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Split Milnor-Witt motives and its applications to
fiber bundles∗

Nanjun Yang

We study the Milnor-Witt motives which are a finite direct sum of
Z(q)[p] and Z/η(q)[p]. We show that for MW-motives of this type,
we can determine an MW-motivic cohomology class in terms of a
motivic cohomology class and a Witt cohomology class. We define
the motivic Bockstein cohomology and show that it corresponds to
subgroups of Witt cohomology, if the MW-motive splits as above.
As an application, we give the splitting formula of Milnor-Witt
motives of Grassmannian bundles and complete flag bundles. This
in particular shows that the integral cohomology of real complete
flags has only 2-torsions.
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1. Introduction

Throughout, our base field F is infinite perfect with char(F ) �= 2, which is
the assumption used in [BCDFØ20]. Let S be the base scheme being smooth
and separated over F and R be a commutative ring with identity, namely
the coefficient ring, if no confusion arises.

The category of Milnor-Witt motives (abbr. MW-motives), defined by
B. Calmès, F. Déglise and J. Fasel, is the Chow-Witt refinement of the clas-
sical category of motives defined by Voevodsky. In [Yan21b], we have shown
that the Milnor-Witt motive of Pn splits, i.e., is a direct sum of Z(i)[2i] and
Z/η(i)[2i], where η is the Hopf element (see [Yan21b, Definition 4.1]), deduc-
ing the projective bundle theorem from this computation. The aim of this
paper is to push this split pattern further and show that the Grassmannians
and complete flags behave in the same way, as well as corresponding fiber
bundles.

∗The author would like to thank Baptiste Calmès and Jean Fasel for careful
reading of the early version of this paper and to thank Baohua Fu for helpful
discussions.
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More precisely, we say that an MW-motive quasi-splits if it is a finite
direct sum of Z(q)[p] and Z/η(q)[p] where p, q ∈ Z. We say that it splits if
p = 2q for all summands. Denote by H∗,∗

M (resp. H∗,∗
MW ) the (resp. MW-)

motivic cohomologies ([BCDFØ20]), whereas Hp,q
MW [η−1] is identified with

the Witt cohomology Hp−q(−,W) as shown in Proposition 2.16. Define

Hp,q
η = Im(Hp,q

MW −→ Hp,q
MW [η−1])

and ι to be quotient map of τ [1], where τ is the motivic Bott element ([Bac17,
p.22]).

In [Pow02, Definition 10.4.3], Powell defined the total Steenrod power

P2 : KM (Z/2, n) ∧Bgm(Z/2) −→ KM (Z/2, 2n)

where KM (Z/2, n) is the Eilenberg Maclane space of H2n,n
M (−,Z/2). Denote

by Sq1 : H∗,∗
M (−,Z/2) −→ H∗+1,∗

M (−,Z/2) the mod-2 Bockstein map. Then
for any simplicial pointed sheaf F•, we define

θ : H2n,n
M (F•,Z/2) −→ H4n,2n

M (F• ∧Bgm(Z/2),Z/2)

where θ = P2 ◦ (− ∧ Bgm(Z/2)). Then [Voe03, Theorem 6.10] gives us the
decomposition

H∗,∗
M (F• ×Bgm(Z/2),Z/2) = H∗,∗

M (F•,Z/2)[a, b]/(a
2 = τb+ ρa)

where ρ = Sq1(τ) = −1 ∈ F ∗/2 = H1,1
M (F,Z/2), a ∈ H1,1

M (F,Z/2) and

b = Sq1(a) ∈ H2,1
M (F,Z/2). The map θ and the bistability then give the

construction of Steenrod operations

Sq2i : Hp,q
M (F•,Z/2) −→ Hp+2i,q+i

M (F•,Z/2)

Sq2i+1 = Sq1 ◦ Sq2i : Hp,q
M (F•,Z/2) −→ Hp+2i+1,q+i

M (F•,Z/2).

Suppose X ∈ Sm/F and L ∈ Pic(X). We define SqiL to be operations

Sq2i : Hp+2,q+1
M (Th(L ),Z/2) −→ Hp+2i+2,q+i+1

M (Th(L ),Z/2)

Sq2i+1 : Hp+2,q+1
M (Th(L ),Z/2) −→ Hp+2i+3,q+i+1

M (Th(L ),Z/2).

or simply Sqi if L = OX . The Sq1L is independent of L and the Sq2L
depends on the class of L in Pic(X)/2 by Proposition 2.3 and [Yan21a,
Theorem 6.2].
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We define

Kerτ (Sq
2)p,q(F•) = {u ∈ Hp,q

M (F•,Z/2)|Sq2(u) ≡ 0(mod τ)}

Imτ (Sq
2)p,q(F•) = {u ∈ Hp,q

M (F•,Z/2)|u ∈ Im(Sq2)(mod τ)}.
By Lemma 2.10, for any L ∈ Pic(X) and p, q ∈ Z, we define the motivic
Bockstein cohomology

Ep,q(X,L ) =
Kerτ (Sq

2)p+2,q+1

Imτ (Sq2)p+2,q+1
(Th(L )).

Denote by I(F ) the kernel of the rank morphism W(F ) −→ Z/2 of the Witt
group of F . The central theorem of quasi-split MW-motives is the following
(see Theorem 2.22):

Theorem 1.1. Suppose that X ∈ Sm/F , p, q ∈ Z, L ∈ Pic(X) and that

Th(L ) quasi-splits in D̃M(pt,Z).

1. There is a natural map

Δ : Hp,q
η (X,L ) −→ Ep,q(X,L )

which induces an isomorphism of Z/2-vector spaces

δ : Hp,q
η (X,L )/Hp+1,q+1

η (X,L ) ∼= Ep,q(X,L ).

2. We have a Cartesian square

Hp,q
MW (X,Z,L ) Ker(ι ◦ Sq2L ◦ π)p,q

Hp,q
η (X,L )

Δ
Ep,q(X,L ).

In particular, if Th(L ) splits, there is an isomorphism

Hp(X,W(L ))⊗W(F ) Z/2 = E2p,p(X,L )

and a decomposition

C̃H
∗
(X,L ) ∼= I(F ) ·H∗(X,W(L ))⊕Ker(Sq2L ◦ π)∗.

The first statement is the algebraic geometric explanation of the fact
(see [Mc01, Theorem 10.3]) that for any topological space X whose singular
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cohomologies are finitely generated and have only 2-torsions, we have

Ker(Sq1)∗
Im(Sq1)∗

= H∗(X,Z)free ⊗ Z/2.

The second statement shows that giving an MW-motivic cohomology class
of quasi-split MW-motives is equivalent to giving both a motivic cohomology
class and Witt cohomology class, such that they lead to the same motivic
Bockstein cohomology. This gives a much further calculation of MW-motivic
cohomologies than that of [HW19]. (see Remark 2.23)

Define D̃M
eff

(S,R) (resp. D̃M(S,R)) to be the category of effective
(resp. stable) MW-motives over S with coefficients in R (see Section 2,

[Yan21b, §2] or [BCDFØ20, §3]) and ((i)) := (i)[2i]. Moreover, define D̃Mη =

D̃M(pt,Z)[η−1] (So Z(1)[1] = Z), whose (tensor) unit represents the coho-
mology of Witt sheaves. Denote by Z(X) the motive of X ∈ Sm/S in
previous categories and by Th(E ) the Thom space of a vector bundle E. In
order to explicitly decompose a split MW-motive, it suffices to write down
its decompositions in both DM and D̃Mη (see Lemma 2.18).

A Young diagram T (a series of rows of boxes with decreasing length, see
the beginning of Section 4) is called untwisted (resp. twisted) if it is filled
by the chessboard pattern such that the first box in the first row is black
(resp. white). Define

A(T ) = {T ′ ≥ T |T ′ \ T = a white box}
D(T ) = {T ′ ≤ T |T \ T ′ = a white box}.

It is called irredundant (resp. full) if D(T ) = ∅ (resp. A(T ) = ∅). If it is
both irredundant and full, it is called even (see Definition 4.1, 4.5 and 4.9).
Hence every Young diagram Λ has |A(Λ)| positions where a white box could
be added. The symbol Λi1,··· ,il (i1 < · · · < il) denotes the diagram obtained
from adding a white box added at each of the i1, · · · , il-th positions of Λ
(see Definition 4.9).

The stage being set, we can now state the following theorem, which
describes the decomposition of the Grassmannians Gr(k, n) in the cate-
gory of MW-motives (see Theorem 4.19), where Gr(k, n) parametrizes k-
dimensional subspaces inside an n-dimensional F -vector space.

Theorem 1.2. (a) We have

Z(Gr(k, n)) ∼=
⊕

Λ even

Z((|Λ|))⊕
⊕

Λ irred. not full,i1>1

Z/η((|Λi1,··· ,il |)).
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(b) Suppose that all diagrams are twisted. We have

Th(OGr(k,n)(1)) ∼=
⊕

Λ even

Z((|Λ|+1))⊕
⊕

Λ irred. not full,i1>1

Z/η((|Λi1,··· ,il |+1)).

We derive from this result the Grassmannian bundle theorem, by the
method developed in [Yan21b] (see Theorem 5.6). In the statement, the
symbol Gr(k,E ) denotes the variety of quotient bundles of E of rank k.

Theorem 1.3. Let S ∈ Sm/F and let X ∈ Sm/S be quasi-projective,
L ∈ Pic(X) and E be a vector bundle of rank n over X. Denote by p :
Gr(k,E ) −→ X the structure map.

1. We have

Z(Gr(k,E ))/η ∼=
⊕

Λ (k, n)-truncated

Z(X)/η((|Λ|))

in D̃M(S,Z).
2. If k(n− k) is even, we have

Th(p∗L ) ∼=
⊕

Λ even

Th(L )((|Λ|))⊕
⊕

Λ irred. not full,i1>1

Z(X)/η((|Λi1,··· ,il |+ 1))

in D̃M(S,Z).
3. If both k and n are even, we have

Th(p∗L ⊗O(1)) ∼=
⊕

Λ=σn−kT

Th(det(E )∨ ⊗ L )((|Λ|))⊕
⊕

Λ=σ1kT

Th(L )((|Λ|))

⊕
⊕
i1>1

Z(X)/η((|Λi1,··· ,il |+ 1))

in D̃M(S,Z), where T is completely even.
4. If n− k is odd, we have

Th(p∗L ⊗O(1)) ∼=
⊕

Λ even

Th(L )((|Λ|))

⊕
⊕

Λ irred. not full,i1>1

Z(X)/η((|Λi1,··· ,il |+ 1))

in D̃M(S,Z).
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5. If k and n are odd, we have

Th(p∗L ⊗O(1)) ∼=
⊕

Λ even

Th(L ⊗ det(E )∨)((|Λ|))

⊕
⊕

Λ irred. not full,i1>1

Z(X)/η((|Λi1,··· ,il |+ 1))

in D̃M(S,Z).

