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Topological uniqueness for self-expanders of small
entropy
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For a fixed regular cone in Euclidean space with small entropy we
show that all smooth self-expanding solutions of the mean curva-
ture flow that are asymptotic to the cone are in the same isotopy
class.
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1. Introduction

A hypersurface, i.e., a properly embedded codimension-one submanifold,
¥ C R*" is a self-expander if

(1.1) Hy = .

Here
HZ = AEX = —Hzng = —dng(ng)ng

is the mean curvature vector, ny is the unit normal, and x* is the normal
component of the position vector. Self-expanders arise naturally in the study
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of mean curvature flow. Indeed, X is a self-expander if and only if the family
of homothetic hypersurfaces

{Et}t>0 = {\/ZE}

is a mean curvature flow (MCF), that is, a solution to the flow

ox\*
(5) -m

Self-expanders model the behavior of a MCF as it emerges from a conical
singularity [1]. They also model possible long time behavior of the flow [19].
Given a hypersurface ¥ C R"*! the Gaussian surface area of ¥ is

t>0

F[¥] = (47)"3% / e dH"
)
where H" denotes the n-dimensional Hausdorff measure. In [16], Colding and
Minicozzi introduced a notion of entropy for hypersurfaces which is given
by
AMX]=  sup  F[pX+yl.
yeER+1 p>0
Entropy is invariant under dilations and translations and is a natural mea-
sure of geometric complexity; see [3], [4], [5], [6], [13], [15], [22], [27], [30],
[37] and [42]. Tt follows from Huisken’s monotonicity formula [23] that en-
tropy is non-increasing under the MCF'. It is easily checked that A[R"] = 1.
Moreover, by computations of Stone [36],

2>)\[Sl]>2>A[SZ]>--->)\[S"}>)\[S”+1]>-~-—>\/§.

Given an integer k > 2, ¥ is a C*-asymptotically conical hypersurface in
R"*! with asymptotic cone C = C() if lim, o+ p¥X = C in CF _(R"F1\ {0}),
where C is a C*-regular cone. Let £(X) = £(C) = C N'S" be the link of the
asymptotic cone, and observe that £(X) is a C*-hypersurface in S™. If ¥
is a C?-asymptotically conical self-expander, then it follows from Huisken’s
monotonicity formula and the lower semi-continuity of entropy that A\[¥] =
AC(X)] - see, for instance, [9, Lemma 3.5].

Self-expanders in R? have been studied in work of Ecker-Huisken [19] and
so we restrict attention to n > 2. It can be readily shown, e.g., [19], that
for a smooth graphical cone, C, there is a unique self-expander asymptotic
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to C. In contrast, in [7, Section 8] (cf. [1]), we showed that there is an open
subset in the space of regular cones in R? so that for any cone in the subset
there are at least three distinct self-expanders asymptotic to the cone — two
that are topologically annuli and one that is a pair of disks. Our main result
is that this topological non-uniqueness cannot occur for self-expanders that
are asymptotic to a low entropy cone.

Theorem 1.1. For k> 2 and 2 < n <6, let C be a C’kH—regular cone in
Rt that satisfies

AC] < A[S"! x R].

If T'1,Ty are both C**l-asymptotically conical self-expanders with C(T'1) =
C(I'y) =C, then Ty and T'y are C* a.c.-isotopic with fived cone.

Here two asymptotically conical hypersurfaces are said to be a.c.-isotopic
with fized cone if there is an isotopy that respects the asymptotically conical
behavior and fixes the asymptotic cone — see Section 2.7 for the precise
definition. In particular, I'y and I'y are diffeomorphic.

The dimension restriction comes from our use of the regularity theory
of stable minimal hypersurfaces. In fact under, additional, possibly stronger
assumptions on the entropy of the asymptotic cone, one has the same result
in dimension n > 7. In order to state this extra assumption, first let RMC,,
denote the space of reqular minimal cones in R"*1, that is C € RMC,, if and
only if it is a proper subset of R"*! and C is a hypersurface in R"*!\ {0}
that is invariant under dilations about 0 and with vanishing mean curvature.
Let RMC;, denote the set of non-flat elements of RMC,, — i.e., cones with
non-zero curvature somewhere. For any A > 0, let

RMC,(A)={C € RMCpy: \[C] <A} and RMCE(A) = RMCENRMC, (A).

Now fix a dimension n > 3 and a value A > 1. Consider the following
hypothesis:

(*n.A) For all 3 <1 <n, RMC;(A) = 0.

Observe that all regular minimal cones in R? consist of unions of rays and
so RMC] = (). Likewise, as great circles are the only closed geodesics in
S?, RMCS5 = 0. As a consequence of Allard’s regularity theorem and a
dimension reduction argument, there is always some A > 1 so that (%)
holds. Let

A, =sup{A € (1,2): (%,,a) holds}
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and
A* = A[SP1 x R] 2<n <6,
" min {A, A[S"ExR]} n>7.

Observe that 2 = Ay > A} = A[S! x R] and that it follows from Marques-
Neves’s [29, Theorem B] proof of the Willmore conjecture that 2 > Az >
A[S? x R] and so it is possible that A* = A\[S"~! x R] for all n. However, this
is still an open question when n > 4.

Using A}, we are able to generalize Theorem 1.1 to all dimensions.

Theorem 1.2. For any k,n > 2, let C C R*! be a C*'-regular cone that
satisfies

AC] < AL

IfT'1,Ty are both C**l-asymptotically conical self-expanders with C(T'1) =
C(I'y) =C, then Ty and T'y are C* a.c.-isotopic with fized cone.

Next we discuss applications of Theorem 1.2. First we observe that The-
orem 1.2 implies that low entropy cones with disconnected link can’t resolve
into connected self-expanders.

Corollary 1.3. For k,n > 2, let C C R™ be a C*l-regular cone with
MC] < AL. If L(C) has m connected components, then any asymptotically
conical self-expander I' with C(I') = C has exactly m connected components.

Remark 1.4. Examples of Angenent-Ilmanen-Chopp [1] and Bernstein-Wang
[7] show that there are many cones C with disconnected link which flow into
connected self-expanders. Numerical computations also show that there are

rotationally symmetric double cones in R? that have entropy below A% =
A[ST x R].

Proof of Corollary 1.3. Let o1,..., 0y, be the connected components of £(C)
and let C; = C[o;] be the corresponding cones. Observe that A[C;] < A[C] <
A’. By a minimization procedure sketched by Ilmanen [25] (see Ding [17,
Theorem 6.3] for full details), a dimension reduction argument [39, Theo-
rem 4] and Allard’s regularity theorem [33, Theorem 24.4], there is a self-
expander I'; asymptotic to C;. As each o; is connected and there are no closed
self-expanders, each I" is connected. Set IV = J;*, I';. Notice that I is a
(possibly immersed) asymptotically conical self-expander that is asymptotic
to C. However, A\[I'] = A[C] < A} < 2 and so I’ is an embedded hypersurface
and, hence, has m components. Hence, Theorem 1.2 implies I'' and T" have
the same number of components, proving the claim. O
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In order to state the second application, we introduce the following no-
tation for the links of C*-regular cones with entropy bounded by A,

SFA) = {a C S": ¢ is a C*-hypersurface with \[C[o]] < A} :

Here C[o] is the cone whose link is equal to 0. For A > 1, let S¥(A) C S¥(A)
denote the set of all such links that are isotopic (inside S¥(A)) to the equato-
rial sphere in S”. We prove existence and topological uniqueness results for
asymptotically conical self-expanders with asymptotic link in S(]]“H(A;) for
k,n > 2. When 3 < n < 6 this entails a new existence result for topologically
trivial self-expanders asymptotic to small entropy cones.

Corollary 1.5. For any k,n > 2, if 0 € SSCH(A;';), then there is a C*-
asymptotically conical self-expander I' with L(I') = o. Moreover, any such
I is CF a.c.-isotopic to R™ x {0}.

Proof. First of all, by the maximum principle, the only self-expanders that
are asymptotic to a given hyperplane is the hyperplane itself. When n = 2
or n > 7 the existence of at least one self-expander of the desired topolog-
ical type is then an immediate consequence of [9, Theorems 1.1 and 1.2]
and the existence of a Zs-degree [8, Corollary 1.3]. When 3 < n < 6 one
uses Theorem 7.4 to see that there is always at least one C*-asymptotically
conical stable self-expander I with C(I") = C that is C* a.c.-isotopic to the
hyperplane for any C with £(C) € S¥™!(A%) — see Appendix A for details.
The topological uniqueness follows directly from Theorem 1.2. OJ

A final application is to the topological properties of closed hypersur-
faces of small entropy. It is known by work of ourselves [3] and J. Zhu [42]
that round spheres uniquely minimize the entropy within the class of closed
hypersurfaces in R"*1. In [4], we classify all low entropy self-shrinkers in
R3 and, as a consequence, show that any closed surface in R? of sufficiently
small entropy is isotopic, via a MCF, to the round sphere. This argument
is specific to n = 2 as such a complete classification of self-shrinkers is not
known in higher dimensions. However, using a weak flow and a topological
classification of low entropy self-shrinkers in R*, we show, in [5], that any
closed hypersurface in R* of sufficiently small entropy is diffeomorphic to S3.
In [11], we combine Theorem 1.2 with the weak flow of [5] to prove a stronger
topological stability theorem. Namely, that any closed hypersurface in R*
with entropy less than or equal to that of the round cylinder is isotopic to
the standard S%. That is, the 4-dimensional smooth Schoenflies conjecture
holds for closed hypersurfaces in R* of low entropy.
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The paper is organized as follows. In Section 2 we fix the notation for the
remainder of the paper and discuss background about the question under
consideration. In Section 3 we construct a universal barrier which is used
in later sections to show the existence of self-expanders with prescribed
asymptotic cones. In Section 4 we introduce a natural partial order on the
space of asymptotically conical self-expanders and prove the existence and
uniqueness of the greatest and least elements. In Section 5 we investigate
properties of the MCF starting from an asymptotically conical hypersurface
of low entropy that is expander mean-convex, and show that such a hyper-
surface is a.c.-isotopic with fixed cone, via the flow, to a stable self-expander.
In Section 6 we use a perturbation by the first eigenfunction of the stability
operator for self-expanders together with results of the preceding section to
deform any low entropy asymptotically conical unstable self-expander, in
the a.c.-isotopy class and preserving the asymptotic cone, to a stable self-
expander. In Section 7 we apply the analysis carried out in our previous work
[8] and results from Section 5 to show that one may connect, via an a.c.-
isotopy that does not move the asymptotic cones much along the path, any
weakly stable self-expander to a self-expander asymptotic to a cone which
is a generic perturbation of the asymptotic cone of the initial self-expander.
In Section 8 we complete the proof of Theorem 1.1 and Theorem 1.2.

2. Background and notation

For the reader’s convenience, we recall, in Sections 2.1-2.6, some of the no-
tation and background introduced in our previous work [8, 7]. In Section 2.7
we define an a.c.-isotopy between two asymptotically conical hypersurfaces
and discuss some basic properties of a.c.-isotopies.

2.1. Basic notions

Denote a (open) ball in R™ of radius R and center x by B} (x) and the closed
ball by B%(z). We often omit the superscript, n, when its value is clear from
context. We also omit the center when it is the origin. Given a set K C R"+!
the closure of K is denoted by cl(K') and the r-tubular neighborhood of K is

T(K) = | B ().

peK

For an open subset U C R™" a (smooth) hypersurface in U, %, is
a properly embedded, codimension-one smooth submanifold of U. We also
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consider hypersurfaces of lower regularity and given an integer &k > 2 and
a € [0,1) we define a C*-hypersurface in U to be a properly embedded,
codimension-one C*® submanifold of U. When needed, we distinguish be-
tween a point p € ¥ and its position vector x(p).

