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Existence of static vacuum extensions with
prescribed Bartnik boundary data

Zhongshan An and Lan-Hsuan Huang
∗

We prove the existence and local uniqueness of asymptotically flat,
static vacuum metrics with arbitrarily prescribed Bartnik bound-
ary data that are close to the induced boundary data on any star-
shaped hypersurface or a general family of perturbed hypersurfaces
in the Euclidean space. It confirms the existence part of the Bart-
nik static extension conjecture for large classes of boundary data,
and the static vacuum metric obtained is geometrically unique in
a neighborhood of the Euclidean metric.
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1. Introduction

Let n ≥ 3 and (U, g) be an n-dimensional Riemannian manifold and let u
be a scalar-valued function on U , not identically zero. We say that (g, u) is
a static vacuum pair in U if it solves the static vacuum system:{

uRicg −∇2
gu = 0

Δgu = 0
in U.(1.1)

Such g is also referred to as a static vacuum metric with u as a static
potential. The study of a static vacuum pair is of fundamental importance
in general relativity. It defines a spacetime −u2dt2 + g on R × {x ∈ U :
u(x) > 0} that solves the vacuum Einstein equation. A spacetime that takes
this form is called static, meaning that ∂t is a global timelike Killing vector
field everywhere normal to the t-slices. In a similar way, a static vacuum
pair is related to the study of Ricci curvature as (g, u) defines a Ricci flat
Riemannian metric u2dt2 + g that carries a global Killing vector field.

The static vacuum metric also arises in the minimization problems of
the ADM mass. By Riemannian positive mass theorem of R. Schoen and
S.-T. Yau [38] and Riemannian Penrose inequality of G. Huisken and T.
Ilmanen [27] and of H. Bray [16], the ADM mass minimizing metric among
an appropriately defined class of asymptotically flat metrics is characterized
by a class of static metrics, the Schwarzschild metrics. In a fundamentally
related way, a static vacuum metric appears in the study of scalar curvature
deformation and gluing, see, e.g. the work of J. Corvino [21].

In some situations, the asymptotically flat, static vacuum metrics are
quite rigid. The uniqueness of static black holes [28, 37, 18] says that the
Schwarzschild family of positive mass is the only asymptotically flat, static
vacuum metrics that admit a static potential u > 0 in the interior of manifold
with u = 0 on the boundary. On the other hand, the following conjecture
of Bartnik asserts the existence and uniqueness of static vacuum metrics
realizing arbitrarily prescribed geometric boundary data [14, Conjecture 7].

Conjecture 1 (Bartnik’s static extension conjecture). Let (Ω0, g0) be an n-
dimensional, connected, compact Riemannian manifold with scalar curvature
Rg0 ≥ 0 and with boundary Σ. Denote by gᵀ

0 and Hg0 the induced metric and
mean curvature on Σ respectively. Suppose Hg0 is positive somewhere. Then
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there exists a unique asymptotically flat, static vacuum manifold (M, g) with
boundary ∂M diffeomorphic to Σ such that (gᵀ, Hg) = (gᵀ

0 , Hg0), where gᵀ

and Hg are respectively the induced metric and mean curvature on ∂M ⊂
(M, g).

In the above, the mean curvatures Hg0 = divΣ νg0 and Hg = divΣ νg,
where νg0 is the outward unit normal to Ω0 and νg is the inward unit nor-
mal to M . Throughout the paper we shall refer to the geometric boundary
data (gᵀ, Hg) as the Bartnik boundary data, and (M, g) as a static vacuum
extension for the Bartnik boundary data.

We remark on the assumption that Hg0 is positive somewhere. With-
out this assumption, an asymptotically flat, static vacuum extension, if ex-
ists, would contain a closed minimal hypersurface, which violates the “no-
horizon” condition. See Definition 4 and p. 236 in [14]. In fact, if n = 3 and
Hg0 = 0, then a static vacuum extension must be a Schwarzschild metric,
see Bray [16], P. Miao [33], A. Carlotto, O. Chodosh, M. Eichmair [19], also
[30, 26]. Let us also remark that it is not known whether the scalar curvature
assumption Rg0 ≥ 0 is needed.

We explain uniqueness in Conjecture 1. If (M, g) is an asymptotically
flat, static vacuum manifold, then for any diffeomorphism ψ : M → M
that fixes the boundary and is asymptotic to a Euclidean isometry at infin-
ity, the pull-back metric ψ∗g is also an asymptotically flat, static vacuum
metric in M having the same Bartnik boundary data. So the uniqueness
assertion in the above conjecture should be interpreted as “unique up to
diffeomorphisms”.

Conjecture 1 originated from other conjectures of Bartnik about the
quasi-local mass in general relativity, see, for example, [12, 13, 14]. Never-
theless, the conjecture itself is of independent interest. In contrast to the
existing classification results, an affirmative answer toward the conjecture
will add more examples of asymptotically flat, static vacuum pairs to the
current (quite limited) list (see, e.g. [41, Chapters 18.6 and 20.2]).

There are partial progresses toward Conjecture 1. P. Miao [32] confirmed
the existence for (gᵀ

0 , Hg0) that is sufficiently close to (gS2 , 2) and invariant
under reflectional symmetry, where (gS2 , 2) is the Bartnik boundary data on
a standard unit sphere, and obtained static vacuum extensions with reflec-
tional symmetry. M. Anderson and M. Khuri formulated the problem into
an elliptic boundary value problem of Fredholm index zero [10], and Ander-
son [5] confirmed the existence and local uniqueness for (gᵀ

0 , Hg0) sufficiently
close to (gS2 , 2). We also note some numerical results for axial-symmetrical
cases by C. Cederbaum, O. Rinne, and M. Strehlau [20].
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In this paper, we confirm the conjecture in that, for larger classes of Bart-
nik boundary data, static vacuum extensions exist and are locally unique.
Before we state our main results, we give some definitions. Let Ω be a
bounded open subset in Rn whose boundary Σ = ∂Ω is an embedded smooth
hypersurface in Rn. Throughout the paper, we assume Σ is connected, un-
less otherwise indicated. We denote by ḡ a Euclidean metric in Rn. The
definition of weighted Hölder spaces is given in Section 2.1, and we always
assume α ∈ (0, 1), q ∈ (n−2

2 , n− 2), unless otherwise indicated.

Definition 2. The boundary Σ is said to be static regular in Rn\Ω if for any
pair of a symmetric (0, 2)-tensor h and a scalar-valued function v satisfying
(h, v) ∈ C2,α

−q (R
n \ Ω) and

DRic |ḡ(h)−∇2
ḡv = 0, Δḡv = 0 in Rn \ Ω,
hᵀ = 0, DH|ḡ(h) = 0 on Σ,

we must have DA|ḡ(h) = 0 on Σ.

In the above definition, DRic |ḡ denotes the linearization of the Ricci
curvature at ḡ, and DH|ḡ, DA|ḡ denote the linearizations of the mean cur-
vature and second fundamental form on Σ, respectively.

Our first main result gives a general criterion for the existence and local
uniqueness of static vacuum pairs in an arbitrary exterior region Rn \Ω with
Bartnik boundary data on Σ sufficiently close to the induced data (ḡᵀ, Hḡ).

Theorem 3. Suppose the boundary Σ is static regular in Rn \ Ω. Then
there exist positive constants ε0, C such that for each ε < ε0, if (τ, φ) satis-
fies ‖(τ, φ)− (ḡᵀ, Hḡ)‖C2,α(Σ)×C1,α(Σ) < ε, then there exists an asymptotically
flat pair (g, u) with ‖(g, u)−(ḡ, 1)‖C2,α

−q (R
n\Ω) < Cε such that (g, u) is a static

vacuum pair in Rn \ Ω having the Bartnik boundary data (gᵀ, Hg) = (τ, φ)
on Σ.

Furthermore, the solution (g, u) is geometrically unique in a neighbor-
hood U of (ḡ, 1) in the C2,α

−q (R
n \ Ω)-norm; namely, there exists a unique

solution satisfying both the static-harmonic gauge and the orthogonal gauge
in U .

Note that the constants ε0, C depend on the global geometry of Σ and
Rn \ Ω. See Remark 4.14.

In the above theorem, we say that an asymptotically flat pair (g, u)
satisfies the static-harmonic gauge in Rn \ Ω if

β g + du = 0 in Rn \ Ω,(1.2)
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where the Bianchi operator β (at ḡ) is defined by β g := − divḡ g+
1
2d(trḡ g).

We say that (g, u) satisfies the orthogonal gauge if∫
Rn\Ω

(
(g − ḡ) · LX ḡ

)
ρ dvol = 0, for all X ∈ X0(1.3)

where the weight function ρ(x) = (1+ |x|2)−1, the dot “·” denotes the inner
product of ḡ, and X0 is the subspace of C3,α

loc (R
n \Ω) vector fields, consisting

of X satisfying ΔḡX = 0 in Rn \ Ω with X = 0 on Σ and X − K ∈
C3,α
2−n(R

n \ Ω) for some Killing vector field K of (Rn, ḡ). More details about
X0 and the gauge conditions can be found in Section 2.2 and at the beginning
of Section 4.

We remark how the imposed gauge conditions relate to uniqueness in
Conjecture 1. We show that for any (g, u) sufficiently close to (ḡ, 1), there is
a unique diffeomorphism ψ of M that is close to the identity map and fixes
the boundary such that (ψ∗g, ψ∗u) satisfies both gauges (see Lemma 4.4).
Therefore, Theorem 3 implies that the static vacuum extension with the
prescribed Bartnik boundary data is unique (up to diffeomorphisms) within
an open neighborhood of (ḡ, 1).

Part of our proof adapts the work of Anderson and Khuri [10] to formu-
late the problem into finding solutions to an elliptic boundary value system
of Fredholm index 0. However, because such elliptic system always admits
a nontrivial kernel and cokernel, our main argument uses a new modified
elliptic system.

More importantly, we can show that several classes of hypersurfaces in
Rn are static regular. Together with Theorem 3, we confirm the existence
and local uniqueness of Conjecture 1 for (gᵀ

0 , Hg0) sufficiently close to the
induced Bartnik boundary data on those static regular boundaries.

We first discuss about convex surfaces in R3, i.e. surfaces of positive
Gauss curvature. Suppose Σ ⊂ (R3, ḡ) is convex. For an asymptotically flat
metric g in R3 \ Ω with gᵀ sufficiently close to ḡᵀ on Σ, there exists an
isometric embedding f : (Σ, gᵀ) → (R3, ḡ), unique up to a rigid motion
of R3. Let H̊gᵀ be the mean curvature of the isometric image f(Σ) ⊂ (R3, ḡ)
(with respect to the unit normal ν pointing to infinity). We can define the
following functional

G(g) = −16πmADM(g) +

∫
R3\Ω

Rg dvolg +

∫
Σ
2(H̊gᵀ −Hg) dσg.

This functional takes a similar form as the functional considered by S. Hawk-
ing and G. Horowitz [23], but we use it in different ways. One reason to
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consider G is that ḡ is a critical point of G among any variations, partly

motivated by the work of S. Brendle, F. Marques, and A. Neves [17]. It is

also partly motivated by the following result of Y. Shi and L.-F. Tam:

Theorem 4 (Shi-Tam [40]). Let (Ω, gI) be a 3-dimensional compact mani-

fold with boundary Σ. Suppose the scalar curvature RgI ≥ 0 and the boundary

(Σ, (gI)
ᵀ) has positive Gauss curvature and positive mean curvature (with

respect to outward unit normal). Then∫
Σ

(
H̊(gI)ᵀ −HgI

)
dσgI ≥ 0

with equality if and only if (Ω, gI) is isometric to a Euclidean region.

In the above theorem, we use the subscript I to emphasize that the

metric gI and the corresponding quantities are of the compact region (Ω, gI).

In particular, the integral in Theorem 4 need not relate to the boundary

integral of G, unless g and gI induce the same metric and mean curvature

on Σ. By computing the second variation of G along a specific path of metrics

that relates the boundary integral of G with Theorem 4, we derive a linearized

mean curvature comparison inequality.

Proposition 5. Let Ω be a bounded open subset in R3 whose boundary

Σ = ∂Ω has positive Gauss curvature. If v ∈ C2,α
−q (R

3 \ Ω) satisfies Δḡv = 0

in Rn \ Ω, then∫
Σ
2v
(
DH̊|ḡᵀ

(
2vḡᵀ)−DH|ḡ(2vḡ)

)
dσḡ ≥ 0,

where DH̊|ḡᵀ denotes the linearization of H̊gᵀ at ḡᵀ.

Note that DH|ḡ(2vḡ) = −vH + 2ν(v) by conformal transformation.

While there is no explicit formula for the other term DH̊|ḡᵀ
(
2vḡᵀ) (since

its definition involves isometric embeddings), we know that DH̊|ḡᵀ
(
2vḡᵀ)

depends only on the restriction of v on Σ. Thus, Proposition 5 reveals new

positivity relating the Dirichlet and Neumann boundary data of a harmonic

function and may be of independent interest. Proposition 5 is essential to

prove the following main theorem.

Theorem 6. Let Ω be a bounded open subset in R3 whose boundary Σ = ∂Ω

has positive Gauss curvature. Then Σ is static regular in R3 \ Ω.
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Our next result implies that any embedded hypersurface can be per-

turbed to become static regular. We say that a family of embedded hyper-

surfaces {Σt} ⊂ Rn forms a smooth generalized foliation if the deformation

vector X of {Σt} is smooth and on each Σt, ḡ(X, ν) = ζ where ζ > 0, except

a set of (n− 1)-dimensional Hausdorff measure zero on Σt, and ν is the unit

normal of Σt. In other words, {Σt} is slightly more general than a foliation in

that they are allowed to touch each other from one-side on a set of measure

zero.

Theorem 7. Let δ > 0 and let each Ωt ⊂ Rn for t ∈ [−δ, δ] be a bounded

open subset with connected hypersurface boundary Σt = ∂Ωt embedded in

Rn. Suppose the boundaries {Σt} form a smooth generalized foliation. Then

there is an open dense subset J ⊂ (−δ, δ) such that Σt is static regular in

Rn \ Ωt for all t ∈ J .

By a dilation property of the Euclidean static vacuum pair, Theorem 7

has a strong consequence.

Corollary 8. Let Ω be a bounded open subset in Rn whose boundary Σ = ∂Ω

is a star-shaped hypersurface. Then Σ is static regular in Rn \ Ω.

Since a convex hypersurface is star-shaped, Corollary 8 gives a second

proof to Theorem 6. To compare those two proofs, the dilation property used

to prove Corollary 8 is very specific to the Euclidean static vacuum pair,

while the approach to Theorem 6 can possibly be extended for a general

static vacuum metric. While most of the proofs presented in this paper

heavily use that the background metric is Euclidean, we are able to extend

several of current results, including Theorem 3 and Theorem 7, to the setting

that the background metric is an arbitrary asymptotically flat, static vacuum

metric by incorporating new arguments in [4].

We make some remarks about the geometric assumptions on Σ. For all of

our results, we assume the boundary Σ is an embedded hypersurface in Rn.

As is pointed out in [10, 9], if the boundary Σ = ∂Ω is only inner embed-

ded, i.e., Σ touches itself from the exterior region Rn \ Ω, the induced data

(ḡᵀ, Hḡ) is valid Bartnik boundary data, but (ḡ, 1) in Rn \ Ω is not a valid

static vacuum extension as Rn\Ω is not a manifold with boundary. It is clear

that our arguments don’t work without embeddedness. We note that those

inner embedded hypersurfaces are conjectured to be counter-examples to

Conjecture 1 by [9, Conjecture 5.2] (see also [6]). On the other hand, Theo-

rem 7 implies that those possible counter-examples can be perturbed inward

(with arbitrarily small perturbation) to be static regular hypersurfaces.
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Note the assumption that Σ is connected in Theorem 3. While Propo-
sition 5, Theorems 6 and 7 can be extended for Σ of multiple components,
we still need the connectedness assumption to derive the existence of static
vacuum extensions by Theorem 3. This restriction seems related to Static
n-body Conjecture. It asserts that an asymptotically flat static metric with
n boundary components for n > 1 must be trivial, under some separation
condition of the boundary components. See, e.g. [15]. Therefore, it is ex-
pected to be considerably harder, if possible at all, to find a static vacuum
extension with arbitrarily prescribed Bartnik boundary data when Σ is not
connected.

Lastly, we remark that in general the ADM mass of the metric con-
structed Theorem 3 may not be positive. The phenomenon seems to be
closely related to another outstanding problem whether there exists a “fill-
in” metric of nonnegative scalar curvature with prescribed Bartnik bound-
ary data. Nevertheless, in the special situation that τ = ḡᵀ and φ � Hḡ,
the constructed static metric g in Rn \ Ω clearly has a fill-in metric ḡ in Ω
(the Euclidean metric) whose Bartnik boundary data satisfy gᵀ = ḡᵀ and
Hg � Hḡ. The ADM mass of such g must be positive by Miao’s positive
mass theorem with corners [31].

The paper is organized as follows. In Section 2, we give basic definitions
and formulas of linearized curvatures, and we identify Ricci flat deformations
on a Euclidean exterior region. In Section 3, we consider variations of the
Regge-Teitelboim Hamiltonian to obtain a Green-type identity and other
identities essential for the main results. Section 4 deals with Theorem 3.
In Section 5, we prove Proposition 5 and apply it to prove Theorem 6. In
Section 6, we prove Theorem 7 and Corollary 8.

Acknowledgement
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2. Preliminaries

2.1. Basic definitions and notations

Let Rn be the n-dimensional space with the Cartesian coordinates x =
(x1, . . . , xn), and n ≥ 3. Throughout the paper we shall fix the coordinate
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chart {x} and reserve the notation ḡ for the Euclidean metric given by
ḡ = (δij) in this coordinate chart. Let Ω ⊂ Rn be a bounded open subset
whose boundary Σ = ∂Ω is a compact, embedded, smooth1 hypersurface.
We assume that Rn \Ω is connected. Most of results in this section are valid
for Σ having multiple components, except Corollary 2.11.

Let g be a C2
loc Riemannian metric on Rn \Ω. For a tensor h on Rn \Ω,

we denote by hᵀ the restriction of h on the tangent bundle of Σ. We define
the second fundamental form Ag = 1

2(Lνg
g)ᵀ and the mean curvature Hg =

divΣ νg on Σ, where νg is the unit normal vector pointing away from Ω.
We will frequently work with variations of curvatures along a family of

Riemannian metrics g(s) on Rn \ Ω with g(0) = g. We shall denote the
linearization of the second fundamental form d

ds

∣∣
s=0

Ag(s) by DA|g(h) where
h = g′(0). All other linearized curvature operators are denoted in the same
fashion. We give a list of formulas of the linearized operators in the following
lemma. Consider a local frame {e0, e1, . . . , en−1} in a collar neighborhood
of Σ in Rn \ Ω such that e0 is the parallel extension of νg along itself and
e1, . . . , en−1 are tangent to Σ. We use the subscript ;i to denote the covariant
derivative by ei with respect to g, and all the indices are raised or lowered
by g.

