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Algebra structure of multiple zeta values in positive
characteristic
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This paper is a culmination of [CM21] on the study of multiple zeta
values (MZV’s) over function fields in positive characteristic. For
any finite place v of the rational function field & over a finite field,
we prove that the v-adic MZV’s satisfy the same k-algebraic rela-
tions that their corresponding co-adic MZV’s satisfy. Equivalently,
we show that the v-adic MZV’s form an algebra with multiplication
law given by the ¢-shuffle product which comes from the oco-adic
MZV’s, and there is a well-defined k-algebra homomorphism from
the co-adic MZV’s to the v-adic MZV’s.
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1. Introduction
1.1. Classical conjecture

Let N be the set of positive integers. For a positive integer r, an r-tuple
s = (81,...,8) € N" is called an index, and called admissible if s; > 1.
We put wt(s) := >_7_;s; and dep(s) := r. Classical real-valued multiple
zeta values (abbreviated as MZV’s) are generalizations of special values of
the Riemann zeta function at positive integers at least 2. The MZV at an
admissible index s = (s1,...,s,) is defined by the following series
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The weight and depth of the presentation ((s) are defined by wt(s) and
dep(s) respectively.

MZV’s have deep properties and have appeared in recent decades in
connection with various topics including Grothendieck-Teichmiiller groups,
Drinfeld associators and KZ equations and periods of mixed Tate motives
etc (see [An04, Br12, BGF19, DG05, Dr90, F11, Gon02, R02, Te02, Zh16]).
One of the core problems on the topic of MZV’s is to study their alge-
braic relations, and how to generate QQ-linear relations among them has been
well-developed. For instance, the machinery of regularized double shuffle re-
lations [IKZ06] produces rich Q-linear relations among MZV’s of the same
weight.

Let p be a prime number. In the parallel but extremely different world,
namely the p-adic field, Furusho [F04] defined p-adic MZV’s. The starting
point is that for an admissible index s = (s1,...,s,) € N", the MZV ((s) is
the limit of the one-variable multiple polylogarithm

. z
Lis(2) = D,
5

ni>ng>o>n,>1 0 L

for |z| < 1,z — 1. Furusho considered the one-variable p-adic multiple
polylogarithm Lig(2),, which is the same power series as Lis(2), but treated
p-adically. He then made an analytic continuation of Lis(z), by Coleman’s
p-adic iterated integration theory and then defined the p-adic MZV (,(s) to
be a certain limit value at 1 of analytically continued function of Lis(2),.
Related details are referred to Furusho’s paper [F04]. The weight and depth
of the presentation of the p-adic MZV (,(s) are defined to be wt(s) and
dep(s) respectively.

Note that in the case of depth one, Furusho’s p-adic zeta value (,(s)
equals the Kubota-Leopoldt p-adic zeta value at s up to a scalar multipli-
cation by (1 —p~*)~!. In particular, we have (,(2n) = 0 for n € N. As the
Kubota-Leopoldt p-adic zeta function p-adically interpolates the special val-
ues of Riemann zeta function at negative inetgers, one can ask the natural
question: what kind of spark can these two seemingly similar values, real-
valued MZV’s and p-adic MZV’s, but living in completely different worlds
have? The following fundamental conjecture gives an explicit connection
between these two kinds of MZV’s.

Conjecture 1.1.1. For any prime number p, the p-adic MZV’s satisfy the
same Q-algebraic relations that their corresponding real-valued MZV’s sat-
isfy. That is, if

f(C(s1),- ... ¢(sm)) =0
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for f € Q[Xy,..., Xy], then we have

f(gp(51)7 T Cp(ﬁm)) = 0.

Let 3 (resp. 3p) be the Q-vector space spanned by 1 and all real-valued
MZV’s (resp. by 1 and all p-adic MZV’s). It is well-known that 3 forms a
Q-algebra with two multiplication laws given by shuffle product and stuflie
product [R02, IKZ06, BGF19]. By [F04, BF06], one also knows that 3, forms
a Q-algebra with two multiplication laws given by shuffle product and stuffle
product as in the case of real-valued MZV’s. Therefore, the conjecture above
is equivalent to the following one.

Conjecture 1.1.2. For any prime number p, the following map

bp = (C(S) = Cp(s)) 13— 31?
s a well-defined Q-algebra homomorphism.

There are several ways to illustrate the conjectures above.

1. Thara, Kaneko and Zagier [IKZ06] gave a conjecture asserting that the
regularized double shuffle relations generate all (Q-algebraic relations
among the real-valued MZV’s. Furusho-Jafari [FJ07] showed that the
p-adic MZV’s satisfy the regularized double shuffle relations. It follows
that combining Ihara-Kaneko-Zagier conjecture and Furusho-Jafari’s
result would imply Conjecture 1.1.1.

2. Clues of the formulation of the conjecture above also come from [F06,
F07]. For an integer n > 2, we let 3, (resp. 3,,) be the Q-vector
space spanned by real-valued MZV’s of weight n (resp. p-adic MZV’s
of weight n). Considering the graded algebra Z = Q ® @,,~, 3n
(resp. Zp, :=Q®P,,~5 3n,p), Furusho [F06, Conj. A] conjectured that
O(GRT),) is isomorphic to Z/(7?) and in [F07, Sec. 3.1] he explained
that there is a surjection from O(GRT;) to Z,. Here GRT is the
unipotent part of the graded Grothendieck-Teichmiiller group GRT,
which is a pro-algebraic group over Q. For more details, see [F06, FO7].
On the other hand, Goncharov’s direct sum conjecture [Gon97] for
MZV’s asserts that 3 = Z, and on the p-adic side we have a natural
surjective Q-algebra homomorphism

Zp = 3p.
So, conjecturally the composite map
3=2 > Z/(x%) ~ O(GRT,) - Zp = 3p

gives rise to a surjective Q-algebra homomorphism from 3 to 3,.
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Moreover, there is a motivic illustration (from Deligne/folklore) for a
conjectural surjective homomorphism 3 — 3,, which the authors learned
from F. Brown’s talk on “motivic periods and applications ”in Hausdorff
Research Institute for Mathematics in 2018. First, Deligne also defined p-adic
MZV’s and Furusho showed in [F07] that Deligne’s p-adic MZV’s generate
the same space 3,. Let 3™°" be the Q-algebra of motivic MZV’s, and one
knows that there is a Q-algebra homomorphism (see [Gon02] and [Brl2])
addressed as the period map

3mot s 37

and the Grothendick periods conjecture for MZV’s predicts that this is an
isomorphism. On the other hand, from the p-adic period map one has a
Q-algebra homomorphism (cf. [F07, (3.11)])

3mot/(cmot(2)) s 3]}7

and so conjecturally there is a Q-algebra homomorphism
3— 3p-

The aim of this paper is to prove the precise analogue of Conjecture 1.1.1
in the setting of function fields in positive characteristic. Note that our
methods of proof are through logarithms of ¢-modules, which are entirely
different from the above points of view in the characteristic zero case.

1.2. The main result

Let g be a power of a prime number p, and let I, be a finite field of ¢ elements.
Let A := F,[f] be the polynomial ring with quotient field k := F,(6). We
let ko be the completion of k£ at the infinite place oo, and C,, be the oco-
adic completion of a fixed algebraic closure of ks. We let k be an algebraic
closure of k and fix an embedding tos : k < Cos over k.

The oo-adic multiple zeta values are defined by Thakur [T04]: for any
index 5 = (s1,...,8,) € N, we define

1
CA(ﬁ) = z :asl coeas € k:ooa
1 T

where the sum is over all monic polynomials ai,...,a, in A with the re-
striction degya; > deggaz > --- > degga,. For r = 1, the values above
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were introduced by Carlitz [Ca35] and called Carlitz zeta values. We call
wt(s) :== >_._; s; the weight and r := dep(s) the depth of the presentation
Ca(s). In [T10], Thakur showed that for any two indices s € N” and 5’ € N"',
one has

(1.2.1) Ca(s) - Ca(s) = ijCA(ﬁj)

for some finitely many f; € F, and s; € Ndep(s;) depending on ¢ with
wt(s;) = wt(s) + wt(s’) and dep(s;) < dep(s) + dep(s’), where F), is the
prime field of k. We simply call (1.2.1) the g-shuffle relations (or g-shuffle
product), which Thakur called sum-shuffle relations. Note that in our posi-
tive characteristic setting, the g-shuffle product is neither the classical shuffle
product nor stuffle product (see H.-J. Chen’s explicit formula (5.3.1)). Be-
cause of the g-shuffle product, the co-adic MZV’s form an [Fj-algebra.