Consider the hypersurface S* ¢ R"*!, the unit n-sphere in R"*!. For
n > 2, a (smooth) hypersurface in S", o, is a closed, embedded, codimension-
one smooth submanifold of S and C**-hypersurfaces in S™ are defined
likewise. Observe that o is a closed codimension-two submanifold of R"+!
and so we may associate to each point p € o its position vector x(p). Clearly,
x(p)| = 1.

A coneisaset C C R"1\ {0} that is dilation invariant around the origin.
That is, pC = C for all p > 0. The link of the cone is the set £L(C) =CNS".
The cone is regular if its link is a smooth hypersurface in S™ and C*“-regular
if its link is a C**-hypersurface in S™. For any hypersurface ¢ C S™ the cone
over o, C[o], is the cone defined by

Clo] = {pp: p € o,p > 0} C R"™\ {0}.
Clearly, £(C[o]) = 0.
2.2. Function spaces

Let ¥ be a properly embedded, C*® submanifold of an open subset U C
R+, There is a natural Riemannian metric, gs;, on ¥ of class C*~ 5 in-
duced from the Euclidean one. As we always take k& > 2, the Christoffel
symbols of this metric, in appropriate coordinates, are well-defined and of
regularity C*~29. Let Vy be the covariant derivative on 3. Denote by ds;
the geodesic distance on ¥ and by BE(p) the (open) geodesic ball in ¥ of
radius p and center p € X. For p small enough so that sz(p) is strictly
geodesically convex and ¢ € BpE (p), denote by qu the parallel transport
along the unique minimizing geodesic in BpE (p) from p to gq.

Throughout the rest of this section, let {2 be a domain in ¥, and let [
be an integer in [0, k], v € (0,1) and d € R. Suppose [ + v < k + . We first
consider the following norm for functions on :

l
I £lls0 = ngmvgf\-
=0

We then let
CHQ) = {f € Cloel: I 1 < o0} .
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We next define the Holder semi-norms for functions f and tensor fields T
on €

1f(p) — f(q)] T (p) — (15)*T(q)]
Q= su — <~ and [T],.o = su ,
Lﬂ%Q p,qepQ ds(p,q)" [ ]%Q p,qepﬂ ds(p,q)”
g€ B3 (p)\{r} q€BF (p)\{r}

where § = §(3,Q) > 0 so that, for all p € Q, BF(p) is strictly geodesically
convex. We further define the norm for functions on €:

I fllise = [1flse + V5o,

and let
ch(Q) = {f € Cl(D): [ fllima < OO}'

We also define the following weighted norm for functions on €2:

I£1io = Zsup x(p)] + 1)~ |V ().

= Op
We then let
CHQ) = {1 € Cloel@): 110 < o0}

We further define the following weighted Holder semi-norms for functions f
and tensor fields T on 2:

. i\ ) = F(@)]
= sw (o)l + 177+ (el + 1)) 2=,
9€ B3, (p)\{p}
and,
i i IT(0) = (75) T ()
[T]g‘%: pS;lEPQ ((x(p)] + 1)~ + (|x(g)| + 1)~%) pdz(p’q)v : ’

a€B;5, (p)\{r}

where n = (€2, ) € (0, 1) so that for any p € %, letting 6, = n(|x(p)| + 1),
B(SEp (p) is strictly geodesically convex. Next we define the norm for functions
on ()

d d d—1
1£1i0 = 71D + (V15"
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and we let

l, 1, i d
i () = {f € G 110 < oo}
We follow the convention that Cllé?: = Clloc, CH0 = C" and Cé’o = Cé and that
C’loo’z =C} ., C% =C7 and C’g’v = (). The notation for the corresponding
norms is abbreviated in the same fashion.

In all above definitions of various norms, we often omit the domain
when it is clear from context. These norms can be extended in a straightfor-
ward manner to vector-valued functions and tensor fields. It is a standard
exercise to verify that these spaces equipped with the corresponding norms

are Banach spaces.
2.3. Asymptotically conical hypersurfaces

For k,n > 2 and o € [0,1), let C be a C¥“regular cone in R*!. Let
V:C — R™! be a homogeneous transverse section on C, that is a C*®
vector field along C so that

o |V|=1,;
e V(p) does not lie in T),C;
e V(pp) =V(p) for all p >0 and p € C.

A CF* hypersurface, ¥ C R**1 is cr “_asymptotically conical with asymp-
totic cone C if there is a radius R > 1 and a function u € Cf’a(C \ Br)
with

lim pu(p™'p) =0 in Cf,.(C)
p—0+
so that
%\ Bar C {x(p) + u(p)V(p): p€ C\ Br} C %.

When o = 0 this means that ¥ is C*-asymptotically conical as defined in
Section 1. As observed in [8], this definition is independent of the choice
of V. Clearly, the asymptotic cone, C, is uniquely determined by X and
so we denote it by C(X) and its link by £(X). Denote the space of CF-
asymptotically conical C¥“-hypersurfaces in R"*! by ACH®®. As before we
denote ACHE = ACHEL.

If ¥ € ACH? is a self-expander, then the interior estimates for MCF
(see [20]) imply that for all ¢ > 0

(2.1) sup(L + |x(p)])| V' Ax(p)| < oo.
pEXL
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2.4. Traces at infinity

Fix an element ¥ € ACHY® and let V be a homogeneous transverse section
on the asymptotic cone C(X). If my denotes the projection to C(X) along V,
then 7y restricts to a C** diffeomorphism of ¥’ = ¥\ K for some compact
set K onto C(X)\ Bg and denote its inverse by fyv.sv. Let [ > 0 be an integer
and v € [0,1) such that [ +~v < k + «a.

A map f € CY

loc

(Z;RM) is asymptotically homogeneous of degree d if

lim pf o Oy, (p~'p) = g(p) in Cj;L(C(X); RM)

p—0+ loc

where g is homogeneous of degree d, i.e., p?g(p~'p) = g(p) for all p > 0 and
p € C(X). For such f we define the trace at infinity of f by

tr5[f] = glem) € CV(L(Z);RY).

Whether f is asymptotically homogeneous of degree d and the definition
of trd, are independent of the choice of V. Clearly, x|s is asymptotically
homogeneous of degree one and trl,[x|z] = X|z(x).

We next define the space

lv
Cd}{@;RM)

= {f € CCZZ’V(E; RM): f is asymptotically homogeneous of degree d} .

One can check that C57,(2;RM) is a closed subspace of C57(3;RM) and
the map

trd s CR (S RM) — CH(L(D);RM)

oo Yd
is a bounded linear map. We further define the set C%(E;]RM ) C
Cfl%(Z; RM) to be the kernel of trd,.
Using the trace, we refine the notion of transverse section for asymp-
totically conical hypersurfaces. Namely, if ¥ € ACHY®, then a transverse

section, v, is an asymptotically homogenous transverse section if, in addition,
v e Oy N kL (3;S") and

' [trde[v]] = el [VI(Ix()[ 1) C(B) — 8™,

the homogenous extension of degree 0 of tr% [v], is a transverse section on

)
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2.5. Asymptotically conical embeddings

Fix an element ¥ € ACHY®. Given a map ¢: £L(X) — R™*! the homoge-
neous extension of degree one of ¢ is given by the map &f[¢]: C(¥) — R+
defined by

Ml (p) = [x(p)]e(x(p)| 'p).

We define the space of cF *“_asymptotically conical embeddings of ¥ into
R+ to be

ACHE(2) = {f € CP*NC (S R™): £ and & [trl [f]] are embeddings}.

Clearly, ACHF*(X) is an open subset of the Banach space C’f “n
CYy(3;R™1) with the CP norm. For f € ACHE(D), as &H[trl [f]] is
a C*“ embedding that is homogeneous of degree one, it parameterizes the
Ckyegular cone C(f(X)) — see [8, Proposition 3.3].

2.6. Morse index

We recall the notion of index and nullity for asymptotically conical self-
expanders and relate these integers to certain other spectral invariants. First
observe that the self-expander equation (1.1) is the Euler-Lagrangian equa-
tion for the formally defined functional

|2

E[E]—/EeT N

For a self-expander X, if {®4(X)} 5/« is a compactly supported variation of
Y such that %’s:(} = uny, then, by a computation in [8, Section 4],

d’ 2 1 2\ 2\ X2 5
B, —/E<Vgu] + (5—|Agy )u )e £ e,

Denote by Qx[u] the integral on the right side of the above equation. We
define the (Morse) index of a self-expander, X, to be

ind(3) = sup {dim V: V C C2(%) so that Qx[u] < 0,Yu € V\ {0}}.
In [7] we introduced a weighted inner product for functions on X,

Ix|2

Bs|u,v] :/uve i dH".
%
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We further showed, in Section 4 of [7], that if ¥ is an asymptotically conical
self-expander, then there is a self-adjoint (with respect to By) operator

LE:AE—F%X-VE—F’AEF—%
so that Qx[u] = —Bx[u, Lxu] for any functions u € C?(X). The operator Ly,
has a discrete spectrum with a finite spectral bottom. Thus, ind(X) equals
the number of negative eigenvalues (counted with multiplicities) of —Ly,
and in particular, it is finite — see [7, Proposition 4.2].

We also define the nullity of an asymptotically conical self-expander X,
null(¥) to be the dimension of the kernel of Ly,

Ks = {H S Clzoc N C?,O(E): Lyk = 0} .

We call a self-expander stable if it has index 0, and wunstable other-
wise. Moreover, if a stable self-expander has nullity 0, then we call the self-
expander strictly stable; otherwise, it is called weakly stable.

2.7. Isotopy

Two elements >, Y9 € AC’H,I%O‘ are Che a.c.-isotopic if there is a continuous
map

F: [0,1] = ACHF(2))
which satisfies F(0) = x|y, and F(1) = f; with f;(3;) = 9. We call F a
CF q.c.-isotopy between ¥1 and 3.
An a.c.-isotopy F between X and Yo, fizes the asymptotic cone if

1
troo

[F(t)] = x|z, for all t € [0, 1].

If there is an isotopy fixing the asymptotic cone between ¥; and Yo, then
we say X1 and Yo are a.c.-isotopic with fixzed cone.
We will use the following lemma repeatedly:

Lemma 2.1. Let k,n > 2 and o € [0,1). If © € ACHN, then there is an
€0 = (%) so that if £ € ACHEY(X) satisfies ||f — x\gHgl) < €9, then the
map F: [0,1] = ACHF(X) defined by F(t) = (1 — t)x|s + tf, provides a
Ck q.c.-isotopy between ¥ and £(X).

Proof. The result follows from the implicit function theorem. O
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We will also need the following perturbation result which says that any
a.c.-isotopy that does not move the asymptotic cones “too much” along the
path can be approximated by an a.c.-isotopy with fixed asymptotic cone.

Lemma 2.2. For k,n > 2 and a € [0,1), let ¥ € ACHE and ¢ €
Ch(L(X); R"™1Y) so that &[] is an embedding. There is a g = do(%, @) >
0 and Co = Co(X) > 0 so that if F: [0,1] — ACH"*(X) is continuous and,
for all t € [0,1],

[t [F ()] = ¢llka < do,

then there is a continuous map F: [0,1] — ACHF?(X) so that, for every
t € [0,1], the following holds:

1. tréo[F(t)] =;
2. |E(t) — F@)ll) < Colltrk [F(1)] — ¢

k,o-

Proof. Let V be a homogeneous transverse section on C(X) and let 7y be the
projection of an open neighborhood, U, of C(X) along V. Define &y x[¢] =
é“'lH[go] oy o X|y. There is an Ry, > 1 so X\ Bg, C U and so &y x, is well-
defined on ¥ \ Br,. As F is continuous and [0, 1] is compact, there is an
R> Ry, +1and C = C(X) > 0 so that, for every ¢ € [0, 1],

(22) IF(t) = & Il s 5, < Co-

Let x: R**1 — [0,1] be a smooth cut-off function so that y = 1 outside
Bugr, X =0 in Bag and |Dx| < 2R™!. Define

F(t) = F(t) + (x o x|s)8v slp — trl [F(1)]].