Lemma 2.1. The linearizations of the Ricci tensor and scalar curvature are
given by

(DRic |g(h))ij = −1
2g

k�hij;k� +
1
2g

k�(hik;�j + hjk;�i)

− 1
2(trh)ij +

1
2(Ri�h

�
j +Rj�h

�
i)

−Rik�jh
k� for all i, j = 0, 1, . . . , n− 1

(2.1)

DR|g(h) = −Δtrh+ div div h− h · Ricg .

Here, “·” denotes the inner product with respect to g.
We write ν = νg for short. We let ω(ea) = h(ν, ea) be the one-form on the

tangent bundle of Σ and {Σt} be the foliation by g-equidistant hypersurfaces
to Σ. For tangential directions a, b, c ∈ {1, . . . , n− 1} on Σ, we have

Dν|g(h) = −1
2h(ν, ν)ν − gabω(ea)eb(2.2)

DA|g(h) = 1
2(Lνh)

ᵀ − 1
2Lωg

ᵀ − 1
2h(ν, ν)Ag

= 1
2(∇νh)

ᵀ +Ag ◦ h− 1
2Lωg

ᵀ − 1
2h(ν, ν)Ag

(2.3)

1Most of our arguments directly extend for C3,α hypersurfaces while some others
may require extra care to pinpoint the optimal regularity, e.g. Theorem 4, which
we do not pursue here.
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DH|g(h) = 1
2ν(trh

ᵀ)− divΣ ω − 1
2h(ν, ν)Hg.

In the third line (Ag ◦ h)ab = 1
2(Aach

c
b + Abch

c
a), and in the last equation,

trhᵀ denotes the tangential trace of h on Σt, defined in a collar neighborhood

of Σ.

For any family g(s) with g(0) = g, we let Hg(s), defined in the collar

neighborhood, be the mean curvature of Σt with respect to g(s). Then on Σ,

ν(DH|g(h)) = −1
2DR|g(h) + 1

2DRΣ|gᵀ(hᵀ) +Ag · (Ag ◦ h)
−Ag ·DA|g(h−HgDH|g(h)
+ 1

4

(
−Rg +RΣ

g − |Ag|2 −H2
g

)
h(ν, ν)

− 1
2ΔΣh(ν, ν) + gabω(ea)eb(Hg)

where RΣ
g ,ΔΣ are respectively the scalar curvature and the Laplace operator

of (Σ, gᵀ). Consequently, if we assume h(ν, ν) = 0 and ω = 0, then

ν(DH|g(h)) = −1
2DR|g(h) + 1

2DRΣ|gᵀ(hᵀ) +Ag · (Ag ◦ h)
−Ag ·DA|g(h)−HgDH|g(h).

(2.4)

Proof. The formulas for DRic |g(h), DR|g(h) can be found in, for example,

[22, Lemma 2].

The formula for the linearized unit normal vector can be derived by lin-

earizing g(ν, ν) = 1 and g(ν, ea) = 0. For the linearized second fundamental

form, we linearize Ag = 1
2(Lνg)

ᵀ to get

(DA|g(h))ab = 1
2

[
(Lνh)ab + (LDν|g(h)g)ab

]
= 1

2(Lνh)ab − 1
2 [ea(ω(eb)) + eb(ω(ea))]− 1

2h(ν, ν)Aab

where we have used the formula for Dν|g(h) to get

(LDν|g(h)g)ab = −ea(ω(eb))− eb(ω(ea))− h(ν, ν)Aab.

The formula for DH|g follows by linearizing Hg = gabAab and applying the

formula for DA|g(h).
We now compute ν(DH|g(h)). We express ν = η(s)νg(s) + νᵀ(s) on Σ

into the normal and tangential components with respect to g(s). So

η(0) = 1, νᵀ(0) = 0, η′(0) = 1
2h(ν, ν), (νᵀ)′(0) = gabω(ea)eb.
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By the variation formula of mean curvature, we have

ν(Hg(s)) = −
(
|Ag(s)|2g(s) +Ricg(s)(νg(s), νg(s))

)
η(s)

−Δ(Σ,g(s))η(s) + νᵀ(s)(Hg(s))

=
(
−1

2Rg(s) +
1
2R

Σ
g(s) − 1

2 |Ag(s)|2g(s) − 1
2H

2
g(s)

)
η(s)

−Δ(Σ,g(s))η(s) + νᵀ(s)(Hg(s))

where in the second line we replace the Ricci term using the Gauss equation.

Differentiating the previous identity in s at s = 0 yields the desired formula.

We also include the following general fact on the linearized mean curva-

ture of the pull-back metric, which can be directly verified.

Lemma 2.2. Let U1, U2 be complete smooth manifolds with boundary Σ1,Σ2

respectively, and let g be a Riemannian metric on U2. Let ψ : U1 → U2 be

a diffeomorphism that sends Σ1 to Σ2. Let Hg be the mean curvature of

Σ2 ⊂ (U2, g) of νg and Hψ∗g be the mean curvature of Σ1 ⊂ (U1, ψ
∗g) of

ψ∗νg. Then, Hψ∗g = ψ∗Hg, and for any deformation h of g in U2,

DH|ψ∗g(ψ
∗h) = ψ∗ (DH|g(h)) .

For a Riemannian metric g and a function u in Rn \ Ω, we define

S(g, u) = −uRicg +∇2
gu− (Δgu)g.

The right hand side is equal to DR|∗g(u), the formal L2-adjoint of DR|g, but
our notation S(g, u) emphasizes that we will treat both (g, u) as unknowns.

We say that the pair (g, u) is static vacuum in U if (g, u) solves the following

static vacuum system:

S(g, u) = 0 and Rg = 0 in Rn \ Ω.

This system is equivalent to (1.1).

For a symmetric (0, 2)-tensor h and a function v, we say that (h, v) is a

static vacuum deformation at the static vacuum pair (g, u) if it satisfies the

linearized static vacuum system:

DS|(g,u)(h, v) = 0 and DR|g(h) = 0 in Rn \ Ω.(2.5)
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If the Ricci curvature of g is zero, we say that h is a Ricci flat deformation (at
g) if DRic |g(h) = 0. In general, the Ricci flat deformation can be thought as
a subclass of static vacuum deformations at a Ricci flat metric g by letting
u = 1 and v = 0. On the other hand, in the special case that (g, u) = (ḡ, 1),
any static vacuum deformation (h, v) gives rise to a Ricci flat deformation
h+ 2

n−2vḡ. This is because the linearized system (2.5) at (ḡ, 1) is equivalent to

−DRic(h) +∇2v = 0 and Δv = 0 in Rn \ Ω,

where we omit the subscript ḡ, and it is also equivalent to the system

DRic
(
h+ 2

n−2vḡ
)
= 0 and Δv = 0 in Rn \ Ω.

We will consider the following two types of boundary conditions of a
deformation h on Σ:

• Bartnik boundary condition:

hᵀ = 0 and DH|g(h) = 0 on Σ.

• Cauchy boundary condition:

hᵀ = 0 and DA|g(h) = 0 on Σ.

Clearly, the Cauchy boundary condition implies the Bartnik boundary con-
dition. For a general deformation h, we may refer (hᵀ, DH|g(h)) as its Bart-
nik boundary data and (hᵀ, DA|g(h)) as its Cauchy boundary data. (In this
paper we slightly abuse the terminology and use “Bartnik boundary data”
for (gᵀ, Hg) and also the linearization (hᵀ, DH|g(h)), but it should be clear
from context which one is referred to.)

Let k ∈ {0, 1, 2, . . . }, α ∈ (0, 1), and q ∈ R. For a Ck,α
loc -function f in

Rn \ Ω, we define the Ck,α
−q (R

n \ Ω)-norm by

‖f‖Ck,α
−q (Rn\Ω) =

∑
|I|=0,...,k supx∈Rn\Ω(1 + |x|)|I|+q|∂If(x)|

+
∑

|I|=k sup x,y∈Rn\Ω
0<|x−y|≤ |x|

2

(1 + |x|)α+|I|+q |∂If(x)−∂If(y)|
|x−y|α .

The weighted Hölder space Ck,α
−q (R

n \ Ω) consists of those functions whose

Ck,α
−q (R

n \ Ω)-norms are finite. We slightly abuse the notation and say that

a tensor is in Ck,α
−q (R

n \ Ω) if all of its coefficient functions in the Cartesian
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coordinates are in Ck,α
−q (R

n \ Ω). We may sometimes write f = Ok,α(|x|−q)

for f ∈ Ck,α
−q (R

n \ Ω) to emphasize the asymptotic rate.
For the rest of the paper, we shall always assume

q ∈
(
n−2
2 , n− 2

)
.

We say that a Riemannian metric g on Rn\Ω is asymptotically flat if g− ḡ ∈
C2,α
−q (R

n \ Ω). The ADM mass of g is defined as

mADM(g) =
1

2(n− 1)ωn−1
lim
r→∞

∫
|x|=r

n∑
i,j=1

(
∂gij
∂xi

− ∂gii
∂xj

)
xj
|x| dσ,

where dσ is the (n− 1)-dimensional Euclidean Hausdorff measure and ωn−1

is the volume of the standard (n− 1)-dimensional unit sphere.
If g is asymptotically flat and u is a scalar-valued function such that

u − 1 ∈ C2,α
−q (R

n \ Ω), we will refer to (g, u) as an asymptotically flat pair.

We denote by M an open neighborhood of (ḡ, 1) in the C2,α
−q (R

n \ Ω)-norm,
consisting of asymptotically flat pairs.

We will frequently use the following basic PDE lemma. See [29, 11].

Lemma 2.3. Let k ≥ 2, δ ∈ R, and let Ω ⊂ Rn be a bounded open subset
whose boundary Σ is an embedded hypersurface. Suppose Rn \Ω is connected
(but Σ may be disconnected). Let g be an asymptotically flat Riemannian

metric on Rn \Ω with g− ḡ ∈ Ck,α
−q . Consider the map on the space of vector

fields

Δg :
{
X ∈ Ck,α

δ (Rn \ Ω) : X = 0 on Σ
}
→ Ck−2,α

δ−2 (Rn \ Ω)

that sends X to ΔgX. Then

1. For 0< δ < 1, the map is surjective and the kernel space is n-dimen-
sional, spanned by {X(1), . . . , X(n)} where X(i) = ∂

∂xi
+Ok,α(|x|−q).

2. For 2− n < δ < 0, the map is an isomorphism.
3. For δ < 2− n, the map is injective.

2.2. Ricci flat deformations

Our main result in this section is Theorem 2.8 below where we identify all
Ricci flat deformations h ∈ C2,α

−q (R
n \ Ω) that satisfy the Cauchy boundary

condition. We remark that Anderson and Herzlich have proved that, under
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the H-harmonic gauge, a Ricci flat metric g is uniquely determined by its
data gᵀ and Ag on the boundary [7, 8, Theorem 1.1]. Implementing the
similar idea, the first author proved that a Ricci flat deformation h, under
the H-harmonic gauge, satisfying the Cauchy boundary condition must be
zero [2, Proposition 4.4]. We will give an alternative and elementary proof
that fits to our specific setting.

We begin with examples of Ricci flat deformations satisfying the Cauchy
boundary condition.

Example 2.4. Let g be a Riemannian metric on a smooth manifold U satis-
fying Ricg = 0. Given a vector field X, let ψs be a family of diffeomorphisms
of U satisfying d

ds

∣∣
s=0

ψs = X. Define the family g(s) = ψ∗
s(g) and note

g′(0) = LXg. We call the Lie derivative LXg an (infinitesimal) deformation
generated from diffeomorphisms. Since Ricg(s) = ψ∗

s Ricg = 0, differentiating
in s givesDRic|g(LXg) = 0. That is, at a Ricci flat metric g, any deformation
generated from diffeomorphisms is a Ricci flat deformation.

Next, we find the condition of X on the boundary Σ such that LXg
satisfies the Cauchy boundary condition. We say that K is a Killing vector
field of (U, g) if LKg = 0 in U . Let X satisfy X = K on Σ for some Killing
vector K, including the zero vector field. We shall see that such LXg satisfies
the Cauchy boundary condition. Let {e0, e1, . . . , en−1} be a local frame in
U where on Σ, e0 = ν is a unit normal and {e1, . . . , en−1} tangent to Σ. We
decompose X as X = ην + Xᵀ on Σ. The Cauchy boundary data can be
expressed as, for a, b, c = 1, . . . , n− 1,

(LXg)ᵀ = 2ηA+ LXᵀgᵀ

DA|g(LXg)(ea, eb) = Rm(X, ea, ν, eb)− η|ab +
1
2η(A

c
aAcb +Ac

bAca)

+ (Xᵀ)cAcb|a + (Xᵀ)c|bAac + (Xᵀ)c|aAbc

where the subscript |a denotes the covariant derivative of the induced met-
ric gᵀ on Σ. It follows immediately from those formulas that (LXg)ᵀ and
DA|g(LXg) are entirely determined by η and Xᵀ on Σ. Thus if X = K on
Σ, then (LXg)ᵀ = (LKg)ᵀ = 0, DA|g(LXg) = DA|g(LKg) = 0.

The example above shows that, at a Ricci flat metric g, for any vector
field X equal to some Killing vector of g on the boundary, LXg is a Ricci flat
deformation satisfying the Cauchy boundary condition. Before we proceed
to study Ricci flat deformations in greater generality, we will consider two
types of gauge conditions on h: the geodesic gauge on Σ and the harmonic
gauge in U . Both gauge conditions are well-studied in literature, but for
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completeness we include the next two lemmas. (Note we only use those
lemmas for g = ḡ the Euclidean metric in this paper.)

We say that a deformation h satisfies the geodesic gauge condition on Σ
(at g) if

h(νg, ·) = 0, (∇νg
h)(νg, ·) = 0 on Σ,(2.6)

where νg is parallelly extended along itself. The “dot” means h(νg, ei) = 0
and (∇νg

h)(νg, ei) = 0 on Σ for any vector ei, either tangential or normal.

Lemma 2.5 (Geodesic gauge). Let h ∈ C2,α(U) be a symmetric (0, 2)-
tensor. Then there exists a vector field V ∈ C3,α(U) with V = 0 on Σ and V
vanishing outside a collar neighborhood of Σ such that k := h+LV g satisfies
the geodesic gauge condition and that h, k have the same Cauchy boundary
data on Σ.

Remark 2.6. It explains the reason that hᵀ = 0, DA|g(h) = 0 on Σ is
referred to as the Cauchy boundary condition. For such h, we let k = h+LV g
as in the lemma. By (2.3), k must satisfy the Cauchy boundary condition
on Σ in the usual sense: for all i, j = 0, 1, . . . , n− 1,

kij = 0 and (∇νg
k)ij = 0 on Σ.

Proof. Cover a collar neighborhood of Σ ⊂ U by countably many open
subsets U� such that for each � there is a local orthonormal smooth frame
{e0, e1, . . . , en−1} in U� where e0 = νg is parallel along itself, and e1, . . . , en−1

are tangent to Σ. We will simply write ν = νg. Let {ξ�} be a partition of
unity subordinate to {U�}.

Suppose that W =
∑n−1

i=0 ηiei is a vector field in U� where the coefficient
function ηi = 0 on Σ for all i. The following identities hold on U�∩Σ, where
a = 1, . . . , n− 1 denotes the tangential directions:

LW g(ν, ν) = 2ν(η0)

LW g(ν, ea) = ν(ηa)

(∇ν(LW g))(ν, ν) = 2ν(ν(η0))

(∇ν(LW g))(ν, ea) = ν(ν(ηa)) + 2ν(ηb)g(∇νeb, ea)

+ ea(ν(η0))− ν(ηb)Aab,

(2.7)

where Aab = g(∇eaν, eb).
We proceed to define the vector field V . We first define a local vector

field W (�) on each U�. Let W (�) =
∑n−1

i=0 ηiei (we omit the superscript �
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in those ηi). Choose ηi ∈ C3,α(U�) such that it vanishes outside a collar

neighborhood of Σ, and

ηi = 0, 2ν(η0) = −h(ν, ν) and ν(ηa) = −h(ν, ea), a = 1, . . . , n− 1

on U� ∩ Σ. We let W =
∑

� ξ�W
(�) on U .

Next, we define W̃ (�) =
∑n−1

i=0 η̃iei on U� (we omit the superscript � in

those η̃i). Choose η̃i ∈ C3,α(U�) which vanishes outside a collar neighborhood

of Σ, and

η̃i = 0

ν(η̃i) = 0

2ν(ν(η̃0)) = −∇ν(h+ LW g)(ν, ν)

ν(ν(η̃a)) = −∇ν(h+ LW g)(ν, ea), a = 1, . . . , n− 1

on U� ∩ Σ. We define W̃ =
∑

� ξ�W̃
(�) and let V = W + W̃ on U . By

those identities in (2.7), it is direct to verify that V satisfies the desired

properties.

We define some differential operators which will be used throughout this

paper: For a symmetric (0, 2)-tensor h and a vector field V , we define the

Bianchi operator βg, the Killing operator Dg, and the L2-formal adjoint β∗
g

by

βg h = − divg h+ 1
2d(trg h)

Dg V = 1
2LV g

β∗
g V = 1

2

(
LV g − (divg V )g

)
.

(2.8)

We say that h satisfies the harmonic gauge (at g) if βg h = 0. By Ricci

identity, for any vector field V , βg(LV g) becomes an elliptic operator on V :

(βg LV g)i = −(ΔgV )i − Ricij V
j .(2.9)

Lemma 2.7 (Harmonic gauge). There is ε > 0 such that if g is asymp-

totically flat with g − ḡ ∈ C3,α
−q (R

n \ Ω) satisfying ‖g − ḡ‖C1,α
0 (Rn\Ω) < ε and

‖Ricg ‖C0,α
−2 (R

n\Ω) < ε, then for any h ∈ C2,α
−q (R

n \ Ω), there is a vector field

V ∈ C3,α
1−q(R

n \Ω) with V = 0 on Σ such that if we define k = h+LV g, then

βg k = 0 in Rn \ Ω, and h and k have the same Cauchy boundary data.
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Proof. We show that there is a vector field V solving

βg LV g = −βg h in Rn \ Ω
V = 0 on Σ.

The first equation can be expressed as −ΔgV −Ricg(V, ·) = −βg h by (2.9).
Since the operator Δ, at the Euclidean metric, is surjective by Lemma 2.3,
for ε sufficiently small, the operator −Δg − Ricg(·, ·) is close to −Δ in the

operator norm and thus is also surjective. Then V ∈ C3,α
1−q(R

n \Ω) by elliptic
regularity.

Now we analyze the Ricci flat deformation on a Euclidean exterior region
(Rn \ Ω, ḡ) and prove the main result of this section. Below we shall omit
the subscript ḡ. For example, we write β = βḡ,D = Dḡ, β

∗ = β∗
ḡ, and

DRic(h) = DRic |ḡ(h) DA(h) = DA|ḡ(h).