Given a monic irreducible polynomial v of A, we let k, be the completion
of k at v and let C, be the v-adic completion of a fixed algebraic closure
of k,. Throughout this article, we always fix an embedding ¢, : k < C, over
k once a finite place v is given. Based on the formula of co-adic MZV’s in
terms of Carlitz multiple polylogarithms (abbreviated as CMPL’s) estab-
lished in [C14], the first and third authors of the present paper introduced
the Carlitz multiple star polylogarithms (abbreviated as CMSPL’s) given in
(2.2.2) and derived the formula of co-adic MZV’s as k-linear combinations
of CMSPL'’s at integral points in (2.3.4). In the depth one case, CMSPL’s
are reduced to Carlitz polylogarithms and such formula was established by
Anderson-Thakur [AT90].

Inspired by Furusho’s strategy for defining p-adic MZV’s [F04], for any
index s € N" the first and third authors treated CMSPL’s for v-adic con-
vergence in [CM19] and used action of certain t-modules for which v-adic
CMSPL’s can be extended to be defined at integral points. Then they used
the same formula of co-adic MZV’s (2.3.4) to define the v-adic MZV (4 (s),
in (2.3.5) for any index s. As same as the case of co-adic MZV’s, the weight
and the depth of the presentation (4(s), are defined to be wt(s) and dep(s)
respectively. Note that Thakur [T04] also defined v-adic MZV’s but his def-
inition is different from ours, see Remark 2.3.6.

In [Go79], Goss defined a v-adic zeta function that interpolates Carlitz
zeta values at non-positive integers and obtained v-adic zeta values at pos-
itive integers, which are simply called Goss’ v-adic zeta values, which are
equal to Thakur’s v-adic MZV’s of depth one. In the depth one case, our
v-adic zeta value (4(s), is identical to Goss’ v-adic zeta value [Go79] at s
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multiplied by (1 —v~*)~! (see [AT90, Thm. 3.8.3. (I)]), and so {a(n), = 0
for all positive integers n divisible by ¢ — 1 by the work of Goss. This phe-
nomenon is parallel to the p-adic case mentioned above.

Let Z C Cy (resp. Z, C C,) be the k-vector space spanned by 1 and
all co-adic MZV’s (resp. 1 and all v-adic MZV’s). It is shown in [CM21,
Cor. 6.4.3] that the map Z — Z,, given by (a(s) = Ca(s), is a well-defined
k-linear map. Our main theorem stated below is a function field analogue of
Conjecture 1.1.1 but it is in stronger form as it is over algebraic coefficients.

Theorem 1.2.2. For any finite place v of k, the v-adic MZV’s satisfy the
same k-algebraic relations that their corresponding oco-adic MZV’s satisfy.
That is, if

g(Ca(s1),...,Calsm)) =0
for g € k[X1,..., Xp], then we have

9(Ca(81)vs -+, Ca(Sm)v) = 0.

Note that Z forms a k-algebra because of (1.2.1). The theorem above is
equivalent to the following.

Theorem 1.2.3. Let v be a finite place of k. Then the following hold.
1. v-adic MZV’s satisfy the q-shuffle relations in the sense that

Ca(s)y - Ca(s)y = Z fiCa(si)v

with notation given in (1.2.1).

2. Z, forms a k-algebra and the following map Z — Z,, given by Ca(s) —
Ca(s)y is a well-defined k-algebra homomorphism. In particular, the
kernel contains the principal ideal generated by C4(q — 1).

The theorem above gives an affirmative answer of part of the questions
in [CM21, Rem. 6.4.4], which arose from numerical evidence using Sage-
Math. In Section 5.3 we give an example for computing the product of the
v-adic single zeta value (4(1), with itself for a very special q. As can be seen
from that example, a direct calculation proof of Theorem 1.2.3 is impracti-
cal because the definition of (4(s), is through the logarithm of a concrete
t-module, whose dimension is huge when wt(s) and dep(s) are large. In this
paper, we aim to prove Theorem 1.2.3 in a more robust way via the logarith-
mic points of view. Since we have shown in [CM21] that the map Z — Z,, is
well-defined and k-linear, the statement (1) of Theorem 1.2.3 is equivalent
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to the statement (2). It is natural to ask about the kernel of the k-algebra
homomorphism Z —» Z, given in Theorem 1.2.3. We conjecture that the
kernel in question is the principal ideal generated by the single zeta value
Ca(g — 1) and discuss some applications in Sec. 5.4.

1.3. Ideas of the proof

To sketch the key ideas of our proof, we first set up the following nota-
tion. Fix any finite place v of k. For any index s = (s1,...,s,) € N, let
Lif(z1,...,2r) be the Carlitz multiple star polylogarithm defined in (2.2.2).
We define

(1.3.1)
Ds oo :={(21,...,2r) € C| |21]00 < qﬁ and |ziloo < ¢t (2<i<7)}
c C

and note that by [CM21, Rem. 4.1.3.] Li} converges oc-adically on Dy .
Concerning v-adic convergence, Li; converges on

(1.3.2)
DY i={(21,...,2) € Ci| |21y < T and |z, <1 (2 <7 <r)} C Cy,

but by [CM19] it can be extended to be defined on the closed polydisc
(1.3.3) DYy = {(z1,...,2) € Cy| |2y <1 (1 <i <)} C Cp.

Recall that for w € {v, 0o}, we have fixed an embedding ¢,, k — C,, and
it naturally extends to k' by setting vy (21, ..., 2) == (tw(21), - - -, tw(2r)) €

Cy, for each (z1,...,2,) € k. We then define the following common sets of
algebraic points

(1.3.4)
DS = 1 (1o (B %) M) N5 (™7 N DS ) € B,
and

(1.3.5) ID)ED’%f =t (Loo(Edeps) N ID)E,OO) Nyt (Lv(Edepﬁ) N Dfﬁf) o

Note that we identify k& as a subfield of C,, via the embedding ., for w €
{v,00}. Thus, the notation Li;(u), (resp. Li;(u)) is referred to

(1.3.6) Li;(u), := Lij(ty(u)), € Cy (resp. Lis(u) := Lii(teo(u)) € Coo)
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for u € ]D)SD%, and in this case we say that Li} is defined (resp. converges) on

D> v—adiéally (resp. oo-adically) when no confusion arises.

Definition 1.3.7. We define the following k-vector spaces.

ngnv := the k-vector space spanned by 1 and all Liz(u) for s € U,»oN"
and u € D%,

s,k

L™ := the k-vector space spanned by 1 and all Li’(u), for s €

v
Ur>oN" and u € ID)CO—“V

Dcf

L. := the k- Vector space spanned by 1 and all Liz(u) for s € U,~oN"
and RS }D)Dekf
EDEt = the k-vector space spanned by 1 and all Li%(u), for s € U,~oN"
and u € }D)sDe]:.

As D c DP we have the natural inclusions:

s,k s,k

Lo™ C Lot and L™ C L,

o

We illustrate our strategy via the following commutative diagram

(1.3.8)

=, 014] —Def  Thm. 4.2.1 —»Conv
o o0
[CM21] l ¢vlThm. 5.1.5 l
Def. —Def = )—Conv
L, L,

with the following descriptions:

1.

The inclusion Z < Lo follows from [CM21, Thm. 5.2.5] (see [C14,
Thm. 5.5.2] also).

The map Z — Z, given by Ca(s) — Ca(s), is a well-defined k-linear
map by [CM21, Cor. 6.4.3].

We prove in Theorem 4.2.1 that the inclusion ngnv — Zﬁjf
an equality.

We prove in Theorem 5.1.5 that the map ¢, : Esf —» def given by
Lif(u) + LiX(u), is a well-defined k- linear map.

By definition, the restriction of ¢, to £ ™ s a well-defined k-linear
map onto Econv.

is in fact

With the above properties established, we mention that since the map

¢y is surjective and L

—=Def

Econv, it implies the equality def = L.

oo v



Algebra structure of multiple zeta values in positive characteristic 751

Furthermore, because the CMSPL’s converge oc-adically and v-adically on
DSOE”V, the values in ES:W and ESODV satisfy the stuflle relations respectively

(see (2.2.5) and (2.2.6)) and hence the map ¢, is a k-algebra homomorphism.
As the restriction of ¢, to Z is given by Ca(s) = Ca(s)y (see (2.3.4) and
(2.3.5)), we derive the desried k-algebra homomorphism Z — Z,,.

1.4. Organization of this paper

In Sec. 2, we first review the theory of Anderson on his t-modules. We then
review CMSPL’s and describe stuffle relations. We further recall from [CM19,
CM21] how we relate CMSPL’s to coordinates of logarithms of certain ¢-
modules at specific points as is used to define v-adic MZV’s.

