoX TﬁX/X ~ ’l'*Tx[—].},

where the first equivalence above is via abelian group structure on
V(Tx[—1]), and the second one uses exponent and loop group structure
on L£X. In this and next sections we will prove that the determinant of the
morphism above coincides with the classical Todd class tdx which is de-
fined as a multiplicative characteristic class. Our proof is motivated by the
following

Example 4.0.1. Let G be a real Lie group with the corresponding Lie alge-
bra g. In a small enough neighborhood of 0 we then have two trivializations
of T¢ induced by the group structure on G and abelian group structure on

g (via the exponential map g e ). One can then compute (see Lemma
5.3.3 for the proof in the formal power series setting) that for € g close
enough to 0 and e(x) := expg/(z) the change of trivialization isomorphism

4z (dexpg)a (AL (2y~1)e(a)
g~Tyo ~ Ty ~ Tee@w ———Tgo~9,

L
(where for g € G we denote by G —= G the left translations maps by g)
is given by the linear operator (1 — e~ 24s(*))/ad(x). Note that in this way
we obtain an End(g)-valued function on g

1—e— adg(x)
adg(z)

In this section we will imitate the example above:

e Given a map ¢ —P . Ende (E) in a k-linear presentably symmetric
monoidal category € and a power series f € k[[t]] we will construct an
Ende(E)-valued “formal function on g” (which is by definition simply a

map Syme(g) EiN Ende(F) in C) which informally sends an element

xz € g to f(p(x)). In the special case € = QCoh(X) and g = Tx[—1]
we will give an interpretation of multiplicative characteristic classes in
these terms.
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e Using the interpretation from the previous step the problem of com-
paring Todd classes reduces to proving that

det <1 - eadTX[_”> det(d )
et | ————— ) =det(dexp,x),
adr 1 £x

where the left hand side is obtained by applying determinant to the
formal function constructed from f(t) = (1 —e™")/t and p = ady, ]
In order to prove this, we show that both sides make sense for any
Lie algebra g € LAlg(C). Moreover, since both sides are functorial
with respect to continuous symmetric monoidal functors the equiva-
lence above can be checked in the classifying category for Lie algebras
Urie (see Construction 5.2.1). We will show that Ur; admits a set of
functors to Vecty which detects non-zero morphisms, hence reducing
the problem to ordinary gl,, in Vecty, for which the statement is well-
known.

4.1. Group-theoretic Todd class

We return our discussion to the trivialization of tangent bundle to a group:
note that if a formal moduli problem over X has two different structures of
a formal group, Construction 3.3.1 gives two a priori different trivializations
of the tangent sheaf. In order to conveniently measure the difference between
these trivializations we introduce the following

Construction 4.1.1. Let Y € (I\Ed\uli/x)* be a pointed formal moduli
problem over smooth proper scheme X such that the pullback of the tan-
gent sheaf (Ty, x)x € QCoh(X) is perfect (so that Ty, x € QCoh()) is
itself perfect) and let s1, sy be two formal group structures on ). Then by
Construction 3.3.1 we get two trivialization of the tangent sheaf Ty, x and
thus by applying the first trivialization and then inverse of the second triv-
ialization we get an automorphism v, s, : Ty x =~ Ty, x in QCoh(Y). We
define the group-theoretic Todd class of Y denoted by tdy s, s, € T'(Y, Oy)*
as the determinant tdy g, s, := det(vs, s,)-

Construction 4.1.2. In the case when G is a formal group over X it has two
distinguished group structures: the abelian one s; coming from the exponent
map and the given one sq. In this case we will further use the notation

dexpg := Vs, s, and tdg := det(dexpg) € r'G, Oa)"

for the corresponding automorphism and its determinant.
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Note that from Proposition 3.3.6 we get

Proposition 4.1.3. Let Orx ——>w,x be the Serre orientation (con-

struction 3.1.1) and O, x 2. wrx be the canonical orientation (construc-

tion 3.2.1). Then the composite automorphism

—1
uc Ug

Orx ——=wrx —— Ocx

is given by td,x, where we consider £LX as a formal group over X using the
derived loops group structure.

Proof. By construction and Proposition 3.3.6 under the equivalence

Endqconzx)(Orx) =~ Endgeoncx) (*wy') =~ Endgeoncx) (Sym™(i*Tx [1]))

the composite uEl oug is given by the induced map on Sym'P applied to
the composite autoequivalence

dexpﬁX: ’L*TX[—” ?TL‘,X/X ?Z*TX[—].] s

which under the equivalence Sym?(V[—1]) ~ A%(V)[—d] is given by the map
A*™P(dexp,x[1]). On the other hand

tdex = det(dexp,y) = det(dexp,[1]) 7! = A*P(dexp,y[1]) 7
It follows td,x = (ual oug)~! = ugl ouc. O

Thus using Propositions 3.2.2 and 3.1.3 we conclude

Corollary 4.1.4. Let X be a smooth proper scheme. Then under Serre
orientation equivalence ugl the morphism of traces

Tra Gary, (—®0x)

Tra cat,, (Idgcon(x)) Tr2 cat, (Idicon(x))

Trs Gaty, (—®0x)

T(LX,Orx) D(LX,wex) 2 T(LX, Opx)

is given by multiplication with td,x.
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4.2. Formal functions

In this subsection we will introduce a construction of formal functions men-
tioned in the introduction to this section. We first recall the following

Construction 4.2.1. Let C be a presentably symmetric monoidal category
and let V € € be an object of €. We define symmetric algebra with divided
powers Symg, ¢(V) on V as

o0

Symap (V) = PV

n=0

Note that there exists a canonical map Symg, ¢(V) —— Freeg' (V) where

Freel(%l denotes the free associative algebra functor in C.

Remark 4.2.2. There is also a canonical norm  map
Syme (V) —— Symg, (V) which is an equivalence in characteristic zero.

Construction 4.2.3. Let C be a k-linear presentably symmetric monoidal

category and g € € be an object together with a map g AN Ende(E). Also
let

F&) =" fat™ € K[[t]
n=0

be a power series with fy = 1. Define then an “Ende(E)-valued formal
function f(p) on g” as the composite

Symg, (p)

F(p):Symg, ¢ (o) Symyy, ¢ (Ende(E))—= Free® (Ende(B))— = Ende (E)

where the map Freeg' (Ende(E)) AN Ende(E) is defined on the n-th com-

ponent as the composition map o : Ende(E)®" —— Ende(F) followed by
the multiplication by the coefficient f,,.

Variant 4.2.4. By adjunction
Home (Symy, ¢(g), Ende(E)) ~ Home (Symg, ¢(g) ® E, E)

the morphism f(p) corresponds to some map Symy,, ¢(g) ® E —— E which

we by abuse of notations will also denote by f(p).
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Example 4.2.5. Let g be a Lie algebra in Vecty, and let g . Endvect,, (E)
be a representation of g. Then by definition for any power series f(t) € k[[t]]
as above and z € g we have f(p)(z®") = f,p(x)°".

We now give a more geometric description of f(p) in the case € =
QCoh(X).
Construction 4.2.6. Let g be a Lie algebra such that g € Coh(X)<?
(where X is smooth proper scheme) and let g o ndqcon(x)(£) be some
representation where E € QCoh(X)Pf, Then the composite

p(9)
Symqoon(x) (8) —== Symap qcoh(x)(8) ——= Endqcon(x) (F)

induces a map
Ox — Symqcon(x)(8") ® Endqeonix) (F)
and hence an element in

Homgcon(x) (O Symgeonx)(87) ® Endgeon(x)(E)) =

~ T(X, juj*Endqeon(x)(E)) = T(V(9), Endoconv(g) (i*E)) =~

~ Endqconv(g)) (1 E),
which we will by abuse of notation denote by the same symbol f(p) €

Autqeon(v(g)) (J*E) (where V(g) —? . X is the projection map and f(p)
is invertible since fy # 0 and V(g) is a nil-thickening of X). Moreover,
since pullbacks preserve perfect objects, the sheaf j*FE € QCoh(V(g)) is also
perfect. Consequently, we can take the determinant of the automorphism
f(p) above to obtain an element

cl(E) = det (f(p)) € Autqeonw(e)(Ov(g) = T(V(g), Oyg) ™.
4.3. td,x and multiplicative characteristic classes

We now show that the construction above is closely related to the theory of
multiplicative characteristic classes. Namely, recall the following
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Definition 4.3.1. For a power series f € 1 + tk[[t]] define a multiplicative
characteristic class

dim X
P = (x,0%)
p=0

cf

Ko(X)

by setting it to be f(ci(M)) on line bundles and extending to all vector
bundles by multiplicativity and the splitting principle.