Using the above notations and (2.1), we can write

DRic(h) = −1
2Δh−D β h.(2.10)

Denote the formal L2-adjoint operator of DRic by (DRic)∗. Then for a
symmetric (0, 2)-tensor γ,

(DRic)∗(γ) = −1
2Δγ + β∗(div γ).(2.11)

We say that h weakly solves DRic(h) = 0 in Rn if for any symmetric (0, 2)-
tensor γ ∈ C∞

c (Rn), ∫
Rn

h · (DRic)∗(γ) dvol = 0.

We define that h weakly solves β h = 0 similarly.

Theorem 2.8. Let Ω ⊂ Rn be a bounded open subset whose boundary Σ =
∂Ω is an embedded hypersurface such that Rn \ Ω is connected (but Σ may
be disconnected). If h ∈ C2,α

−q (R
n \ Ω) solves

DRic(h) = 0 in Rn \ Ω, and hᵀ = 0, DA(h) = 0 on Σ,

then

h = LX ḡ
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where X ∈ C3,α
1−q(R

n \ Ω) is equal to a Killing vector field of ḡ (possibly the
zero vector) on each connected component of Σ.

Proof. By Lemma 2.5 and Remark 2.6, there is a vector field V ∈ C3,α(Rn\Ω)
such that V = 0 on Σ, V vanishes outside a collar neighborhood of Σ, and
h+LV ḡ satisfies the Cauchy boundary condition on Σ in the classical sense:
for i, j = 0, 1, . . . , n− 1, (

h+ LV ḡ
)
(ei, ej) = 0(

∇ν(h+ LV ḡ)
)
(ei, ej) = 0.

(2.12)

We extend h+ LV ḡ by defining k ∈ C1
−q(R

n) as

k = h+ LV ḡ in Rn \ Ω
k = 0 in Ω.

Let Z ∈ C1,α
1−q(R

n) be a vector field that weakly solves ΔZ = β k in Rn.
That is, by (2.9), k + LZ ḡ is a weak solution to

β(k + LZ ḡ) = 0 in Rn.(2.13)

We will show that k + LZ ḡ is a weak solution to Δ(k + LZ ḡ) = 0 in Rn.
Observe that both k, LZ ḡ weakly solve the linearized Ricci equation in Rn.
For any γ ∈ C∞

c (Rn),∫
Rn

k · (DRic)∗(γ) dvol =

∫
Rn\Ω

(h+ LV ḡ) · (DRic)∗(γ) dvol

=

∫
Rn\Ω

DRic(h+ LV ḡ) · γ dvol = 0.

In the second identity we use integration by parts and note the boundary
integral on Σ vanishes due to the boundary condition (2.12). For LZ ḡ, we
integrate by parts and directly compute div(DRic)∗(γ) = 0 to get∫

Rn

LZ ḡ · (DRic)∗(γ) dvol =

∫
Rn

Z · div(DRic)∗(γ) dvol = 0.

Since k + LZ ḡ weakly solves the linearized Ricci equation, by the formula
(2.11) for (DRic)∗,

0 =

∫
Rn

(k + LZ ḡ) · (DRic)∗(γ) dvol
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=

∫
Rn

(k + LZ ḡ) ·
(
−1

2Δγ + β∗(div γ)
)
dvol

=

∫
Rn

(k + LZ ḡ) ·
(
−1

2Δγ
)
dvol,

where we use (2.13) in the last equality. It follows that Δ(k + LZ ḡ) = 0
weakly in Rn.

Since k + LZ ḡ decays at the rate O(r−q), by elliptic regularity and
Lemma 2.3, k + LZ ḡ is identically zero, and thus

h = −LZ+V ḡ in Rn \ Ω
LZ ḡ = 0 in Ω.

Let X = −(Z + V ) and recall V = 0 on Σ. We conclude that h = LX ḡ,
X ∈ C3,α

1−q(R
n \ Ω), and X is equal to a Killing vector on each connected

component of Σ.

In view of Theorem 2.8, we will define the following linear spaces of
vector fields with zero boundary value on Σ that are asymptotic to Killing
vector fields.

Definition 2.9. We define X to be the linear subspace of C3,α
loc (R

n\Ω) vector
fields as

X =
{

X = 0 on Σ, X −K ∈ C3,α
1−q(R

n \ Ω) for some Killing vector K of ḡ
}
.

Let X0 be the subspace of X defined as

X0 = {X ∈ X : ΔX = 0 in Rn \ Ω}.

Denote the number

N =
n(n+ 1)

2
.

It is the dimension of the space of Killing vectors on a connected open
subset of (Rn, ḡ), which is spanned by n translation vectors { ∂

∂x1
, . . . , ∂

∂xn
}

and n(n−1)
2 rotation vectors {xi ∂

∂xj
− xj

∂
∂xi

}i<j .

Lemma 2.10. The linear space X0 is equal to

X0 =

{
X :

ΔX = 0 in Rn \ Ω, X = 0 on Σ,

X −K ∈ C3,α
2−n(R

n \ Ω) for some Killing vector K of ḡ

}



20 Zhongshan An and Lan-Hsuan Huang

and is isomorphic to the space of Killing vector fields on (Rn \Ω, ḡ). Hence,

dimX0 = N.

Proof. Let X ∈ X0, and we write X = K + Y where K is a Killing vector
and Y = O3,α(|x|1−q). Since a Killing vector is harmonic, the assumption
ΔX = 0 implies ΔY = 0. By harmonic expansion, there are constants
a1, . . . , an such that Y = ai

∂
∂xi

+ O3,α(|x|2−n). Replacing K by K + ai
∂
∂xi

,

we have X = K + Z where Z = O3,α(|x|2−n). Such decomposition of X is
unique. Define the homomorphism from X0 to the space of Killing vectors by
sending X to K. The homomorphism is clearly surjective, and it is injective
because if X = O3,α(|x|2−n) satisfies ΔX = 0 in Rn \ Ω and X = 0 on Σ,
then X is zero by Lemma 2.3.

Our discussions in this section so far are valid for boundary Σ having
multiple components. The following corollary is a fundamental reason that
connectedness of Σ is assumed in our main results. We have identified those
Ricci flat deformations h in Theorem 2.8 by h = LX ḡ for some vector field
X ∈ C3,α

1−q(R
n \Ω) equal to a Killing vector K on each component of Σ. If Σ

is connected, then there is a global Killing vector field in Rn \Ω equal to K
on Σ, which we still denote by K. By subtracting the global Killing vector,
we obtain X −K ∈ X and h = LX−K ḡ. It leads to the following corollary.

Corollary 2.11. Let Ω ⊂ Rn be a bounded open subset whose boundary
Σ = ∂Ω is an embedded hypersurface. Suppose Σ is connected. Let h ∈
C2,α
−q (R

n \ Ω). Then h is a Ricci flat deformation at ḡ satisfying the Cauchy
boundary condition if and only if h = LX ḡ in Rn \ Ω for some X ∈ X . In
addition, such deformation satisfies the harmonic gauge β h = 0 in Rn \ Ω
if and only if h = LX ḡ in Rn \ Ω for some X ∈ X0.

3. Green-type identity for static vacuum deformations

We will derive several fundamental identities for static vacuum deformations
in this section. Define the functional F on an asymptotically flat pair (g, u)
by

F(g, u) = −2(n− 1)ωn−1mADM(g) +

∫
Rn\Ω

uRg dvolg.

This functional is a special case of the Regge-Teitelboim Hamiltonian [36].
The first variation of F has been computed in [10, Proposition 3.7] (Cf. [34,
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Lemma 3.1]). The second variation formula follows from differentiating the
first variation. We state both formulas below, where Ag, Hg are all computed
with respect to the unit normal νg pointing away from Ω and recall S(g, u) =
−uRicg +∇2

gu− (Δgu)g.

Lemma 3.1. Let (g(s), u(s)) be a one-parameter family of asymptotically
flat pairs. In the following formulas, we use ′ to denote the s-derivative and
write

(h(s), v(s)) = (g′(s), u′(s)).

We may omit the argument s when the context is clear. Then,

d
ds F(g(s), u(s)) =

∫
Rn\Ω

〈(
S(g, u) + 1

2uRgg,Rg

)
,
(
h, v
)〉

g
dvolg

+

∫
Σ

〈(
uAg − νg(u)g

ᵀ, 2u
)
,
(
hᵀ, DH|g(h)

)〉
g
dσg

and

d2

ds2 F(g(s), u(s))

=

∫
Rn\Ω

[〈
P (h, v), (h, v)

〉
g
+
〈(

S(g, u) + 1
2uRgg,Rg

)
, (g′′, u′′)

〉
g

]
dvolg

+

∫
Σ

[〈
Q(h, v),

(
hᵀ, DH|g(h)

)〉
g
+
〈(

uAg − νg(u)g
ᵀ, 2u

)
,
(
g′′ᵀ, H ′′

g

)〉
g

]
dσg

where the right hand sides are evaluated at (g(s), u(s)), the angle bracket 〈, 〉g
denotes the sum of the g(s)-inner product of the corresponding components
(i.e.,

〈
(S1, S2), (h, v)

〉
g
= S1 · h + S2v), and P,Q are the linear differential

operators defined by

P (h, v) =
((

S(g, u) + 1
2uRgg

)′
, R′

g

)
−
(
2
(
S(g, u) + 1

2uRgg
)
◦ h, 0

)
+ 1

2(trg h)
(
S(g, u) + 1

2uRgg, Rg

)
in Rn \ Ω

Q(h, v) =
((

uAg − νg(u)g
ᵀ)′, 2v)− (2(uAg − νg(u)g

ᵀ) ◦ hᵀ, 0
)

+ 1
2(trg h

ᵀ)
(
uAg − νg(u)g

ᵀ, 2u
)

on Σ.

We can use the above variation formulas to identify the elements that
are L2-orthogonal to the range of the map (g, u) �→ (−uRicg +∇2

gu,Δgu)
and of its linearization. Recall the linear subspace of vector fields, X , defined
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in Definition 2.9. At an asymptotically flat pair (g, u) with u > 0, for any
X ∈ X we define

ζ0(X) =
(
LXg −

(
divg X + u−1X(u)

)
g, − divg X + u−1X(u)

)
κ0(X) =

(
LX ḡ − (divX)ḡ, − divX

)
,

where κ0(X) is obtained by evaluating ζ0(X) at (g, u) = (ḡ, 1). Using the
operator β∗

g defined in (2.8) and writing β∗ = β∗
ḡ, we may also re-express

them as

ζ0(X) =
(
2β∗

g X − u−1X(u)g, − divg X + u−1X(u)
)

κ0(X) =
(
2β∗X, − divX

)
.

(3.1)

Proposition 3.2. Let (g, u) be an asymptotically flat pair in Rn \ Ω with
u > 0. For any deformation (h, v) ∈ C2

−q(R
n \ Ω) and any X ∈ X , the

following holds:∫
Rn\Ω

〈(
− uRicg +∇2

gu,Δgu
)
, ζ0(X)

〉
g

dvolg = 0(3.2) ∫
Rn\Ω

〈(
−DRic(h) +∇2v, Δv

)
, κ0(X)

〉
ḡ

dvolḡ = 0.(3.3)

Proof. For s sufficiently small, let ψs : Rn \ Ω → Rn \ Ω be the flow of X
such that ψ0 is the identity map. Let (gs, us) = (ψ∗

sg, ψ
∗
su) be the pull-back

of (g, u). Because the ADM mass is invariant under such diffeomorphisms
(see [11, Theorem 4.2]) and so is the volume integral in F, we have

F(gs, us) = F(g, u).

Using that ∂
∂s

∣∣
s=0

(gs, us) = (LXg,X(u)), we apply the first variation for-
mula in Lemma 3.1 and get

0 = d
ds

∣∣
s=0

F(gs, us)

=

∫
Rn\Ω

〈(
− uRicg +∇2

gu− (Δgu)g +
1
2uRgg,Rg

)
,
(
LXg,X(u)

)〉
g
dvolg

where the boundary integral vanishes because X = 0 on Σ. Rearranging
the integrands gives (3.2). Equation (3.3) follows immediately by taking
linearization of equation (3.2) at (ḡ, 1).
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The above proof explores the property that the functional F is invariant
among diffeomorphisms that fix both the boundary Σ and the “structure
of infinity” of Rn \ Ω, i.e. those diffeomorphisms generated by X ∈ X . The
first variation formula of F implies that (LXg,X(u)) is L2-orthogonal to
(S(g, u) + 1

2uRgg,Rg). Since we will instead work on the operator
(g, u) �→ (−uRicg +∇2

gu,Δgu) in Section 4, after rearranging from

(S(g, u)+ 1
2uRgg,Rg) to (−uRicg +∇2

gu,Δgu), the “geometric” deformation
(LXg,X(u)) leads to ζ0(X) which takes a less geometric form.

As is shown in [2, Proposition 3.5], the next proposition says that the

differential operator (h, v) →
(
P (h, v),

(
hᵀ, DH|g(h)

))
is “self-adjoint” in

the following sense.

Proposition 3.3 (Green-type identity). Let (g, u) be an asymptotically flat
pair in Rn \ Ω. For any (h, v), (k,w) ∈ C2

−q(R
n \ Ω), we have

∫
Rn\Ω

〈
P (h, v), (k,w)

〉
g
dvolg −

∫
Rn\Ω

〈
P (k,w), (h, v)

〉
g
dvolg

= −
∫
Σ

〈
Q(h, v),

(
kᵀ, DH|g(k)

)〉
g
dσg +

∫
Σ

〈
Q(k,w),

(
hᵀ, DH|g(h)

)〉
g
dσg .

(3.4)

Proof. Let
(
g(s, t), u(s, t)

)
be a two-parameter family of asymptotically flat

pairs defined by

g(s, t) = g + sh+ tk and u(s, t) = u+ sv + tw.

Then we have

(h, v) = ∂
∂s(g(s, t), u(s, t)) (k,w) = ∂

∂t(g(s, t), u(s, t)), at t = s = 0.

Computing the two-derivatives of the functional F at (g(t, s), u(t, s)) and
equating

∂2

∂s∂t

∣∣∣
t=s=0

F(g(t, s), u(t, s)) = ∂2

∂t∂s

∣∣∣
t=s=0

F(g(t, s), u(t, s))

gives (3.4). (Note that the integrands involving the two derivatives such as
∂2

∂s∂t(g, u),
∂2

∂s∂t(g
ᵀ, Hg) all cancel out by symmetry ∂2

∂s∂t =
∂2

∂t∂s .)

We shall call the identity (3.4) as a Green-type identity (for the operator
P ). To explain this, we briefly recall the classical Green identity for the
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Laplace operator. Let ν be the unit normal to Σ pointing away from Ω. For
any functions v, w ∈ C2

−q(R
n \ Ω), the Green identity says∫

Rn\Ω
(wΔv − vΔw) dvol =

∫
Σ
(−wν(v) + vν(w)) dσ .

Our Green-type identity (3.4) resembles the classical one by replacing the
operator Δ with the operator P , the Dirichlet boundary data with the Bart-
nik boundary data, and the Neumann boundary data with the operator Q.

When the variations are evaluated at a static vacuum pair (g, u), the
operator P (h, v) becomes

P (h, v) =

((
S(g, u) + 1

2uRgg
)′
, R′

g

)
=

(
DS|(g,u)(h, v), DR|g(h)

)
+

(
1
2uDR|g(h)g, 0

)
.

Note that the first parenthesis in the right hand side corresponds to
the linearized static vacuum system (2.5). Consequently, (h, v) is a static
vacuum deformation at (g, u) if and only if P (h, v) = 0.

We will further focus on the special case when the linearization is taken
at (ḡ, 1). We often omit the subscript g when the geometric quantities (such
as covariant derivatives, trace, linearization, inner products, volume/area
forms, second fundamental form, etc) are computed with respect to g = ḡ.
With respect to (ḡ, 1), the operators P,Q take the simpler forms:

P (h, v) =
(
−DRic(h) +∇2v +

(
−Δv + 1

2DR(h)
)
ḡ, DR(h)

)
Q(h, v) =

(
vA+DA(h)− ν(v)ḡᵀ − 2A ◦ hᵀ + 1

2 trh
ᵀA, 2v + trhᵀ

)
.

(3.5)

We re-state Lemma 3.1 in the following special case that will be used in
Proposition 5.4 later.

Corollary 3.4. Let (g(s), u(s)) be a one-parameter family of asymptotically
flat pairs. Assume that g(0) = ḡ and u(s) ≡ 1. Denote by h = g′(0). Then

d
ds

∣∣
s=0

F(g(s), 1) =

∫
Σ

(
A · hᵀ + 2DH(h)

)
dσ

d2

ds2

∣∣∣
s=0

F(g(s), 1) =

∫
Rn\Ω

h ·
(
−DRic(h) + 1

2DR(h)ḡ
)
dvol

+

∫
Σ

((
DA(h)− 2A ◦ hᵀ + 1

2 trh
ᵀA
)
· hᵀ+ trhᵀDH(h)+A·

(
g′′
)ᵀ

+ 2H ′′
g

)
dσ .
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The next corollary is a direct consequence of Proposition 3.3. In par-

ticular, Equations (3.6) and (3.7) below give effective formulas to compute

DA(h), which is essential to our main arguments in Theorems 6 and 7.

Corollary 3.5. For any (h, v), (k,w) ∈ C2
−q(R

n \ Ω), we have∫
Rn\Ω

〈
P (h, v), (k,w)

〉
dvol−

∫
Rn\Ω

〈
P (k,w), (h, v)

〉
dvol

= −
∫
Σ

〈
Q(h, v),

(
kᵀ, DH(k)

)〉
dσ+

∫
Σ

〈
Q(k,w),

(
hᵀ, DH(h)

)〉
dσ

where P,Q take the forms (3.5). We also have the following special cases:

1. If both (h, v) and (k,w) are static vacuum deformations at (ḡ, 1) and

h has zero Bartnik data hᵀ = 0, DH(h) = 0 on Σ, then∫
Σ

〈(
vA+DA(h)− ν(v)ḡᵀ, 2v

)
,
(
kᵀ, DH(k)

)〉
dσ = 0.(3.6)

2. If h, k are both Ricci flat deformations at ḡ and hᵀ = 0 on Σ, then∫
Σ

(
DA(h) · kᵀ − (tr kᵀ)DH(h)

)
dσ = 0.(3.7)

4. Sufficient condition for existence and local uniqueness

Let Ω be a bounded open subset in (Rn, ḡ) whose boundary Σ = ∂Ω is an

embedded hypersurface. We assume that Σ is connected. Recall the differ-

ential operators βg,Dg, β
∗
g defined in (2.8), and note that the subscript g

is omitted when g is the Euclidean metric ḡ. We also recall the spaces of

vector fields X ,X0 in Definition 2.9, and the integer N = n(n+1)
2 denotes the

dimension of X0.

We prove Theorem 3 in this section. Use the terminologies introduced

in Section 2.1, we re-state the definition of a static regular boundary:

Definition 2. The boundary Σ is said to be static regular in Rn \ Ω if for

any static vacuum deformation (h, v) ∈ C2,α
−q (R

n \ Ω) (at (ḡ, 1)) such that h

satisfies the Bartnik boundary condition on Σ, h must satisfy the Cauchy

boundary condition on Σ.