Sections 3 and 4 are the most technical parts, which are devoted to

proving Theorem 4.2.1. Given any Li;(u) € ZEOCf, ie., u € ID)E%, we mention

that Lij(u) is realized as the wt(s)-th coordinate of the 10’garithm of an
explicitly constructed t-module G defined over k at an algebraic point v €
G(k). To show that Lif(u) € ZS;”“”, the key of our strategy is to find a
suitable algebraic point v/ € G(k), at which the logarithm log. converges
both oo-adically and v-adically and we use techniques of division points to
do the trick. From the functional equation of log, the wt(s)-th coordinate
of log(v') is related to the value Li}(u).

Moreover, we have to control the v-adic size of the point v/ as is needed
when defining the v-adic MZV (4(s),. However, Papanikolas’ computa-
tion [Pp] concerning the leading coefficient matrices of the t™-action of the
s-th tensor power of the Carlitz module C®¢ enables us to ensure that the
point v’ satisfies the desired properties. The crucial result is stated as The-
orem 3.1.1.

Section 4 is devoted to establishing a kind of algebraic functional equa-
tions for certain coordinate of the logarithm of certain explicit ¢t-module at
any algebraic point whenever it is defined. The primary result is given as
Theorem 4.1.4, which is mainly used to prove the identity Zngf = Zﬁfjj‘“”.
In the final section, we use Yu’s sub-t-module theorem [Yu97] to prove in
Theorem 5.1.5 that the map ¢, is a well-defined k-linear map, and then give

a proof for Theorem 1.2.3.
2. Preliminaries
2.1. Notations

Table of Symbols 2.1.1. We use the following symbols throughout this
paper.
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N = the set of positive integers.

q = a power of a prime number p.

F, = a finite field of ¢ elements.

A = [Fy[0], the polynomial ring in the variable 6 over F,,.

k = [,(0), the quotient field of A.

oo = the normalized absolute value on k for which |0|s = gq.

koo = T4(1/8)), the completion of k at the infinite place.

Coo = koo, the co-adic completion of an algebraic closure of kuo.
a monic irreducible polynomial in A.

-V c
I

<

= the normalized absolute value on k for which |v|, = ¢; !,
where ¢, := ¢4 ?.

= the completion of k at v.

= k,, the v-adic completion of an algebraic closure of k,.

an algebraic closure of k.

a fixed embedding k — C., over k.

a fixed embedding k — C, over k.

= (A ..., A1) for any r-tuple A = (A1,..., \) of symbols.

= maxi’j{]M,j]w} for M = (MZ]) S Matgxm(Cw) where w = co

L

Cy

k

Lo

Ly

A

([ M|

or w = v.
wt(s) = >.._,s;foranindex s = (s1,...,s,) € N".
dep(s) = r for an index s = (s1,...,8,) € N".

As metioned in the introduction, for w € {v, 00} we always identify k as
a subfield of C,, under ¢, and further extend the identification to k" via b -
In what follows, given a subset D C CJ, with nonempty intersection with
1w(E") we adopt the notation

(2.1.2) E D= (Lw(E’") N D) cF.

We further use the notation |[ully = [tw(u)|lw for u € & N D. For any
F € E[[zl,...,zr]]d < Cylz1, ..., 2]% the notation F(u), (resp. F(u)) is
referred to F(ty(u)), (resp. F(ioo(u))) in the case w = v (resp. w = 00)
whenever it is defined. Finally, for an algebraic group G defined over k, we

understand that G(k) is identified as a subgroup of G(Cy,) via ty.
2.2. t-modules associated to CMSPL’s

2.2.1. Review of Anderson’s theory on t-modules. For any [F -alge-
bra R, any matrix M = (M;;) € Matyy,,(R) and any non-negative integer n,
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we define the n-th fold Frobenius twist by M) := (Mian ). We then define the

non-commutative ring Matq(R)[7], whose elements are of the form Y-, a;7"
with a; € Maty(R) and a; = 0 for i > 0, and whose multiplication law is

given by
S ) = 35 et
J

i>0 §>0 i

We put R[7]| := Mat;(R)[7] then we have natural identifications

Matgy(R[7]) ~ Matg(R)[1] ~ Enqu<GZ/R)’

where Endy, (G¢ / ) is the ring of Fy-linear endomorphisms over R of the d-
dimensional additive group scheme Gg /R and 7 corresponds to the Frobenius
operator (z1,...,2q)" — (zf,..., 29"

Let t be a new variable. Given an A-subalgebra R C k and a positive
integer d, a t-module of dimension d defined over R is an F,-linear ring
homomorphism

(=] : Fy[t] — Matq(R[7])
so that 0[t]—6-1; is a nilpotent matrix. Here, for a € F[t] we define d[a] := ay
whenever [a] = 7", a;7" for a; € Maty(R). We denote by G = (Gg/R, -1,
whose underlying space is the group scheme G¢ over R and whose IF,[t]-
module structure is through the Fy-linear ring homomorphism [—], ie, for
any R-algebra R', the F,[t]-module structure on G r(R) = (R is given
by

for a € Fyt] and x € (R')%.

Fix a d-dimensional t-module G defined over R as above, and let K be
the fraction field of R. Anderson [A86, Sec. 2| (see also [Go96, p. 160-161]
and [NP22, Rem. 2.2.3]) showed that there is a d-variable F,-linear formal
power series

expg € K[z, ..., zq]*
satisfying that exp(z) = z (mod degq) for z = (z1,. .., 24)", and as formal
power series identity we have

(2.2.1) expg od[a] = [a] o expg

for all a € [Fy[t]. The power series expg is called the ezponential map of G,
and it is shown by Anderson that in terms of oo-adic convergence, it is an
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entire function from Lie G(Co) = CZ, to G(Cs) = C%. The formal inverse
of expy is denoted by log, and is called the logarithm map of G. So as
formal power series one has the following propertities:

e log(z) =z (mod degq).
e logg ola] = 9[a] o logg for a € Fy[t].

From the point of view of transcendence theory [Yu91, Yu97|, the val-
ues of logarithms of t-modules at algebraic points provide rich resources of
interesting transcendental numbers. In this paper, we deepen this logarith-
mic perspective and such logarithmic interpretations for our special values
studied here provide the key approaches to prove Theorem 1.2.3.

2.2.2. CMSPL’s and stuffle relations. Let Ly:=1and L; := H;ZI(Q—
07 ) for i > 1. For any index s = (s1,...,s,) € N", we define the s-th Carlitz

multiple polylogarithm (CMPL) as follows (see [C14]):

A
Lls(Zh...,ZT) = E WekﬂZh,Zr]]
d1>>0,20 4 br

We also define the s-th Carlitz multiple star polylogarithm (CMSPL) as
follows (see [CM19]):

q't gir
3 z ez
(222) Ll:(zl>...,z'f‘) = Z ﬁ € k[Zl,...,Zr]],
> >0 >0 h i

We denote by Lig(z1,...,2r)y (resp. Lis(z1,...,2,)) and Lii(z1,...,20)y
(resp. Lif(z1,...,2r)) when we consider the v-adic (resp. co-adic) conver-
gence of those two infinite series.

In what follows, we describe the stuffle relations arising from CMSPL’s.
Let

X = {(s,u)ls € Nyu € k, |u|oo < q%,wv <1} cNxk
and

XY= {(s,u)|s e N,u € k, |u|oo < q%7 lu|, < 1} C X.
Let

h%]MSPL = E<Zs,u’(37 u) € X)
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be the non-commutative polynomial algebra over k generated by the vari-
ables {stu}(s,u)eX and

0 T 1 1
bomspr =k & @ zsubomspr | € bomspr-
(s,u)eX0

For any s = (s1,...,5,) € N" and u = (uq,...,u,) € k with (s;,u;) € X
fori=1,...,r, we shall call z,, ,, -2, 4, the monomial associated to the
pair (s,u), and vice versa.

We define the k-bilinear stuffle product + on h};MSPL by

lxw=wx1l=w
and
/ / / /
Zo W * Zgr W = Zg (W K Zgr W) + Zgr a (Zs W * W) — Zgp gy (W % W)

for each (s,u),(s',u’) € X and w,w’ € hlygpy, (cf. IKOO11, Sec. 2.1]).
Clearly, h%MSPL is closed under *.