We now prove the following

Proposition 4.3.2. Let X be a smooth algebraic variety, £ € QCoh(X)
be a perfect sheaf considered as a Tx[—1] ~ Liex(£X)-module via the
canonical £X-equivariant structure from 1.2.5. Then for any power series f
as above the determinant

dim X
el _y(B) €T (V(Tx[-1]), Oy 1) = € HI(X,0%)
p=0

is equal to ¢/ (E).

Proof. Let us denote the canonical action of Tx[—1] on E by a. Since both
cjj;x[_l](E) = det (f(a)) and ¢/(F) commute with pullbacks and map di-
rect sums to products, by the splitting principle it is enough to prove the
statement in the case when E := M is a line bundle. In this case via the
equivalence GL(M) ~ G,,, the morphism det (f(a)) corresponds to f(a) and
so it is left to show that the map

Ox f(a)

Symqcon(x) (Tx [—1])" = Symgeen x) (2x[1]).
dual to the morphism f(a)

S.‘/choh(x) (a)

Symqcon(x)(Ox) —= Free®™ (Oy) A Ox

Symqcon(x)(Tx [—1])

coincides with ¢/ (M), where we use above that £ ndqcoh(x)(M) =~ Ox as M

is a line bundle. Since by Proposition 1.4.7 the representation T x[—1] —%= M
classifies At(M) =~ ¢1(M) (see Corollary 1.4.7) we have a¥ = ¢1(M), and so
unwinding the construction we find f(a)¥ = f(¢1(M)) which is by definition
cf(M). O
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4.4. Comparison with the classical Todd class

Recall by Corollary 4.1.4 that the morphism of traces

Tra cat, (—®0x)

Tr2 Cat,, (Idqcon(x)) Tr2 Cat,, (Idicon(x))

Tra cat, (—®O0x ug!
CE0)  (LX,wex) " T(LX, Orx)

(4) INLX,Orx)

is closely related to dexp,x. The following theorem provides a description
of dexpg for an arbitrary formal group G over X

Theorem 4.4.1. Let G be a formal group over X such that g := Liex (G) €
Coh=’. Then
1 — e 2ds

adg

Remark 4.4.2. In the theorem above one can drop any assumptions on g
and smoothness assumption on X if instead of QCoh-version one considers
g as a Lie algebra in ICoh(X).

dexp@ =

The proof of (a generalization of) this theorem is the content of the next
section. Here we will only use this theorem to deduce that the group theoretic
Todd class tdzx (see Construction 4.1.2) coincides with the classical one and
thus will give a concrete description of the morphism of traces (4). Namely,
recall that the classical Todd class tdx of X is defined as

tdx = M (Tx) =/ (Tx[-1])  where  f(t) = - _te_t'

Corollary 4.4.3. Let X be a smooth proper scheme. Then td,/x = tdx.
Proof. Note that by Proposition 4.3.2 above we have
1 — e~ adry -]
ty = der (150,
adryy (1]

where adrp, ;) is the adjoint representation of Tx [—1]. Consequently, since
the group-theoretic Todd class tdyx was defined as the determinant of
dexp,y it is enough to prove that

1 — e~ adry(-1]

dexppy = adr [y
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which is a special case of the Theorem 4.4.1 above. O
Finally, we can describe the morphism of traces (4) in the classical terms

Corollary 4.4.4. Let X be a smooth proper scheme. Then under the Serre
orientation and HKR identifications the morphism of traces given by the
composite of

HKR
@ HPP(X) =~ 7. Tracat, (Idqcon(x))
p,q

Tr2 caty, (—®0x)

T Tr2 Caty, (IdQcon(x)) 7« Tra Caty, (Idicon(x))

HKRoug"'
o Tracar, (Idiconx)) =~ € HY(X)
p.q

is given by multiplication with tdx.

Proof. By Corollary 4.1.4 we know that the morphism of traces is given by
multiplication with the group theoretic Todd class td,x, and by the previous
Corollary tdy,x = tdx. O

5. Abstract exponential

The goal of this section is to prove Theorem 4.4.1 by first extending it to
arbitrary Lie algebras in any stable presentably symmetric monoidal k-linear
category and then by reducing this more general statement to the case of
gly for V € Vectg. More concretely, let G be a formal group over X with

d ~
the corresponding Lie algebra g. Note that the morphism ¢*g COPG g via
a series of adjunctions similar to that in Construction 4.2.6 corresponds to
some morphism

dexpa: Symqeon(x)(8) ® g —=9

and the same is true for (1 — e~ 2ds)/ad, by Variant 4.2.4. We will show in
this section that these two morphisms are actually equal. Before proceeding
to the proof, we will first discuss theory of tangent comodules of arbitrary
cocommutative coalgebra (which plays the role of tangent space to a formal
moduli problem) and review some generalities about operads.
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5.1. Tangent comodule

In this subsection we describe the construction of relative tangent sheaf in
an abstract setting. Informally, the construction will be dual to the cotan-
gent complex formalism developed in [17, Section 7.3]. However, since in
[17, Section 7.3] for most of the statements the category € is assumed to
be presentable and we are rather interested in the case of C°P (so that
CAlg(C°P) = coCAlg(C)°P is the opposite to the category of cocommuta-
tive coalgebras in €) we explain the construction here in full details. We
start by introducing the following formal

Definition 5.1.1. Let C be a finitely cocomplete category (i.e. C admits all
finite colimits). Define then a costabilization of € denoted by coStab(C)
as

coStab(€) := Stab(C°P)°P.

Remark 5.1.2. Notice that the category coStab(C) is always stable. More-
over, since by definition the costabilization coStab(C€) of € can be concretely
described as the limit of the diagram

in Cats,, where () € € is the initial object, we see that if the category €
is presentable then so is coStab(C). In particular, in this case the evident
projection functor

(%o )

2 : coStab(€) = Stab(C°P)°P (CoP)P ~ C

by the adjoint functor theorem admits a right adjoint which we will further
denote by Q.

Remark 5.1.3. Let C be a finitely cocomplete category and A I B be

L . —U4B
a morphism in €. Then the induced functor €y, TP e B/ Dbreserves

colimits and consequently induces a colimit-preserving functor

coStab(Cy4,) S L coStab(Cp/) -

Moreover, in the case C is presentable by the adjoint functor theorem we see
that the functor f. admits a right adjoint f, 4 f*.
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Example 5.1.4. Let € € CAlg(PrL®t) be a stable presentably symmetric
monoidal category and let C' € coCAlg(€) be a cocommutative coalgebra
object in C. We then get an equivalence

coStab(coCAlg(C)¢/) = Stab ((coCAlg(e)C/)OP)Op =

= Stab ( CAIg(€),¢)® ~ Mod¢ (€)% = coMod¢(€)

where the middle equivalence follows from [17, Theorem 7.3.4.13].
Example 5.1.4 and Remark 5.1.2 above motivate the following

Definition 5.1.5. Let C be a presentable category and A € € be an object.
Define then a tangent complex to A denoted by T € coStab(Cy4/) as the

image of (A s A) € €,/ under the functor

oo

Cay % coStab(Cy/).

Remark 5.1.6. Let € be a presentable category and A I B be a mor-
phism in €. Since the diagram

coStab(Cy,) S L coStab(Cp/)
Eggl lzco;
GA/ —UaB eB/

by construction commutes, we see that the diagram of right adjoints

coStab(C4/) SN coStab(Cp/)

] o

Ca/ Cy)

also commutes. In particular, we get an equivalence Q25(A I B) ~ f*Tp
in coStab(Cy/).

Using the remark 5.1.6 we can introduce the following
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Definition 5.1.7. Let C be a presentable category and A*f>B be a
morphism in €. Define then the relative tangent complex denoted by
Ta/p € coStab(€y/) as the fiber

Ty/p = fib(Ta —> f*Tp),

where the morphism T4 —— f*Tp is obtained by applying the functor
Cyay L coStab(C4/) to the morphism A . B in Cy.