The following theorem is a more precise version of Theorem 3.
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Theorem 4.1. Suppose the boundary Σ is static regular in Rn \ Ω. Then
there exist positive constants ε0, C > 0 such that for each 0 < ε < ε0, if (τ, φ)
satisfies ‖(τ, φ)−(ḡᵀ, H)‖C2,α(Σ)×C1,α(Σ) < ε, there exists a unique (g, u) ∈ M
with ‖(g, u)− (ḡ, 1)‖C2,α

−q (R
n\Ω) < Cε such that⎧⎨⎩

−uRicg +∇2
gu = 0

Δgu = 0
β g + du = 0

in Rn \ Ω{
gᵀ = τ
Hg = φ

on Σ

(4.1)

and ∫
Rn\Ω

(
(g − ḡ) · LX ḡ

)
ρ dvol = 0 for all X ∈ X0(4.2)

where ρ(x) = (1 + |x|2)−1.

We will formulate Theorem 4.1 into an equivalent statement, Theo-
rem 4.1′, in Section 4.1 and give its proof at the end of Section 4.3. Before
we proceed with the proofs to the main result, we make general remarks on
the gauge conditions that appear in Theorem 4.1.

Definition 4.2. Let (g, u) ∈ M.

1. (g, u) is said to satisfy the static-harmonic gauge (at (ḡ, 1)) in Rn \Ω
if β g + du = 0 in Rn \ Ω.

2. (g, u) is said to satisfy the orthogonal gauge (at (ḡ, 1)) if (4.2) holds.

Remark 4.3. We remark the connection between the static-harmonic gauge
and harmonic gauge. Obviously if u is constant, then those two are the
same, but there is a deeper connection. If u > 0, the warped product metric
g = ±u2dt2 + g (either plus or minus sign in the first term) satisfies the
classical harmonic gauge at the flat metric if and only if β g + udu = 0.
Although this equation is not exactly the static-harmonic gauge equation
in the above definition, it yields the same linearized gauge equation for
deformations at (ḡ, 1). All of the following analysis would work equally well
if we would have defined the static-harmonic gauge as β g+udu = 0 instead.

The choice of the positive weight function ρ in (4.2) is quite arbitrary.
In fact, for n > 3, we can simply let ρ(x) ≡ 1 instead. When n = 3, we need

a positive weight function that decays at least faster than the order of |x|− 1

2

to ensure the integral is finite.
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It is well-known that the harmonic gauge is effective for studying the
Ricci curvature equation on a closed manifold or a bounded manifold with
fixed boundary conditions. But for asymptotically flat manifolds, we also
need to take account of diffeomorphisms that may not be the identity map
at infinity but an isometry (up to negligible terms). More precisely, let D

denote the space of all C3,α
loc diffeomorphisms ψ : Rn \Ω → Rn \Ω satisfying

ψ|Σ = IdΣ, ψ(x) − Ox ∈ C3,α
1−q(R

n \ Ω) for some special orthogonal matrix
O. Consider the canonical action D on the space of asymptotically flat pairs
(g, u) ∈ M by ψ · (g, u) = (ψ∗g, ψ∗u). We will see in the next lemma that
the static-harmonic gauge is not sufficient to find a unique representative in
the orbit D · (g, u), but there is a unique one in a neighborhood of (ḡ, 1) if
we additionally impose the orthogonal gauge.

Lemma 4.4. There is an open neighborhood U of (ḡ, 1) in M and an open
neighborhood D0 of IdM in D such that for any (g, u) ∈ U , there exists a
unique diffeomorphism ψ ∈ D0 such that (ψ∗g, ψ∗u) satisfies both static-
harmonic and orthogonal gauges.

Proof. We denote by 〈h, k〉L2
ρ
=
∫
Rn\Ω(h · k)ρ dvol, where the dot product is

with respect to ḡ and we recall ρ(x) = (1+|x|2)−1. Since X0 isN -dimensional
(see Lemma 2.10), we let X(1), . . . , X(N) be a basis of X0 that is orthonormal
in the following sense: 〈

LX(i) ḡ, LX(j) ḡ
〉
L2

ρ

= δij .

Consider the map G : D×M → C1,α
−q−1×RN defined by

G(ψ, (g, u)) =
(
β(ψ∗g) + d(ψ∗u), (b1, . . . , bN )

)
where the numbers bi are given by

bi =
〈
ψ∗g − ḡ, LX(i) ḡ

〉
L2

ρ

.

Linearizing D in the first argument at (IdRn\Ω, (ḡ, 1)) gives D1G : X →
C1,α
−q−1(R

n \ Ω)× RN :

D1G(X) =
(
−ΔX, (c1, . . . , cN )

)
where ci = 〈LX ḡ, LX(i) ḡ〉L2

ρ
.

We show that D1G is an isomorphism: If D1G(X) = 0, then ΔX = 0
and ci = 0 for all i. The first equation implies X ∈ X0, and hence, the



28 Zhongshan An and Lan-Hsuan Huang

equations ci = 0 imply X = 0. Thus D1G is injective. To see that it is
surjective, for any Z ∈ C1,α

−q−1 and (c1, . . . , cN ) ∈ RN , there is Y ∈ X such
that −ΔY = Z by Lemma 2.3. Let di = ci − 〈LY ḡ, LX(i) ḡ〉L2

ρ
, then X =

Y + d1X
(1) + · · · + dNX(N) satisfies D1G(X) = (Z, (c1, . . . , cN )). Then the

lemma follows from Implicit Function Theorem.

4.1. Boundary value problem under static-harmonic gauge

Define the map T : M → C0,α
−q−2(R

n \ Ω)× C1,α(Σ)×
(
(ḡᵀ, Hḡ) + B(Σ)

)
as

T (g, u) =

{
−uRicg +∇2

gu−Dg(β g + du)

Δgu
in Rn \ Ω⎧⎨⎩

β g + du
gᵀ

Hg

on Σ.
(4.3)

We note that the operator T is essentially equivalent to the harmonic-gauged
Ricci operator of the warped product space, introduced by Anderson and
Khuri [10, Section 3]. Let us explain the codomain of T . We denote by
C0,α
−q−2(R

n \ Ω) the codomain of the first two equations and by C1,α(Σ) ×(
(ḡᵀ, Hḡ)+B(Σ)

)
the codomain of the boundary equations. More specifically,

C1,α(Σ) consists of C1,α covectors of Rn defined along Σ and B(Σ) consists
of pairs (τ, φ) where τ ∈ C2,α(Σ) is a symmetric (0, 2)-tensor on the tangent
bundle of Σ and φ ∈ C1,α(Σ) is a scalar-valued function on Σ.

The reader should compare T with (4.1). While Theorem 4.1 concerns
with solving both (4.1) and (4.2), in the rest of Section 4, we will focus on
solving T and an accompanying operator T modified from T . It is because
that, as shown in the next lemma, if we put aside the orthogonal gauge
condition (4.2), finding (g, u) solving (4.1) is “equivalent” to finding some
(g, u) solving T (g, u) = (0, 0, 0, τ, φ) (namely, the first three equations in
(4.3) are zero), provided that (g, u) is sufficiently close to (ḡ, 1).

Lemma 4.5 (Cf. [10, Proposition 2.1]). There is an open neighborhood U of
(ḡ, 1) in M such that for (g, u) ∈ U , if (g, u) satisfies T (g, u) = (0, 0, 0, τ, φ),
then (g, u) solves (4.1).

Conversely, if (g, u) solves (4.1), then there exists a diffeomorphism ψ ∈
D0 such that (ψ∗g, ψ∗u) satisfies T (ψ∗g, ψ∗u) = (0, 0, 0, τ, φ).

Proof. Let (g, u) ∈ U solve T (g, u) = (0, 0, 0, τ, φ). We will prove β g+du = 0
in Rn \Ω, provided U sufficiently small. Taking the trace of the first tensor
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equation in T (g, u) = (0, 0, 0, τ, φ) and using the harmonic equation of u, we
get

Rg = −u−1 trg Dg(β g + du) = −u−1 divg(β g + du).

We show that β g + du weakly solves the following equation:

βg Dg(β g + du) = −1
2Rgdu(4.4)

= 1
2u

−1du divg(β g + du).

The second identity follows by substituting Rg by the earlier computation.
Since by assumption Dg(βg+ du) = −uRicg +∇2

gu, to prove (4.4) it suffices
to show for all vector fields X ∈ C∞

c (Rn \ Ω)∫
Rn\Ω

(−uRicg +∇2
gu) · β∗

g X dvolg =

∫
Rn\Ω

−1
2RgX(u) dvolg.

This identity holds due to (3.2) and that u is harmonic. (Note that if
(g, u) were C3

loc, we can simply apply βg on the first equation of T (g, u) =
(0, 0, 0, τ, φ) to obtain (4.4).)

Recall that βg Dg V = −1
2ΔgV − 1

2 Ricg(V, ·) for any vector field V . If we

denote by V = β g + du ∈ C1,α
−q−1(R

n \ Ω), then the previous equation with
the boundary condition β g+ du = 0 on Σ implies that V weakly solves the
boundary value problem

ΔgV + u−1du divg V +Ricg(V, ·) = 0 in Rn \ Ω
V = 0 on Σ.

By elliptic regularity, V ∈ C2,α
−q−1(R

n \ Ω). If U is sufficiently small, for
(g, u) ∈ U the operator on V in the previous first equation is sufficiently
close to Δ in the operator norm, and thus by Lemma 2.3 the above boundary
value problem has only the trivial solution V = 0.

For the converse statement, we can simply take the diffeomorphism ψ
obtained from Lemma 4.4.

According to the above discussions, we can reformulate Theorem 4.1 into
the following theorem for the operator T .

Theorem 4.1′. Suppose the boundary Σ is static regular in Rn \ Ω. Then
there exist positive constants ε0, C > 0 such that for each 0 < ε < ε0, if (τ, φ)
satisfies ‖(τ, φ)−(ḡᵀ, H)‖C2,α(Σ)×C1,α(Σ) < ε, there exists a unique (g, u) ∈ M
with ‖(g, u) − (ḡ, 1)‖C2,α

−q (R
n\Ω) < Cε such that T (g, u) = (0, 0, 0, τ, φ) and

(g, u) satisfies the orthogonal gauge (4.2).
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One may wish for a stronger statement that the linearization of T at
(ḡ, 1) is surjective, and thus T (g, u) is solvable for all values sufficiently
close to T (ḡ, 1) by Local Surjectivity Theorem, not only the values that
take the particular form (0, 0, 0, τ, φ). Unfortunately, as we will see in the
next lemmas, the linearization is never surjective.

Denote the linearization of T at (ḡ, 1) by L : C2,α
−q (R

n \Ω) → C0,α
−q−2(R

n \
Ω)× C1,α(Σ)× B(Σ). For (h, v) ∈ C2,α

−q (R
n \ Ω),

L(h, v) =

{
−DRic(h) +∇2v −D(β h+ dv)
Δv

in Rn \ Ω⎧⎨⎩
β h+ dv
hᵀ

DH(h)
on Σ.

(4.5)

By (2.10), the first equation in (4.5) is reduced to the Laplace equation:

−DRic(h) +∇2v −D(β h+ dv) = 1
2Δh.

Based on the observation of Anderson and Khuri for the corresponding
harmonic-gauged Ricci operator in the warped product space [10, Propo-
sition 3.1], the map L is Fredholm of index zero.

Lemma 4.6 (Cf. [10, Proposition 3.1]). The linearized operator L : C2,α
−q (R

n\
Ω) → C0,α

−q−2(R
n \ Ω)× C1,α(Σ)× B(Σ) is Fredholm of index zero.

Proof. The proof is essentially the same as that of [10, Proposition 3.1] for
the corresponding operator. So we only give an outline how it adapts in our
setting. By examining the principle symbol, the boundary condition of L is
elliptic (i.e., it satisfies the Lopatinski-Shapiro condition), so the operator
L is Fredholm, see [25, Theorem 20.1.2] and [29, Theorem 1.3]. To show
that the index of L is zero, we argue as in [10] that L is homotopic to a
Fredholm operator of index zero through a path of Fredholm operators. Since
a path is not explicitly written down in [10], we include it for completeness.
Let s ∈ [0, 1] and define the family of operators L(s) : C2,α

−q (R
n \ Ω) →

C0,α
−q−2(R

n \ Ω)× C1,α(Σ)× B(Σ) by varying only the boundary equations:

L(s)(h, v) =

{
1
2Δh
Δv

in Rn \ Ω⎧⎪⎪⎨⎪⎪⎩
(1− s)(β h+ dv)(ν) + sν(v)
(1− s)(β h+ dv)ᵀ − s∇νω
hᵀ

(1− s)DH(h) + s(∇νh)(ν, ν)

on Σ
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where ω(ea) := h(ν, ea) is a one-form defined on the tangent bundle of Σ.
By checking the principal symbol, the boundary condition in L(s) is elliptic
and thus L(s) is Fredholm for each s ∈ [0, 1]. Note that L(0) = L and L(1)

is the operator with a standard Dirichlet/Neumann boundary condition. It
is straightforward to verify that L(1) is an isomorphism, and thus of index
0.

The kernel space of the linearized operator L, however, is never trivial
and hence L is not surjective. We end this section with the fact that KerL
always contains an N -dimensional subspace, generated by X0. The lemma
is a direct consequence of Corollary 2.11. A fundamental reason that KerL
is not trivial is that, as is shown in Lemma 4.4, the static-harmonic gauge
by itself cannot guarantee uniqueness of solutions to the operator T .

Lemma 4.7. The kernel space of L contains an N -dimensional subspace:

KerL ⊇
{
(h, 0) : h = LX ḡ, for some X ∈ X0

}
.

4.2. Kernel and range for a static regular boundary

From now on, we assume the boundary Σ is static regular in Rn \ Ω. The
next lemma says that the kernel elements of L are exactly those arising from
X ∈ X0.

Lemma 4.8. If the boundary Σ is static regular in Rn \ Ω, then

KerL =
{
(h, 0) : h = LX ḡ, for some X ∈ X0

}
.

As a direct consequence, KerL is isomorphic to X0 and hence

dimKerL = N.

Proof. Let (h, v) ∈ KerL. By elliptic regularity, (h, v) ∈ C∞
−q(R

n \ Ω). By
applying β on the first equation of (4.5) and using β(−DRic(h)+∇2v) = 0,
we have

Δ(β h+ dv) = 0 in Rn \ Ω.
Then by the boundary condition β h + dv = 0 on Σ and the fall-off rate of
β h + dv, we see that β h + dv is identically zero in Rn \ Ω and thus (h, v)
is a static vacuum deformation. By the assumption that Σ is static regular,
we have DA(h) = 0 on Σ.

The lemma would follow by showing that v vanishes identically in Rn\Ω.
Once we show that v is zero, we have (h, 0) ∈ KerL, i.e. h is a Ricci flat
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deformation and satisfies β h = 0, and thus h = LX ḡ for some X ∈ X0 by
Corollary 2.11.

Recall that v is a harmonic function in Rn\Ω. Although v is not assumed
explicitly to satisfy a boundary condition, we observe that other equations
of (h, v) imply that v satisfies the following (hidden) boundary conditions
on Σ:

ΔΣv + ν(v)H = 0(4.6)

A(∇Σv, ·)− d(ν(v)) = 0(4.7)

where ∇Σ, d are the covariant derivative and exterior derivative on Σ, re-
spectively. Let X be a compactly supported vector field in Rn. Applying
(3.6) to the static vacuum deformation pairs (h, v) and (k,w) = (LX ḡ, 0)
and noting DA(h) = 0, we get∫

Σ

〈(
vA− ν(v)ḡᵀ, 2v

)
,
(
(LX ḡ)ᵀ, DH(LX ḡ)

)〉
dσ = 0.

If we let X = ην on Σ for a smooth function η, then LX ḡ = 2ηA and
DH(LX ḡ) = −ΔΣη − η|A|2 where ΔΣ is the Laplace operator of (Σ, ḡᵀ).
Therefore, the previous identity implies that∫

Σ
η (ΔΣv + ν(v)H) dσ = 0.

Since η is arbitrary, it implies (4.6). (See [5, Section 2] for a different proof
of (4.6).) If we let X be tangential to Σ and apply integration by parts, we
derive

0 =

∫
Σ

〈(
vA− ν(v)ḡᵀ, 2v

)
,
(
LXᵀ ḡᵀ, Xᵀ(H)

)〉
dσ

=

∫
Σ
2
(
− divΣ

(
vA− ν(v)ḡᵀ)+ vdH

)
·Xᵀ dσ.

Since Xᵀ is arbitrary and by the Codazzi equation divΣA = dH on Σ,
we derive (4.7). Furthermore, (4.6) and (4.7) for a harmonic function are
equivalent to the following boundary condition:

∇2v(ν, ·) = 0 on Σ.

To see that, since v is harmonic, we have 0 = Δv = ΔΣv+∇2v(ν, ν)+Hν(v).
Together with (4.6), it implies ∇2v(ν, ν) = 0 on Σ. Letting {e1, . . . , en−1, ν}
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be a local orthonormal frame, we write (4.7) as

0 =
∑
b

Aab∇ebv −∇ea(ν(v))

=
∑
b

Aab∇ebv −
(
∇2v(ea, ν) +∇∇eaνv

)
= −∇2v(ea, ν).

Lastly, we show that a harmonic function v ∈ C2,α
−q (R

n \ Ω) satisfying

∇2v(ν, ·) = 0 on Σ must vanish identically in Rn \ Ω. Fix i = 1, . . . , n
and define f = ∂v

∂xi
where (x1, . . . , xn) are the Cartesian coordinates. Since

Δv = 0, we also have Δf = 0 in Rn \ Ω. Compute the Neumann boundary
data ν(f) = ∇2v(ν, ∂

∂xi
) = 0 on Σ. Since f decays at infinity, we have f ≡ 0

in Rn \ Ω and thus ∇v = 0 by varying i. Since v → 0 at infinity, we then
conclude that v is identically zero.

In the following we define the Banach spaces E and Q associated with
the operator L. We recall that the dual space of a normed linear space A,
denoted by A∗, is the space of all bounded linear functionals on A.

Definition 4.9. 1. The Banach space E is a complementing space of
KerL in C2,α

−q (R
n \ Ω), consisting of pairs of a symmetric (0, 2)-tensor

h and a scalar-valued function v in Rn \ Ω, defined by

E =

{
(h, v) ∈ C2,α

−q (R
n \ Ω) :

∫
Rn\Ω

(
h · LX ḡ

)
ρ dvol = 0 for all X ∈ X0

}
.

Recall the weight function ρ(x) = (1 + |x|2)−1.
2. The Banach space Q, as a subspace of the dual space of the codomain

of L, is defined by

Q =
{
κ ∈
(
C0,α
−q−2(R

n \ Ω)× C1,α(Σ)× B(Σ)
)∗

:

κ =
(
2β∗X, − divX, −2β∗X(ν, ·), 0, 0

)
for some X ∈ X0

}
.