Now we define £i*(—): b2y qpr, = L™ C Coo and Li*(—)y: henspL —
L., C C, to be the k-linear maps given by £i*(1) := 1, £i*(1), := 1, and

£i*<281,u1 T ZST,UT) = Li)(ksl,,,,ysr) (ulv B 7u7’)7

and

‘Ci*(zsl,ul - stur) = Li?81,---787~)(u1’ e ,ur)v.

The following describes the stuffle relations for the convergent values of
CMSPL’s, and it may be well-known for experts but to be self-contained we
provide the detailed but short arguments here.

Proposition 2.2.3. The k-linear maps Li*(—) and Li*(—), are multiplica-
tive in the sense that

Li*(wxw') = Li*(w) - Li*(w') and Li*(w*w'), = Li*(w), - Li*(w'),

for each w,w' € b%MSPL. In particular, ngnv and ZSOHV form k-algebras
and their generators satisfy the same stuffle relations in the sense that for
monomials w,w' € h%MSPL with expression

(2.2.4) wrxw = Z ajw;, o € Fp,

(2
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we have

(2.2.5) Li*(w) - Li*(w') = Li*(wxw') = Z a; Li*(w;) in Coo

and

(2.2.6) Li*(w)y - Li*(w')y = Li*(wxw)y = > a;Li*(w;)y in C,.

Proof. For each non-negative integer n, we define the (truncated) k-linear
map LiX, given by L£it (1) :=1 and

VN
<n S1,U1 Sp U LS ... L5 - YCMSPL .
n>i; >-->i,>0 4 tr

Since li_)In Lit,(w) = Li*(w) in Ce and h_)m Lit,(w) = Li*(w), in Cy, it
suffices to show that

LiZ, (w* w') = Lit, (w) - Ei*gn(w')

for all w,w' € hygpr, and n € Zx.

Because of linearity, we may assume that w and w’ are monomials. We
prove the desired claim by induction on the sum of total degrees of w and
w'. If w=1or w =1, then the equality is clearly valid. Let w # 1,w" # 1
and suppose that the equality holds for all n and for monomials whose total
degree is less than deg(w)+deg(w’). If we write w = z5 ,wo and W' = zy Wy,
then we have

£z’*§n(zs uwo) . ﬁi;n(28/7ulw6)

Uq * / ’ -k -k /
= Z 73 £z<l(w0) Ezgi(zs/,wwo)—i— Z 7 Ezgi(z&uwo)-ﬁzgi(wo)

n>i>0 ¢ n>i>0 ¢
-k /
- E s+s ‘CZ<1 (wo) - Elgi(wo)
n>i>0 i
q ( /)qi
u u % /
= E e — L% (wo * zer rw) + E v Li% (25 uw * wp)
n>i>0 ¢ n>i>0 ¢

— E s+s EZ<Z (wo * w)

n>i>0 i
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= L3, (2su(wo * 25 wwp)) + Li%y (25w (25,uwo x wp))
- ﬁi;n(zs—i—s/,uw (wo * wp))

-k /
= L%, (25 uWo * Zs' urWp),

where the second identity comes from the induction hypothesis and the last
two identities follow from definitions. O

2.2.3. The construction of G5 . Throughout this section, we fix s =

(s1,...,8,) € N and u = (uy,...,uy) €k . For 1 <i<r, we set
(2.2.7) di =8+ -+ s,

and

(2.2.8) d:=dy+ - +d,.

Let B be a d x d-matrix of the form

B11] | --- | B[]

Bl |- | Bl

where B[¢m] is a dy X d,,-matrix for each £ and m. We call B[¢m] the (¢, m)-th
block sub-matrix of B.

For 1 </ <m <r, weset

01 O 0
0 1 :

Ny := w0 | € Maty, (k),
1
0

Np
Ny _
N = ‘ e Mat (%),
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0 oo i 0
Eltm] := o | € Matg,xq, (k) (if £=m),
Lo g
0 0
Eltm] := 5 . € Matg,xa, (k) (if £ < m),
<—1>m—€0H:121ue o 0
B[] E[12] .- E[lr]
oy B2 5 € Maty(F).
Elr —1,7]
Elrr]

Also, we define the t-module Gy, := (G4, [~]) by
(2.2.9) [t] = 015+ N + ET € Matg(k[7]).

Note that G5 depends only on uy, ..., u,—1. Finally, we define

dy

da

O p—
(2.2.10) Vou'= | Loy, | )€ Gsu(k).

Uy
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2.3. v-adic MZV’s

To review the definition of v-adic MZV’s, we need to recall how we extend
the defining domain of the v-adic CMSPL Li to Dg5. Fix an r-tuple s =
(s1,..-,5:) € N" and note that Li; converges v-adically on D™ given in
(1.3.2) (see [CM19, Sec. 2.2]). Recall in Sec. 2.1.1 that we use the notation
A= (A, ..., A1) for any r-tuple A = (Aq, ..., A,) of elements of a nonempty
set. The following result gives logarithmic interpretation for CMSPL’s at

algebraic points.

Theorem 2.3.1 ([CM19, Thm. 3.3.3] and [CM21, Thm. 4.2.3]). Fizing any
r-tuples s = (s1,...,8) € N and u = (uy,...,u,) € k', let Gsu and vgu
be defined as above.

1 Ifa = (up,...,u1) €k N Dz — CL, (see (1.3.1)) and x = (x;) €
Gsu(Coo) with |24, 4..d, ,+jloo < qf(d’”fjH% for each 1 <m <r
and 1 < j < dp,, then loggﬁyu(x) converges oo-adically. In particular,
logg, ., (Vs,u) converges oo-adically. Moreover, its wt(s)-th coordinate
s equal to

(-1t Lif(a) = (1) Lif, ().

2. If = (up,...,u1) €k NDL™ < C (see (1.3.2)) and x € Gsu(Cy)
with ||x|l, < 1, then logg, uy(x)v converges v-adically. In particular,
logg, ., (Vsu), converges v-adically. Moreover, its wt(s)-th coordinate
s equal to

(=)™ Lif(@), = (1) Ll oy (U)o

Remark 2.3.2. In fact, all coordinates of logg,  (Vsu) can be written ex-
plicitly in [CGM21], and the tractable coordinates (see Definition 5.1.4) of
logg, ., (Vsu), are given explicitly in [CM19].

We put v(t) := v|g= € F,[t]. Define the local ring O¢, := {a € Cy;|al, <
1} and denote by m,, the maximal ideal of O¢,. The purpose of constructing
Gsu for given s and u is for the purpose of connecting LiZ(11) as well as
Liz(q), with a coordinate logarithm of the special algebraic point v, y, where
the depth one case was established in [AT90]. The following provides an
approach to extend the v-adic defining domains of CMSPL’s.

Proposition 2.3.3 ([CM19, Prop. 4.1.1]). Let s = (s1,...,8,) € N and
u:= (uy,...,u;) € krﬁID)sDﬁf (see (1.3.3)). Let G5 be the t-module defined in
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(2.2.9) and vsu € Gsu(k) be defined in (2.2.10). Let £ > 1 be an integer such
that each image of u; in Oc, /m, = E s contained in Fge. Let dy,...,d, be
defined in (2.2.7). Then

H[v(t)dlf — 1o)== 1] [o(t)®* - 1]v5,qu <1

In particular,
toge, , ([0 = @™ = 1] o) ~ vew)

converges in Lie G u(Cy).

For any u € k' N Dgs (this is equivalent to 1 € E N D), let a € Fyt]

be nonzero such that | [a]vs,qu < 1. The v-adic CMSPL LiZ at u is defined
to be

Li?s“...,sl)(urv s 7u1)v

(_1)7“—1 ]
= a(0) X (the wt(s)-th coordinate of logg, ([a]vmu)v) .

It is shown in [CM19] that the v-adic value Li%(#), for u € k' N Dy is
independent of the choices of a(t) and the existence of such a(t) € Fg[t] is
guaranteed by Proposition 2.3.3.

We now recall the formula expressing MZV’s as linear combinations of
CMSPL’s at integral points from [C14, Thm. 5.5.2] or [CM21, Thm. 5.2.5].
For any index s € N', there are some explicit tuples s, € NAeP(st) with
dep(sy) < dep(s) and wt(sy) = wt(s), some explicit elements by € k and
some explicit integral points

ug € APE) ND,,
so that

(2.3.4) Cals) = by (—1)IPEINLIE (1)) € koo
l

So based on Proposition 2.3.3 Lij, (uy), is defined. The v-adic MZV (a(s).
in [CM21] is defined by

(2.3.5) Ca(s)y =D be- (—1)%PEITILL (uy), € ky,
4
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which can be thought of an analogue of Furusho’s p-adic MZV’s. Such as the
oo-adic case, we define the weight and depth of the presentation (4(s), to be
wt(s) and dep(s) respectively. These oo-adic MZV’s and v-adic MZV’s are
expressed in terms of CMSPL’s at integral points and have nice logarithmic
interpretations in [CM21], extending Anderson-Thakur’s work [AT90] from
depth one to arbitrary depth.