We end this subsection with the following
Proposition 5.1.8. Let C be a presentable category and

A1 p

g

~+

be a pullback square in €. Then there is a canonical equivalence

Tac = f"Tp/p
in coStab(Cy/).
Proof. Since the diagram above can be also considered as a pullback square

in €4, and the functor €4, e coStab(C,/) preserves limits (being right
adjoint) using the remark 5.1.6 we get a pullback

Tp— f*Tn

L

9" Te — [*t*Tp

in coStab(C /). In particular, passing to the fibers of the vertical morphisms
we get an equivalence

Ty/c = fib(Ta —> g*Tc¢) = fib(f*Tp — f*t*Tp) =~

~ f*ib(Tp — t*Tp) = f*Tp,p

as claimed. ]
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2. Monoidal category built from an operad

In this subsection we describe the construction of the universal category one
can assign to an operad we need in the proof of Proposition 5.3.2.

Proposition 5.2.1. Let O be an co-operad in Vecty, (we refer the reader to
[11, Chapter 6, Section 1] and [17, Chapter 2] for a discussion of co-operads).
Then there exists a symmetric monoidal k-linear category Up € CAlg(Caty)
such that for any symmetric monoidal k-linear category € € CAlg(Caty)
there is a natural equivalence

Functcaig(cat,) (Uo, C) ~ Algo(C),

where Functcaig(cat,)(Uo,C) is the full subcategory of Funct® (Up, C)
spanned by k-linear symmetric monoidal functors.

Proof. The category Up is simply the category of Vectp-presheaves
Pshy (Envi(O)) on the Vecty-enriched analogue Envy(O) of the monoidal en-
velope of O from [17, Proposition 2.2.4.1] with the Day convolution monoidal
structure (see [17, Example 2.2.6.17] and [12]). The desired universal prop-
erty follows from Vecty-enriched version of [17, Proposition 2.2.4.9] and [12,
Lemma 2.13]. O

Remark 5.2.2. Suppose that the operad O has only one color. Then the
category Up can be informally constructed as follows: first, one considers the
(00, 1)-category Envi(O) whose objects are natural numbers and morphisms
are described as

Homgny, 0y (7, m) @ ®O

fin—m i=1

Moreover, the category Envi(O) has a natural symmetric monoidal struc-
ture given by addition. The category Up is then the category of Vecty-
presheaves on Env(O) with the symmetric monoidal structure determined
by the fact that it preserves colimits and that the Yoneda’s embedding
Envi(O) —— Up is symmetric monoidal. The equivalence

Functcalg(cat,) (Uo, €) —== Algp(€)

for € € CAlg(Catg) is then simply given by the evaluation at
Homgn,, (0)(—,1) € Uo.
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5.3. Proof of Theorem 4.4.1

In this section we prove a generalization of the Theorem 4.4.1 to an arbitrary
k-linear presentably symmetric monoidal category € with the monoidal unit
I € €. Our first step is to define dexps in this context. Note that given

a formal group G e Grp(l\Ed\uli /x) one can trivialize its tangent sheaf by
applying the base change to the pullback diagram

)
S

()

A

@

X <—
-
4}

QD

G GxG——

Ida X invg

where the lower horizontal map informally sends a pair (g,h) to g - 1.
The morphism dexpg is then defined by comparing two trivializations of
the tangent sheaf that come from two formal group structures on G (the
initial one and the abelian one).

Using the formalism of tangent comodules one can emulate the same
construction in algebraic setting. Note first that by Yoneda’s lemma the
diagram analogous to (5) is fibered for any group object in any category
admitting finite limits. Consequently, we can introduce the following

Construction 5.3.1. Let € be a k-linear symmetric presentably monoidal
category and g € LAlg(C) be a Lie algebra in € (so that we get a group
object U(g) in the category coCAlg(ICoh(X)) of cocommutative coalgebras
in €). Consider the pullback square of cocommutative coalgebras

S
—~
=]
~—

~

Using Proposition 5.1.8 this diagram induces an equivalence of U(g)-comod-
ules Tyrg) =~ U(g) @ g. As in Construction 4.1.2 by comparing the trivial
Lie algebra structure on g with the given one we obtain an autoequivalence
dexp, : U(g) ® g ——U(g) ® g of U(g)-comodules and hence by adjunc-

tion a morphism J&Eg :U(g) ®g——g in C.
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If we take € = QCoh(X) and g = Liex G in the construction above the

morphism dexp, is precisely dexpg from the introduction to this section.
Consequently, to conclude it is left to prove

Proposition 5.3.2. Let € be a stable symmetric presentably monoidal k-
linear category, g € LAlg(C) be a Lie algebra in €. Then

— 1— e 2de
dexpg = ————

adg
where the morphism on the right is obtained from Variant 4.2.4 by applying
f=(1—-e7")/t to the adjoint representation of g.

Proof. We first argue that it is sufficient to prove the equality holds inl/icﬂC
for discrete free Lie algebras. Indeed, since both of the morphisms dexp
and (1 — e~ 2ds)/ad, are functorial with respect to continuous monoidal
functors, to show that J&})g — (1 — e 2ds)/ad, = 0 it is sufficient to prove
the statement for the Lie algebra g := Homgpy, (rie)(—, I) € Lie(Uyie), where
Envy(Lie) and Uy are the universal categories from Proposition 5.2.1. Now
since

Homy,,, (U(g) © g, 9) ~ Homy,, (6D ¢®" ', g) ~

n>0
o~ H Homy,, (", g H Lie(n + 1)
n>0 n>0

we see that if d/e\g)g — (1 — e~2ds)/ad, # 0, then there exists n € N such

that prise(m41)(dexpg—(1—e” ada) /ady) # 0. In particular, since the evident
map

Lie(n + 1) — Homvecs, (Free(n + 1)+ Free(n + 1))

is injective, where Free(n + 1) € LA]g(Vectg) C LAlg(Vecty) is the discrete
free Lie algebra in Vecty on (n + 1)-dimensional vector space, we see that
c?g}_&)g — (1 — e~ #ds)/ad, should be nonzero for Free(n + 1). Consequently,
to cc conclude the statement of the proposition it is sufficient to prove that
dexpg (1 — e~ 2ds)/ad, for discrete free Lie algebras in Vecty.

Now since for a free, discrete Lie algebra the adjoint representation is
faithful, we can further assume that g=gly, forV e Vectg. In geometric terms,

we want to compute the derivative dexpavz eXDEL, Ty(gr,) — ']I‘@V
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of the exponential map eXPgg,, - V(gly) — éiv . Since by construction

tangent complexes are determined by their restriction to A-points, it is
enough to compute the induced map for any Spec A ——=V(gly,) . More-
over, since formal moduli are determined by their restriction to Artinian
local k-algebras, we can assume that this is the case. Since by construction
the ICoh-tangent sheaf is defined as the Serre dual of Pro(QCoh)-cotangent
sheaf L_ (see [11, Chapter 1, Section 4.4]), it is enough to compute the
induced map on pro-cotangent sheaves (we need to work with the pro-
categories since gly, is an ind-scheme for infinite dimensional V). Let M be a
connective A-module and let A® M be the corresponding trivial square zero
extension. By definition the space Homp,o(nod ,) (fﬁ*ﬂv(grv ), M) classifies lifts
in the diagram
Spec A —*—=V(gly,)

-

-
~
-
-

Spec A EB/M

and the differential map

HomPro(ModA) (x*LV(g[V)v M) - HomPro(ModA) (.%'* eXp%}iv Léfv7 M)

correspond to the postcomposition with exXpag,, - Unwinding the definitions,
one finds that x*]ﬁv(g[v) ~ 7 lgn”A ®k V.Y € Pro(Mod4) where {V;} is the
diagram of finite dimensional k-vector subspaces of V' and analogously for
‘T*f[\‘éfv' Hence both x*IEV(g[V) and z* exp*atv IE@V are pro-free of finite
rank A-modules (as V € Vectg), and so by Yoneda’s lemma it is enough to
understand the morphism Homp,,(vod A)(exp%tv x, M) for all free of finite
rank modules M. Further, since each such module is a direct sum of A,
we can assume M = A (in this case A ® M ~ Ale] := A ®j k[e], where
k[e] := k[e]/(?) with deg(e) = 0).