We may write κ(X) for elements in Q to emphasize its dependence
on X. Here, (2β∗X,− divX) ∈

(
C0,α
−q−2(R

n \ Ω)
)∗

is defined on Rn \
Ω, 2β∗X(ν, ·) ∈

(
C1,α(Σ)

)∗
denotes the one-form that acts on vec-

tor fields along Σ (normal or tangential), and the last two compo-
nents (0, 0) of κ(X) belong to (B(Σ))∗. The evaluation of κ ∈ Q on
C0,α
−q−2(R

n \ Ω)× C1,α(Σ)× B(Σ) is defined by the L2-pairing.
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We remark that E is defined so that (g, u) ∈
(
(ḡ, 1)+E

)
∩M if and only

if (g, u) satisfies the orthogonal gauge. We also remark that Q is isomorphic
to X0, and thus dimQ = N .

Let (RangeL)⊥ ⊂
(
C0,α
−q−2(R

n \ Ω) × C1,α(Σ) × B(Σ)
)∗

denote the an-

nihilator space of RangeL. Namely, (RangeL)⊥ consists of bounded linear
functionals whose evaluation on L(h, v) is zero for all (h, v) ∈ C2,α

−q (R
n \ Ω).

Lemma 4.10. If the boundary Σ is static regular in Rn \ Ω, then

(RangeL)⊥ = Q.

Proof. Since L is Fredholm of index 0 by Lemma 4.6, we have
dim(RangeL)⊥ = dimKerL = N . Since dimQ = N , we just need to show
that Q ⊂ (RangeL)⊥. Pairing κ(X) ∈ Q with an arbitrary (h, v) ∈ C2,α

−q

gives

〈κ(X), L(h, v)〉L2

=

∫
Rn\Ω

(
−DRic(h) +∇2v −D(β h+ dv)

)
· 2β∗X dvol

+

∫
Rn\Ω

(Δv)(− divX) dvol−
∫
Σ
(β h+ dv) · 2β∗X(ν, ·) dσ.

We rearrange the integrands and compute

〈κ(X), L(h, v)〉L2

=

∫
Rn\Ω

〈(
−DRic(h) +∇2v,Δv

)
,
(
2β∗X,− divX

)〉
dvol

−
∫
Rn\Ω

D(β h+ dv) · 2β∗X dvol−
∫
Σ
(β h+ dv) · 2β∗X(ν, ·) dσ

=

∫
Rn\Ω

(β h+ dv) · (2 div β∗X) dvol

− lim
r→∞

∫
|x|=r

(β h+ dv) · 2β∗X
(

x
|x| , ·
)
dσ

= 0

where the integral in the first line vanishes by (3.3), in the second equality we
apply the integration by parts (noting that ν on Σ points away from Ω), and
in the last equality, we use 2 div β∗X = ΔX = 0 and the boundary integral
vanishes at infinity since the decay rate of the integrand is O(r−2q−1).
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Remark 4.11. The computation above explains the motivation for the def-

inition of κ(X) ∈ Q. We have shown in Proposition 3.2 that the annihilator

space of the operator (h, v) �→ (−DRic(h) + ∇2v,Δv) contains elements

κ0(X) = (2β∗X,− divX) for X ∈ X . We let the first two components of

κ(X) be exactly κ0(X) and use the third component −2β∗X(ν, ·) of κ(X)

to take care of the “gauge terms” in the definition of L.

In the next lemma, we identify a complementing space of RangeL. Intu-

itively, one may expect that the annihilator space Q complements RangeL,

but the elements in Q may not even decay faster enough to be in the

codomain of L. Nevertheless, we can remedy the problem by multiplying

a suitable weight function.

Let η be a positive, smooth function in Rn \ Ω satisfying η = 1 near

Σ and η(x) = |x|−1 outside a large ball. Then the following space ηQ is a

well-defined subspace of C0,α
−q−2(R

n \ Ω)× C1,α(Σ)× B(Σ):

ηQ = {ηκ : κ ∈ Q}.

Note that dim ηQ = dimQ = N .

Lemma 4.12. If the boundary Σ is static regular in Rn \ Ω, then RangeL

is complemented by ηQ. Namely,

C0,α
−q−2(R

n \ Ω)× C1,α(Σ)× B(Σ) = RangeL⊕ ηQ.

Proof. Using the weight function η, we define an inner product on Q as

follows. Let κ(X), γ(Z) ∈ Q for X,Z ∈ X0. That is,

κ(X) =
(
2β∗X, − divX, −2β∗X(ν, ·), 0, 0

)
γ(Z) =

(
2β∗ Z, − divZ, −2β∗ Z(ν, ·), 0, 0

)
.

Define the inner product between κ(X) and γ(Z) by∫
Rn\Ω

η(2β∗X) · (2β∗ Z) dvol +

∫
Rn\Ω

η(divX)(divZ) dvol

+

∫
Σ

(
2β∗X(ν, ·)

)
·
(
2β∗ Z(ν, ·)

)
dσ.

With respect to this inner product, we choose an orthonormal basis of Q,

denoted by {κ1, . . . , κN}.
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For f ∈ C0,α
−q−2(R

n\Ω)×C1,α(Σ)×B(Σ) and for each � = 1, . . . , N , define
the constant a� = 〈κ�, f〉L2 . By construction, we have 〈κm, f−η

∑
� a�κ�〉L2 =

0 for all m. By Lemma 4.10 and that RangeL is closed, we have

f − η
∑
�

a�κ� ∈ RangeL.

A similar argument also shows that (RangeL)∩ (ηQ) contains only the zero
element. This completes the proof.

Let us take a moment to summarize what we have obtained so far. We
can re-express the linear map L : C2,α

−q (R
n \Ω) → C0,α

−q−2(R
n \Ω)×C1,α(Σ)×

B(Σ) in the form:

L : E ⊕KerL → RangeL⊕ ηQ

where E ,Q are defined in Definition 4.9 and L is injective on E . Since the ele-
ments in ηQ all have their last two components equal to zero, RangeL must
contain the subspace {0}×{0}×B(Σ). In other words, for any (τ, φ) ∈ B(Σ),
there exists a unique deformation (h, v) satisfying the orthogonal gauge such
that L(h, v) = (0, 0, 0, τ, φ). While that looks a lot like a version of Theo-
rem 4.1′ for the linearized operator L, we cannot directly conclude that
RangeT must contain (0, 0, 0, ḡᵀ + τ,H + φ) for (τ, φ) small. It is because
that the splitting for RangeL need not imply a splitting of the nonlinear
operator T (needless to say that RangeT is not even a linear subspace).
Therefore, we will consider the modified operators as in the next section.

4.3. Orthogonality for the modified nonlinear map

We will introduce a new operator T , modified from T , and prove Theo-
rem 4.1′. To motivative our approach below, we discuss the basic idea. This
part of discussion holds for a general map T and its linearization L (say, lin-
earized at 0), so the reader can ignore for now how the map T was defined
above. Suppose the linear map is given by

L : E ⊕KerL → RangeL⊕Z,

where E ,Z are Banach spaces. Without changing the codomain space, we
can “substitute” KerL with Z and define an isomorphism by

L : E × Z → RangeL⊕Z
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(e, z) �→ L(e, z) = L(e) + z.

If we define a nonlinear map by T (e, z) = T (e) + z, then T is a local diffeo-
morphism at (e, z) = 0 by Inverse Function Theorem. Thus, for v sufficiently
close to T (0), there exists (e, z) solving T (e) + z = v. If z is “orthogonal”
to both T (e) and v, then we would get z = 0 and solve T (e) = v as desired.
However, this may be too rigid to get, so we would like to take the advantage
of the flexibility in defining T . We just need its linearization equal to L; in
particular, T can be nonlinear in z. Our definition of T below reflects this
basic idea, with a slight complication that we need to enlarge the space Z
for the domain of T in order to impose nonlinear conditions on z.

Let X̂ be the linear space of vectors defined similarly as X , except with
less regularity:

X̂ =
{

X = 0 on Σ, X −K ∈ C2,α
1−q(R

n \ Ω) for some Killing vector K of ḡ
}
.

Define the map T :
((

(ḡ, 1) + E
)
∩M

)
× X̂ → C0,α

−q−2(R
n \Ω)× C0,α

−q−1(R
n \

Ω)×C1,α(Σ)×
(
(ḡᵀ, H)+B(Σ)

)
by, for (g, u) ∈

(
(ḡ, 1)+E

)
∩M and W ∈ X̂ ,

T (g, u,W )

=

⎧⎨⎩
−uRicg +∇2

gu−Dg(β g + du) + η
(
2β∗

g W − u−1W (u)g
)

Δgu+ η
(
− divg W + u−1W (u)

)
divg(2β

∗
g W − u−1W (u)g)

in Rn \ Ω⎧⎨⎩
β g + du− (2β∗

g W − u−1W (u)g)(ν, ·)
gᵀ

Hg

on Σ

where ν is the unit normal vector on Σ pointing away from Ω. We should
compare T to the original map T in (4.3). For a vector W , we define

ζ(W ) =
(
2β∗

g W − u−1W (u)g, − divg W + u−1W (u),

− (2β∗
g W − u−1W (u)g)(ν, ·), 0, 0

)
.

Then T (g, u,W ), after dropping the third equation for divg(2β
∗
g W −

u−1W (u)g), is exactly T (g, u) + ηζ(W ). We also note that the first two
components of ζ(W ) is the same as ζ0(W ) from (3.1). The relation between
ζ(W ) and ζ0(W ) is analogous to that of κ(X), κ0(X) in Remark 4.11.
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Proposition 4.13. Suppose the boundary Σ is static regular in Rn\Ω. Then
the following holds:

1. T is a local diffeomorphism at
(
ḡ, 1, 0

)
.

2. If (g, u,W ) solves T (g, u,W ) = (0, 0, 0, 0, τ, φ); that is, (gᵀ, Hg) =

(τ, φ) on Σ and all other equations in T equal zero, then T (g, u) =

(0, 0, 0, τ, φ).

Proof. Denote the linearization of T at (ḡ, 1, 0) by L : E × X̂ → C0,α
−q−2(R

n \
Ω)× C0,α

−q−1(R
n \ Ω)× C1,α(Σ)× B(Σ). For (h, v) ∈ E and X ∈ X̂ ,

L(h, v,X) =

⎧⎨⎩
−DRic(h) +∇2v −D(β h+ dv) + 2η β∗X
Δv − η divX
2 div β∗X

in Rn \ Ω⎧⎨⎩
β h+ dv − 2β∗X(ν, ·)
hᵀ

DH(h)
on Σ.

Recall κ(X) = (2β∗X, − divX, −2β∗X(ν, ·), 0, 0). Just as for T and T ,

the linear map L(h, v,X), with the third equation for 2 div β∗X dropped,

is exactly L(h, v) + ηκ(X), where L is defined in (4.5).

We claim that L is an isomorphism. Then by Inverse Function Theorem,

it proves that T is a local diffeomorphism at
(
ḡ, 1, 0

)
.

We show L is surjective: Since the third equation 2 div β∗X = ΔX is

surjective by Lemma 2.3, we just need to show that L is surjective onto

other components for those X solving 2 div β∗X = 0, i.e. X ∈ X0. It is

equivalent to that L(h, v) + ηκ(X) is surjective for (h, v) ∈ E , X ∈ X0,

which follows from Lemma 4.12. We show L is injective: For (h, v,X) solving

L(h, v,X) = 0, we have X ∈ X0, and (h, v,X) satisfies L(h, v)+ ηκ(X) = 0.

Again by the decomposition from Lemma 4.12, we have L(h, v) = 0 for

(h, v) ∈ E and κ(X) = 0, which imply that (h, v,X) is zero.

Before we prove the second statement, we note that if W satisfies

divg(2β
∗
g W − u−1W (u)g) = 0, then ζ(W ) is L2-orthogonal to T (g, u):

〈T (g, u), ζ(W )〉L2

=

∫
Rn\Ω

(
− uRicg +∇2

gu−Dg(β g + du)
)
·
(
2β∗

g W − u−1W (u)g
)
dvolg

+

∫
Rn\Ω

Δgu
(
− divg W − u−1W (u)

)
dvolg
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−
∫
Σ
(β g + du) · (2β∗

g W − u−1W (u)g)(ν, ·) dσg

=

∫
Rn\Ω

(
−Dg(β g + du)

)
·
(
2β∗

g W − u−1W (u)g
)
dvolg

−
∫
Σ
(β g + du) · (2β∗

g W − u−1W (u)g)(ν, ·) dσg

= 0

where we use (3.2) in the second equality and integration by parts in the

last line. Note that the boundary integrals on Σ cancel, and the boundary

integral at infinity vanishes because of the fall-off rates.

Now suppose (g, u,W ) satisfies T (g, u,W ) = (0, 0, 0, 0, τ, φ). This is

equivalent to

T (g, u) + ηζ(W ) = (0, 0, 0, τ, φ)

divg(2β
∗
g W − u−1W (u)g) = 0.

Take the L2-inner product of the first identity with ζ(W ), and note that〈
T (g, u), ζ(W )

〉
L2 = 0 as above and

〈
(0, 0, 0, τ, φ), ζ(W )

〉
L2 = 0 trivially. So

we have
〈
ηζ(W ), ζ(W )

〉
L2 = 0 and thus ζ(W ) = 0. This implies the desired

conclusion T (g, u) = (0, 0, 0, τ, φ). In fact, this implies that W is a Killing

vector of g vanishing on the boundary and thus W ≡ 0 in Rn \ Ω.

Combining the above results, we give the proof of Theorem 4.1′.

Proof of Theorem 4.1′. From Item (1) in Proposition 4.13, T is a local dif-

feomorphism at (ḡ, 1). More specifically, there are positive constants ε0, C

such that for each ε ∈ (0, ε0), there is an open neighborhood U×V of
(
ḡ, 1, 0

)
in
(
(ḡ, 1)+E

)
×X̂ with the diameter less than Cε, such that T is a diffeomor-

phism from U×V onto an open ball of radius ε in C0,α
−q−2(R

n\Ω)×C0,α
−q−1(R

n\
Ω) × C1,α(Σ) ×

(
(ḡᵀ, H) + B(Σ)

)
, centered at (0, 0, 0, 0, ḡᵀ, H). Therefore,

given (τ, φ) with ‖(τ, φ) − (ḡᵀ, H)‖C2,α(Σ)×C1,α(Σ) < ε, there exists a unique

(g, u,W ) with ‖(g, u)− (ḡ, 1)‖C2,α
−q (R

n\Ω) < Cε and ‖W‖C2,α
1−q(R

n\Ω) < Cε sat-

isfying

T (g, u,W ) = (0, 0, 0, 0, τ, φ).

By Item (2) in Proposition 4.13, (g, u) satisfies T (g, u) = (0, 0, 0, τ, φ). Since

(g, u) ∈ (ḡ, 1) + E , (g, u) satisfies the orthogonal gauge.
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Remark 4.14. Note that the constants ε0, C depend on the global geometry
Σ in Rn \ Ω. More precisely by the (quantitive) inverse function theorem,

the constants depend on the operator norms of L, L
−1

, as well as the second
Frechét derivative D2T |(g,u) for (g, u) is a neighborhood of (ḡ, 1), between
the function spaces on Rn \ Ω and Σ as specified above.

We explain the reason for the terminology static regular. The following
discussion will not be used elsewhere in the paper. For a general Ω whose
boundary Σ = ∂Ω is not necessarily static regular in Rn \ Ω, define the set
of static vacuum pairs (of any boundary data) near (ḡ, 1) by

S(Rn \ Ω) =
{
(g, u) ∈ M : −uRicg +∇2

gu = 0 and Δgu = 0 in Rn \ Ω
}
.

As in [10], the Bartnik boundary map Π : S(Rn \ Ω) → (ḡᵀ, H) + B(Σ) is
defined by Π(g, u) = (gᵀ, Hg). Conjecture 1 becomes finding conditions of
Rn\Ω so that the boundary map Π is locally surjective. In that formulation,
Theorem 4.1 says if the boundary Σ is static regular in Rn \ Ω, then (ḡ, 1)
is a regular point of the map Π. Of course, the set S(Rn \ Ω) may not be
a Banach manifold for us to talk about regular points. But we can restrict
the boundary map Π on the subset S0(R

n \Ω) ⊂ S(Rn \Ω) that consists of
(g, u) ∈ S(Rn \Ω) satisfying both the static-harmonic gauge and orthogonal
gauge. It is shown that S0(R

n \Ω) is a Banach manifold [3] (Cf. [10]), so the
above discussion can make sense.

5. Convex surfaces in R3

5.1. Mean curvature comparison

Let Ω be a bounded open subset in the Euclidean space (R3, ḡ) whose bound-
ary Σ = ∂Ω is a connected, embedded surface. Before we restrict to the case
that Σ is convex, we first prove the following general lemma. Given a har-
monic function v in R3 \ Ω, we will construct a family of scalar-flat metrics
γ(s) in R3 \Ω and a corresponding family of scalar-flat metrics γI(s) in the
compact region Ω that induce the same metrics on Σ. We shall use the no-
tational convention that the quantities in the compact region Ω are denoted
with the subscript I.

Lemma 5.1. Let v ∈ C2,α
−q (R

3 \Ω) solve Δv = 0 in R3 \Ω. Let vI ∈ C2,α
(
Ω
)

satisfy ΔvI = 0 in Ω and vI = v on Σ.
For |s| small, there exists a smooth family of asymptotically flat metrics

γ(s) in R3 \ Ω and a family of metrics γI(s) in Ω such that the following
holds:
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• γ(0) = ḡ, Rγ(s) = 0, γ′(0) = 2vḡ in R3 \ Ω.
• γI(0) = ḡ, RγI(s) = 0, γI

′(0) = 2vIḡ in Ω.
• On Σ, γ(s)ᵀ = γI(s)

ᵀ = (1 + sv)2ḡᵀ for all s.
• Let HγI(s), Hγ(s) be the mean curvatures of Σ in

(
Ω, γI(s)

)
, (R3\Ω, γ(s)),

respectively (both with respect to the unit normals that points away
from Ω). Then

d2

ds2

∣∣∣
s=0

(
− 16πmADM(γ(s))+

∫
R3\Ω

Rγ(s) dvolγ(s)

+

∫
Σ
2
(
HγI(s) −Hγ(s)

)
dσγ(s)

)
≥ 0.

Proof. Consider the asymptotically flat metric ĝ(s) = (1 + sv)2ḡ. By the
conformal formula and that v is harmonic, the scalar curvature of ĝ(s) is

Rĝ(s) =
2s2|∇v|2
(1 + sv)4

.

For |s| sufficiently small, there exists a unique function u(s) with ‖u(s) −
1‖C2,α

−q (R
3\Ω) � 1 that solves

Δĝ(s)u(s)− 1
8Rĝ(s)u(s) = 0 in R3 \ Ω

u(s) = 1 on Σ.

By differentiating the above equations in s and using that d
ds

∣∣
s=0

Rĝ(s) = 0
and u(0) = 1, we see that u′(0) = O2,α(|x|−q) is harmonic with u′(0) = 0
on Σ, and thus u′(0) is identically zero. Define γ(s) = u(s)4ĝ(s) in R3 \ Ω.
Then γ(s) has zero scalar curvature by the conformal formula, and we have
γ′(0) = 2vḡ. This proves the first item.