It is straightforward to verify that F(t) € Cf’a N CF (2R and Ttems
1 and 2 hold with an appropriate choice of Cj. It Temains only to show
F(t) € ACHF*(%). To see this one observes that F(t) = F(t) on ¥ N Byg
while, on ¥ \ Bag,

F(t) = &v sle] + (F(t) — &vsle]) + (F(t) - F(1)).

Hence, by choosing Jp sufficiently small and invoking (2.2) and Item 2, it
follows from the implicit function theorem that F(t) € ACHY*(X), finishing
the proof. O
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3. Universal barrier

We prove the following existence of a universal barrier for self-expanders
adapted to any C?-regular cone. In what follows it is helpful to consider the
map

Ueo: C x R — R

associated to a C2-regular cone C that is given by

Ve(p,t) = cos(t)x(p) + sin(t)[x(p)|nc(p)

where n¢ is a choice of unit normal on C. Observe |Ve(p,t)| = |x(p)|. As
L(C) is of class C? and compact, it follows that there is an € = ¢(C) > 0 so
that if

Vor(C) = {(p.t) € (C\Bg) x R: |t| <€},

then, for any R > 0, ¢y, #(C) s @ C'! diffeomorphism onto its image. When
R = 0 we simply write V¢(C).

Proposition 3.1. For n > 2, let C C R™"! be a C?-regular cone. There
exists an open domain B(C) C R"L, constants No = No(C) > 0 and Ry =
Ro(C) > 1+ Ny, and a continuous function pc: (Rp,00) — Rt with the
following properties:

1. CU By C R™1\ B(C);
2. For all R > Ry, Rn+1\£B(C) U BR> C Tnyr-1(C);
3. If V(C) = {(p.t) € (C\Br,) x R: [t| < pe([x(p)])}, then

We(V(C)) =R"\ (B(C) U Bg,)

and Vely ) is a Cl diffeomorphism onto its image;

4. If V is an integral n-varifold in R™1 with compact support and V is
E-stationary in B(C), then spt(V) N B(C) = 0;

5. If ¥ C R s an asymptotically conical self-expander with asymptotic
cone C, then XN B(C) = 0.

In order to prove this we first introduce simple barriers modeled on
one-sheeted hyperboloids — see [7] for a related construction or [17] where
rotationally symmetric solutions to (1.1) are used instead.

To that end, consider the following family of functions depending on
parameters v € S" and n > 0:

fun(x) =2n+ \x\g — (1 + 172) (x - V)Q.
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Associated to these functions are the following family of connected closed
sets

Ey, = {x e R, fun(x) <0and x-v > 0}
and their interiors
Eg, =int(Ey,) = {xe R fun(x) <0and x-v > 0}.
Consider the connected rotationally symmetric cone
Cop={x¢ R x|? = (1 —|—772) (x-v)? and x - v > 0}

that lies in the half-space {x-v > 0} and has axis parallel to v and cone
aperture 2tan~'(n), and observe that E\ , has boundary asymptotic to Cy .
Moreover, letting

Uvy={x€ R |x|? < (1 —|—772) (x-v)? and x-v > 0}

be the open cone that is the component of R"*1\cl(Cy ,) that contains v,
one has By, C Uy,. By construction, fv, > 0 on {|x-v|? < 2ny~?} and
SO

Eyn,n {x v < \/Znn_l} = 0.
First we show the following asymptotic property for Ey ,:

Lemma 3.2. Given n > 0 there is a unique continuous function
py: (V2 00) — RY

so that, for every v € S",

By = {We,.,(p,1): € Cun\ Bygmy 1t € [py(x(p)]), tan ™ ()]}

where we choose n¢,  so to point into Uy . Moreover,

sin(py(r)) < dnnp~tr 2.

Proof. Without loss of generality we assume v is the north pole of S”. Denote
spherical coordinates on R"*! by the map ®: [0,00) x [0, 7] x S*~! — Rn+!
given by

O(r,7,w) = (rsin(7)w, r cos(7)).
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Define
Cy = (0,00) x (0,a) x "L,

Let € = tan~!(n). As Cy,, is rotationally symmetric, it is straightforward to
verify that ®|c, and V¢, |y, ) are both C! diffeomorphisms onto Uy, \
({0} x R). Moreover,

\Ifgl 0@ (r,T,w) = (P(r,e,w), e — 7).

v,n

We also observe that E, C R""'\ B N and

By 0 ({0} x R) = {0} x [V2n,00) = e, ((Cun\ By 1) % {e})
Fix any r > v/2nn~! and w € S*~1. One readily evaluates

f(7) = fun(@(r,7,w)) = 2n + r2 — (14 n?)r? cos®(7)
=2n — n*r? + r3(1 4 n?) sin®(7).

One notices that f(7) is strictly increasing for 7 € [0,¢] and f(0) < 0
while f(e) > 0. Thus, there is a unique function 6,(r) € [0,€) so that if
7 € [0,0,(r)] then f(7) < 0 while for 7 € (6,(r), €] one has f(7) > 0. In fact,

0,(r) = sin~! —7]2 —2nr

Hence,
Ev,= {CI)(T, Tw):ir > V2 €0,0,(r),w e S"_l} :

Now define
pn(r) =€ = Oy(r).

As 0, is continuous, so is p,. Using the coordinates transformation formula
between ® and V¢, =~ one obtains

B = {¥e,,(p,8): P € Coy \ Bygy 1t € (%)), ]} -

Finally, as p, has an explicit formula, the claimed estimate can be checked
directly. 0O
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Next we show the following barrier property for Ey ;:

Lemma 3.3. Let V be an integml n-varifold in R"T. If V has compact
support and is E-stationary in E then spt(V) N B, = 0.

V’)77

Proof. Consider the C! vector field, Z, defined by

Z(x) = { Vi, (x) ifxe By,

0 otherwise.

As V has compact support and Z is supported in FEy,, we may plug Z
into the first variation formula for the functional E. The fact that V is
E-stationary in Eg , implies that

0= / (divSZ—i— g - z) e duy

x|2

= / Bfvu (21Vs fuul® + f2, = 2fvn(1+17)|Vs(v-x)?) e 5 duy|Ey,y)

where S is the py-measurable function that maps x to the generic tangent
(hyper)plane of uy at x. By construction fy, < 0in Ey,, and so, in £

v,n’ v,n’

3fem (2AVsfeal® + 13, = 2fen(l+17)Vs(v %)) <3f7, <0
and so py (Eg ) = 0. It follows that spt(V) N £y, = 0. O
As a consequence, we have the following

Lemma 3.4. Let X be a C2-asymptotically conical self-expander. If C(X) N
Uvy=0, then XNE, =0.

Proof. The hypotheses ensure that, for all 8 € (0, 1), cl(Uy g,)NC(E) = 0. As
¥ is C%-asymptotic to C(X) this means there is an Rz > 0 so that R > Rg
implies ¥ N 0B is disjoint from cl(Uy g,) and hence also from E g As
¥ N By is compact and E-stationary in R"™!\ (X N dBg), it follows from
Lemma 3.3 that X N Bp, is disjoint from ES By As R is arbitrary, this means

ES 5, NE= (). Hence, using

U Eoﬂw

B€(0,1)

it follows that ¥ N EJ = 0. O
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Proof of Proposition 3.1. Define

Cr= | Upr

peL(C)
to be the open conical neighborhood of aperture 2 tan=!(r) about C, and let
C¢ =R,

We note that as £(C) is of class C? and compact, there is an € = €(C) > 0
so that Wely, (¢): Ve(C) — Chan(e) is a C! diffeomorphism. Choose an 7y so
that 0 < 79 < min {tan(e), 1}. It is straightforward to verify that

Cry = Ve (Vian-1(r0)(€)) = | B2 () (0)
peC m

and, for each v € C7 NS§",
Uyr, NC=1.

Now let

BC)= |J Eg.

veCs Nsr

This is the union of open sets so is open. As Ey,,, C Uy, and Uy, NC =0,
B(C) N C = 0. Moreover, as 19 < 1, this construction ensures that

B r N Evy, =10

and so B 5. NB(C) = 0. As B1 C B s, it follows that Item 1 holds.
Item 4 follows directly from Lemma 3.3 and the definition of B(C). Indeed,
if spt(V) N B(C) # 0, then spt(V) N EY . # 0 for some v while V is E-
stationary in Eg . C B(C). As spt(V) is compact this would contradict
Lemma 3.3. Ttem 5 follows from Lemma 3.4 in the exact same fashion.

We next verify that Item 2 holds. To see this first observe that if p €
R\ (C;, U By,y=1), then by construction p € B(C). As such, if we set
Ro = 2nry!, then for R > Ry, if p € R"!\(B(C) U Bg), then p € Cp,.
Let (¢,t) € Vian-1(r,)(C) be the pre-image of p under W¢e. Without loss of
generality assume the unit normal, n¢(g), on C points towards p and let

Ve (g, tan”" (o))

vV = e S™.
[We(q, tan~1(ro))|
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Observe that C,,, N'S™ is the tan~!(rg)-tubular open neighborhood of £(C)
in S™. Thus, one has v € 9C,, and as such

p ¢ E‘Cj,’f‘o ‘

Using the fact nc(q) = nc,, (¢) and so ¥e(q,t) = Ye, r,(q,t), it follows

from Lemma 3.2 that

v,rQ

0 <sin(t) < 4nrgtx(p)| 2.

Hence, by elementary trigonometry, the distance from p to C is less than
No|x(p)|~! where Ny = 4nry'. In particular, this shows R\ (B(C)UBR) C

Tn,r-1(C).
Finally, up to increasing Ry so that

tan(e) 9
24/1 + tan(e)? 0

Item 2 ensures that R"*\(B(C) U Bg,) C Cian(c)- Hence, if

Ny <

V'(C) = (Yelv. o)~ (R"™\ (B(C) U B,)),

then Wely ey isa C ! diffeomorphism onto its image. -
To conclude the proof we observe that, for p € C\ Bpg,, setting

e (p, + tan~(ro))
Vi = es”
=7 Welp, £ tan—1(ro))]

ensures that p; = We(p,t) ¢ B(C) for |t| < tan=!(rg) if and only if p; ¢
Eg ., UES , . Indeed, if the latter holds, then Lemma 3.2 implies [¢| <
pro (|%x(p)]) and so the distance from p; to C is at most sin(p,, (|x(p)]))|x(p)|.
This implies p; ¢ ES . for all v € Cf NS™ as otherwise, invoking Lemma 3.2
again, one sees that the distance from p; to C is strictly larger than
sin(pr, (|x(p)]))|x(p)| giving a contradiction. That is, p, ¢ B(C). The other
direction is obvious by the fact v+ € 0C;, and the definition of B(C). Hence,

setting pc = pr, one observes that V(C) = V'(C) and the result is proved. [

4. Partial ordering of hypersurfaces asymptotic to a fixed
cone

For n,k > 2 and « € (0,1), fix a C¥-regular cone C C R*! and let H(C)
be the set of all C¥ “_asymptotically conical C**-hypersurfaces with asymp-
totic cone C and without any closed connected components. Let £(C) C H(C)
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be the subset consisting of self-expanders and let £s(C) C £(C) denote the
subset of stable self-expanders.