Now unwinding the definitions one finds that for a local Artinian aug-
mented k-algebra A we have

Vlaty)(4) = aly(ma) = Brdysoa, (V &1 4) < {0}

GLy (A) ~ GLy (my4) := Autyoa, (V @5 A) v {Idy}
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and the exponential map expgy (A) sends a matrix X to Y 2 %

the general case follows from the following well-known lemma;:

. Hence

Lemma 5.3.3. Let V be a discrete k-vector space and let A be a local
Artinian augmented k-algebra. Then for each X,Y € gly,(m4) we have an
equality

1 _ e*ﬂdx

e XeXteY =14 ¢ (Y)

adX
in GLy (Ae]).
Proof. 1t is sufficient to prove the statement in the universal case when

A = Qe|{({X,Y)) the free ring of non-commutative power series on two
variables over Q[e]. We have

o0
X YY)
(6) e X XA _ =X $ ( 4;; )" _
n=0
) 1 n—1 00 c n—1
_ X n k n—1-k| _ -X k n—1—k
—c ZE<X +e > xFyx >_1+e Dy XX
n=0 k=0 n=0 " k=0
Note that

n—1 n—1
adx (Z X’“YX”_l_’“) :Z (Xk“YX”_l_k’—XkYX”_k) —X"Y-Y X"
k=0

Hence by applying adx to both sides of (6) we obtain
e’} c n—1
—X _X+eY) _ -X k —1-k | _
adx(e e E)—zaudx*(e 'ZEZXYXR >—
n=0 k=0

oo
=y %(X"Y —YX") =ee (Y —YeY) =
n=0

— e (Y —Ad, x(Y)) =¢- (1 - e*adx) (Y)
It follows that e™XeX+¢Y and (1+¢-(1—e~24x)/adx)(Y) differ by something

commuting with X, i.e. there exists a formal power series f(X) such that

exe (1pe 20 ) g
adx
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Setting Y = 0 in the last equality we find that f(X) = 0.

6. Equivariant Grothendieck-Riemann-Roch

In this section we finally bring the results of previous sections together to
give a proof of the classical Grothendieck-Riemann-Roch theorem as well as
its equivariant analogue.

6.1. Abstract GRR theorem

We start by introducing the context we are interested in:

Definition 6.1.1. Let (X, gx) and (Y, gy) be a pair of derived schemes

with endomorphisms. An equivariant morphism (X, gx) I (Y,gy) is a
commutative diagram

x . x
f f

Y —Y
gy

where X *f>Y is some morphism of schemes. In this setting we will

further denote by X9x AN Y9v the induced map on fixed points.

Remark 6.1.2. Note that for a lax gx-equivariant sheaf F —= (gx).F
its pushforward f.F € QCoh(Y) to Y automatically admits a gy-lax equiv-
ariant structure given by the composite

fo(t)
[oF — [i(9x)«F —== (gv )« foF -
We will further use the notation fi(F,t) for f.F € QCoh(Y') together with
the above lax equivariant structure.
The definition above motivates the following

Definition 6.1.3. Let (X, g) be a smooth scheme with an endomorphism.
We will denote by K§(X) the usual Kop-group of the category of lax g-
equivariant perfect sheaves on X.
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Remark 6.1.4. Note that for a proper equivariant morphism

(X,9x) N (Y,gy) between smooth schemes! the induced pushforward

functor f, is exact and preserves perfect sheaves (as Coh(Y') ~ QCoh(Y)Pert

and proper morphism preserves coherent sheaves) and therefore there is an
induced morphism

K™ (X) — K§ (V)
which we will also denote by fi.
Motivated by Corollary 4.4.4 we also introduce the following

Notation 6.1.5. Given a smooth proper scheme together with an endomor-

phism X —? - X we will further denote the canonical orientation O X9
wxs (see Construction 3.2.1) on X9 by td, and call it an equivariant Todd
distribution on (X, g).

Now the abstract formalism of traces readily gives us the

Proposition 6.1.6 (Abstract Grothendieck-Riemann-Roch). Let

(X, gx) —= (Y, gy)

be an equivariant morphism between smooth proper schemes. Then the di-
agram

gx ch(—,—)tdy
KO (X) WQF(XQX,OJXQX)

f*l l(fg)*

Kgy (Y) WOF(ngijgy)

ch(—,—)td

9y

is commutative, i.e. for any perfect gx-lax equivariant sheaf (F,t) on X
there is an equality

(f9)+(ch(E, 1) tdgy) = ch(f+(E,1)) tdg,

in D(Y9 ,wysy ), where ch(E,t) € T'(X9%,Oxox) here is the categorical
Chern character 1.1.4.

Tn fact it is enough to assume that Y is smooth.
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Proof. By passing to the induced morphism of traces 0.0.3 in the commuta-
tive diagram

9x gy «
E Y f ()
Vecty, QCoh(X) - QCoh(Y)
~ l ®0x ~ \L R0y
ICoh(X) ICoh(Y)
= 0 W

by functoriality we obtain a commutative diagram

ch(f.(E,t))

k/\

9x 9y
s DX, Ox) T(Y9, Oyay )

Jo o

[(X9%, wxax) 7 L(Y9, wyay)

where we use Corollaries 1.1.2, 2.2.2, B.1.7 and Proposition B.2.7 to identify
morphisms of traces in the above diagram. O

6.2. Equivariant GRR theorem

Now it may be hard to apply Proposition 6.1.6 in practice as in general we
don’t have a good description of I'(X 9%, Oxsx ) and of the Todd distribution
tdgy, . Fortunately, under some reasonable assumptions one can use ideas of
localization to express it in a more computable form.

Assumption 6.2.1. We will further assume that (X, ¢) is a smooth scheme

with an endomorphism X — 9. X such that the reduced classical scheme
X9 :=HO(X9)rd is smooth (but not necessarily connected). We will denote

by X9 —7~ X the canonical embedding and by /\/'gv its conormal bundle.
Note that the action of g on Qk in particular restricts to an endomorphism

gy, -
Ng\/ i>/\/’gv . We will sometimes call X9 the classical fixed locus of g.

Note that the embedding X_i—3> X is equivariant with respect to the
trivial equivariant structure on X9 and the given one on X thus induces a
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morphism j9: £LX9 —— X9. The theorem below gives a criterion when 59
is an equivalence:

Theorem 6.2.2 (Localization theorem). Let (X, g) be as in the previous
notation. Then the pullback map 79 is an equivalence if and only if the
determinant det(1 — gr}\/v) € I'(X9, O;) is an invertible function.

Proof. Since the map j9: £LX9 — X9 is a nil-isomorphism, by [11, Chap-
ter 1, Proposition 8.3.2] the morphism 39 is an equivalence if and only if the
induced map on cotangent spaces a: (j9)*Lxs —L,%; is an equiva-

lence. Moreover, since the inclusion X9 —— £X9 is a nil-isomorphism, it
is enough to prove that x7 is an equivalence.
Consider now the following commutative diagram of derived schemes

X9 2. X9 x X0<2 X9

N

X—XxX<~—X
A (Idx,g)

By definition the limit of the top row is £X9, the limit of the bottom row
is X9 and 39 is precisely the induced map on the limits. By applying the
absolute cotangent complex functor and pulling everything back to £X9 and
then further pulling back along X9 —— £X9 we then obtain a commuta-
tive diagram of sheaves

1 Y 1 1 \Y 1
Q% O © 0% Q%

]*T T]*@]* T‘j*

Al e AU Rt S e AL

(where by V we denote the codiagonal map) in QCoh(X9). By the Lemma
6.2.3 below, the pushout of the top row is (Lﬁﬁ)lﬁ’ the pushout of the
bottom row is (LX9)|ﬁ and the induced map between pushouts is ox-
It follows 7 is an equivalence if and only if the pushout of fibers of the
vertical maps

(lugrj\fg/)

NV

g

v
Ny NY & NY

g
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is nullhomotopic. The above pushout may be computed as the cofiber of the
map N/ &N/ ——= N @ N, given in block-matrix form by

1 1
(M) (1 g’j\,v>'

Finally, the matrix (7) is invertible if and only if gr}\/v —1 is invertible if and
only if the determinant det(1 — g[‘;\/v) is invertible. O
Lemma 6.2.3. Let

xXrLsy
TN
Z ——=W

be a fibered square of derived schemes. Then the induced square

T*LW E—— p*]Ly

L

Ly ——Lx

is a pushout in QCoh(X).