Remark 2.3.6. Another version of v-adic MZVs was defined by Thakur [T04]
using interpolation. For a positive integer s and a non-negative integer d,
we let
1
Sy.d(s) == Z e €k,
where the sum is over all monic polynomials a € A of degree d relatively

prime to v. For any index s = (s1,...,s,) € N", Thakur’s interpolated v-adic
MZV at s is defined by

Q};ha(ﬁ)v = Z Sv,dl(sl) e Sv,dr (ST) € ky.

dy>-->d. >0
3. A trick on division points

The main theme in this section is to demonstrate that we are able to find a
specific algebraic point at which the logarithm of the ¢-module in question
converges both oco-adically and v-adically. This trick is achieved using the
uniformization of the t-module as well as its property of iterated extensions
of Carlitz tensor powers.

3.1. The crucial result

Recall the notation DP< defined in (1.3.5). Note that expg is locally isometric

for any t-module G defined over k, so we can find a small domain Dg C
Lie G(Cx) on which expg is an isometry (see [HJ20, Lem. 5.3]). For each
z € Oc,, we denote by Z the image of z in the residue field Oc, /m, = F,, .
For each £ € N, we define a local ring A(,) ¢ by

A(U),g = {$ ckn OCU‘E S Fqﬁ}:

where kN Oc, is defined in (2.1.2). For each n € N and x = (z;) €
Mat,x1(Oc, ), we define X := (T;) € Matyx1(IFg, ).

v
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Theorem 3.1.1. Let s = (s1,...,5,) € N, u € k' with a € ]D)gDeEf, and
Gsu = (G2 [-]) be the t-module defined in (2.2.9). Given any v € Ggu(kN
Oc,) such that logg_  (v) € LieGsu(Cx) converges co-adically, we pick a

positive integer £ for which v € Gsu(A() ) and define
alt) == (ot — 1)+ () — 1).
For each n € Z>q, put
Zy = 0Ou(t)"] ! logg, . (v) € LieGs u(Cxo), Vi i=expg,  (Zn) €EGsu(Cu).

Then the following properties hold.

1. [v@®)" vy, = v and v, € Gsu(k).

2. H[a(t)]vnHv < 1 if n is divisible by lem(dy,...,d,). In particular, in
this case logq_  ([a(t)]vn), converges v-adically (see Theorem 2.3.1).

3. hmn—>0°HZnHoo = 0. In particular, logg, . ([a(t)]vn), Ola(t)]loge,  (Vn)
and Z, = Ov(t)"] tlogg, .(v) converge oo-adically for sufficiently
large n, and they are contained in Dq, .-

In order to prove the theorem above, we need to establish some lemmas.
For any positive integer s, we denote by C®* = (G2, [—]s) the s-th tensor
power of the Carlitz module, which is defined over A. Precisely,

g 1 --- 0 00 0
PRI 00 - 0
(3.1.2) [t]s = +1 .. .| 7 € Mats(A[]).
1 . . :
0 1 0 --- 0

By [Pp, Cor. 3.5.4] for each m € Z>¢ with m = ¢ (mod s) (0 < £ < s), the
leading coefficient matrix of [t™]s is of the form

0 - v v oo 0
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where the (7, j)-th component is 1 (resp. 0) if i = j+s—/ (resp. i < j+s—¥).
Furthermore, we have
m
deg, [t = | 7]

s
So the above properties directly lead to the following.

Lemma 3.1.3. Let s be a positive integer and let b(t) € Fy[t] be a monic
polynomial such that deg, b(t) is divisible by s. Then there exist polynomi-
als fi;(X) € XA[X] with degy fij(X) < ¢l M)/ and degy fw( ) <
qldeg b0)/s if i < j. so that for any x = (x1, .. xs)tr e C®(k) =k and
(Y1,---,ys)™ = [b(t)]sx, we have

(degy b(t))/s
q
E flj x] =Y

(degy b(t))/s
q Zf2j $j =12
(3.1.4)

S
(degy b(1))/s
2T Y () = v

J=1

Then Lemma 3.1.3 enables us to ensure the v-adic integrality of certain
v(t)"-division points in G y.
Lemma 3.1.5. Given s = (s1,...,8,) € N and u = (by,...,u,) € k', let
Gsu = (G, [-]) be the t-module defined in (2.2.9). Let n € N be a positive
integer divisible by lem(dy, . .., d,). Fiz any algebraic point v € Gs (k) and
suppose that v'' € Gsu(k) satisfies [v(t)" v/ = v. Ifu € Al and v €
Gsu(Aw) ) for some £ € N, then v/ also lies in Gsu(Ap)e)-

Proof. We write

[w®)"a, Mz - My
()] = [v(t)"]a, ]\4:2r € Maty (F[r]).
[v(t)"]a,
and note that since u € A(v)ﬁ’ we have M;; € Matg, xa,(Aw),e[7]) for all

z. , ] 1Hemce we have [v(t)"] € Matq(Aw,)[7]) as [v(t)"]q, € Matd (A[7]) for
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We further write

Vi v
vV = (Vi S Matdixl(A(y),e)) and v/ = (V; S Matdixl(E)),

Vi v

then the equation [v(t)"]v’ = v is expressed as

(3.1.6) [()™a,vi=vi— > Myv (1<i<r).
1<j<r

By considering (3.1.6) for i = r first, followed by i = r —1,...,i = 1
inductively, we are reduced to showing the case when r = 1, ie., s = (s).

Moreover, due to the fact [v(t)"] = [v(t)®*] o --- o [v(t)®] (% times) we may
assume n = s.
Write v/ = (21,...,25)" and v = (y1,...,ys)" and then we have the

system of equations (3.1.4) for b(t) = v(¢)®. Let 1 < ¢ < s be the minimal
integer such that |2;|, = maxi<j<s{|z;|,}. We first claim that v/ € C®*(kn
Oc,). Suppose on the contrary that |z;|, > 1. Recall that g, := g% =

degy b(t)
q s . Then we have

. degx fu(X) P> 4
(24)]p < max{1, x|, }de8x fi;(X) < |2ilv (j = 1) < |zi|9
il < max(1 a1} <d i e 020 <t

for each 1 < j < s. Therefore
S
U< fald = ol + ) fijlay)| = lyilo <1
j=1 )

which leads to a contradiction, and hence v/ € C®*(kN Oc,).
By [AT90, Proposition 1.6.1], we have
[w(t)*]sv' = v/ (@8 ¥ (mod m,).
So the relation [v(t)®]sv' = v (mod m,) implies

w(dege v) —ve C®s (qu)'

Since Fy is perfect, we have v/ € C®$(F,), and hence v/ € C¥¢(A(,) ). O
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In what follows, we need the notion of regular ¢-modules introduced by
Yu in [Yu97, p. 218].

Definition 3.1.7. Let G be a t-module defined over k. We say that G is
regular if there is a positive integer v for which the a-torsion submodule of
G(k) is free of rank v over F,[t]/(a) for every nonzero polynomial a € F,[t].

The following proposition is needed in the following subsection, where
we prove Theorem 3.1.1. Moreover, it also enables us to apply Yu’s sub-
t-module theorem for the t-module G, when proving Theorem 1.2.3 in
Section 5.

Proposition 3.1.8. Foranys € N" andu € k' with @t € Dz o (see (1.3.1)),
the t-module G y is reqular.

Proof. The t-module G y, is uniformizable by [CM19, Rem. 3.3.5] and [CM21,
Rem. 2.5.2]. Then by the same arguments of [CM21, Prop. 6.3.2], the desired
result follows. O

Remark 3.1.9. An alternative proof of the above proposition pointed out by
the referee is given as follows. One can prove that G y, is an abelian t-module
in the sense of [A86, Sec. 1.1], then the desired result follows from [AS86,
Prop. 1.8.3].

3.2. Proof of Theorem 3.1.1

Now we give a proof of Theorem 3.1.1. For each n € Z>¢, we have

[o(t)"vn = [0(t)"]expe, , (O[()"] " logg, ,(v))
= expg, , (9v(t)"10l(1)"] ™ logg, , (v))
= expg, (loggsyu(v)> =v.