Similarly, we define ĝI(s) = (1 + svI)
2ḡ in Ω and have

RĝI(s) =
2s2|∇vI|2
(1 + svI)4

.

Then, for |s| small, we let uI(s) with ‖uI(s)− 1‖C2,α
(
Ω
) � 1 be the unique

solution to

ΔĝI(s)uI(s)− 1
8RĝI(s)uI(s) = 0 in Ω

uI(s) = 1 on Σ.
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The same argument as above shows that u′I(0) = 0, and we can define

γI(s) = uI(s)
4ĝI(s) corresponding. It proves the second item.

By the boundary conditions v = vI and u(s) = 1 = uI(s) on Σ, we have

γ(s)ᵀ = γI(s)
ᵀ = ĝ(s)ᵀ

and the third item follows.

We prove the last item. We begin by computing the ADM mass of γ(s).

16πmADM(γ(s)) = lim
r→∞

∫
|x|=r

∑
i,j

(
∂γ(s)ij
∂xi

− ∂γ(s)ii
∂xj

)
xj
|x| dσ

= −2 lim
r→∞

∫
|x|=r

(
2s

∂v

∂r
+ 4

∂u(s)

∂r

)
dσ.

To compute the mean curvatures, by the conformal formula and that

u(s) = 1 = uI(s), v = vI on Σ, we have

HγI(s) = (1 + sv)−1H + 2(1 + sv)−2sν(vI) + 4νĝI(s)
(
uI(s)

)
Hγ(s) = (1 + sv)−1H + 2(1 + sv)−2sν(v) + 4νĝ(s)

(
u(s)

)
where H is the mean curvature Σ in (R3, ḡ) and note νĝ = νĝI = (1+sv)−1ν.

Thus,

HγI(s)−Hγ(s) = 2(1+sv)−2s
(
ν(vI)−ν(v)

)
+4
(
νĝI(s)

(
uI(s)

)
−νĝ(s)

(
u(s)

))
.

Integrating the previous identity over (Σ, γ(s)ᵀ) and using that

dσγ(s) = (1 + sv)2dσ

where dσ is the area form of (Σ, ḡ), we get∫
Σ

(
HγI(s) −Hγ(s)

)
dσγ(s)

=

∫
Σ
2s
(
ν(vI)− ν(v)

)
dσ +

∫
Σ
4
(
νĝI(s)

(
uI(s)

)
− νĝ(s)

(
u(s)

))
dσγ(s).

Apply the divergence theorem to the right hand side and note that the unit

normals point away from Ω (and νĝI(s) = νĝ(s) = νγ(s) = νγI(s) on Σ). Since

v, vI are harmonic functions of ḡ, we derive
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∫
Σ

(
HγI(s)−Hγ(s)

)
dσγ(s) = − lim

r→∞

∫
Sr

(
2s

∂v

∂r
+ 4

∂u(s)

∂r

)
dσ

+ 4

∫
Ω
ΔγI(s)uI(s) dvolγI(s) + 4

∫
R3\Ω

Δγ(s)u(s) dvolγ(s).

Substituting the boundary integral with the ADM mass identity computed
above and the Laplace terms using the differential equations that define u(s)
and uI(s), we obtain

− 16πmADM(γ(s)) +

∫
Σ
2
(
HγI(s) −Hγ(s)

)
dσγ(s)

=

∫
Ω
RĝI(s)uI(s) dvolγI(s) +

∫
R3\Ω

Rĝ(s)u(s) dvolγ(s).

Taking two-derivative of the previous identity in s and using u(0) = uI(0) =

1, u′(0) = u′I(0) = 0, d2

ds2

∣∣∣
s=0

Rĝ(s) ≥ 0, d2

ds2

∣∣∣
s=0

RĝI(s) ≥ 0, and that Rγ(s) = 0

for all s, we finish the proof.

For the rest of the section, we assume that Σ is convex, i.e., the Gauss
curvature of (Σ, ḡᵀ) is positive everywhere. If g is an asymptotically flat
metric such that (Σ, gᵀ) has positive Gauss curvature, it can be isometrically
embedded (Σ, gᵀ) into (R3, ḡ). We define Ågᵀ , H̊gᵀ to be, respectively, the
second fundamental form and mean curvature of the isometric image in
(R3, ḡ) with respect to the unit normal pointing to infinity. They are well-
defined by uniqueness (up to a rigid motion) of isometric embeddings. Define
the following functional

G(g) = −16πmADM(g) +

∫
R3\Ω

Rg dvolg +

∫
Σ
2
(
H̊gᵀ −Hg

)
dσg.

We will compute variations of G along a family of metrics γ(s) whose
induced metrics γ(s)ᵀ vary smoothly in s. As a preparation, we note the
following two lemmas on the smooth dependence of isometric embeddings
and of diffeomorphism extensions.

Lemma 5.2 (Smooth dependence of isometric embeddings). Let s ∈ (−ε, ε)
and let τ(s) ∈ C2,α(S2) be a family of metrics on S2 with positive Gauss cur-
vature such that τ(s) is Ck in s. Suppose the Gauss curvatures are bounded
below by a positive constant uniformly in s. Then there exists a family of
isometric embeddings f(s) : (S2, τ(s)) → R3 such that each f(s) ∈ C2,α(S2)
and f(s) is Ck in s.
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Proof. The existence of an isometric embedding f(s) for each s is by Niren-
berg [35] (for metrics of C2,α regularity, see, for example, [24, Theorem 2]
and [39, Theorem 10.3.2]). Here we explain that if the family of metrics is Ck

in the parameter s, then the embedding f(s) obtained in [35] is also Ck in s.
Let BR consist of maps from S2 to R3 defined by BR = {Z ∈ C2,α(S2;R3) :
‖Z‖C2,α(S2) ≤ R}. Let s0 ∈ (−ε, ε). By Sections 5-9 in [35], there exists a
constant R > 0 such that for each s sufficiently close to s0 one can construct
a contraction map Fs : BR → BR that sends Z ∈ BR to Fs(Z) where Fs(Z)
solves

2df(s0) · dFs(Z) = τ(s)− τ(s0)− dZ · dZ on S2.

Moreover, going through the construction in [35], one can verify that the
contraction constants of Fs can be chosen uniformly in s, and the family
of contraction maps {Fs} is Ck in s. Let Z(s) be the unique fixed point of
Fs. A general fact about contraction maps then says that the fixed point
Z(s) is Ck in s. Lastly, define f(s) = f(s0) +Z(s). Then f(s) is Ck in s and
df(s) · df(s) = τ(s), i.e., f(s) is an isometric embedding of (S2, τ(s)).

Lemma 5.3 (Smooth dependence of diffeomorphism extensions). Let fs :
Σ → R3 be a smooth family of C2,α embeddings with f0 = IdΣ. Denote by
Σs = fs(Σ) and by Ωs the region bounded by Σs. Suppose that each Σs is a
convex surface enclosing the origin and that {Σs} is contained in a compact
subset. Then, there is a smooth family of maps ψs : R3 \ Ω → R3 \ Ωs

such that ψ0 is the identity map, each ψs is a diffeomorphism for |s| small,
ψs|Σ = fs, and ψs is the identity map outside a large compact set.

Proof. By convexity, we can express the points of Σ ⊂ R3 as (r(θ), θ) in
spherical coordinates. We can also write fs : Σ → R3 as fs(r(θ), θ) =(
ρ̂(θ, s), ξ̂(θ, s)

)
in spherical coordinates where ρ̂, ξ̂ are smooth in s and C2,α

in θ. Since f0 = IdΣ, we know ξ̂(θ, 0) = θ.

Since {Σs} is contained in a compact subset, there is a positive number
a so that ρ̂(θ, s) < a for all (θ, s). We define a family of maps ζs : R

3 \Ba →
R3 \ Ωs by

ζs(r, θ) =
(
ρ(r, θ, s), ξ(r, θ, s)

)
such that ρ(r, θ, s) and ξ(r, θ, s) are smooth in s and C2,α in (r, θ) satisfying
the following properties:

• ζ0 is a diffeomorphism.
•
(
ρ(a, θ, s), ξ(a, θ, s)

)
=
(
ρ̂(θ, s), ξ̂(θ, s)

)
.

• For r > 2a,
(
ρ(r, θ, s), ξ(r, θ, s)

)
= (r, θ) for all s.
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For example, we can define

ρ(r, θ, s) =
(
λ(r)a−1ρ̂(θ, s) +

(
1− λ(r)

))
r

ξ(r, θ, s) = ξ̂(θ, λ(r)s)

where λ(r) is a smooth, weakly decreasing function such that λ(a) = 1 and

λ(r) ≡ 0 for r > 2a.

It is direct to verify that {ζs} is smooth in s, each ζs is a diffeomorphism

for |s| sufficiently small, ζs|∂Ba
= fs, and ζs equals to the identity map

outside a compact set. Then we define ψs = ζs ◦ ζ−1
0 : R3 \Ω → R3 \Ωs.

We now proceed to compute the first and second variations of G. We’ll

omit the subscript ḡ when the geometric quantities and linearizations are

taken with respect to ḡ.

Proposition 5.4. Let g(s) be a smooth family of asymptotically flat metrics

in R3 \ Ω with g(0) = ḡ. Denote by h = g′(0). Then we have the first and

second variational formulas:

d
ds

∣∣
s=0

G(g(s)) = 0

d2

ds2

∣∣∣
s=0

G(g(s)) =

∫
R3\Ω

h ·
(
−DRic(h) + 1

2DR(h)ḡ
)
dvol

+

∫
Σ

[(
DH̊(hᵀ)−DH(h)

)
trhᵀ +

(
DA(h)−DÅ(hᵀ)

)
· hᵀ
]
dσ.

Proof. We first compute the variations for one of the boundary integrals in

the functional G:

d
ds

∣∣
s=0

∫
Σ
2Hg(s) dσg(s) =

∫
Σ

(
2DH(h) +H trhᵀ

)
dσ

d2

ds2

∣∣∣
s=0

∫
Σ
2Hg(s) dσg(s)

=

∫
Σ

((
2Hg(s)

)′′
+
(
trg(s) g

′(s)ᵀ
)′
H + 2DH(h) trhᵀ + 1

2

(
trhᵀ)2H) dσ.

Here and below, ′ denotes the s-derivative, evaluated at s = 0. Combining
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those with the variations of F in Corollary 3.4, we have

d
ds

∣∣
s=0

[
F(g(s), 1)−

∫
Σ
2Hg(s) dσg(s)

]
=

∫
Σ

(
A · hᵀ −H trhᵀ) dσ

d2

ds2

∣∣∣
s=0

[
F(g(s), 1)−

∫
Σ
2Hg(s) dσg(s)

]
=

∫
R3\Ω

h ·
(
−DRic(h) + 1

2DR(h)ḡ
)
dvol

+

∫
Σ

((
DA(h)− 2A ◦ hᵀ + 1

2 trh
ᵀA
)
· hᵀ + trhᵀDH(h)

)
dσ

+

∫
Σ

(
A ·
(
gᵀ)′′ − ( trg(s) g′(s)ᵀ)′H − 2DH(h) trhᵀ − 1

2

(
trhᵀ)2H) dσ.

(5.1)

For |s| sufficiently small, (Σ, g(s)ᵀ) is convex. From Lemma 5.2, there

is a smooth family of isometric embeddings fs : (Σ, g(s)ᵀ) → (R3, ḡ). By

Lemma 5.3, there exists ψs : R
3 \ Ω → R3, with ψ0 being the identity map,

that is diffeomorphic onto its image such that for each s, ψs|Σ = fs and ψs is

the identity map outside a compact subset. Define ξ(s) = (ψs)
∗(ḡ) on R3\Ω,

as the pull-back of the Euclidean metric, with ξ(0) = ḡ. By construction,

ξ(s) is isometric to the Euclidean metric and induces the same metric as

g(s) on Σ:

ξ(s)ᵀ = g(s)ᵀ.

Furthermore, the second fundamental form Aξ(s) of Σ in (R3, ξ(s)) is just

Åξ(s)ᵀ since ξ(s) is itself a Euclidean metric. Using that ξ(s)ᵀ = g(s)ᵀ, we
have

Aξ(s) = Åg(s)ᵀ , and Hξ(s) = H̊g(s)ᵀ .

By differentiating the above identities in s, we get(
ξ(s)ᵀ

)′
= hᵀ(

ξ(s)ᵀ
)′′

=
(
g(s)ᵀ

)′′(
Aξ(s)

)′
= DÅ(hᵀ)(

Hξ(s)

)′
= DH̊(hᵀ).

(5.2)
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Apply the computations of (5.1) to the family of asymptotically flat
pairs (ξ(s), 1), and substitute the terms by (5.2). Because F(ξ(s), 1) ≡ 0,
DRic(ξ′(0)) = 0, DR(ξ′(0)) = 0, we derive

d
ds

∣∣
s=0

∫
Σ
2H̊ξ(s)ᵀ dσg(s) =

∫
Σ
(−A · hᵀ +H trhᵀ) dσ

d2

ds2

∣∣∣
s=0

∫
Σ
2H̊ξ(s)ᵀ dσg(s)

= −
∫
Σ

((
DÅ(hᵀ)− 2A ◦ hᵀ + 1

2 trh
ᵀA
)
· hᵀ + trhᵀDH̊

(
hᵀ)) dσ

+

∫
Σ

(
−A ·

(
gᵀ)′′ + ( trg(s) g′(s)ᵀ)′H + 2DH̊(hᵀ) trhᵀ + 1

2

(
trhᵀ)2H) dσ.

The desired formulas follow from adding the above identities to (5.1) and
then simplifying.

We now proceed to prove Proposition 5. We recall its statement.

Proposition 5. Let Ω be a bounded open subset in R3 whose boundary
Σ = ∂Ω has positive Gauss curvature. Let v ∈ C2,α

−q (R
3 \ Ω) satisfy Δv = 0.

Then ∫
Σ
2v
(
DH̊
(
2vḡᵀ)−DH(2vḡ)

)
dσ ≥ 0.

Proof. Let γ(s) be the family of metrics in R3 \Ω constructed from the har-
monic function v as in Lemma 5.1, and let γI be the corresponding metrics
in the compact region Ω. Recall that γ′(0) = 2vḡ. We will show that the
functional G is “concave” at ḡ along γ(s) in the following sense:

d2

ds2

∣∣∣
s=0

G(γ(s)) ≥ 0.(5.3)

The functional G along γ(s) can be re-written as

G(γ(s)) = −16πmADM(γ(s)) +

∫
R3\Ω

Rγ(s) dvolγ(s)

+

∫
Σ
2
(
HγI(s) −Hγ(s)

)
dσγ(s) +

∫
Σ
2
(
H̊γ(s)ᵀ −HγI(s)

)
dσγ(s).

Since d2

ds2

∣∣∣
s=0

of first line in the right hand side is nonnegative by Lemma 5.1,

we just need to compute d2

ds2

∣∣∣
s=0

∫
Σ 2
(
H̊γ(s)ᵀ − HγI(s)

)
dσγ(s). Using that
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(Ω, γI(s)) has zero scalar curvature and γI(s)
ᵀ = γ(s)ᵀ on Σ, we can apply

Shi-Tam’s theorem, Theorem 4, to see that

d2

ds2

∣∣∣
s=0

∫
Σ
2
(
H̊γ(s)ᵀ −HγI(s)

)
dσγ(s) ≥ 0

as the integral achieves the global minimum at s = 0. Thus we prove (5.3).

From Proposition 5.4, we have the second variation formula

d2

ds2

∣∣∣
s=0

G(γ(s))

=

∫
R3\Ω

h ·
(
−DRic(h) + 1

2DR(h)ḡ
)
dvol

+

∫
Σ

[(
DH̊(hᵀ)−DH(h)

)
trhᵀ +

(
DA(h)−DÅ(hᵀ)

)
· hᵀ
]
dσ

where h = γ′(0) = 2vḡ. Since v is harmonic, we have ḡ · DRic(2vg) =

0 and DR(2vg) = 0 by the linearized curvature formulas in Lemma 2.1.

So the interior integral above is zero. For the boundary integral, obviously(
DH̊(hᵀ)−DH(h)

)
trhᵀ = 4v

(
DH̊(2vḡᵀ)−DH

(
2vḡ
))

and

(
DA(2vḡ)−DÅ

(
2vḡᵀ)) · hᵀ

= 2v d
ds

∣∣
s=0

((
Aγ(s) − Åγ(s)ᵀ

)
· γ(s)ᵀ

)
+ 2v

(
Aḡ − Åḡᵀ

)
· d
ds

∣∣
s=0

γ(s)ᵀ

= 2v d
ds

∣∣
s=0

(
Hγ(s) − H̊γ(s)ᵀ

)
= 2v

(
DH(2vḡ)−DH̊

(
2vḡᵀ)).

Therefore,

∂2

∂s2

∣∣∣
s=0

G(γ(s)) =

∫
Σ
2v
(
DH̊
(
2vḡᵀ)−DH(2vḡ)

)
dσ.

Combining this with (5.3) gives the proposition.

5.2. Rigidity of Ricci flat deformations

In order to apply Proposition 5 to prove Theorem 6, we will first derive

effective formulas to compute DH̊(hᵀ).



Existence of static vacuum extensions 49

Observe that for deformations that take the form LX ḡ (those “generated
from diffeomorphisms”),

DH̊
(
(LX ḡ)ᵀ

)
= DH(LX ḡ).(5.4)

To see this, we let ψt : R3 \ Ω → R3 be be the flow of X. Since ψ∗
t ḡ is a

Euclidean metric on R3 \ Ω, by definition of H̊, we have H̊(ψ∗
t ḡ)ᵀ = Hψ∗

t ḡ.
Differentiating in t gives the above formula.

We will see in the next lemma that because of the convexity of Σ,
any Ricci flat deformation h must be generated from diffeomorphisms, i.e.
h = LX ḡ, and any tensor τ on Σ is induced from a “unique” Ricci flat defor-
mation h such that hᵀ = τ . To state the lemma more precisely, we define the
Banach spaces S0 and S1 that consist of symmetric (0,2)-tensors in Rn \Ω:

S0 = {LZ ḡ : Z ∈ C3,α
−q (R

3 \ Ω) satisfies ΔZ = 0 in R3 \ Ω}
S1 = {h ∈ C2,α

−q (R
3 \ Ω) : DRic(h) = 0, β h = 0 in R3 \ Ω}/{LX ḡ : X ∈ X0},

where the equivalence relation in S1 says that h1 ∼ h2 if and only if h1 −
h2 = LX ḡ for some X ∈ X0. (Recall the definition of X0 in Definition 2.9.)
Geometrically, S0 consists of deformations generated from diffeomorphisms
satisfying the harmonic gauge, and S1 consists of Ricci flat deformations
satisfying the harmonic gauge (up to the equivalent relation). We also define
the Banach space of tensors on the boundary Σ:

S2(Σ) = {τ ∈ C2,α(Σ) : τ is a symmetric (0, 2)-tensor on Σ}.

