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Generalizations of the Eierlegende-Wollmilchsau

Paul Apisa and Alex Wright

We classify a natural collection of GL(2,R)-invariant subvarieties,
which includes loci of double covers, the orbits of the Eierlegende-
Wollmilchsau, Ornithorynque, and Matheus-Yoccoz surfaces, and
loci appearing naturally in the study of the complex geometry of
Teichmüller space. This classification is the key input in subsequent
work of the authors that classifies “high rank” invariant subvari-
eties, and in subsequent work of the first author that classifies cer-
tain invariant subvarieties with “Lyapunov spectrum as degenerate
as possible”. We also derive applications to the complex geometry
of Teichmüller space and construct new examples, which negatively
resolve two questions of Mirzakhani and Wright and illustrate pre-
viously unobserved phenomena for the finite blocking problem.
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1. Introduction

1.1. New exceptional surfaces

The Eierlegende-Wollmilchsau1 square-tiled surface, independently studied
by Forni [For06] and Herrlich-Schmithüsen [HS08], is a perpetual counterex-
ample in the study of translation surfaces and the GL(2,R)-action. On this
surface each cylinder is parallel to exactly one other cylinder, and these
pairs of cylinders are homologous and isometric. (Two cylinders are called
homologous if their core curves are homologous.) Its relatives, namely the
Ornithorynque2 studied by Forni-Matheus [FM], and the infinite sequence
of surfaces studied by Matheus-Yoccoz [MY10], share these properties, and
are also continuing sources of insight.

In this paper we consider generalizations of these surfaces that have
higher dimensional GL(2,R)-orbit closures. We give examples of orbit clo-
sures such that on almost every surface in the orbit closure, each cylinder
is parallel to exactly one other cylinder, and these pairs of cylinders are
homologous and isometric. As is the case for the Ornithorynque, in many of
our examples there is moreover an involution exchanging the cylinders and
negating the Abelian differential. Quotienting by this involution, we arrive
at quadratic differentials with at most one cylinder in each direction, but
whose orbit closure M is not a connected component of a stratum.

Our examples, which arise as loci of cyclic covers, negatively resolve two
questions of Mirzakhani and Wright [MW18, Questions 1.7 and 1.8] (Section
1.4), clarify the complex geometry of Teichmüller space (Section 1.5), and
illustrate new behavior relevant to the finite blocking problem (Section 2.2).

We now turn to our main result, whose investigation led directly to the
examples above.

1.2. Main result

Our main result classifies orbit closures in which cylinders always occur indi-
vidually or in isometric pairs. More precisely, let M be a GL(2,R)-invariant
subvariety of a stratum of translation surfaces. We say M is geminal, from
the Latin for twins, if, for any cylinder C on any (X,ω) ∈ M, either

• any cylinder deformation of C remains in M, or

1German for egg-laying wool-milk-sow. Colloquially, an all-in-one device that can
do the work of several specialized tools.

2French for Platypus (the egg laying mammal).
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• there is a cylinder C ′ such that C and C ′ are parallel and have the same
height and circumference on (X,ω) as well as on all small deformations
of (X,ω) in M, and any cylinder deformation that deforms C and C ′

equally remains in M.

In the first case we say that C is free, and in the second case we say C
and C ′ are twins. Section 3 contains details on cylinder deformations, but
we note for the moment that a cylinder deformation that deforms C and
C ′ equally can be defined concretely as a deformation (X ′, ω′) for which
there exists a PL-homeomorphism (X,ω) → (X ′, ω′) whose derivative is
the identity off C ∪ C ′ and whose derivative is constant on C ∪ C ′. Our
generalizations of the Eierlegende-Wollmilchsau give examples of geminal
orbit closures (see Definition 2.3 and the subsequent examples).

There are a few obvious examples of geminal orbit closures arising from
loci of double covers, which we introduce after a few preliminary remarks.
To start, it is important to note that we allow our surfaces to have marked
points, which we treat as “zeros of order zero”.

For any cover, and any small deformation of the base, one obtains a
deformation of the cover. Let M and N be invariant subvarieties of Abelian
or quadratic differentials. We say that M is a full locus of covers of N
if every surface in M is a cover of a surface in N in such a way that all
deformations in N of the codomain translation surface give rise to covers
in M. We recall the definition of (branched) covering maps between Abelian
and quadratic differentials in Definition 3.2.

We define an Abelian double to be a full locus of covers of a component
of a stratum of Abelian differentials such that the covering maps have degree
two, and all preimages of marked points are either singularities or marked
points.

We define a quadratic double to be a full locus of covers of a compo-
nent of a stratum of quadratic differentials such that the covering maps are
the holonomy double cover and all preimages of marked points are marked
points. The preimage of a pole may be marked or unmarked.

In both Abelian and quadratic doubles, we assume that the double cov-
ers are connected and do not have any marked points that map to unmarked
points. Note that there may be more than one double associated to a com-
ponent of a stratum, since in the Abelian case there may be more than one
choice of degree two cover, and in the quadratic case there may be more
than one choice of which preimages of poles to mark.

Abelian and quadratic doubles are both examples of geminal orbit clo-
sures. Our main result almost completely classifies geminal orbit closures.
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Theorem 1.1. Any geminal orbit closure that doesn’t consist of branched
covers of tori is one of the following.

(1) A component of a stratum of Abelian differentials.
(2) An Abelian or quadratic double.
(3) A full locus of covers of a quadratic double of a genus zero stratum.

See Theorem 8.1 for a more detailed statement. Our generalizations of
the Eierlegende-Wollmilchsau give many examples of the final type. How-
ever, we do not classify which loci of covers of quadratic doubles of genus zero
strata give geminal orbits closures. That remaining problem seems largely
group theoretic (see the conjecture and open problem in Section 8.4) and is
not required for our applications.

We also give a similar result for loci of branched covers of tori, where
there are additional possibilities associated to loci of surfaces with Z/2×Z/2
symmetry.

Our proof of Theorem 1.1 is inductive. Absolutely key to the induction is
that we prove a rather involved stronger statement, namely Theorem 8.1, so
that the inductive hypothesis is more powerful. The main tool in the proof is
the theory of “diamonds” developed in [AWb], which allow us to prove that
M is a locus of covers by simultaneously using two degenerations. The proof
also makes use of restrictions on the structure of the boundary developed in
[CW21]. This is the first paper to apply these results from [AWb, CW21].

1.3. Main applications

Theorem 1.1 plays a major role in the classification of high rank invariant
subvarieties [AWa]. There we desire to conclude that a high rank invariant
subvariety is a double or a component of a stratum, and Theorem 1.1 resolves
the difficulty that other invariant subvarieties might share many properties
with a double from the point of view of cylinder deformations.

Theorem 1.1 also plays a major role in the first author’s study of invari-
ant subvarieties whose Lyapunov spectrum contains as many zero exponents
as possible [Apia]. A key element of that study is the following result, which
provides further evidence for the surprisingly broad applicability of geminal
subvarieties.

Theorem 1.2 (Apisa). Suppose M is an invariant subvariety that does not
consist entirely of branched covers of tori. If, on generic surfaces in M, all
parallel cylinders are homologous, then M can be obtained from a geminal
subvariety by forgetting some marked points.

This result combines [Apia, Theorems 1.5 and 1.7], and relates to zero
exponents via results of Forni [For02, For11].
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1.4. Fake strata

An invariant subvariety M is called free if every cylinder on every surface
can be deformed without leavingM. In other words,M is free if it is geminal
and no cylinder has a twin. The only obvious examples are components of
strata, and any other such M might be called a “fake stratum”, in that the
flexibility to deform cylinders in M matches that of a stratum.

Mirzakhani and the second author previously proved that every free
invariant subvariety of translation surfaces is a connected component of
a stratum, and used this in their classification of invariant subvarieties of
maximal rank [MW18].

However, our examples show that there are many invariant subvarieties
of quadratic differentials that are not a connected component of a stratum
and in which every cylinder is free. This resolves [MW18, Question 1.8],
which asked if such an invariant subvariety with rank bigger than 1 exists.

Figure 1.1: A surface in a 4-dimensional invariant subvariety of genus 4
quadratic differentials in which every cylinder is free, contained in the 12-
dimensional stratum Q(7, 15). The region shaded orange is a single cylinder.

An example of a non-trivial invariant subvariety of quadratic differentials
of rank 2 in which every cylinder is free is obtained as the loci of three-fold
covers of surfaces in Q(1,−15) illustrated in Figure 1.1. The correspond-
ing locus of holonomy double covers of these quadratic differentials is one
of the smallest examples of a rank two generalization of the Eierlegende-
Wollmilchsau constructed in this paper. (Using the notation of Section 2, it
is E(κ, a) with κ = (1,−15) and a = (16).)

1.5. The complex geometry of Teichmüller space

Markovic [Mar18] recently proved a longstanding conjecture of Siu [Siu91,
Conjecture 3.7] by showing that the Teichmüller space of a closed surface of
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genus g ≥ 2 is not biholomorphic to a bounded convex subset of C3g−3. This
was accomplished by producing Teichmüller disks that are not holomorphic
retracts of Teichmüller space.3

Given a component Q of a stratum of quadratic differentials, let MQ
denote the collection of quadratic differentials (X, q) ∈ Q so that the Te-
ichmüller disk generated by (X, q) is a holomorphic retract of Teichmüller
space. By [GM20, Lemma 2.2, Section 2.4], MQ is a union of invariant sub-
varieties. Moreover, Gekhtman and Markovic show that MQ is free [GM20,
Corollary 4.4]4; so the associated locus of holonomy double covers are gem-
inal. The following is therefore a direct consequence of Theorem 1.1.

Corollary 1.3. MQ is one of the following: empty, Q, or a union of full
loci of covers of strata of genus zero quadratic differentials.

When all of the zeros on quadratic differentials in Q have even order,
MQ = Q by work of Kra [Kra81], see also McMullen [McM03, Theorem
4.1]. Gekhtman and Markovic conjecture [GM20, Conjecture 1.1] that MQ
is empty when the quadratic differentials in Q have an odd order zero.
Corollary 1.3 reduces this conjecture to checking strata and loci of covers of
genus zero quadratic differentials.

2. New Eierlegende-Wollmilchsaus

2.1. Exceptional loci of cyclic covers

For κ = (κ1, . . . , κs), we denote by QP (κ) the finite cover of the stratum
Q(κ) where the zeros are labeled 1, . . . , s in such a way that smaller order
zeros get smaller labels. (The “P” stands for “Pure”, in analogy to the pure
braid group.)

Let QP (κ) be a genus 0 stratum, and let k > 1. For any

a = (a1, . . . , as) ∈ (Z/k)s

3Markovic showed that the Caratheodory and Kobayashi metrics are not equal
on Teichmüller space. As Markovic has pointed out to us, these metrics are known
to be equal on any convex domain in C3g−3, even unbounded ones [BS09, Lemma
3.1], so the boundedness assumption is not required in Siu’s conjecture.

4The exact statement of [GM20, Corollary 4.4] is that every horizontal cylinder
is free on every horizontally periodic surface in MQ. Given a cylinder on a surface
in MQ, one can rotate so that it is horizontal, and use the work of Minsky, Smillie,
and Weiss [MW02, SW04] discussed in [GM20, Section 2.4] to pass to a horizontally
periodic surface. Using [GM20, Corollary 4.4], this implies the original cylinder was
free, as in [Wri15, Proof of Theorem 5.1].
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such that
∑

ai = 0 and such that the ai generate Z/k, define the locus of

cyclic covers E(κ, a) to be the set of (X, q) arising as (Z/k) covers of surfaces
in QP (κ), branched over zeros and poles, with local monodromy given by
the ai.

These covers can be described as follows. First, puncture the genus 0

surface P1 at the set Σ of zeros and poles of the quadratic differential. Then,
define a map π1(P

1\Σ) → Z/k by mapping the loop around the i-th puncture

to the corresponding ai. This map defines an unbranched cover X ′ → P1 \Σ.
Filling in punctures gives a branched cover X → P1, and E(κ, a) is defined to

be the locus of X arising in this way endowed with the pull back quadratic
differentials.

Lemma 2.1. Let k = 2� for some integer �, and assume κi and ai have

the same parity for each i. Then all the quadratic differentials in E(κ, a) are
squares of Abelian differentials.

Thus, in this situation we can consider E(κ, a) as a locus of Abelian
differentials.

Proof. The holonomy representation of a genus zero quadratic differential is

the unique map from π1 of the punctured sphere to Z/2 such that the loop
around each odd order zero maps to 1 and the loop around each even order

zero maps to 0. The given conditions thus imply that the natural map

π1(P
1 \ Σ) → Z/(2�) → Z/2

is the holonomy representation, so the cyclic covers factor through the holon-
omy double cover.

Remark 2.2. E(κ, a) is GL(2,R) invariant since QP (κ) is. The rank and
dimension are the same as QP (κ); the rank is 1

2modd − 1, where modd is the
number of i for which κi is odd; and the dimension is s−2. See, for example,

[AW21, Lemma 4.2] or [AWb, Lemma 4.4] for the formulas for the rank of
a stratum, and see Section 3 for the definition of rank.

Definition 2.3. A generalized Eierlegende-Wollmilchsau is a locus E(κ, a),
where

• k = 2� for some � > 1,
• κi and ai have the same parity for each i, and

• for each I ⊂ {1, . . . , s} such that
∑

i∈I κi = −2, the sum
∑

i∈I ai is a
generator for Z/� ⊂ Z/(2�).
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Keeping in mind Lemma 2.1, each generalized Eierlegende-Wollmilchsau

is viewed as a locus of Abelian differentials.

Remark 2.4. Since
∑

κi is even and
∑

ai is even, it suffices to check the

parity condition for all but one i.

Example 2.5. Assume κi = −1 for i > 1. (Up to permuting the κi, this

is equivalent to a quadratic double of Q(κ) being a hyperelliptic connected

component of a stratum of Abelian differentials, so this can be called the

hyperelliptic case.) In this case, the second condition is that ai + aj is a

generator for Z/� ⊂ Z/(2�) for each i > j > 1. We can take ai = 1 for i > 1

and a1 = 2�− (s− 1).

Example 2.6. For any κ, let ai be equal to 1 if i > 1 and κi is odd, and

0 if i > 1 and κi is even. Let � > s be prime, and let a1 = 2� − (
∑

i>1 ai).

Note that since
∑

κi = −4, there must be at least one κi that is −1, so in

particular there must be at least one κi that is odd.

Example 2.7. Using κ = (−1,−1,−1,−1) gives (orbits of) square-tiled

surfaces.

• The original Eierlegende-Wollmilchsau corresponds to � = 2 and a =

(1, 1, 1, 1) [For06, Equation (59)], [HS08, Proposition 1.5], [MY10, Equa-

tion (1.2)].

• The Ornithorynque corresponds to � = 3 and a = (3, 1, 1, 1) [FM,

Proof of Theorem 1.3], [MY10, Equation (1.3)].

• The Matheus-Yoccoz examples correspond to � ≥ 3 odd, and a =

(�− 2, 1, 1, �) [MY10, Remark 3.1].

Our result gives many more (orbits of) square-tiled surfaces that haven’t

been previously studied.

The main result of this section is the following.

Theorem 2.8. For each cylinder C on each (X,ω) in a generalized Eier-

legende-Wollmilchsau E(κ, a), there is a cylinder C ′ isometric to C such that

all cylinder deformations that equally deform C and C ′ remain in E(κ, a).
Furthermore, each pair C and C ′ are homologous.

Additionally, we have the following phenomena in special cases.

• If � is odd, there is an involution of X negating ω and interchanging

each pair C and C ′. In the locus of quadratic differentials arising as

quotients of these involutions, every cylinder is free.
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• In the hyperelliptic case (κi = −1 for i > 1), for every pair C,C ′,
one boundary circle of C is glued to a boundary circle of C ′ along a
collection of saddle connections.

Proof. To prove the main claim, it suffices to show that each cylinder on
each surface in QP (κ) lifts to exactly 2 cylinders on the cover in E(κ, a).
Since each cylinder can be deformed in QP (κ), the lifts of the cylinder can
all be deformed equally in E(κ, a).

Recall that for any cylinder on a genus zero quadratic differential, the
core curve is separating, and the sum of the orders of the zeros on each side
is −2. This can be proven by cutting the cylinder, and gluing each boundary
circle to itself to create two poles, and using that the sum of the orders of
zeros is −4 on each of the two resulting genus zero quadratic differentials.

Remark 2.9. Consider the i-th singularity of the base quadratic differential,
which has order κi. Since the cover is regular, all preimages of this point have
the same cone angle. If κi > 0, then all the preimages are singular points,
since they have cone angle greater than 2π. Similarly, if κi = −1 and ai has
order greater than 2 in Z/(2�), then all lifts will again be singular points.
However, if κi = −1 and ai has order 2, then all lifts will be non-singular
points. For a generalized Eierlegende-Wollmilchsau this happens if and only
if � is odd and ai = �. As illustrated in [AWb, Figure 4.1], it is possible for
a cylinder on the base quadratic differential to have only poles and no zeros
on one side of its boundary. In this case this boundary has two poles and we
call the cylinder an envelope. If the two poles correspond to κi = −1 and
κj = −1 note that because ai + aj must be a generator for Z/� ⊂ Z/(2�) it
cannot be the case that both of these poles lift to non-singular points. The
point of this somewhat subtle remark is that each lift of an open cylinder on
the base gives an open cylinder on the cover with a zero on each boundary
component, ruling out the possibility that the lift might be a strict subset of
a cylinder because it didn’t have singularities on one boundary component.

To see that each cylinder has two lifts, by basic covering space theory
it suffices to show that the monodromy representation maps the core curve
of each cylinder to a generator of Z/� ⊂ Z/2�. Fix one side of the cylinder
in question, and say the zeros on that side correspond to I ⊂ {1, . . . , n}.
We thus get

∑
i∈I κi = −2. The core curve of the cylinder has monodromy∑

i∈I ai, and the definition of a generalized Eierlegende-Wollmilchsau gives
that this is a generator for Z/� ⊂ Z/(2�). Thus, the main claim is proven.