Proof. Formal from the definition of QCoh-cotangent complex and the uni-
versal property of the limit.? O

Remark 6.2.4. The theorem above tells us that if the determinant det(1 —
g[jvg) is invertible (a condition which is often easy to verify in practice), then
the ring I'( X9, Oxs) (which naturally appears in the abstract GRR-theorem
6.1.6) is equivalent to a ring that we understand much better:

— et DX, 0x0) L D (£XF, 0 5) = @D HP(X9)p — q)
p,q

’In fact, one can analogously prove the following more general statement:
let X, :I ——> PreStack be a diagram of prestacks admitting cotangent com-
plex. Then X := lim;X; admits cotangent complex and the natural map
colimpfLx, —— Lx is an equivalence where p;: X —— X, are the natural
projections.
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Moreover, for a perfect g-equivariant sheaf (E,t) on X it is convenient to
describe the categorical Chern character ch(F,t) € I'(X9,Oxs) in these
terms: by Corollary 1.3.3 we have an equality

(B, 1) 257 = Troconcen (exp (At(E|ﬁ)> 0 t‘ﬁ)

in ml'(X9,0%;) =~ D, HPP(X9). Since the rings I'(X9,Oxs) and
(L£X9, O,%) under assumptions of the localization theorem are canoni-
cally equivalent, by abuse of notations we will sometimes identify ch(E,t)
with its image in moI'(£X9, O 7).

The conditions of Theorem 6.2.2 are sometimes automatically satisfied.
To see this recall the following well-known lemma:

Lemma 6.2.5. Let X be a smooth variety over an algebraically closed
field k£ of characteristic zero and let G be a reductive group acting on X.
Then for each G-fixed point x € X one can choose a set of local coordinates
{z1,...,2n} of Ox ¢ =~ k[[x1, ..., xy]], such that G acts linearly with respect
to them. In particular, the fixed locus X is smooth.

Proof. Let mp, . be the maximal ideal of Ox ;. Since the category of G-
representations is semisimple, for each n > 2 the natural surjection mp, , /

me, Moy, /m%x,w admits a G-equivariant section. Passing to the

limit n — oo we obtain a G-equivariant section s:me, / m%xyw — Moy -

Let {Z1,...Zy} be a basis of Tx , ~ mX:fB/m%Dxm and put x; := s(T;). By
Nakayama’s lemma {z1,...,x,} are local coordinates at the point z and G
by construction acts linearly withe respect to them. O

Corollary 6.2.6. Let X be a smooth scheme equipped with an automor-
phism g of finite order. Then the fixed locus X9 is smooth and the natural
map LXY9——= X9 is an equivalence, i.e. the derived fixed locus XY is
formal.

Remark 6.2.7. This result for finite order automorphism was also obtained
in [1, Corollary 1.12] by different methods.

In order to proceed further we introduce the following

Definition 6.2.8 (Euler classes). Let (X, g) be as above. Define an Fuler
class of g as

g = (1) (1.(Oxz. Moy,)) € mol(£X7,Opxs).
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where £X9 2"~ X9 is the induced map on fixed loci (see Remark 6.1.2
for the notation j.(—, —)).

To describe the Euler class more explicitly, we recall the following stan-
dard result, the proof of which we include here for reader’s convenience:

Lemma 6.2.9. Let Z—~ X be a closed embedding of smooth schemes.
Then there exists a canonical isomorphism

HH(i*1.0z) ~ A (VY x)

of quasi-coherent sheaves on Z.

Proof. The case k = 0 is obvious, since ¢ is a closed embedding. For k =1
note that by applying the pullback functor ¢* to the exact sequence

0 1z Ox 1xO0z —=0

we obtain an isomorphism H~1(i*i.Oz) ~ H°(i*Zy) ~ I5/I%. But by
smoothness assumption Z/Z7 is isomorphic to the conormal bundle N}/ /X
of Z in X.

Finally, the isomorphism N/ Ix = H~1(i*i,Oz) and multiplication in-
duce a map of algebras in QCoh(Z2)

o A*(NZ/X) —_— H_*(l*Z*OZ)

By smoothness assumption, Z is a locally complete intersection in X, hence
locally both parts are exterior algebras and thus since H~!(«a) is an isomor-
phism so is a*. ]

Corollary 6.2.10. We have
eg = ch (Sym(Ny[1]), Sym(giv ) ) = D (= DF eh (AFNY), A¥(giy,))
k
Proof. By definition

€g = (49)" ch (j*(0ﬁ7 Idoﬁ)) =ch (J*]*(Oﬁv IdOﬁ))'

Next, by the lemma above there is a (Postnikov) filtration on the complex
7% 3xOx5 with associated graded Sym(./\/gv [1]). The statement then follows
from the fact that ch(—, —) is additive in fiber sequences. O
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Corollary 6.2.11. Let (X, g) be as in Assumption 6.2.1. Then the following
conditions are equivalent:

1. The morphism 1 — (g%)|xv is invertible.

2. The induced map j9: £LX9 —— X9 is an equivalence.
3. The Euler class e, is invertible.

Proof. The equivalence of the first two assertions is the content of Theo-
rem 6.2.2. To see that the first and the last conditions are equivalent, note

that since the natural inclusion X9 —— £X9 is a nil-isomorphism, the
Euler class e, is invertible if and only if its zero term ey is. But by Corol-
lary 6.2.10 and Example 1.3.4 we get

eg0 =Y (-1)* Cho(Ak(Ngv)agf}\k(/\fgv)) = (-1)F Tr(giar )
k=0 k

:det(l—gwyv). .

Using the Euler class and corollary above, we can describe the Todd
distribution td, (see Notation 6.1.5) in more concrete terms

Proposition 6.2.12. Let (X, g) be as in 6.2.1 and assume that the Euler

class e, is invertible (and so the natural morphism j9: £X9 — X9 is an
equivalence). Then under the composite equivalence

Tl (X9, wxs) T oD (LXF, 7)== @) HP#(X5)
P
the Todd distribution td, € I'(X9,wxs) corresponds to tij, where td+; is
the ordinary Todd class.

Proof. By applying Proposition 6.1.6 to the canonical inclusion X9 SN ¢
we obtain

(jg)*(tdﬁ) = (]g)* ( Ch(Oﬁa Id(’)ﬁ) tdﬁ) =ch (]*(Oﬁa Id(’)ﬁ)) tdg :

Consequently, by pulling back along j9 (and using that (j9)*(j9). is identity)
we obtain

tdzr = (79)" (Jg)+ (tdxm) = (79)" (ch(jx(Ox7. Ido,)) tdg ) = eg - (79)"(tdy).

We conclude by dividing both parts by e,. O
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As a corollary we obtain:

Theorem 6.2.13 (Equivariant Grothendieck-Riemann-Roch). Let

f
(X,9x) —= (Y. 9v)
be an equivariant morphism between smooth proper schemes such that

e Reduced fixed loci X9x and Y9r are smooth.
e The induced morphisms on conormal bundles 1 — (g%), Y and 1 —

. . .
(gy)| Ny, are invertible.
Then for a perfect lax gx-equivariant sheaf (E,¢) on X we have an equality

) = e (7.(.)

egy

tdsmx

(7). (e

g9x
in @p HPP(Y9v).

