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Metrics with Positive constant curvature and
modular differential equations*

JiA-WEI Guo!, CHANG-SHOU LIN, AND YIFAN YANG *

Let H* = HUQ U {00}, where H is the complex upper half-plane,
and Q(z) be a meromorphic modular form of weight 4 on SL(2, Z)
such that the differential equation £ : y”(z) = Q(2)y(z) is Fuch-
sian on H*. In this paper, we consider the problem when L is
apparent on Hl i.e., the ratio of any two nonzero solutions of L is
single-valued and meromorphic on H. Such a modular differential
equation is closely related to the existence of a conformal metric
ds?> = e"|dz|?> on H with curvature 1/2 that is invariant under
z vz for all v € SL(2,Z).

Let £k be the local exponents of £ at co. In the case koo € %Z,
we obtain the following results:

(a) a complete characterization of Q(z) such that £ is apparent on H with only
one singularity (up to SL(2,Z)-equivalence) at i = v/—1 or p = (1 +/3i)/2,
and

(b) a complete characterization of Q(z) such that £ is apparent on H* with
singularities only at ¢ and p.

We provide two proofs of the results, one using Riemann’s existence
theorem and the other using Eremenko’s theorem on the existence
of conformal metric on the sphere.

In the case koo ¢ 17, we let 1o € (0,1/2) be defined by ro, =
+Koo mod 1. Assume that ro ¢ {1/12,5/12}. A special case of an
earlier result of Eremenko and Tarasov says that 1/12 < 7o, < 5/12
is the necessary and sufficient condition for the existence of the
invariant metric. The threshold case ro, € {1/12,5/12} is more
delicate. We show that in the threshold case, an invariant metric
exists if and only if £ has two linearly independent solutions whose
squares are meromorphic modular forms of weight —2 with a pair
of conjugate characters on SL(2,Z). In the non-existence case, our
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example shows that the monodromy data of £ are related to peri-
ods of the elliptic curve y? = 23 — 1728.
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1. Introduction

A meromorphic function @ on the upper half-plane H is called a meromor-
phic modular form of weight k € Z with respect to SL(2,Z) if @ satisfies

Q-9 =+ dfQe). = (0 ) este)

and @ is also meromorphic at the cusp co. When k = 0, a meromorphic
modular form is called a modular function. We refer to [1] and [18] for the
elementary theory of (holomorphic) modular forms. Given a meromorphic
modular form @ of weight 4 on SL(2,Z), we consider a Fuchsian modular
differential equation of second order on H

r_dy

(L.1) ' =Q(z)y onH, ¢ = 5

The differential equation (1.1) is called Fuchsian if the order of any pole of
Q is less than or equal to 2. At oo, by using ¢ = €*™*, (1.1) can be written
as

d\? L, Q
(1.2) (qd—q) y=—71-2Y :_47(;)3"

So (1.1) is Fuchsian at oo if and only if @ is holomorphic at oco.

Suppose that zg is a pole of Q. The local exponents of (1.1) are 1/2+ k,
k > 0. If the difference 2« of the two local exponents is an integer, then
the ODE (1.1) might have a solution with a logarithmic singularity at zg.
A singular point zp of (1.1) is called apparent if the local exponents are 1/2+
k with k € %ZZO and any solution of (1.1) has no logarithmic singularity
near zo. In such a case, it is necessary that x > 0. The ODE (1.1) or @ is
called apparent if (1.1) is apparent at any pole of @ on H. Clearly, if (1.1)
is apparent then the local monodromy matrix at any pole is +1, where [ is
the 2 x 2 identity matrix.
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A solution y(z) of (1.1) might be multi-valued. For v € SL(2,7Z), y(v- 2)
is understood as the analytic continuation of y along a path connecting z
and 7-z. Even though y(v-z) is not well-defined, the slash operator of weight
k (k € Z) can be defined in the usual way by

13 )@= atyna, 1= (1)) esue)

where v - z = (az + b)/(cz + d). We have the well-known Bol’s identity [2]

(W) @ = (1]) @)

Hence, if y(z) is a solution of (1.1), then <y|_1fy) (z) is also a solution of
(1.1). Here f*)(z) is the k-th derivative of f(z).

Suppose that (1.1) is apparent and y;, i = 1,2, are two independent
solutions. Since the local monodromy matrix at any pole of @) is £1, the ratio
h(z) = y2(z)/y1(z) is well-defined and meromorphic on H. By Bol’s identity,
both (yi‘_17> (z) are solutions of (1.1), where yi(v - 2) and yo(7 - 2) are
understood as the analytic continuation of y;(z) and y2(z) along the same
path connecting z and - z. Note that since (1.1) is assumed to be apparent,
difference choices of paths from z to 7 - z only result in sign changes in
y1(7 - z) and ya(y - 2). Therefore, there is a matrix p(y) in GL(2,C) such
that

yl‘_l’}’ (2) y1(2)
4 = .
Y ) ) == ()

Note that det p(y) = 1 because the two Wronskians of fundamental solutions
(yl‘_l%yﬂ_l’y) and (y1,y2) are equal. Hence p is a homomorphism from
SL(2,Z) to PSL(2,C). In this paper, we call the homomorphism v — +p(7)
the Bol representation associated to (1.1).

There is an old problem in conformal geometry related to (1.1). The
problem is to find a metric ds? with curvature 1/2 on H that is locally
conformal to the flat metric and invariant under the change z — ~ - z,
v € SL(2,Z). Write ds®> = e*|dz|>. Below, we collect some basic results
concerning the metric which will be proved in Section 2.
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(1) The curvature condition is equivalent to saying that wu satisfies the
curvature equation (2.5). Then

(15) Q) = (e - 12)
is a meromorphic function.

(2) The invariant condition ensures that @ is a meromorphic modular form
of weight 4 with respect to SL(2,Z) and holomorphic at co. Moreover,
Q(o0) 0.

(3) The metric might have conic singularity at some p € H with a conic
angle 0,, and the metric is smooth at p if and only 6, = 1. Thus
Q has a pole at p if and only ds? has a conic singularity at p (i.e.,
0, # 1), provided that p & {v-i,v-p:~v € SL(2,Z)}, where i = /-1
and p = (1 ++/=3)/2.

(4) Let 1/2 £ kp, kp > 0 be the local exponents at p of (1.1) with this
Q. Then 0, = 2k, /e,, where e, is the elliptic order of p. Moreover, if
Kp € %Z for any p, then (1.1) is automatically apparent.

We say the solution u or the metric e ]dz\z realizes () or the associated
ODE (1.1) is realized by u. We note that for a given @, finding a metric
e* |dz|* realizing @ is equivalent to solving the curvature equation (2.5) in
Section 2 with the RHS being 47 n,0,, where n, = 2k, — 1, §, is the
Dirac measure at p € H and the summation runs over all poles of () on
H. In particular, &, € %N , if and only if the coefficient n, € N, the set of
positive integers.

In view of this connection, throughout the paper, we assume that the
ODE (1.1) satisfy the following conditions (H;) or (Hy).

(H;) The ODE (1.1) is apparent with the local exponents 1/2 £ k,, at any
pole p of Q, k) € %N, and @Q(oc0) < 0. Denote the local exponents at oo by
+HKoo. Moreover, if p & {i, p}, then k, > 1/2.

Note that Q(z) is smooth at p if and only if x, = 1/2, so the requirement
kp > 1/2 means that that Q(z) has a pole at p. Note that by (4), the angle
6, at pis 2k,/3 and 6; at i is ;.

(Hz) The angles 6, and 6; are not integers.
Suppose Koo € 3N. Then there is ro, € (0,1/2) such that

(1.6) either Koo = 70o mod 1 Or Koo = —Too mod 1.



Modular differential equations 981

Theorem 1.1. Suppose that (1.1) satisfies (Hy), (Hz), and ke ¢ 3N.
If 1/12 < roo < 5/12, then there is an invariant metric of curvature 1/2
realizing Q. Moreover, the metric is unique. Conversely, if @ is realized
then 1/12 < roo < 5/12.

Furthermore, assume that rooc = 1/12 or roo = 5/12. Let x be the char-
acter of SL(2,7Z) determined by

X(T) =e¥/6 x(S) = —1,

where T = (§1) and S = (%7'). Then there is an invariant metric of
curvature 1/2 realizing @Q if and only there are two solutions y1(z) and y2(z)
of (1.1) such that y1(2)? and y2(2)? are meromorphic modular forms of
weight —2 with character x and X, respectively, on SL(2,7Z).

Remark. Let H* = HU Q U {oo}. Since SL(2,Z)\H* is conformally dif-
feomorphic to the standard sphere S?, Theorem 1.1 can be formulated in
terms of the existence of metrics on S? with prescribed singularities at poles
of @ and prescribed angle 6, at each singular point p. In this sense, Theo-
rem 1.1 is a special case of a result of Eremenko and Tarasov [12]!, quoted
as Theorem A.l in the appendix. In the appendix, we give an alternative
and self-contained proof of their result in the form of Theorem A.3 as it is
elementary and involves only straightforward matrix computation. (In the
notation of Theorem A.3, Theorem 1.1 corresponds to the case ¢ = 1/2,
0y = 1/3, and 63 = 2r, or 03 = 1 — 2ry,, depending on whether 2r,, < 1/2
or 2re, > 1/2.)

The threshold case ro, € {1/12,5/12} is more delicate. In Section 6, we
provides examples of existence and nonexistence of an invariant metric with
Too = 1/12. Our examples suggest that to each Q(z) with ro € {1/12,5/12},
one may associate a meromorphic differential 1-form w of the second kind
on a certain elliptic curve E, and whether there exists an invariant met-
ric realizing () hinges on whether w is exact, i.e., whether w is the identity
element in the first de Rham cohomology group of F. Also, in the nonexis-
tence example, we find that the entries in the monodromy matrices can be
expressed in terms of periods or the central value of the L-function of the
elliptic curve y? = x3 — 1728. We plan to study the threshold case in more
details in the future.

"'We thank the referee for pointing out this and providing the reference.
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Motivated by Theorem 1.1, we consider the datas given below.

A set of positive half-integers r,, ki, x; € N/2,j=1,2,...,m,
(1.7) such that 2k,/3 € N, k; € N; a set of inequivalent points p; € H,

7=1,2,...,m; and a positve number K.

Definition 1.2. We say Q is equipped with (1.7) if

(i) {p,4,2; : 1 <j < m} are the set of poles of Q;
(ii) The local exponents of Q at p,1, z; are 1/2+k,, 1/2+K; and 1/2 £k,
respectively;
(iii) @ is apparent on H; and
(iv) The local exponents at 0o are +rqo.

Theorem 1.3. Given (1.7), there are modular forms Q of weight 4 equipped
with (1.7). Moreover, the number of such Q is at most [ 7L, (2k;).

To prove the theorem, we first show that there is a finite set of poly-
nomials such that the set of Q(z) equipped with (1.7) is in a one-to-one
correspondence with the set of common zeros of the polynomial. Then the
theorem follows immediately from the clasical Bézout theorem. Note that
Eremenko and Tarasov [12, Theorem 2.4] has proved a stronger result, which
in our setting states that for generic singular points z1, ..., zy,, the number
of Q(z) is precisely J[},(2x;).

If the local exponents at co are £n/4, n is odd, then our second result
asserts that there is a modular form of weight —4 coming from the equation.
In the following, we use T'= ({ 1) and S = ({ ).

Theorem 1.4. Suppose that (H;) and (Hz) hold and koo = n/4, n a positive
odd integer. Then there is a constant ¢ € C such that F(z) := y_(2)* +
cyy(2)? satisfies

(FLQT) (2) = (FLQS) (2) = —F(2),

where
ye(z) = 14
j=1
are solutions of (1.1).

The constant c is rational if all coefficients of Q(z)/7? in the g-expansion
are rational. We conjecture c is positive, but it is not proved yet. Obviously,
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F(2)? is a modular form of weight —4 with respect to SL(2,Z). Let I's be
the group generated by 7% = (} %) and ST = ('), which is an index
2 subgroup of SL(2,Z). Then F is a modular form of weight —2 on I's.
This fact can help us to compute ¢ and F(z) explicitly. For example, if
Q(z2) = —m*n?E,(z)/4, then F(z) is holomorphic on H, but with a pole of
order n at co (I'2 has only one cusp oo and two elliptic points of order 3).
Thus it is not difficult to prove

Corollary 1.5. Let Q(z) = —m2(n/2)2E(z), where n is a positive odd
integer. Then there is a polynomial P,_1(x) € Q[x] of degree (n —1)/2 such
that

P(2) = 3 Pact (7(2).