To see that each pair C,C ′ are homologous, note that cutting the core
curves of these cylinders disconnects the surface into two halves, each of
which covers one half of the genus zero surface minus the core curve.
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We now check the first additional claim. If � is odd, then Z/(2�) = Z/2×
Z/�. As in the proof of Lemma 2.1, we see that the holonomy representation

is given by the map to Z/2. So the generator of Z/2 negates the Abelian

differentials in E(κ, a). This involution must interchange each pair C,C ′,
since the stabilizer of C is Z/� ⊂ Z/(2�).

We now check the final claim. This follows because, in the hyperelliptic

case, the condition
∑

i∈I κi = −2 implies that that either I or its complement

has size two and κi = −1 for both i in whichever has size two. In other words,

each cylinder goes around a pair of poles. (In the language of [AWb, Section

4], we have proven that all cylinders on genus zero quadratic differentials

with only one zero are envelopes.) A saddle connection joining those two

poles lifts to a collection of saddle connections joining the two lifts of the

cylinder.

We close this subsection with some (incomplete) remarks on the history

and context.

Remark 2.10. The families of algebraic curves underlying the orbits of the

Eierlegende-Wollmilchsau and Ornithorynque have a long history preced-

ing their appearance in dynamics, and are related to Schwarz’s 1873 list of

hypergeometric functions that can be expressed algebraically [Sch73]. See,

for example, [Wri12, Sections 5,6] for an exposition of how hypergeomet-

ric differential equations arise in the study of cyclic (or Abelian) covers.

A characterization of when the integrals solving the differential equations

are expressible as algebraic functions appears in [McM13, Section 9]; note

that the Eierlegende-Wollmilchsau corresponds to the (n, d) = (3, 4) and

(n, d) = (4, 4) cases in [McM13, Table 10].

These families also arose in the study of Shimura varieties; see for exam-

ple [Moo10], where the Eierlegende-Wollmilchsau and Ornithorynque fami-

lies correspond to items (7) and (12) in Table 1, and see also the references

therein. The Ornithorynque family corresponds to one of a family of coun-

terexamples to Coleman’s Conjecture, which asserted that, for each g ≥ 4,

there are only finitely many points of Mg whose Jacobian has complex mul-

tiplication. (The Eierlegende-Wollmilchsau family also fits seamlessly into

discussions of Coleman’s Conjecture, but does not correspond to a coun-

terexample since its genus is 3.)

These families also appear in [Roh09, Section 6.3] (see the table at the

bottom of page 136), and elsewhere.

Remark 2.11. Much of the study of the Eierlegende-Wollmilchsau has been

driven by the study of Lyapunov exponents and Shimura curves [For06,
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Möl11]. As noted in the introduction, geminal invariant subvarieties are also
important objects for the study of Lyapunov exponents [Apia].

See [EKZ11, FMZ11] for the Lyapunov spectrum of cyclic covers of the
pillowcase (corresponding to κ = (−1,−1,−1,−1) above) and [Wri12] for
a generalization to Abelian covers. More generally, Filip showed that the
number of zero exponents is determined by the Zariski closure of monodromy
[Fil17], which is well studied for families of cyclic covers [Roh09, Theorems
3.3.4, 5.1.1, Proposition 5.5.1], see also [Loo07, Section 4], [McM13, Corollary
5.3].

If the restriction of the symplectic form to an eigenbundle has signature
(p, q), one expects this bundle to contribute |p− q| zero exponents. The sig-
nature is well known and easy to compute, see for example [MW17, Lemma
6.1].

Remark 2.12. It would be interesting to compare our generalizations of the
Eierlegende-Wollmilchsau to work in a more topological setting on “simple
closed curve homology”, see for example [MP19] and the references therein.
Cyclic covers and the study of lifts of simple closed curves are relevant in
many contexts, and there may also be connections to work such as [PW13,
AMY19].

2.2. The finite blocking problem

Definition 2.13. Given a half-translation surface (X, q), two points p and p′

are said to be finitely blocked if there is a finite collection B ⊆ (X, q)−{p, p′}
such that all line segments from p to p′ pass through a point of B. If p = p′,
we say p is finitely blocked from itself.

Lemma 2.14. Consider a generalized Eierlegende-Wollmilchsau E(κ, a).
Let (X,ω) ∈ E(κ, a), and let π be the quotient map by the cyclic deck
group. Then every regular point p is finitely blocked from itself by B =
π−1(π(p))− {p}.

For surfaces that are not covers of tori, Lemma 2.14 gives the first ex-
amples where every regular point is finitely blocked from itself; in the same
context it also gives the first example of finitely blocked points where the
blocking set does not include periodic points (defined in [AW21]).

Proof. Let L be a line segment from p to itself; so L is the core curve of a
cylinder C. Since C maps to π(C) via an �-to-1 map, and since � > 1, L
must contain at least one other point of π−1(π(p)).

A subtle detail is that π(L) cannot be a saddle connection joining two
poles; see Remark 2.9.
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Remark 2.15. If � is odd and Z/� has a non-trivial subgroup Z/�′, then any
two points in the same Z/�′ orbit are finitely blocked from each other by the
other points in the same Z/� orbit. This gives an example where the finitely
blocked points (and the blocking set) have slope 1 in the sense of [AW21].

3. Preliminaries on orbit closures

We will briefly review some facts about invariant subvarieties.

3.1. Rank, rel, and covers

The tangent space T(X,ω)M of M at a point (X,ω) ∈ M is naturally iden-
tified with a subspace of H1(X,Σ;C), where Σ denotes the set of zeros and
marked points of ω on X.

Let p : H1(X,Σ;C)→H1(X;C) denote the projection from relative to
absolute cohomology. The rank of M is defined to be half the complex-
dimension of p

(
T(X,ω)M

)
, which is independent of the choice of (X,ω) ∈ M.

Rank is an integer by [AEM17].
A tangent direction to M is called rel if it is in ker(p), and we define the

rel of M to be the complex dimension of ker(p) ∩ T(X,ω)(M). We note the
following immediate consequence of the definitions.

Lemma 3.1. If M has rank 1, then every element of T(X,ω)M can be written
as a element of ker(p)∩T(X,ω)(M) plus a tangent vector to the GL(2,R) orbit
of (X,ω).

The following definition is central to our analysis.

Definition 3.2. A translation covering from (X,ω) to (Y, η) is defined to be
a holomorphic map f : X→Y branched only over singularities and marked
points such that:

• f∗η = ω,
• all marked points on (X,ω) map to marked points on (Y, η),
• and each marked point on (Y, η) has at least one pre-image on (X,ω)
that is a singular or marked point.

A half-translation surface covering, from a translation surface or half-trans-
lation surface to a half-translation surface, is defined similarly, with the
additional stipulations that:

• a marked point may map to a simple pole,
• but poles need not have pre-images that are singular or marked.
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The field of definition k(M) of an invariant subvariety M is the smallest
subfield of R so that M can be defined by equations in k(M) in any local
period coordinate chart.

A proof of the following well known fact is sketched in [AWb, Lemma
3.4].

Lemma 3.3. If M is a rank one invariant subvariety with k(M) = Q, then
M is a locus of torus covers.

Recall that a translation surface (X,ω) is a translation cover of a torus
if and only if its Z-module Λabs ⊂ C of absolute periods is a lattice (rank
two Z-submodule of C), in which case every translation map to a torus is
given by

p 	→
∫
γp

ω + Λ ∈ C/Λ,

where Λ is a lattice containing Λabs, and γp is a path from a fixed basepoint
to p. In particular, if πabs is the map defined by Λ = Λabs, then πabs is a
map to a torus, and all other maps to a torus have πabs as a factor.

We now consider covers of higher genus surfaces. The following result
is a combination of a result of Möller [Möl06, Theorem 2.6] and a slight
extension found in [AW21, Lemma 3.3].

Theorem 3.4. Suppose that (X,ω) is not a torus cover. There is a unique
translation surface (Xmin, ωmin) and a translation covering

πXmin
: (X,ω) → (Xmin, ωmin)

such that any translation cover from (X,ω) to translation surface is a factor
of πXmin

.
Additionally, there is a quadratic differential (Qmin, qmin) with a degree

1 or 2 map (Xmin, ωmin) → (Qmin, qmin) such that any map from (X,ω) to
a quadratic differential is a factor of the composite map πQmin

: (X,ω) →
(Qmin, qmin).

We will use Theorem 3.4 in conjunction with the following result [AW21,
Lemma 4.5].

Definition 3.5. Suppose that (X,ω) is an Abelian or quadratic differen-
tial with marked points that belongs to an invariant subvariety M. Then
F(X,ω) will denote (X,ω) once marked points are forgotten. Similarly,
we will define F(M) to be the invariant subvariety that is the closure of
{F(Y, η) : (Y, η) ∈ M}.
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Lemma 3.6. The generic element of a component S of a stratum of Abelian

or quadratic differentials admits a non-bijective half-translation cover to an-

other translation or half-translation surface if and only if F(S) is a hyper-

elliptic component. For hyperelliptic strata of rank at least 2, the only such

cover is the quotient by the hyperelliptic involution.

Combining the preceding two results gives the following.

Corollary 3.7. Suppose that (X,ω) is a generic surface in either a compo-

nent of a stratum of Abelian differentials that does not consist of flat tori or

a quadratic double of a non-hyperelliptic component of a stratum of quadratic

differentials. Then πXmin
is the identity.

Proof. This is immediate from Theorem 3.4 and Lemma 3.6.

3.2. Cylinder deformations

In this section we recall some definitions and results from [Wri15].

Definition 3.8. A cylinder on a translation or half-translation surface is

an isometric embedding of R/(cZ)× (0, h) into the surface, which is not the

restriction of an isometric embedding of a larger cylinder. The circumference

of the cylinder is defined to be c, and its height is defined to be h.

Two parallel cylinders on (X,ω) ∈ M are called M-parallel or M-

equivalent if they remain parallel on all nearby surfaces in M. A maximal

collection of M-parallel cylinders on (X,ω) is called an M-equivalence class.

If C = {C1, . . . , Cn} is a collection of parallel cylinders on a flat surface

(X,ω) with core curves {γ1, . . . , γn}, then we will say that the core curves

are consistently oriented if their holonomy vectors are positive real multiples

of each other.

If C = {C1, . . . , Cn} is an M-equivalence class of cylinders on (X,ω) ∈
M with consistently oriented core curves {γ1, . . . , γn}, then the standard

shear in C is defined to be the element of H1(X,Σ;C) given by

σC :=

n∑
i=1

hiγ
∗
i

where hi denotes the height of cylinder Ci and γ∗i is the intersection number

with γi. The following is the main theorem of [Wri15], restated in a form

closer to [MW17, Theorem 4.1].
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Theorem 3.9 (The Cylinder Deformation Theorem). If C is an M-equiv-
alence on (X,ω), then σC ∈ T(X,ω)M.

Here we keep in mind that T(X,ω)M can be identified with a subspace
of H1(X,Σ;C).

Notice that when C is a collection of horizontal cylinders, the straight
line path in M determined by the tangent direction σC at (X,ω) determines
a family of translation surfaces formed from (X,ω) by applying(

1 t
0 1

)

for t ∈ R to the cylinders in C on (X,ω) while fixing the rest of the surface.
Similarly, if C is a collection of horizontal cylinders the straight line path in
M determined by the tangent direction iσC at (X,ω) determines a family
of translation surfaces formed from (X,ω) by applying(

1 0
0 et

)

for t ∈ R to the cylinders in C on (X,ω) while fixing the rest of the surface.

Definition 3.10. In [AWb], we defined a collection of cylinders C =
{C1, . . . , Cn} on (X,ω) to be an M-subequivalence class if all of the cylin-
ders in C are M-parallel and if C is a minimal collection of cylinders such
that the standard shear σC belongs to T(X,ω)M. So every equivalence class
is a disjoint union of subequivalence classes.

For a geminal subvariety, the subequivalence classes of cylinders are ei-
ther singletons or contain two isometric cylinders (twins).

We will say that a cylinder C on a surface in M is M-generic, or simply
generic if M is clear from context, if all saddle connections on the boundary
of C are M-parallel to C. Thus a subequivalence class of generic cylinders
will refer to a subequivalence class all of whose cylinders are generic.

See the comments after the statement of [AWb, Lemma 3.27] for some
warnings concerning the definition of “subequivalence class”. (The subtleties
remarked on there do not occur for geminal orbit closures.)

3.3. The boundary of an invariant subvariety

In this paper, we use the What You See Is What You Get (WYSIWYG)
partial compactification of invariant subvarieties, as introduced in [MW17]
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and further developed in [CW21]; see [AWb, Section 3.5] for a concise and

self-contained summary that will suffice for our purposes.

We use the same notation as [AWb]. In particular, if C is a collection

of parallel cylinders on (X,ω) whose closure C when viewed as a subset of

(X,ω) is not all of (X,ω), we define the cylinder collapse

ColC(X,ω) := lim
t→−∞

aCt (X,ω),

where the standard dilation aCt (X,ω) is defined to be the result of rotating

the surface so the cylinders are horizontal, applying

at =

(
1 0
0 et

)

only to the cylinders in C, and then applying the inverse rotation.

Thus ColC(X,ω) is the result of collapsing the cylinders in C in the

direction perpendicular to their core curves, while keeping their circumfer-

ences constant and leaving the rest of the surface otherwise unchanged. We

will be almost exclusively interested in the case when the collapse causes the

surface to degenerate.

Collapsing C gives rise to a collection ColC(C) of parallel saddle con-

nections on ColC(X,ω), which is discussed in detail in [AWb, Remark 2.5]

and the beginning of the proof of [AWb, Sublemma 2.6].

If (X,ω) is contained in an invariant subvariety M, and C is a sube-

quivalence class of cylinders, then ColC(X,ω) is contained in a component

of the boundary of M that will be denoted by MC.

We will frequently make use of the following result from [AWb, Lemma

2.2].

Lemma 3.11. Suppose that f : (X,ω)→(Y, η) is a half-translation covering.

Let C ⊂ (X,ω) be a collection of cylinders such that

f−1(f(C)) = C

and C 
= (X,ω). Then there is a half-translation surface covering map

ColC(f) : ColC(X,ω)→Colf(C)(Y, η)

of the same degree.
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4. Properties of geminal orbit closures

In this section we establish some general facts about geminal orbit closures
which can be proved directly without inductive arguments.

4.1. Foundational results

We start with some basic observations and move on to some quite non-trivial
statements.

Lemma 4.1. If M is geminal then k(M) = Q.

Proof. This follows from the proof of [Wri15, Theorem 1.9] as follows. Con-
sider a surface (X,ω) ∈ M, and a collection C of cylinders on (X,ω) that is
either a single free cylinder or a pair of twins. In the free case, the standard
deformation σC ∈ H1(X,Σ,C) is, up to scale, the dual of the core curve;
and otherwise it is, up to scale, the sum of the duals of the two core curves.
In particular, σC is a multiple of a rational vector. Because M is geminal
we have that σC ∈ T(X,ω)(M). Since σC is not contained in ker(p), [Wri14,
Theorem 5.1] then gives that T(X,ω)(M) is defined over Q.

Lemma 4.2. The boundary of a geminal orbit closure is geminal.

Proof. Let C be any cylinder on a surface (X ′, ω′) in a boundary orbit
closure M′ of a geminal orbit closure M. It is possible to find a sequence of
surfaces (Xn, ωn) in M that degenerate to (X ′, ω′), with cylinders Cn that
limit to C.

If infinitely many of the Cn are free, then it follows from [MW17, The-
orem 2.9] and [CW21, Theorem 1.2] that C is free. (Referring to the ter-
minology of those papers, we note that the space V of vanishing cycles is
generated by a collection of classes not crossing the core curve of Cn, so the
standard deformation in Cn is in Ann(V ).)

If infinitely many of the Cn have twins C ′
n, then these twins C ′

n limit
to a cylinder C ′ isometric to C (as in [MW17, Lemma 2.15]), and again it
follows from [MW17, Theorem 2.9] and [CW21, Theorem 1.2] that C and
C ′ are twins.

Definition 4.3. An invariant subvariety M will be called h-geminal if, for
every (X,ω) in M, every cylinder C is either free or possesses a twin C ′

such that C and C ′ have homologous core curves.

Lemma 4.4. If M is h-geminal and M′ is in its boundary, then M′ is
h-geminal.
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Proof. This follows as in the proof of Lemma 4.2, with the additional ob-
servation that homologous cylinders degenerate to homologous cylinders. (If
(Xn, ωn) → (X,ω), then there are “collapse maps” fn : (Xn, ωn) → (X,ω)
which induce maps on relative homology, as discussed in [MW17, Proposi-
tion 2.4].)

Lemma 4.5. In any geminal subvariety M, a pair of cylinders C,C ′ with
core curves γ, γ′ are twins if and only if

γ + γ′ ∈ H1(X \ Σ) � H1(X,Σ)

is in the tangent space to M and γ is not in the tangent space.

This lemma will be implicit in our analysis. It rules out the subtle possi-
bility that a pair of twins might cease to be twins following a large deforma-
tion after which the cylinders persist but are bounded by “different” saddle
connections and zeros.

Proof. If C,C ′ are twins, then the cylinder deformation that deforms them
equally has derivative γ+γ′. And γ cannot be in the tangent space, because
deforming in i times this direction would give a surface in M where C, C ′

are not isometric.
Conversely, if γ + γ′ is in the tangent space, then deforming in i times

this direction changes the modulus C and C ′ without changing any other
parallel cylinder. Hence we see that C cannot be twinned with any cylinder
except possibly C ′, because twins must have the same modulus. Hence if
C and C ′ are not twins with each other, then each must be free, but this
cannot be so because γ is not in the tangent space.