6. If k is odd, n is even and e(E ) = 0 ∈ C̃H
n
(X, det(E )∨), there is an

isomorphism

Th(p∗L ) ∼=
⊕

Λ=R·T
Th(L ⊗ det(E )∨)((|Λ|))⊕

⊕
Λ=T

Th(L )((|Λ|))

⊕
⊕

Λ irred. not full,i1>1

Z(X)/η((|Λi1,··· ,il |+ 1))

in D̃M(S,Z), where T is completely even and R is the longest hook.

Let us note that the (6) is the hardest part of the theorem, since the
vanishing of Euler class is a global condition.

Last but not least, we show that the complete flag also splits as an MW-
motive. Moreover, we have a complete flag bundle theorem if all Pontryagin
classes and the Euler class vanish in Witt cohomology (see Theorem 5.8).
For any vector bundle E , Fl(E ) parametrizes complete flags

0 ⊆ E1 ⊆ · · · ⊆ En = E

where rk(Ei) = i and successive quotients are line bundles.

Theorem 1.4. For any L ∈ Pic(Gr(1, · · · , n))/2, Th(L ) splits as an
MW-motive. Moreover, we have

1. If n is odd, define deg(a) = 4a− 1. We have

Th(L ) =

{⊕
1≤t≤n−1

2

⊕
1≤a1<···<at≤n−1

2

Z[1 +
∑

s deg(as)] if L = 0

0 else
.

in D̃Mη.
2. If n is even, define

deg(a) =

{
4a− 1 1 ≤ a ≤ n

2 − 1

n− 1 a = n
2

.
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We have

Th(L ) =

{⊕
1≤t≤n

2

⊕
1≤a1<···<at≤n

2

Z[1 +
∑

s deg(as)] if L = 0

0 else
.

in D̃Mη.

So Th(L ) are mutually isomorphic in D̃M(pt,Z) if L �= 0. Denote by G
this common object.

Suppose that X ∈ Sm/S is quasi-projective, M ∈ Pic(Fl(E ))/2 and
that E is a vector bundle of rank n on X. Denote by p : Fl(E ) −→ X the
structure map. We have

Th(M ) ∼=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Th(L )⊗ Z(Gr(1, · · · , n))

pi(E ), e(E ) = 0 ∈ H∗(X,W(−))

for any i > 0

M = p∗L ,L ∈ Pic(X)/2

Z(X)⊗G M /∈ Pic(X)/2

in D̃M(S,Z).

We can write down the generators of H∗(Gr(1, · · · , n),W) in the aid of
Theorem 1.1 (see Remark 3.8 and the list below for notations).

Proposition 1.5. Suppose that 1 ≤ a ≤ �n2 �. If n is odd or n is even and
a < n

2 , define

Ta = h2a(x1, · · · , xn−2a)h2a−1(x1, · · · , xn−2a+1) + u(x1, · · · , xn−2a)

where u satisfies Sq2(u) = h2a(x1, · · · , xn−2a)
2. If n is even, define

Tn

2
= xn−1

1 .

Then we have

E∗(Fl(F⊕n)) = ∧[{Ta}].

Here the {xi} are the first Chern classes of quotient line bundles of a
complete flag and hi(x1, · · · , xj) is the complete homogenous polynomial
of degree i. Our computation is compatible with the Cartan model (see
[Ter11, Theorem 1]) and [CF12]. Moreover, it answers the conjecture given in
[Mat21], namely, the H∗(Gr(1, · · · , n)(R),Z) has only 2-torsions. Together
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with Proposition 1.5, the H∗(Gr(1, · · · , n)(R),Z) is computed by Remark
2.19.

There has been many works related to the Witt or Chow-Witt groups of
Grassmannians and complete flags, for example [BC08], [CF12], [Wen18a]
and [Wen18b]. The article [BC08] was devoted to Witt groups and defined
the notion of even Young diagrams. In [Wen18a], the Chow-Witt ring of
Grassmannians was computed in terms of generators and relations as an al-
gebra. In [CF12], Calmès and Fasel pointed out some cases where the twisted
Witt group of the complete flag of some linear algebraic group vanishes, but
they did not compute the Witt group without twist. An explanation of these
results in terms of MW-motives (resp. MW-motivic cohomologies) is com-
pletely new, needless to say any characterization of their fiber bundles.

For convenience, we give a list of frequently used notations in this paper:

pt Spec(F )
Sm/S Smooth and separated schemes over S
R(X) Motive of X with coefficients in R
Th(E ) Thom space of E
((i)) (i)[2i]
C(f) Mapping cone of f
π The reduction modulo 2 map CH −→ Ch
h The hyperbolic quadratic form
η The Hopf element
τ The motivic Bott element
ι The quotient map of τ [1]

A/η A⊗ C(η)
|D| Cardinality of the set D
|Λ| Number of boxes in the Young diagram Λ
R The orientation class of Gr(k, n)

[−,−] HomSH(F )(−,−)

[−,−]K
HomDMK(pt,Z)(−,−)

K∗ = KMW
∗ ,KM

∗ ,KW
∗ ,KM

∗ /2
hi(x1, · · · , xn) The complete homogeneous polynomial of degree i
ei(x1, · · · , xn) The elementary homogeneous polynomial of degree i

2. Split Milnor-Witt motives

In this section, we discuss the splitting pattern in MW-motives. Let us briefly
recall the language of four motivic theories established in [Yan21b, §2] and
[BCDFØ20, §3]. Let Sm/S be the category of smooth and separated schemes
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over S and K∗ be one of the homotopy modules KMW
∗ ,KM

∗ ,KW
∗ ,KM

∗ /2

(KW
∗ = I∗). For every X ∈ Sm/F , if T ⊂ X is a closed set and n ∈ N,

define

Cn
RS,T (X;Km;L ) =

⊕
y∈X(n)∩T

Km−n(k(y),Λ
∗
y ⊗k(y) Ly),

where X(n) means the points of codimension n in X and Λ∗
y is the highest

exterior power of Ty. Then C∗
RS,T (X;Km;L ) form a complex (see [Mor12]),

which is called the Rost-Schmid complex with support on T . Define (see

[BCDFØ20] and [Yan21b])

KCHn
T (X,L ) = Hn(C∗

RS,T (X;Kn;L )).

Thus we see that KCH = C̃H,CH,Ch when K∗ = KMW
∗ ,KM

∗ ,KM
∗ /2

respectively.

Suppose that E is a vector bundle of rank n on X. It admits the Euler

class e(E ) ∈ C̃H
n
(X, det(E )∨) (see [Fas08, Définition 13.2.1]) and Pontrya-

gin classes (or Borel classes) pi(E ) ∈ C̃H
2i
(X) (see [DF20, Definition 2.2.6]).

So do the cohomology theories CH∗, Ch∗ and H∗(−,W(−)).

For any S ∈ Sm/F and X,Y ∈ Sm/S, define AS(X,Y ) to be the poset

of closed subsets in X ×S Y such that each of its component is finite over

X and of dimension dimX. Suppose that R is a commutative ring. Let

KCorS(X,Y,R) := lim−→
T

KCHdimY−dimS
T (X ×S Y, ωX×SY/X)⊗Z R,

be the finite correspondences between X and Y over S with coefficients in R,

where T ∈ AS(X,Y ) and ωX×SY/X is the relative canonical bundle. Hence

KCor just means C̃or, Cor and WCor (see [BCDFØ20, §3]) when K∗ =

KMW
∗ ,KM

∗ ,KW
∗ respectively. This produces an additive category KCorS

whose objects are the same as Sm/S and whose morphisms are defined

above. There is a functor Sm/S −→ KCorS sending a morphism to its

graph.

We say that an abelian Nisnevich sheaf over Sm/S is a sheaf with K-

transfers if it admits extra functoriality from KCorS to Ab. For any smooth

scheme X, let R(X) be the representable sheaf with K-transfers of X, which

is called the motive of X in R-coefficients. The Tate twist is denoted by

R(1) := R(G∧1
m )[−1].
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Denote by CK(S,R) (resp. DK(S,R)) the (resp. derived) category of
cochain complexes of sheaves with K-transfers. Define the category of effec-
tive K-motives over S with coefficients in R

DM eff
K (S,R) = DK(S,R)[(R(X × A

1) −→ R(X))−1].

Furthermore, the category DMK(S,R) of stable K-motives is the homotopy
category of Gm-spectra of CK(S,R), with respect to stable A1-equivalences.

WhenK∗ = KMW
∗ (respK∗ = KM

∗ ), we will writeDMK as D̃M (resp.DM)
conventionally. We have full faithfull embedding of categories

DM eff (pt,Z) ⊆ DM(pt,Z) and D̃M
eff

(pt,Z) ⊆ D̃M(pt,Z) by cancella-
tion (see [Yan21b, Proposition 2.5]).

There are functorialities of DM eff
K (S,R) (resp. DMK(S,R)) with re-

spect to K, S and R (see [Yan21b, Proposition 2.1,2.2,2.3]).
The stable A1-homotopy category SH(F ) (see [Mor03]) is defined to

be the homotopy category of P1-spectra of Nisnevich simplicial sheaves,
localized with respect to morphisms X × A1 −→ X.

Recall that in [Bac17], T. Bachmann defined the motivic cohomology

spectra HZ̃, HμZ, HWZ, HμZ/2 as the effective cover of the homotopy mod-
ules KMW

∗ ,KM
∗ ,KW

∗ ,KM
∗ /2, respectively. The readers may also refer to

[Yan21b, §4].
We set [−,−] = HomSH(F )(−,−) and [−,−]K = HomDMK(pt,Z)(−,−)

for convenience (see [Yan21b, §2]). Suppose that E is a vector bundle on X,
define Th(E ) = R(E )/R(E ×).

Definition 2.1. Suppose that X ∈ Sm/F and that L ∈ Pic(X). Define

Hp,q
MW (X,Z,L ) = [Th(L ),Z(q + 1)[p+ 2]]MW .

Proposition 2.2. Suppose p, q ∈ Z. We have

[Z/η,Z(q)[p]]MW =

{
[Z/η,Z(q)[p]]M p �= q or p = q < 0

2KM
q (F )⊕Hp−2,q−1

M (F,Z) p = q ≥ 0
.

Proof. We will freely use the results in [Yan21b, Proposition 5.3, 5.6]. Recall
that we have

Hp,q
MW (F,Z) = Hp,q

M (F,Z)

if p �= q by [BCDFØ20, Introduction, (E)].
We have an exact sequence

(1)
η−→ Hp−2,q−1

MW (F,Z) −→ [Z/η,Z(q)[p]]MW −→ Hp,q
MW (F,Z)

η−→
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and

[Z/η,Z(q)[p]]M = Hp,q
M (F,Z)⊕Hp−2,q−1

M (F,Z).

If p �= q, q + 1, the statement follows from the Five lemma. If p = q + 1, the

statement follows from the exact sequence

KMW
q (F )

η−→ KMW
q−1 (F ) −→ KM

q−1(F ) −→ 0.