A pair (w, o) consisting of a closed subset w C S™ and a smooth, possibly
disconnected, hypersurface o C S™ is a boundary link if 0w = o. Here neither
w nor o are assumed to be connected. If (w, o) is a boundary link, then so
is (S™\int(w), o). For any hypersurface, o C S™, o may be thought of as a
closed (n — 1)-chain with Zg coefficients and so one has an associated class
o] € Hn—1(S";Z2). As Hp,—1(S™;Z2) = {0}, o is a boundary and so there
is an w so (w,0) is a boundary link. If (w’, o) is also a boundary link, then
both w and w’ may be thought of as n-chains with Zs coefficients and, as
O(w+w) =20=0,w+wis a cycle. Hence, [w+ w'] € H,,(S™;Z2) = Zso is
either 0 or [S"]. That is, either w’ = w or w' = S™ \ int(w).

Given a cone C pick w so that (w, £(C)) is a boundary link. This choice
induces a canonical unit normal on £(C) (and hence also on C) — i.e., by
choosing the outward normal to w. For each ¥ € H(C), let Q_(X) be the
open subset of R"™! so that 9Q_ () = ¥ and

lim ¢l (pQ_(X2)) NS"™ = w as closed sets.
p—0t

Such Q_(X) is well-defined by the hypotheses on ¥ and the discussions in
the previous paragraph. Denote by Q. (X) = R""1\ cl(_(X)). We orient X
so that its unit normal points into 24 (X) and out of Q_(%).

We introduce a relation on H(C) as follows: If 1,35 € H(C), then

21 j 22 provided Q+(22) g Q+(21).

Notice ¥ =< X for any 3 € H(C). The construction ensures that if ¥; < 3o
and Xo < X3, then ¥; < ¥3. That is, (H(C), =) is a partially ordered set.
Clearly, (£(C), <) and (Es(C), =) are also partially ordered sets. Recall that
an element z of a partially ordered set (X, <) is mazimal if, for all y € X,
x <y =1z =y and is minimal if, for all y € X, y <z = = = y. The
element x is the greatest element of (X, <) if y < x for all y € X and is the
least element of (X, <) if x < y for all y € X. Clearly, the greatest (least)
element is the unique maximal (minimal) element.

We use the universal barrier of Section 3 with a minimization procedure
sketched by Ilmanen [25] — see Ding [17, Theorem 6.3] for full details — to
show that (£(C), <) admits a greatest and least element.

Theorem 4.1. For k > 2 and a € (0,1), let C be a C**-regular cone in
R and assume either 2 < n < 6 or A[C] < A,,. There are unique elements
Ig,T'n € E5(C) so that, for allT € £(C), ' < T < Tg¢.
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We will need several auxiliary results to prove this. First a standard
regularity result:

Lemma 4.2. For k > 2 and o € (0,1), let C be a C*®-regular cone in
R and assume either 2 < n < 6 or \[C] < A,. If V is an E-stationary
integral varifold with tangent cone at infinity equal to C and the singular
set, sing(V'), has Hausdorff dimension at most n — 7, then V. = Vx for an
element ¥ € £(C).

Proof. First observe that there is a self-expander ¥ ¢ R*"t! so V = V.
When 2 < n < 6 this follows from our hypothesis on the singular set of
V. When n > 7, by Huisken’s monotonicity formula A[V] < A[C] and the
claim then follows from standard dimension reduction arguments [39, The-
orem 4], Allard’s regularity theorem [33, Theorem 24.2] and the hypothesis
that (%) holds. Next, by [9, Proposition 3.3], ¥ is C’f’a—asymptotic to C.
That is, ¥ € £(C) completing the proof. O

A key property of the partial order is that there are always elements of
Es(C) that lie above and below any pair of elements of £(C).

Proposition 4.3. For k> 2 and o € (0,1), let C be a C*“-regular cone in
R and assume either 2 < n < 6 or A[C] < A,,. For any two I'1,T'y € £(C)
there are 'y € Eg(C) with T <T; X Ty fori=1,2. Moreover, one of the
following three situations occurs:

1.T_<Ty =Ty <T,.
2. T_<Dy=Ty <T,.
3. Fi;«él“l andFi;«éFz.

Proof. Let B(C) be the universal barrier given by Proposition 3.1 for the cone
C. As T'1 and T’y are asymptotic to C one has, by Item 5 of Proposition 3.1,
that I'; N B(C) = 0 for i = 1,2. Let ¥4 = 9(Q4(T'1) N Q4 (T2)) and let
Y_=0(0_(I'1)NQ_(I'2)). Notice that ¥4 are locally given as the graph of
Lipschitz functions and are both hypersurfaces away from I'y N T's.

Let We and pe be given by Proposition 3.1. By Item 3 of Proposition 3.1
one has, for R > 2Ry large, that there is a sufficiently small ez > 0 so that
if

V¥ = We(RL(C), £(pc(R) — €r)),

then 7% N B(C) = 0 and vF C QL(T'1) N Qx(T2). Moreover, each v£ is,
by construction, homologous to RL(C) and hence is null-homologous in
cl(QL(T'1))Nel(QL(T2)). As such, one can minimize the expander functional
E in the closed set cl(Q4(I'1))Ncl(Q+(I'2))NBag to obtain an integral current
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'} with or'% = 4. Moreover, by [38, Proposition 6.1 and Theorem 6.2], the
singular set of '} has Hausdorff dimension less than n—2. It follows that the
associated varifold of I'f is E-stationary. Hence, by Solomon-White’s max-
imum principle [35], T'¥ is compactly supported in Bor N Q4 (T'1) N Q4 (),
and so Item 4 of Proposition 3.1 implies spt(I'f) N B(C) = 0.

By Item 3 of Proposition 3.1, C\ Bag, is a deformation retract of R**1\
(B(C)U Bag,). Thus, the construction of v ensures that [yf] = [RL(C)] # 0
in H,_2(R"!\ (B(C)UB3g,)). Hence, as v£ = orf c R*1\B(C), spt(I'F)n
B, # 0 must hold.

Now pick a sequence R; — oo, up to passing to a subsequence, the Fﬁi
converge, as integral currents, to a I'y supported in cl(Q24(I'1)) Necl(2+(T2)).
As spt(TH) N Byp, # 0 and the T¥ are E-minimizing in Bog, Nel(Q+ (1)) N
cl(Q4(T9)), it follows that spt(I'y) N Bagr, # 0 and so the limit is non-
trivial. Hence, arguing as in Ding [17, Theorem 6.3], the tangent cone of
the associated varifold, V., of each I'y at infinity is C. As I'y is locally
E-minimizing, standard regularity theory for area minimizing hypersurfaces
[33, Theorem 37.7] gives the singular set of I'x has Hausdorff dimension
at most n — 7. Hence, by our hypotheses, it follows from Lemma 4.2 that
I'y e&s (C)

IfI'y X Ty, then ¥, =Ty and X_ = I'; and the construction ensures
I'. XTIy Ty XT; and Case 1 holds. Similarly, if I'y < I'y, then the
construction ensures ' < T's < I'y X I'; and Case 2 holds. If neither of
these cases hold, then the construction still ensures that I'_ < I'; < T'y for
1 =1,2, but one cannot have 'y =I'1 or I's = I'y; i.e., Case 3 holds. Il

We also need the following compactness result.

Proposition 4.4. For k > 2 and o € (0,1), let C be a C*®-regular cone
in R and assume either 2 < n < 6 or A\[C] < A,. If 3; € Es(C;) and
L(%;) = L(C;) — L(C) in C*(S™), then there is a X € Es(C) so that, up
to passing to a subsequence, ¥; — X in CfO'OC(R”H). In particular, the space
Es(C) is (sequentially) compact in C° (R™H1).

loc

Proof. If n > 7, the hypothesis A[C] < A, < 2 and [9, Theorem 1.1 (3)]

imply that, up to passing to a subsequence, the X; converge in C2° (R" 1)

to an element ¥ € £(C). The nature of the convergence ensures ¥ € Eg(C).

When 2 < n < 6, observe that, by [9, Corollary 3.4], there is an R =
R(C) > 0 so that, up to passing to a subsequence, the 3;\Br converge —
with multiplicity one — in C(R"1\ Bg) to a self-expander ¥ in R"™!\ Br

that is Cf’a—asymptotic to C.
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Furthermore, by [9, Lemma 3.6] and [9, Lemma 3.8] one has, for any
R > 0 and 7 sufficiently large,

H™(; 1 Br) < MA[C]R"

where M depends only on the dimension. In particular, each 3; N Bp is
stable and has uniformly bounded volume and so, by standard compactness
results for stable hypersurfaces [32], as 2 < n < 6 one has uniform curvature
estimates. Hence, up to passing to a further subsequence, 3; N Byr — X"
in C2 (Byr) — here the convergence may, in principle, be with multiplicity
greater than one. However, ¥’ = X" in Bsg\Baogr and so X = ¥'UX" € £(C).
By the construction and the fact that ¥ has no closed components, ¥; — X
in Cpo(R™1) with multiplicity one. The nature of the convergence ensures
DINS 55((:). O

Proof of Theorem /4.1. It is clear that if I'¢ and I'; exist, then they are
unique. Notice that £(C) # 0. Indeed, by a minimization procedure of Il-
manen [25] and Ding [17, Theorem 6.3] and standard regularity theory [33,
Theorem 37.7], there is a locally E-minimizing integral n-current, I'', with
singular set of Hausdorff dimension at most n — 7 and with tangent cone of
the associated varifold of I at infinity equal to C. Thus, by our hypotheses,
it follows from Lemma 4.2 that I € £(C), proving the claim.

Now let B(C) be the universal barrier associated to C given by Proposi-
tion 3.1. Pick I" € £(C), let Qy = B(C)NQ(I') and Q- = B(C)NQ_(I"). As
I'NB(C) =0, by Item 5 of Proposition 3.1, B(C) = Q4 UQ_. Clearly, this
decomposition is independent of the choice I' € £(C). In particular, for all
L e&C), 2 C Q) CcR™N\Q_ and Q- Cc Q_(T') c R*T\Q,.

Let Uy = Ureg(e) Q+(I) and U— = Upeg(e) 2-(I'). These are both open
subsets of R**1. Clearly, 0, Cc Uy C R*"™1\Q_ and Q- Cc U_ Cc R*™1\Q,.
In particular, 0U; and QU_ are both nonempty. We claim that 0U; = I'f,
and OU_ =T'g.

To that end, let M denote the number of components of £(C). As L(C)
is compact this is a finite positive integer. As I' has no compact connected
components, every element of I' € £(C) has at most M components. Now
fix a py € U4+ and observe p; ¢ Q4 (X) for any ¥ € £(C). By definition,
there are ¢; — p1 and I'; € £(C) with ¢; € Q4 (T;). By Proposition 4.3, there
are Y; € E¢(C) with T; < T'; and so ¢; € Q4+ (Y;). By Proposition 4.4, up
to passing to a subsequence, we have T; — X1 € £5(C). As ¢; € Q. (1)),
while p; & Q4 (T;), one must have p; € 1. Let X{ be the component of ¥;
containing pj.
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If OUL = ¥, then 0UL € Eg(C). If not, we may pick ps € UL \¥;.
By definition, there are ¢} — p2 and I'; € £(C) with ¢} € Q4 (T';). Applying
Proposition 4.3 to the pairs (21,17), one produces elements Y} € £g(C) with
T! < T and T’ < ;. By Proposition 4.4, up to passing to a subsequence, we
have T} — X9 € Eg(C). Observe that, as above, one must have py € Xy. The
fact that T; =< X1 implies that Y9 < X1 and, hence, that p; € ¥o. It follows
from the strong maximum principle that X C 2. Hence, the component of
¥ containing p; is equal to X{ and so p; and ps are in different components
of 22.

If OU; = X, then OU, € Eg(C). If not, we may pick ps € UL \Xs.
Arguing as above produces a Y3 € Eg(C) with pi,py and ps in different
components of X3. As any element of £(C) has at most M components this
procedure must stop after m < M steps. That is, it produces an element
Ym € Es(C) with U4 = %,,, € E5(C).