Recall that subequivalence classes were defined in Definition 3.10, and
for geminal subvarieties they are either a single free cylinder or a pair of
twins.

Lemma 4.6. Suppose that C is a subequivalence class of generic cylinders
on a surface (X,ω) in a geminal orbit closure M.

If ColC(X,ω) is disconnected, then MC is a subset of H1 × H2 where
H1 and H2 are components of strata of Abelian differentials. Moreover, the
projection from MC to Hi is a local diffeomorphism for i ∈ {1, 2} and H1

and H2 have the same rank and dimension.

Remark 4.7. It is tempting to claim that the conclusions imply thatH1 = H2

and MC is a diagonal, but this is not quite true. One can start with the
diagonal in H1×H1, and then rotate the second surface by π. If this stratum
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is not hyperelliptic, then this gives an orbit closure that isn’t the diagonal.
Furthermore, if H1 is genus 1, then one can apply the times k map to one
factor and the times � map to the other, for any k, � ∈ Z (after picking a
point on each side to serve as the origin of the elliptic curve). We do not
know if there are more exotic non-diagonal examples; see [AWb, Conjecture
8.35].

Proof. The proof will use and require familiarity with the statement of
[CW21, Theorem 1.3].

Our first claim is that MC is prime in the sense of [CW21, Theorem
1.3], which means precisely that it is not a product. Indeed, because of the
assumption that all saddle connection on the boundary of C are M-parallel
to C, [MW17, Theorem 2.9] and [CW21, Theorem 1.2] give that all the
saddle connections in ColC(C) are MC-parallel to each other; see Apisa-
Wright [AWa, Lemma 6.5] for a detailed proof. Since there is at least one
saddle connection of ColC(C) on each component, this gives the claim. See
also [AWa, Lemma 9.1.] for a generalization of this claim.

It follows from [CW21, Theorem 1.3] that in MC, the absolute periods
of any component of ColC(X,ω) locally determine the absolute periods of
any other component. Our second claim is that this implies that there are
exactly two components, and each cylinder on one component has a twin on
another component.

Indeed, if C′ is a subequivalence class on a surface in MC, it is either
a single free cylinder or a pair of twins. Deforming C′ changes the absolute
periods of the one or two components which contain cylinders of C′. Hence
we get that there must be exactly two components, each with one cylinder
of C′, and the second claim is proved.

Now we have that MC is contained in a product H1 × H2, and we
can consider the projections πi(MC) ⊂ Hi. By [CW21, Theorem 1.3], the
closure Mi of πi(MC) is an invariant subvariety, and πi(MC) contains an
open dense subset of Mi.

In this Mi, every cylinder is free. Hence [MW18, Theorem 1.5] gives
that Mi = Hi.

It remains only to show that the projections are local diffeomorphisms.
If not, there is deformation of a surface in MC that only affects one of
the two components. Nudging the surface if necessary, we can assume it
is square-tiled. Any deformation of a square-tiled surface must change the
dimensions of one of the horizontal or vertical cylinders, so we see that our
deformation contradicts the fact that every cylinder has a twin on the other
component.
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Lemma 4.8. Let C and C ′ be twins on a surface (X,ω) in a geminal sub-
variety M. If D is a subequivalence class of cylinders, then C shares a
boundary saddle connection with a cylinder in D if and only if C ′ does.

The proof will “over-collapse D to attack C”, following a technique used
in [AWb]. Other arguments using over-collapses were used in [AN16, Section
4.2, Figure 7], [Api19, Figure 3.1], [Apib, Figure 2.14], [AN20a, Figure 15],
[AW21, Figure 5.7].

Proof. First rotate so that C is a horizontal cylinder. Suppose that C shares
a boundary saddle connection with a cylinder D in D. Next, shear D so that
it does not contain a vertical saddle connection, then vertically collapse it
to make the height of the cylinders in D zero while ensuring that a zero
lands on the saddle connection shared by C and D. Since no zeros have
collided at this point, we may continue this vertical collapse deformation by
continuing linearly in period coordinates; this moves the singularities on the
saddle connection shared by C and D into the interior of C. This changes
the height of C.

By Lemma 4.5, C and C ′ are twins even after this deformation, so it
follows that the height of C ′ must change too, implying that it also borders
a cylinder in D.

Corollary 4.9. Suppose that C is a subequivalence class of generic cylinders
on a surface (X,ω) in a geminal invariant subvariety M. Suppose that MC

has rank one and that ColC(X,ω) is disconnected. Then there is a stratum H
of flat tori with marked points such that MC is the diagonal or anti-diagonal
embedding of H into H×H.

Proof. By Lemma 4.6, MC is a subset of H1 × H2 where H1 and H2 are
components of strata of Abelian differentials. Moreover, the projection from
MC to Hi is a local diffeomorphism for i ∈ {1, 2} and H1 and H2 have the
same rank and dimension.

The only rank one strata of Abelian differentials are those of the form
H(0n) for some positive integer n. These strata have dimension n+1. Since
H1 and H2 are both rank one and have identical dimension, it follows that
H1 = H2 = H(0n).

We may deform ColC(X,ω) to obtain a surface in MC each of whose
components has n horizontal cylinders and one vertical one. These cylinders
come in twin pairs since MC is geminal.

Lemma 4.8 implies that the cyclic order of the horizontal cylinders on
each component of the deformed surface is the same or opposite as the cyclic
order of the twin cylinders on the other component; see Figure 4.1. If the
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Figure 4.1: The proof of Corollary 4.9. Left: A diagonal. Right: An anti-
diagonal.

cyclic order is the same, M is a diagonal, and if the cyclic order is opposite,
M is an anti-diagonal.

4.2. Good and optimal maps

A useful tool to study geminal subvarieties will be the notion of “good” and
“optimal” maps. Recall from Definition 3.8 that cylinders do not contain
their boundary.

Definition 4.10. Let (X,ω) be a translation surface. A translation cover
f : (X,ω) → (X ′, ω′) will be called good if every cylinder C on (X,ω) is the
preimage of its image under f . The cover will be called optimal if it is good
and any other good map is a factor of it.

Warning 4.11. After completing this preprint, we discovered that Möller
[Möl11] and Aulicino-Norton [AN20b] use “optimal map” to mean the min-
imal degree map from a torus cover to a torus. Our definition applies more
broadly, even to covers of higher genus surfaces, and, even in the case where
both definitions apply, they typically do not agree.5

Example 4.12. Consider the example in Figure 4.2, and keep in mind that
according to Definition 3.8 cylinders are open and maximal. The image of
C1 is not a cylinder because it contains the marked point p. The image of C2

is a cylinder, but the preimage of the image of C2 is not a union of cylinders
because it contains a non-maximal subset of C1.

Example 4.13. If (X,ω) ∈ H(0), the quotient by the two torsion subgroup
is not a good map, even though every cylinder is contained in the preimage
of its image; see Figure 4.3. This is an extremely special example.

5In the torus cover case, we will see that if the orbit closure of a torus cover
(X,ω) is geminal, but not h-geminal, then the optimal map is the identity (see
Lemma 6.23). When the orbit closure is h-geminal, the optimal map is the minimal
degree map to the torus (see Lemma 6.18).
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Figure 4.2: A degree 2 cover of a surface in H(2, 0) where the marked point
p is not a branch point, and exactly one preimage of p is marked.

Figure 4.3: Example 4.13. The preimage of the horizontal cylinder on the
right is not a cylinder according to Definition 3.8.

Remark 4.14. Consider a translation cover f : (X,ω) → (X ′, ω′), and recall

from Definition 3.2 that each zero or marked point of (X,ω) must map to

a zero or marked point of (X ′, ω′), and that every marked point on (X ′, ω′)
must have a preimage that is a marked point or a singularity. A cylinder C

on (X,ω) can fail to be the preimage of its image in two ways.

(1) The image f(C) of C contains a marked point. In this case, f−1(f(C))

contains a marked point or zero, proving f−1(f(C)) 
= C.

(2) f(C) is a cylinder on (X ′, ω′), but the open set f−1(f(C)) has more

than one connected component. (The fact that f(C) is a cylinder im-

plies that f−1(f(C)) is a subset of the union of cylinders parallel to C.

The open set f−1(f(C)) could fail to be a union of cylinders or could

be a union of more than one cylinder.)

Consequently, if a map f is not good, then any sufficiently small deformation

of f is also not good.

Remark 4.15. Equivalently, f : (X,ω) → (X ′, ω′) is good if the preimage of

each cylinder on (X ′, ω′) is a single cylinder on (X,ω).

In general, few translation covers are good, but nonetheless good and

optimal covers will play a central role in the remainder of this paper. If the

only good cover is the identity map, then the identity map is optimal, but

in general it is not clear if optimal maps exist.

We will now give some cases where the identity is the optimal map.
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Lemma 4.16. Suppose that (X,ω) contains a pair of cylinders H,V whose
core curves intersect exactly once. Then the identity is the optimal map for
(X,ω).

Proof. Suppose g : (X,ω) → (Y, η) is good. Suppose the core curves of g(H)
and g(V ) intersect k times. Then, since g is good, the core curves of H and
V intersect k · d times, where d is the degree of g. Hence d = 1 and g is the
identity.

Lemma 4.17. For any surface in H(0n), the only good map is the identity.

Proof. This follows immediately from Lemma 4.16.

Lemma 4.18. Suppose that C is a subequivalence class of cylinders on a
surface (X,ω) in an invariant subvariety M. Suppose that f : (X,ω)→(Y, η)
is a good map. Then ColC(X,ω) is disconnected if and only if
Colf(C) (f(X,ω)) is disconnected.

Actually, the proof only requires that the standard deformation of C
remains in M, a weaker assumption than that C is a subequivalence class.
We state it as is since we will only apply it to subequivalence classes. Note
also that the assumption that f is good is (more than) enough for Lemma
3.11 to apply.

Proof. Suppose to a contradiction that Colf(C) (f(X,ω)) is connected and
ColC(X,ω) is disconnected. Let C be a cylinder on ColC(X,ω). By assump-
tion, C is the preimage of its image, but that contradicts the fact that the
other component of ColC(X,ω) surjects onto Colf(C) (f(X,ω)).

This establishes one implication in the claim; the other is trivial.

To avoid technical annoyances, it is convenient to make the following
definitions.

Definition 4.19. Given (X,ω) in an invariant subvariety M, and a half-
translation covering map f defined on (X,ω), say that f is M-generic if the
map f can be deformed to every nearby surface in M. Equivalently, M is
contained in a full locus of covers of a component of a stratum associated
to f .

Example 4.20. Let M = H be a component of a stratum of Abelian
differentials of genus at least 2, and let (X,ω) ∈ M be square tiled, so there
is a map f from (X,ω) to a torus. This f is not M-generic.

Remark 4.21. If (X,ω) has orbit closure M, then it is easy to check that
every map f defined on (X,ω) is M generic.



882 Paul Apisa and Alex Wright

Definition 4.22. If (X,ω) ∈ M, a map defined on (X,ω) will be called

M-good if it is M-generic and the deformations of the map are good on all

deformations of (X,ω) in M.

If (X,ω) ∈ M, a map defined on (X,ω) will be called M-optimal if it is

M-good and any other M-good map is a factor of it.

Remark 4.23. If the orbit of (X,ω) is dense in M, then a map is good if

and only if it is M-good, and it is optimal if and only if it is M-optimal.

Thus, for most surfaces in M, the notions in Definition 4.10 are equivalent

to their M adapted versions in Definition 4.22.

The difference between M-optimal and optimal could be omitted en-

tirely if we made sufficiently strong genericity assumptions on all our sur-

faces.

Example 4.24. There are many examples of surfaces (X,ω) contained in

invariant subvarieties N such that (X,ω) has an N -generic good map that

isn’t N -good. (For example, consider a surface (X,ω) whose orbit closure M
is geminal, and for which the optimal map π has degree greater than one. Let

N denote the locus of all covers of surfaces in the stratum of π(X,ω); so by

construction π is N -generic, and N is a full locus of covers of a component

of a stratum. If π were N -good, it would be possible to show that every

cylinder on every surface in N is free, contradicting [MW18, Theorem 1.5].

One can take (X,ω) to be the Eierlegende-Wollmilchsau.)

Lemma 4.25. Suppose that C is a subequivalence class of cylinders on a

surface (X,ω) contained in an invariant subvariety M. If π is a good map

on (X,ω), then ColC(π) is a good map on ColC(X,ω). Moreover if π is

M-good and C remains a subequivalence class on deformations of (X,ω) in

M and C consists of M-generic cylinders, then ColC(π) is MC-good.

Recall that ColC(π) was defined in Lemma 3.11 following [AWb, Lemma

2.2].

Proof. By assumption, π may be deformed to any surface in M. By def-

inition, ColC(X,ω) = lim
t→−∞

aCt (X,ω). Let πt denote the map arising from

deforming π to aCt (X,ω).

Any cylinder C on ColC(X,ω) is a limit of cylinders Ct on (Xt, ωt), as in

[MW17, Lemma 2.15]. If C is not the preimage of its image under ColC(π),

then the same must be true for πt for large enough t, contradicting the fact

that πt is good. This shows that ColC(π) is good.
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To see that ColC(π) is MC-good rather than merely good, it suffices to
note that a neighborhood of ColC(X,ω) can be obtained via the same con-
struction. (In much greater generality, this follows from [MW17, Proposition
2.6], together with the main results of [MW17, CW21].)

Lemma 4.26. Suppose that C is a subequivalence class of cylinders on a
surface (X,ω) in a geminal invariant subvariety M. If ColC(X,ω) is dis-
connected, then the MC-optimal map on ColC(X,ω) is the identity and the
M-optimal map on (X,ω) is the identity.

Proof. By Lemma 4.6, MC is a subset of H1 × H2, where H1 and H2 are
components of strata of Abelian differentials. Moreover, the projection from
MC to Hi is a local diffeomorphism for i ∈ {1, 2} and H1 and H2 have the
same rank and dimension.

Recall that, for each i ∈ {1, 2}, the identity is the only good map for
generic surfaces in Hi, by Lemma 4.17 in the rank 1 case and Corollary 3.7
in the higher rank case.

Hence, any MC-good map for ColC(X,ω) would have to be degree 1
on each component. If such a map were not the identity, it would have
to identify the two components, contradicting the requirement that each
cylinder is equal to the preimage of its image. It follows that the identity is
MC-optimal for ColC(X,ω).

It follows immediately that the M-optimal map on (X,ω) must be the
identity since otherwise ColC(X,ω) would admit a non-identity M-good
map by Lemma 4.25, contradicting the fact that the identity map is MC-
optimal for ColC(X,ω).

5. Diamonds

Our approach to proving Theorem 1.1 will be inductive. Diamonds will be
the primary tool that powers this inductive approach. In this section, we
recall from our previous paper [AWb] the definition of diamonds and sum-
marize the results about them that we will use. The main result of this
section is Proposition 5.9, which adapts some of the general main results of
[AWb] to our more specific context.

Definition 5.1. Say that ((X,ω),M,C1,C2) is a diamond if M is an
invariant subvariety and (X,ω) ∈ M has two collections of cylinders C1

and C2 such that

(1) C1 and C2 are disjoint and do not share any boundary saddle connec-
tions,
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(2) the standard dilations of each Ci remain in M, and

(3) the collapses of each Ci cause the surface to degenerate.

Condition (3) holds if and only if Ci contains a saddle connection per-

pendicular to its core curves. Since most surface do not have any pairs of

perpendicular saddle connections, it will be helpful to modify this condition.

Given a collection of parallel cylinders C on (X,ω) endowed with a

choice of direction not parallel to these cylinders, we can define the cylinder

collapse ColC(X,ω) to be the result of applying a cylinder deformation of

C to reduce the area of C to zero, while not changing the foliation in the

given direction. If there is a saddle connection in this direction contained in

C this will degenerate the surface.

This notation ColC(X,ω) risks some confusion but is very convenient.

The risk of confusion is that the notation has one meaning when C is not

endowed with a choice of direction (namely a perpendicular collapse), and

has a different meaning when a direction is implicitly specified (namely a

collapse in the given direction). In the latter case ColC(X,ω) can be obtained

by first shearing C so the given direction becomes perpendicular to the core

curves of C, and then performing the perpendicular collapse.

We may modify Definition 5.1, by, for each i, specifying a direction

in which Ci contains a saddle connection, and use the collapses in this

direction instead of the perpendicular collapses. In this case, we will say

that ((X,ω),M,C1,C2) is a skew diamond, it being implicit that the Ci

are each equipped with a choice of direction.

Remark 5.2. All results that we know of that hold for diamonds also hold

for skew diamonds. One can typically immediately reduce from the case of

skew diamonds to the case of diamonds by shearing the Ci; and also the

proofs work equally well in the skew case. In fact, the only reason we have

previously used diamonds rather than skew diamonds was to simplify the

definition, to avoid the (implicit) choice of directions.

The most basic result about diamonds is the following result, which is

called the Diamond Lemma [AWb, Lemma 2.3]. Here we will denote by

ColCi
(Ci+1) the collection of cylinders on ColCi

(X,ω) arising from Ci+1, as

in [AWb, Section 1.1].

Lemma 5.3. Suppose that fi is a (half)-translation cover whose domain is

ColCi
(X,ω). Suppose that

ColCi
(Ci+1) = f−1

i

(
fi

(
ColCi

(Ci+1)
))
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and that

ColColC1
(C2)(f1) = ColColC2

(C1)(f2).

Then (X,ω) admits a covering map f to a quadratic differential, with Ci =
f−1(f(Ci)), and fi = ColCi

(f).

Definition 5.4. We will say that a cover of translation or half-translation
surfaces satisfies Assumption CP (for Cylinder Pre-image) if the pre-image
of every cylinder is a union of cylinders. (Because of our conventions and
definitions, if the preimage of a cylinder C consists of cylinders, then all
these cylinders must have the same height as C.)