If p = q < 0, in (1), the first term is zero and the last arrow is an isomorphism

so both sides vanish. If p = q ≥ 0, in (1), the first arrow is zero and the

kernel of the last arrow is 2KM
q (F ). So we have a commutative diagram with

exact rows

0 Hp−2,q−1
MW (F,Z)

∼=

[Z/η,Z(q)[p]]MW 2KM
q (F ) 0

0 Hp−2,q−1
M (F,Z) [Z/η,Z(q)[p]]M KM

q (F ) 0

.

The second row splits hence does the first row.

We have a distinguished triangle

HμZ/2[2]
τ [1]−−→ HμZ/2 ∧ P

1 ι−→ C(τ [1]) −→ · · · [1]

where τ the motivic Bott element.

Proposition 2.3. The composite

(u, v) : HμZ/2⊕HμZ/2[2] = HWZ/η
∂−→ HWZ ∧ P

1 −→ HμZ/2 ∧ P
1

is equal to (Sq2, τ [1]), where ∂ is the boundary map of η.

Proof. The statement for v was proved in [Bac17, Lemma 20]. On the other

hand, the [Voe03] and [MKØ17] showed that the map u is of the form

c · Sq1 + d · Sq2,

where c ∈ H1,1
M (F,Z/2) and d ∈ H0,0

M (F,Z/2). In [Yan21b, Theorem 4.13],

we showed that d = 1, so we are going to show c = 0.
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By [Pow02, Lemma 9.3.3] and [Voe03, Theorem 6.10], there are a ∈
H1,1

M (Bgm(Z/2),Z/2) and b ∈ H2,1
M (Bgm(Z/2),Z/2) such that

Sq1(a) = b, Sq2(a) = 0.

So it suffices to show that u(a) = 0 since b is H1,1-torsion free. By [Pow02,
Proposition 8.2.5], the O(2)× over P∞ is a model for Bgm(Z/2). By [Yan21b,
Proposition 4.5], the map [O(2)×, u(1)[1]] is identified with a composite

H0(O(2)×,KM
1 /2) −→ H1(O(2)×,KW

2 ) −→ H1(O(2)×,KM
2 /2).

We claim that

H1(O(2)×,KW
2 ) = 0

so the statement is proved. We have a Gysin triangle

Z(O(2)×) −→ P
∞ e(O(2))−−−−→ P

∞(1)[2] −→ · · · [1]

in D̃M . By using the decomposition in [Yan21b, Theorem 5.11], we see that
the second arrow is the following map

(2) Z⊕ Z/η((1))⊕
h

2p

Z/η((3))⊕
h1

2p

· · ·

Z((1))⊕ Z/η((2))⊕ Z/η((4))⊕ · · ·

where h, h1, p are generators of corresponding hom-groups, with h, h1 (resp.
p) having multiplicity 2 (resp. 1) in DM . Applying [−,Z(2)[3]]MW on the
triangle, we get an exact sequence

F ∗ 2−→ 2F ∗ −→ H1(O(2)×,KMW
2 ) −→ 2Z

2−→ Z.

The first arrow is surjective and the last arrow is injective so we get

(3) H1(O(2)×,KMW
2 ) = 0.

We have an exact sequence

h−→ H1(O(2)×,KMW
2 ) −→ H1(O(2)×,KW

2 ) −→ CH2(O(2)×)

h−→ C̃H
2
(O(2)×).
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The

h : [Z/η,Z]M −→ [Z/η,Z]MW

is an isomorphism whereas the

h : [Z/η,Z(1)[2]]M −→ [Z/η,Z(1)[2]]MW

is the inclusion 2Z ⊆ Z. By using the diagram (2), we obtain a commutative
diagram with exact rows

Z
2

2

Z

2

CH2(O(2)×)

h

0

2Z
2

Z C̃H
2
(O(2)×) 0

,

which shows that h is injective (but not surjective!). Combining with (3),
we have proved the claim.

From the proposition above, we see that the Sq2 is detected in D̃M ,
since the mapping cone of the hyperbolic map ZM −→ ZMW represents
HWZ in D̃M (see [BCDFØ20, Corollary 5.4, Chapter 7]). Furthermore, for
any X ∈ Sm/F and L ∈ Pic(X), we have

Im(Hp,q
MW (X,Z,L ) −→ Hp,q

M (X,Z)) ⊆ Ker(ι ◦ Sq2L ◦ π)

because the composites

HZ̃ −→ HμZ/2 −→ HWZ/η −→ HWZ ∧ P
1 −→ HμZ/2 ∧ P

1

HμZ/2[2]
τ [1]−−→ HμZ/2 ∧ P

1 −→ C(τ [1])

are zero, where the π is the modulo 2 map and τ, ι, C(−) are mentioned
before the proposition above.

Proposition 2.4. Suppose that X,Y ∈ Sm/F , Y is a closed subset of
X with codimXY = n and that E is a vector bundle over X. We have a
distinguished triangle

Th(det(E |X\Y )) −→ Th(det(E ))

−→ Th(det(E |Y )⊗ det(NY/X))(n)[2n] −→ · · · [1]

in D̃M(S,R), where NY/X is the normal bundle.
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Proof. We have an exact sequence

0 −→ Th(E |X\Y ) −→ Th(E ) −→ Th(NY/E ) −→ 0

by the inclusions Y ⊆ X ⊆ E . Then we apply [Yan21a, Theorem 6.2].

Recall that the Hopf map
A2 \ 0 −→ P1

(x, y) �−→ [x : y]
gives the Hopf element

(see [Yan21b, Definition 4.1]) η ∈ [Z(1)[1],Z]MW up to a P1-suspension. We

write A/η = A⊗ C(η) for any MW-motive A.

Definition 2.5. We say that an element A ∈ D̃M(pt,Z) quasi-splits if it is

a finite direct sum of elements like Z(q)[p] or Z/η(q)[p] (p, q ∈ Z). We say

that A splits if p = 2q for all summands.

Definition 2.6. If the A splits, define its Witt weights WW (A) to be the

set

{i ∈ Z|Z(i)[2i] is a direct summand of A}.

We have

WW (A) = {i ∈ Z|[Z(i+ 1)[2i+ 2], A[1]]MW �= 0}

by [Yan21b, Proposition 5.4] hence it is well defined.

Hence we have for example

WW (Z(Pn)) =

{
{0, n} if n is odd

{0} if n is even

by [Yan21b, Theorem 5.5].

Proposition 2.7. For any X ∈ Sm/F , L ∈ Pic(X) and n,m ∈ Z, we

have

[Th(L ), HWZ(n)[m]] = Hm−n−1(X, In−1(L ))

[Th(L ), HZ̃(n)[m]] = Hm−n−1(X,KMW
n−1 (L ))

if m ≥ 2n− 1, where In−1(L ) = In−1 ⊗
Z[O×

X ] Z[L
×].

Proof. The statement is an analogue of [BCDFØ20, Remark 4.2.7]. The

proof of both equations are the same so we do the first one. The right hand
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side is Hm−n
X (L , In) by the push-forward along the zero section of L . We

have the Postnikov spectral sequence (see [Mor03, Remark 4.3.9])

Hp
X(L , π−q(HWZ)n) =⇒ [Th(L ), HWZ(n)[n+ p+ q]].

Then use that

Hp
X(L , π−q(HWZ)n) = 0

if q > 0 or p ≥ n and q �= 0 (see [Yan21b, Proposition 4.5]).

Define

ηp,qMW (X,L ) = [Th(L ),Z/η(q + 1)[p+ 2]]MW ,

where we write η2n,nMW as ηnMW conventionally.

For general cohomologies of Z/η, we have the following result:

Proposition 2.8. Suppose that X ∈ Sm/F , L ∈ Pic(X), p, q ∈ Z. There
is a commutative diagram

ηp,qMW (X,L )
ϕp+2,q+1

Hp+2,q+1
M (X)

ι◦π

Hp,q
M (X)

ι◦Sq2L ◦π
ψp,q

[X,C(τ [1])(q)[p]]M/2

.

If Th(L ) quasi-splits, the diagram is Cartesian.

Proof. By the proof of [Yan21b, Theorem 4.13], there is a distinguished
triangle

HZ̃/η −→ HμZ/η −→ C(τ [1]) −→ · · · [1],

which induces an exact sequence

ηp,qMW (X,L ) −→ Hp+2,q+1
M (X)⊕Hp,q

M (X)
u,ψp,q

−−−−→ [X,C(τ [1])(q)[p]]M/2.

The identification of u comes from the diagram (2) in the proof of loc. cit.
and that of ψp,q comes from Proposition 2.3. This gives the diagram.

For the last statement, it suffices to prove that the first arrow is injective,
which is reduced to the injectivity when Th(L ) = Z,Z/η, since it quasi-
splits. By the strong duality of Z/η (see [Yan21b, Proposition 5.8]), we may
assume Th(L ) = Z. Finally we use Proposition 2.2, (1).
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Recall that in [Voe11, Theorem 6.17], we have

H∗,∗
M (F,Z/2) = KM

∗ (F )/2[τ ]

where KM
n (F )/2 = Hn,n

M (F,Z/2).

Lemma 2.9.

Sq2(τ) = 0.

Proof. By [Pow02, Proposition 8.3.6], we have

H∗,∗
M (Bgm(Z/2)) = H∗,∗

M (F,Z/2)[a, b]/(a2 = τb+ ρa)

where a ∈ H1,1
M (F,Z/2), b ∈ H2,1

M (F,Z/2). By the computation in [Pow02,
Lemma 9.3.3] and Cartan formula (see [Voe03, Proposition 9.7]), we see that

τb2 = Sq2(τ)b+ τb2

after applying Sq2 on the relation a2 = τb+ρa. Hence the statement follows.

Suppose F• is a pointed simplicial sheaf. Let us define

Kerτ (Sq
2)p,q(F•) = {u ∈ Hp,q

M (F•,Z/2)|Sq2(u) ≡ 0(mod τ)}

Imτ (Sq
2)p,q(F•) = {u ∈ Hp,q

M (F•,Z/2)|u ∈ Im(Sq2)(mod τ)}.

Lemma 2.10. In the context above, we have

Imτ (Sq
2)p,q ⊆ Kerτ (Sq

2)p,q

on H∗,∗
M (F•,Z/2).

Proof. By Adem relations (see [Voe03, Theorem 10.2] and [MKØ17, Theo-
rem 5.1]), we have

Sq2Sq2 = τSq3Sq1.

Suppose

u = Sq2(v) + τ · w,
then

Sq2(u) = τSq3Sq1(v) + Sq2(τ · w) = τSq3Sq1(v) + τSq2(w) + τρSq1(w)

by Cartan formula and Lemma 2.9. So the statement follows.
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Definition 2.11. Suppose X ∈ Sm/F , p, q ∈ Z and L ∈ Pic(X), define

the motivic Bockstein cohomology

Ep,q(X,L ) =
Kerτ (Sq

2)p+2,q+1

Imτ (Sq2)p+2,q+1
(Th(L )),

where we write E2n,n as En = Ker(Sq2L )2n,n

Im(Sq2L )2n,n
conventionally.