Hence, we have shown 90U, € Eg(C). By construction, QU4 <X T' for any
I' e £(C). That is, ', = 9U, € Es(C) is indeed the least element. A similar
argument shows that OU_ € £g(C) and satisfies I' < 9U_ for all I" € £(C)
and so I'¢ = OU_ is the greatest element. O

5. Expander mean-convex mean curvature flow of low
entropy

Let {X¢},c; be a mean curvature flow (MCF). Along the flow, we define the
expander mean curvature relative to the space-time point Xo = (X, to) to be

Ez{‘) (p) = 2(t — to)Hs, (p) + (x(p) — x0) - nx, (p).-

We remark that E;io = —ng where Sgto was introduced in [4, Section 3] as
the shrinker mean curvature relative to Xg. Observe that, due to the depen-
dence on t, E;i" is defined for the flow. For a time ¢ € R and a hypersurface
Y., the expander mean curvature of X relative to the space-time point Xy
and time t is defined to be

B (p) = 2(t — to) Hs (p) + (x(p) = X0) - nx(p).
Denote by O the space-time origin. For g > 0 we let
Ys(s) = s P for s > 0.

The main result of this section is the following:
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Proposition 5.1. For n,k > 2 and a € (0,1), let ¥ € ACH® have no
closed connected components and let Q be an open subset of R"1 s0 0Q = 3.
Suppose the following holds:

1. There is an N > 1 so that ¥\ Byr C Tr-1(C(X)) for all R > 1;
2. There are constants ¢, > 0 so that, by choosing the outward unit
normal to 2, forp € ¥

EQN (p) > evs(1 + x(p)?) > 0;

3. A[Z] < Az

Then there is a unique MCF, {3}~ with X1 = ¥ and a family of open
subsets of R*+1, {Q4} sy with Q1 = Q and 0 = t72%, so that:

1. Each ¥y € ACHI™ with C(%;) = C(X);
2. By choosing the outward unit normal to Sy, fort > 1 and p € ¥y,

EE,(p) = ctpa(L+ [x(p)* + 2n(t — 1)) > 0;
3. Forany 1 <t<t, cl(Q) C Q and so

lim cl(Q) = K as closed sets

t—o00

where OK = T is a stable asymptotically conical self-expander with
C(I') =C(X). Moreover,

. _ . oo (men+1
tli>nolo oYy =T in Cp(R")

and, hence, T' and ¥ are C*® a.c.-isotopic with fized cone.

Before the proof of Proposition 5.1 we will need several auxiliary lemmas.
Fix a unit vector e, a point xg € R**! and r,h > 0. Let

Ce (XO » T h)

:{XER”+1:|(X—X0) el < hand |x — xo? < 7% +|(x — %) e\}

be the solid open cylinder with axis e centered at x¢ and of radius r and
height 2h. Recall the following definition from [9, Section 3].
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Definition 5.2. Let k& > 2 be an integer and o € (0,1). A hypersurface
¥ C R*lis a CF e-graph of size § on scale r at xg if there is a function
f: B C Pe = R with

k
> VI fllg 4+ R R A <6,
j=0

where P, is the n-dimensional subspace of R”*! normal to e, so that
YN Ce(xg,m,0r) = {x0 + x(z) + f(x)e: x € B'}.

Lemma 5.3. Forn,k > 2 and a € (0,1), let {E¢}ycpy 1) be a MCF in R+,
Suppose X1 € ACHE® with the asymptotic cone C = C(X1) and that there is
an N > 0 so that ¥1 \ BNr C Tr-1(C) for all R > 1. Given v € (0,1) there
are constants N = N(X1,7) > 1 and n =n(21,v) > 0 so that

1. Forall R>1andt € [1,T), ¢\ Bygr; C Tr-1,4(C);
2. Fort € [1,T), ¥y is a C* ne(p)-graph of size v on scale n|x(p)| at
every p € C\ BN\/Z' In particular,

sup sup |Ayx,| < 0.
te[1,T) X \Bgr .z

Proof. Fixany t € [1,T) and define I's = t‘éZHt(sH) for -1 < s <t 1(T—
1)—1. Thus, {T's} is a MCF and the hypothesis on ¥ implies I'_; € ACHF
and I'_; \ Bvr C Tg-1(C) for all R > 1. Thus, by [4, Lemma 4.3], there
is an N’ = N’(C,N,n) > 1 so that, for all R > 1 and s € [-1,—t"}],
s\ Byr C Tr-1(C). For s = —t~1, this gives 3 \ Byipyi € Tg-1,4(C) for
all R > 1, proving Item 1.

Let § € (0,1) be a number to be chosen. As ¥ is CF“asymptotically
conical, there is an € = ¢(X1,0) € (0,1) and N = N(21,6) > 4N’ so that
Y1 is a CH® ne(p)-graph of size § on scale 8r at every p € C \ By, where
r = r(p) = €|x(p)|, and, by scaling, so is I'_;. Thus, by the pseudo-locality
property for MCF [26, Theorem 1.5], one may choose ¢ sufficiently small so
that, for every p € C(X1) \ By and s € [-1,—¢71], T N Che(p)(p, 4, 4r) is
given by the graph of a function f,(s,x) over (some subset of) T,C which
satisfies

(4r) M1 fo(s: loms, + 1V (s, ) llosy, <1
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where V is the gradient in spatial variable z. As {I';} is a MCF, fy(s,z)

satisfies
% — 2o VIp V fp
B =/1+ |V [ d1V< TR

It follows from the Holder estimates for quasi-linear parabolic equations [28,
Theorem 1.1 of Chapter 6] that given o’ € (0,1) there is a C' = C(n,a’) so
that

Sp [V fyls, ety + 5up [V Syl )ty < Cr .
s€[—1,—¢t71] zEBY. 2

Hence, by the Schauder estimates (see, e.g., [28, Theorem 5.1 of Chapter
4]), one has that, for every s € [~1, —t71],

k

(5.1) DIV f(s, )l

Jj=0

0;Br t Tk+a_1[kap(37 ‘)]a;B? <

and that

sup [vfp('7x)]%;[fl,ft*1] < Clril
z€Bn

where C' = C'(n, k,a) > 1.
These estimates together with the equation of f,, implies, for every s €
[~1,—t71], that

‘fp(svx) - fp(_1’0)| < |fp(57$) - fp(_lvx” + |fp(_1’x) - fp(_lvo)‘
< (s 4 DIOSo o) o1, + IV (=L, 0)la] + e[ V2 (~ 1, )]
<|Vfp(=1,0)|]z| + Cyt (|ac|2 + (s + 1))

0;Bn

and

IV fp(s,2) =V fp(=1,0)| < |V fp(s,2) =V fp(s,0)| + [V fp(s,0) = Vfp(=1,0)]
< |x’”V2fp(57 Mossy + Vs +1[V (-, O)B%[—l,—t*l]
<C"r7(z[+ Vs +1)

where C” = C"(n, C") > C". Observe that, by Item 1, | f,(—1,0)| < N’|x(p)|~*
and |V f,(—1,0)| < ¢. Thus, for any p € (0,1),

(5.2) (o) fus, Moy, + IV Sl Moy, < 2C" (6 +p+ N'e?p™ N7,
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Hence, combining (5.1) and (5.2) gives, for all s € [-1,—t"1],

k

D (oY IV fls, )

j=0
<4C" (64 p+ N'e2p IN7Y).

oy, + () T VR fo (s, )]sy,

Now choose § = p = 1557 and enlarge N to ensure that the right side of the
above estimate is less than v. As I'; = tféZt when s = —t~ !, Item 2 follows
immediately from this by setting n = ep. O

Lemma 5.4. Let {3i},cpy 1) be a MCF in R and assume %1 is a C?-
hypersurface of finite entropy. If the following holds:

1. For some ¢, > 0, by a suitable choice of the unit normal on X1, for
peE

EE, (p) > ctbs(1+ x(p)[*);

2. For some N > 0

sup|Asg,|+ sup sup [Ay,| < oo,
bl te[1,T) X \Bg %

then, fort € [1,T) and p € %4,
ER,(p) > cop(1+ [x(p)|* + 2n(t — 1))

where the unit normal on X is chosen to be compatible with the one on Xj.

Proof. First of all, by [34, Proposition 4]

d
(% - Azt) Egt = ’AZtPEgt'

Let
o(p,t) = 1+ [x(p)* + 2n(t — 1)

and observe that, by [19, Lemma 1.1],

d
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Thus, the chain rule gives

d
(4 —as.) valo) = 041 Vs.0? <0

where
Wi(s) = (B(B+1) + 282 + B2s%) s 77~ 2e7P% > 0.

Hence, combining the equations for ng, and v3(p) gives

d
(5 - Ay, ) (cts(e) — Bx,) < —[ A, [PES, < |As, [*(cvp(e) — BE).

As the flow is regular! on [1,7), Hypothesis 2 implies that, for all Ty €
(1,T), there is a constant C' = C(Tp) so that for all ¢ € [1, Tp]

Sup (145, [ () + [¥s(e(p, 1) + (1 + x(p)]) " EE, (p)]) < C.

That is, cig(o) — Egt has at most linear growth on ¥; for each ¢ € [1, 7]
and the second fundamental form is uniformly bounded by C. It follows
from a non-compact maximum principle (e.g., a simple modification of the
proof of [19, Corollary 1.1]) and the fact that on X1, ctog(0) — E§. < 0, that

cpg(o) — BL <0 for all t € [1,Tp]. As T was arbitrary in (1,7), the claim
follows. 0

Lemma 5.5. Let {¥¢},cqy 1) be a MCF in R and assume %1 is a C?-
hypersurface of finite entropy. If the following holds:

1. For some c,B > 0, by a suitable choice of the unit normal on 3, for
te[l,T) andp € %,

EZ (p) > cp(1+ [x(p)|* + 2n(t — 1));
2. For some N > 0

M =sup|Ag, |+ sup sup |Ag,| < oo,
oA te[1,T) S\By i

then, fort € [1,T) and p € ¥,

v (14 x(p) 2 + 2n(t = 1) + N2t) | A5, |(p) < Me B (p).

!That is, the flow is smooth away from initial time and attains its initial data in
the C2 _(R"*1) topology.

loc
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Proof. On ¥\ By /i» the desired estimate follows from our hypotheses. Next
we define

u=|As, P0? = |Ag, [P EG |72

By (B.9) in Appendix B of [18],

d
<E - Ay) |As, | < —2|Vs,|As,|* + 2|45, [*.

A direct computation (see, e.g., (3.22)—(3.24) of [4]) gives

d
(E — A2t> u < —2Vy, logv - Vy,u.

Thus, the maximum principle implies

sup u < sup U
SN(Bgax[1.4]) SN0p(By 7 x[1,t])

where § = (U ¢y 1) X x {7} is the space-time track of the flow and

Op (BJWZ x [1,t]> - a(B]M X [1,t]) \ (B]M X {t}).

Our hypotheses ensure that

Ve
sup u < —~ .
S0 (B xlLal) 20 (1 + N2t 4+ 2n(t — 1))

Hence the desired estimate holds on ¥; N By Vi 88 well. O

With a minor modification of the proof of [4, Proposition 4.5], we use
Lemma 5.5 to prove the long time existence of certain expander mean-convex
MCFs of low entropy.

Proposition 5.6. For n > 2, let ¥y be a C?*-hypersurface in R" ™! and
assume Y1 has no closed connected components and A\[X1] < A[S*~! x R].
Suppose T' € (1,00] is the mazimal existence time of the MCF {X¢}cpy 1y
starting from X1. If the following holds:

1. For some ¢, 8 > 0, by a suitable choice of the unit normal on X, for
te[l,T) andp € 34

ES (p) > cvop(1+ [x(p)* + 2n(t — 1));
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2. For some N > 0

M =sup|As,|+ sup sup |Ay,| < oo,
N t€[1,7) S\By s

then T = oo.