Lemma 5.5. Let Σ be convex. Then S0 is surjective onto both S1 and S2(Σ),
and S1,S2(Σ) are isomorphic, via the maps given by

b : LZ ḡ ∈ S0 −→ [LZ ḡ] ∈ S1

b0 : LZ ḡ ∈ S0 −→ (LZ ḡ)
ᵀ ∈ S2(Σ)

b1 : [h] ∈ S1 −→ hᵀ ∈ S2(Σ)

Remark 5.6. We note that the statement about surjectivity of b : S0 →
S1 can be compared to Corollary 2.11. It says that the Cauchy boundary
condition in Corollary 2.11 can be dropped if Σ is convex.

Proof. We will show that b0 is surjective and b1 is injective. Since b0 = b1 ◦b,
it gives the desired properties.

The map b0 is surjective: Given τ ∈ S2(Σ), we consider the family of
metrics ḡᵀ + tτ on Σ. Since (Σ, ḡᵀ) has positive Gauss curvature, ḡᵀ + tτ
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also has positive Gauss curvature for |t| small. So there is a smooth family of
isometric embeddings ft : (Σ, ḡ

ᵀ + tτ) → (R3, ḡ) by Lemma 5.2. We identify
Σ with f0(Σ). Let V := ∂

∂t

∣∣
t=0

ft be the velocity vector field defined along

Σ, and we have V ∈ C2,α(Σ) initially. Since (LV ḡ)
ᵀ = τ ∈ C2,α(Σ) on Σ, we

can argue that in fact V ∈ C3,α(Σ). Solving Z ∈ C3,α
−q (R

3 \Ω) to the Dirichlet
boundary value problem

ΔZ = 0 in R3 \ Ω
Z = V on Σ,

we find [LZ ḡ] ∈ S0 so that (LZ ḡ)
ᵀ = τ on Σ.

The map b1 is injective: If h is a representative of [h] ∈ S1 and hᵀ = 0,
then we will show that h = LX ḡ for some X ∈ X0, and thus [h] = 0. For any
τ ∈ S2(Σ), we have shown that there is LZ ḡ ∈ S0 such that (LZ ḡ)

ᵀ = τ .
Since both h and LZ ḡ are Ricci flat deformations, we can apply (3.7) (with
k = LZ ḡ and hence kᵀ = τ) to get

0 =

∫
Σ

(
DA(h) · τ − (tr τ)DH(h)

)
dσ =

∫
Σ

(
DA(h)−DH(h)ḡᵀ) · τ dσ.

Since τ is arbitrary, DA(h)−DH(h)ḡᵀ must vanish identically on Σ. Using
the assumption that hᵀ = 0, we see that DH(h) and hence DA(h) = 0
both vanish on Σ. Then Corollary 2.11 implies that h = LX ḡ for some
X ∈ X0.

Remark 5.7. While we will not use it elsewhere in the paper, we note the
following fact. The map b : S0 → S1 has an N -dimensional kernel space

{LZ ḡ ∈ S0 : Z = K on Σ for some Killing vector K}.

Thus, the maps b and b0 induce isomorphisms on the quotient space, S0

modulo the kernel space, to S1 and S2(Σ), respectively.

Together with an earlier observation (5.4), Lemma 5.5 gives the following
effective formulas for DH̊.

Corollary 5.8. Let Σ be convex and h ∈ C2,α
−q (R

3 \Ω) be a symmetric (0, 2)-
tensor. Then the following holds:

1. hᵀ = (LX ḡ)ᵀ on Σ for some X ∈ C3,α
−q (R

3 \ Ω) and

DH̊(hᵀ) = DH(LX ḡ) on Σ.
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2. If h solves DRic(h) = 0 in R3 \ Ω, then h = LX ḡ in R3 \ Ω for some
X ∈ C3,α

1−q(R
3 \ Ω) and

DH̊(hᵀ) = DH(h) on Σ.

Proof. The first statement is an immediate consequence from Lemma 5.5
and (5.4).

For the second statement, by Lemma 2.7, there is a vector field V ∈
C3,α
1−q(R

3 \Ω) with V = 0 on Σ such that β(h+LV ḡ) = 0 in R3 \Ω, and thus
[h+LV ḡ] ∈ S1. Since S0 is surjective onto S1 as shown in Lemma 5.5, there
is Z ∈ C3,α

−q (R
3 \ Ω) such that

[h+ LV ḡ] = [LZ ḡ].

It is straightforward to verify that h = LX ḡ for some X = O3,α(|x|1−q). The
identity for the linearized mean curvature follows (5.4).

Proof of Theorem 6. Suppose (h, v) is a static vacuum deformation satisfy-
ing hᵀ = 0, DH(h) = 0 on Σ. We will show that DA(h) = 0 on Σ.

If v is identically zero, then h is a Ricci flat deformation. We may as-
sume that h satisfies the harmonic gauge β h = 0 by Lemma 2.7. Apply-
ing Lemma 5.5 that S1 → S2(Σ) is isomorphic, we have [h] = 0 and thus
h = LX ḡ for some X ∈ X0. In particular, DA(h) = 0 on Σ.

From now on, we assume that v is not identically zero. By Lemma 2.5,
we may assume that h satisfies the geodesic gauge on Σ, and therefore, by
(2.2), (2.3), and (2.4), we have

ν
(
DH(h)

)
= −A ·DA(h)

(Lνh)
ᵀ = 2DA(h).

(5.5)

Let ν be the outward unit normal to Σ parallelly extended in a tubular
neighborhood of Σ. Let Y be a smooth, compactly supported vector field
on R3 such that Y = ν in a tubular neighborhood of Σ. Let ψt be the
flow of Y for t ∈ (−ε, ε) and we denote by Σt = ψt(Σ) and Ωt = ψt(Ω).
Let vt ∈ C2,α

−q (R
3 \ Ωt) be a C1-family of harmonic functions such that the

Dirichlet boundary value vt|Σt
= v|Σt

for t ≥ 0. In particular, vt = v|R3\Ωt

for t ≥ 0. We define the scalar-valued C1-function:

H(t) =

∫
Σt

[
2vt

(
DH̊
(
2vtḡ

ᵀ)−DH(2vtḡ)
)]

dσ.(5.6)
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Applying Proposition 5 on each Σt, we have H(t) ≥ 0 for t ∈ (−ε, ε). Since
(h, v) is a static vacuum deformation and thus h+ 2vḡ is a Ricci flat defor-
mation in R3 \ Ω, we can apply Corollary 5.8 to get, for each t ≥ 0,

DH̊
(
(h+ 2vḡ)ᵀ

)
= DH(h+ 2vḡ) on Σt,

and thus

DH̊
(
2vḡᵀ)−DH(2vḡ) = DH(h)−DH̊(hᵀ) on Σt.

This implies that the function H(t) has an alternative expression for t ≥ 0:

H(t) =

∫
Σt

2v
(
DH(h)−DH̊(hᵀ)

)
dσ

=

∫
Σ
2ψ∗

t

(
v
(
DH(h)−DH̊(hᵀ)

))
dσψ∗

t (ḡ).

(5.7)

Note that ψ∗
t

(
v
(
DH(h)−DH̊(hᵀ)

))
= (ψ∗

t v)
(
ψ∗
tDH(h)−ψ∗

tDH̊(hᵀ)
)
on Σ,

where ψ∗
tDH(h) on Σ is the pull-back of the scalar-valued function DH|ḡ(h)

on Σt ⊂ Rn \ Ωt, and similarly for ψ∗
tDH̊(hᵀ). (See also Lemma 2.2.) From

the alternative expression (5.7), we see that H(0) = 0 because of the as-
sumption hᵀ = 0, DH(h) = 0 on Σ. Thus, t = 0 is a critical point H′(0) = 0.

We claim

H′(0) = 2

∫
Σ
|DA(h)|2 dσ.

Once the claim is verified, we can combine with the fact H′(0) = 0 to
conclude that DA(h) vanishes on Σ, which completes the proof.

We compute H′(0). Differentiating (5.7) in t for t ≥ 0 and using that
DH(h)−DH̊(hᵀ) = 0 on Σ, we get

H′(0) =

∫
Σ
2v ∂

∂t

∣∣
t=0

ψ∗
t

(
DH(h)−DH̊(hᵀ)

)
dσ.

Recall that ∂
∂t

∣∣
t=0

ψt = Y = ν on Σ. By (5.5),

∂
∂t

∣∣
t=0

ψ∗
t (DH(h)) = ν(DH(h)) = −A ·DA(h).

To compute the term involving DH̊, we apply Lemma 5.5. For each t, there
exists a vector field Xt with hᵀ = (LXt

ḡ)ᵀ on Σt such that

DH̊
(
hᵀ) = DH(LXt

ḡ) on Σt.
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Then Lemma 2.2 implies that

ψ∗
t

(
DH̊
(
hᵀ)) = ψ∗

t (DH(LXt
ḡ))

= DH|ψ∗
t ḡ

(
ψ∗
tLXt

ḡ
)

= DH̊|ψ∗
t ḡᵀ
(
ψ∗
t (LXt

ḡ)ᵀ
)

= DH̊|ψ∗
t ḡᵀ
(
ψ∗
t h

ᵀ) on Σ,

where in the third equation we use that ψ∗
tLXt

ḡ = Lψ∗
t Xt

(ψ∗
t ḡ) is Ricci flat

deformation at ψ∗
t ḡ and Corollary 5.8. Differentiating the previous identity

in t gives

∂
∂t

∣∣
t=0

ψ∗
t

(
DH̊
(
hᵀ)) = ∂

∂t

∣∣
t=0

DH̊|ψ∗
t ḡᵀ
(
ψ∗
t h

ᵀ)
= D2H̊ ((LY ḡ)

ᵀ, hᵀ) +DH̊
(
(Lνh)

ᵀ)
= DH̊

(
2DA(h)

)
where we use that hᵀ = 0 on Σ and (5.5). By the first statement in Corol-
lary 5.8, there is a vector Z such that 2DA(h) = (LZ ḡ)

ᵀ andDH̊
(
2DA(h)

)
=

DH(LZ ḡ) on Σ. Apply (3.6) for static vacuum deformations (h, v) and
(LZ ḡ, 0). Since hᵀ = 0, DH(h) = 0 on Σ by assumption, we get

0 =

∫
Σ

〈(
vA+DA(h)− ν(v)ḡᵀ, 2v

)
,
(
(LZ ḡ)

ᵀ, DH(LZ ḡ)
)〉

dσ

=

∫
Σ

〈(
vA+DA(h)− ν(v)ḡᵀ, 2v

)
,
(
2DA(h), DH̊(2DA(h))

)〉
dσ .

Rearranging the terms yields

−
∫
Σ
2vDH̊

(
2DA(h)

)
=

∫
Σ

(
2DA(h) ·

(
vA+DA(h)− ν(v)ḡᵀ)) dσ.

Combining the previous computations gives

H′(0) =

∫
Σ
2v ∂

∂t

∣∣
t=0

ψ∗
t

(
DH(h)−DH̊(hᵀ)

)
dσ

=

∫
Σ

(
− 2vA ·DA(h) + 2DA(h) ·

(
vA+DA(h)− ν(v)ḡᵀ)) dσ

=

∫
Σ
2|DA(h)|2 dσ
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where we have used that DA(h) · ḡᵀ = DH(h)−A ·hᵀ = 0 on Σ. It completes
the proof to the claim.

6. Perturbations of hypersurfaces in Rn

We prove Theorem 7 and Corollary 8 in this section. Let us recall the state-
ment in which we also spell out Definition 2.

Theorem 7. Let t ∈ [−δ, δ] and each Ωt ⊂ Rn be a bounded open subset
with embedded hypersurface boundary Σt = ∂Ωt. Suppose the boundaries
{Σt} form a smooth generalized foliation. Then there is an open dense subset
J ⊂ (−δ, δ) such that for any t ∈ J , Σt is static regular in Rn \Ωt. Namely,
if (h, v) ∈ C2,α

−q (R
n \ Ωt) is a static vacuum deformation at ḡ such that h

satisfies the Bartnik boundary condition on Σt, then h satisfies the Cauchy
boundary condition on Σt.

Let X be the deformation vector of {Σt}. On each Σt, we can write
X = ζν +Xᵀ, where the scalar-valued function ζ > 0, except possibly zero
on a set of (n−1)-dimensional Hausdorff measure zero, ν is the unit normal
to Σt pointing way from Ωt, and Xᵀ is tangential. We smoothly extend X
as a smooth, compactly supported vector field in Rn (still denoted by X).
Let ψt : R

n → Rn be the flow of X. If we denote by Ω := Ω0 and Σ := Σ0,
then Ωt = ψt(Ω) and Σt = ψt(Σ). Denote by gt = ψ∗

t (ḡ|Rn\Ωt
), the pull-back

metric defined on Rn \Ω, and note g0 = ḡ. Define the family of maps St as,
for (h, v) ∈ C2,α

−q (R
n \ Ω),

St(h, v) =

{
−DRic |gt(h) +∇2

gtv

Δgtv
in Rn \ Ω{

hᵀ

DH|gt(h)
on Σ.

(6.1)

To prove that Σt is static regular, we will need to show that for any (h, v) ∈
C2,α
−q (R

n \ Ω) solving St(h, v) = 0, we must have DA|gt(h) = 0 on Σ.

6.1. Differentiation of kernel elements along perturbations

We first prove the following theorem, which implies Theorem 7 under an
extra assumption (�). Its proof provides an outline for the proof of the
general theorem. In order to remove that assumption, we will establish basic
facts about the kernel spaces of elliptic PDE systems in Section 6.2 and
choose the open dense subset J ⊂ (−δ, δ). In Proposition 6.6, we will show
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that a “discrete version” of the assumption (�) holds for t ∈ J and then give

a complete proof of Theorem 7.

Theorem 7′. Let t ∈ [−δ, δ], Ωt, and Σt be as in Theorem 7. Let (h, v) ∈
C2,α
−q (R

n \ Ω) solve Sa(h, v) = 0 for some a ∈ (−δ, δ). Suppose the following

holds:

There exists (h(t), v(t)) ∈ C2,α
−q (R

n \ Ω) with St(h(t), v(t)) = 0 for all t

such that (h(t), v(t)) → (h, v) in C2,α
−q (R

n \ Ω) as t ↘ a,

and (h(t), v(t)) is differentiable at t = a

with (h′(a), v′(a)) = (p, z) ∈ C2,α
−q (R

n \ Ω).

(�)

Then DA|ga(h) = 0 on Σ.

Proof. By re-parametrizing t, we may assume that a = 0. Recall that g0 = ḡ

in our notation. Also recall that we omit the subscript ḡ in linearizations

and geometric operators. By Lemma 2.5, we may also assume that h satisfies

the geodesic gauge on Σ, and thus by (2.2), (2.3), (2.4), and hᵀ = 0 on Σ,

we have

(Lζνh)
ᵀ = ζ(Lνh)

ᵀ = 2ζDA(h)
ν
(
DH(h)

)
= −A ·DA(h)

on Σ.(6.2)

We claim that (p − LXh, z − LXv) is a static vacuum deformation in

Rn \ Ω whose Bartnik boundary data on Σ satisfy

(p− LXh
)ᵀ

= −2ζDA(h)(6.3a)

DH(p− LXh) = ζA ·DA(h).(6.3b)

Let (h(t), v(t)), t > 0, be the family from the assumption (�). Then{
− DRic|gt (h(t)) +∇2

gtv(t) = 0

Δgtv(t) = 0
in Rn \ Ω.

Note the assumption t > 0 implies that Rn \ Ωt ⊂ Rn \ Ω, so the pull-back

pair (ψ∗
t h, ψ

∗
t v) in Rn \Ω from the restriction (h, v)|Rn\Ωt

is trivially a static

vacuum deformation at gt:{
− DRic|gt (ψ

∗
t h) +∇2

gt(ψ
∗
t v) = ψ∗

t

(
− DRic(h) +∇2v

)
= 0

Δgt(ψ
∗
t v) = ψ∗

t (Δv) = 0
in Rn \ Ω.
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Subtracting the previous two systems yields{
− DRic|gt

(
h(t)− ψ∗

t h
)
+∇2

gt

(
v(t)− ψ∗

t v
)

= 0

Δgt

(
v(t)− ψ∗

t v
)

= 0
in Rn \ Ω.

Differentiating it in t at t = 0 and noting that h(0)−ψ∗
0h = 0, v(0)−ψ∗

0v = 0,

we prove that (p − LXh, z − LXv) is a static vacuum deformation at ḡ in

Rn \ Ω. Next, we compute the boundary data. By using h(t)ᵀ = 0 on Σ by

(6.1) and differentiating in t at t = 0, we see pᵀ = 0 on Σ. Since X = ζν on

Σ, we apply (6.2) to get (6.3a):

(p− LXh)ᵀ = −(LXh)ᵀ = −2ζDA(h).

To prove (6.3b), by the boundary condition of (6.1) and Lemma 2.2, we

have, on Σ,

DH|gt(h(t)) = 0, DH|gt(ψ∗
t h) = ψ∗

t

(
DH(h)

)
.

Subtracting the previous identities gives

DH|gt
(
h(t)− ψ∗

t h
)
= −ψ∗

t

(
DH(h)

)
on Σ.

Differentiating it in t at t = 0 gives

DH(p− LXh) = −ζν
(
DH(h)

)
= ζA ·DA(h) on Σ

where we use (6.2) in the last identity. It completes the proof of the claim.

Lastly, we apply (3.6) (by substituting (k,w) = (p−LXh, z−LXv)) and

use the boundary condition (6.3a), (6.3b) to obtain

0 =

∫
Σ

〈(
vA+DA(h)− ν(v)ḡᵀ, 2v

)
,
(
kᵀ, DH(k)

)〉
dσ

=

∫
Σ

〈(
vA+DA(h)− ν(v)ḡᵀ, 2v

)
,
(
− 2ζDA(h), ζA ·DA(h)

)〉
dσ

= −
∫
Σ
2ζ|DA(h)|2 dσ

where we have used that ḡᵀ · DA(h) = DH(h) + hᵀ · A = 0 on Σ by the

Bartnik boundary condition. Since ζ > 0, except an (n − 1)-dimensional

measure zero set, we conclude that DA(h) = 0 on Σ.
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6.2. Weak differentiation in an open dense parameter set

To remove the assumption (�), we will need to understand how solutions of
St(h(t), v(t)) = 0 behave as t → a. Instead of analyzing general solutions, it
suffices to analyze only those solutions satisfying the static-harmonic gauge,
as in Section 4.

To begin, we define Lt : C2,α
−q (R

n \Ω) → C0,α
−q−2(R

n \Ω)×C1,α(Σ)×B(Σ)
by

Lt(h, v) =

{
−DRic |gt(h) +∇2

gtv −Dgt(βgt h+ dv)

Δgtv
in Rn \ Ω⎧⎨⎩

βgt h+ dv
hᵀ

DH|gt(h)
on Σ

(6.4)

where the covariant derivatives and the linearizations are taken with respect
to gt and we recall the definitions of the operators Dgt , βgt in (2.8). For ease
of notation, we shall denote the codomain of Lt by

Z = C0,α
−q−2(R

n \ Ω)× C1,α(Σ)× B(Σ).