Here Ey and Eg are the FEisenstein series of weight 4 and 6 on SL(2,7)
respectively:

9] 3 m 9] '
Ey(z)=1+240 ) 1m_qqm =1+240) (S| ", q=e¥
m=1

m=1 \ d|n

m

[e¢] 5 o0
Eo(z) =1-504) 1m_qqm =1-504 > [ S| o,
m=1

m=1 \ d|n

A(z) = (By(2)3 — Eg(2)?) /1728 = ¢ — 24¢> + - - -, and j(z) = E4(2)3/A(2).

For small n, P,_; are shown in the following list.

n|F Pn—l
1| y2 +3(2%y.)? 1
3| y? +3(212y, )2 j — 1536
5| y2 + 321871y, )2 42 — 22405 + 1146880
7| y? +3(22831y, )2 3% — 307242 4+ 27525125 — 704643072
495% — 19219253 + 2530344962 —
0| (7y_)2 + 3234111131y, )2 7 J , J
— 1259549491207 + 19346680184832

In practice, it seems not easy to verify the apparentness at a singular
point with local exponents 1/2 + k, K € %N. Take a simple example

d\? 1, nY\ 2
(qd—q> Y=y = (§> Ey(z)y on H.
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The local exponents at oo are £n/2. The standard method to verify the
apparentness at oo is to show that there is a solution y_(z) having a ¢-
expansion

y-(2)=q " (14 ¢
i1

Suppose Ey(z) = Z;";O bjq’. Substituting the g-expansion of y_ and Ey
into the equation, then the coefficient ¢; satisfies

(0 )e G T e

ktt=j, (<]

For j =1,2,...,n—1, ¢; can be determined from ¢y = 1. However at j = n,
the LHS of (1.8) vanishes. Therefore, oo is apparent if and only the RHS of
(1.8) is 0 at j = n. If n is small, then it is easy to check that the RHS of
(1.8) is not 0 at j = n. For a general n, nevertheless, it seems not easy to see
why it does not vanish from the recursive relation (1.8). Thus for a modular
ODE, the standard method is not efficient for this purpose. We need other
ideas.
We consider

(1.9) y'(2) = n° (T‘E4(Z) +s

where 7, s and t are constant parameters. For simplicity, we denote the po-
tential of (1.9) by Qs(z;r,s,t) or Q3(z) for short. Modulo SL(2,Z), (1.9)
has singularities only at p and i (recall that Ey(z9) = 0 if and only if zg is
equivalent to p under SL(2,Z) and Eg(z0) = 0 if and only if zp is equivalent
to ). Assume the local exponents of (1.9) are 1/2 £ k; at i = /-1 and
1/2+ K, at p = (1++/=3)/2. Then it is easy to prove that s = s, , t = ty,,
where

_ 1—4:‘{/2)

_ 1—4/%2
P 9 9 - .

1.1 M :
(1.10) . =

and te

See Section 3 for the computation.
At oo, the local exponents are k4 if and only if

T+ Sk, Ttk = —(2k00)?.
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In the following, we set the triple (n;, n,, 1) by

2K
(nivnp7noo) - <Kji7 ?p72ﬁoo> .

Theorem 1.6. The modular differential equation (1.9) is apparent through-
out H U {cusps} if and only if the triple (ni,n,,nso) are positive integers
satisfying (i) the sum of these three integers is odd, and (ii) the sum of any
two of these integers is greater than the third. Moreover, In such a case, the
ratio of any two solutions is a modular function on SL(2,7Z).

For example, if

23 In? —1Eg(2)? 3 E4(z)!
0= (Gt - e ) e

then we have (n;,n,,no) = (1,n,n). By Theorem 1.6, (1.9) is apparent
throughout HU{cusps}. On the other hand, oo is not apparent for the ODE

y'(2) = —7r2n2E4(z)y(z).

As discussed in (1.8), it seems very difficult to verify (Hp). So we would
like to present some examples to show how to verify the condition (H;). The
first example is

)2
(1.11) y'(z) =2 (TE4(Z) + s%) y(2),

where 7, s are constant parameters. For simplicity, we denote the potential of
(1.11) by Q1(z; 7, s) or Q1(z) for short. The singular points modulo SL(2, Z)
is p only. If the local exponents are 1/2 + k,, then a simple calculation in
Section 3 shows s = s, , where s, is given in (1.10).

Theorem 1.7. Let k, € %N.

(a) Assume 31 2k,. Then Q1(z;r,s) is apparent if s = s, and any r € C.

(b) Assume 3|2k,. Then there exists a polynomial P(z) € Q[z]| of degree
2k,/3 such that Q1(z;r,s) with s = s, is apparent if and only if r is
a root of P(x). Moreover, r satisfies

2k,

-1
3

1\2
(1.12) r+s,€p:—<€+§>, where £ =0,1,2,...,
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Next, we consider the ODE

24
(1.13) y'(z) = 7 (TE4(Z) + tgigg;) y(z) on H,

where r and ¢ are constant parameters. For simplicity, the potential of (1.13)
is denoted by Qa(z;7,t) or Q2(z) for short. Similar to (1.11), (1.13) has local
exponents 1/2 + k; at ¢ if and only if ¢ = t,,, where ¢, is given in (1.10).

Theorem 1.8. Let k; € %N.

(a) Assume k; € 1 + Z>o. Then (1.13) is apparent if and only if t = ty,
and any r € C.

(b) Assume k; € N. Then there exists a polynomial P(x) € Q[x] of degree
ki such that (1.13) with t = t,, is apparent if and only if r is a root of
P(x). Moreover, r satisfies

(1.14)

1\? 0=0,2,4,...,r—1 if ki is odd
’,"+th}1 — (f:‘:—) , 7 ) ) 7I<;l ) Z'f/iz ZS 0 9
3 {=1,3,5,...,k — 1, if K; is even.

We use the Frobenius method to prove Part (a) of Theorem 1.7 and
Theorem 1.8. However, due to the modularity, our expansion of functions are
expanded in terms of powers of w, := (z—p)/(z—p) and w; := (z—1)/(z+1),
not powers of z — p and z — ¢ as the standard method does. This kind of
expansion has been used in [19] and [21]. We will see in Section 3 that this
type of expansions not only simplifies computations greatly, but also obtains
the degree of P(x) in Theorem 1.7(b) and Theorem 1.8(b) precisely.

We will present two proofs of (1.12) in Theorem 1.7(b) and (1.14) in The-
orem 1.8(b) in Section 4 and Section 5. One is to apply Riemann’s existence
theorem on compact Riemann surfaces. The other is to apply the existence
theorems of the invariant metrics with curvature 1/2. This geometric theo-
rems are obtained by Eremenko [10, 11]. Hopefully, these methods are useful
for treating this kind of problems in modular differential equations.

The paper is organized as follows. In Section 2, we will discuss the con-
nection between the invariant metric ds? = e |dz|* of curvature 1/2 and
modular ODEs, in particular, the relation among the behavior of u near
cusps, angles and the local exponents of the realized modular ODE by u. In
Section 3, we will explain the expansion of modular forms in terms of the
natural coordinate w = (z — 20)/(z — Zp), and prove Theorem 1.7(a) and
Theorem 1.8(a). Both Theorem 1.7(b) and Theorem 1.8(b) are proved in
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Section 4, and Theorem 1.6 is proved in Section 5. Finally, we will prove
Theorem 1.1 and Theorem 1.4 to complete the paper in Section 6 and Sec-
tion 7 respectively.

2. Curvature equations and the modular ODEs
2.1.

Let M be a compact Riemann surface, p € M, and z be a complex coordinate
in an open neighborhood U of p with z(p) = 0. We consider the following
curvature equation:

(2.1) duz+e*=f onU,

where f = 47 ) a;0p, is a sum of Dirac measures and 0 # «a; > —1. The
assumption «; > —1 ensures that e" is locally integrable in a neighborhood
of p;. The L'-integrability implies

(2.2) u(z) = 2 log |z — pi|l + O(1) near p;.

This is a general result from the elliptic PDE theory, see [4, 5].
Let w = w(z) be a coordinate change and set

(2.3) u(w) = u(z) — 2log Z—;U

Then 4(w) also satisfies
Al + €% = f, f:47TZai5ﬁm

where p; = w(p;). In other words, e* \dz]Q is invariant under a coordinate
change. Since v has singularities at p;, the metric ds? = e \dz|2 has a conic
singularity at p;. If u is a solution of (2.1), then the metric ds? = e* |dz|?
has curvature 1/2 at any point p & {p;}. Suppose that M is covered by {U;}
and z; is a coordinate in U;. We call the collection {u;} to be a solution
of (2.1) on M if u; is a solution of (2.1) on U; for each i and satisfy the

transformation law u; = u; — 2log ‘%‘ on U; NU;.
Let g be a metric of M with the curvature K, and the equation (2.1) on
M is equivalent to the curvature equation:

(2.4) Agi+e' — K =dr Z a;bp, on M,
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where A, is the Beltrami-Laplace operator of (M, g). We could normalize
the metric g such that the area of M is equal to 1. In the case when g has
a constant curvature, (2.4) can be written as

(&

Agl+p <ﬁ - 1) :47T2ai(5pi —1) on M.

e

This nonlinear PDE is often call a mean field equation in analysis. See [3, 5,
4,8,7,6] and [14, 15, 16] for the recent development of mean field equations.

In this paper, we consider the compact Riemann surface that is the
quotient of H* := HUQU {oo} by a finite index subgroup I' of SL(2,7Z), and
the equation (2.1) is defined on the upper half space H:

(2.5) du.z + € =4 a6, on H,

where the RHS is invariant under the action of T, i.e., the set {p;} is invariant
under the action of I' and a; = «; if p; = v - p; for some v € I'. The
transformation law (2.3) for coordinate change is equivalent to asking u to
satisfy

(2.6) u(yz) = u(z) + 4loglez +d|, Vvy= (Z Z) erl.

Let s be a cusp of I" and 7 € SL(2,7Z) be a matrix such that v-oco = s. Then
we define u, by

uy(2) :=u(y - z) —4loglcz + d|.

Thus, u is required to satisfy the following behavior near s: there is agz > 0
such that

(27) eUW(Z) = |q]V|4as (C + 0(1))7 gN = e27riz/N7 c> 07

where N is the width of the cusp s and o(1) — 0 as gy — 0. Given the
RHS of (2.5) and a positive a; at the cusp s, we ask for a solution u of (2.5)
satisfying (2.6) and (2.7) at any cusp.

The conic angle 6, defined at a singularity p; or a cusp s, is an important
geometric quantity. Suppose that a metric ds?, conformal to the flat metric
|dz|2, has a conic singularity at p, and w is a coordinate near p with w(p) = 0.

If

(2.8) ds® = [w|*®V (c + o(1)) |[dw|?, ¢>0,
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then we call @ the angle at p, and 276 the total angle at p. Since ds? is
required to have a finite area, the angle 6 is always positive. Note that ds?
is smooth (as a metric) at p if and only if 6 = 1.

Next, we want to calculate the angles of ds? = e* |dz\2, if u is a solution
of (2.5). Note that z is not a coordinate of M if p; is an elliptic point of order
e; > 1. Indeed, w = (z — p;)® is the local coordinate near p;. For simplicity,
we denote z—p; by z (2(p;) = 0). By (2.2), we have u(z) = 2 log |2|+O(1),
ie., e?) = |2[* (¢y + o(1)), ¢g > 0. Then

'O dzf? = [w|®* A2 (d 4 o(1)) [dwl*, d >0,
By (2.8), we have

S+ 1
(2.9) g, = L

€;

At a cusp s, the coordinate is gy = €*™*/N | where N is the width of the
cusp s. By (2.7),

¢ |dz|? = |gn|** 72 (¢ + o(1)) |dan|*, ¢ > 0.
So the angle 65 at s is
(2.10) 0s = 2a.
2.2. Integrability and modular differential equations

Equation (2.5) is also known as an integrable system. There are two impor-
tant features related to the integrability. One is that

1

(2.11) Q(z) := ~5 (uzz —

1 5 . . .
—u is a meromorphic function
2 z I

because Q(z)z = —%(Uzgz —uyzu,) = 0 by (2.5).
Lemma 2.3. Each p; is a double pole of Q(z) with the expansion
F(F+)GE-p)?+0((z—p)7").