Proof. We argue by contradiction. If T' < oo, then Hypothesis 2 implies

lim sup |Ag,|= oc.
=T %,NBy 7

Thus, by Huisken’s monotonicity formula [23] and Brakke’s regularity theo-
rem [14] (cf. [40]), there is an x¢ € BN\/T so that the rescaled MCF about
XO - (X07 T)v

Ty = (T — )73 (% — xo), s = —log(T — 1),

satisfies that, for some sequence s; — oo, the I'y, converge, as integral
varifolds, to a multiplicity-one F-stationary varifold, I, with 1 < A[l'] <
A[S* 1 x R] < 2.

By the hypotheses and Lemma 5.5, there is a constant C' > 0, depending
onn,c,3,N,M, and T, so that, for any p € I's, N B, where R; = es?i,

Ar, |(p) < C (2T — e Hr,, () + 7% (x0 + ¢ x(p)) -mr,, (1))
Passing s; — oo and invoking Brakke’s regularity theorem again, one has
|Ar| < 2CT Hr on the regular set Reg(T").

As A[S" I xR] < 2, it follows from standard dimension reduction arguments
[39, Theorem 4], regularity of rectifiable mod 2 flat chains [41] and Allard’s
regularity theorem [33, Theorem 24.4], that I is regular everywhere — cf.
[15, Proposition 5.1].

Hence, Hr does not change sign and, as 1 < A[I'] < A[S"! x R], it
follows from [16, Theorem 0.14] that I" is the self-shrinking sphere. As each
I's, has no closed connected components, neither does I'. Thus, I' cannot be
a sphere, giving a contradiction. O

Proof of Proposition 5.1. Fix an asymptotically homogenous transverse sec-
tion v on ¥ so that v € Cg’a N C’(])“’H(E;S”). For ¥ € ACHM®, there is an
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open neighborhood U of ¥ and a C*® diffeomorphism ®,: ¥ x (—¢,¢) — U
given by

Py (p,7) = x(p) + 7V(p).

Using @, the MCF starting from ¥»; can be expressed as a quasi-linear
parabolic equation on ¥ with initial data 0. Thus, by standard parabolic
theory (e.g., [28] or [20]), there is a unique MCF, {Z¢},c(; 1) with ¥ = ¥
and T the maximal existence time. As each X; is properly embedded in
R™*1 there is a one-parameter family of open subsets of R"+1, {Qt}te[l,T)

so 0 = t_%Zt and so the outward unit normals ny, to {2; are continuous
in t. Hence, by the hypotheses on ¥, one appeals to Lemmas 5.3 and 5.4 and
Proposition 5.6 to see the flows exists for all times, i.e., T = oo, and Items
1 and 2.

To analyze the asymptotic behaviors of the flow at t = oo, we define
Iy = t_%Zt and K, = cl(£;) where s = logt.

Thus, {I's}>, satisfies the rescaled MCF equation

ox\* xt
— =Hr — —.
(63) 7
1

Observe, by Item 2, the expander mean curvature of I'y, Hp, — §XJ‘, points
into K. Thus, Ky C int(Ky) for all 8 > s> 0.
We consider the translation in time of {I's} ., by 7 > 0,

{Fg}szo = {FS-‘FT}SZO ’

which is also a rescaled MCF. As A[X] < A} < 2, it follows from Huisken’s
monotonicity formula [23] and the scaling invariance of entropy that A[I'7] <
A% . Thus, by Brakke’s compactness theorem [14] (see also [24, Section 7]),
given a sequence 7; — oo there is a subsequence 7;; so that, for every s > 0,

(5.3) lim H"| D57 = ps
Jj—oo
where {15}, is a one-parameter family of multiplicity-one rectifiable Radon

measures satisfying the rescaled MCF equation in Brakke’s sense — see [39,
Section 11] for the precise definition. Moreover, by the monotonicity of Kj
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and the upper semi-continuity of Gaussian density function, one has for all
s>0
spt(ps) = OK where K = ﬂ K.

s>0

In particular, u, = H"|0K for all s > 0, and {us},~ is a static solution of
the rescaled MCF. Consequently, the convergence (5.3) can be taken for all
T — 0.

Furthermore, by Huisken’s monotonicity formula [23], all tangent flows
of {us}ts>o are multiplicity-one static minimal (hyper)cones in R™"!. As
Aus] < A%, it follows from White’s stratification theorem [39, Theorem 4]
that these minimal cones have at most (n — 3)-dimensional spines and so
the singular set of {115}, has parabolic Hausdorff dimension at most n —1.
As the flow is static, the varifold Vyx associated to OK is a multiplicity-one
FE-stationary varifold and the singular set of Vg has Hausdorff dimension at
most n — 3. Moreover, by our previous discussion, {0K} -, form a foliation
of a neighborhood of 0K in R \ int(K) so that Hyg, — $x* points into
K. Thus, it follows from the maximum principle of Solomon-White [35] that
Vak is locally one-sided E-minimizing (strictly speaking one should think
of K as a set of locally finite perimeter and this set is one-sided locally F-
minimizing). As such, the regular part of Vyx is E-stable and so it follows
from Schoen-Simon’s regularity theorem [31] that the Hausdorff dimension of
the singular set of Vyx is at most n— 7. Moreover, it follows from Lemma 5.3
and the Arzela-Ascoli theorem that the tangent cone of Vyg at infinity is
equal to C(X). Hence it follows from the entropy bound and Lemma 4.2 that
0K € E5(C(X)). Set I' = OK. As T is smooth, Brakke’s regularity theorem
[14] (see also [40]) implies that, as s — oo, the I'y converge locally smoothly
to I'. That is,

lim ¢35, =T in C2(R™H1).

t—o00

Moreover, it follows from Lemma 5.3 and the locally smooth convergence
that, for any asymptotically homogonenous transverse section w on I' with
w € Cg’o‘ N C’(’)“’H(F;Sn), there is a large sp > 1 so that if s > sq, then there

is a function wg € C’f’a NC%(T) so that if

fs(p) = x|r(p) + ws(p)w(p)

then f, € ACHN(I') is a parametrization of I'y and

lim [|f, — x|r||{Y = 0.
S§—00
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Finally, we show that I and ¥ are C*® a.c.-isotopic with fixed cone. First
of all, by Lemma 2.1 and the above observation, there is a value s; > s for
which T'y, is C*® a.c.-isotopic with fixed cone to I' and in fact I'y is a.c.-
isotopic to I' for all s > s;. It follows from Lemma 5.3 and basic continuity
properties of the MCF that for any s € [1,00) there is an €, > 0 so, via
the path given by Lemma 2.1, 'y is C*® a.c.-isotopic with fixed cone to I's
for any s’ € [1,00) N (s — €5,5 + €5). As [1, 1] is compact, this implies that
there are a finite set of times 1 = s < s} < ...s;, = 51 so 'y and Ly,
are C™ a.c.-isotopic with fixed cone. Hence, composing these finitely many
a.c.-isotopies one concludes that I' and ¥ are C*“ a.c.-isotopic with fixed
cone, finishing the proof. O

6. Deformation of unstable self-expanders

The main result of this section is the following:

Theorem 6.1. For n,k > 2 and o € (0,1), let T € ACHF be an unstable
self-expander and assume A[I'] < A}. There are stable self-expanders I'_
and Ty in ACHE® with C(I'_) = C(Ty) = C(I') so that T_ < T' < T,
and both T'_ and I'y are C*® a.c.-isotopic with fized cone to I'. Moreover,
if I' € ACHE™ is a stable self-expander with C(T') = C(T') and T’ < T
(respectively, T' < T”), then one may choose T'_ (respectively, T'y) to have
the additional property that T' <T_ <X T (respectively, ' <T <T").

To prove Theorem 6.1 we will need several auxiliary results. The first is
the continuity of entropy under small C? perturbations.

Lemma 6.2. Given T' € ACH2 and § > 0, there exists a 7 = 7(I',§) > 0 s0
that if ||f — x|r||SY < 7, then |A[f(T)] — A[T| < 6.

Proof. First, by the definition of entropy, there is a pg > 0 and yo € R*+!
so that

1)
Flpol’ +yo] > All] - 5.

Thus, for sufficiently small 7,

o)
Flpof (') 4+ yo] > Flpol" + yo] — 3"

Hence, combining these gives

NE(D)] > Floof (T) + yo] > A[T] 6.
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Observe that there is a C' > 0 so that, for sufficiently small 7,

sup  RT"H"(f(I')N Bgr(y)) < C.
yER 1 R>0

Moreover, given «,n > 0, there is an R = R(I',y,n) > 0 so that if p € pf(I)
and p + [x(p)| > R, then pf(T') is an n,¢r(p)-graph of size v on scale 7 at
p. Thus, for a suitable choice of v and 1 depending on C and 4§,

(6.1) sup Flpf(I') +y] <140 < AT +4.
ptly[>R

Next we observe that given R’ > € > 0 there are constants ¢’ = C'(I', R', ¢)
and p' = p'(T',R',€) > 0 so that, for p < p/,

||Pf(P_1') - PX(P_l')||2;pm(Bm/\Be,) < C'r.
Now choose € sufficiently small and R’ > R sufficiently large so
_n n o/ on =2 )
(4m)~=2C [ L™ (BY) + e dL" | < -,
R"\B7., 4

where £ is the Lebesgue measure on R™. As lim,_,o pI" = C(I") in C? ,(R" ™1\
{0}), it follows that for sufficiently small 7

(6.2) sup  Flpf(T) +y] < AC(T)] +6 < A[L] +6
0<p<p’,yEBRr/

where the second inequality is implied from the lower semi-continuity of
entropy. Finally, as the set

K ={(p,y): 0/ <p<R,y € Br}
is compact, by shrinking 7 if needed, we get

(6.3) sup Flpf(T)+y] < sup FpI' +y]+3d < A[]+0.
(py)eK’ (p,y)EK'

Hence, combining (6.1)-(6.3) gives, for sufficiently small 7,
MNE(D)] < AT + 6,

which completes the proof. ]
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The next is an asymptotic estimate of the distance between two disjoint
self-expanders that are asymptotic to the same cone.

Proposition 6.3. Forn > 2, let T and X be self-expanders in ACH? such
that C(T') =C(X) and T'NX = (. There is a radius Ry = R1(I',X) > 1 and a
constant C1 = C1(T',X) > 0 so that there is a smooth function u: T'\ Br, —
R™1 that satisfies

3\ Bag, C {x(p) + u(p)nr(p): p €T\ Bp,} C %

and
2

7'2 T
Cl_lr_”_le_T <u<Cyr"leT
where nr s chosen to point towards ¥ and r(p) = |x(p)| for p € T

Proof. Appealing to [10, Proposition 2.1] one has all claims but the lower
bound of u. To see this lower bound, a standard computation (see, e.g., [10,
Lemma A.2]) gives that, up to increasing Ry,

1 1
LFUZAFU+§X‘V1“U+ (]Ap\2—§>u:a-Vpu+bu

where a and b satisfy
la| + || < C (Ju| + [Vru| + |[Viu| + |x - Vrul) .