Remark 5.5. Every good map satisfies Assumption CP. (Good maps are de-
fined in Definition 4.10.) Moreover, if ((X,ω),M,C1,C2) is a diamond and
fi is a good translation cover whose domain is ColCi

(X,ω), then
ColCi

(Ci+1) = f−1
i (fi (ColCi

(Ci+1))) is automatically true, since for a good
cover every cylinder is the preimage of its image. In particular, the first
displayed assumption of Lemma 5.3 holds.

In the sequel we will mainly use the following type of diamond:

Definition 5.6. A diamond will be called generic if

(1) each Ci is a subequivalence class of generic cylinders, and
(2) MCi

has dimension exactly one less than M for each i ∈ {1, 2}.
Subequivalence classes and generic cylinders are defined in Definition

3.10.
The following result says that generic diamonds abound [AWb, Lemma

3.31].

Lemma 5.7. Let M be an invariant subvariety of rank at least 2. Then
there exists a surface (X,ω) ∈ M with collections C1,C2 of cylinders that
form a generic diamond.

Moreover, up to shearing Ci, (X,ω) may be assumed to be any surface
on which all parallel saddle connections are M-parallel, and C1 may be any
subequivalence class.

The following result allows for the determination of an invariant subvariety
given a special kind of diamond [AWb, Lemma 8.31].

Lemma 5.8. Suppose that ((X,ω),M,C1,C2) is a generic diamond and
that MC1

and MC2
are full loci of covers of strata of Abelian differentials

that satisfy Assumption CP. Then M is a full locus of covers of a stratum
of Abelian differentials. If f (resp fi) denotes the cover on (X,ω) (resp.
ColCi

(X,ω)), then ColCi
(f) = fi.
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The following result is the main mechanism that makes an inductive argu-
ment possible.

Proposition 5.9. Suppose that ((X,ω),M,C1,C2) is a generic diamond
where M is geminal and ColC1,C2

(X,ω) is connected. Suppose that for i ∈
{1, 2}, MCi

is one of the following: a stratum of Abelian differentials, an
Abelian double, or a quadratic double. Then M is also a stratum of Abelian
differentials, an Abelian double, or a quadratic double.

Moreover, if MC1
and MC2

are both quadratic doubles, so is M.

The reader may wish to begin by taking Proposition 5.9 as a black box.
The proof follows from results in [AWb], where a similar result is proved
without the assumption that M is geminal. Without the geminal assump-
tion, there are some additional possibilities for M, with explicit but some-
times lengthy descriptions. (There are even more possibilities without the
assumption that ColC1,C2

(X,ω) is connected.) To prove Proposition 5.9, we
need to show that the additional possibilities are not geminal.

In the sequel, as in Definition 3.5, we will let F(X,ω) denote a translation
surface (X,ω) once all marked points on it are forgotten. Similarly, if (X,ω)
has dense orbit in an invariant subvariety M, we will let F(M) denote the
orbit closure of F(X,ω).

Proof. We will proceed in three cases.

Case 1: At least one of MC1
and MC2

is a component of a stratum
of Abelian differentials. Without loss of generality, assume that MC1

is a component of a stratum of Abelian differentials.
We begin with two observations that can be found in [AWb, Proposition

5.1]. First, if MC2
is also a component of a stratum of Abelian differentials,

then so is M. Second, it is not possible for MC2
to be an Abelian double.

This leaves the case where MC2
is a quadratic double. Let H be the

component of the stratum of Abelian differentials containing M. By [AWb,
Proposition 5.1], one of the following occurs:

(1) M is a component of a stratum of Abelian differentials or
(2) F(M) = F(H) is a hyperelliptic component and there is at most one

free marked point on surfaces in M with the remaining marked points
being a collection of either one marked point fixed or two marked
points exchanged by the hyperelliptic involution.

(3) F(M) is a codimension one hyperelliptic locus in F(H) and there is
at most one marked point on surfaces in M, which is free.

Our analysis will make use of the following.



Generalizations of the Eierlegende-Wollmilchsau 887

Lemma 5.10. Any geminal subvariety that is not a component of a stratum

of Abelian differentials contains a surface with a pair of twin cylinders.

Note that Abelian doubles can never be components of strata, but quad-

ratic doubles can be hyperelliptic connected components of strata of Abelian

differentials.

Proof. Otherwise every cylinder on every surface would be free, and [MW18,

Theorem 1.5] would give that the subvariety is in fact a component of a

stratum of Abelian differentials.

Suppose first that M is described by the third possibility above. If the

surfaces in M do not have free marked points, then M is a quadratic double,

as desired. Suppose therefore, in order to derive a contradiction, that the

surfaces in M contain a free marked point. Since F(M) is codimension 1,

M is not a stratum, and hence Lemma 5.10 gives the existence of a pair

of twin cylinders on some (X,ω) ∈ M. Moving the free marked point into

such a pair on (X,ω) alters the height of one cylinder, but not its twin.

(Note that a free marked point cannot lie on the boundary of a pair of twin

cylinders.) This contradicts the assumption that M is geminal.

It remains to consider the second case listed above, i.e. where F(M) =

F(H). If there is no free marked point, then M is a quadratic double, as

desired. So suppose in order to derive a contradiction that p is a free marked

point on (X,ω). Let F ′(X,ω) denote (X,ω) with p forgotten and let F ′(M)

denote its orbit closure.

The remaining one or two marked points show that F ′(M) is not a

stratum. So, since F ′(M) is a quadratic double, by Lemma 5.10 it contains

a surface with a pair of twin cylinders. As before, moving p into one of

these cylinders alters its height, but not that of its twin, contradicting the

assumption that M is geminal.

Case 2: At least one of MC1
and MC2

is an Abelian double, and

neither is a component of a stratum. Without loss of generality, as-

sume MC1
is an Abelian double.

If MC2
is also an Abelian double, M is a full locus of double covers by

Lemma 5.8, since Assumption CP holds for all Abelian doubles. To show

that M is an Abelian double we must show that if f : (X,ω)→(Y, η) is the

double cover, then for any marked point p on (Y, η), both preimages of p

under f are marked on (X,ω). Suppose in order to find a contradiction that,

for some marked point p, one preimage of p is marked but not the other.
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By Lemma 5.10, we may assume that there is cylinder C on (Y, η) that
has two preimages on (X,ω). Moving the marked preimage of p into a preim-

age of C alters the height of one cylinder, but not its twin. This contradicts
the assumption that M is geminal.

Therefore, suppose thatMC2
is a quadratic double. Since ColC1,C2

(X,ω)

is connected, Apisa-Wright [AWb, Theorem 10.1], implies that M is an
Abelian double, a quadratic double, or that M is a full locus of covers of
a codimension one locus N in a component of a stratum of Abelian differ-
entials H, where F(N ) = F(H) and F(H) is a hyperelliptic component of

rank at least two. It suffices to rule out the final case. Suppose, therefore, in
order to derive a contradiction, that M is not a quadratic double and that
it is described by the final case. We have the following,

• surfaces in M have a pair of marked points Q that project, under the

cover, to a pair of points Q′ exchanged by the hyperelliptic involution,
by [AWb, Theorem 10.60 (3b-3) and Lemma 10.62],

• the set P ′ of remaining marked points on surfaces in N is either empty
or consists of a single free point, and

• if P ′ is empty, then M is contained in a quadratic double of a stratum
Q of surfaces with four poles6, and more precisely F(M) is the set of
holonomy double covers of surfaces in a codimension one hyperelliptic

locus in F(Q), by [AWb, Theorem 10.60 (3b-1)].

We begin with the following, which will allow us to make use of the last
point above.

Sublemma 5.11. P ′ is empty.

Proof. Suppose not. Let T0 denote the translation involution on (X,ω)
whose quotient is a surface in N . Since every cylinder on F((X,ω)/T0) is
fixed by the hyperelliptic involution, we can assume both points of Q′ are in
the same cylinder of F((X,ω)/T0). Move P into this cylinder, as in Figure
5.1. Considering the different possibilities for the preimage of this cylinder
on (X,ω) shows that M is not geminal.

Therefore, M is contained in a quadratic double of a component Q
of a stratum with at least four poles; moreover, F(M) corresponds to a
codimension one hyperelliptic locus in F(Q).

6There is a possibility in [AWb, Theorem 10.60 (3b-1)] with only two poles, but
it is not relevant here, since in that case there are no marked points and, when
ColC1,C2(X,ω) is connected, there must be marked points on (X,ω).
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Figure 5.1: The proof of Sublemma 5.11.

Lemma 5.12. Let Q 
= Q(−14) be a component of a stratum of quadratic
differentials with at least four poles and no marked points, and let L be a
nonempty component of the hyperelliptic locus in Q. Then L contains a sur-
face whose holonomy double cover, considered as a surface without marked
points, has a pair of twin cylinders each of which is fixed by the holonomy
involution.

Proof. Let (Q, q) ∈ Q be hyperelliptic, and let (Q0, q0) be its quotient by
the hyperelliptic involution.

Note that a pole cannot be fixed by the hyperelliptic involution. Hence,
(Q0, q0) has a pair of poles z1, z2 over which the map (Q, q) → (Q0, q0) is
not ramified. Deforming (Q0, q0), we can assume without loss of generality
that there is a saddle connection joining z1 to z2. (For example, if the two
poles in question are moved close together, while the location on P1 of the
remaining poles and zeros are fixed, there will be such a saddle connection.)
There is a cylinder C0 with this saddle connection in its boundary; in [AWb]
we call this type of cylinder an envelope.

Since (Q, q) /∈ Q(−14), the envelope C0 lifts to a pair of envelopes on
F(Q, q). The preimages of these two cylinders on the holonomy double cover
give the desired cylinders.

Let C1 and C2 be a pair of twins given by Lemma 5.12. Let J denote the
holonomy involution on (X,ω). Since the marked points on (X,ω) are J-
invariant we can move them into C1, as in Figure 5.2. This creates a cylinder
that is not free and that does not have a twin, contradicting the fact that
M is geminal.

Case 3: Both MC1
and MC2

are quadratic doubles. By Apisa-
Wright [AWb, Theorem 7.1], since ColC1,C2

(X,ω) is connected, M is a
quadratic double.
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Figure 5.2: The conclusion of Case 2 in the proof of Proposition 5.9.

6. Geminal subvarieties of rank one

This section classifies geminal invariant subvarieties of rank one. The main
result is Proposition 6.3.

By Lemma 4.1, any geminal invariant subvariety M has k(M) = Q.
By Lemma 3.3, it follows that every rank one geminal invariant subvariety
is a locus of torus covers. For this reason it will be useful to begin our
investigation of rank one geminal invariant subvarieties by analyzing the
geminal invariant subvarieties in strata of flat tori with marked points.

The simplest examples of geminal subvarieties in strata of flat tori are
given by the strata themselves. The next simplest are Abelian and quadratic
doubles. A slightly less obvious example is the following.

Definition 6.1. For any positive integer n, an invariant subvariety M in
H(0n) is called a T ×T locus if it is a full locus of regular covers of a stratum
(necessarilyH(0m) for somem) with deck group Z/2Z×Z/2Z, where at least
3 of the 4 points in the fiber over each marked point are marked.

Remark 6.2. The condition on marked points is equivalent to the Z/2Z ×
Z/2Z covers satisfying Assumption CP, which was defined in Definition 5.4.
Indeed, if there are two unmarked points p1, p2 in the fiber of a marked
point, then there is cylinder whose core curve contains p1, p2 which shows
that the cover does not satisfy Assumption CP; see Figure 6.1. Conversely,

Figure 6.1: A cover not satisfying Assumption CP.

if the marked point condition is satisfied, then in every cylinder direction on
the cover there are two isometric cylinders that are exchanged by an element
of the deck group.
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The following result says that every rank one geminal subvariety is a full
locus of covers of one of the examples just discussed. Recall that optimal
maps are defined in Definitions 4.10 and 4.22, and h-geminal is defined
in Definition 4.3. Subequivalence classes and generic cylinders are defined
in Definition 3.10, and here subequivalence classes consist of either a free
cylinder or a pair of twins.

Proposition 6.3. Let M be a geminal orbit closure of rank 1.

(1) M is one of the following:

(a) A connected component of a stratum of Abelian differentials or
an Abelian or quadratic double. If M is not h-geminal then it is
described by this case.

(b) A full locus of covers of a quadratic double, where the quadratic
double is contained in H(0n) for some n.

(c) A full locus of covers of a T × T locus.

(2) Any surface in M has an M-optimal map πopt, and:

(a) In Case (1a), πopt is the identity.

(b) In Case (1b), πopt is the covering map to surfaces in the quadratic
double, and is moreover the minimal degree map to a torus.

(c) In Case (1c), πopt is the covering map to surfaces in the T × T
locus, and is moreover the minimal degree map to a torus.

(3) If the degree of the optimal map is greater than one, then each sube-
quivalence class contains exactly two cylinders.

(4) If C is a subequivalence class of M-generic cylinders on a surface
(X,ω) in M, then ColC(πopt) is the MC-optimal map for ColC(X,ω).

Remark 6.4. The Eierlegende-Wollmilchsau is an example of a surface de-
scribed by Case (1c) where the degree of the optimal map is greater than
one. The image of this surface under the optimal map is a torus E with
four marked points, all of which differ by two-torsion. Let T1 and T2 be
two distinct maps that are not the identity and that preserve the marked
points on E. Let P be any collection of marked points with the property
that if p belongs to P then at least two points in {T1(p), T2(p), T1T2(p)} are
also marked. It is easy to see that marking all the preimages of P on the
Eierlegende-Wollmilchsau produces a geminal orbit closure with arbitrarily
large rel and whose image under the optimal map is a T × T locus that is
not a quadratic double.
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Remark 6.5. Regarding (2b) and (2c), one may wish to keep in mind that
some orbit closures may be full loci of covers in more than one way. In (2b)
and (2c), πopt is the minimal degree map to a torus and this map realizes
M as a locus of covers in the indicated way. We do not claim however that
there is no other way to realize M as a locus of covers in the indicated way.

A corollary of Proposition 6.3, which will actually be an ingredient in
its proof, is the following.

Proposition 6.6. If M is a geminal subvariety of H(0n) then M is one of
the following: a stratum, an Abelian double, a quadratic double, or a T × T
locus.

There is a very limited amount of overlap between different possibilities
in Proposition 6.6.

Lemma 6.7. The only geminal subvarieties of H(0n) that are described
simultaneously by two of the possibilities listed in Proposition 6.6 are the
following:

(1) The quadratic double of Q(−14) with one preimage of a pole marked
is the stratum H(0).

(2) The quadratic double of Q(−14) with two preimages of poles marked
is an Abelian double of H(0).

(3) The quadratic double of Q(−14) with three or four preimages of poles
marked is a T × T locus in H(03) or H(04).

(4) The quadratic double of Q(−14, 0) with no preimages of poles marked
is the stratum H(0, 0).

Proof. Let M be a subvariety of H(0n) where n is a positive integer. We
begin by observing that it is impossible for M to be simultaneously more
than one of the following: a stratum, an Abelian double, or a T × T locus.

Therefore, suppose that M is a quadratic double. Since M contains
flat tori it follows that M is a quadratic double of Q(−14, 0m) for some
integer m.

If M is also a stratum: By definition of a quadratic double, if the preimage
of a pole is marked then any other marked points cannot be free. Since M
is also a stratum, there aren’t any other marked points and we get that M
is the first possibility. Similarly, if no preimages of poles are marked then
m = 1 and M is the final possibility.

If M is also a T × T locus: On surfaces in M all marked points that
are not fixed points of the holonomy involution can be moved arbitrarily
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close together while fixing the underlying unmarked torus. Hence if M is an
Abelian double or a T×T locus, only fixed points of the holonomy involution
are marked so m = 0 and M is the third possibility.

If M is also an Abelian double: A similar analysis shows M is the
second possibility.

6.1. Proof of Proposition 6.6

Suppose that M is a geminal subvariety contained in H(0n) where n is a
positive integer. Let k−1 denote the rel of M. We will proceed by induction
on k, with the base case being k = 1.

By [Wri15, Theorem 1.10], there is a surface (X,ω) in M that is hor-
izontally and vertically periodic with k subequivalence classes of horizon-
tal cylinders. Label the subequivalence classes of horizontal cylinders by
{1, . . . , k}, and let Ci denote the subequivalence class labelled by i.

Consider the cyclic order in which the subequivalence classes of horizon-
tal cylinders appear along a leaf of the vertical foliation. Since subequivalence
classes contain at most two elements, each label appears at most twice in the
cyclic ordering. Moreover, by Lemma 4.8, if a cylinder labeled i is adjacent
to a cylinder labeled j, then every cylinder labeled i is adjacent to a cylinder
labeled j. The only cyclic orderings satisfying these two conditions are, up
to re-indexing:

• 1, 2, . . . , k,
• 1, 2, . . . , k − 1, k, 1, 2, . . . , k − 1, k,
• 1, 2, . . . , k − 1, k, k, k − 1, . . . , 2, 1,
• 1, 2, . . . , k − 1, k, k − 1, . . . , 2, 1,
• 1, 2, . . . , k − 1, k, k − 1, . . . , 2, for k > 2.

Remark 6.8. We will want to consider the cyclic order 1, 2 as an instance
of the first case and not the final case, which is why we require k > 2 in
the final case. Note that up to re-indexing, 1, 2, 1 is the same cyclic order as
1, 1, 2 or 1, 2, 2.

If, for every surface (X,ω) ∈ M as above, the cyclic order is the first
one above, then [MW18, Theorem 1.5] gives that M is a stratum. So we can
assume that the cyclic ordering is not the first one listed. We now establish
the base of our induction.

Lemma 6.9. When k = 1, then M is a quadratic double of Q(−14) with
two, three, or four preimages of poles marked.