Proposition 2.12. We have an exact sequence

0 −→ Hp−2,p−1
M (F,Z/2) −→ Hp+2,p+1

M (P2,Z/2)
Sq2−−→ Hp+4,p+2

M (P2,Z/2)

where the first arrow is the pushforward.

Proof. There is an exact sequence

Hp+4,p+2
M (P2,Z)

h−→ Hp+4,p+2
MW (P2,Z) −→ Hp+4,p+2

W (P2,Z) −→ 0.

The middle term is isomorphic to Hp+4,p+2
M (P2,Z) by Proposition 2.2 hence

we may also replace h by 2. This shows that

Hp+4,p+2
W (P2,Z) = Hp+4,p+2

M (P2,Z/2),

so the question is reduced to the kernel of Bockstein morphism β induced by

the boundary map HμZ/2 −→ HWZ. On the other hand, there is an exact

sequence

η−→ Hp+2,p+1
W (P2,Z)

ρ−→ Hp+2,p+1
M (P2,Z/2)

β−→ Hp+4,p+2
W (P2,Z).

The first term fits into an diagram with exact rows

H
p+2,p+1
M

(P2, Z)
h

H
p+2,p+1
MW

(P2, Z) H
p+2,p+1
W

(P2, Z)

ρ

H
p+3,p+1
M

(P2, Z)
h

H
p+3,p+1
MW

(P2, Z)

∼=

H
p+2,p+1
M

(P2, Z)
2

H
p+2,p+1
M

(P2, Z) H
p+2,p+1
M

(P2, Z/2)

g

H
p+3,p+1
M

(P2, Z)
2

∼=

H
p+3,p+1
M

(P2, Z)

∼=

H
p−2,p−1
M

(F, Z)
2

H
p−2,p−1
M

(F, Z) H
p−2,p−1
M

(F, Z/2) H
p−1,p−1
M

(F, Z)
2

H
p−1,p−1
M

(F, Z)

,



952 Nanjun Yang

hence ρ is injective and g ◦ ρ is surjective by the Five lemma. On the other

hand, we claim the composite

Hp+2,p+1
W (P2,Z)

ρ−→ Hp+2,p+1
M (P2,Z/2) −→ Hp+2,p+1

M (P1,Z/2)

−→ Hp,p
M (F,Z/2)

is zero, where the second arrow is induced by the pullback along P1 ⊆ P2.

We have a commutative diagram

Hp+2,p+1
W (P2,Z)

e

ρ

Hp+2,p+1
W (P1,Z)

Hp+2,p+1
M (P2,Z/2) Hp+2,p+1

M (P1,Z/2)

and it suffices to show that e = 0. The distinguished triangle

P
1 −→ P

2 −→ 1(2)[4]
η−→ · · · [1]

in SH(F ) gives the exact sequence

Hp+2,p+1
W (P2,Z)

e−→ Hp+2,p+1
W (P1,Z) −→ Hp−1,p−1

W (F,Z)

where the last arrow is the inclusion Ip(F ) ⊆ Ip−1(F ). So the claim is proved.

Proposition 2.13. We have

Ep,q(pt) =

{
KM

q (F )/2 if p = q

0 else
Ep,q(P2) =

{
KM

q (F )/2 if p = q

0 else
.

Proof. By Lemma 2.9, the Sq2 acts trivially on H∗,∗
M (F,Z/2). So the com-

putation of E∗,∗(pt) is clear.
It then suffices to consider Ap,q = Ep,q(P2)/Ep,q(F ).

If p ≤ q, the

Hp,q
M (P2,Z/2)/Hp,q

M (F,Z/2) = Hp−4,q−2
M (F,Z/2) ·O(1)2

⊕Hp−2,q−1
M (F,Z/2) ·O(1)

is a multiple of τ . Hence Ap,q = 0 again by Lemma 2.9.



Split Milnor-Witt motives and its applications to fiber bundles 953

If p = q + 1, we have

Kerτ (Sq
2)p,q = Ker(Sq2)p,q = Hp−4,p−3

M (F,Z/2) = τKM
p−4(F )/2

by Proposition 2.12. Hence Ap,q = 0.

If p = q + 2, we have Im(Sq2)p,q = Hp,q
M (P2,Z/2) by Proposition 2.12.

Hence Ap,q = 0.

If p > q + 2, we have Hp,q
M (P2,Z/2) = 0. Hence Ap,q = 0.

For any x ∈ ηp,qMW (X,L ), we will write x = (a, b) if (a, b) is the image of

x in Hp,q
M (X,Z)⊕Hp+2,q+1

M (X,Z) (see Proposition 2.8).

Proposition 2.14. Suppose that X ∈ Sm/F and L ,M ∈ Pic(X). The
ring structure of Z/η gives a product

ηp1,q1
MW (X,L ) × ηp2,q2

MW (X,M ) −→ ηp1+p2,q1+q2
MW (X,L ⊗ M )

u , v �−→ u · v

with the identity being (1, 0) ∈ η0,0MW (pt). If u = (a, b), v = (c, d) and
Th(L ), Th(M ) quasi-split, we have

(a, b) · (c, d) = (ac, bc+ ad).

Proof. In DM(pt,Z), the Z/η = Z ⊕ Z(1)[2] admits a commutative ring
structure given by the map

m : Z⊕ Z(1)[2]⊕ Z(1)[2]⊕ Z(2)[4] → Z⊕ Z(1)[2]
(a, b, c, d) �→ (a, b+ c)

.

It satisfies the last formula in the statement. Regarding Z/η(1)[2] as (P2)∧1,
the m is the class

(O(1)∧O(1), O(1)∧O(1)2+O(1)2∧O(1)) ∈ CH2(P2∧P
2)⊕CH3(P2∧P

2),

which lies in η2MW (P2 ∧ P2) by [Yan21b, Theorem 4.13]. So it lifts to a map

(Z/η)2 −→ Z/η in D̃M(pt,Z), which is defined to be the ring structure.
Then the axioms for the ring structures follow from the fact that the map

[(Z/η)a, (Z/η)b]MW −→ [(Z/η)a, (Z/η)b]M

is injective for a, b > 0, by [Yan21b, Proposition 5.6].
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Definition 2.15. For any A,B ∈ D̃M(pt,Z), we define

[A,B]η = lim−→
n→+∞

[A(n)[n], B]MW

where the limit is taken with respect to the Hopf map η. Define D̃Mη to

be the category with same objects as D̃M(pt,Z) and morphisms as defined
above. There is a canonical functor

L : D̃M(pt,Z) −→ D̃Mη.

We will write L(Z(X)) as Z(X).

Proposition 2.16. The category D̃Mη is the Verdier localization of the

category D̃M(pt,Z) with respect to the morphisms Z(X)⊗ η for every X ∈
Sm/F . Thus it is a triangulated category and the functor L is monoidal and
exact.

Proof. Suppose Σ is the smallest thick trianglated subcategory (with arbi-

trary coproducts) of D̃M(pt,Z) containing Z(X)/η for every X ∈ Sm/F .
If

X
f−→ Y −→ Z −→ X[1]

is a distinguished triangle in D̃M(pt,Z) with Z ∈ Σ, we claim that L(f) is
an isomorphism. It suffices to show that [T, f ]η is an isomorphism for any
T . The functor [T,−]η also induces a long exact sequence with respect to
the triangle. So it suffices to show that [T,Z(X)/η]η = 0 for any T . It is
easy to check that the morphism Z(X)⊗ η has the inverse εIdZ(X)(1)[1] (see

[BCDFØ20, Lemma 2.0.7, §4] for the sign ε) in D̃Mη, so L(Z(X)⊗ η) is an
isomorphism. Hence we have proved the claim.

Then it is easy to show that the pair (L, D̃Mη) is the universal one such

that L(f) is an isomorphism if C(f) ∈ Σ. The D̃Mη has a natural symmetric
monoidal structure such that L is symmetric monoidal. This concludes the
proof. (see [Kra10, Proposition 4.6.2])

Hence we see that L(Z(1)[1]) = L(Z) so there is no need to consider the

Tate twist in D̃Mη.

Proposition 2.17. For any X ∈ Sm/F , L ∈ Pic(X) and m,n ∈ N, we
have

[Th(L ),Z(m)[m+ n+ 1]]η = Hn(X,W(L )).
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Proof. We have

[Th(L )(i)[i],Z(m)[m+ n+ 1]]MW = Hn(X ⊗G
∧i
m ,Km−1

MW (L ))

by Proposition 2.7. If i is large, by cancellation we may assume m < n, i.
Then the result follows by [BCDFØ20, Lemma 3.1.8,§2].

Lemma 2.18. Suppose that A ∈ D̃M(pt,Z) splits as

A = ⊕i∈NZ(i)[2i]
⊕wi(A) ⊕⊕j∈NZ/η(j)[2j]

⊕tj(A).

Then

L(A) = ⊕i∈NZ[i]
⊕wi(A)

in D̃Mη. Suppose that γ∗ : D̃M −→ DM is the functor defined in
[BCDFØ20, 3.2.4, §3] and that

γ∗(A) = ⊕i∈NZ(i)[2i]
⊕si(A).

We have

tj(A) =
∑
i≤j

(−1)i(sj−i(A)− wj−i(A)).

Proof. The first statement follows from L(Z/η) = 0 and L(Z(1)[1]) = Z.
The second statement follows from γ∗Z/η = Z⊕ Z(1)[2].

Remark 2.19. Suppose that k = R and that X ∈ Sm/F is cellular (see
[HWXZ19, Definition 5.1]), we have

[Σ∞X+, HWZ(i)[2i]] = H i(X, Ii) = H i(X(R),Z)

by [Yan21b, Proposition 4.5] and [HWXZ19, Theorem 5.7]. On the other
hand, we have

[Z/η(i)[2i], HWZ(j)[2j]] =

{
Z/2 if j − i = 1

0 else

[1(i)[2i], HWZ(j)[2j]] =

{
Z if j = i

0 else

by [Yan21b, Proposition 5.3, 5.6] and the distinguished triangle (see [Bac17,
Lemma 19])

HμZ
h−→ HZ̃ −→ HWZ −→ · · · [1].
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Hence we see that if Z(X) also splits as an MW-motive, then we have

H i(X(R),Z)free = Z
⊕wi(Z(X))

H i(X(R),Z)tor = Z/2⊕ti−1(Z(X)).

Whereas

CH i(X) = H2i(X(C),Z) = Z
⊕wi(Z(X))+ti(Z(X))+ti−1(Z(X))

by [HWXZ19, Proposition 5.3].

Now we want to give a general method to detect splitting in MW-
motives.

Proposition 2.20. Suppose f : X −→ Y is a morphism in D̃M(pt,Z). If

both X and C(f) split as MW-motives, then f is injective in D̃M(pt,Z) if
and only if L(f) is injective.

Proof. This is because by [Yan21b, Proposition 5.4], we have an isomorphism

L : [C(f), X[1]]MW −→ [C(f), X[1]]η

hence the injectivity of f is equivalent to that of L(f) under our setting.