Proof. Since u(z) = 2a;log |z — p;| + O(1) near p;, we have u,(2) = a;(z —
pi) '+ O0(1) and u.(2) = —a;(z —p;) 2+ O ((2 — p;)'). Then the lemma
follows immediately. O
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On the other hand, the Liouville theorem asserts that locally any solution
u can be expressed as

SIWGE
(14 1n()P)

where h(z) is a meromorphic function. Recall the Schwarz derivative

N 1 /R 2
2.13 hzy=|—) —=(—] .
e (5)-(0)
Note that the Schwarz derivative can be used to recover h from wu. Indeed,
a direct computation from (2.12) yields that

(2.14) {h,z} = —2Q(2).

See [3, 14, 15, 16] for the detail of the proofs (2.12)—(2.14). The meromorphic
function h is called a developing map for the solution u. Any two developing
maps h;, ¢ = 1,2, of u have the same Schwarz derivative by (2.14), thus they
can be connected by a Md&bius transformation,

(2.12) u(z) = log

)

(2.15) ha(z) = ahi(z) +b (a b

() 1 d d) € SL(2,C).

By (2.12), we obtain
[ (=) | (2)|*

e. - ,
) (1+ @R (1 )

which implies that the matrix (g 3) is an unitary matrix.
Next, we recall the classical Hermite theorem, see [20].

Theorem A. Let y;, 1 = 1,2, be two independent solutions of

Then the ratio h(z) = y2(z)/y1(2) satisfies {h,z} = —2Q(z).

Let Q(z) be the meromorphic function (2.11) obtained from the solu-
tion u. Consider the ODE

(2.17) y" = Q(2)y.
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Then (2.11) and the Hermite theorem together imply that hA(z) is a ratio of
two solutions of (2.16).

Theorem 2.4. Suppose u is a solution of (2.5). Then (2.17) satisfies (Hy)
and the followings hold.

(a) The function Q(z) is a meromorphic modular form of weight 4 with
respect to I' and holomorphic at any cusp. Moreover, at a cusp s,

Q(s) <O0.

(b) (2.17) is Fuchsian and the local exponents of (2.17) at p; are —a;/2,
a;/2 41, and oy at a cusp.

(c) If a; € N for all i, then (2.17) is apparent.

Proof. (a) By the chain rule, we have

(wo)z(2) = us(y - 2)(cz +d) 72,

2
(e )z2(2) = wasly - ez +d) ™ =y 2)
Thus
1 2 Lo
(woy)z: — 5(“ °)z = | uz(v-2) - §Uz('7 $z)
2c
—4
X(Cz+d) —UZ('}/Z)W
On the other hand, the transformation law (2.6) yields
2c
(1e)2(2) = w2) + gy
( ) 22
UOY)zz = Uzz — 7 3o
7 (cz+d)?
Hence, we have
2c 4c?

cz+d) (cz+d)?
1 2c
<uzz - —Uz> - (CZ+d) (UOFY)Z(Z)'

—2c —2c
(cz—i—d)(uowzz ( )guzw'Z)’

(o )ss — luoy)? = <u - %uQ) ) e -

[\]

Since

cz+d
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we find that @ := —% (uzz — %uz) satisfies

Q(y-2) = Q(2) - (cz +d)".

This proves the modularity of Q.

To prove the holomorphy of @ at cusps, without loss of generality, we
may assume that the cusp s is co. Then ¢y = e2m%/N ig the local coordinate
near oo, where IV is the width of the cusp co. By the transformation law of
coordinate changes, the solution % in terms of gy should be expressed by

u(gn) = u(z) — 2log ’(Zl—g‘. Thus,

2 2

(14 1n()P)

eﬁ(QN) —

8|1 () ‘dQN
=8|—"h(z
i (2)

? d
(1+maP)" | % ’

Hence the developing map h(z) = fL(eQ”Z/N) = iL(qN), where gy = e2m2/N
Note that

{h2} = {hav} (dj—N) +{aw. 2}

. o [ —4m? 272
={hav}i (52 )+ 5=
Since

1

A . 1, a [ _ _
9 {h7QN} = Ugngn — §U3N =5 <_ + 1) QN2+O(QN1)7

2 \2
where @ = 0§ — 1, 0 is the angle at co, we have

_ w2 da /o w2 9
) (1 5 (5 1)) =t +a) <0,
because o > —1. This proves Part (a).

Part (b) is a consequence of Lemma 2.3.

For Part (c), if a; € N then the local exponents —«;/2 and «;/2+ 1 can
be written as 1/2 + r;, r; = (a; +1)/2 € 2N and by the Liouville theorem
(2.12), we see easily that h(z) can not have a logarithmic singularity at p;.
The fact that h(z) is a ratio of two solutions of (2.17) implies any solution
of (2.17) has no logarithmic singularity. This proves Part (c). O

Together with the Liouville theorem, we have
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Proposition 2.5. Suppose Q) is a meromorphic modular form of weight 4
on SL(2,Z). If there are two independent solutions y1 and ya of (2.17) such

that h(z) = y2(2)/y1(2) satisfies h(yz) = 32((5))13 for some unitary matriz
(g g) depending on v, for any v € SL(2,7Z), then Q can be realized.

Proof. Let u(z) = log %. Since h(z) is unitary, u(z) is well-defined on
H and satisfies (2.6). Further, the Liouville theorem says that u(z) satisfies

(2.5). O
2.6. Examples

In this subsection, we will give some examples to indicate how to determine
Q@ provided that the RHS of (2.5) is known and a is given at oco. Here,
I' =SL(2,7Z).

Example 1. Assume that the RHS of (2.5) is equal to 0. Then @ :=

—% (uzz — %ug) is a holomorphic modular form of weight 4. Thus,

(2.18) Q(z) = °rEy(2).

Since +a., are the local exponents of (1.1) at oo, we have r = —4a2, . Thus,
@ is uniquely determined. Note that at oo, the angle 6, is equal to 2cve.

Example 2. Assume that the RHS of (2.5) is 47n ) 0,, where the summa-
tion is over 7y - p for every v € I'. Then @ is a meromorphic modular form of
weight 4 whose poles occur at v - p and the order is 2. Thus, F4(2)?Q(z) is
holomorphic a modular form of wright 12, and then

EG(Z)Z
SE4(z>2> !

Q(z) = 7 <7“E4(z) +

where we recall that the graded ring of modular forms on SL(2,Z) is gen-
erated by Ey(z) and Eg(z). By Theorem 2.4, the local exponents at p are
—n/2 and n/2 + 1, which implies k, = (n +1)/2, s = (1 — 4,%/2))/9, and
—(r +s8)/4 = a%,. Thus @ is uniquely determined. Moreover, the angles 6,
in this example are §; =1/2, 6, = (n+1)/3 and 0o = 20.

Example 3. Assume that the RHS of (2.5) is equal to 47n ) 6, where the
summations is over =y - i for any v € I'. Reasoning as Example 2, we have

Ey(2)*
E6(Z)2> '

(2.19) Q(z) = n* (T’E4(Z) +t
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By Theorem 2.4, we have

2
R

n+1 t:1—4/£12

5 1 and r+t=—4a

K; =

Thus @ is uniquely determined. Moreover, we have §; = (n+1)/2, 6, =1/3,
and O, = 200.

Example 4. Assume the RHS of (2.5) is 47 (n dop Op tm 5p2), where
p1,p2 run over zeros of F4(z) and Eg(z), respectively. Then

Eg(2)* Ea(2)*
2.20 =7 (rE t :
(2.20) Q) =7 (PEx(a) + s o s + i
The conditions on the local exponents at p, ¢ and oo yield that
1—4%% n+1 1—4/{22 m+1
S=—7>"—", Kp= ;o t=——F7—, RKi=—F—;
9 2 4 2

2
50*

r+s+t=—4a

Then @ is uniquely determined. Moreover, 6; = (m +1)/2, 0 = (n+1)/3
and O = 2000.

2.7. Eremenko’s theorem

A. Eremenko [10, 11] gave a necessary and sufficient conditions of the angles
0;, 1 <1 < 3, at the three singular points ¢, p, oo for the existence of u of
(2.5)-(2.7).

When one of angles is an integer, the following conditions are required.

(A) If only one (say ;) of angles is an integer, then either 2463 or [y — 63|
is an integer m of opposite parity to 67 with m < 6; — 1. If all the angles
are integers, then (1) 61 + 02 + 63 is odd, and (2) 6; < 0; + 0y, for i # j # k.

Eremenko’s theorem. If one of 0; is an integer, then a necessary and suf-
ficient condition for the existence of a conformal metric of positive constant
curvature on the sphere with three conic singularities of angles 61, 0o, 03
(0; #1,1 < j <3),is that {61, 62,05} satisfies (A). Moreover, if (A) holds
and there is only one integral angle, then the metric is unique.
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3. Expansions of Eisenstein series at p and 2

The g-expansion of a modular form f(z), i.e., the expansion of f(z) with
respect to the local parameter ¢ at the cusp oo, is frequently studied and
is of great significance in many problems in number theory. Here we shall
review properties of series expansions of modular forms at a point zg € H,
other than the cusp oc.

Definition 3.1. Let I' be a Fuchsian subgroup of the first kind of SL(2, R).
Let f(z) be a meromorphic modular form of weight k on I'. Given 2y € H,
let

B 220
W= wy(2) = .
The expansion of the form
_ k bn n
(3.1) )= (—wp 3
n>ng ’

is called the power series expansion of f at zp.

One advantage of this expansion is that its coefficients b,, have a simple
expression in terms of the Shimura-Maass derivatives of f. To state the
result, we recall that if f : H — C is said to be nearly holomorphic if it is of

the form
=3

d=0
for some holomorphic functions f;. If k is an integer and f : H — C is a
nearly holomorphic function such that

F(E5) =t ot

for all (‘g Z) € I' and each fy is holomorphic at every cusp, then we say f is
a nearly holomorphic modular form of weight k on T'.

For a nearly holomorphic function f : H — C, we define its Shimura-
Maass derivative of weight k by

2%”, <f’(z)+m>.

zZ—Z

(Okf)(2) ==

We have the following important properties of Shimura-Maass derivatives.
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Lemma 3.2 ([19, Equations (1.5) and (1.8)]). For any nearly holomorphic
functions f,g : H — C, any integers k and £, and any v € GLT(2,R), we
have

Okte(fg) = (Orf)g + f(Oeg)
and

Remark. The second property in the lemma implies that if f is a nearly
holomorphic modular form of weight k£ on I', then O f is a nearly holomor-
phic form of weight k4 2 on T

Set also
OFf = Ohsonz. . Okf.
Then the coefficients b, in (3.1) has the following expression.

Proposition 3.3 ([21, Proposition 17]). If f(z) is a holomorphic modular
form of weight k on T', then the coefficients by, in (3.1) are

by = (0% f)(20)(—4m Im 20)"

forn > 0. That is, we have

2 (97 F)(20) (=47 Im zo)"
f(z):(l—w)kz( ) 0)(n! )" n
n=0

Note that there is a misprint in Proposition 17 [21]. The proof of the
proposition shows that b, = (9"f)(z0)(—4mImz)", but the statement
misses the minus sign.

We will use these properties of power series expansions of modular forms
to show that the apparentness of (1.1) at a point 2y will imply the apparent-
ness at yzq for all v € SL(2,7Z). We first prove two lemmas. The first lemma
relates the power series expansion of a meromorphic modular form at zy to
that at ~vzo.

Lemma 3.4. Assume that f is a meromorphic modular form of weight k
on SL(2,Z). Assume that the power series expansion of f at zo € H is

[e.o]

flz)=(01- w)k Z apw", W= 1w, (2) =

n=no

Z— 20

Z—EO'
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Fory=(2%) € SL(2,Z), let = wy,(2) = (2 — v20)/(z — 7Z0). Then the
power series expansion of f at Zg is

(c20 + d)F(1 — @) i a (czO +d>nwn.

czZo+d

n=no

Proof. Since every meromorphic modular form on SL(2,Z) can be written
as the quotient of two holomorphic modular forms on SL(2,7Z), it suffices
to prove the lemma under the assumption that f is a holomorphic modular
form.