Proof. This follows immediately from the abstract Grothendieck-Riemann-
Roch 6.1.6 and the identification of td, above. O

Specializing to the case when Y = %, we get

Corollary 6.2.14 (Equivariant Hirzebruch-Riemann-Roch). Let (X, g) be
as in the theorem above. Then for any lax g-equivariant perfect sheaf (E,t)
on X we have

tds
/ ch(E, 1) —2% = Tryee, T'(X, 1).
€g
X9
Specializing even further we recover

Corollary 6.2.15 (Holomorphic Atiyah-Bott fixed point formula). Assume
that the graph of g intersects the diagonal in X x X transversely. Then

B Tryeen, DX ).
Z)det(l—dxg) et (X, 1)

Proof. By assumption on g the derived fixed locus X9 is discrete, hence
LX9 ~ X9 and the corollary above reads as

Z Ch(E,t)p(g

€g

= TrVectk F(X, t)

=g ()
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Let x € X9 be a fixed point of g. Since XY is discrete, for any perfect lax
g-equivariant sheaf At(E|ﬁ) ~ 0, hence by Corollary 1.3.3 we have

ch(E,t)e = " Trqeon(x+) (9]5, ) = Tr(9]E,)-

Moreover, the conormal bundle N, gv in this case is just the cotangent space
at fixed points, hence by the vanishing of the Atiyah class on X9 we deduce

(eg)z = (eg,0)z = det(l — dzg).

Specializing in the other direction, we recover

Corollary 6.2.16 (Grothendieck-Riemann-Roch). Let X,Y be smooth

proper schemes and X N Y be a morphism. Then for any perfect sheaf
FE on X we have

f«(ch(E) tdx) = ch(f.E) tdy
where above ch(F) and ch(f.FE) are the classical Chern characters.
Proof. Consider the Theorem 6.2.13 in the case when gx, gy, are morphisms.

Note that we have X9 = X and the map

LX ~ X0 X9~ X

(and analogously for Y') is tautologically equivalent to the identity. More-
over, since the conormal bundles Ny, and N are in this case trivial, we
have e;, =1 and ey, = 1. Hence by Theorem 6.2.13 we obtain

f* (Ch(E, IdE) tdx) = Ch(f*(E, IdE)) tdy .

It is left to note that by Proposition 1.4.9 the categorical Chern character
ch(E,1dg) = ch(F) coincides with the classical one. O

Appendix A. Reminder on formal deformation theory

In this section we review main results of formal deformation theory devel-
oped in [11, Chapters 5-9] relevant to this work (hence we need to work over
a field of characteristic zero). We start with the following
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Definition A.0.1 ([11, Chapter 5, Definition 1.1.1]). Define an (oo, 1)-
category of formal moduli problems over X denoted by Moduli,x as the
full subcategory of PreStackiq x (see ([10, Chapter 2, 1.6]) on objects

Y —” = X such that:

e The morphism p is inf-schematic ([11, Chapter 2, Definition 3.1.5]).
e The morphism p is nil-isomorphism, i.e. the induced morphism

red
p

redY redX

is an equivalence.

Group objects in the category of formal moduli problems over X are called
formal groups over X.

Let now ) —= X be a formal moduli problem over X. The functor p,
being left adjoint to a symmetric monoidal functor f' is left lax-monoidal.
Hence p.wy is naturally a cocommutative coalgebra object of ICoh(X), that
is, an object of coCAlg(ICoh(X)). Moreover since the functor

Moduliy —= coCAlg(ICoh(X))

Y ——pwy

is symmetric monoidal (e.g. piwyxz =~ pwwy ® prwz) for a formal group
G e Grp(l\mi/x) the sheaf p.wz is a group object in the category of
cocommutative coalgebras, i.e. a cocommutative Hopf algebra. In particular,
we can define a functor

Liex

Grp(Moduli /) LAlg(ICoh(X))

by setting

Liex (G) := Prim(p.wg) € LAlg(ICoh(X))

for a formal group Ge Grp(l\gd\uli /x); where

HopfAlg(ICoh(X)) 2% LAlg(ICoh(X))

is the functor of primitive elements.
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Now the following crucial theorem relates groups in the category of for-
mal moduli problems over X and Lie algebras in the category of quasi-
coherent sheaves on X:

Theorem A.0.2 ([11, Chapter 7, Theorem 3.6.2 and Proposition 5.1.2]).
We have:

1. There is an equivalence of (0o, 1)-categories

Liex

~

Grp(Moduli x) LAlg(ICoh(X)),

where LAlg(ICoh(X)) is the (oo, 1)-category of algebras in ICoh(X) over
the Lie operad. Moreover, for a formal group G e Grp(Moduli/x) the

~

underlying ind-coherent sheaf of Liex (G) € LAlg(ICoh(X)) is equivalent

!
to Té/X,e = G'Té/X,

denotes tangent sheaf.

where X —%>G is the identity section and T

2. For G € Grp(l\myx) there is an equivalence of (0o, 1)-categories

Repg(ICoh(X)) —= Mod ;. ) (ICoh(X)).

Now in classical theory of Lie groups for a (real) Lie group G with Lie

algebra g there is an exponential map g e , which is a diffeomorphism
in a small enough neighborhoods of 0 € g and 15 € G. The same story
works even better in the formal world since one does not need to consider
neighborhoods. In order to formulate this statement explicitly in our setting,
we first need the following

Definition A.0.3. For E € ICoh(X) define a vector prestack V(E) €

hgd\ulix//x of E by the property that for any J € Modulix,, x there is
a natural equivalence

Homl\mix//x (ya V(E)) = HomQCoh(X) (I(p*wy)a E)7
where for a coaugmented coalgebra C' € coCAlg®“é(QCoh(X)) we let
I(C) := cofib(Ox —— C) to be the coaugmentation ideal of C'.

Remark A.0.4. In fact vector prestack can be seen as a part of a more
general construction. Namely, define a functor

Spec'y

coCAlg(ICoh(X)) Moduli
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as the right adjoint to the functor Y +—— p.wy so that for any formal

moduli problem ) € Moduli /x We have an equivalence

Homgm, (), Spec’y C) ~ Homeoalg(icon(x)) (Pswy, C).

Then it is straightforward to see that for a sheaf EZ € ICoh(X) there is a
natural equivalence V(E) ~ Spec'¥ (Sym(F)), where

ICoh(X) Y™ coCAlg™ (ICoh(X))  E s @D(E®")s,
n=0

is the symmetric algebra functor, endowed with its canonical cofree ind-
nilpotent co commutative coalgebra structure. We refer interested reader
to [11, Chapter 7, 1.3] for through discussion of the inf-spectrum functor
Spec™.

Example A.0.5. Unwinding the definitions one finds that for £ € QCoh(X)
such that EV € Coh<%(X) the vector prestack V(Y x(E)) is equivalent to
the “vector bundle associated to E”, i.e.

V(Tx(E)) ~ SpeC/X(SmeCOh(X)(EV))'

In the case when EV € CthO(X ), there is a similar equivalence if we take
the formal completion at the zero section of the right-hand side.

In these notations we finally have

Theorem A.0.6 ([11, Chapter 7, Corollary 3.2.2.]). Let G € Grp(l\ﬁd\uli/x)
be a formal group over X. Then there is a functorial equivalence

~ expga

V(Liex (G)) G

of formal moduli problems over X.

Idea of the proof. Given a Lie algebra g € ICoh(X) its universal enveloping
algebra is naturally a cocommutative Hopf algebra, i.e. a group object in
the category coCAlg(ICoh(X)). Since the functor Spec™ is monoidal, we see
that expy(g) := Spec™ (U(g)) is a group object in I\Ed\uli/x. In fact, one
can show that the construction g+——expy(g) is the inverse to the Liex
functor from Theorem A.0.2. But by [11, Chapter 6, Corollary 1.7.3] there
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is canonical equivalence of cocommutative coalgebras U(g) ~ Symycon(x)(9)

~

(aka Milnor-Moore theorem), hence for g = Liex(G) we have

~

G ~ expx(g) = Spec™ (U(g)) ~ Spec™ (Sym1c0h<x>(g)) = V(g).

O

Remark A.0.7. Notice that for a formal group A € Grp(mi /x) with
abelian Lie algebra the map exp3; above is not only an equivalence of for-
mal moduli problems, but moreover an equivalence of formal groups. For
example, in the case G:= G, the map

— — expgr\n —

Gq ~ V(Liex (Gp,))

is the usual formal exponent.
Appendix B. Correspondences and traces
B.1. Ind-coherent sheaves and morphism of traces

In this section we discuss how one can calculate the morphism of traces in
the setting of ind-coherent sheaves using the category of correspondences.
We start with the following

Theorem B.1.1 ([10, Chapter 5, Theorem 2.1.4., Theorem 4.1.2]). The
ind-coherent sheaves functor can be lifted to a symmetric monoidal functor

Corr(Schyf )ProPer _ IGh o Caty, .