Denote by G ulv(t)"] the algebraic subgroup of v(¢)"-torsion points of
Gl u- As the algebraic variety defined by [v(t)"]X = v is a G u[v(t)"]-torsor,
it is a zero-dimensional variety defined over k since G, y is a regular -module
by Proposition 3.1.8. Therefore we have

vn € Gsu(k),

whence proving the property (1).
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To prove the property (2), we mention that by Lemma 3.1.5, if n is
divisible by lem(dy, ..., d,) then we have

Vp € GS,U(A(U),K)'
Furthermore, from [CM19, Prop. 4.1.1] the choice of a(t) implies that
Jfa(®lva, <1

for each n € N with lem(dy, ..., d,)|n.

Now we aim to show that HZ”HOO — 0 as n — oo. Let Ny, := 0[b(t)] —
b(0)I4 for each nonzero polynomial b(t) € F,[t]. Then N, is a nilpotent
matrix. Recall that N is the nilpotent matrix given in [¢] in (2.2.9). Since

N € Matq(F,) and 9[t'] = (014 + N)' = 0'I;+ > <Z) OINI (i € o),
0<j<i
we have |Np|oo < |b(0)|oo. Therefore we have

1

d—
b(®)~" (Z(—Nb/b@w)

£=0

—0

|

IO~ = = [b(6)

o)

as deg, b(t) — oo, and hence
[Z0]l = lIolo®)"] logg, (V)| =0 (0= o0).

Finally, since expg,  (—), logg, (=), [a(?)](—) and 9[a(t)](—) are con-
tinuous, the second part of the property (3) follows.

4. The key identity
The main purpose of this section is to show Theorem 4.2.1.
4.1. Formula for the weight coordinate
In this subsection, we aim to give a formula for the wt(s)-th coordinate of
log, , at algebraic points in terms of CMSPL’s for each s € N" and u € k"
with 1 € Dj . We first mention that the oco-adic convergence domain of

logg, ,, is given in Theorem 2.3.1. We then recall that the wt(s)-th row of
the coefficient matrices of logs_  is explicitly given as follows.
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Proposition 4.1.1 ([CM19, Prop. 3.2.1], [Chen20, Prop. 3.2.2]). For any
s = (s1,...,8) € N and u = (uy,...,u,) € k', we let Gsu be defined in
(2.2.9), d; be given in (2.2.7) fori=1,...,r and d be given in (2.2.8). We
put

logg, , =Y P, Py:=1q, P; € Maty(k),
i>0

and write the wt(s)-th row of P; as

<> <i> <> <i> <i> <>
(yl,l 7"'7y1’d1 792,1 7"'7y2’d2 7"'7yr71 7"'7y7«’dr> .

Then for each i > 0, we have

6 — gq")dﬁj

fO’r' 1 S ] S d17
Lh J

and for each 2 < m <r and 1 < j < d,, we have

at !

(113)  yss = (D)o - ey L e
e m,j le . Lsm—l Ldm :

0<iy <oty 1 <811 fm—1" 1

As a consequence of the proposition above, we obtain the following cru-
cial identity.

Theorem 4.1.4 (cf. [Chen20, Thm. 3.2.9]). Fiz any s = (s1,...,s,) € N
and u = (uy,...,u,) € k with @ € Dz o (see (1.3.1)). Let Gy be defined
in (2.2.9) and d; be given in (2.2.7) fori=1,...,r. If we set

tr
X = (xl,l) ey xl,dlax2717 cee )xQ,dg) ey m’r‘,lv cee 7$T',dr) S GS,U(COO))

and assume

_ — )4 dma
oo<q (dm ])+q71

|Zm,;j
foreach1 <m <r and1<j<d,, then

dma

0T jloo < qot (1<m<r, 1<) <dm, 0<0<dpy—j)

and

dym—14

10 T jtum—1loo < q -t (2<m<r, 1<5<dm, 0<L<dy—j),
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and the wt(s)-th coordinate of logg,  (x) is given by

dl dl_.] d
1—
O DI () AR PATE
J=1 =0
dm dm— ]
D INCIEE 9D HE (R A
2<m<r j=1 ¢=0
{Li’(*dmsm_lesl)(HEme, U1y -5 U7)
- Li?dm_l’sm_27...’sl)(Qexm,jum—la Um—2, -+, ul)} )

where in the case of m = 2, we denote by

(dm—1,Sm—2,---,51) := (d1) and (Hexm,jum_l, U2y« o, UY) 1= (Qngjjul).
Proof. We use the same notations as in Proposition 4.1.1. First of all, we
note that since

dm—3j ) (dm J)-‘r dmaq dmag

(dm—5)+ 524 < q -1 = qga-1

10T m 0o < " - q” -1 <gq

foreachl1 <m<r,1<j<d,and0</¢<d,—j, and

¢ 1 A=)+ mo1d
‘9 xm,jum—lyoo <q -q = 2 -q !
. dma Sm—19 dm—14
S qdm,_] . q (d 7])“’» (1 q q—1 — q q—1 ,

foreach 2 < m<r, 1 <j<dy,and0</¥<d,—j each CMSPL in
Theorem 4.1.4 converges oo-adically.

According to Theorem 2.3.1, logg, (%) converges oo-adically. Since we
write logg, = >0 P;r', the wt(s)-th coordinate of logg, (x) is given by

>3 S

1=0 m=1 j=1

We claim that the series

DTS

m=1 j=1 i=0
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converges oo-adically, and so it equals the wt(s)-th coordinate of logg_ (x).

To prove the claim above, we compute » -7 y;? 27 for eachl<m<r
and 1 < j <d,,. When m =1, we have

n q’ n di—j q
<z> 9 gq dlfjxlaj _ dy — le —j— E( aqi)fx17j
ylv] 1,5 Ld1 o / Ld1
= i =0 ¢=0 %
di— d . (96 )qi
_ (_1)[ 1 J Hdlfjfz .’BL]
- / L&
£=0 =0 1
1 i
o Y (M et )
/=0
as n — oo for each 1 < j < dyj. When 2 < m < r, we have
n n q i1 q m—1 q
i> 4t m—1 iy —j Uy Uy g Ty,
Zy:“]?m?”vj = Z(_l) (9 — 01 ) ! Z LSt LG 1Ld'm]
i=0 i=0 0<ig < <igp1<i i1 Hima
n dm — ) q1“. gim—1_4i
Z ( >9dm—j—f(_9ql)f Z Uy Um—1 Ty j
s Sm—17dm
i=0 =0 0<ir< Simoa<i Li o Lig T L
dm—Jj . q'1 gim=1,,¢ qim
m— dmij dm—j—~ Uy Uy (9 me)
~ () lzw( )ew' > s (O
£=0 ¢ 0<ig <+ <igp—1<im <n Lill. L 71L1m
m—1 e L dm - .7 dm—j—4
— (-1) > (-1 P G X
=0
{Li?dm13m71 ~~~~~ 31)(9655"%]5 Um—1y-- ,U1)
- Lizdm,l,sm,g ..... sﬂ(aexm,]'um—h Um—2; - - - 7u1)}

as n — oo for each 1 < 5 < d,,. Hence we complete the proof of the claim
as well as the desired identity. O

4.2. Application of Theorem 4.1.4

Consider the following k-vector spaces

—Def

ﬁConv £ c (C

given in Definition 1.3.7. An important application of Theorem 4.1.4 is the
following equality, which is the key for us to prove Theorem 1.2.3 in the next
section.
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Theorem 4.2.1. Let notation be given in Definition 1.5.7. Then we have
the following equality

L =1
Proof. Suppose n = (ny,...,n,) € N and w = (wy,...,w,) € DE% (s0
Lij(w) € Zz:;f% our goal is to show that Lij(w) € Zggnv'
Put
s:=n= (nr,...ﬂ’ll), u:i=w= (wrm..,wl)

and write s = (s1,...,s;). Let G4 u be defined in (2.2.9) and v,y be defined
in (2.2.10). Let v := vg 4. For this v, we let a(t), n, Z, and v,, be given as in
Theorem 3.1.1 by taking n sufficiently large and divisible by lem(dy, ..., d,)
so that all the properties of Theorem 3.1.1 hold. We claim the following:

o logg, , ([0(t)"]va) = A[o(t)"]logg, , (V2):
e logg, . ([a(t)]va) = dla(t)] logg, . (Vs)-

We mention that although we have the functional equations of logs_ — as
formal power series, one can not argue directly that the two identities above
follow from the functional equations as logg,_  is not entire.