According to Proposition 3.3, the power series expansions of f at zp and
at yzg are

(1- w)k i (8Ef)(zo)(—47r Im Zo)nwn

- n!
are
= (07 ) (v20) (47 Tmyz0)™
(1= a3 RN )
n=0

respectively. Since 0" f(z) is modular of weight k + 2n (see the remark fol-
lowing Lemma 3.2), we have

(0" f)(v20) = (cz0 + d)* 2" (9" ) (20)-
Also,

Im zg

3.2 I =
(3:2) s lezo + d|?

Thus, if the power series expansion of f at zg is

1wty o,
n=0

n!
then that of f at vz is

= by (czg 4 AR
k n
(1 - @) zjoﬁ ez + d|?"

b ez +d\"
_ ki1 k n 0 n
= (czo +d)"(1 — w) g o <c§0+d> w™.

n=0

This proves the lemma. O
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The next lemma expresses y”(z) in terms of w.

Lemma 3.5. Let zgp € H and set w = w,,(2) = (z — 20)/(z — Z0). If

1 00
y(z) — m Zoanwa+n
n=

for some real number a, then

[e.9]

d? (1 —w)

3
= a+n—2
= (e Dt e D

n=

Proof. We first note that

1_ :Zo—zo
Z— 20
and hence
(3.3) dw 29— Zo _(l—w)2 d2w_ 220—50 B 2(1 — w)3
odz (z—2)? -2 dzX T T(z—20)% (20— 70)?

Let g(w) = Y a,w*™™. We compute that

dy 1 1 dg(w)) dw
dz ((1—w)29(w)+1—w dw ) dz
and
d? 2 2 d 1 dw\?
y _ o(w) + g(w) N g(w)\ (dw
dz? (1—-w)3 (1—-w)? dw 1—w dw? dz
1 1 dg(w)\ d*w
+<(1w)29(w)+1w dw ) dz?"
Using (3.3), we reduce this to
Py (- w) dgw)
dz? (20 —Z0)? dw?
This proves the lemma. O

Proposition 3.6. Suppose that Q) is a meromorphic modular form of weight
4 with respect to SL(2,7Z) such that (1.1) is Fuchsian. Let zy be a pole of Q.
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Then the local exponents of (1.1) at vzo are the same for all v € SL(2,7Z).
Also, if (1.1) is apparent at zy, then it is apparent at yzo for ally € SL(2,7Z).

Proof. Let v = (2%) € SL(2,Z), w = (2 — 20)/(2 — Zo), and @ = (z —
~v20)/(z — ~vZo). It suffices to prove that if

1
y(z) = T—w wwo‘ cpw™

n=0

is a solution of (1.1) near zp, then

- 1 ~a > —n . czog+d
Ie) = 50 nz_:oc"(cw) - O E T

is a solution of (1.1) near 7yz.
Since (1.1) is assumed to be Fuchsian, the order of poles of Q(z) at zy
is at most 2. We have

Q(z) =1 —w)? Z anw"
n=—2

for some complex numbers a,. Then by Lemma 3.5, y(z) being a solution
of (1.1) near zyp means that

1 > _
BT Dl =
n=0

(Eee) (Beer)

On the other hand, by Lemmas 3.5 and 3.4, we have

(3.4)

[e.9]

Q(2) = (czo + d)*'(1 —@)* Y an(CH)"

n=—2

near ~yzg and

~1/ 02<1 B ) _ Cn ~a+n—2
v'(z) = 7(221m720 ch a+n)la+n—1)
= (cz0 + d)4(1_7)2 Z cn(a+n)(a+n—1)C w2,

(2 Im 2g)
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where in the last step we have used (3.2) and C' = (czo+d)/(cZo +d). From
these two expressions and (3.4), we see that if y(z) is a solution of (1.1) near
20, then y(z) is a solution of (1.9) near yzg, and the proof is completed. O

For our purpose, we need the following properties of power series ex-
pansions of modular forms on SL(2,Z). These properties are well-known to
experts (see [13], for example). For convenience of the reader, we reproduce
the proofs here.

Lemma 3.7. Let

Then
wi(—1/z) = —w;(2), 1 —wi(—=1/2) = —iz(1 — w;(2)).

Also, let p= (1 ++v/—3)/2,

=P
wp(z) = P
and v = ((1) j) Then
wp(v2) = €T Pwy(2), 1 —w,(yz) = ez = 1)(1 = wy(2)).

Proof. The proof is straightforward. Here we will only provide details for
the case of w,(z).
We have

Hence,
=t 36 )
We then compute that
D6 (T Gl

It follows that

w,(72) = 7w, (2).
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Then we have

2 2
pz+1  (1—-p7)(z—1)

1— =1 — p? =1— =

w(2) =1 = puy(2) = 1= 22 B

while

p—pt

2—p

1 —wpy(z) =

Hence,

1 —wy(vz) = —p(z — 1)(1 —wy(2)) = 64”/3(2 —1)(1 —wp(2)).
This proves the lemma. O

From the lemma, we deduce the following properties of expansions of
modular forms at ¢ and p. These properties will be crucial in the proofs of
Theorem 1.7(a) and Theorem 1.8(a).

Corollary 3.8. Let f(z) be a meromorphic modular form of even weight k
on SL(2,7Z). Suppose that the power series expansion of f at i is

) = (- w@) Y ()™ wilz) = 2

n=no

Then a,, = 0 whenever n+k/2 # 0 mod 2. Also, if the power series expansion

of fatp=(1++/-3)/2 is

£ = @ — ) Y by wp() = 22,

n=no

then b, = 0 whenever n + k/2 # 0 mod 3.

Proof. Here we will only prove the case of p. Let v = ((1) j) Since f(z) is
a meromorphic modular form of weight & on SL(2,7Z), we have

FOrz) = (2 = DFf(2) = (2 = DF (1 —wp(z Z bnwp(z

n=no

On the other hand, by the lemma above, we have

f(’YZ) — 647rik/3(z _ 1) 1 _ wp Z by, 627rm/3 Z)n

n=no
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Comparing the two expressions, we conclude that b,, = 0 whenever n+k/2 #
0 mod 3. O

To determine local exponents of modular differential equations at p and
i, we need to know the leading terms of the expansions of Eg(z)%/FEy(z)?
and Ey(2)*/Eg(2)%.

Lemma 3.9. (a) Let

Then we have
Eg(z)? 3 5 9w
26 _ 4 2 n
™ W = (l—wp) (pr —i—Zanwp)

for some complex numbers a,, such that a, = 0 whenever n % 1 mod 3.
(b) Let
z—1

241

w; = w;i(z) =
Then
Ey(2)4 1 >
24 4 2
T ABE = (1 —w) <Zw’ —I—anw?
n=0
for some complex numbers b,, such that a, = 0 whenever n % 0 mod 2.

Proof. 1t is known that, as an analytic function on H, E4(z) has a simple
zero at p. Also, Eg(p) # 0. Thus, by Corollary 3.8,

for some complex numbers a,, such that a,, = 0 whenever n Z 1 mod 3. To
determine the leading coefficient a_o, we use the well-known Ramanujan’s
identity

L g = Ez(Z)Ezi(;) ~ Bo2)
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where E»(z) is the Eisenstein series of weight 2 on SL(2,Z) (see [21, Propo-
sition 15]). Hence,

lim w (Z)EG(Z) _ Belp) o 2—p _ Eslp) 1

sop P Ey(z)  p—p o Ba(z)  V3i Bilp)

_ Es(p) 3 _
21v/3 Ea2(p) Ea(p) — Es(p)

which implies that a_s = 3/4. This proves Part (a).
The proof of Part (b) is similar. We use another identity

1%

1 /

_ Ey(2)Es(2) — Ey(2)?
6(2) =

2

2mi

of Ramanujan’s to conclude that the leading term of 72E4(2)*/Eg(2)? is
w; /4. We omit the details. O

Corollary 3.10. The local exponents of the modular differential equation
(1.9) at p and at i are roots of

9
m2—a:+Zs:O

and
22—z 4+t=0,
respectively.

Proof. Here we prove only the case of p; the proof of the case of ¢ is similar.
Let w = w,(2) = (2 — p) /(2 — p). Assume that

1 (o9
y(Z) = ﬂ ZanwaJrn) ao 7& 07
n=0

is a solution of (1.9). By Lemmas 3.9 and 3.5, we have

_w)?
y'(2) = —OT) (ala = Daguw® ™ +--)

while
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Comparing the leading terms, we see that the exponent « satisfies a? — a +
9s/4 = 0. O

We are now ready to prove Part (a) of Theorem 1.7.

Proof of Theorem 1.7(a). By Proposition 3.6, we only need to determine
when (1.11) is apparent at p.

Let r, € 3N and set s = s,,, = (1 — 4k,)/9 so that the local exponents
of the modular differential equation (1.11) with s = s, i.e.,

P 2
(3.5) y'(2) = 72 (r&(z) T %) y(2)

at p are 1/2 £ k,, by Corollary 3.10.
Let w = w,(2) = (2—p)/(2—p). According to Corollary 3.8 and Lemma
3.9, we have

(3.6) w2 Ey(2) = (1 —w)* Z anw",
n=1
and
Es(2)? 3 5, =
2 6 4 2 n
. —= =(1- - by, )
(3.7) FE4(Z)2 (1—w) <4w —i—; w)
where a,, and b,, are complex numbers satisfying

(3.8) an=b, =0 if n#1mod 3.

We also remark that a; # 0 since the zero p of Ey(z), as a holomorphic
function on H, is simple.
Now the differential equation (3.5) is apparent at p if and only if it has
a solution of the form
1 o0
y(z) = mwlm_“" chw” with ¢g = 1.
n=0
Plugging this series into (3.5) and using Lemma 3.5, (3.6), and (3.7), we find
that the coefficients ¢,, need to satisfy

n—2

(3.9) n(n—2k,)cp = —3 Z cj(ran—j—2 + 8x,bn_j—2).
j=0
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Due to (3.8) and (3.9), we can inductively prove that
(3.10) ¢n =0 ifn# 0 mod 3.

Since the left-hand side of (3.9) vanishes when n = 2x,, (3.5) is apparent at
p if and only if

2K,—2

(3.11) Z cj(rags,—j—2 + Sk,b2k,—j—2) = 0.
§=0

Suppose 3 { 2k,. Then, j = 0 mod 3 and 2k, —j —2 =1 mod 3 cannot
hold simultaneously. Hence, by (3.8) and (3.10), the condition (3.11) always
holds for any r, i.e., (3.5) is apparent at p for any r. This proves (a).

For the case 3|2k, considering r as an indeterminate and using (3.9) to
recursively express ¢, as polynomials in r, we find that ¢, is a polynomial
of degree exactly n/3 in r when 3|n and n < 2x,. (Note that we use the fact
that a1 # 0 to conclude that the degree is n/3.) Thus, the left-hand side of
(3.11) is a polynomial P(r) of degree 2x,/3 in r and (3.5) is apparent at p if
and only if 7 is a root of this polynomial P(x). This proves Part (b) except
the identity (1.12). O

The proof of Theorem 1.8(a) except (1.14) is very similar to that of
Theorem 1.7 and will be omitted.

4. Riemann’s existence theorem and its application

In this section, we will use Riemann’s existence theorem to prove Theorems
1.6, 1.7(b), and 1.8(b). The basic idea is as follows.

Let h(z) be a modular function on some subgroup I' of finite index of
SL(2,Z). A simple computation shows that both y1(2) = 1//h/(2) and

y2(z) = h(z)/+/h'(z) are solutions of
V&) = Q). Q) = —5lh(:),2),

where {h(z), z} is the Schwarz derivative. Using either properties of Schwarz
derivatives or direct computation, we can verify that {h(z), z} is a meromor-
phic modular form of weight 4 on I'. When h(z) has additional symmetry,
{h(z),z} can be modular on a larger group. Note that, by construction,
this differential equation y”(z) = Q(2)y(z) is apparent on H. Thus, one way
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to prove the theorems is simply to prove the existence of a modular func-
tion h(z) such that —{h(z),z}/2 = Q(z) for each Q(z) appearing in the
theorems. To achieve this, we will use Riemann’s existence theorem.