Invoking the gradient and Hessian estimate for u given by [10, Proposition
2

2.1], one has |a| + |b| decays with a rate at least e~ = . Thus, set v = (r—"~ 1+

r~""2)e” T and, up to further increasing Ry, one readily computes (see [10,
Lemma A.1])

Lrv>a-Vrv+bvonT\ Bg,.
AsT'NY = 0, there is a constant C; > 0 so that

. —1/p—mn—1 —n—2 _E
inf u>C{ (R +R" e .
IN9Bx,

As T is C?-asymptotically conical, we can enlarge R; so

1 1
sup <|Ap]2 5~ b) <-7
F\BRI
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Hence the maximum principle implies
2
u>Crlo>Crlr e T

proving the claim. O

Proof of Theorem 6.1. Partition I' into its connected components I'!, ...,
I'M_ For I to be unstable, at least one IV must also be unstable. Invoking
[12, Proposition 3.2], for each I'/ there is a number p; and a function f; > 0
on I'V so that

(Lrs +p3)fj =0

and f; satisfies the pointwise estimates

: ~30nt1-2p) o= 2 o) - 2
?6(1+’X|2) 5 (n+1=2p;) =2 < f; < ChH1+|x]?) L(nt1-2p;) ,—

and, for every i > 1,
%12 .
le™s" Vi fillo < C
where Cjy = C}(I'7) > 0 and C! = C!(I'7). Moreover, if I'/ is unstable, then
wi < 0.
Define f: I' — R by

fp) = fi(p) if p € T for some unstable I'V;
P)= 0 otherwise.

Given a number ¢, let

I = {f(p) =x(p) + ef(p)nr(p): p € T}

where nr is chosen to point out of Q_(I'). The estimates of f; ensure that
there is a sufficiently small € = €T) > 0 so that, for all |¢| < & T'© € ACHE
with C(T'¢) = C(T).

We wish to apply Proposition 5.1 to '/ = £¢(I'Y) for those unstable I'V.
Suppose —€ < € < 0. By (2.1) and the flow equation, the distance between
IV and C(T7) decays linearly. This fact and the C? estimate of f; ensure that
Hypothesis 1 of Proposition 5.1 is satisfied. Next, choose the unit normal
nre to point out of Q_(I"¢) and this induces the choice of normal on each
[¢J. If T is unstable, then one appeals to the computations in [10, Lemma
A.2] and the estimates of f; to see that, for all e < 0 sufficiently close to 0,

0, -
EXL > 2(C0) Yepjop, (1 + %)
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for B; = %(n + 1 —2p;) > 0. That is, Hypothesis 2 of Proposition 5.1
is satisfied. Finally, by Lemma 6.2 and shrinking € (if needed), one has
A[[€7] < A[[€] < A%. As such, Hypothesis 3 of Proposition 5.1 is satisfied.
Thus, if TV is unstable, then one finds an open set Q%7 so that 9Q¢ = I'%J
and nr-; points out of 2/, and applies Proposition 5.1 to (I'/, Q7). If TV
is stable, then I'*/ = I'V and evolves by mean curvature in the self-expanding
way. Hence, by our discussions and the maximum principle, there is a unique
MCF, {I§},., with T'{ = T so that each I'{ € ACHN with C(T§) = C(I),
and the family {t*1/2I‘§
Q_(T) so

} +>1 evolves, in a strictly monotone manner, into

lim ¢~20§ = X¢ in C2 (R™H1)

t—o0
where X¢ € ACHY® is a stable self-expander with C(X€) = C(I"). It follows
that ¢ < T'* < T and € is C*® a.c.-isotopic with fixed cone to I'. Similar
arguments apply to the case 0 < € < € and produce a X¢ with the same
properties as above but I' < €.

It remains only to prove the last claim (“Moreover, if...”). Without loss
of generality, it suffices to consider the case that IV < T" but IV # T'. Let
I} = v/tI’ for t > 0. We will show, by choosing € sufficiently small, which
may depend on I' as well, that if —€ < e < 0, then I, < T'¢ for all ¢t > 1.
This would imply IV < ¢, proving the claim. Let I=rNI"and Iy = V4T
for t > 0. By the strong maximum principle I is the union of the common
components of I and I". As I" is stable so is I. Thus, by our construction,
£<(I') = T" and so evolves by mean curvature in the self-expanding manner
as well. Thus it is enough to show that, for any € € (—¢,0) fixed, the set

S = {3 > 1: el(Q_ () \ Ty € Q_(T%) for all ¢ € [1,31}

is equal to [1,00).

To see this, first observe that the C? estimate of fj and Proposition 6.3
ensure that, for any € < 0 very close to 0, cl(Q_(I")) \ T’ € Q_(T) and so
S # (. Next, if s; € S and s; — s, then Q_(I") € Q_(T'%) and cl(2_(T})) \
[y cQ_(I%) forall t € [1,5). If s ¢ S, then (I, \ T's) N (IS \ I'y) # 0 which
violates the strong maximum principle. This shows S is closed.

Finally, fix any s € S. As ' € ACH® and the distance to its asymptotic
cone decays linearly, one uses Lemma 5.3 to find a radius R > 1 and a family
of functions u(-,t) on ', \ Bg — R with uniform C? bound and so that, for
any t € [1,s + 1],

I3\ Bar C {x(p) +u(p,t)nr,(p): p € Iy \ Br} C Iy
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A straightforward, but tedious, computation gives that

((11—1: — Arju = a - VFQU—Fb,u

where a’ and V' are smooth bounded. As s € S,

inf  u(p,s) > 0.
pel,\Bar

By the continuity of the flows and the definition of S, there is a § > 0 so
that

inf {u(p,t): p € (T} \ D) N 0Bap,t € [s,5 + 5]} > 0.

Thus, by a non-compact form of the strong maximum principle, u(p,t) > 0
for p € T\ (Iy UByg) and ¢ € (s, s+ 0]. This, together with the strong max-
imum principle on compact regions, implies that cl(Q_(I})) \ Ty € Q_(T%)
for all ¢ € [s,s + d]. That is, S is open. Hence, as [1,00) is connected, one
has S = [1,00). This completes the proof. O

7. Perturbation properties of weakly stable self-expanders

We need several perturbation results for weakly stable self-expanders. Specif-
ically, we will need to show that it is possible to connect, via an a.c.-isotopy
that does not move the asymptotic cones much along the path, any weakly
stable self-expander to a self-expander whose asymptotic cone is a generic
perturbation of the initial cone. These results rely on the analysis carried
out in [8].

We introduce the following notation: Let n,k > 2 and « € (0, 1). Given
a CF“regular cone C C R™! and a map ¢ € CH*(L(C); R"T1), let

Cle]l = {pp(p): p € L(C),p > 0} .

Clearly, C[p] is a set-theoretic cone. As £(C) is compact, there is a neigh-
borhood Vemp(C) of x|z () in Ck(L£(C); R™1) so that, for any ¢ € Ve, (C),
Cly] is a CH2- regular cone and &1 [p]: C — C[¢] is an embedding.

The compactness of Es(C) together with results of [8] gives the local
finiteness for diffeomorphism types. First we need the following elementary
fact:

Lemma 7.1. Forn,k > 2 and o € (0,1), let X; € ACH,’?O‘ be self-expanders
and suppose ¥; — ¥ in C°(R™1). Let o be a CH*-hypersurface in S™

loc
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and let o; € CF(a;R™1) such that Clp;] = C(%;) and ¢; — x|, in
Chka(S7 R ). Then one has X € E(C[o]) and, for sufficiently large i, there
are f; € ACHEY(Z) with £(X) = 5; and trl [f;] = ¢;.

Proof. First observe that as each ¥; satisfies (1.1), the nature of the con-
vergence ensures that X does as well. By our hypotheses on ¢;, one has
L(X;) — o in C**(S") and so, by [9, Corollary 3.4], ¥ € ACHF® with
C(X) =Clo]. That is X € E(C[o]).

Let hy € CPn CF g (3;R"*1) be chosen to satisfy

1 1
Aghi + §X . Vghz — 51’12 =0 and tl"éo[hl] = Qi — X|U.
By [8, Corollary 5.8], there is a unique such h; which satisfies the estimate
1
Il < Cligi = Xlo o
where C' depends only on ¥. We then let
gi = x|z + h; and T; = g;(%).

It is clear that, for sufficiently large i, g; € ACHN(X) and trl [g;] = ¢;.
Thus, by [8, Proposition 3.3], T; € ACHN and C(Y;) = C(%)).

Pick an asymptotically homogenous transverse section v on ¥ so that
v E Cg’aﬂC’g’H(E; S™). Let v; = vog; ' and let 7y, be the projection along v;
onto Y;. By [9, Proposition 3.3], for sufficiently large i, 7y, |5, : ¥; — T; is an

element of ACHY(%;). Thus, there is a unique function u; € C’f’a ﬂC’fO(E)
so that »; can be parametrized by the map

w.) togi =g +uv

fi = (ﬂ-Vi

which, by [8, Proposition 3.3], is an element of ACH®*(X) and trl [f] =
trl [g:] = ;. This completes the proof. O

Proposition 7.2. For k > 2 and o € (0,1), let C be a C*“-regular cone in
R and assume either 2 < n < 6 or A\[C] < A,,. There is an €1 = €1(C) > 0
and a finite set {I'1,..., 'y} C Es(C) so that the following is true: For
any ¢ € CH(L(C); R™ 1) with |l — X|zc)llka < €1 one has ¢ € Verp(C).
Moreover, for anyI' € E5(C|p]), there is an integer i € [1,J] and an element
f € ACHF(T;) so that T = £(Iy) and tr! [f] = .
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Proof. We first claim that there are I'j,...,I'y € £g(C) so that for any
I' € £5(C) there is an integer 7 € [1,.J] and an element fr € ACHF(T;) so
that fr(I;) = I and trl [fr] = x|z(c).-

To see this is true, consider the following equivalence relation on Eg(C):
two I,V € Eg(C) are equivalent, written I' ~ I”, provided there is an
f € ACHN(T) so that TV = f(I') and trl [f] = X|z(c)- It follows from [8,
Proposition 3.3] that this is an equivalence relation. Indeed, it is reflexive as
x|p € ACHE*(T) soT' ~ T. It is symmetric as f € ACHE*(T) with f(I') = I
and trl, [f] = x|z(c), implies that f~! € ACHE(T) and trl [f~1] = X|z(c)-
Finally, it is transitive as f € ACHE*(T") with f(T') = I" and trl [f] = x|.(c),
and g € ACHM(I") with g(I') = T and trl [g] = X|z(c), implies that
gof € ACHF(T) and trl [gof] = X|zey so I' ~ T". Tt readily follows
from Proposition 4.4 and Lemma 7.1 that there are finitely many equiva-
lence classes in Eg(C). Pick representatives I'1,...,I"; and observe that we
have shown the proposition for any I' € £g(C).

We now argue by contradiction. Suppose there is a sequence of functions
o) € CE(LC)R™) with ) — x|(o)llka — 0 and 35 € Es(Cliey) so
that the conclusion does not hold for ¥;. By Proposition 4.4, up to passing
to a subsequence, there is a ¥ € £g(C) so that ¥; — ¥ in Cp2(R™H).
By Lemma 7.1, up to throwing out a finite number of terms, there are
g; € ACHF () so that g;(X) = ¥; and trl [g;] = ;.