The ring structure of Chow groups makes ⊕n,L En(X,L ) an
N × Pic(X)/2-graded ring. Given a morphism f : X −→ Y , there is a
pullback

f∗ : En(Y,L ) −→ En(X, f∗L )

by the natuality of Steenrod operations. Moreover, if f is projective with
relative dimension c, the pushforward of Chow groups gives a pushforward

f∗ : E
n(X,ωX ⊗ f∗L ) −→ En−c(Y, ωY ⊗ L ),

which is well-defined by [Fu11, Theorem 4.5]. For every vector bundle E , we
have the Euler class e(E ) ∈ En(X, det(E )∨) and Pontryagin classes pn(E ) ∈
E2n(X) inherited by those of Chow groups.

Proposition 2.21. Let X ∈ Sm/F and E be a vector bundle over X. Then
for every odd i, we have

pi(E ) = 0 ∈ H2i(X,W) pi(E ) = 0 ∈ E2i(X) .
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Proof. Denote by p : X ×Gm −→ X the projection. By [DF20, Proposition
2.2.8], we have

p∗(pi(E )) ·<t> = p∗(pi(E ))

where t is the parameter in Gm. But

H2i(X ×Gm,W) = H2i(X,W)⊕H2i(X,W) · (<t>−<1>)

by [BCDFØ20, Lemma 3.1.8]. Then we have

(pi(E ), 0) = p∗(pi(E )) = p∗(pi(E )) ·<t> = (pi(E ), 0) ·<t> = (pi(E ), pi(E )).

So pi(E ) = 0. The second statement follows from [HW19, Remark 7.9].

By Jouanolou’s trick, there is a Whitney sum formula (see [DF20, 2.2.4])
for even Pontryagin classes of vector bundles (in H∗(−,W) or E∗(−)) on
quasi-projective smooth schemes. Namely, for any exact sequence of bundles

0 −→ E1 −→ E2 −→ E3 −→ 0,

we have ∑
i

p2i(E1)t
i
∑
j

p2j(E3)t
j =

∑
k

p2k(E2)t
k

where t is an indeterminant.

Theorem 2.22. Suppose that X ∈ Sm/F , p, q ∈ Z, L ∈ Pic(X) and that

Th(L ) quasi-splits in D̃M(pt,Z).

1. There is a natural map

Δ : Hp,q
η (X,L ) −→ Ep,q(X,L )

which induces an isomorphism of Z/2-vector spaces

δ : Hp,q
η (X,L )/Hp+1,q+1

η (X,L ) ∼= Ep,q(X,L ).

2. We have a Cartesian square

Hp,q
MW (X,Z,L ) Ker(ι ◦ Sq2L ◦ π)p,q

Hp,q
η (X,L )

Δ
Ep,q(X,L ).
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In particular, if Th(L ) splits, there is an isomorphism

Hp(X,W(L ))⊗W(F ) Z/2 = E2p,p(X,L )

and a decomposition

C̃H
∗
(X,L ) ∼= I(F ) ·H∗(X,W(L ))⊕Ker(Sq2L ◦ π)∗.

Proof. 1. Define

Kp,q = Ker(Hp,q
MW (X,Z,L ) −→ Hp,q

η (X,L )).

We show that Kp,q goes to zero under the composite

Hp,q
MW (X,Z,L ) −→ Ker(ι ◦ Sq2L ◦ π) −→ Ep,q(X,L )

hence the Δ is defined. For this, it suffices to suppose Th(L ) = Z and
p = q by Proposition 2.13. But in this case, we have Kp,q = 2KM

q (F ).
For the second statement, it suffices to consider the cases when
Th(L ) = Z,Z/η.
Suppose Th(L ) = Z. If p �= q, both sides vanish, otherwise the equa-
tion is the isomorphism

KM
q (F )/2 = KW

q (F )/KW
q+1(F ).

Suppose Th(L ) = Z/η. Then both sides vanish by Proposition 2.13.
2. Here we use the computations in Proposition 2.2. Since Th(L ) quasi-

splits, it suffices to prove the case when Th(L ) = Z and Th(L ) =
Z/η.
Suppose Th(L ) = Z. If p �= q, the horizontal arrows are isomorphisms.
If p = q, the statements come from the definition of KMW

q (F ).
Suppose Th(L ) = Z/η. If p �= q or p = q < 0, the horizontal arrows
are isomorphisms. So does the case when p = q ≥ 0 by the computation
of Kerτ (Sq

2)(P2)p+2,q+1 in Proposition 2.12.
If Th(L ) splits, we have

H2q,q
η (X,L ) = Hq(X,W(L ))

by direct computation. Considering the case Z(X) = Z one shows that

H2q+1,q+1
η (X,L ) = I(F ) ·Hq(X,W(L )).
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So the statement follows since

Ker(ι ◦ Sq2 ◦ π)2q,q = Ker(Sq2 ◦ π)2q,q

and they are free abelian groups.

Remark 2.23. Our results are significantly stronger than those in [HW19]
or [Wen18a].

Firstly, we compute cohomologies of degree (p, q) rather than (2q, q),

largely thanks to Proposition 2.3.

Secondly, we emphasize that the quasi-split of MW-motives is an in-

trinsic property, which enables us to determine an MW-motivic cohomology
class in terms of motivic cohomology class and Witt cohomology class.

Thirdly, we establish a correspondence between a subgroup of Witt co-
homology and motivic Bockstein cohomology. In topological terms, this says
that if H∗(X,Z) is finitely generated and has only 2-torsions, the Bockstein
spectral sequence degenerates.

Let us stress again that our advantage is the characterization of split
itself, rather than the determination of that.

Proposition 2.24. Suppose that X ∈ Sm/F , L ∈ Pic(X) and that Th(L )

splits in D̃M(pt,Z). Suppose λ (resp. μ) is a generator of [Z/η,Z(1)[2]]MW =
Z (resp. [Z/η,Z]MW = 2Z). We have maps

∂ : ηn−1
MW (X,L ) −→ C̃H

n
(X,L )

h : ηnMW (X,L ) −→ C̃H
n
(X,L )

induced by λ and μ, respectively. Denote the natural map C̃H
n
(X,L ) −→

CHn(X) by γ.

Given a morphism in D̃M(pt,Z)

f = {si, tj} : Th(L ) −→ Th(L ) ∼= ⊕iZ(ai)[2ai]⊕⊕jZ/η(bj)[2bj ],

the following statements are equivalent:

1. The f is an isomorphism;
2. For every n ∈ N, we have

C̃H
n
(X,L ) =

⊕
ak=n+1

GW(F ) · sk ⊕
⊕

bk=n+1

Z · h(tk)⊕
⊕
bk=n

Z · ∂(tk);
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3. For every n ∈ N, we have

Ker(Sq2L ◦π)n =
⊕

ak=n+1

Z ·γ(sk)⊕
⊕

bk=n+1

Z ·γ(h(tk))⊕
⊕
bk=n

Z ·γ(∂(tk))

Hn(X,W(L )) =
⊕

ak=n+1

W(F ) · w(sk)

where w is the composite

C̃H
n
(X,L ) −→ Hn(X, In(L )) −→ Hn(X,W(L )).

Proof. We have maps

h1 : ηn
MW (X,L ) → ηn

MW (X,L )
(x, y) �→ (2x, 0)

h2 : ηn
MW (X,L ) → ηn−1

MW (X,L )
(x, y) �→ (0, 2x)

p : ηn
MW (X,L ) → ηn+1

MW (X,L )
(x, y) �→ (y, 0)

γ1 : C̃H
n
(X,L ) → ηn

MW (X,L )
x �→ (γ(x), 0)

.

Here the maps come from the following. The γ1 (resp. h2) is induced by the
generator in [Z,Z/η]MW (resp. [Z/η(1)[2],Z/η]MW ). Moreover,

p = γ1 ◦ ∂ h1 = γ1 ◦ h .

(1) ⇒ (2): If f is an isomorphism, applying [−,Z(n+ 1)[2n+ 2]]MW we
obtain an isomorphism⊕
k

[Z((ak)),Z((n+1))]MW ⊕
⊕
k

[Z/η((bk)),Z((n+1))]MW
∼= C̃H

n
(X,L ).

So the statement follows from [Yan21b, Proposition 5.6].

(2) ⇒ (1): Suppose C̃H
n
(X,L ) has the required decomposition for

every n. Then [f,Z(n)[2n]]MW is an isomorphism for every n. So it suffices to
prove that [f,Z/η(n)[2n]]MW is an isomorphism for every n, which induces
an endomorphism of a free abelian group of finite rank by loc. cit.. Hence it
suffices to prove that it is surjective.

Denote by π the reduction modulo 2 map as before. By Theorem 2.22,
we have an exact sequence

0 −→ Ker(Sq2L ◦ π)n−1 −→ ηn−1
MW (X,L ) −→ π−1(Im(Sq2L )n) −→ 0

and the elements

{γ(sk)}ak=n ∪ {γ(h(tk))}bk=n ∪ {γ(∂(tk))}bk=n−1
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generate Ker(Sq2L ◦ π)n−1. Suppose tk = (xk, yk). We have

γ(h(tk)) = 2xk γ(∂(tk)) = yk .

On the other hand, we have

γ1(sk) = (γ(sk), 0) γ1(h(tk)) = (2xk, 0) γ1(∂(tk)) = (yk, 0) ,

which shows that Ker(Sq2L ◦ π)n−1 ⊆ Im([f,Z/η(n)[2n]]MW ) for every n.
Again by the proof of Theorem 2.22, the Im(Sq2L )n is freely generated by

π({γ(∂(tk))}bk=n−1) for every n. So suppose we have (x, y) ∈ ηn−1
MW (X,L ).

We could find (x1, y1) ∈ Z{tk}bk=n−1 such that π(y−y1) = 0, so y−y1 = 2y2.
Then there is a (u, v) ∈ Z{tk}bk=n such that π(v) = Sq2L (y2). Hence

(x, y)− (x1, y1)− h2(u, v) = (x− x1, 2y2 − 2u)

and y2 − u ∈ Ker(Sq2L ◦ π)n. Then (x − x1, 0), (0, 2y2 − 2u) =
h2(y2 − u, 0) ∈ Im([f,Z/η(n)[2n]]MW ) so we have proved that (x, y) ∈
Im([f,Z/η(n)[2n]]MW ).