Since some of the readers may not be familiar with Riemann’s existence
theorem, here we give a quick overview of this important result in the theory
of Riemann surfaces. The exposition follows [17, Chapter III].

Let F: X — Y be a (branched) covering of compact Riemann surfaces
of degree d. A point y of Y is a branch point if the cardinality of F~1(y) is
not d and a point z of X is a ramification point if F' is not locally one-to-one
near z. (In particular, F'(x) is a branch point.) Let B be the (finite) set of
branch points on Y under F. Pick a point yg € Y — B so that F~1(yg) has
d points, say x1,...,x4. Every loop v in Y — B based at yg can be lifted to
d paths 71, ...,74 with 3;(0) = z; and 7;(1) = xj for some x;. The map
j + j' is then a permutation in S;. The permutation depends only on the
homotopy class of «y. In this way, we get a monodromy representation

p:m (Y — B,yy) — Sy

Note that since FF~1(Y — B) is connected, the image of p is a transitive
subgroup of Sy. Also, let b € B and ay, ...,a; be the points in F~1(b) with
ramification indices my, ..., my, respectively. We can show that if v is a
small loop in Y — B around b based at yp, then p(v) is a product of disjoint
cycles of lengths mq,...,mg.

To state the version of Riemann’s existence theorem used in the paper,
let us consider the case Y = P!(C). Let B = {b1,...,b,} be the set of
branch points of F': X — P!(C). Let v, J = 1,...,n, be loops that circles
bj once but no other branch points. Then m (P1(C) — B, o) is generated by
the homotopy classes [v;], subject to a single relation [y1]...[y,] = 1 (with
a suitable ordering of the points b;). Thus, the image of p is generated by
oj = p(v;) satisfying the relation oy --- 0, = 1. Then Riemann’s existence
theorem states as follows (see [17, Corollary 4.10]).

Theorem B (Riemann’s existence theorem). Let B = {by,...,b,} be a
finite subset of P*(C). Then there exists a one-to-one correspondence between
the set of isomorphism classes of coverings F : X — PY(C) of compact
Riemann surfaces of degree d whose branch points lie in B and the set of
(simultaneous) conjugacy classes of n-tuples (o1, ...,0p) of permutations in
Sq such that o1 ...0, =1 and the group generated by the o;’s is transitive.

Moreover, if the disjoint cycle decomposition of o; is a product of k cycles
of lengths my, ..., my, then F‘l(bj) has k points with ramification indices
mi, ..., Mg, respectively.
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We now use this result to prove Theorems 1.6, 1.7(b), and 1.8(b). Since
the proofs are similar, we will provide details only for Theorem 1.7(b).

Proof of Theorem 1.7(b). Assume that 3|2k,. Let I'; be the subgroup of
index of 2 of SL(2,Z) generated by

(1 -1 (0 1
"= 1 0/’ Y2 = -1 -1/
(1 2
T2 = 0 1/°

The group I'; has a cusp oo and two elliptic points p; = (1 + /—3)/2 and
p2 = (—1++/—3)/2 of order 3, fixed by 71 and 79, respectively. Let

Note that

_ Es(2)
n(2)t?’

j2(2)

which is a Hauptmodul for I's, and set

We have Jo(00) = 0, Jo(p1) = 1/v/=3, and Jo(p2) = —1/+/=3.

Set 4y = 2k, /3. We first show that for each £ € {0, ..., ¢y—1}, there exists
a modular function h(z) on I'y such that the covering h : X (T'y) — P(C)
of compact Riemann surfaces is ramified precisely at oo, p1, and py with
ramification index 2+ 1, £y, and £y, respectively. Note that by the Riemann-
Hurwitz formula, such a covering has degree £y + £, i.e., such a modular
function h(z) will be a rational function of degree ¢y + ¢ in Jo(z).

Consider the two fy-cycles

0'1:(1,...,50), 0‘2:(50+€,€0—|—£—1,...,f—|—1)
in the symmetric group Sy, +¢. Since ¢ < ¢y, we have
0901 = (1,...,€,€0+€,£0+£— 1,...,60),

which is a (2¢+ 1)-cycle. (Notice that if £ > ¢y, then o1 and o9 are disjoint.)
It is clear that when ¢ < {y, the subgroup generated by o; and o2 is a
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transitive subgroup of Sy, 1¢. Thus, by Riemann’s existence theorem, there
exists a covering of compact Riemann surfaces H : X — P!(C) of degree
lg + ¢ ramified at three points (1, (2, and (3 of P!(C) with corresponding
monodromy o1, o2, and o 105 ! respectively. By the Riemann-Hurwitz for-
mula, the genus of X is 0, and H is a rational function from P!(C) to P1(C).
Furthermore, by applying a suitable linear fractional transformation on the
variable of H, we may assume that the three ramified points in H~*(z;)
are 0 = Jy(00), 1/v/=3 = Ja(p1), and —1/v/=3 = Jo(p2), respectively. Set
h(z) = H(J2(z)). Then h(z) has the required properties that the only points
of X(I'y) ramified under h : X(I's) — P1(C) are p1, p2, and the cusp oo with
ramified indices £, £o, and 2¢ 4 1, respectively.

Now consider the Schwarz derivative {h(z), z}, which is a meromorphic
modular form of weight 4 on I's. We claim that it is in fact modular on the
bigger group SL(2,7Z).

Indeed, to show {h(z),z} is modular on SL(2,Z), it suffices to prove
that {h(z),z}|T = {h(2),z}, where T' = (}1). Let h(z) = h(z +1). Now
the automorphism on X (I'g) induced by T interchanges p; and p. Thus,
the ramification data of the covering h : X(I'y) — P1(C) is the same as that
of h. By the Riemann’s existence theorem, h and I are related by a linear
fractional transformation, i.e., h = (ah + b)/(ch + d) for some a,b,c,d € C
with ad — be # 0. It follows that {h(z), z}‘T = {h(z),z} by the well-known
property {(af(z) +b)/(cf(z) +d),z} = {f(2), z} of the Schwarz derivative.
This proves that {h(z), z} is a meromorphic modular form of weight 4 on
the larger group SL(2,7Z).

Furthermore, since p; is an elliptic point of order 3, a local parameter
for p; as a point on the compact Riemann surface X (I's) is w?, where w =
(z — p)/(z — p). Therefore, we have

h(z) =do+ Y dyw",
n:3fg

for some complex numbers d,, with dss, # 0 and d,, = 0 whenever 3 { n. For
convenience, set

A= Z ndpw™ !,
Tl:3£0
B = n(n — 1)d,w" 2,
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C= > nn—1)(n—2)duw" >
n:3€0

Using (3.3), we compute that

2
hI(Z) _ (1 ui) A,
p—7
1—w)t (1 —w)?
h'(z) = ( B-2 A,
R N e Ok
1 —w)" (1—w)® (1 —w)?
h’”z—( C—-6 —=B+6 —= A,
W= (p—p)? (p =)
and hence
_(Q-w?t/C 3B\ (1-w)! (194
{h(z),z} = —27 \4 2a 3 002 +cw +
for some c. It follows that, by (3.7),
Eg(2)? 1—dr; 1
9 2 . . = P _ 2
{h(z)az}+ s pE4<Z)27 S o 9 9 £07

is a holomorphic modular form of weight 4 on SL(2,7Z). By comparing the
leading coefficients of the Fourier expansions at the cusp oo, we conclude
that,

z 2
(h(2), 2} = —22 <rE4(Z) + %%> ,

where r = —(204+1)%/4—s,, = (§—(20+1)*/4—1/9. Equivalently, 1/+/}(2)
and h(z)/y/h(z) are solutions of (1.11) which also implies that the singu-
larity of (1.11) at p is apparent.

Finally, since we have found ¢, different r such that (1.11) has an ap-
parent singularity at p for the given s, , by Part (a), this proves the theo-
rem. O
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Example. For small ,, the modular functions h(z) appearing in the proof
are given by

by £ (1) h(z)

3 23 8

3 0 (%"5) J2
131 35 Ja

50 <%"§> T—372

L Y
36" 9 1+ 9J3
Proof of Theorem 1.8(b). Assume that k; € N. Let I's be the subgroup of
index 3 of SL(2,Z) generated by

(1 =2 (1 -1 (0 -1
Mm=\y 1) M=\ 9 1) B=\1 o /-

We note that
(1 3
Y17273 = 0 1/°

The group I's has one cusp and three elliptic points z; = 141, zo = (1+41)/2,
and z3 = i of order 2, fixed by ~;, j = 1,2, 3, respectively. Let
_ Eu(2)

n(z)®

js(z)
be a Hauptmodul for I'g and set

J3(z) = 12j3(2) "

Note that j3(2)? is equal to the elliptic j-function j(z). Since j(i) = 1728 and
j(p) = 0, we have {J3(z1), J3(22), J3(23)} = {1,e>™/3 e*™i/3Y " J3(p) = oo,
and J3(o0) = 0.

Consider the case r+t,, = —(¢+1/3)? first. Our goal here is to construct
a modular function h(z) on I's, for each ¢ in the range, such that the covering
h: X(I'3) — P(C) has degree

1

and is ramified at precisely the cusp oo and the three elliptic points z1, 23,
and z3 with ramification indices 3¢ + 1, k;, k;, and k;, respectively. (Notice
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that k; and ¢ have opposite parities, so d is an integer.) Since the covering
has four branch points, it is not easy to apply Riemann’s existence theorem
directly to get h(z). Instead, we shall use the following idea.

For convenience, set

1 1
(4.1) m:§(f£i+€—1), m/zﬁ(mfﬁfl).

We claim that there exists a rational function H(x) of degree d in x of the
form

231G ()3
H(z) = %)(3), deg F(z) =m, degG(z)=m/,

such that zF(x)G(z) is squarefree and

(x = 1) L(a)

H(z)—-1= Fla)?

for some polynomial L of degree d— k; with no repeated roots. That is, H(x)
is a rational function such that

(i) the covering H : P}(C) — P!(C) branches at precisely oo, 0, and 1
(note that by the Riemann-Hurwitz formula, H cannot have other
branch points),

(ii) the monodromy o, around oo is a product of m disjoint 3-cycles, the
monodromy oy around 0 is a disjoint product of a (3¢ 4+ 1)-cycle and
m’ 3-cycles, and the monodromy oy around 1 is a k;-cycle,

(iii) the unique unramified point in H~!(co) is oo, the unique point of
ramification index 3¢+ 1 in H~'(0) is 0, and the unique ramified point
in H-1(1) is 1.
Suppose that such a rational function H(z) exists. We define h : X (I'3) —
PL(C) by
s J3(2)* T G(Js(2)%)
F(J3(2)?)
From the construction, we see that h ramifies only at z; = 1+4, 29 = (1+14)/2,
z3 = 1, and oo with ramification indices k;, x;, k;, and 3¢ + 1, respectively.
Then following the proof of Theorem 1.7(b), we can prove that the Schwarz

derivative {h(z),z} is a meromorphic modular form on the larger group
SL(2,Z) and that

(h(2), 2} = —2n2 <rE4(z) i, gzgi) o= (u %)2 b

h(z) = H(J3(2)°)
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which is equivalent to the assertion that 1/./h/(z) and h(z)/\/h/(z) are
solutions of (1.13) with ¢ =t,, and r = —(£ + 1/3)? — t,;, and hence implies
that (1.13) is apparent with these parameters.

It remains to prove that a rational function H(z) with properties de-
scribed above exists. According to Riemann’s existence theorem, it suffices
to find o4 that is a product of m disjoint 3-cycles and o7 that is a k;-cycle
in Sy such that o104 is a disjoint product of a cycle of length 3¢ + 1 and
m’ cycles of length 3. Indeed, we find that we may choose

oo = (2,3,4)(5,6,7)...(3m —1,3m,3m + 1)

and
o1 = (1,2,5,8,...,3m—1,3m’+1,3m’—2,...,7,4).
Then

01000 = (1,2,3)(4,5,6) ... (3m' —2,3m’ — 1,3m")(3m + 1,3m/ +2,...,d).