Assume the claim first. Then we have

Av(t)"logg, , ([a(t)]vn) = dlo(t)"|0]a(t)]logg, ,(Vn)

[a(t)]logg, , ([v(t)"]vn)
[a(t)]logg, , (Vs,u),

0
0

where the first and second equalities follow from the claim. By Theorem 2.3.1
and comparing the wt(s)-th coordinates of the both sides, we have

(71)7’—1
a(0)
(_1)7’—17)71

= a0 X (Wt(s)—th coordinate of 10gG5,u([a(t)]Vn)) .

Lij,

n(w) =Liz(a) = X (Wt(s)—th coordinate of d[a(t)]logg, (V57u)>

Here we used the fact that the wt(s)-th component of the wt(s)-th row of
0[b(t)] is b(#) and the other components are zero for each b(t) € Fy[t]. By
Theorem 3.1.1 we have that H[a(t)]vnHv < 1. Since |Jully, = ||[w]ls < 1, by
putting x := [a(t)]v, into Theorem 4.1.4 we see that the first coordinate
of each CMSPL appearing in the formula of Theorem 4.1.4 has the v-adic
absolute value strictly less than one and hence the right hand side of the

onv

. . .. —pC
equation above isin £ .
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Now, we prove the claim above. We first recall that Dg, , is the domain
on which expg, . is an isometry. Since Z, € Dg, ,, and v;, == expq, (Zn),
we have log, (Vi) = Z,,. It follows that we obtain the first desired identity

logg, , ([v(t)"]vn) = logg, , (V) = 0[v(t)"]Zn = O[v(t)"]logg, , (Vn),

where the second equality comes from the definition of Z,, given in Theo-
rem 3.1.1. Since

logg, , ([a(®)]lvn), Ola(t)]logg, ,(Vn)

belong to Dg, ., on which exp¢_  is an isometry, the second desired identity

logg, , ([a(®)]vn) = d[a(t)]logg, , (Vn)

follows from the functional equations of expg, , and its entireness:

expg, , (loge, . ([a(®)]v)) = [a(t)]va = exvg, , (Ola(t)]logs, , (va) ) -

5. Main theorem and proof
The primary goal of this section is to prove Theorem 1.2.3.
5.1. Yu’s sub-t-module theorem

In our function field setting, we have the following analogue of Wiistholz’s
theory, called Yu’s sub-t-module theorem.

Theorem 5.1.1 ([Yu97, Thm. 0.1]). Let G be a regular t-module defined
over k. Let Z be a vector in Lie G(Cy) such that expg(Z) € G(k). Then
the smallest linear subspace in Lie G(Cx) defined over k, which is invariant

under O[t] and contains Z, is the tangent space at the origin of a sub-t-
module H of G over k.

Here, a sub-t-module of G over k is a connected algebraic subgroup
of G defined over k which is invariant under the [t]-action. The following
lemma plays a crucial role so that we can apply Yu’s sub-t-module theorem
appropriately to prove Theorem 5.1.5.
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Lemma 5.1.2. Let s € N' be an index and u € k' such that @ € k' N D).
For any point x € Gsu(C,) with x|, < 1 and any € > 0, there exists
n € Zx>o such that H[v(t)”]x“v <e.

Proof. For each € > 0, we set
ac :={z € Oc,| |z|, < €}.

Since Gsy is defined over kN Oc,, it is clear that the F,[t]-action [—] on
G u induces an F[t]-action on (Oc, /ac)? via [—] where d is given in (2.2.8),
and without confusion we denote by G (Oc,/ac) for the F,[t]-module
((Oc, Ja)*,[=]). Note that by definition we have the following equivalence

H[v(t)”]x”v <e <= [v(t)"](xmod a;) =0 in Gsu(Oc,/ac).

We prove the lemma by induction on the depth r = dep(s). When r = 1
and s = (s), by [AT90, Proposition 1.6.1], we have f;;(X) € vXA[X] (1 <
i,j <r) for b(t) = v(¢)® in Lemma 3.1.3. Therefore we have
(5.1.3)

: el GE fixllo = g0 7Y
[v(®)"]x|[,, < max{|[x|[3", [|x[lv/q0} = . “1/(gu—
ieei=] Ioclo/an G o < g5/ ™)

We set x; = [v(t)*]x. If ||x; |, > g0 /7Y forall i € Z>0, then g /@Y <

1xille < Hngi for all ¢ € Z>(, where the second inequality comes from

(5.1.3). Since [|x]|, < 1, we have a contradiction. Therefore there exists
i9 € Z>o such that ||x;, [, < qvfl/(q“*l). Then we have

il < 5o lo/a~" (i > o)

and hence [|x;]|, = 0 (i — 00).
Let r > 2 and assume that the lemma holds for G’ := Gl(s2,y50), (tzyestin)
Let m: G54 — G’ be the natural projection given by

™ ((1’171, ey X1dy s L2150 oo 3 L2dyy - v - )tr) = (x271, ey L2 dyy e e )tr.

Then we have the following exact sequence of [ [t]-modules

0—— C®")(Og, /ac) — Gsu(Oc, /o) > G'(Oc, Jac) — 0,
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which is induced from the short exact sequence of t-modules

0 —— COWt(s) Gon —— G’ 0.

By the induction hypothesis, there exists n’ € Z>¢ such that

’

e ([u(t)”’](x mod a€)> — [u(t)"] (me(x mod a.)) = 0

and hence [v(t)"'](x mod a.) € ker 7, = C®V45)(O¢, /a,). By the argument
of the depth one case, there exists ny € Zx>¢ such that

[ty ([o(t)"](x mod a.) ) =0,
whence deriving
[v(t)" ] (x mod a.) = 0. O

We recall the notion of tractable coordinates introduced by Brownawell-
Papanikolas, which is convenient for us when applying Yu’s sub-t-module
theorem.

Definition 5.1.4. Let G = (GZ,[~]) be a t-module over k and let X =
(X1,...,X4)" be the coordinates of Lie G. The i-th coordinate X; is called
tractable if the i-th coordinate of J[a(t)]X is equal to a(f) - X; for each
a(t) € Fglt].

By the definition of the t-module Gy in (2.2.9), the (di + - - - + d;)-th
coordinate of Lie Gy is tractable for each 1 < ¢ < r. In particular, the
wt(s)-th coordinate of Lie G, y is tractable.

Theorem 5.1.5. The map

¢y := (Lif(u) = Li*(u),) : Lo — L,

is a well-defined k-linear map.

Proof. Suppose that we have ag+> " a; Lijy (w;) = 0 for ag, o1, ..., o €
k (not all zero), n; € {J,-oN", w; € DR . Our aim is to show that

m
g + Z (a7} Ll;l (Wz)v =0.
=1
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We set s; := 1n; and u; := w; and define the ¢-module

G =G, o @Gsi,ui

=1

with diagonal t-action, where G, is referred to the trivial t-module with
exponential and logarithm maps given by the identity map z — z.

Let Xq be the coordinate of Lie G, and X; be the coordinates of Lie G, y,
for i = 1,...,m. Put j; := wt(s;) and define Xj;;, to be the j;-th coor-
dinate of X; which is tractable in LieGs, , for i = 1,...,m. So X :=
(Xg, Xt X;’;)tr are coordinates of LieG and {Xo, X1j, ..., Xmj, } are
tractable coordinates.

Put v := (1) ® @, vs,u, € G(k). By Theorem 2.3.3, there exists a
nonzero polynomial a(t) € Fy[t] such that | [a(t)]v”v < 1. By Theorem 2.3.1
we have that log, converges oo-adically (resp. v-adically) at v (resp. [a(t)]v).
Note that J[a(t)]log (v) is the column vector whose entries are the con-
catenation of a(f) and the column vectors

dla(t)]loga. . (Veyuy)s---,0la(t)] logg, o\ (Vs un)s

s51,ug m

and log ([a(t)]v), is the column vector whose entries are the concatenation

of a(f) and the column vectors

IOgGsl,u1 ([a(®)]vs,ui)vs-- - logg, . ([a(®)]Vs,.,um)o-

Furthermore, by Theorem 2.3.1 the value (—1)3¢P(n)=14(g) Li}, (w;) (resp.
(—1)dep(m)=1q () Li} (W;),) occurs as the j;-th coordinate of the vector
dla(t)]logg,, , (Vs,u,) (resp. logg,  ([a(t)]Vs,u,)o) fori=1,....m.

Let V be the smallest k-linear subvariety of Lie G for which

e V(Cy) contains the vector d[a(t)]logg(v).
e V is invariant under the J[t]-action.