In particular, Proposition 6.6 holds when k = 1.
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Proof. When k = 1, the horizontal direction on (X,ω) has exactly two
cylinders – call them C and C ′ – which are isometric. We can assume the
vertical direction has either one or two cylinders, each of which crosses each
of C and C ′ only once, as in Figure 6.2.

Figure 6.2: The proof of Lemma 6.9. Left: the case of one vertical cylinder.
Right: The case of two vertical cylinders.

If the vertical direction has only one cylinder, M is contained in H(0, 0)
and is simultaneously an Abelian double of H(0) and a quadratic double
of Q(−14) with two preimages of poles marked. If the vertical direction
contains two cylinders, then M is a quadratic double of Q(−14) with two,
three or four preimages of poles marked.

Lemma 6.10. If the cyclic order is 1, . . . , k, 1 . . . , k. Then M is an Abelian
double or a T × T locus.

Proof. Proceed by induction on k. The base case is Lemma 6.9 combined
with the observations in Lemma 6.7 that the relevant quadratic doubles of
Q(−14) are simultaneously Abelian doubles or T × T loci.

Suppose now that k > 1. After replacing (X,ω) with a version where
each Ci has been sheared, we may assume that each Ci contains a cylinder
that contains a vertical saddle connection.

By the induction hypothesis, for each i, the surface ColCi
(X,ω) belongs

to an Abelian double or T×T locus. Since each ColCj
(Ci), for i 
= j, contains

a cylinder that contains a vertical saddle connection, it follows that there
is one (resp. two) vertical cylinder(s) that covers ColCj

(X,ω) when MCj
is

an Abelian double (resp. T ×T locus). The surface (X,ω) is also covered by
the same number (one or two) of vertical cylinders, as in Figure 6.3.

In the case that there is a single vertical cylinder that covers (X,ω) it is
easy to see that M is an Abelian double.

Suppose therefore that (X,ω) is covered by two vertical cylinders. Let
T1 be the translation involution that fixes each vertical cylinder but doesn’t
fix any horizontal cylinder, and let T2 be the translation involution that
fixes each horizontal cylinder and exchanges the two vertical cylinder, as in
Figure 6.4.
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Figure 6.3: The proof of Lemma 6.10 when k = 3.

Figure 6.4: The proof of Lemma 6.10 when k = 3.

Suppose now that M is not an Abelian double. We need to show that
M is a T × T locus. We will require the following two sublemmas.

Sublemma 6.11. For any marked point q on (X,ω) at least one of T1T2(q)
and T2(q) is marked. Moreover, at least one of T1(q) and T1T2(q) is marked.

Proof. The second claim is immediate since T1 exchanges horizontal twin
cylinders. In particular, if q lies on the top boundary of a horizontal cylinder
C, then in order for T1(C) to be a cylinder, either T1(q) or T1T2(q) must
be a marked point lying on the top boundary of T1(C). We now turn to the
first claim.

We begin by showing that there is some marked point for which the
first claim holds. Suppose to a contradiction that this is not the case. In
particular, suppose that for every marked point p, neither T1T2(p) nor T2(p)
are marked. This would imply that for every marked point p, T1(p) is marked,
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which, given the supposition, implies that M is an Abelian double. We may
therefore suppose that there is some marked point p such that at least one
of T1T2(p) or T2(p) is marked.

We are now ready to prove the first claim. Suppose to a contradiction
that there is a point q such that neither T1T2(q) nor T2(q) is marked. We have
already seen that in this case T1(q) must be marked. Moreover, it is obvious
that q 
= p where p is the point produced by the preceding paragraph. Then
it is possible to move {q, T1(q)} into one vertical cylinder, contradicting the
fact that the two vertical cylinders are twins. This shows that for every
marked point q on (X,ω) either T1T2(q) or T2(q) is marked.

Sublemma 6.12. There is some marked point q on (X,ω) so that at least
two points in {T1(q), T2(q), T1T2(q)} are marked.

Proof. Suppose to a contradiction that the claim does not hold. By Sub-
lemma 6.11, for every marked point p the only point in

{T1(p), T2(p), T1T2(p)}

that is marked is T1T2(p). In particular, this means that M is an Abelian
double contrary to our hypotheses.

In light of Sublemma 6.12, we fix a marked point q so that at least two
points in {T1(q), T2(q), T1T2(q)} are marked. If every marked point had this
property then M would be a T × T locus as desired. Therefore, suppose to
a contradiction that there is some marked point p so that the only point in
{T1(p), T2(p), T1T2(p)} that is marked is T1T2(p).

Suppose that C1 and C2 are the two subequivalence classes of cylin-
ders that contain p and T1T2(p) in their boundary. Now we collide all other
marked points with the 〈T1, T2〉 orbit of q, i.e. we form ColC3,...,Ck

(X,ω).
Note that MC3,...,Ck

remains geminal by Lemma 4.2. Without loss of gen-
erality the underlying unmarked translation surface is a square torus. The
marked points can then be moved as in Figure 6.5, showing that M is not
geminal and giving a contradiction.

The proof will be complete once we establish the following.

Lemma 6.13. If k > 1 and the cyclic order is one of the last three, then
M is a quadratic double.

Proof. Proceed by induction on k. We give the inductive step before the base
case, since the inductive step is short. Without loss of generality assume that
a standard shear has been applied to each horizontal subequivalence class
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Figure 6.5: The proof of Lemma 6.10. The slope 1 direction shows this does
not describe a geminal orbit closure.

so that each horizontal subequivalence class contains a cylinder containing a

vertical saddle connection. We will suppose moreover that there is a cylinder

in C1 and a cylinder in C2 that contain vertical saddle connections, called

σ1 and σ2 respectively, so that an endpoint of σ1 coincides with an endpoint

of σ2.

Remark 6.14. It may be helpful to keep in mind Remark 6.8 and note that

the last three cyclic orderings for k = 3 are 1, 2, 3, 3, 2, 1 and 1, 2, 3, 2, 1 and

1, 2, 3, 2. Degenerating C3 results in 1, 2, 2, 1 and 1, 2, 2, 1 and 1, 2, 2 respec-

tively, and degenerating C1 results in 2, 3, 3, 2 and 2, 3, 2 and 2, 3, 2 respec-

tively. In particular, the prohibited k = 2 case of the fifth cyclic ordering

does not appear here.

Notice that when k > 2 that ((X,ω),M,C1,C3) is a generic diamond

where ColC1,C3
(X,ω) is connected and MC1

and MC3
are quadratic dou-

bles. It follows in this case by Proposition 5.9 that M is a quadratic double.

Therefore, it remains to establish the k = 2 base case. In this case, the

cyclic ordering is either 1, 2, 1 or 1, 2, 2, 1. By Lemma 6.9, ColC2
(X,ω) is a

torus consisting of two horizontal cylinders and that has two, three, or four

points marked, any two of which differ by two-torsion.

Case 1: ColC2
(X,ω) has two marked points. Figure 6.6 (left) illus-

trates ColC2
(X,ω). In this case, ColC2

(C2) consists of one saddle connection

and soC2 consists of one or two simple cylinders, i.e. cylinders both of whose

boundaries consist of a single saddle connection. We are done by Figure 6.6.

Case 2: ColC2
(X,ω) has more than two marked points. If there

are two cylinders in C2 they share boundary saddle connections. Therefore

ColC2
(C2) consists of either one or two saddle connections.
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Figure 6.6: Case 1. Left: ColC2
(X,ω). Middle and right: the two possibilities

for (X,ω).

Case 2a: ColC2
(C2) consists of a single saddle connection. If

ColC2
(C2) consists of a single saddle connection then the cylinders in C2

were simple and the holonomy involution on ColC2
(X,ω) extends to (X,ω)

and preserves marked points; see Figure 6.7.

Figure 6.7: The two possibilities for the surface (X,ω) in Case 2a.

Case 2b: ColC2
(C2) consists of two saddle connections and C2 has

two cylinders. In this case the original surface (X,ω) is depicted in Fig-
ure 6.8.

By applying the standard shear in opposite directions to C1 and C2

we can move the marked points while fixing the underlying flat torus as in
Figure 6.9.

For simplicity we assume without loss of generality that the horizontal
cylinders on (X,ω) have circumference one. If the rightmost of the two points
in Figure 6.9 labelled with diamonds is marked then there is one vertical
cylinder of width ε (passing through σ1 and σ2) and another of width 1

2 −2ε
(passing to the right of the rightmost diamond) on (X,ω). Since the vertical
direction is covered by two subequivalence classes of vertical cylinders, each
of which consists of one or two cylinders of equal width, we see that the sum
of the widths of all subequivalence classes of vertical cylinders is at most

2 · ε+ 2 ·
(
1

2
− 2ε

)
= 1− 2ε < 1
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Figure 6.8: The unfilled dots and the filled-in dot are marked. At least one
of the two unfilled diamonds must be marked. Any remaining marked points
must be at a location labelled with an “x”.

Figure 6.9: The labels at the bottom of the figure indicate the widths of the
six (subsets of) vertical cylinders, where ε ∈ (0, 14).

which contradicts the fact that the vertical subequivalence classes cover the
surface.

Therefore, the rightmost diamond is not marked and so the leftmost
diamond is marked. Thus there is a second vertical cylinder of width ε,
which passes to the left of the leftmost diamond. This must be the twin of
the vertical cylinder passing through the σi. The remainder of the surface is
either covered by two vertical cylinders of width 1

2 −ε or one of width 1−2ε.
Thus the surface is as illustrated in Figure 6.10 with 0, 1, or 2 of the points
labelled with an “x” marked. (Actually, by our Case 2 assumption, 1 or 2 of
these points are marked.) We see that M is a quadratic double.
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Figure 6.10: One or both of the points labelled with an “x” are marked.

Case 2c: ColC2
(C2) consists of two saddle connections and C2 has

one cylinder. Because ColC2
(C2) consists of two saddle connections, the

one cylinder in C2 has either three or four points marked on its boundary.
We get that M is the orbit closure of the surface illustrated in Figure 6.11,
which is easily seen to not be geminal by analysing the vertical cylinders
as follows. Since there can be at most four vertical cylinders, we get that

Figure 6.11: The points with an “x” may or may not be marked.

neither “x” is marked. In that case there are four vertical cylinders, but two
of them aren’t free and aren’t isometric to any other.

6.2. Classification of rank one h-geminal subvarieties

Lemma 6.15. Suppose that the orbit closure M of (X,ω) is rank one and
that, for any surface in M, parallel cylinders have homologous core curves.
Then (X,ω) is a torus cover and the minimal degree map πabs to a torus is
optimal.
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Moreover, for any subequivalence class C of generic cylinders on (X,ω),
ColC(πabs) is the optimal map for the connected surface ColC(X,ω).

Remark 6.16. We will apply Lemma 6.15 only in the case that M is geminal,
but the fact that the proof applies more broadly allows us to connect to some
previous work: since the hypotheses of the lemma are satisfied by Shimura-
Teichmüller curves (see Möller [Möl11] for a definition), Lemma 6.15 (or
more specifically the weaker statement that πabs is good) recovers a result
of Aulicino-Norton [AN20b, Theorem 3.4], which itself is a strengthening of
a result of Möller [Möl11, Lemma 4.17]. Lemma 6.15 extends these results
to a broader class of translation surfaces. Our approach is fundamentally
different than the approaches of Aulicino-Norton and Möller. See Warning
4.11 before comparing to [Möl11] or [AN20b].

Proof. By [Wri15, Theorem 1.9], k(M) = Q. Since M is rank one, it is a
locus of torus covers by Lemma 3.3. Let πabs denote the minimal degree
map from (X,ω) to a torus. Suppose without loss of generality that (X,ω)
is horizontally periodic.

Since parallel cylinders have homologous core curves, if we cut the core
curves of each horizontal cylinder, we obtain a collection of sub-surfaces, each
with exactly two boundary components. The surface (X,ω) is formed by
gluing these subsurfaces together in a cyclic order. Equivalently, the surface
is obtained by gluing the horizontal cylinders together in a cyclic order. The
top of each cylinder is glued to the bottom of the cylinder above it along
a collection of saddle connections; this gluing is reminiscent of an interval
exchange transformation.

Let H be the sum of the heights of the horizontal cylinders. Because the
surface is formed by gluing the horizontal cylinders together in a cyclic order,
every absolute period has an imaginary part that is an integer multiple of H.
This shows that each individual horizontal cylinder is the preimage of its
image under πabs. Since this argument holds in every periodic direction it
follows that πabs is good.

Now we will show that πabs is optimal, i.e. that any other good map
factors through it. Suppose that g : (X,ω) → (X ′, ω′) is a good map. It
follows that parallel cylinders on (X ′, ω′) have homologous core curves and
so π′

abs ◦ g is a good map, where π′
abs is the quotient by absolute periods

for (X ′, ω′). Since any translation cover from (X,ω) to a flat torus factors
through πabs, we have the commutative diagram of Figure 6.12. where g′ :
(E, η) → (E′, η′) is a good map since π′

abs ◦ g is. (Note that it is immediate
from the definition of “good map” that compositions of good maps are good
and that factors of good maps are good as well.) The map g′ has degree one
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Figure 6.12: The proof of Lemma 6.15.

by Lemma 4.17. Therefore, g′ is the identity and so g is a factor of πabs as
desired.

Suppose now that C is a subequivalence class of generic cylinders on
(X,ω). By Lemma 4.18, ColC(X,ω) is connected since πabs is good and
Colπabs(C) (πabs (X,ω)) is connected.

Sublemma 6.17. Parallel cylinders on ColC(X,ω) have homologous core
curves.

Proof. Suppose in order to deduce a contradiction that this is not the case.
Let D1 and D2 be two cylinders that are parallel on ColC(X,ω) but whose
core curves are not homologous. After perhaps applying the standard dila-
tion to C (in order to assume that the surface is sufficiently close to the
boundary), we may assume that there are cylinders D′

1 and D′
2 on (X,ω)

with disjoint core curves and so that ColC(D
′
i) = Di. Since D1 and D2 are

not homologous the same holds for D′
1 and D′

2 (as in the proof of Lemma
4.4), implying that D′

1 and D′
2 are not parallel to each other.

Since (X,ω) is a torus cover, it is covered by the cylinders parallel to
D′

1, and also by the cylinders parallel to D′
2. Since parallel cylinders are

homologous, and since the core curves of D′
1 and D′

2 do not intersect, no
cylinder parallel to D′

1 intersects a cylinder parallel to D′
2, which is a con-

tradiction.

Because of our previous arguments, the sublemma implies that the quo-
tient by the absolute period lattice is the optimal map for ColC(X,ω).

By Lemma 4.25, ColC(πabs) is a good map. Since ColC(πabs) is a map to
a torus, it has the quotient by the absolute period lattice of ColC(X,ω) as
a factor. However, the quotient by the absolute period lattice is the optimal
map and hence ColC(πabs) must be the optimal map as desired.

Lemma 6.18. Suppose that the orbit closure of (X,ω) is a rank one h-
geminal subvariety M.

(1) The minimal degree map πabs from (X,ω) to a torus is the optimal
map.
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(2) The orbit closure Mabs of πabs(X,ω) is one of the following: a stratum
of flat tori, an Abelian double, a quadratic double, or a T × T locus.

(3) The optimal map is the identity when Mabs is a stratum or Abelian
double. Moreover, when the optimal map has degree greater than one,
each subequivalence class contains exactly two cylinders.

(4) The optimal map is the identity when M is an Abelian or quadratic
double.

(5) For any subequivalence class C of generic cylinders on (X,ω),
ColC(πabs) is the optimal map for ColC(X,ω).

Remark 6.19. This shows that when M is h-geminal, Proposition 6.3 holds.
In particular, Proposition 6.3 (1) is implied by Lemma 6.18 (2) and (3);
Proposition 6.3 (2) is implied by Lemma 6.18 (1) and (4); Proposition 6.3
(3) is implied by Lemma 6.18 (3); and Proposition 6.3 (4) is implied by
Lemma 6.18 (5).

Proof. Let (X,ω) be a horizontally periodic surface in M.

Sublemma 6.20. The core curves of any two horizontal cylinders C and
C ′ are homologous.

Proof. Recall the notion of standard shear, defined before Theorem 3.9.
Let σ and σ′ be the standard shears in the subequivalence classes of

C and C ′ respectively. Since M is h-geminal, p(σ) is proportional to the
Poincare dual (in absolute cohomology) of the core curve of C, and the
analogous statement holds for p(σ′). (Recall from Section 3.1 that p is the
projection from relative to absolute cohomology.)

We now recall that, since M has rank 1, p(σ) and p(σ′) are proportional.
Indeed, this can be derived from Lemma 3.1, and is a special case of [MW17,
Theorem 1.5], which is recalled in [AWb, Theorem 3.12].

Hence we get that the core curves of C and C ′ are proportional in ab-
solute homology. Since two non-separating simple closed curves define pro-
portional homology classes if and only if they are homologous, this gives the
result.

By Sublemma 6.20, the hypotheses of Lemma 6.15 hold and so (1) and
(5) are immediate. Since πabs is good, Mabs is geminal in a stratum of tori.
By Proposition 6.6,Mabs must be one of the following: a stratum, an Abelian
double, a quadratic double, or a T × T locus (this shows (2)). It remains to
show (3) and (4).

Sublemma 6.21. Suppose that Mabs contains a surface where at least one
subequivalence class of cylinders has only one cylinder. Then the optimal
map is the identity.
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Note that the assumption is automatically true if Mabs is a stratum or
Abelian double. Therefore, Sublemma 6.21 implies (3).

The proof will use the following general remark, which is illustrated in
Figure 6.13 and does not use any of our ambient assumptions.

Figure 6.13: The procedure described in Remark 6.22.