This settles the case r +t,, = —(£ + 1/3)2.
The case r +t,, = —(¢ — 1/3)? can be dealt with in the same way. The
difference is that the rational function H(z) in this case has degree

d:g(eré—l)

and is of the form

$3Z71G T 3
(o) = O

deg F(xz) =m, degG(z)=m/,
where m and m' are the same as those in (4.1), such that xF(z)G(z) is
squarefree and
(z — )™ L(z)

F(x)?
for some polynomial L(x) of degree d — k; with no repeated roots. Le., 0
in this case is a disjoint product of m 3-cycles, o¢ is a a disjoint product of
(3¢ — 1)-cycle and m' 3-cycles, and o7 is a k;-cycle. We choose

H(z)—-1=

Ooo = (1,2,3)(4,5,6) ... (3m — 2,3m — 1, 3m)

and
o1 =(1,4,7,...,3m —2,3m,3m — 3,...,3()
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with

01000 = (1,2,3,4,...,30—1)(36,30+1,30+2) ... (3m —3,3m — 2,3m — 1).

The rest of proof is the same as the case of r + t,, = —(¢ + 1/3)2. This
completes the proof that (1.14) is the complete list of parameters r such
that (1.13) with ¢ = ¢, is apparent. O

Example. For small k;, the modular functions h(z) in the proof are given
by

ki £+1/3 (r,t) h(z)
1 23 3
L3 <% z) I3
;2 (g E) J3
3 367 4 1+ 2J3
N s
3 36" 4 1—4J3

Proof of Theorem 1.6. Assume that n;, n,, and ne are positive integers
satisfying the two conditions. We note that the parameters r, s, and t in
(1.9) are

13
(4.2) r:—ngo+ni+n?—%, 5=

Let
1
d= §(ni+np+noo —1).
By the second condition, we have

1
d—ni:§(np+noo—ni—1)20

and similarly, d —n, > 0. Thus, there are cycles of lengths n; and n, in the
symmetric group Sg. Choose

01:(1,...,ni), O'QZ(d,d—l,...,d—np—l-l)

By the second condition again, we have

1
ni—(d—np—kl):§(ni—|—np—noo—1)20.
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In other words, the two cycles are not disjoint. We then compute that
ooo1 = (1,...,d—np,d, d—1,...,n;).
This is a cycle of length
d—n,+(d—ni+1)=2d—n,—n; + 1 =n.

It is clear that the subgroup of Sy generated by o1 and o9 is transitive. Thus,
by Riemann’s existence theorem, given three distinct points (1, {2, and (3
on PY(C), there is a covering H : X — P!}(C) of compact Riemann surfaces
of degree d branched at (1, (s, and (3 with monodromy o1, 02, and o3 =
oy 102_ ! respectively. By the Riemann-Hurwitz formula, the genus of X is 0
and we may assume that X = P!(C). Applying a suitable linear fractional
transformation (i.e., an automorphism of X) if necessary, we may assume
that the ramification points on X are 1728 = j(i), 0 = j(p), and oo = j(o0)
with ramification indices n;, n,, and ne, respectively. Let h : Xo(1) — P!(C)
be defined by h(z) = H(j(z)). Following the same computation as in the
proof of Theorem 1.7(b), we can show that

{n(z), 2} = —2x <7°E4(z) +s

with r, s, and ¢ given as (4.2) (details omitted). This implies that the sin-
gularities of (1.9) are all apparent.

Conversely, assume that the differential equation (1.9) is apparent
throughout H U {cusps}. Let +ns /2 be the local exponents at oo. Then
a fundamental pair of solutions near oo is

o0
ye (2) = ==/ (1 +2. Cffq"> |
n=1

Let h(z) = y4+(2)/y—(2). Since (1.9) is apparent throughout H, h(z) is a
single-valued function on H. Arguing as in the second proof of Theorem 1.6,
we see that h(z) is a modular function on SL(2,Z). Now since

E6(z)2 E4(Z)4
Fi(2)? ”E6<z>2>

{h(2), 2} = —2n° (TE4(Z) +s

have poles only at points equivalent to p or i under SL(2,Z), the covering
Xo(1) — PL(C) defined by z — h(z) can only ramify at p, i, or co. From the
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computation above, we see that their ramification indices must be n,, n;,
and n, respectively. Then by the Riemann-Hurwitz formula, n, 4+ n; + neo
must be odd and the degree of the covering is (n,+n; +n. —1)/2. Since the
ramification indices n,, n;, and ny cannot exceed the degree of the covering,
we conclude that the sum of any two of n,, n;, and n., must be greater than
the remaining one. This completes the proof of the theorem. O

5. Eremenko’s Theorem and its applications

Second proof of (1.12). In Section 2.3, Example 2 shows that the angle of
Q1 at i, p and oo are

_1 _ 26 — ./
(51) 01 = 5, 92 = T, and 900 = _(T + SHP).

First, we consider 6, is even, say 02 = 2{y. By Eremanko’s Theorem in
Section 2, the curvature equation (2.5) has a solution if and only if either
0o —61] =20+ 1 or O + 61 = 20 + 1 for some ¢ € Z>p and ¢ < {5 — 1.
Since 0 > 0, the condition |f — 61| = 204+ 1 > 1 implies O, — 67 > 0
and then 65 — 6; = 2¢ + 1. This is equivalent to —(r + s,,) = 6% =
(20+1+1/2)% £=0,...,0) — 1. The second condition O, + 6 = 20 + 1 is
equivalent to —(r + s.,) = 02, = (20 +1/2)%, £ =0,...,4y — 1. Therefore,
there are exactly 2¢y different 6 such that the curvature equation (2.5)
has a solution and each of such a curvature equation is associated with the
modular form Q1 (z;7, s,,) with (r,s,,) where r+s,, = —(£+1/2)? for some
¢ €{0,...,20p — 1}. By Theorem 2.4, for each (r,s,, ), the ODE (1.11) is
apparent. However, the first part of Theorem 1.7(b) says that there exists
a polynomial P(x) of degree 2x,/3 such that (2.5) with (r, s, ) is apparent
if and only if P(r) = 0. Therefore, P(r) has distinct roots and each root
satisfies r + s, = — (£ + 1/2)? for some integer £, 0 < £ < 20y — 1 =6y — 1.
The proves (1.12) when 6, is even.

For the case 65 is odd, the idea of the proof is basically the same.
By noting ¢#; = 1/2, the Eremenko theorem in Section 2 implies either
|00 —1/2| = £ or 0o +1/2 = £, where / is even because 6 is odd. The first
condition can be replaced by 6 — 1/2 = £. Thus we have 0, = ¢+ 1/2 or
Oo = 0—1/2 = (£—1)+1/2, thatisr+s = —((+1/2)%,£=0,1,2,...,05—1.

The proof of (1.12) is complete. O
Second proof of (1.14). The angles for Q2(z) are 61 = k;, 2 = 1/3, and
0 = \/—(r +t;), where 3 + r; are the local exponents of (1.13). Hence

1 1
Ki_§+1:m+§
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i.e., 61 = k; is an integer. Hence, there is a solution u of (2.5)-(2.7) with the
RHS equals to 47n ) 0p, where the summation runs over -4, v € SL(2, Z), if
and only if either o, —02 = |0 — 02| = £ or O+ 62 = £ where £ < k;—1 and
¢ has the opposite parity of x;. Hence, 0, = £4+1/3 and r+t; = —(£4+1/3)2.
This proves (1.14). O

Second proof of Theorem 1.6. Suppose that the ODE (1.9) has local expo-
nents +n., at 0o, Ne € %N. We claim that (1.9) is apparent throughout H*
if and only if Q3(z) = Qs(z;7,5,t) is realized by a metric with curvature
1/2. It is clear that the second statement implies the first statement. So it
suffices to prove the other direction.

Suppose that (1.9) is apparent throughout H*. Let yi(z) =
¢®=/2 (1 4+ O(q)) be two solutions of (1.9) and set h(z) = yy(2)/y_(2).
Since (1.9) is apparent on H, h(z) is a meromorphic single-valued function
on H and its Schwarz derivative is —2Q3(z). Recall Bol’s theorem that there
is a homomorphism p : SL(2,Z) — PSL(2, C) such that

vl ) (2)

=+ n(2)) SL(2,C).
vl ) @) p(v)( ) v € SL(2,C)

Yy2(2)

Clearly, p(T') = %I because oo is apparent. Note that kerp is a normal
subgroup of SL(2,Z) and contains yI'y~! for any v € SL(2,Z). In particular,
ker p contains both T' = (}1) and STS™ = (14 9), where S = ({ ).
Since (§ 1) and (1, {) generate SL(2,Z), we conclude that ker p = SL(2, Z).
In other words, p(v) = £ and h(z) is a modular function on SL(2,7Z). Thus

8| (=) > which realizes Q3. This proves the

we have a solution u := log W
z

claim.

Now, we apply the Eremenko theorem with the angles given by 61 = &;,
02 = 2k,/3 and 03 = ne,. Our necessary and sufficient condition in Theorem
1.6 is identically the same as the condition of Eremenko’s theorem for the
existence of v with three integral angles. This proves Theorem 1.6. O

Theorem 5.1. Suppose k; € N and k), koo € %N such that 2k,/3 € N. If
Qs(z;r,s,t) is apparent at p and i, then Q can be realized.

Proof. By the assumption, we have that 6;, 1 < ¢ < 3, are all integers. Now,
given r; and k,, s and t are determined by the same formula in our paper.
Further, there are polynomials P; and Ps:

e Q3(z;r, s,t) is apparent at ¢ if and only if Py(r) = 0, and deg Py (r) =
K.
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e Q3(z;r,s,t) is apparent at p if and only if Ps(r) = 0, and deg P, =
2K,/3.

Therefore, Q3(z;7, s,t) is apparent at ¢ and p if and only if
re{r:Pi(r)=P(r)=0}.

Now, we claim that under the assumption 61 € N, Q3(z;r, s,t) is apparent if
and only if the local exponents at co are +ro, /2, Koo € N and the curvature
equation has a solution.

By Eremenko’s Theorem (Section 2.4), (recall 61 = k;, 02 = 2k,/3,
03 = 2Kk~) the curvature equation has a solution if and only if 61 + 02 + 603
is odd and 0; < 6; + 0y, i # j # k. This condition is equivalent to

(a)
0y — 01 <03 <by+6;, and
(b)
01 — 0y < 03 < 01 + 0.

Since 01 + 02 + 03 is odd, we have 6y solutions of the curvature equation if
01 > 92, 01 solutions if 69 > 6.
Now, deg P, = k; = 61 and deg P, = 2k,/3 = 0. Then

min {01,602} > [{r : P1(r) = Px(r) = 0}

=> # of curvature equations > min {6,602} .
Thus
[{r : Pi(r) = Px(r) = 0}| = # of curvature equations.
This proves the theorem. O

Remark. In fact, the proof shows that if deg P; < deg P;, then P, is a factor
of Pj.

6. proof of Theorem 1.1 and Theorem 1.4

Proof of Theorem 1.1. Let p be the Bol representation associated to (1.1),
andset T = ($1), 5= (973'), and R=TS = (] '). They satisfy

(6.1) S§?=—I, and R3=-I.
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Assume that (H;) and (Hs) hold. It follows from either [12, Theorem 2.5],
quoted as Theorem A.l in the appendix, or Theorem A.3 (with 6; = 1/2,
0o = 1/3, and 03 = 2ry or 03 = 1 — 2r4,, depending on whether 2r,, < 1/2
or 2rs, > 1/2) in the appendix that if 1/12 < ro, < 5/12, then an invariant
metric realizing Q(z) exists, and if 0 < roo < 1/12 or 5/12 < roo < 1/2,
then there does not exist an invariant metric realizing Q(z). So here we are
concerned with the case 1o = 1/12 or roc = 5/12.