As ¥ € £g(C), there is an integer i € [1,J] so I'; ~ 3. That is, there is
an h € ACHM*(¥) with h(I;) = ¥ and trl [h] = X|z(c)- Setting f; = g; oh,
shows the result holds for the X;, and this contradiction proves the claim. [J

Given an element ¥ € ACHF, there is a natural equivalence relation on
ACHE(X). Namely, two elements f, g € ACHN(X) are equivalent, written
f ~ g, provided that f(X) = g(X) and trl [f] = trl [g]. Denote by [f] the
equivalence class of f. Let

Aceke(x) = {[f]: f e ACHE () and £(2) satisfies (1.1)} :

The main result of [§] is that ACEX*(X) is a smooth Banach manifold and
the projection map Iy : ACEF(X) — CF*(L(X); R™1) given by IIx([f]) =
trl [f] is smooth Fredholm of index 0.

o0

Corollary 7.3. For k > 2 and o € (0,1), let C be a C**-regular cone
in R"1 and assume either 2 < n < 6 or A[C] < A,. There is an open
neighborhood V of x|, ¢y in Cke(L(C);R™ 1) so that, for a generic (in the
sense of Baire category) element o € V, every element of E5(Cly]) is strictly
stable.
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Proof. Pick €1 = €1(C) > 0 as in Proposition 7.2. When n > 7, as A\[C] < A,,
9, Lemma 3.8] ensures that, up to shrinking ey, if [l¢ — x[zc)llka < €1,
then C[y] satisfies \[C[¢]] < A,. Let Vy be the open ball in C*<(£(C); R"+1)
centered at X\E(c) of radius €;. Pick I'1, ..., 'y as in Proposition 7.2. By [8,
Corollary 1.2], there are open dense sets Vi,...,V; C CH(L(C);R"*1) so
that each IIp, has no critical values in Ve,(C) NV;. That is, if I' = £(I)
and trl [f] € Vemp(C) NV, then T has no non-trivial Jacobi fields that fix
the infinity. In particular, if ¢ € V = Ve, (C) N ﬂ;']:o V;, then every element
of Es(C[y]) is strictly stable. O

Theorem 7.4. For n,k > 2 and o € (0,1), let C be a C*-regular cone
in R" and assume A\[C] < A%. For each T' € E5(C) there exists an open
neighborhood Vr C CFH*(L(T); R of X|g(ry so that for any ¢ € Vr there
is an element T'y, € E5(Clp]) and a C** a.c.-isotopy F, between T and T,
so that, for all t € [0, 1],

(7.1) 6130 [Foo ()] = x| £y |

ka < e —xlzmlka-

Proof. Let v be a transverse section on I' as given in [8, Section 7], i.e., one
that is asymptotically homogenous, and let

Ky ={xeC,NCY(I): Lr(kv-np) =0}

where Lp is the self-joint operator given in Section 2.6. By [8, Theorem
7.1], there are two open neighborhoods Uy € C**(L(I'); R™™) of x|, and
Uy C Ky of 0 together with a smooth map Fy: U; X Uy — .ACHZ’O‘(F) SO
that:

o Fy[x|sry), 0] = x|r;
o tri [Fyp, K] = ¢;
L4 Gv[§07 K‘] =Vv: (H - %XJ—) [FV[QDa KVH € Ky.

Thus, by shrinking U if needed, it follows from Lemma 2.1 that, for every
¢ € Uy, the path t — F(,(t) given by

F(t) = (1 = t)x|r + tFy[p, 0] for t € [0, 1]

is a C* a.c.-isotopy between I' and Fy[p,0](T). It is clear from the con-
struction that

163 [FL (O] = x|y ke < Nl = x|y s
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To conclude the proof we show that for every ¢ € U there is a C*®
a.c.-isotopy with fixed cone between 3, = Fy[p,0](I") and some element
of Es(C[wp]). Composing this with F{, gives an a.c.-isotopy with the desired
properties. In view of Theorem 6.1, it suffices to show the claim with £(C[y)])
replacing Es(Clp]). If £y = {0}, then X, is a CF_asymptotically conical
self-expander with C(X,) = C[y] and the claim is proved. Otherwise, parti-
tion T into its connected components I't, ... ., T'™ so all TV _are stable with
at least one weakly stable. For each j € {1,..., M}, let ¥}, = Fy[p,0](T7)
and

Ki = {reCl.nCY(I): Lri(kv -nr;) =0} .

Observe that if k € Ky, then x|p E'IC{.,. If TV is strictly stable, then K =
{0} and X, is a self-expander. If IV is weakly stable, then it follows from
the standard spectral theory that dim K% = 1. In this case we may choose
Kj € K to span. K. Let gi: Uy — R so that Gy[p,0llri = g¥lplk;. If
gv|p] = 0, then X7, is a self-expander. Otherwise, it follows from [8, Lemma
6.1] and [12, Proposition 3.2] that, by a suitable choice of unit normal on
2,
0,1 2
Egy > e (1+[x[)

for some ¢, > 0. Thus, Hypothesis 2 of Proposition 5.1 holds for Ei,.
Next observe that by the construction of Fy — see pages 33-34 of [8] for
details — Hypothesis 1 of Proposition 5.1 holds for ¥7,. Finally, by Lemma 6.2
and shrinking ¢/ if needed, we may assume A[X}] < A[X,] < A}, that is
Hypothesis 3 of Proposition 5.1. Hence, one can apply Proposition 5.1 to
Y%, and obtains a CF*_asymptotically conical stable self-expander I'}, that
is OP a.c.-isotopic with fixed cone to XJ,. Therefore, by the maximum
principle for the MCF, combining all these cases gives an element I', €
Es(Cly]) that is C** a.c.-isotopic with fixed cone to . O

8. Proof of main theorems

In this section we prove Theorem 1.1 and Theorem 1.2. We first prove the
result for cones C with the extra property that every element of £g(C) is
strictly stable and then use the perturbation results of Section 7 to conclude
the general case.

Before beginning the proof we need a finiteness result for £5(C).

Lemma 8.1. Fork > 2 and o € (0,1), let C be a C*“-regular cone in R**!
and assume either 2 < n < 6 or A[C] < A,. If every element of Es(C) is
strictly stable, then Es(C) is a finite set.
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Proof. By Proposition 7.2 there are I'j,...,I'y € £5(C) so that for each
I' € £5(C) there is an integer 7 € [1,.J] and an element fr € ACER*(T})
so that trl [fr] = x|g) and fr(I;) = I'. As I is strictly stable, [fp] is a
regular point of Il — See Section 7 — and so there is an open neighborhood
Ur C ACE2(T;) of [fr] on which I restricts to a diffeomorphism. Clearly,
{Ur}ree, e 1s an open cover of {[fr]}reg, (c)- Moreover,

{lfrl}ress ey MU = {[fr]}

By Proposition 4.4, £s(C) is (sequentially) compact in C2,(R™"1). Hence,
by [9, Proposition 4.1], {[fr]}rce(c) is (sequentially) compact in the space
Ui]\il ACER(Ty). Tt follows (see [9, Lemma A.1]) that {Ur}reg,(c) has a fi-
nite subcover of {[fr]}rc¢_ () and hence the latter set is finite. That is, £(C)
is finite. O

We are now ready to prove Theorems 1.1 and 1.2.

Proof of Theorems 1.1 and 1.2. As C is a C*tl-regular cone, it is obvious
that C is C**-regular for every a € (0,1). Observe that, by Theorem 6.1,
every I' € £(C) is C* a.c.-isotopic with fixed cone to some element I €
Es(C). Hence, it suffices to show that any two elements I'1,T'y € Eg(C) are
C* a.c-isotopic with fixed cone.

We now assume that C has the property that Eg(C) consists only of
strictly stable elements. For any I" € £g(C), let

P(I) = {f € &(C): T <T < rG}

where ' is the greatest element given by Theorem 4.1. By Lemma 8.1,
P(T') is a finite set. We will show, by induction on the number of elements,
M, of P(I'), that T' is C* a.c.-isotopic with fixed cone to I'. The theorem
clearly follows from this.

To that end, first observe that as I'¢ € P(I") there is nothing to prove
when M = 1. For general M > 2, let ' be a minimal element of P(T") \ {T'}
— this exists as the ordered set is finite. Thus, P(I”) has at most M — 1
elements. By the induction hypotheses, I is C* a.c.-isotopic with fixed cone
to I'q. Apply Theorem B.1 to I" and I". This produces a self-expander X
sothat ' < ¥ XTIV but ¥ # I and ¥ # IV. As I/ is a minimal element
of P(I')\{I'} we must have ¥ ¢ P(I') and so ¥ ¢ Eg(C). In particular,
Theorem 6.1 implies ¥ is C* a.c.-isotopic with fixed cone to both I' and T,
and hence they are both C* a.c.-isotopic with fixed cone to one another and
hence also to I';. This completes the proof in this case.
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To prove the result for general C first pick V as in Corollary 7.3. For any
two elements I'1, 'y € E5(C), let Vp, and Vr, be given by Theorem 7.4. As
VN Vr, NVr, is an open neighborhood of x| ¢), it follows from Corollary 7.3
that there is an element ¢ € VNV, NVr, so that every element of Es(C[y)])
is strictly stable. By Theorem 7.4, for ¢ € {1,2} there is an element I", €
Es(Clp]) and a CF a.c-isotopy F; between I'; and I'; so that (7.1) holds.
By what we have already shown, I} is C* a.c.-isotopic with fixed cone to
Iy, Thus, by shrinking Vr,, Vr, if needed, we are able to use Lemma 2.2 to
conclude that T'; is CF a.c.-isotopic with fixed cone to T's which completes
the proof. O

Appendix A. Existence of isotopically trivial self-expanders
of small entropy

In this section we use Theorem 7.4 to prove the following existence result
which was used in the proof of Corollary 1.5.

Proposition A.1. For3<n <6 andk > 2, ifC is a Ck+1—regular cone in
R with L(C) € S(’)“H(A;‘l), then there exists a self-expander I' asymptotic
to C that is C* a.c.-isotopic to R™ x {0}.

Proof. Let T'o = R™ x {0} and set Cyp = C(I'g) = I'o. Fix any a € (0,1). Let
V= {gp € CP(L(Co); R™™): &H[¢] is an embedding and A[C[¢]] < AZ}

and let V) be the connected component of V that contains x|, (c,). Because

L(C) € SET(AL), the definition of this space ensures that that £(C) is
isotopic to the equatorial sphere in S™ and one may choose the isotopy
so that the entropy of the corresponding cones is less than A. That is,
X| ce) € Vo.

Hence, there is a continuous path ¢: [0,1] — Vy connecting x|z(c,) to
X| L£(C)- Let

to=sup{t€[0,1]: there is I'; € E5(C[¢(t)]) that is CF a.c.-isotopic to Io}.

As T is strictly stable, the projection IIr, : ACE®®(T'y) — Vo which maps
[f] to trl [f] is a local diffeomorphism around x|, and so ¢y > 0.

Suppose t; € [0,tp) are such that t; — t¢ and that for each i there exists
Iy, € E5(C[é(t;)]) that is CF* a.c.-isotopic to I'g. As Clo(t;)] — C[b(to)] in
CF(RmH1\ {0}), Proposition 4.4, implies that, up to passing to a subse-

loc

quence, I'y, — 'y, in C° (R™1) for an element Ty, € E5(C[¢(t0)]). Moreover,

loc
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by [9, Proposition 3.3] and Lemma 2.1, T'y, is C% a.c.-isotopic to I';, and,
thus, to I'g. In particular, it is enough to show ty = 1.

If to < 1, then x|r, cannot be a regular value of Ilr,. That is, I'y, is
weakly stable. However, by Theorem 7.4, there is a sufficiently small ¢ > 0
so that for every t with |t —to| < € there is an element in Eg(C[¢(t)]) that is
Ck@ a.c.-isotopic to I'y,. This contradicts the definition of ¢y and so implies
to = 1 proving the proposition. O

Appendix B. A mountain pass theorem for self-expanders

In the proof of Theorems 1.1 and 1.2, we used the following result which
follows by combining [12, Theorem 1.1], [9, Proposition 3.3] and Lemma 4.2.

Theorem B.1. Fiz an integer k > 2 and a € (0,1). Let C be a C**'-regular
cone in R and assume either 2 < n < 6 or AC] < A,,. Suppose X_ and
>4 are distinct strictly stable C’f’a—asymptotz'cally conical self-expanders with
C(S_)=C(24) =C and S_ < X,. Then there exists a C¥*-asymptotically
conical self-expander g # X1 with C(Xg) =C and - < ¥y < X,.
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