Remark 6.22. Let C be a collection of cylinders on a surface (X,ω) in an
arbitrary orbit closure M. Assume that the standard deformation of C stays
in M, which is to say σC ∈ T(X,ω)M. Assume that C is horizontal and that
the complement of C does not contain any horizontal saddle connections
(this can always be arranged using the GL(2,R) action). We now describe a
general construction to “collapse (X,ω) onto C”, resulting in a new surface
(X0, ω0) ∈ M which is horizontally periodic and whose horizontal cylinders
exactly correspond to the cylinders in C. To describe this construction, first
define the surface (Xt, ωt), t ∈ (0, 1] via the following two step process. First
scale the vertical direction by a factor of t with theGL(2,R) action, using the
diagonal matrix diag(1, t) ∈ GL(2,R). Second, use a standard deformation
of C to scale the vertical direction in C only by 1/t to obtain (Xt, ωt). So
(X1, ω1) = (X,ω), the path (Xt, ωt) remains in M, and the cylinders C
have constant direction, circumference, and modulus along the path. Since
the complement of C does not have vertical saddle connections, the surfaces
(Xt, ωt) do not degenerate as t → 0, and we can define (X0, ω0) ∈ M to
be the limit. This surface (X0, ω0) is the desired result of “collapsing (X,ω)
onto C”.

If (X,ω) happens to be horizontally periodic, then (X0, ω0) can be equiv-
alently obtained by vertically collapsing the horizontal cylinders not in C,
but the construction applies regardless of whether this is the case.

Proof. Given Remark 6.22, the assumption of the lemma implies that there
is a surface in Mabs that is covered by a single horizontal cylinder. Because
πabs is a good map, the corresponding surface, call it (Y, η), in M is also
covered by a single horizontal cylinder. After shearing (Y, η), we can assume
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that there is a vertical cylinder that crosses the horizontal exactly once.
Lemma 4.16 now gives the result.

It remains to show (4), i.e. that if M is an Abelian or quadratic double,
then the optimal map is the identity. Since πabs is the optimal map, it suffices
to show that M is a locus of tori. Suppose to a contradiction that this is
not the case.

Suppose first that M is an Abelian double; since it has rank 1, M is
necessarily an Abelian double of a stratum of flat tori. Since πabs is the
minimal degree map to a torus, it follows that the cover whose domain
is (X,ω) and that arises from M being an Abelian double must be πabs.
In particular, Mabs must be a stratum. However, by Sublemma 6.21 this
implies that the optimal map is the identity, which is a contradiction.

Suppose now that M is a quadratic double. Since M does not contain
flat tori, M is a quadratic double of Q(2,−12, 0k) or Q(2, 2, 0k) for some
nonnegative integer k. In these cases, it is easy to see that M is not h-
geminal as in Figure 6.17, a contradiction.

6.3. Classification of rank one non h-geminal subvarieties

Lemma 6.23. Let (X,ω) be contained in a rank one geminal subvariety M
that is not h-geminal. Then the following hold:

(1) The M-optimal map for (X,ω) is the identity.
(2) M is an Abelian or quadratic double.
(3) If C is a subequivalence class of generic cylinders on (X,ω), then the

identity is the MC-optimal map for ColC(X,ω).

Before proceeding with the proof of Lemma 6.23 we will show how it
implies Proposition 6.3.

Proof of Proposition 6.3 assuming Lemma 6.23. Let M be a rank one gem-
inal invariant subvariety. If M is h-geminal, then Proposition 6.3 holds by
Lemma 6.18 (see Remark 6.19). Suppose therefore that M is not h-geminal.
Proposition 6.3 (1) holds by Lemma 6.23 (2); Proposition 6.3 (2) holds by
Lemma 6.23 (1), which also shows that the assumptions for Proposition 6.3
(3) never hold when M is not h-geminal; and Proposition 6.3 (4) holds by
Lemma 6.23 (3).

Proof. By assumption there is a surface (X,ω) in M that has two non-
homologous twin cylinders; call them C1 and C2 and assume they are hori-
zontal. Using Remark 6.22 we replace (X,ω) with a surface that is entirely
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covered by these cylinders. Our proof will analyse certain cylinders trans-
verse to C1, C2, eventually achieving a sufficiently precise understanding of
the surface to verify the lemma.

If every horizontal saddle connection on the boundary of C1 also lay on
the boundary of C2, then C1 and C2 would be homologous, contrary to our
hypothesis. Therefore, there is some saddle connection s that appears on the
top and bottom boundary of C1. Apply the standard shear to {C1, C2} so
that there is a vertical cylinder V1 contained in C1 that contains s and passes
through C1 exactly once. If V1 were free, deforming it would contradict the
fact that C1 and C2 are twins. So V1 has a twin, which we will call V2.

Since V1 and V2 are isometric, and C1 and C2 are isometric, and since V1

is contained in C1, we see that V2 is contained in C2. By Lemma 4.16 since
V1 and C1 have core curves that intersect exactly once it follows that the
identity is the optimal map. Since V1 and C1 persist and intersect once in an
open neighborhood of (X,ω) it follows that the identity is the optimal map
for every surface in this open neighborhood. It follows that the identity is an
M-optimal map for any surface in M, which establishes Lemma 6.23 (1).

For the remainder of this proof we will let “big cylinders” denote vertical
cylinders that intersect both C1 and C2 and “little cylinder” denote any
vertical cylinder that is not big.

Sublemma 6.24. A big cylinder intersects C1 (and hence also C2) exactly
once. Similarly, a little cylinder contained in Ci intersects Ci exactly once.

Proof. Suppose to a contradiction that there is some vertical cylinderW that
intersects C1 more than once. Necessarily W /∈ {V1, V2}. Pick a segment

Figure 6.14: An illustration of (possibly only part of) W and γ.

of the core curve of C1 that travels from the core curve of W to another
intersection with the core curve of W without intersecting V1. Complete
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this segment to a closed loop γ using a segment of the core curve of W ; see
Figure 6.14.

There is a deformation of the surface that horizontally stretches V1, V2

and then horizontally shrinks the rest of the surface to keep the area con-
stant. By Lemma 3.1, since this deformation does not change the holonomy
of the core curves of the Ci or Vi, this must be a rel deformation. But on
the other hand this deformation reduces the real part of the period of the
absolute homology class [γ], giving a contradiction.

Sublemma 6.25. If W1 and W2 are big cylinders then the cyclic order of
W1,W2, V1 in C1 is equal to the cyclic order of W1,W2, V2 in C2.

For example, if in C1 one can pass from W1 to W2 by moving to the right
without passing through V1, then in C2 the analogous statement is true.

Proof. Suppose not. To be concrete, assume there is a subarc γ1 of the core
curve of C1 that passes from W1 to W2 by traveling left to right without
passing through V1; and suppose in C2 there is a subarc γ2 of the core curve
of C2 that passes from W2 to W1 by traveling left to right without passing
through V2. These subarcs can be connected to form a closed loop γ by
attaching part of the core curves of W1 and W2, as in Figure 6.15. The same

Figure 6.15: The proof of Sublemma 6.25.

deformation considered in the last sublemma gives a contradiction, since it
must be rel but changes the period of γ.

Sublemma 6.26. The distance between two big cylinders W1 and W2, mea-
sured along a segment of the core curve of C1 not intersecting V1, is the same
as the corresponding distance in C2.

Proof. The proof is almost identical to the previous two proofs, except one
uses the curve γ shown in Figure 6.16.
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Figure 6.16: The proof of Sublemma 6.26.

Equipped with these sublemmas, we will complete the proof by showing
that M is an Abelian or quadratic double and that, if C is a subequivalence
class of generic cylinders on (X,ω), then the identity is the MC-optimal
map for ColC(X,ω). We will show this via induction on the rel of M, which
we denote by k. Note that k > 0, since if k = 0 the surface would consist
entirely of V1 and V2, and would hence be disconnected. Thus k = 1 will be
the base case.

So suppose k = 1. There are two vertical equivalence classes of cylinders
– D1 and D2. We can assume that D1 = {V1, V2} and that D2 contains
either one or two big cylinders.

By Sublemmas 6.24 and 6.25, M is a quadratic double of Q(2,−12), as
depicted in Figure 6.17. Notice that when there are no marked points, M is
simultaneously an Abelian double.

Figure 6.17: A double of Q(2,−12).

If C is a subequivalence class of cylinders on (X,ω) then, because M is
a quadratic double of Q(2,−12), either ColC(X,ω) is disconnected or a flat
torus with marked points. In either case, the optimal map for ColC(X,ω) is
also the identity by Lemmas 4.26 and 4.17. This establishes the base case.
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We require some additional analysis for the inductive step. By Sublemma
6.24, each little cylinder intersects C1 or C2 exactly once. Therefore, any pair
of adjacent little cylinders A1, B1 in C1 are separated by a marked point.
Lemma 4.8 gives that the corresponding twins A2 and B2 in C2 also are
separated by a marked point. We can consider the deformation that increases
the width of the Ai at unit speed and decreases the width of the Bi at unit
speed. If A1 is to the left of B1 and A2 is to the left of B2, then this moves
the pair of marked points equal amounts in the same direction. If A1 is to
the left of B1 and A2 is to the right of B2, then this moves the pair of marked
points equal amounts in opposite directions. It is now helpful to forget about
cylinders for a moment, and summarize by saying that the pair of marked
points can be moved equally in the same direction or equally in opposite
directions. Such deformations can be continued arbitrarily, as long as the
pair of marked points don’t hit any other marked points or singularities.

Since every marked point not in a big cylinder separates a pair of ad-
jacent little cylinders, we may use such deformations to move all marked
points into big cylinders. This means in particular that, by performing such
deformations, we may assume that no little cylinders are adjacent to each
other in C1 or C2, so each little cylinder has a big cylinder on either side.
We continue our analysis with this assumption.

Sublemma 6.27. If Ai ⊂ Ci is a little cylinder with big cylinder L to the
left and R to the right, then the twin Ai+1 of Ai also has L to the left and
R to the right.

Proof. If Ai+1 ⊂ Ci+1 was not in between L and R, then by deforming
{A1, A2} we could contradict Sublemma 6.26. Similarly if any other sube-
quivalence class was between L and R in exactly one of C1 or C2, we could
contradict Sublemma 6.26.

We will now focus on showing that M is an Abelian or quadratic double.
That is, we will establish Lemma 6.23 (2) now and then return to proving (3).

Case 1: There are at least 2 subequivalence classes of little cylin-
ders. If D1 and D2 are two distinct subequivalence classes of little cylin-
ders, then ((X,ω),M,D1,D2) is a generic diamond where ColD1,D2

(X,ω)
is connected and, by the induction hypothesis, MD1

and MD2
are Abelian

or quadratic doubles. By Proposition 5.9, M is also an Abelian or quadratic
double.

Case 2: There is only 1 subequivalence class of little cylinders.
This subequivalence class is necessarily the one containing V1 and V2, which
we will denote D1.
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Case 2a: There is a subequivalence class D2 of big cylinders that
do not share any boundary saddle connections with the cylinders
in D1. Then ((X,ω),M,D1,D2) is a generic diamond where, by the in-
duction hypothesis, MD1

and MD2
are Abelian or quadratic doubles. Since

k > 1, and there are k + 1 subequivalence classes of vertical cylinders,
and since we have assumed there is only one little subequivalence class,
there is at least one big subequivalence class besides D2, and so we see that
ColD1,D2

(X,ω) is connected. By Proposition 5.9, M is also an Abelian or
quadratic double.

Case 2b: There does not exist a subequivalence as in Case 2a.
Label the big cylinders to the right and left of V1 by R and L respectively.
We may suppose now, by Lemma 4.8 and Sublemma 6.27, that R and L are
the only big cylinders, and D1 = {V1, V2} are the only small cylinders.

Therefore, there are four vertical cylinders – two little and two big. Since
k > 1, the two big cylinders are both free. By Sublemmas 6.24, 6.25, and 6.27
it follows that F(X,ω) is a surface in a double of Q(2,−12), and the only
marked points on (X,ω) are either one free point p or a pair of points {p, p′}
whose only constraint is that they differ by the translation involution. See
Figure 6.18. In the latter case, M is an Abelian double and, in the former,

Figure 6.18: A surface described by Case 2b.

it is clear that M is not geminal as can be seen by moving the marked point
into one little cylinder but not the other.

The above case analysis shows that M is an Abelian or quadratic dou-
ble, concluding the proof of Lemma 6.23 (2). We now complete the proof of
Lemma 6.23 by proving Lemma 6.23 (3). We will now let (X,ω) denote an ar-
bitrary surface in M. Let C be a subequivalence class of cylinders on (X,ω).
If ColC(X,ω) is disconnected, then the MC-optimal map on ColC(X,ω) is
also the identity by Lemma 4.26. Suppose therefore that ColC(X,ω) is con-
nected. Then MC remains an Abelian or quadratic double. If MC is not
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h-geminal then the identity is the MC-optimal map by the induction hy-
pothesis; if it is h-geminal then the identity is the MC-optimal map by
Lemma 6.18 (4).

7. Geminal subvarieties that degenerate to T × T loci

The main result of this section is the following. Recall that T × T loci were
defined in Definition 6.1 and by definition exist only in genus one, and generic
diamonds were defined in Definition 5.6.

Proposition 7.1. Suppose that M is geminal of rank at least two. Suppose
that ((X,ω),M,C1,C2) is a generic diamond. If MC1

is a T×T locus, then
MC2

cannot be any of the following: a component of a stratum of Abelian
differentials, an Abelian double, a quadratic double, or a locus in a stratum
of tori.

We will defer a proof of this result to the end of the section. Part of the
proof will be based on the following simpler lemma.

Lemma 7.2. Let M be a full locus of unbranched Z/2×Z/2 covers of sur-
faces in H(2). Then M is not geminal. In particular, there is an equivalence
class consisting of four generically isometric cylinders.

We use Lemma 7.2 only to deduce the following.

Corollary 7.3. Suppose that M is geminal of rank at least two. Suppose
that ((X,ω),M,C1,C2) is a generic diamond. Then the MCi

cannot both
be full loci of covers of T × T loci.

Proof of Corollary 7.3 assuming Lemma 7.2. Suppose not. Let M be the
smallest dimensional counterexample to the claim.

By Proposition 6.3 (2c), for each surface inMCi
there is anMCi

-optimal
map to a T × T locus. We will denote these covers by

πi : ColCi
(X,ω)→(Zi, ζi).

By Remark 6.2, a T ×T locus is a full locus of covers satisfying Assumption
CP, via the degree 4 covers arising as the quotient of the Z/2×Z/2 group of
translation symmetries. We will denote these covers by fi : (Zi, ζi)→(Yi, ηi).
Therefore, MCi

is a full locus of covers satisfying Assumption CP, via the
map fi ◦ πi.

Hence Lemma 5.8 implies that M is a full locus of covers of a stratum H
of Abelian differentials. These covers are precisely πXmin

by Corollary 3.7.
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The stratum H must have a codimension one boundary component that is
a stratum of genus 1 surfaces. This implies that H = H(2, 0m) for some
nonnegative integer m.

By definition, each πi is an optimal map. Thus Proposition 6.3 (4)
gives that both ColColC1

(C2)(π1) and ColColC2
(C1)(π2) are optimal maps

for ColC1,C2
(X,ω). Since optimal maps are unique, we can conclude that

ColColC1(C2)(π1) = ColColC2 (C1)(π2). Therefore by the Diamond Lemma
(Lemma 5.3, see also Remark 5.5), there is a map π : (X,ω)→(Z, ζ) for
which ColCi

(π) = πi. Since every translation cover is a factor of πXmin

(Theorem 3.4), π is a factor of πXmin
and hence that there is a degree

four map f : (Z, ζ)→(Y, η) such that f ◦ π = πXmin
. This implies that

(Y, η) ∈ H(2, 0m).

Sublemma 7.4. m = 0.

Proof. The outline of the proof is that, if there are m > 0 marked points on
(Y, η), we can move a marked point to a zero to get a smaller dimensional
counterexample, contradicting our assumption on M.

To realize this outline, we first observe that

πXmin
(Ci) ⊂ (Y, η) ∈ H(2, 0m)

does not contain any marked points. Indeed, our genericity assumptions
imply that πXmin

(Ci) is simple, and if it contained a marked point in its
boundary then degenerating it would give a surface in H(2, 0m−1), contrary
to our assumption that this degeneration has genus 1.

Given a marked point p on (Y, η) and a saddle connection γp from the
zero of (Y, η) to p that lies in the complement of πXmin

(C1 ∪ C2), we will
let Colγp

denote the degeneration that fixes the rest of the surface while
moving p along γp to the other endpoint of γp. We will call this collapsing γp
to a point, and let Colπ−1

Xmin
(γp)

(resp. Colf−1(γp)) denote the corresponding

degeneration of (X,ω) (resp. (Z, ζ)). We note that Colπ−1
Xmin

(γp)
commutes

with ColCi
.

First we note that Colf−1(γp)(Z, ζ) is not disconnected since

Colf−1(γp)Colπ(Ci)(Z, ζ)

is connected. (Recall that Colπ(Ci)(Z, ζ) has genus 1, so it does not admit
disconnected degenerations.)

Next we note that there is a covering map

Colπ−1
Xmin

(γp)
(X,ω)→Colf−1(γp)(Z, ζ)
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for which the preimage of the image of each cylinder in Colπ−1
Xmin

(γp)
(C1) is a

single cylinder (this follows from the fact that C is the preimage of its image
under π for any cylinder C in C1∪C2; this in turn follows from the fact that
ColCi

(π) = πi, which is a good map). This shows that Colπ−1
Xmin

(γp)
(X,ω) is

connected.

Letting N be the orbit closure of Colπ−1
Xmin

(γp)
(X,ω), we have that N is

a locus of connected surfaces of smaller dimension than M and so(
Colπ−1

Xmin
(γp)

(X,ω),N ,Colπ−1
Xmin

(γp)
(C1),Colπ−1

Xmin
(γp)

(C2)
)

is a diamond that forms a smaller dimensional counterexample to the claim.
This is a contradiction, so we get m = 0.