Assume that 7o, = 1/12. Then there exists a basis {y1(2), y2(z)} for the
solution space of (1.1) such that

(6.2) o(T) = + <e 9) C em 2

0 €
Since S? = —I, we have p(S)? = +1. The matrix p(S) cannot be equal to +1
as the relation R = T'S will imply that the eigenvalues of p(R) are 4¢>7/12
or +e~2™/12 which is absurd. It follows that tr p(S) = 0 and we have

a b

c —a

03 s ==(0 L) =samas == (5 7))

€EC —ae

for some a,b,c € C. Since p(R)> = I, det p(R) = 1, and p(R) # +I by
a similar reason as above, the characteristic polynomial of p(R) has to be
22 —2+1 or 2242 +1. In particular, we have tr p(R) = +1, i.e., a(e—¢) = +1
and hence a = +¢ and bc = 0. Under the assumption that there is an
invariant metric realizing ()(z), the matrices p(5), p(T"), and p(R) must be
unitary, after a simultaneous conjugation. (See the discussion in Section 2.2.)
If one of b and c is not 0, this cannot happen. Therefore, we have b = ¢ = 0.
This implies that the function ()2, which is meromorphic throughout H
since the local exponents at every singularity are in %Z, satisfies

3/1(TZ}2 = e%i/ﬁyl(z)Q, yl(SZ)2 = —272y1(z)2‘

It follows that yi(2)? is a meromorphic modular form of weight —2 with
character x on SL(2,Z). Likewise, we can show that yo(2)? is a meromorphic
modular form of weight —2 with character . This proves that if there is
an invariant metric realizing (Q(z), then there are solutions y;(z) and ya(2)
with the stated properties. The proof of the case ro, = 5/12 is similar and
is omitted.

The proof of the converse statement is easy. If there exist solutions y;(z)
and yo(z) of (1.1) such that y1(z)? and y2(z)? are meromorphic modular
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forms of weight —2 with character x and X, respectively, on SL(2,Z), then
y1(T2)? = e2™/6y,(2)? and yy(T2)? = e 2™/0yy(2)2, which implies that
y1(2)? and y2(2)? are of the form y(2)? = ¢'/¢ > jsn, ¢ and yo(2)? =
q /6 > isno djq’. It follows that roo = 1/12 or roe = 5/12. It is clear that
with respect to the basis {y1(2),y2(2)}, the Bol representation is given by

627ri/12 0 44 0
p(T) =+ < 0 e_zm'/m) ) p(S) ==+ < 0 > )

—1

and hence is unitary. It follows that there is an invariant metric of curvature
1/2 realizing Q(z). This proves the theorem. O

We now give two examples with ro, = 1/12, one of which can be realized
by some invariant metric of curvature 1/2, while the other of which can not.
Note that Theorem 1 of [10] implies that when (1.1) does not have SL(2, Z)-
inequivalent singularities outside {7, p}, 1/12 < ro < 5/12 is the necessary
and sufficient condition for the existence of an invariant metric of curvature
1/2 realizing Q). The examples we provide below show that when (1.1) has
SL(2, Z)-inequivalent singularities other than i and p, this condition is no
longer a necessary condition.

Example. Let n(z) = q1/24 Hzozl(l —q") = A(z)1/24’

Ey(z _ Eg(z _
:77?2()8)2411/3%_.”’ y(z):ﬁgé:ql/ﬂ_...’

(6.4) xz(2)

and h(z) = x(2)/y(z) = ¢"/® + ---. They are modular functions on the
unique normal subgroup I' of SL(2,Z) of index 6 such that SL(2,Z)/T" is
cyclic. (Another way to describe I' is that I' = ker y, where x is the character
of SL(2,7Z) such that x(S) = —1 and x(R) = €>™/3.) Using Ramanujan’s
identities

EQ(Z)2 — E4(Z)

DqE2(Z) = 12 )
DyEa(z) = E2(2)E4(§) - EG(Z)’
DqEﬁ(Z) _ EQ(Z)E6(Z> B E4(Z)2

2 I

where D, = q¢d/dq (see [21, Proposition 15]) and the relation A(z) =
(E4(2)® — Eg(2)?)/1728, we can compute that

{h(2), 2} = (2m)*Qo(2)
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where

1 9(E4(2)3 — Eg(2)?)? 5 Ey(2)° - Eg(2)* ) .

Qolz) = Ea(2) <5 " BEi(2)? ~ 2E(2)?)? | 23Ea(=)? — 2Eo(2)?

Thus,
h(z) 1/12 1 —1/12
()= —=——==a""+, Y ()= =0 T+
Dyh(z) VDgh(z)

are solutions of the differential equation y”(z) = Q(z)y(z), where Q(z) =
—(274)%Qo(2) /2. The meromorphic modular form Q(z) has only one SL(2,Z)-
inequivalent singularity at the point z; such that 3E4(21)% — 2Eg(21)? = 0
and is holomorphic at the elliptic points ¢ and p. In the notation of The-
orem 1.1, we have ro, = 1/12. This provides an example of an invariant
metric of curvature 1/2 realizing a meromorphic modular form of weight 4
with a threshold r. Note that with respect to the basis {y4,y_}, the Bol
representation is given by

627r’£/12 0 i 0
o)== (0 ). =2 (g ).

—1

both of which are unitary. (The information about p(S) follows from the
transformation formula n(—1/2) = /z/in(z) and the fact that D h(z) =
Cn(2)*(3E4(2)% — 2E¢(2)?)/Eg(2)? for some constant C.)

Example. Let z(z) and y(z) be defined by (6.4), and I' be the unique
normal subgroup of SL(2,Z) of index 6 such that SL(2,Z)/I" is cyclic. The
modular curve X (I') := I'\H* has one cusp of width 6, no elliptic points,
and is of genus 1. Since the modular functions z(z) and y(z) on I" have only
a pole of order 2 and 3, respectively, at the cusp oo and are holomorphic
elsewhere, they generate the function field of X (I'). Then from the relation
Ey(2)? — Fg(2)? = 1728n(2)?*, we see that x(z) and y(z) satisfies

y? = a3 — 1728,

which we may take as the defining equation for X (I'). Let f(z) be a mero-
morphic modular form of weight 2 on I' such that all residues on H are 0.
Equivalently, let w = f(2)dz be a meromorphic differential 1-form of the
second kind on X (I'). Consider

1 z
ne) = s /Zof(u)du, ne) =
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where 2 is a fixed point in C that is not a pole of f(z). Under the assumption
that all residues of f(z) are 0, the integral in the definition of y;(z) does not
depend on the choice of path of integration from zg to z. A straightforward
computation shows that the Wronskian of y; and y» is a constant and hence
y1(2) and ya(2) are solutions of the differential equation y”(z) = Q(2)y(z),
where

_ 3f(2)° = 2f(2) /"(2)
4f(2)?

can be shown to be a meromorphic modular form of weight 4 on I'. (The nu-
merator of ()(z) is a constant mulitple of the Rankin-Cohen bracket [f, f]o
and hence a mermomorphic modular form of weight 8. See [9].) By con-
struction, this differential equation is apparent throughout H. Furthermore,
if f(2) is chosen in a way such that f(vz) = x(v)(cz + d)?f(z) holds for all
v=(2%) € SL(2,Z) for some character x of SL(2,Z) with I' C ker x, then
Q(z) is modular on SL(2,7Z). We now utilize this construction of modular
differential equations to find @Q(z) that cannot be realized, i.e., the mon-
odromy group is not unitary.

Q(2)

We let wq = dx/y and we = d(x/y*). Note that w; is a holomorphic
1-form on the curve 32 = x3 — 1728, while ws is an exact 1-form and hence
a meromorphic 1-form of the second kind. Using Ramanujan’s identities, we
check that w1 = fi1(z) dz and we = fa(2) dz with

. 4
Fulz) = —?n(z)‘l, Falz) = 2m% (2E4(z)3A(z) + 576A(z)2) .
Now we choose, say,
w = —% (wl + U.)Q)

and let f(z) = ¢*/6+- .. be the meromorphic modular form of weight 2 such
that w = f(z)dz. Let " (2) = Q(2)y(z) be the differential equation obtained
from f(z) using the construction described above. Note that f(z + 1) =
e?™/0 f(2) and using 1n(—1/z) = \/z/in(z), we have f(—1/z) = —22f(2).
Thus, f(v2) = x(¥)(cz+d)?f(2) for all vy = (2 %) € SL(2,Z), where ¥ is the
character of SL(2,Z) such that x(T) = ¢*™/6 and x(S) = —1. According
the discussion above, the function Q(z) is a meromorphic modular form
of weight 4 with trivial character on SL(2,Z). Note that f(z) has zeros at
points where 6Fg(2)* — 7TE4(2)3A(z) — 3456A(2)% = 0. Now let us compute
its Bol representation.
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We choose zy = i0o and find that

o o
() = 1) ad | ) =¢"PD did?
=0

J=1

for some ¢; and d; with dy # 0. Therefore, the local exponents at oo are

+1/12 and
o2mi/12 0
p(T) ==+ ( 0 e—27ri/12> :

Also, since f(—1/z) = —22f(z), we have

R e e

=— ; f(u)du—/ioof(u)du

,O(S)::I:<é C.), =i [ fu)du

—1 0

Thus,

Now recall that w = f(z)dz is equal to —3(w; + wsy)/(27i). Since wy =
d(z/y?) is an exact 1-form on X (I') and the modular curve X (I') has only
one cusp, which in particular says that oo and 0 are mapped to the same
point on X (T') under the natural map H* — X(I), the integral [;™ fa(u) du
is equal to 0. Therefore, we have

C= z/ n(u)? du.
0

This constant C' can be expressed in terms of the central value of the L-
function of the elliptic curve E : 32 = 2% — 1728, which is known to be
nonzero. From this, it is straightforward to check that there is no simulta-
neous conjugation such that p(7) and p(S) both become unitary.

Proof of Theorem 1.4. We use the notations in the proof of Theorem 1.1.
Since koo = n/4 for some odd integer n, with respect to the basis
{91(2).5-(21), we have o(T) = (3 8). T p(S) = 1. then () =

+ (4 %), which is a contradiction to p(R)* = +I. Hence, p(S) # £I, and
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we have tr p(S) = 0. Then, by a choosing a suitable scalar r, the matrix of
p(S) with respect to {ry;(z),y—(z)} will be of the form

p(S) =+ (Z _ba>

for some a,b € C with a® + b* = —1, while p(T) is still £(§ % ). Set
F(2) = r?y.(2)® + y_(2)%. We then compute that F(Tz) = —F(z) and

(F|-29) (2) = (aryy (2) + by—(2))* + (brys (2) — ay—(2))?
= —r2y1(2)? — y2(2)? = —F(2).

This proves the theorem. O
7. Existence of the curvature equation

In this section, we will prove Theorem 1.3 equipped with the data (1.7). The
main purpose of this section is to prove the existence and the number of such
Q equipped with data (1.7). The discussion will be divided into several cases
depending on k, and k;.

Lemma 7.1. Suppose F(z) is a modular form of weight 4 with respect to
SL(2,Z), and is holomorphic except at p and i. If the pole order of F(z) at
p ori <1, then F(z) is holomorphic.

Proof. Let ny and ns be the orders of poles at ¢ and p respectively. The
counting zero formula of meromorphic modular form (see [18]) says

m is a non-negative integer.

By the assumption, n; < 1. From the identity, it is easy to see n; < 0 and
no < 0. ]

Let t; = Fg(2;)?/E4(z;)? and define Fj(2) = Eg(2)? — t;E4(2)3. By the
theorem of counting zeros of modular forms [18, p. 85, Theorem 3|, Fj(z)
has a (simple) zero at z; € H.

Lemma 7.2. Suppose that Q satisfies the conditions (i) and (i) in Defini-
tion 1.2. Then

(7.1) Q=r? Qg(Z;T,S,t)—FZTl
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()

where r, vy’ are free parameters and s, t, r(j)

are uniquely determined by

5 =85, = (1- 4/@2)/97 t=te, = (1—4K2)/4, and

7.2 . .
T2 09 209~ - 120 - 4w

Proof. Let Q denote the RHS of (7.1). Then it is a straightforward compu-

tation to show that (ii) in Definition 1.2 holds at p; if and only if s = s,

ifpgzpat:tﬁ if p; =1, andré)—rgji if p; = z;. By the choice of s, t

and r Q Q might contain simple poles only. Further, we can choose T(J )
to make Q — Q holomorphic at zj. By Lemma 7.1, @ — Q is automatically
smooth at p and 4. Therefore, Q—Q is a holomorphic modular form of weight

4, and the lemma follows immediately because F4(z), up to a constant, is
the only holomorphic modular form of weight 4. O

Now we are in the position to prove Theorem 1.3.