By Yu’s sub-t-module theorem, we have V' = Lie H for some sub-t-module
H of G defined over k. We note that the hyperplane

apXo + (—1)dep(n1)71a1X1j‘1 +---+ (—1)dep(nm)71amejm =0

is a k-linear subvariety of Lie G’ and contains the vector d[a(t)] logs(v) as a
Coo-valued point and is invariant under the J[t]-action. It follows from the
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definition of V that
V =LieH
C {OéoXo + (—1)dep(n1)_10é1X1j1 —+ -+ (_1)dep(nm)—1amejm = O} .

As J[a(t)]logg(v) € Lie H(Cy) C Lie G(Cw ), we have that

[a(t)]v = expg (Ola(t)]logg(v)) = expy (9[a(t)] logg(v)) € H (k).

By putting x := [a(t)]v in Lemma 5.1.2, there exisits n € Z>o such that
[v(t)"][a(t)]v € H(k) is v-adically small. Then by the same arguments at
the top of p.99 of [CM21, Thm. 6.4.1], we have that

logg([v(t)"a(t)]v)y = logy ([v(t)"a(t)]v), € Lie H(C,),

and hence this vector is a C,-valued point of the hyperplane above. That is,
the desired linear relation holds. O

5.2. Proof of Theorem 1.2.3

Now we give a proof of Theorem 1.2.3. We first note that by (2.3. 4) and
(2.3.5) we have Zoo C Lo, Zo C Lo, ¢o(Z) = Z, and Du(Cals) =
Ca(s)y for each index 5. We note that Theorem 4.2.1 implies £, = £, Onv

explained in (1.3.8). Therefore, we have the following commutative dlagram

Li*(-)

Ze——— T Lo " bQyepL

¢”'Zl Lﬁ” Zi* (=),

Z C EDef ZConv

v

—Def

where the commutativity ¢, o Li*(—) = Li*(—), comes from the definitions
of ¢y, Li*(—) and Li*(—),.

Note that ZODSf and def form k-algebras by Proposition 2.2.3. We first
show that the map ¢, is a k-algebra homomorphism. Indeed, for each z, 2’ €
Lo let w,w' € heyspr, such that Li*(w) = z and Li*(w') = 2’. Since
Li*(—) and Li*(—), are multiplicative in the sense of Proposition 2.2.3, we
have

Go(@ - 2") =y (Li%(w) - Li*(w')) = ¢o(Li*(w x w')) = Li*(w x w),y
= Li*(w)y - LI*(w')y = ¢u(Li*(w)) - o (Li*(w)) = ¢u(2) - o).
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Next we show that v-adic MZV’s satisfy the g¢-shuffle relations. Let s
and 5’ be two indices and let f; € F, and 5; € N4°P(%3) be as in (1.2.1). Then
we have

Ca(8)v - Ca(s)o = du(Ca(s)) - du(Cal(s')) = ¢u(Cals) - Cals))

> fiCals)) mev Cals))) ijcA 57)0
J

Therefore Theorem 1.2.3 (1)_ holds. In particular, Z, is closed under the
product, and hence ¢, |z is a k-algebra homomorphism. This shows Theorem
1.2.3 (2).

Remark 5.2.1. In the proof above, we verify the identity
EDef EConv

which generalizes [Chen20, Cor. 3.2.11] for v-adic CMSPL’s at integral points.

Remark 5.2.2. The definition of CA( )v in (2.3.5) a priori depends on the
extensions of the v-adic CMSPL’s Li;, to Dg<! . However, by Theorems 4.2.1

Se,U°
and 5.1.5, (4(s), is the image of ¢ A( ) via the homomorphism ¢, : £ g;mv
fo“"v which is ‘canonical’ once we fix embeddings k — Co and k — C,
over k. Note that the definition of (4(s), does not depend on the choice of
such embeddings. Indeed, if we take another pair of embeddings with ¢! as
the corresponding homomorphism, then the equality ¢,({a(s)) = Ca(8), =

@) (Ca(s)) is still valid in k.
5.3. An example

We provide an example of direct computations for Theorem 1.2.3 (1). Recall
Huei-Jeng Chen’s explicit formula [Ch15] for the product of two Carlitz zeta
values

(5.3.1)
Ca(r)Ca(s) = Calr8) + Cals,r) + Calr + )
+ o (T v e (T ) .
z’+jr+za: (g-1)j [ <8 - 1> <T - 1)]

Now, we compute the simplest case C4(1)g - Ca(1)g for ¢ = 2¢ (¢ € N).
Note that even for this simplest case, it still involves heavy computation
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on the explicit action of Carlitz tensor powers. In fact, to verify the valid-
ity of the g-shuffle product of v-adic MZV’s by direct computations seems
impractical.

We start by specializing » = 1 and s = 1 in Huei-Jeng Chen’s formula
and we get

Ca(1) - Ca(1) =Ca(2)

as the characteristic of the base field is 2. Note that this relation also follows
from the definition of MZV’s directly. To verify

Ca(1)g - Ca(1)g = Ca(2)o,

we recall that the Anderson-Thakur polynomials [AT90, AT09] H,,_; is equal
to 1if 1 <n < ¢. In this case, we have

Ca(n)g = Liz(1)g

(see [CM21, Sec. 5, Sec. 6] for details). So our task is to calculate Liy(1)g.
By definition, Liy (1) is given by

e (n-th coordinate of loggen ([t" — 1] ((0,...,0,1)%)),),

where C®" stands for the n-th tensor power of the Carlitz module defined
in (3.1.2). One can show that [Chen20, Ex. 3.2.12]

v = (o (e

and consequently

Lo = o L0+ 3 ]0<—1>i”<f>9i”5((?)en_%

1<j<n i=

by using [Chen20, Thm. 3.2.9]. In particular, we derive that

sk 1 ok
Lij(1)p = 5— Lii(0)e

and

) 1 .
Li3(1)g = . Li3(6%)

92_



778 Chieh-Yu Chang et al.

because of characteristic 2. Then it is clear to see that

ﬁ LiT(0)e - Li1(0)s

_ 921__1 Li5(0%)p = Lij(1)g = Ca(2)s.

Ca(1)g - Ca(1)g = Lif(1)g - Lij(1)g =

5.4. A conjecture

In what follows, we conjecture that the kernel of the k-algebra homomor-
phism in Theorem 1.2.3 is generated by (4(q — 1).

Conjecture 5.4.1. For any finite place v of k, we have the following k-
algebra isomorphism

Z/(Calg — 1)) = 2.

The conjecture above would imply the following important consequences:

(i) Z, = Z, for any finite places v, v’ of k.
ii) Z, is a graded k-algebra (graded by weights) defined over k.
i) Z, i ded k-algeb ded b ights) defined k

Note that in [C14, Thm. 2.2.1], the first author of the present paper showed
that Z forms a graded k-algebra (graded by weights) that is defined over k.
That is:

e oc-adic MZV’s of different weights are linearly independent over k.
e k-linear independence of oco-adic MZV’s implies k-linear independence.

So the statement (ii) above is the v-adic analogue of [C14, Thm. 2.2.1]
for oco-adic MZV’s. We mention that in the case of p-adic MZV’s, one has
Furusho-Yamashita’s conjecture [YalO, Conj. 5] asserting that nonzero p-
adic MZV’s of different weights are linearly independent over QQ, and this
is the p-adic analogue of Goncharov’s direct sum conjecture [Gon97| for
real-valued MZV’s.

Now, we consider the k-subalgebra Z'cZ generated by the co-adic sin-
gle zeta values, namely the oco-adic MZV'’s of depth one, and the k-subalgebra
quj C Z, generated by the v-adic single zeta values. When we restrict the

E—algebza homomorphism given in Theorem 1.2.3 to El, we obtain the sur-
jective k-algebra homomorphism

Z' »Z

It is shown in [CYO07] that all the algebraic relations among oco-adic
single zeta values are generated by Euler-Carlitz relations, namely (4((q —
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1)n)/Ca(qg — 1)™ € k for n € N, and the p-th power relations, ie., (a(pn) =
Ca(n)P for n € N. Recall that by [Go79] we have the trivial zeros (4((q —
1)n), = 0 for n € N. Chang-Yu’s conjecture in [CY07, p. 323] asserts that all
the algebraic relations among Goss’ v-adic zeta values come from the trivial
zeros above and the p-th power relations, and hence it implies that the kernel
of the k-algebra homomorphism AN ?11) is generated by (4(¢—1) in Z'. So
Chang-Yu’s conjecture matches with the phenomenon of Conjecture 5.4.1.
Remark 5.4.2. By Theorem 4.2.1, the surjection ¢, in Theorem 5.1.5 is a
k-algebra homomorphism. Thus we have the induced surjective k-algebra
homomorphism

LG~ T

However, due to the lack of computational evidence we can not predict
whether the above homomorphism is an isomorphism or not.
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