Let M′ be the orbit closure of (Z, ζ). We now have that M′ is a full
locus of covers of H(2) via the degree 4 cover f . For convenience we define
C′

i = π(Ci) and note that ((Z, ζ),M′,C′
1,C

′
2) is a generic diamond.

Sublemma 7.5. The deck group of f is Z/2× Z/2.

Proof. Since ColC′
1
(Z, ζ),ColC′

2
(Z, ζ) and ColC′

1,C
′
2
(Z, ζ) are T × T loci, for

every involution γ ∈ Z/2 × Z/2, we can find involutions T γ
i on ColC′

i
(Z, ζ)

that agree on ColC′
1,C

′
2
(Z, ζ) in the sense that

ColColC′
1
(C′

2)
T γ
1 = ColColC′

2
(C′

1)
T γ
2 .

Keeping in mind that all degree two covering maps are the quotient by an
involution, the Diamond Lemma thus gives the existence of an involution
T γ on (Z, ζ) with ColC′

i
(T γ) = T γ

i .

This gives a Z/2×Z/2 group of symmetries on (Z, ζ), and the quotient
by this group is the degree four map f .

By our definition of translation covers, f can be branched at most over
the zero of (Y, η) ∈ H(2). However, a regular cover of a closed surface with
abelian deck group cannot be branched over a single point, because the loop
around that point is null-homologous in the surface with the single point
removed. Hence, we get that f is unbranched.

Lemma 7.2 now implies that (Z, ζ) has no marked points and contains
an equivalence class of four generically isometric cylinders. Because of the
lack of marked points, each cylinder on a surface in M′ lifts to a collection
of cylinders of the same height on a surface in M, so this contradicts the
fact that M is geminal and concludes the proof.
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Proof of Lemma 7.2. Let (X ′, ω′) ∈ H(2). An unbranched Z/2× Z/2 cover
of X ′ is specified by a homomorphism from π1(X

′) to Z/2 × Z/2, which
is equivalent to specifying two nonzero distinct elements of H1(X ′,Z/2Z).
There are finitely many choices for these two nonzero elements, and, roughly
speaking, our proof will simply check that each of them doesn’t give a gemi-
nal orbit closure. It will be helpful to keep in mind that, by Poincare duality,
H1(X ′,Z/2Z) is isomorphic to H1(X

′,Z/2Z).
Consider the Z-module

W = (Z(w1 − w0)⊕ · · · ⊕ Z(w5 − w0)) /V,

where the wi are formal variables and

V = span
Z

(
{2wi − 2wj}i,j∈{0,...,5} ∪

{
5∑

i=1

(wi − w0)

})
.

We will recall an isomorphism φ from this Z-module to H1(X
′,Z/2Z) as

follows.

Associate to each wi a Weierstrass point of X ′, which we will also de-
note wi.

Notice that every nonzero element of W may be written uniquely as
wi − wj where i > j are elements of {0, . . . , 5}. (W is a Z/2Z vector space
of dimension 4, and hence contains 24−1 = 15 non-zero elements.) For each
i > j, associate to wi − wj any path γi,j from wi to wj , and define

φ(wi − wj) = γi,j − J(γi,j) ∈ H1(X
′,Z)/2H1(X

′,Z),

where J is the hyperelliptic involution. Notice that γi,j − J(γi,j) is a closed
curve.

Since γi,j is well-defined up to concatenating by a closed curve γi based
at wi and a closed curve γj based at wj , and since

(γi,j + γi + γj)− J(γi,j + γi + γj) = φ(wi − wj) + 2(γi + γj),

φ(wi − wj) is well defined. From this point it is easy to check that φ is an
isomorphism.

We may assume w0 is the zero of ω′. A loop in H(2) acts by permu-
tations on {w0, . . . , w5} that fix w0. This induces an action of πorb

1 (H(2))
on H1(X

′,Z/2Z) using the isomorphism above. The action agrees with the
composition of the natural map from πorb

1 to the mapping class group and



Generalizations of the Eierlegende-Wollmilchsau 915

the natural map from the mapping class group to Sp4(Z/2Z), which acts on

H1(X
′,Z/2Z).

Given 1-cochains vi ∈ H1(X ′,Z/2Z) for i ∈ {1, 2} which specify a degree

four cover contained in M, M also contains the degree four cover specified

by (g · v1, g · v2) for any g ∈ πorb
1 (H(2)).

Note that the action of πorb
1 (H(2)) fixes w0 and acts by a surjective ho-

momorphism to Sym(5) on {w1, . . . , w5}; the surjectivity can be seen for

example by using Dehn twists in the horizontal and vertical direction on an

L-shaped surface in H(2). Each Dehn twist in a cylinder produces a transpo-

sition in Sym(5). Up to re-indexing the Weierstrass points, the transpositions

produced by the horizontal and vertical cylinders on an L-shaped surface

are {(12), (23), (34), (45)}, which generate Sym(5).

Therefore, representatives of each orbit of πorb
1 (H(2)) on sets of two

distinct nonzero elements of H1(X ′,Z/2Z) are given by the following list

(w1 − w0, w2 − w0) , (w1 − w0, w2 − w1) , (w1 − w0, w3 − w2) ,

(w2 − w1, w3 − w2) , (w2 − w1, w3 − w4) .

(This list can be understood by considering whether w0 appears in zero, one,

or two of the two nonzero elements, and how many wi, i > 0 appear in both

nonzero elements.) The isomorphism from H1(X
′,Z/2Z) to H1(X ′,Z/2Z)

maps a chain γ to the intersection number with γ modulo 2. The number of

intersections between nonzero classes wi − wj and wk − w� (modulo 2) is 1

if {i, j} ∩ {k, �} is a singleton and zero otherwise.

It is easy to see that there is an open dense set of H(2) with a cylinder

between any two Weierstrass points (excepting w0). (In fact this open dense

set is all of H(2), but we will not need this.) Without loss of generality

suppose that (X ′, ω′) belongs to this open dense set.

For the first four entries in the above list, we see that a cylinder passing

through w4 and w5 must lift to four M-equivalent cylinders, hence these

covers are not geminal. For the final entry, we see that a cylinder passing

through w2 and w1 must lift to four M-equivalent cylinders and again these

covers cannot be geminal.

Lemma 7.6. Suppose that ((X,ω),M,C1,C2) is a generic diamond where

MC1
is a T × T locus and MC2

is a quadratic double. Then the surfaces in

M don’t have marked points, and M contains surfaces with an equivalence

class of at least 3 cylinders that have the same height on all nearby surface

in M.
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The proof gives complete information onM, but we state here only what
we will apply. Lemma 7.6 immediately implies the following, and will also
be used in a more subtle application later.

Corollary 7.7. Under the same assumptions, M cannot be geminal.

Proof of Lemma 7.6. Suppose not. The base of the diamond is necessarily
a quadratic double that is also type T × T . By Lemma 6.7, MC1,C2

is
necessarily a quadratic double of Q(−14) and at least three preimages of
poles are marked. (Note that this implies MC1

consists of Z/2×Z/2 covers
of surfaces in H(0, 0).)

Let f1 (resp. f2) denote the quotient map, whose domain is ColC1
(X,ω)

(resp. ColC2
(X,ω)), by the Z/2×Z/2 action (resp. the holonomy involution).

Let Col(f1) and Col(f2) denote the induced maps on ColC1,C2
(X,ω).

We now use redundant notation to make clear the connection to previous
work. Let g1 be the map defined on surfaces in the quadratic double of
Q(−14) that is the quotient by the two torsion subgroup, so the codomain is
surfaces in H(0). Let g2 be the quotient by the holonomy involution, defined
again on surfaces in the quadratic double of Q(−14). Let g be the identity
map. Then Col(fi) = gi ◦ g. Now, [AWb, Lemma 8.24] shows that M is a
locus of degree 2 covers of the Prym locus in H(4), and moreover M contains
surfaces as in Figure 7.1, with some gluing of the dotted horizontal edges
that gives a cover of a Prym form.

Figure 7.1: The proof of Lemma 7.6.

By considering the vertical cylinders that go through the dotted lines,
it is easy to get the result for all possible gluings except possibly the one
indicated in the Figure 7.1. However, with that gluing, the figure illustrates
a collection of four cylinders that prove the result.
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Proof of Proposition 7.1. Suppose not. Then MC1,C2
is a T × T locus in

a stratum of tori. By Lemma 6.7, MC2
cannot be an Abelian double or

a component of a stratum of Abelian differentials. By Corollary 7.7, MC2

cannot be a quadratic double. By assumption, MC2
is therefore contained

in a stratum of tori. Since MC2
is not a stratum of Abelian or quadratic

double, Proposition 6.6 gives that MC2
must be a T × T locus. But this is

impossible by Corollary 7.3, so we have a contradiction.

8. Proof of Theorem 1.1

We will actually prove the following stronger version of Theorem 1.1, which

is easier to prove by induction because the inductive hypothesis provides

more information. Recall that optimal maps are defined in Definition 4.10,

and if they exist they are always unique, and that T × T loci are defined in

Definition 6.1. Subequivalence classes and generic cylinders are defined in

Definition 3.10, and for geminal subvarieties consist of either a single free

cylinder or a pair of twins.

Theorem 8.1. Suppose that M is a geminal invariant subvariety.

(1) M is one of the following:

(a) A connected component of a stratum of Abelian differentials or

an Abelian or quadratic double.

(b) A full locus of covers of a quadratic double of a genus zero stra-

tum.

(c) A full locus of covers of a T × T locus.

(2) Every surface in M has an M-optimal map πopt, and:

(a) In Case (1a), πopt is the identity.

(b) In Case (1b), πopt is the covering map to surfaces in the quadratic

double. When the rank is one, this covering map is the minimal

degree map to a torus.

(c) In Case (1c), πopt is the covering map to surfaces in the T × T

locus, and is moreover the minimal degree map to a torus.

(3) If the degree of the optimal map is greater than one, then each sube-

quivalence class contains exactly two cylinders.

(4) If C is a subequivalence class of M-generic cylinders on a surface

(X,ω) in M, then ColC(πopt) is the MC-optimal map for ColC(X,ω).
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Remark 8.2. Recall our convention that for Abelian doubles the preimage of
every marked point is marked. Similarly, for quadratic doubles every point
in the preimage of a free point is marked and the preimage of a pole may or
may not be marked. Recall finally that “translation cover” has been defined
in Definition 3.2 and that it requires the preimage of any marked point on
the codomain to include either a marked point or a singular point in the
domain.

Proof of Theorem 8.1. Proceed by induction on the dimension of M. Notice
that the result holds when the rank of M is one by Proposition 6.3, keeping
in mind for (1b) that if a double of a stratum Q of quadratic differentials
consists of tori, then Q must be genus 0. This establishes the base case
and allows us to assume that the rank of M is at least two. Thus, for the
remainder of the paper, we make the following standing assumptions.

Assumption 8.3. M is a geminal invariant subvariety of rank at least 2,
and all geminal subvarieties of smaller dimension satisfy Theorem 8.1.

8.1. Finding a diamond of connected surfaces

In this section we establish the following starting point for our analysis.

Lemma 8.4. Suppose that D1 is an M-generic subequivalence class of
cylinders on a surface (X,ω) ∈ M, and that the MD1

-optimal map on
ColD1

(X,ω) is the identity. Then, possibly after changing (X,ω) to a differ-
ent surface, there is a generic diamond

((X,ω),M,C1,C2)

such that the generic surface in MCi
and MC1,C2

is connected and has the
identity as its optimal map.

Recall that, by Lemma 4.26, if ColD1
(X,ω) is disconnected then the

optimal map on ColD1
(X,ω) is the identity.

Proof. Since M has rank at least two, we can replace (X,ω) with a defor-
mation satisfying the assumptions of Lemma 5.7 and obtain subequivalence
class D2 that is not parallel to D1 and such that

((X,ω),M,D1,D2)

is a generic skew diamond. After shearing the Di, we may assume it is a
diamond.
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It is easy to see that if either ColDi
(X,ω) is disconnected, then so is

ColD1,D2
(X,ω). The case where ColD1,D2

(X,ω) is connected is concluded
as follows.

Sublemma 8.5. If ((X,ω),M,D1,D2) is a generic diamond where the
identity is the MD1

-optimal map for ColD1
(X,ω), then the identity is the

optimal map for the generic surface in MD2
and MD1,D2

.

Proof. We begin by showing that the MD1,D2
-optimal map on

ColD1,D2
(X,ω) is the identity. Indeed, if ColD1

(X,ω) is connected, this fol-
lows from part (4) of the induction hypothesis, and if it is disconnected it
follows as in Lemma 4.26.

Lemma 4.25 now gives that the MD2
-optimal map on ColD2

(X,ω) is
the identity.

So suppose without loss of generality that ColD1,D2
(X,ω) is discon-

nected. Note that Sublemma 8.5 shows that the identity is the MDi
-optimal

map for both ColDi
(X,ω), so the roles of D1 and D2 may be interchanged

without loss of generality.

We begin by showing that ColDi
(X,ω) is connected for at least one

i ∈ {1, 2}. To see this, suppose that ColD2
(X,ω) is disconnected. By Lemma

4.6, MD2
is a subset of H1 × H2 where H1 and H2 are components of

strata of Abelian differentials. Moreover, the projection from MD2
to Hj is

a local diffeomorphism for j ∈ {1, 2}. It follows that ColD2
(D1) and hence

D1 is a pair of simple cylinders, since cylinders that are generic for strata
are simple. Therefore, ColD1

(X,ω) is connected, since (in total generality)
collapsing any collection of disjoint simple cylinders cannot disconnect a
surface. Thus, after perhaps re-indexing we may assume without loss of
generality that ColD1

(X,ω) is connected.

Because the MD1
-optimal map on ColD1

(X,ω) is the identity, it follows
from parts (1) and (2) of the inductive hypothesis that MD1

is a stratum,
double, or T ×T locus. Since degenerations of generic subequivalence classes
in strata and T × T loci are always connected, and since ColD1,D2

(X,ω)
is disconnected, we get that MD1

is an Abelian or quadratic double. If
ColD2

(X,ω) is connected, we get the same statement for MD2
.

It will be useful to recall the following definitions, which were used in
[AWb]. A complex cylinder is a cylinder for which each boundary consists
of two distinct saddle connections of equal length. A complex envelope is a
cylinder in a quadratic differential where one boundary consists of a saddle
connection joining two distinct poles and the other consists of two distinct
saddle connections of equal length.
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Sublemma 8.6. Suppose that ((X,ω),M,C1,C2) is a generic diamond
and that MC1

is an Abelian or quadratic double. It is possible to perform a
partial Dehn twist in C2 so that ColC1,C2

(X,ω) is connected, except when
MC1

is a quadratic double and ColC1
(C2) consists of a pair of complex

cylinders.

Proof. Suppose that ColC1,C2
(X,ω) is disconnected.

In an Abelian double, every subequivalence class consists of two simple
cylinders or one complex cylinder (see for instance [AWb, Lemma 3.18]).
Since collapsing simple cylinders cannot disconnect the surface, in the case
where MC1

is an Abelian double, C2 must be a single complex cylinder. By
applying a half Dehn twist to C2 we can arrange for ColC1,C2

(X,ω) to be
connected. See Figure 8.1.

Figure 8.1: A surface in a double of H(2). Degenerating the complex cylinder
bounded by a, b, c and d disconnects the surface, but not if one first performs
a half Dehn twist.

We may therefore assume that MC1
is a quadratic double.

We now summarize some claims that follow from Masur-Zorich [MZ08],
as in [AWb, Lemma 4.11 (2), Remark 6.2]. Consider a subequivalence class
of cylinders C on a surface (Y, η) in a quadratic double with holonomy
involution J , and assume that C is generic in the sense that, for every
cylinder in C, its boundary saddle connections are generically parallel to
the cylinder in the quadratic double. It is easy to see that ColC(Y, η) is
disconnected if and only if ColC/J ((Y, η)/J) has trivial linear holonomy.
Furthermore, ColC/J ((Y, η)/J) has trivial linear holonomy only if C/J is
a complex envelope or a complex cylinder and, in the former case, it is
possible to perform a partial Dehn twist in C/J so that ColC/J ((Y, η)/J)
has nontrivial linear holonomy.

Applying the previous claims to ColC1
(X,ω) concludes the proof.

Except when MD1
is a quadratic double and ColD1

(D2) is a pair of
complex cylinders, we can apply Sublemma 8.6 to change D2 by a partial
Dehn twist, and obtain a diamond of connected surfaces. Since we know the
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identity is MD1
-optimal for ColD1

(X,ω), Sublemma 8.5 gives the desired

statements about optimal maps.

So assumeMD1
is a quadratic double and ColD1

(D2) is a pair of complex

cylinders. Let J1 denote the holonomy involution on ColD1
(X,ω). We will

show that there is an equivalence class D3 of cylinders such that

((X,ω),M,D1,D3) forms a generic skew diamond with ColD1
(X,ω),

ColD3
(X,ω), and ColD1,D3

(X,ω) connected. One can then shear to get a

generic diamond, and Sublemma 8.5 will then give the desired statements

about optimal maps, since the identity is MD1
-optimal for ColD1

(X,ω).

By Masur-Zorich [MZ08], as described in [AWb, Theorem 4.8 (2)],

ColD1
(X,ω)/J1 − ColD1

(D2)/J1 consists of two disjoint connected transla-

tion surfaces with boundary, where the boundary of each component consists

of two saddle connections (see Figure 8.2). Moreover, two saddle connections

contained on different components are generically parallel if and only if they

are generically parallel to the boundary saddle connections of ColD1
(D2)/J1.

Since ColD1
(D1) is not parallel to ColD1

(D2), it follows that ColD1
(D1)/J1

is contained on one component of ColD1
(X,ω)/J1 − ColD1

(D2)/J1.

Figure 8.2: An example of a complex cylinder on a quadratic differential.
Note that some of the gluings require rotation by π.