Proof of Theorem 1.3. We first calculate the parameters r, r%j), 1<j<m,
such that @) is apparent at z;. For simplicity, we assume j = 1. From (7.1),
we do the Taylor expansion at z = z3.

Qz)=a s(z—2) 2+ (b1 +a_1)(z—2z)""
‘f‘Z(aj‘l-lej—f—Cj(T,T‘EZ),...,TEm))> z—zl ZA z—zl
7=0 j=—2
where a;, b; are independent of r, ng) and c;(r, 7“52), cee Tgm)) is linear in all

variables, and also

y(z) = (z—2)"* " [ 14 di(z — 21)
j=1

Then we derive the recursive formula by comparing both sides of (1.1) with

Q in (7.1),

(7.3) j(j — le)dj = Z dpgApy, A_1=a_1+rb_q,
ktl=j—2, k<j

where dy = 1 and

1 b_1

dy = =
=1 ok, 1— 2%y

r1 + terms of lower orders.
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By induction,

(7.4) j(] - 2/€1)dj = dj_lA_l + dj_zAD + dj_gAl + -+ dQAj_Q
= bj__ll 71 4+ terms of lower orders
(1—2k1)--((j —1) —2k1) '

At j = 2kq, the RHS of (7.4) is

P (T, 7”51), . ,Tgm)) = dow,—1A_1 + dog, —2A0+ - - + doAk,—2.
Clearly, deg P, = 2k1 and
(7.5) Py = Bori™ 4 terms of lower orders, By # 0.

We summarized what are known:
e r; ¢ N, then () is apparent at i for any tuple (r, rgj )).
e 2k,/3 ¢ N, then @ is apparent at p for any tuple (7‘, r(j)),
e 1/2+kj, there is a polynomial P; <r, rgl), . ,rgm)> of degree 2x; such

that @ is apparent at z; if and only if P; (r, rﬁl), e ,rgm)) =0.

Since koo is given, we have koo = /—Q(00)/2, and then
(7.6) re Y (1t re=0,
j=1

where e is given. By Bezout’s theorem, we have N = [[’.,(2#;) common
roots with multiplicity of (7.5) and (7.6) because by (7.5) it is easy to see
that there are no solutions at co. This proves the theorem. O

Appendix A. Curvature equations on S2 with multiple
singularities

Let H* = HUQ U {oo}. Since SL(2,Z)\H* ~ C U {oo}, the equation (2.5)
in the case I' = SL(2,Z) can be transformed into the mean field equations
on C:

(A]_) Au + et =4r <a150 + 04251 + E;nzl njépj> on C,
u(z) = —(4 4 2as)log|z| + O(1) as |z| = oo,
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where we assume that the isomorphism maps the points i = /—1, p =
(14 +v/=3)/2, and oo of SL(2,Z)\H* to 0, 1, and oo, respectively, d, is the
Dirac measure at p € C, ag, > —1 for k = 1,2,3 and n; € N. For any solution
u of (A.1), the conformal metric e“|dz|* has the angles A1, A2, and o; at 0,
1, and pj, respectively, where

(A.Q) AM=a;+1, Ao =ag+1, sznj+1.

Throughout the appendix, we assume that «j are not integers for k =
1,2,3 and all p; are distinct. To find a solution for (A.1), we first associate
o (A.1) a second-order ODE

(A.3) y'(2) +Q(2)y(z) =0,  z€C,
where
o o= (T ) (2D, )

for some free parameters ro,71,s;. It is known that (A.1) has a solution if
and only if the monodromy group of (A.3) is projectively unitary.

Note that the local exponents of (A.3) at 0 and 1 are {—a; /2,14 a;1/2}
and {—ag/2,1 + aa/2}, respectively. Since ai,as ¢ Z, the differences of
the local exponents are not integers. At each pj;, there is a polynomial
Pj(r1,72,55) such that (A.3) is apparent if and only if Pj(r1,72,s;) = 0.
The derivation of the polynomials P; is the same as Lemma 7.2. Moreover,
the asymptotic behavior of u at oo yields that (A.3) is Fuchsian at oo with
local exponents —a3/2 and 1 + «3/2. Thus, we have

7’1—1—7“2—1—28]‘:0
J

and
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Therefore, for given local exponent data for (A.1), the Bézout theorem im-
plies that there are at most [[}2,(n; +1) distinct @ such that (A.3) realizes
the mean field equation (A.1) for given data. Theorem 2.5 of [12] is to give a
necessary and sufficient condition to ensure that the projective monodromy
group of (A.3) is unitary, i.e., that (A.1) has a solution.

Theorem A.1 ([12, Theorem 2.5]). Suppose that a1, as, ag are not integers
and all combinations

(A.5) aq £ o = a3 are not integers

for any choice of signs. Then (A.1) has a solution if and only if

cos® maq + cos® Tas + cos® was + 2(—1)"Jrl COS Tr(vq COS Tavg cos Tag < 1,

where o = 377" mj. Moreover, the number of distinct solutions of (A.1) is
less than or equal to [T}, (n; +1).

We remark that the notations a; here differ from those used in [12] by 1.
Note that when (A.1) arises from the differential equation (1.1) consid-
ered in Theorem 1.1, we have

ar=ki—1, ar=2K,/3-1, a3=2ke, nj=2kp —1,

where k;, Ky, kp, € 3N are the local exponent data in (H;) and (Hy). Hence,
a1 € % 4+ 7Z and ag = :I:% + Z and the condition (A.5) is equivalent to
Teo 7 1/12,5/12. Thus, the first half of Theorem 1.1 is a special case of
Eremenko and Tarasov’s theorem. In the remainder of the appendix, we
provide an alternative and self-contained proof of Theorem A.1.

For k =1,2,3, let 6, € (0,1/2] be real numbers such that

(A.6) ap = 20, mod 1, and o« = £ +6;.

Let S ={0,1,00,p1,...,pm} be the set of singular points of (A.3). Choose a
base point zp near co and consider the monodromy represenation p : 71 (C\
S,z9) = SL(2,C) of (A.3). Let 3;, v € m1(C\S, 20) such that 5, 1 < j < m,
(resp. 70, 71) is a simple loop encircling p; (resp. 0, 1) counterclockwise, while
Yoo 18 a simple loop around oo clockwise such that

yom [ [ Bi = 7o in m(C\ S, 20).
=1
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Since the local exponents at co are {—a3/2,1+ a3/2} with ag = 3+ 03 and
any solution has no logarithmic singularities, we can choose local solutions
Yoo+ Yoo,— Near oo such that with respect t0 (Yoo, 4, Yoo, ), the monodromy
matrix p(7s0) is given by

B 671'1(93 igg) 0
P(’Yoo) - 0 e*ﬂ(aziffs)

€7ri03 0
0 () ) e

e

(A7)

For any 1 < j < m, since the local exponents at p; are {—n;/2,1+ n;/2}
with n; € N, we see that the monodromy matrix p(3;) is (—1)" I>. Set

(A8) Ri=(-D)"p0)™",  S:=(~1)2p(m).
We have

(-1 RIS [[(- 1) I = (-1)T.
7
i.e.,

(A.9) S = (—1)% bR,

Let R, S, and T be three matrices in SL(2,C) such that

i) the eigenvalues of R, S, and T are 67, 65! and 65!, respectively,
. 1 2 3
where §; = e with 0 < 0; <landi=+—1,
(ii) the triple (61,602, 03) satisfies

0<6;+6; <1, Vi#j

and
(iii) 03 = maxy<;<30; and T = diag(ds, 03) = (503 503) € SU(2,0).

Lemma A.2. Suppose R = (%Y%), T, S = RT € SL(2,C) satisfy (i)-(iii).
Then the following hold.

(a) |a| <1 if and only if 61 + 62 > 05.
(b) |la| =1 if and only if 61 + 63 = 05.

Proof. Note
. _[a b 53 0 o 53& 65_3
§=RT= (C d) (0 53) o ((530 d53> '
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Using the invariance of tr R and tr S under conjugation, we have

a+d:61+51€R,
53a+(§3d:52+52€R.

Since d3 # +1, we easily obtain

o= 52-1-52 —33((51 +(§1)

A.10 d=a,
Consequently,
2 cos mly — 203 cos wh; N i(63 cos w0y — cos wha)
a = —
+2i sin w03 sin w03
Thus
|a\2 B (03 cos 1 — cos ) (83 cos mhy — cos whs)
= —
(A.11) ) sin® w3 )
_cos*mth — 2 cos b cos w3 cos wha + cos” wh
N sin® 765 ’
Let

A := cos® 0] — 2 cos b1 cos by cos mhs + cos® Thy — sin® 7l
= cos® 7y + cos® by + cos® wls — (1 + 2 cos why cos why cos h3).
Then (A.11) implies that A < 0 if and only if |a| < 1.

Now using the formulas cos(x +y) = cosz cosy —sin zsiny and cos? z =
(14 cos(2x))/2, we deduce that

A = cos® w03 — cos mh3(cos (01 + 0) + cos (A — B2))
+ %(005(27761) + cos(2m6s))

= cos® w3 — cos mh3(cos (01 4 O2) + cos (01 — 02))
+ cos (01 + 02) cos (61 — 62),
S0
A = (cosmls — cos (01 + 02)) (cos s — cosw(6y — 02)) .

Since the assumptions (i)-(iii) give 1 > 03 > |0} — 62|, we have cosmls —
cos (01 — f2) < 0, so the desired results follow. The proof is complete. [J
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We now give an alternative proof of Theorem A.1, which is stated in the
following equivalent form.

Theorem A.3. Assume that (A.5) holds.

(a) Suppose that S s_, by, + > iy ng is an even integer. Then (A.1) has a
solution if and only if 0; + 0 > O for any i #j # k.

(b) Suppose that Zk 1 Uk + 227 g is an odd integer. Then (A.1) has a
solution if and only if 01 + 92 + 63 > 1.

Proof. Let R, S, and T be defined by (A.7) and (A.8). We need to deter-
mine when they are simultaneously conjugate to unitary matrices, under the
assumption that (A.5) holds.

Consider first the case ) ¢, + > n; is even. In such a case, we have
S = RT'. Since for any permutation 7 of the three points 0, 1, and co, there is
always a Mobius transformation v satisfying vz = 7(z) for all z € {0,1, 00},
without loss of generality, we may assume that 63 = maxy 0;. Then the
condition §; +6; > 0, for any i # j # k simply means ¢ + 62 > 03, which we

63 0
assume now. Moreover, we may assume that T = ( 03 ) after a common
3

conjugation, where 63 = €™,
Write R = (‘; g) By (A.10), we have d = @. By Lemma A.2, 6;+62 > 03
if and only if |a| < 1 and hence bc = |a|> =1 < 0. Set P = (# ), where y is

01
a real number such that

g_ _bc b
H=Tep ™ e

We have P~1TP =T and

pigp— (o KV
pwe d )’

which is unitary since ;= 'b = —u¢ = —pe. This proves that if 01 4 65 > 05,
then (A.1) has a solution.

Conversely, suppose that (A. 1) has a solution. Then there exists a matrix
P such that T = P~'TP and R = P 'RP are both unitary. Now it is
known that every matrix in SU(2, C) is conjugate to a diagonal matrix and
the conjugation can be taken inside SU(2, C). Hence, there exists a matrix @
in SU(2,C) such that Q~'7Q = T. Then Q~'RQ € SU(2,C). In particular,
the (1, 1)-entry of Q~'RQ has absolute value < 1. Since PQ commutes with
T and T is diagonal but not a scalar matrix, PQ) must be a diagonal matrix.
Therefore, the (1,1)-entry of R also has absolute value < 1. It follows that,
by Lemma A.2, 61 + 65 > 03 (as the case 61 + 03 = 05 is excluded from
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our consideration by (A.5)). We conclude that under the assumptions that
(A.5) holds and that > ¢, + > n; is even, (A.1) has a solution if and only
if 0; 4+ 0; > 0, for any @ # j # k.

For the case ) ¢ + > n; is odd, we simply apply the result in Part

(a) to 01,02,1 — 63 with T replaced by —T and conclude that (A.1) has a

solution if and only if 61 + 05 4+ 03 > 1. This completes the proof. O
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