(2) ⇒ (3): The map w is surjective because it is the composite of sur-
jective maps. In the proof of [Yan21b, Theorem 4.13], we showed that there
is a commutative diagram

ηn−1
MW (X,L )

∂
C̃H

n
(X,L )

Chn−1(X)
β

Hn(X, In(L ))

where the lower horizontal arrow is the Bockstein map. So w(∂(tk)) = 0.
Moreover, the composite

Z/η(n)[2n]
h−→ Z(n)[2n]

η−→ Z(n− 1)[2n− 1]

vanishes in D̃M(pt,Z) by [Yan21b, Proposition 5.4] so w(h(tk)) = 0. So
{w(sk)}ak=n+1 freely generate Hn(X,W(L )). On the other hand, by The-
orem 2.22, the elements given generate Ker(Sq2L ◦ π)n and the kernel of γ
is

⊕
ak=n+1 I(F ) · sk. So they freely generate Ker(Sq2L ◦ π)n.
(3) ⇒ (2): Suppose x ∈ C̃H

n
(X,L ), we could find a y ∈ Z{sk, h(tk),

∂(tk)} such that γ(x−y) = 0. Then x−y ∈
∑

k I(F )sk by Theorem 2.22. Sup-
pose

∑
ek ·sk+

∑
nk ·∂(tk)+

∑
mk ·h(tk) = 0, where ek ∈ GW(F ), nk,mk ∈



962 Nanjun Yang

Z. Then applying γ, we find nk = mk = 0 and ek ∈ I(F ) by the condi-
tions. But

∑
ek · w(sk) = 0 implies that ek = 0 as well. This concludes the

proof.

Proposition 2.25. In the context above, the following sequence

ηn−1
MW (X,L )

∂−→ C̃H
n
(X,L ) −→ Hn(X,W(L )) −→ 0

is exact. Moreover, we have

Im(∂) =
⊕

bk=n+1

h ·GW(F ) · sk ⊕
⊕

bk=n+1

Z · h(tk)⊕
⊕
bk=n

Z · ∂(tk).

Proof. We have a commutative diagram

C̃H
n
(X,L )

η
H2n+1,n

MW (Th(L ),Z)

w

H i(Gr(k, n), Ii)
η′

Hn(X,W(L ))

where Ker(η) = Im(∂) and w is an isomorphism by Proposition 2.7 and

H2n+1,n
MW (Th(L ),Z) = Hn(X,KMW

n−1 (L )) = Hn(X,W(L )).

The statements then follow fromKer(η′) = Im(β) and Proposition 2.24.

3. Geometry of Grassmannians and complete flags

Let us state a collection of results on the geometry of Grassmannians. Sup-
pose V is a vector space of dimension n with a flag

0 ⊆ V1 ⊆ · · · ⊆ Vn = V

where dimVi = i. Denote by Uk,n (resp. U ⊥
k,n) the (resp. complement) tau-

tological bundle of Gr(k, n). For a morphism f : X −→ Y , we denote by
Ωf (resp. Nf ) the relative cotangent bundle (resp. normal bundle), when it
makes sense.

Proposition 3.1. We have closed imbeddings

i : Gr(k, n− 1) −→ Gr(k, n)
Λ �−→ Λ

j : Gr(k − 1, n− 1) −→ Gr(k, n)
Λ �−→ Λ + en



Split Milnor-Witt motives and its applications to fiber bundles 963

with det(Ni) = OGr(k,n−1)(1) = det(Uk,n−1), det(Nj) = OGr(k−1,n−1)(1) and
Gr(k, n− 1)∩Gr(k− 1, n− 1) = ∅. Suppose p : V −→ Vn−1 is a projection.
The morphism

f : Gr(k, n) \Gr(k − 1, n− 1) −→ Gr(k, n− 1)
Λ �−→ p(Λ)

(resp.

g : Gr(k, n) \Gr(k, n− 1) −→ Gr(k − 1, n− 1)
Λ �−→ Λ ∩ Vn−1

)

corresponds to Uk,n−1 (resp. U ⊥
k−1,n−1) which is factored through by i (resp

j) as the zero section. Moreover, we have

i∗Uk,n = Uk,n−1, i∗U ⊥
k,n = U ⊥

k,n−1 ⊕OGr(k,n−1),

j∗Uk,n = Uk−1,n−1 ⊕OGr(k−1,n−1), j∗U ⊥
k,n = U ⊥

k−1,n−1.

Proof. Obvious.

Proposition 3.2. Let p : Vn −→ Vn−2 be the projection. Define

S = {Λ ∈ Gr(k, n)|Λ ∩ ker(p) �= 0}.

We have imbeddings

Gr(k, n− 2) −→ Gr(k, n)
Λ �−→ Λ

Gr(k − 2, n− 2) −→ S
Λ �−→ Λ + ker(p)

.

The map

Gr(k, n) \ S −→ Gr(k, n− 2)
Λ �−→ p(Λ)

(resp.

S \Gr(k − 2, n− 2) −→ Gr(1, 2)×Gr(k − 1, n− 2)
Λ �−→ (Λ ∩ ker(p), p(Λ))

)

corresponds to the vector bundle Uk,n−2 ⊕ Uk,n−2 (resp p∗2Uk−1,n−2) where
p2 : Gr(1, 2)×Gr(k − 1, n− 2) −→ Gr(k − 1, n− 2) is the projection.

Proof. Note that

S \Gr(k − 2, n− 2) = {V ∈ Gr(k, n)|dim(V ∩ ker(p)) = 1}.
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Suppose that {t1, t2} is a basis of ker(p), T = span(t1) and that Λ ∈ Gr(k−
1, n− 2). We have an identification

Λ∗ −→ {V ∈ S \Gr(k − 2, n− 2)|V ∩ ker(p) = T, p(V ) = Λ}
f �−→ {x+ f(x)t2|x ∈ Λ}+ T

which is independent of the choice of t2. So S\Gr(k−2, n−2) = p∗2Uk−1,n−2.
Similarly, suppose Λ ∈ Gr(k, n− 2). The identification

Λ∗ ⊕ Λ∗ −→ {V ∈ Gr(k, n) \ S|p(V ) = Λ}
(f, g) �−→ {z + f(z)t1 + g(z)t2|z ∈ Λ}

shows that Gr(k, n) \ S = Uk,n−2 ⊕ Uk,n−2.

It turns out that E∗(−,−) admits a projective bundle theorem as in
[Nen09].

Proposition 3.3. Suppose that X ∈ Sm/F , L ∈ Pic(X) and that E is a
vector bundle of rank n on X. Denote by p : P(E ) −→ X the structure map.

1. If n is odd, we have

Ei(P(E ), p∗L ) ∼= Ei(X,L )

Ei(X,L )
e(Ωp(1))·p∗

−−−−−−−→∼=
Ei+n−1(P(E ), p∗(L ⊗ det(E )∨)(1))

for any i.
2. If n is even, for any i we have an exact sequence

·e(E )−−−→ Ei(X,L )
p∗

−→ Ei(P(E ), p∗L )
p∗−→ Ei−n+1(X,L⊗det(E )∨)

·e(E )−−−→ .

If e(E ) = 0 ∈ En(X, det(E )∨), the above sequence gives a decomposi-
tion

Ei(P(E ), p∗L ) ∼= Ei(X,L )⊕ Ei−n+1(X,L ⊗ det(E )∨) ·R(E )

for any i. Here

R(E ) = e(U ⊥
E ) + p∗(u) ∈ En−1(P(E ), p∗det(E )∨)

is the orientation class of E where u is any element such that
Sq2det(E )∨(u) = e(E ).
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Proof. Any element x ∈ Chm(P(E )) can be uniquely written as∑n−1
i=0 aic

n−1−i where c = c1(OE(1)) and ai ∈ Chm−n+i+1(X) by the pro-
jective bundle theorem of Chow groups. Suppose x ∈ Em(P(E ), p∗L ) with
{ai} determined as above.

1. We have

Sq2L (x) =

n−1∑
i=0

Sq2L (ai)c
n−1+i +

n−1

2∑
i=1

a2i−1c
n−2i+1

So Sq2L (x) = 0 is equivalent to the equations{
Sq2L (ai) = ai+1 if i < n− 1 even

Sq2L (ai) = 0 else
.

If furthermore an−1 = 0, we have

Sq2L (

n−3

2∑
i=0

a2ic
n−2−2i) = x.

So it is easy to conclude that the pullback Ei(X,L )−→Ei(P(E ), p∗L )
is an isomorphism. The second statement follows similarly.

2. The Sq2L (x) = 0 is equivalent to the equations⎧⎪⎨⎪⎩
Sq2L (ai) + a0ci+1(E ) = 0 i even

Sq2L (ai) + a0ci+1(E ) + ai+1 = 0 i < n− 1 odd

Sq2L (an−1) + a0e(E ) = 0

.

Suppose a0 = an−1 = 0, we have

Sq2L (

n

2
−2∑

i=0

a2i+1c
n−3−2i) = x.

Since p∗(x) = a0, the first statement follows by direct computation.
Now suppose e(E ) = 0. It is easy to check that

Sq2L (a0R(E )) = 0 Sq2L (an−1 + a0u) = 0 .

So x = a0R(E ) + an−1 + a0u in Ei(P(E ), p∗L ). On the other hand, if

a0R(E ) + an−1 + a0u = 0 ∈ Em(P(E ), p∗L ),
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we have

a0 = 0 ∈ Em−n+1(X,L ⊗ det(E )∨).

Thus an−1 = 0 ∈ Em(P(E ), p∗L ). So there are b, b0 such that

Sq2L (b) + b0e(E ) = an−1

by the calculation of Sq2L (x) before, where Sq2L⊗det(E )∨(b0) = 0. But
again we have

b0e(E ) = Sq2L (b0u)

so we conclude that an−1 = 0 ∈ Em(X,L ). The second statement
then follows.

Definition 3.4. Given any vector bundle E on a scheme X, we take the
projective bundle p1 : Y1 = P(E ) −→ X. Then inductively define pi : Yi =
P(Ωpi−1

(1)) −→ Yi−1. The

Fl(E ) = Yrk(E )−1

is defined as the complete flag of E , parametrizing filtrations

E1 ⊆ · · · ⊆ Ei ⊆ · · · ⊆ E

where rk(Ei) = i and Ei/Ei−1 is locally free.

Proposition 3.5. Suppose X ∈ Sm/F and E is a vector bundle on X. We
have structure maps

P(Ωp(1))
q−→ P(E )

p−→ X.

For any M ∈ Pic(X), we have an isomorphism

Th(q∗(p∗M(1))) = Th((q∗p∗M)(1))

in D̃M(X,Z).

Proof. Denote by r the structure map P(p∗E ) −→ P(E ). The Euler sequence

0 −→ Ωp(1) −→ p∗E −→ OE(1) −→ 0

implies that P(p∗E ) has a section P(E ) −→ P(p∗E ), whose complement C
admits an A1-bundle t : C −→ P(Ωp(1)). There is an automorphism σ of
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P(p∗E ) over X which locally comes from the swaping map

X × Prk(E )−1 × Prk(E )−1 −→ X × Prk(E )−1 × Prk(E )−1

(x, (yi), (zi)) �−→ (x, (zi), (yi))
.

The σ, which satisfies σ∗(Op∗E (1)) = r∗(OE (1)), induces an automorphism
of C because locally C is defined by the equation

(yi) �= (zi).

So we have

Th((r∗OE (1))|C) = Th(Op∗E (1)|C)

in D̃M(X,Z) via σ. Moreover, we have

Op∗E (1)|C = t∗OΩp(1)(1),

which implies that

Th(OΩp(1)(1)) = Th(q∗OE (1))

in D̃M(X,Z). So the statement follows.