All cylinders on a generic translation surface are simple. Each compo-

nent of ColD1
(X,ω)/J1 − ColD1

(D2)/J1 is a translation surface with two

boundary saddle connections, which can be glued together to get a closed

surface with a distinguished saddle connection. As discussed in [Wri15, Sec-

tion 8], [SW04, Corollary 6] implies that on any translation surface there is a

cylinder disjoint from any given saddle connection. By considering a cylinder

disjoint from the distinguished saddle connection, we conclude that we can

find a simple cylinder on the component of ColD1
(X,ω)/J1−ColD1

(D2)/J1
not containing ColD1

(D1)/J1. Letting D3 denote the preimage of this simple

cylinder we see that D3 is a pair of simple cylinders. Since degenerating sim-

ple cylinders cannot disconnect a surface, we see that ((X,ω),M,D1,D3)

forms the desired generic skew diamond.
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8.2. When πopt is the identity for some degeneration

We first prove Theorem 8.1 when there is a surface (X,ω) ∈ M with an
M-generic subequivalence class of cylinders D1 such that the identity is the
MD1

-optimal map on ColD1
(X,ω).

By Lemma 8.4, there is a generic diamond ((X,ω),M,C1,C2) such that
the generic surface in MCi

and MC1,C2
is connected and has the identity

as its optimal map.

By parts (1) and (2) of the induction hypothesis, each MCi
is one of the

following:

(1) a component of a stratum of Abelian differentials,
(2) an Abelian double, a quadratic double, or
(3) a T × T locus.

Since the rank of M is at least two, Proposition 7.1 gives that actually
each MCi

is one of the first two possibilities. By Proposition 5.9, M is a
stratum of Abelian differentials, an Abelian double, or a quadratic double.
This proves part (1) of Theorem 8.1.

We now show that the identity is the M-optimal map on (X,ω). It is
vacuously an M-good map. Moreover, there is no other M-good map π′

since otherwise, by Lemma 4.25, ColC1
(π′) would be a nontrivial MC1

-good
map on ColC1

(X,ω), which contradicts our assumption that the identity
is MC1

-optimal for ColC1
(X,ω). Therefore, the identity is the M-optimal

map on (X,ω). This proves parts (2) and (3) of Theorem 8.1.

For any subequivalence class of cylinders C, ColC(X,ω) is either dis-
connected, in which case the identity is the MC-optimal map by Lemma
4.26, or MC is a stratum or an Abelian or quadratic double, in which case
part (2) of the induction hypothesis gives that the MC-optimal map is the
identity. This proves part (4) of Theorem 8.1.

8.3. When πopt is never the identity for any degeneration

It remains to prove Theorem 8.1 when ColC(X,ω) always has an MC-
optimal map of degree greater than one for any M-generic subequivalence
class of cylinders C, so we assume that this is the case.

We start by observing that we no longer have to worry about discon-
nected degenerations.

Lemma 8.7. For any generic diamond ((X,ω),M,C1,C2), the surfaces
ColC1

(X,ω), ColC2
(X,ω), and ColC1,C2

(X,ω) are all connected.
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Proof. By assumption, πopt is not the identity for ColC1
(X,ω) or ColC2

(X,ω).
So Lemma 4.26 gives that these surfaces are connected.

Part (4) of the induction hypothesis gives that πopt is not the iden-
tity for ColC1,C2

(X,ω), so again Lemma 4.26 gives that this surface is con-
nected.

Say that (X,ω) ∈ M is strongly generic if it has dense orbit in M and
satisfies the property that all parallel saddle connections are M-parallel;
such surfaces are dense in M.

Recall that the map πXmin
, given by Theorem 3.4, is the highest degree

translation cover with domain (X,ω) and that all other translation covers
with domain (X,ω) are factors of it. Since (X,ω) has dense orbit in M this
map is M-generic.

In the following lemma, we allow C1 to be endowed with a choice of
direction in which there is a saddle connection in C1, as in Section 5; that
is, we allow “non-perpendicular” cylinder collapses.

Lemma 8.8. Suppose that (X,ω) ∈ M is strongly generic. For any sube-
quivalence class of generic cylinders C1 on (X,ω), ColC1

(πXmin
) is the

MC1
-optimal map for ColC1

(X,ω).

Proof. Pick C2 to be a disjoint and non-parallel subequivalence class on
(X,ω) such that ((X,ω),M,C1,C2) forms a generic skew diamond; this
exists by Lemma 5.7.

Let πi denote the MCi
-optimal map on ColCi

(X,ω).
Part (4) of the induction hypothesis implies that

ColColC1 (C2)(π1) = ColColC2 (C1)(π2).

Together with Remark 5.5, this allows us to apply the Diamond Lemma
(Lemma 5.3), and conclude that there is a translation cover

π : (X,ω)→(X ′, ω′)

such that ColCi
(π) = πi.

It now suffices to show that π = πXmin
. By Theorem 3.4, it suffices to

show that (X ′, ω′) does not admit any non-trivial translation coverings.
We will now consider the diamond

(
(X ′, ω′),M′,C′

1,C
′
2

)
,

where M′ is the orbit closure of (X ′, ω′) and where C′
i := π (Ci).
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Since πi is optimal and M′
C′

i
arises from MCi

by taking quotients by

πi, we know that M′
C′

i
is geminal and that its optimal map is the identity.

However, we know even more than this, since we know πi was not the iden-
tity. In particular, applying parts (1) and (2) of the induction hypothesis to
MCi

(rather than M′
C′

i
), we see that each M′

C′
i
is either a quadratic double

of a genus zero stratum or a T × T locus.
At present we do not know if π is good, so we do not know that M′ is

geminal. In particular, we cannot immediately apply Proposition 7.1 to M′.
We will instead proceed in three cases.

Case 1: Both M′
C′

i
are T × T loci. This cannot occur by Corollary 7.3,

applied to our original diamond ((X,ω),M,C1,C2).

Case 2: Both M′
C′

i
are quadratic doubles of genus zero strata. In pre-

vious work, the authors classified diamonds where both sides are quadratic
doubles [AWb, Theorem 7.1]. Because ColC1,C2

(X,ω) is connected, this re-
sult implies that M′ is a quadratic double of a component Q′ of a stratum
of quadratic differentials. Let J ′ denote the holonomy involution on (X ′, ω′).

By Corollary 3.7, to prove the lemma it suffices to show that F(Q′) is
not a hyperelliptic component.

Since ColC′
2
(C′

1)/ColC′
2
(J ′) is a generic cylinder in a genus zero stratum,

it is either a simple cylinder or simple envelope by Masur-Zorich [MZ08], as
discussed in Apisa-Wright [AWb, Theorem 4.8]. Therefore, C′

1/J
′ is a simple

cylinder or simple envelope.
The surface (X ′, ω′)/J ′ is formed by gluing C′

1/J
′ into the genus zero

surface ColC′
1
(X ′, ω′)/ColC′

1
(J ′). Gluing in a simple cylinder (resp. a simple

envelope) to a sphere produces a surface of genus at most one (resp. zero).
So Q′ is genus 0 or 1.

Since M has rank at least two, so does Q′.
Lanneau classified hyperelliptic components [Lan04] of strata of quad-

ratic differentials. See also [AWb, Section 9.1] for a summary. It follows that
the only hyperelliptic component of strata of genus zero or one that has rank
at least 2 is Q(12,−12, 0n). The formula for the rank of a stratum is recalled
in [AWb, Lemma 4.4].

So it suffices to show that F(Q′) 
= Q(12,−12). Suppose otherwise. Then
F(Q′

C′
1/J

′) is a hyperelliptic genus zero stratum. The only such stratum is

Q(−14), so we can conclude using the following.

Sublemma 8.9. Gluing in a simple envelope or simple cylinder to a surface
in Q(−14, 0n

′
) cannot result in a surface in Q(12,−12, 0n).
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Proof. Gluing in a simple envelope would result in another genus 0 surface.
If a simple cylinder is glued into a surface in Q(−14, 0n

′
) and the result

has two poles, then the simple cylinder must be glued into a saddle connec-
tion joining two poles. But in that case the result is in Q(2,−12, 0n).

Case 3: After perhaps re-indexing, M′
C′

1
is a T×T locus and M′

C′
2
is

a quadratic double of a genus zero stratum. Although we don’t know
M′ is geminal, we can apply Lemma 7.6 to find that M′ has an equivalence
class with at least 3 cylinders of equal height, and that the surfaces in M′

don’t have marked points.
Because of the lack of marked points, each cylinder on a surface in

M′ lifts to a collection of cylinders of the same height on a surface in M,
so this contradicts the fact that M is geminal and concludes the proof of
Lemma 8.8.

Corollary 8.10. If (X,ω) ∈ M is strongly generic then πXmin
is an optimal

map. Moreover, every subequivalence class contains exactly two cylinders.

Proof. To show πXmin
is good, we must show that each cylinder B is the full

preimage of its image. Let C be any subequivalence class disjoint from and
not parallel to B; this can be produced using Lemma 5.7 or by more elemen-
tary arguments. Endow C with a choice of direction in which C contains a
saddle connection; we will use this direction to collapse C.

By Lemma 8.8, ColC(πXmin
) is the MC-optimal map for ColC(X,ω). In

particular, ColC(B) is the full preimage of its image under ColC(πXmin
). So

we get the same statement for B. Since B was arbitrary, we conclude that
πXmin

is good.
Additionally, from part (3) of the induction hypothesis, this argument

gives that the subequivalence class containing B has exactly two cylinders.
Corollary 3.7 gives that every translation cover factors through πXmin

,
so in particular all good covers factor through πXmin

, and we conclude that
πXmin

is optimal.

Since πXmin
is M-generic whenever (X,ω) is strongly generic, this im-

plies that M is a locus of covers. Given a translation surface in M we will let
πopt denote the cover corresponding to the fact that M is a locus of covers,
which by Corollary 8.10 is M-optimal. (If (X,ω) ∈ M is strongly generic,
πopt = πXmin

by Corollary 8.10, but for non-generic surfaces this may not be
true.) We note that Theorem 8.1 (3) and (4) both follow from Corollary 8.10
and Lemma 8.8 respectively. (Lemma 8.8 has the assumption of “strongly
generic” and Theorem 8.1 does not, but that assumption can be obtained
by perturbing, even in a way compatible with a degeneration.)
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Choose a generic diamond ((X,ω),M,C1,C2), which must exist by
Lemma 5.7, and recall from Lemma 8.7 that ColC1

(X,ω),ColC2
(X,ω) and

ColC1,C2
(X,ω) are connected.

Let π denote πopt. We will again consider the generic diamond(
(X ′, ω′),M′,C′

1,C
′
2

)
,

where M′ is the orbit closure of (X ′, ω′) := π (X,ω) and where C′
i := π (Ci).

Since M is geminal and π is M-good (actually M-optimal by Corollary
8.10), M′ is geminal.

Sublemma 8.11. M′ is a quadratic double of a component Q′ of a stratum
of quadratic differentials.

Proof. As before, by parts (1) and (2) of the induction hypothesis, each
M′

C′
i
is either a quadratic double of a genus zero stratum or a T × T locus.

Since the rank of M is at least two, Proposition 7.1 gives that actually each
M′

C′
i
is a quadratic double of a genus zero stratum. By Proposition 5.9,

since ColC1,C2
(X,ω) and hence ColC′

1,C
′
2
(X ′, ω′) is connected, we get the

result.

We need to show that Q′ is genus zero stratum.

Sublemma 8.12. Let Q be a connected component of a stratum of quadratic
differentials of genus greater than 0. Then, unless Q = Q(−12, 2), there is a
connected codimension one cylinder degeneration that is genus greater than
0 and still has non-trivial holonomy.

Proof. First observe that if Q contains any marked points, then there is a
codimension one cylinder degeneration that moves the marked point into a
singularity of the flat metric. This allows us to assume that Q has no marked
points.

Suppose first that Q has genus at least 2. Pick a generic cylinder C on
a generic surface. If C is simple or a simple envelope, degenerating it gives
the result. Otherwise, Masur-Zorich [MZ08], as discussed in Apisa-Wright
[AWb, Theorem 4.8], shows that C has two saddle connections on one side,
and cutting them gives a component with trivial holonomy. We can find a
simple cylinder on that component and degenerate it to get the result.

So assume that Q has genus 1. Recall that all genus 1 strata are con-
nected. Suppose the stratum is Q(−1n, κ1, . . . , κs). If n ≥ 2, one can show
that there is a surface with a saddle connection joining a pole to a pole,
and hence an envelope. (Thinking analytically, one can fix the elliptic curve,
and collide two poles with each other to form a double pole. Before the
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collision occurs, one can find a saddle connection joining the two poles.) If
the envelope is simple, degenerating it proves the result. If it is a complex
envelope, then cutting it out gives a surface of genus at most 1 with trivial
holonomy and two boundary saddle connections. If this surface is a cylinder,
we get Q = Q(−12, 2), and if a torus, we get Q = Q(−12, 12). One can check
directly that the former is a codimension one cylinder degeneration of the
latter.

Sublemma 8.13. The stratum Q′ of which M′ is a quadratic double con-
sists of genus zero surfaces.

Proof. Suppose otherwise. Since M is a locus of covers of a stratum of
surfaces of genus greater than zero, by successively applying Sublemma 8.12
we can find a geminal invariant subvariety N in the boundary of M that is a
full locus of a double of Q(2,−12). By Lemma 4.18, N consists of connected
surfaces.

Note that N is geminal, and since Q(2,−12) has rank one, N has rank
one. Since doubles of Q(2,−12) have non-homologous twin cylinders, we get
that N is not h-geminal.

By parts (1a) and (2a) of Proposition 6.3, the N -optimal map for sur-
faces in N is the identity. However, there are surfaces in N admitting a N -
good map of degree greater than one coming from the degeneration of the
M-optimal map on surfaces in M. Therefore, we have a contradiction.

As we now summarize, the proof of Theorem 8.1 is complete.

• The case when M has rank 1 was established by Proposition 6.3,
providing a base case for an inductive argument. Hence we assumed
that M had rank at least 2 and that Theorem 8.1 was true for all
degenerations of M.

• If an appropriate degeneration had πopt of degree 1, then the proof was
given in Subsection 8.

• The remaining case was handled in Subsection 8, where Sublemmas
8.11 and 8.13 showed thatM is described by Case (1b) of Theorem 8.1,
Corollary 8.10 and Sublemma 8.11 established part (2b) of Theorem
8.1, and Lemma 8.8 and Corollary 8.10 established parts (3) and (4)
of Theorem 8.1.

8.4. An open problem

We end the paper with a conjecture on geminal orbit closures.
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Conjecture 8.14. The optimal covering map for a geminal orbit closure is
a cyclic cover.

We anticipate that a corollary of Conjecture 8.14 would be a classifica-
tion of geminal orbit closures and that the crux would be establishing the
conjecture in the rank one rel zero case. The problem of classifying the rank
one rel zero geminal subvarieties has a simple group theoretic formulation,
which we will now sketch.

By Proposition 6.3 parts (1a) and (2a) it suffices to classify the h-geminal
rank one rel zero subvarieties M whose optimal maps have degree greater
than one. Since in rank 1 rel 0, T × T loci are quadratic doubles of Q(−14),
we know that the optimal map has codomain contained in such a double.
Denote the optimal map

πopt : (X,ω) → (X ′, ω′).

For such subvarieties, every cylinder has a twin by Proposition 6.3 (3).
Thus, the quadratic double must have at least three preimages of poles
marked.

Let d denote the degree of the optimal map. Composing the optimal
map with the quotient by two torsion, we get a degree 4d map from (X,ω)
to a surface (X ′′, ω′′) in H(0). We can obtain from this an unbranched cover
of a torus with one punctured point, so it will be helpful to let E be the
once punctured torus obtained from (X ′′, ω′′) by deleting the marked point,
and to let E′ denote the four times punctured torus obtained from (X ′, ω′)
by deleting the preimages of poles.

The unbranched cover of E obtained from the degree 4d map

(X,ω) → (X ′′, ω′′)

is specified by a representation ρ : F2 → Sym(4d). Here and in the remainder
of this subsection we identify F2 with the fundamental group of the once
punctured flat torus E. The following is a standard result whose proof we
only sketch here.

Lemma 8.15. Every element of a size two generating set of F2
∼= π1(E) is

freely homotopic to a cylinder core curve.

Proof. Let S be the collection of elements of F2 that are part of a size two
generating set. The result follows since Aut(F2) acts transitively on S and
since Out(F2) is isomorphic to SL(2,Z), which acts on the torus by affine
maps.
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The assumptions that M is geminal and that the map to (X ′, ω′) is good
(in fact optimal) is equivalent to saying that the core curves of cylinders in F2

map to (2d, 2d)-cycles under ρ. Since every element of a size two generating
set of F2 is conjugate to the core curve of a cylinder and since cycle type is the
(unique) conjugacy class invariant for elements of the symmetric group, we
see that every element of a size two generating set of F2 maps to a (2d, 2d)-
cycle under ρ. Any homomorphism ρ : F2→ Sym(4d) with this property will
be called a geminal representation.

Let Fix(1) denote the permutations in Sym(4d) that fix 1 (here we think
about Sym(4d) as being permutations of the set {1, . . . , 4d}). Let K be the
kernel of the map F2→Z/2Z×Z/2Z given by abelianizing and then taking
a mod 2 quotient. Then the covering maps

(X,ω)→(X ′, ω′)→(X ′′, ω′′)

correspond to the inclusion of subgroups

ρ−1 (Fix(1)) ⊆ K ⊆ F2.

Therefore, we hope that Conjecture 8.14 could be established if the following
problem could be resolved.

Problem 8.16. Suppose that ρ : F2→ Sym(4d) is geminal. Is ρ−1 (Fix(1))
a normal subgroup of K and, if so, is K/ρ−1 (Fix(1)) cyclic?
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