The operator Lt, defined for Rn \ Ω, can be viewed as the pull-back of the
operator L as defined in (4.5) for Rn \ Ωt via the diffeomorphism ψt. In
particular, since L is elliptic and Fredholm by Lemma 4.6, so is each Lt.

The following lemma, essentially a linearized version of Lemma 4.5, says
that the space of solutions to St(h, v) = 0 is equivalent to that of Lt(h, v) =
0, up to deformations generated from diffeomorphisms.

Lemma 6.1. If (h, v) ∈ C2,α
−q (R

n\Ω) solves Lt(h, v) = 0, then (h, v) satisfies
St(h, v) = 0. In fact, we have St(h + LV gt, v) = 0 and DA|gt(h + LV gt) =

DA|gt(h) on Σ, for any V ∈ C3,α
1−q(R

n \ Ω) satisfying V = 0 on Σ.

Conversely, if (h, v) solves St(h, v) = 0, then there exists a vector field
V ∈ C3,α

1−q(R
n \ Ω) with V = 0 on Σ such that Lt(h + LV gt, v) = 0 and

DA|gt(h+ LV gt) = DA|gt(h) on Σ.

Proof. Suppose Lt(h, v) = 0. By the same argument as in the first paragraph
in the proof of Lemma 4.8, βgt h + dv is identically zero in Rn \ Ω. Hence
(h, v) solves St(h, v) = 0. For any vector field V vanishing on Σ, we have
St(LV gt, 0) = 0 and DA|gt(LV gt) = 0 on Σ (see Example 2.4). We prove the
first statement.
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For the second statement, let V solve ΔgtV = βgt h+ dv in Rn \ Ω and
V = 0 on Σ. Then we can verify that βgt(h + LV gt) + dv = 0 everywhere.
The rest of the statement follows.

In the next four lemmas, we establish general facts about the kernel
spaces KerLt. For an arbitrary a ∈ (−δ, δ), KerLa is not necessarily the
limit of KerLt as t → a because the nullity of La may “jump up” in the
limit. Nevertheless, we shall show that such jumping is rare, in a precise
sense that the nullity is upper semi-continuous in t. While some facts are
standard for elliptic operators on bounded regions with the standard Hölder
norms, we include some proofs in our setting for completeness. Let BR ⊂ Rn

denote the closed round ball of radius R.

Lemma 6.2. There are positive constants R,C > 0, uniformly in t ∈
(−δ, δ), such that

‖(h, v)‖C2,α
−q (R

n\Ω) ≤ C
(
‖(h, v)‖C0(BR\Ω) + ‖Lt(h, v)‖Z

)
Proof. By the boundary Schauder estimate [1] in the standard Hölder norms
and a scaling argument, we have the boundary Schauder estimate in the
weighted Hölder norms:

‖(h, v)‖C2,α
−q (R

n\Ω) ≤ C
(
‖(h, v)‖C0

−q(R
n\Ω) + ‖Lt(h, v)‖Z

)
,

where the constant C can be chosen uniformly in t because the coefficients
of Lt are uniformly bounded in suitable weighted norms. Following closely
the arguments involving the cut-off trick and an interpolation inequality as
in [11, Theorem 1.10], the C0

−q(R
n \ Ω)-norm in the right hand side can

be replaced by the “scale-broken” C0(BR \ Ω)-norm, provided that R is
sufficiently large.

Lemma 6.3. Let {tj} ⊂ (−δ, δ) be a sequence converging to a ∈ (−δ, δ),

and let C be a positive real number. Suppose (hj , vj) ∈ C2,α
−q (R

n \ Ω) and
fj , f ∈ Z satisfy

‖(hj , vj)‖C2,α
−q (R

n\Ω) < C

Ltj (hj , vj) = fj

‖fj − f‖Z → 0 as j → ∞.

Then there is a subsequence (hjk , vjk) and (h, v) ∈ C2,α
−q (R

n \ Ω) such that

‖(hjk , vjk)− (h, v)‖C2,α
−q (R

n\Ω) → 0 as k → ∞
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La(h, v) = f.

Furthermore, if ‖(hj , vj)‖C2,α
−q (R

n\Ω) = 1 for all j, then ‖(h, v)‖C2,α
−q (R

n\Ω) = 1.

Proof. In this proof, all the weighted Hölder norms are taken in the region
Rn \ Ω. Fix α′ < α and q′ < q. By compact embedding of C2,α

−q in C2,α′

−q′ ,

there is a subsequence (hjk , vjk) and (h, v) ∈ C2,α
−q such that ‖(hjk , vjk) −

(h, v)‖C2,α′
−q′

→ 0. In particular, ‖(hjk , vjk) − (h, v)‖C0(BR\Ω) → 0. Together

with Lemma 6.2 and the fact that the operator norm ‖Ltjk
−La‖op → 0, we

obtain ‖(hjk , vjk) − (h, v)‖C2,α
−q

→ 0 as k → ∞. The other statements follow

directly.

The following coercivity-type estimate for (h, v) in a complementing
space to KerLt is standard if t is fixed. By slightly extending the standard
argument, we show that a uniform coercivity estimate holds.

Lemma 6.4. Let {tj} be a sequence in (−δ, δ) converging to a ∈ (−δ, δ).

Suppose in C2,α
−q (R

n\Ω) there is a closed subspace Y complementing to KerLa

and to KerLtj for each j, i.e.

C2,α
−q (R

n \ Ω) = Y ⊕KerLa = Y ⊕KerLtj .

Then there is a positive constant C, uniformly in j, such that for all (h, v) ∈
Y,

‖(h, v)‖C2,α
−q (R

n\Ω) ≤ C‖Ltj (h, v)‖Z .

Proof. Suppose, to get a contradiction, that there is a subsequence of tj ,
still labelled by j, and (hj , vj) ∈ Y with ‖(hj , vj)‖C2,α

−q (R
n\Ω) = 1 such that

‖Ltj (hj , vj)‖ ≤ 1
j ‖(hj , vj)‖C2,α

−q (R
n\Ω) =

1
j → 0 as j → ∞.

By Lemma 6.3, a subsequence of (hj , vj) converges to (h, v) �= 0 and (h, v) ∈
Y ∩KerLa. A contradiction.

For the next lemma, we define the nullity function N(t) for t ∈ (−δ, δ)
by

N(t) = dimKerLt.

We give some definitions in order to describe the kernel spaces. Let ρ(x) =
(1+ |x|2)−1. We define the L2

ρ-inner product for (h, v), (k,w) ∈ C2,α
−q (R

n \Ω)
by 〈

(h, v), (k,w)
〉
L2

ρ

=

∫
Rn\Ω

(h · k + vw)ρ dvol,
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where the dot product is with respect to ḡ. The elements (h, v) and (k,w)
are said to be orthogonal if

〈
(h, v), (k,w)

〉
L2

ρ

= 0. We say that the set

{(h1, v1), . . . , (h�, v�)} is orthonormal if ‖(hi, vi)‖C2,α
−q (R

n\Ω) = 1 for all i, and〈
(hi, vi), (hk, vk)

〉
L2

ρ

= 0 for all i �= k.

Let Sj ⊂ C2,α
−q (R

n \ Ω) be an �-dimensional linear space, spanned by

an orthonormal basis
{
(h

(j)
1 , v

(j)
1 ), . . . , (h

(j)
� , v

(j)
� )
}
. We say that a sequence

{Sj} converges to a subspace of the linear space S ⊂ C2,α
−q (R

n \ Ω) if there

are (h1, v1), . . . , (h�, v�) ∈ S such that (h
(j)
i , v

(j)
i ) → (hi, vi) in C2,α

−q (R
n \ Ω)

as j → ∞ for each i = 1, . . . , �. As a consequence, {(h1, v1), . . . , (h�, v�)} is
also orthonormal and hence dimS ≥ �. If dimS = �, we simply say that
{Sj} converges to S, and note that in this case, any element (h, v) ∈ S is

the limit of a sequence (h(j), v(j)) ∈ Sj in the C2,α
−q (R

n \ Ω)-norm.

Lemma 6.5. The nullity function N(t) satisfies the following properties:

1. For any a ∈ (−δ, δ), lim supt→aN(t) < +∞.
2. Suppose lim supt→aN(t) = � for some �. Then there is a sequence {tj}

in (−δ, δ) with tj → a such that N(tj) = � and that KerLtj converges
to an �-dimensional subspace of KerLa.

3. N(t) is upper semi-continuous.
4. Define the subset J ⊂ (−δ, δ) by

J =
{
t ∈ (−δ, δ) : the nullity function is

constant in an open neighborhood of t
}
.

(6.5)

Then J is open and dense.

Proof. We prove Item (1): Suppose on the contrary that lim supt→aN(t) =
+∞ for some a. Then there is a sequence tj → a such that N(tj) is in-
creasing in j and N(tj) ≥ j for all positive integers j. For each j, denote an
orthonormal basis for KerLtj by{(

h1(tj), v1(tj)
)
, . . . ,

(
hN(tj)(tj), vN(tj)(tj)

)}
.

Fix a positive integer �. For j ≥ �, consider the �-dimensional subspace Sj of
KerLtj , spanned by

{(
h1(tj), v1(tj)

)
, . . . ,

(
h�(tj), v�(tj)

)}
. Letting j → ∞

and applying Lemma 6.3, after passing to a subsequence, Sj converges to
an �-dimensional subspace of KerLa. It implies dimKerLa ≥ �. Since � is
arbitrary, we get KerLa = +∞, which contradicts to that La is Fredholm.

We prove Items (2) and (3): Since N(t) takes values on integers, if
lim supt→aN(t) = �, there is a sequence tj → a such that N(tj) = � for
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all j. A similar argument as above proves Item (2) (after passing to a sub-
sequence). It also shows that

lim sup
t→a

N(t) = � ≤ N(a),

which implies Item (3).

We prove Item (4): The subset J is open by definition. We show that J is
dense. Suppose, on the contrary, that J is not dense. Then there is an interval
[a, b] ⊂ (−δ, δ) \ J where a < b. Since N(t) takes values on nonnegative
integers, it attains its minimum at some s ∈ [a, b], sayN(s) = min[a,b]N(t) =

m. Define the sublevel set U = {t ∈ [a, b] : N(t) < m + 1
2} �= ∅. By

upper semi-continuity of N(t), U is a nonempty open subset of [a, b], and
thus IntU = U ∩ (a, b) is a nonempty open subset of (−δ, δ). Since N(t)
is constant, equal to the minimum m, on IntU , we see that IntU ⊂ J . It
contradicts to the assumption that [a, b] lies in the complement of J .

We have shown that for t in the open dense subset J , the spaces KerLt

behaves well. In particular, for any a ∈ J , KerLt converges to KerLa as
t → a. This convergence fulfills the first part of the assumption (�). The
other half of the assumption (�) requires the t-derivative of the kernel el-
ements also converge, which we can replace with the convergence of the
difference quotients. Thus, the following proposition can be viewed as a
“discrete version” of the assumption (�).

Proposition 6.6. Let J ⊂ (−δ, δ) be the open dense subset defined by
(6.5). Then for every a ∈ J , (h, v) ∈ KerLa, there is a sequence {tj} in J

with tj ↘ a, (h(tj), v(tj)) ∈ KerLtj , and (p, z) ∈ C2,α
−q (R

n \ Ω) such that, as
tj ↘ a,

(h(tj), v(tj)) → (h, v)

(h(tj), v(tj))− (h, v)

tj − a
→ (p, z),

where both convergences are taken in the C2,α
−q (R

n \ Ω)-norm.

Proof. Since a ∈ J , there is an integer � such that N(t) = � for t in an open
neighborhood of a in (−δ, δ). Then there is a sequence tj ↘ a such that
N(tj) = � = N(a), and thus by Lemma 6.5, KerLtj converges to KerLa.

Then for any (h, v) ∈ KerLa, there is a sequence (ĥ(tj), v̂(tj)) in KerLtj

such that (ĥ(tj), v̂(tj)) → (h, v) in C2,α
−q (R

n \ Ω).
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Since the difference quotient (ĥ(tj),v̂(tj))−(h,v)
tj−a need not converge in gen-

eral, we will modify the sequence (ĥ(tj), v̂(tj)) by adding a sequence of “cor-
rection” terms from KerLtj . To proceed, observe that since KerLtj con-
verges to KerLa, there is a closed subspace Y such that, for all j sufficiently
large, Y is complementing to KerLtj and to KerLa. Therefore, there is(
k(tj), w(tj)

)
∈ KerLtj such that

(ĥ(tj), v̂(tj))− (h, v)

tj − a
−
(
k(tj), w(tj)

)
∈ Y.(6.6)

We apply Ltj to the above element:

Ltj

(
(ĥ(tj), v̂(tj))− (h, v)

tj − a
−
(
k(tj), w(tj)

))

= − 1

tj − a
Ltj (h, v) = − 1

tj − a
(Ltj − La)(h, v).

Note that fj := − 1
tj−a(Ltj − La)(h, v) converges to some f in Z as j → ∞

because Lt is a differentiable family of operators. Thus, ‖fj‖Z is bounded
above by a constant uniformly in j. By Lemma 6.4 and (6.6), there is a
positive constant C, uniformly in j, such that∥∥∥∥∥(ĥ(tj), v̂(tj))− (h, v)

tj − a
−
(
k(tj), w(tj)

)∥∥∥∥∥
C2,α
−q (R

n\Ω)

≤ C ‖fj‖Z .

Since the right hand side is bounded from above, uniformly in j, we see that
multiplying the inequality above with (tj − a) gives

‖(tj − a)
(
k(tj), w(tj)

)
‖C2,α

−q (R
n\Ω) → 0 as j → ∞.

Also, by uniform boundedness of ‖fj‖Z and Lemma 6.3, there is a subse-
quence of j, which we still label by j, such that

(ĥ(tj), v̂(tj))− (h, v)

tj − a
−
(
k(tj), w(tj)

)
→ (p, z)

in C2,α
−q (R

n \ Ω). Finally, let

(h(tj), v(tj)) = (ĥ(tj), v̂(tj))− (tj − a)
(
k(tj), w(tj)

)
.
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We can verify that (h(tj), v(tj)) satisfies the desired properties.

We show how to apply Proposition 6.6 to remove the assumption (�) in

Theorem 7′ and thus establish Theorem 7.

Proof of Theorem 7. Let J be the open dense subset of (−δ, δ) from Propo-

sition 6.6, and let a ∈ J . By re-parametrizing t, we may without loss of

generality assume a = 0 and hence ga = ḡ,Σa = Σ, La = L. We will show

that if (ĥ, v) solves S0(ĥ, v) = 0, then DA(ĥ) = 0 on Σ.

By the second statement in Lemma 6.1, after changing to the static-

harmonic gauge, we may assume that (ĥ, v) ∈ KerL. By Proposition 6.6,

there exist a sequence (ĥ(tj), v(tj)) ∈ KerLtj and (p̂, z) ∈ C2,α
−q (R

n \Ω) such
that, as tj ↘ 0,

(ĥ(tj), v(tj)) → (ĥ, v)(
ĥ(tj)− ĥ

tj
,
v(tj)− v

tj

)
→ (p̂, z)

in the C2,α
−q (R

n \ Ω)-norm.

To follow closely the proof of Theorem 7′, we will modify (ĥ, v) to satisfy

the geodesic gauge: by Lemma 2.5, there is a vector field V ∈ C3,α
c (Rn \ Ω)

with V = 0 on Σ such that h := ĥ+ LV ḡ satisfies the geodesic gauge on Σ.

We correspondingly define

h(tj) = ĥ(tj) + LV gtj .

Note that h(tj) need not satisfy the geodesic gauge on Σ for tj �= 0. By

the first statement of Lemma 6.1, S0(h, v) = 0 and Stj (h(tj), v(tj)) = 0.

Furthermore, we have, as tj ↘ 0,

(h(tj), v(tj)) → (h, v)(
h(tj)− h

tj
,
v(tj)− v

tj

)
→ (p, z)

in the C2,α
−q (R

n \ Ω)-norm, where p := p̂+ LV LX ḡ.

Follow exactly the same argument as in the proof of Theorem 7′, except
that wherever we need to “differentiate in t at t = 0”, instead we “take the

limit of the difference quotients as tj → 0”. We see that (p−LXh, z−LXv)



64 Zhongshan An and Lan-Hsuan Huang

is a static vacuum deformation at ḡ in Rn \Ω whose Bartnik boundary data
on Σ satisfy

(p− LXh
)ᵀ

= −2ζDA(h)

DH(p− LXh) = ζA ·DA(h).

Then we apply (3.6) exactly as in the proof of Theorem 7′ for (h, v) and
(k,w) = (p−LXh, z−LXv) to conclude that DA(h) = 0, and thus DA(ĥ) =
0 on Σ.

Proof of Corollary 8. Let Ω be a bounded open subset in Rn such that the
boundary Σ is a star-shaped hypersurface (with respect to the origin). Let
ψt : R

n → Rn be the dilation map defined by ψt(x1, . . . , xn) = t(x1, . . . , xn),
and define Σt = ψt(Σ) and Ωt = ψt(Ω). Since Σ is star-shaped, for 0 <
δ < 1 small and for t ∈ [1 − δ, 1 + δ], Σt is a smooth foliation in a tubular
neighborhood of Σ.

By Theorem 7, there exists an open dense subset J ⊂ [1 − δ, 1 + δ]
such that Σt is static regular in (Rn \ Ωt, ḡ) for t ∈ J . We will use scaling
from Σt to show that Σ is static regular in (Rn \ Ω, ḡ). Namely, for any
(h, v) ∈ C2,α

−q (R
n \ Ω) satisfies{

DRic(h)−∇2v = 0
Δv = 0

in Rn \ Ω{
hᵀ = 0
DH(h) = 0

on Σ,

we will show DA(h) = 0 on Σ, where the linearizations are all taken at ḡ.
For a fixed t ∈ J , we push forward the above system by ψt. Define

(ht, vt) = (ψt)∗(h, v) and

gt = (ψt)∗ḡ = t−2ḡ.

Then the above system becomes the system for (ht, vt) at gt:{
−DRic |gt(ht) +∇2

gtvt = 0

Δgtvt = 0
in Rn \ Ωt{

hᵀ
t = 0

DH|gt(ht) = 0
on Σt,

Using gt = t−2ḡ, the linearization formulas for DRic and DH in Lemma 2.1,
and the conformal transformation formulas for ∇2

gt ,Δgt , we have that
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(ht, t
−2vt) satisfies the following linearized system at ḡ:{

−DRic |ḡ(ht) +∇2
ḡ(t

−2vt) = 0

Δḡvt = 0
in Rn \ Ωt{

hᵀ
t = 0

DH|ḡ(ht) = 0
on Σt.

Since Σt is static regular in (Rn \ Ωt, ḡ), we have DA|ḡ(ht). To see that it
implies DA|ḡ(h) = 0 on Σ, we push forward it by ψt and get

(ψt)∗(DA|ḡ(h)) = DA|gt(ht) = tDA|ḡ(ht) = 0 on Σt.
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