Where Corr(Schaf )PP is the (00, 2)-category which can be informally de-
scribed as follows:

1. Its objects are those of Sch,g.
2. Given X,Y € Schyf a morphism from X to Y in Corr(Sch,g )PP is
given by a span

x-2 w-l.y

and the composition of morphisms is given by taking pullbacks.
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3. Given two morphisms W1, Wa € Homcgry(sch,q)rever (X, Y') @ 2-morphism
from Wiy to Ws is given by a commutative diagram

in Sch,s where h is proper.

The symmetric monoidal structure on Corr(Sch,g )P™Pe" is given by the carte-

sian product of underlying objects of Sch,p. Once again, we refer to [10,
Part III] for a discussion of the category of correspondences.

Remark B.1.2. In [10, Chapter 7] the category Corr(Sch,q )PP was de-
noted by Corr(Schyg )P0

all,all

Informally speaking, the functor above maps X € Schag to the category
ICoh(X) € Caty and a morphism X 4w S Y in Corr(Schag )ProPer

to the composite ICoh(X) —%~ ICoh(W) —~ ICoh(Y) in 2 Caty.

Remark B.1.3. Since by (|10, Chapter 9, Proposition 2.3.4.]) every object
X € Corr(Schy, )ProPer is self-dual via the morphisms

p A

* X X xX

and

A p

X xX X *

we see that the category ICoh(X) € 2 Caty is also self-dual. Moreover, note
that by ([10, Chapter 9, Proposition 2.3.4.]) every morphism in
Corr(Schyf )PP of the form

Idx

X X Y
where f is proper admits a right adjoint given by
y—7J x M x
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Our goal now is to understand morphism of traces in the setting of
correspondences. We start by calculating classical traces in the category of
correspondences

Proposition B.1.4. The trace of the endomorphism X -2 v N X

in Corr(Sch,q )PP is given by
< XI=9 o s

where X /=9 is defined as the pullback

X /=9 Y

ji l(f,g)

Proof. By definition, the trace is given by the composite

Y x X
X xX X x X

Since the composition in Corr(Sch,g )PP is given by taking pullback, the
result follows. O

ICoh

Corollary B.1.5. Applying the functor Corr(Sch,gq )ProPer 2 Caty,

we see that the trace of the endomorphism ICoh(X)—— ELA ICoh(X) in
2 Caty, is given by F(szg,wggfoi‘g).

We are now going to understand morphism of traces in the setting of
correspondences (and therefore in the setting of ind-coherent sheaves). In
order to simplify notation we will denote a morphism

g f

X W Y

by ( {W1 ). Here is the main
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Proposition B.1.6. Given a (not necessary commutative) diagram

LAVE
y R
(X X35) Y (XX
U U
eV

in Corr(Sch,g )PP where the 2-morphism 7' is given by a choice of some
commutative diagram

Y
/ sof
X t U
X sx’(’] \%4

a1 :bopry ot ~sopryot
Qg 1 pryot>~g
ag:aopryot~sof

where ¢ € Homg, (Y, X * xI[’] V') is proper, the induced morphism of traces

aft

T ((Mxx).7)

Xf:g 2-l—rCorr(Schaft)"'°F’e’ ( ()?ch ) ) TrCOI‘I‘(SCha&)PmPSr ( < ljzvt[lj > ) = Ua:b

is obtained as the map of pullbacks from the commutative diagram

X f=9 X f=9

N
[

X f=9
iv U

pry otojix X (so0tx,s0ix)
(b,a)

|4 U x U,
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where the commutativity of the front square is given by the equivalences

10J 80207 x

. (o4 X . . .
bopryotojx =~ sopryotojxy =~ Ss0gojx ™s0ix
and
. a30fx . .
aopryotojx =~ sofojy~soiy.

Proof. Unwinding the definitions, we see that the morphism of traces is
induced by the diagram

(L X%ux) (VXY <X (xx8X.)

% XXX XXX XXX XXX XXX XXX *
Id. Id.
* UxU UxU *
(Ubxu) (T xUgIav (uxoUx)

where

1. The two middle vertical morphisms are given by (19~ )X(IdeéX X X5
(see remark B.1.3).
2. The left square is induced by the 2-morphism

X

-

* s UxU

A

U

in Corr(Sch,g )ProPer.
3. The middle square is induced by the 2-morphism

Y xX

y (sof)xs

X x X tx1dx UxU

P\"m /Kfv): s

(X x5 V)x X
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in Corr(Schyg )ProPer.
4. The right square is induced by the 2-morphism
X
/ \
X

X xX

N

XXU

*

in Corr(Sch,g )ProPe".
Consequently, we see that the whole morphism of traces is given by the

composite of the morphisms

Y VDX ) X —=Y U9 x(xx) (X xu X) = X AxIEI (Y x X) eDxaxg U

X AXTER (Y x X) CoDoxdy U —— X AxPE I (X xy Y) x X) @@proxesd U

and

x X Idx aopr,, ) Xs ~ s,s (b, (b,a)
X AP (X xy ¥) x X) @oprdxs s | U~ X 69)x (09 VU A0 V.

In particular, we can rewrite the whole composition as the left vertical mor-
phism from X/=9 to U%=? in the commutative diagram

X 1= Y ! X
\ g gx \ f \
X/=9 Yy L X
Y o x50y Y s xg X X sx3 X
\ Jx \ \ A
dy,
v (”‘")t Y x X fxddx X x X

A (X Sxb, V) 9P e, X

\ (oprv et \

AxxyV
Xsxbhv aRall

Ua:b

Ua:b v
\ o \

14
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where all the horizontal squares are pullback squares. Consequently, we see
that we can rewrite the morphism of traces as the left vertical morphism
from X/=9 to U=’ in the commutative diagram

XT1=9 Y
X /=y Jx \ Y
Y o x50y Y o x X
\ x \ (Idy,f)

Y (IdY7g) V x X

A 1%

\ (g.pry o) m (pry ot)xs

X s XbU V SXIdV V % U

Ua:b Vv

\ pry (Idv,a)
(Idv,b)

Vv V x U.

It is only left to note that the above morphism can be rewritten precisely
as in the statement of the proposition. O

Corollary B.1.7. Applying in the setting of the above proposition the
functor

ICoh

Corr(Schyf )ProPer 2 Caty,

we see that given a commutative diagram

XX x

f f

Y—4—~Y
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the morphism of traces
D(X9% Wi ~ Try i, ((9x)«) ———— Tracat, ((g9v)«) =D (Y97, wiSom)

induced by the diagram

TCoh(X) — )" 1Coh(X)

I I

~
*
“h

ICoh(Y)

ICoh(Y)

gy )«

is given by the counit of the adjunction (f9), 4 (f9)' where X9x A Y9v
is the induced morphism between fixed points.

B.2. Decorated correspondences and orientations

Our goal in this section is to show the morphism of traces

Tra Gary, (—®0x)

T(X9, Oxo) > Trycat, (92°°0) Tra Cat, (92°°") = T(X9, wxs)

induced by the diagram

QCoh(X) g QCoh(X)
®oxl lm

ICoh(X)

is induced by the canonical orientation (Construction 3.2.1). Using the fact

that for an eventually coconnective morphism X *f>Y almost of fi-
nite type between Noetherian schemes one has a Grothendieck formula
f'= ~ wp® f*— ([9, Corollary 7.2.5.]) we will reduce the calculation of
the morphism of traces to a simple calculation in a version of the category
of correspondences.

We start with the following
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Definition B.2.1. We define an (0o, 2)-category of correspondences deco-
rated by QCoh denoted by Corr(Sch)QC°! as follows:

1. Its objects are those of Sch.
2. Given X,Y € Sch a morphism from X to Y in Corr(Sch)R¢°! is given
by a span

x-2 w1l vy

together with a quasi-coherent sheaf Fyy € QCoh(Y) on W and the
composition of morphisms is given by taking pullbacks of schemes and
box products of sheaves.

3. Given two morphisms (W1, Fyy,), (W2, Fw,) € Homcgpe(senyace (X, Y)
a 2-morphism from (W7, Fyy,) to (Wa, Fyy,) is given by a commutative
diagram

in Sch and a morphism h*Fy, —— Fw, in QCoh(Fw,).