Proposition 3.6. Suppose that X ∈ Sm/F , L ∈ Pic(X) and that E
is a vector bundle of odd rank n on X. Denote by p : P(E ) −→ X, q :
P(Ωp(1)) −→ P(E ) the structure maps. If pn−1(E ) = 0 ∈ E2n−2(X), we
have

Ei(P(Ωp(1)), q
∗p∗L ) ∼= Ei(X,L )⊕ Ei−2n+3(X,L ) · T.

Here

T = q∗(e(Ωp(1)))e(Ωq(1)) + q∗(u) ∈ E2n−3(P(Ωp(1)))

where u is any element such that Sq2(u) = e(Ωp(1))
2 in Ch2n−2(P(E )).

Proof. The Whitney sum formula for even Pontryagin classes tells us that

p∗(pn−1(E )) = pn−1(Ωp(1)) = e(Ωp(1))
2

hence they all vanish. The composite

Ei(X,L )
e(Ωp(1))·p∗

−−−−−−−→∼=
Ei+n−1(P(E ), p∗(det(E )(1)⊗ L ))

·e(Ωp(1))−−−−−→ Ei+2n−2(P(E ), p∗L )
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is zero by e(Ωp(1))
2 = 0, so the second arrow is zero for any i. Hence we

have an exact sequence

0 −→ Ei(P(E ), p∗L )
q∗−→ Ei(P(Ωp(1)), q

∗p∗L )
q∗−→ Ei−n+2(P(E ), p∗(det(E )⊗ L )(1)) −→ 0

for any i by Proposition 3.3. So there is an element T ∈ E2n−3(P(Ωp(1)))
such that q∗(T ) = e(Ωp(1)). Then for any x ∈ Ei−2n+3(X,L ), we have

q∗(q
∗p∗(x) · T ) = p∗(x) · e(Ωp(1)).

Since n is odd, the sequence above is thus isomorphic the sequence

0 −→ Ei(X,L )
q∗p∗

−−−→ Ei(P(Ωp(1)), q
∗p∗L )

(e(Ωp(1))·p∗)−1◦q∗−−−−−−−−−−−→ Ei−2n+3(X,L ) −→ 0.

by loc. cit. where the third arrow has a section T · q∗p∗. So we obtain the
first statement.

For the second statement, it suffices to check q∗(T ) = e(Ωp(1)) and
Sq2(T ) = 0, which are straightforward.

Proposition 3.7. Suppose that X ∈ Sm/F , L ∈ Pic(X) and that E is
a vector bundle of rank n on X. Denote by p : Fl(E ) −→ X the structure
map. Suppose pi(E ) = 0 ∈ E2i(X) for all i.

1. If n is odd, we have classes Ta ∈ E4a−1(Fl(E )), 1 ≤ a ≤ n−1
2 such that

Ei(Fl(E ), p∗L ) =
⊕

1≤t≤n−1

2

⊕
1≤a1<···<at≤n−1

2

Ei−
∑

a deg(Ta)(X,L ) ·Ta1
· · ·Tat

.

2. If n is even and e(E ) = 0, we have classes Ta ∈ E4a−1(Fl(E )), 1 ≤
a ≤ n

2 − 1 and Tn

2
∈ En−1(Fl(E )) such that

Ei(Fl(E ), p∗L ) =
⊕

1≤t≤n

2

⊕
1≤a1<···<at≤n

2

Ei−
∑

a deg(Ta)(X,L )·Ta1
· · ·Tat

.

Proof. Follows from Proposition 3.3 and Proposition 3.6.

Remark 3.8. In case X = pt, we could write down the {Ta} explicitly. In
the context of Definition 3.4, denote by xi, 1 ≤ i ≤ n − 1 the first Chern
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class of tautological line bundle on Yi and xn by that of complement bundle
on Yn−1. Then

Ch∗(Fl(F⊕n)) =
Z/2[x1, · · · , xn]

S
where S is the ideal generated by symmetric functions, with Sq2(xi) = x2i
for all i. By inductively using Whitney sum formula, one shows that

ci(Ωpj
(1)) = hi(x1, · · · , xj)

for every i, j.
Suppose 1 ≤ a ≤ �n2 �. If n is odd or n is even and a < n

2 , by Proposition
3.6, we have

Ta = h2a(x1, · · · , xn−2a)h2a−1(x1, · · · , xn−2a+1) + u(x1, · · · , xn−2a)

where u satisfies Sq2(u) = h2a(x1, · · · , xn−2a)
2.

If n is even, we have

Tn

2
= xn−1

1 .

It is clear that T 2
a = 0 ∈ E∗(Fl(F⊕n)) (but not true for general X and

E ). So we conclude

E∗(Fl(F⊕n)) = ∧[{Ta}].

4. MW-motivic decomposition of Grassmannians

Recall that a Young diagram (see [Wen18b, 3.1]) is a collection of left aligned
rows of boxes with (non strictly) decreasing row lengths. We denote by
(Λ1, · · · ,Λn),Λ1 ≥ · · · ≥ Λn > 0 a Young diagram Λ whose i-th row has Λi

boxes. For example, the diagram

is denoted by (3, 2, 1).
For two Young diagrams S,Λ, we say S ≤ Λ if Si ≤ Λi for all i. If S ≤ Λ,

their difference is the skew Young diagram Λ \ S.

Definition 4.1. Suppose k, n ∈ N and k ≤ n. We say a Young diagram
(a1, · · · , al) is (k, n)-truncated (resp. untruncated) if it is identified with the
Schubert cycle σa1,··· ,al

in CH
∑

ai(Gr(k, n)) (resp. Gr(∞,∞)).
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There is a truncation morphism

tk,n : R{untruncated Young diagrams}
−→ R{(k, n)-truncated Young diagrams}

induced by the pullback morphism CH∗(Gr(∞,∞)) ⊗ R −→
CH∗(Gr(k, n))⊗R, killing all diagrams exceeding the size (k, n). It is com-
patible with products and Steenrod operations. For example, we have

σ2
1 = σ1,1 + σ2

as untruncated diagrams whereas

σ2
1 = σ2

as (1, 3)-truncated diagrams. All Young diagrams we will consider are filled
by a chessboard pattern (see [Wen18b, Theorem 4.2]). If the first box in the
first row of a diagram is black (resp. white), it is called untwisted (resp.
twisted). The following is an example (both are (3, 6)-truncated):

Untwisted Young diagram T Twisted Young diagram T ′

.

Definition 4.2. Suppose Λ is a Young diagram (twisted or not). Define

A(Λ) = {Λ′ ≥ Λ|Λ′ \ Λ = a white box}

Ā(Λ) = {Λ′ ≥ Λ|Λ′ \ Λ = white boxes}
D(Λ) = {Λ′ ≤ Λ|Λ \ Λ′ = a white box}.

Here all diagrams are subjected to the same truncating and coloring rule.
We say that Λ is irredundant (resp. full) if D(Λ) = ∅ (resp. A(Λ) = ∅).

For example, the T and T ′ above satisfy

A(T ) = {(3, 3, 1), (3, 2, 2)}, Ā(T ) = {(3, 2, 1), (3, 3, 1), (3, 2, 2), (3, 3, 2)},
D(T ) = ∅;
A(T ′) = ∅, Ā(T ′) = {(3, 2, 1)}, D(T ′) = {(2, 2, 1), (3, 1, 1), (3, 2)}.

So T is irredundant and T ′ is full. Note here that (4, 2, 1) /∈ A(T ) because
T is (3, 6)-truncated.
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Hence we see that the Steenrod square Sq2L : Chi−1(Gr(k, n)) −→
Chi(Gr(k, n)) can be written as

Sq2L (T ) =
∑

Λ∈A(T )

Λ

by [Wen18b, Theorem 4.2]. In this way, the twisted (resp. untwisted) dia-
grams correspond to the case L = O(1). (resp. L = OGr(k,n))

Lemma 4.3. Suppose that all diagrams are untwisted.

1. An untruncated Young diagram Λ is irredundant and full if and only
if it is completely even (see [Wen18b, Definition 3.8]).

2. If k(n−k) is even, a (k, n)-truncated Young diagram Λ is irredundant
and full if and only if it is completely even.

3. If k(n− k) is odd, a (k, n)-truncated Young diagram Λ is irredundant
and full if and only if it is completely even or of the form

σ··· ,2ai,2ai,···σn−k,1k−1 = σn−k,··· ,2ai+1,2ai+1,···.

Proof. It suffices to prove the necessity for all those statements.

1. Suppose λi is the last box in the ith row of Λ. Then either λi is black
with a row of same length adjacently above it or λi is white with a
row of same length adjacently under it. So we see that Λ is completely
even. The converse is clear.

2. If n − k is even, the first row of Λ must have even length otherwise
it is not full, which implies that the second row exists and must have
the same length. Then every row started with a black box must have
even length, being adjacently above a row with same length. So Λ is
completely even.
If k is even, suppose the ith row is the first row whose length is even.
If no such row exists, the number of rows must be odd otherwise Λ is
not irredundant. But we could still add a white box in the first empty
row so it is not full. So such i exists. If i is even, Λ is not full. If i > 1
is odd, Λ is not irredundant. Hence i = 1 and Λ is completely even as
above. So we have completed the proof.

3. If the length of the first row is even, then Λ is complete even as above.
Otherwise its length must be n− k. So the second row must have odd
length otherwise Λ is not full. Moreover, there is a row adjacently under
it with the same length otherwise Λ is not irredundant. By induction
we see Λ must be the form σn−k,··· ,2ai+1,2ai+1,···.
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Lemma 4.4. Suppose that all diagrams are twisted.

1. If k and n are even, a (k, n)-truncated Young diagram Λ is irredundant
and full if and only if it is like σn−kT or σ1kT where T is completely
even.

2. If k and n are odd, a (k, n)-truncated Young diagram Λ is irredundant
and full if and only if it is like σn−kT where T is completely even.

3. If k is even and n is odd, a (k, n)-truncated Young diagram Λ is ir-
redundant and full if and only if it is like σ1kT where T is completely
even.

4. If k is odd and n is even, there is no (k, n)-truncated Young diagram
Λ which is both irredundant and full.

Proof. 1. It suffices to prove the necessity. If the first row has odd length,
there must be a row with same length adjacently under it. Inductively
we see that Λ = σ1kT where T is completely even. Otherwise it has
length n − k. The second row must have even length otherwise Λ is
not full, being adjacently above a row with same length. Inductively
we see that Λ = σn−kT where T is completely even.

2. The same reasoning as in (1).
3. The same reasoning as in (1).
4. The same reasoning as in (1).

Definition 4.5. Slightly abusing the notation, we say that a Young diagram
Λ (twisted or not) is even if it is irredundant and full.

Denote the free abelian group generated by the set of all untwisted (resp.
twisted) even diagrams by Nk,n (resp. Mk,n), regarded as a subgroup of
CH∗(Gr(k, n)). Its degree i part is denoted by N i

k,n (resp. M i
k,n).

Our definition of even Young diagram is essentially the same as [Wen18b,
Definition 3.8] by Lemma 4.3 and 4.4, but it depends on k, n and whether
the diagram is twisted.