Notation B.2.2. We will further denote by ( WY, Fiy) the morphism
X <L (w, Fw) v in Corr(Sch)QC°" with the correspondence given

by X 4w 1.y and a sheaf given by Fiy € QCoh(W) and depict it
as

(W, Fw)

R

In the case we omit Fy from notation we assume that it is given by Oy .

Now note that the (0o, 2)-category Corr(Sch)@°! is symmetric monoidal
with the monoidal structure given by the cartesian product of underlying
objects of Sch (the morphisms are tensored by taking box product of the
corresponding sheaves). Moreover, if X € Sch is a scheme and M € Pic(X)
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is a line bundle on X then it is straightforward to see that the morphisms

(X, M) (X, M1
P A A P
*/ \XXX XXX/ \*

in Corr(Sch)QC" exhibit X € Corr(Sch)R“°! as a self-dual object.

Proposition B.2.3. Let X € Sch be a scheme with an endomorphism

X2+~ X and M € Pic(X) be a line bundle on X. Then there is an
equivalence

3

Tré;‘rr(Sch)QCOh (g) éA < * (Xg)* >

in Homggpp(schyaces (*, %), where Tréﬁrr(sch)qm, (g) is the trace of X e
in Corr(Sch)QC°" with respect to the dualization data

x <t (X, M) 2> X x X

and

Xx X2 (X, M) —Lox

on X € Corr(Sch)Q¢eh,

Proof. By definition the trace Tréﬁrr(sch)QCOh (g) is given by the composite

(X, M) X xX (X, M~
x xIdx gxIdx
/ \X :dxy \X x X/ \

which composing the first two morphisms can be rewritten as

e

X x X
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The equivalence 1y is now induced from the pullback diagram

X9t _x

| |2

X—XxX
(Idx,g)

and the equivalence i*M ® i* M~ ~ Ox,. O

We now prove the following

Proposition B.2.4. Let X be a scheme with an endomorphism X 1o X
and M, My € Pic(X) be two line bundles on X. Then the morphism of
traces

My Mz

< *(Xg)* > = Tr'(/\é;rr(sch)Qcol,)%op (g) - Tr?gzrr(sch)Qcoh)%cp (g) = <*(Xg)* >

in Hom (ope(schyacon)2—e (%, *) induced by the commutative diagram

g

X —X

is given by the identity 2-morphism

X9

* Idxg *

NP4

X9

Proof. By [15, Example 1.2.5] the morphism of traces is induced by the
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diagram
L XRaM (O XXX X x xS RXMTY
1d Id.
* X xX X xX *
(XS xMaz) <IdXXXX><X'qXIdX> <Xx)A(X*7M;1>

XxX XXX
where the vertical morphisms are given by

IdXxX IdX><X

Xx X <"F(X x X, MTTRMp) 2 X x X,

The result now follows from equivalences

_ Idx « Id
<X><)A(X*’M11>O< ;x§XXXg(XxXX>O<*X§(xX7M1> :<*(Xg)*>’

(R X M) o (X x X M M) o
o ('YX x XU ) 0 (L X R M) = (X)),
(R X My )0 (XX X XSS )0
o (MR X % XN MTT R My ) o (X5 x, Mi) = (,(X9),),

— Idx xx Idx
(xo X X My ) o (CRURX X XK ) 0 (WX Ryxy M2 ) = (L(X9).)

and the fact that the corresponding 2-morphisms are given by identity maps
Ing . D

To see why the proposition above is useful, we have the following gener-
alization of [10, Chapter 5, 5.3.1]

Theorem B.2.5. The quasi-coherent sheaves functor can be lifted to a
symmetric monoidal functor

QCoh

( Corr(SCh)QCOh)%0p 2 Caty,

where:
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e An object X € Corr(Sch)QC" is sent to the category of quasi-coherent
sheaves QCoh(X) € 2 Caty, on it.
e A morphism

(W7 Fi W)
/ \
X Y
in Corr(Sch)QC" is sent to the morphism

fe(Fw®g*—)

QCoh(X) QCoh(Y)
in ZCatk.
e A 2-morphism

(W1, Fw,)

PN

X h Y

S A

(Wa, Fw,)

with h*Fyy, s Fw, is sent to the 2-morphism

Su(Fw, @ t*—) —— sy (heh* Fyy, @ t*—) ~

~ s, by (W Fiy, @ h*t*=) ~ f.(W* Fiy, ® ¢*—) ——= f.(Fw, ® g*—)
in 2 Caty,.

Example B.2.6. Let X be a Gorenstein Noetherian scheme. Then the
functor QCoh sends the morphism

(X,wx)

in (Corr(Sch)QCOh)2_°p to

A,wyx € Homg cat, (Vecty, QCoh(X x X)) ~ QCoh(X x X)
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and the morphism

(X, wx")

to

D(X,wy! @A) = T'(X,wa @ A% —) =~
~ T'(X,A'—) € Homy car, (QCoh(X x X), Vecty,).

We can now prove

Proposition B.2.7. For a classical smooth scheme X together with an

endomorphism X —2 - X the morphism of traces

aQcoh Coh Trz caty, (—®O0x) oo
[(X9,0xs) =" Trycar, (92°°0) L Tracar, (91°°0) =" T(X9, wys)

induced by the diagram

QCoh(X) & QCoh(X)
—®Oxl l-@ox

ICoh(X) ICoh(X),

can be obtained by applying the global sections functor I'(XY, —) to the

. . . u .
canonical orientation Oxs — wys (see Construction 3.2.1) on X9, where

the equivalences aqcon and agcon above are given by Corollary 1.1.2 and
Corollary 2.2.2 respectively.

Proof. Due to the equivalence ICoh(X) ~ QCoh(X) as X is smooth and
classical (see Example 2.1.5) and Example B.2.6 above we note that the
morphism of traces we are interested in can be obtained by applying the

- Coh
functor (Corr(SCh)QCOh)2 op Q€0 Caty to the morphism of traces

T Ox 2—op —Trx 2—op
r( Corr(Sch)QCOh) (g) r( Corr(sch)QCoh) (g)
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in (Corr(Sch)QCOh)Q_OP. Now using equivalences np, and 7, we can form
a commutative diagram

Coh Ty Tra caty, (—®0x) —— e
T(X9,0x, “L>c01<T‘9x - )‘—>(CI<T“JX )L“;FXg.
(X9, Ox2) <= QCoh r(cOrr(sch)Qcﬂh)‘ (9 ~ iCoh r(cOrr(&h)qcﬂn)‘ +(9) | == DX wx0)
\ Ni‘m(”wx) an/h(n:QTN /
QCoh({,(X).)) QCoh({,(X).))

Since the left diagonal morphism is identity by the construction and the
bottom horizontal morphism is identity by Proposition B.2.4, we see that the
morphism of traces Try cat, (—®Ox ) is given by the right diagonal morphism,
that is, unwinding the definition of the morphism 7, from Proposition B.2.3
by the composite of

[(XY,0xs) = T(XY9,i*wy' @ i*wyx) ~
~T(X,wy' @iv*wy) ~ T(X,wy' ® A*(g x Idx).Awwx)

and
T(X,wy! ® A*(g x Idx).Awwx) ~ T(X, AY(Idx, g)wwx) =

~ (X, ivi'wx) ~ T(X, iwwxs) ~ T'(X9, wyo).

The result now follows from observation that the morphisms
ixOxs ~ i, (i"wy' ®i*wy) ~ wy' @ iviwx ~

~ w;(l ® A*(g,Idx)wx ~ A!(Idx,g)*wx N WY N W

and
i Oxo = iy (Ifwy' ® ifwx) = iy (Fwx xxx ® i*wx) ~
~ i*(ng/X ®T*wx) ~ i*i!wX ~ WX
coincide and Construction 3.2.1. O

Remark B.2.8. Using the fact that the functor

( Corr(Sch)QCOh)%Op QCeb o Caty,

sends a morphism
(X, E)

/ Y
* X
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in (Corr(Sch)QCOh)%Op to the morphism Vect; —= QCoh(X) in 2Caty
one can also obtain a proof of [15, Proposition 2.2.3.] by calculating appro-

priate trace in the category of decorated correspondences and then mapping
it to 2 Caty.
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