Remark 4.6. Here are the irredundant untwisted Young diagrams in
Gr(2, 4) or Gr(3, 6):

Empty
.



Split Milnor-Witt motives and its applications to fiber bundles 973

Here are the generators of N2,4 and N3,6:

N2,4 N3,6

Empty
Empty

.

Here are the irredundant twisted Young diagrams in Gr(2, 4) or Gr(3, 6):

Empty

.

Here are the generators of M2,4 (M3,6 = 0):

.

Lemma 4.7. Suppose L ∈ Pic(Gr(k, n)). We have decompositions

CH∗(Gr(k, n)) =
⊕

Λ irredundant

ZĀ(Λ);

Ch∗(Gr(k, n)) =
⊕

Λ irredundant

Z/2Ā(Λ);

Ker(Sq2L ) =
⊕

Λ irredundant

Z/2Ā(Λ) ∩Ker(Sq2L );

Im(Sq2L ) =
⊕

Λ irredundant

Z/2Ā(Λ) ∩ Im(Sq2L ).

Proof. Clear from the definition of irredundance.

Proposition 4.8. Suppose L ∈ Pic(Gr(k, n)), σ =
∑

i Λi ∈ Ker(Sq2L )
where Λi are (k, n)-truncated (twisted by L ) Young diagrams. Then σ ∈
Im(Sq2L ) if and only if none of Λi is even. In other word, we have

Ker(Sq2) = Im(Sq2)⊕Nk,n/2Nk,n

Ker(Sq2O(1)) = Im(Sq2O(1))⊕Mk,n/2Mk,n.
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Proof. It suffices to prove the equation in each component C = Z/2Ā(Λ)

generated by an irredundant Young diagram Λ as in Lemma 4.7. Hence we

may assume that Λ is not full and prove that

Ker(Sq2L ) ∩ C = Im(Sq2L ) ∩ C.

Suppose |A(Λ)| = n > 0 hence each Λi can be seen as a sequence of {0, 1}
with length n where 1 means ‘a white box added’ and 0 otherwise. Suppose

σ = A0 + B1 where A and B are of length n− 1 and A0 (resp. B1) means

concatenating A (resp. B) by 0 (resp. 1). Then

0 = Sq2L (A0 +B1) = Sq2L (A)0 +A1 + Sq2L (B)1.

So A = Sq2L (B) thus

Sq2L (B0) = A0 +B1,

as desired.

Definition 4.9. Suppose Λ is an irredundant Young diagram (maybe

twisted). There are |A(Λ)| ‘positions’ in Λ on which a white box could be

added. Denote by Λi1,··· ,il , 1 ≤ i1 < · · · < il ≤ |A(Λ)| (defined by Λ if l = 0)

the Young diagram with a white box added on the ith1 , · · · , ithl positions of Λ.

For example, the (3, 6)-truncated diagram T = (3, 2, 1) has two positions

available, namely we have

T1 = (3, 3, 1) T2 = (3, 2, 2) T1,2 = (3, 3, 2) .

We could also define

Sq2L : CH∗(Gr(k, n)) −→ CH∗(Gr(k, n))
Λ �−→

∑
T∈A(Λ) T

,

which is a lift of the Steenrod square.

Proposition 4.10. Suppose Λ (twisted or not) is irredundant.

1. If Λ is even, we set SΛ = {Λ} otherwise

SΛ = Sq2L ({Λi1,··· ,il |i1 > 1}).

It’s a Z/2-basis of Ker(Sq2L ) ∩ Z/2Ā(Λ).
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2. If Λ is even, we set SΛ = {Λ} otherwise

SΛ = Sq2L ({Λi1,··· ,il |i1 > 1}) ∪ {2Λi1,··· ,il |i1 > 1}.

It’s a Z-basis of Ker(Sq2L ◦ π) ∩ ZĀ(Λ).

Proof. We may assume Λ is not full.

1. We have

Ker(Sq2L ) ∩ Z/2Ā(Λ) = Im(Sq2L ) ∩ Z/2Ā(Λ)

by the proof of Proposition 4.8. Hence their generators are just
Sq2L ({Λi1,··· ,il}), which is graded by l. If l = 0, Sq2L (Λ) �= 0 since
Λ is not full. So we suppose l > 0. The set S is linearly indepedent
because Sq2L (Λi1,··· ,il), i1 > 1 has coefficient 1 in Λ1,j1,··· ,jl if and only
if (j1, · · · , jl) = (i1, · · · , il). On the other hand, suppose i2 > 1. The
equation

Sq2L (Sq2L (Λi2,··· ,il)) = 0

shows that Sq2L (Λ1,i2,··· ,il) ∈ Z/2S. So we have proved that SΛ is a
basis.

2. Denote by C = Z{Λi1,··· ,il}, i1 > 1 and T = {Sq2L ({Λi1,··· ,il |i1 > 1})}.
So a system of generators is {2Λi1,··· ,il} ∪ T . For each t ∈ T , it could
be written as ϕ(t) + t′ where ϕ(t) ∈ {Λ1,i2,··· ,il} and t′ ∈ C. The ϕ
is injective. If

∑
j αjtj ∈ 2 · C where tj ∈ T are distinct, we have∑

j αjϕ(tj) = 0 hence αj = 0 for all j. So SΛ is linearly independent.
On the other hand, suppose i2 > 1. We have∑

j /∈{i2,··· ,il}
Λj,i2,··· ,il ∈ T,

which shows that 2Λ1,i2,··· ,il ∈ ZSΛ. Hence SΛ is a basis.

Corollary 4.11. There are decompositions

Ker(Sq2L ◦ π) =
⊕

Λ irredundant

ZSΛ.

For convenience, we define

Kert(Sq
2 ◦ π) = Ker(Sq2 ◦ π)/Nk,n

Kert(Sq
2
O(1) ◦ π) = Ker(Sq2O(1) ◦ π)/Mk,n.
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Recall the notations in [Wen18a] that we define ci = ci(Uk,n), c
⊥
i =

ci(U ⊥
k,n), ek = e(Uk,n), e

⊥
n−k = e(U ⊥

k,n) and similarly for pi and p⊥i .

Proposition 4.12. 1. If k(n− k) is odd, we have isomorphisms

γ : CH i(Gr(�k2�,
n
2 − 1)) −→ N4i

k,n

σa1,··· ,al
�−→ σ··· ,2aj ,2aj ,···

γ′ = σn−k,1k−1 · γ : CH i(Gr(�k
2
�, n

2
− 1)) −→ N4i+n−1

k,n .

Moreover, there is a W(F )-algebra isomorphism

λ : CH∗(Gr(�k2�,
n
2 − 1))⊗Z W(F ) −→ H4∗(Gr(k, n),W)
ci �−→ p2i
c⊥i �−→ p⊥2i

and a group isomorphism

λ′ : CH i(Gr(�k2�,
n
2 − 1))⊗Z W(F ) −→ H4i+n−1(Gr(k, n),W)
σ �−→ λ(σ) · R .

Recall here the R is the orientation class (see [Wen18a, Theorem 6.4]).

2. If k(n− k) is even, we have an isomorphism

γ : CH i(Gr(�k2�, �
n
2 �)) −→ N4i

k,n

σ··· ,aj ,··· �−→ σ··· ,2aj ,2aj ,···
.

Moreover, there is an W(F )-algebra isomorphism

λ : CH∗(Gr(�k2�, �
n
2 �))⊗Z W(F ) −→ H4∗(Gr(k, n),W)

ci �−→ p2i
c⊥i �−→ p⊥2i

.

3. If k is even and n �= 0 (mod 4), we have isomorphisms

γ1 = σ1k · γ : CH i(Gr(�k
2
�, �n− 1

2
�)) −→ M4i+k

k,n

λ1 : CH i(Gr(�k2�, �
n−1
2 �))⊗Z W(F )−→H4i+k(Gr(k, n),W(O(1)))

σ �−→ λ(σ) · ek
.
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4. If n− k is even and n �= 0 (mod 4), we have isomorphisms

γ2 = σn−k · γ : CH i(Gr(�k − 1

2
�, �n− 1

2
�)) −→ M4i+n−k

k,n

λ2 : CH i(Gr(�k−1
2 �, �n−1

2 �))⊗Z W(F )−→H4i+n−k(Gr(k, n),W(O(1)))
σ �−→ λ(σ) · e⊥n−k

.

5. If k(n− k) is even and n ≡ 0 (mod 4), we have isomorphisms

γ3 = γ1 ⊕ γ2 : CH i(Gr(�k
2
�, �n− 1

2
�))

⊕ CH i+ 2k−n

4 (Gr(�k − 1

2
�, �n− 1

2
�)) −→ M4i+k

k,n

λ3 = λ1 ⊕ λ2 : (CH i(Gr(�k
2
�, �n− 1

2
�))

⊕ CH i+ 2k−n

4 (Gr(�k − 1

2
�, �n− 1

2
�)))⊗Z W(F )

−→ H4i+k(Gr(k, n),W(O(1))).

In all other cases, M i
k,n and N i

k,n vanishes.

Proof. Follows from [Wen18a, Theorem 6.4], [Wen18b, Proposition 3.14],

Lemma 4.3 and 4.4.

Theorem 4.13. 1. If k is odd and n is even, Th(OGr(k,n)(1)) splits in

D̃M(pt,Z) and we have

Th(OGr(k,n)(1)) = Th(OGr(k−2,n−2)(1))(2n− 2k)[4n− 4k]

⊕ Th(OGr(k,n−2)(1))

⊕ Z(Gr(k − 1, n− 2))/η(n− k)[2n− 2k].

Moreover, we have

WW (Th(OGr(k,n)(1))) = ∅.

2. If n− k is even, Th(OGr(k,n)(1)) splits D̃M(pt,Z) and we have

Th(OGr(k,n)(1)) = Th(OGr(k,n−1)(1))

⊕ Z(Gr(k − 1, n− 1))(n− k + 1)[2n− 2k + 2].
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Moreover, if k is even, we have

WW (Th(OGr(k,n)(1))) ⊆ 4Z+ n− k + 1 ∪ (4Z+ k + 1)

otherwise

WW (Th(OGr(k,n)(1))) ⊆ 4Z+ n− k + 1.

3. If k is even and n is odd, Th(OGr(k,n)(1)) splits D̃M(pt,Z) and we
have

Th(OGr(k,n)(1)) = Th(OGr(k−1,n−1)(1))⊕Z(Gr(k, n−1))(k+1)[2k+2].

Moreover, we have

WW (Th(OGr(k,n)(1))) ⊆ 4Z+ k + 1.

4. If n− k is odd, Z(Gr(k, n)) splits D̃M(pt,Z) and we have

Z(Gr(k, n)) = Z(Gr(k, n−1))⊕Th(OGr(k−1,n−1)(1))(n−k−1)[2n−2k−2].

Moreover, if k is even, we have

WW (Z(Gr(k, n))) ⊆ 4Z

otherwise

WW (Z(Gr(k, n))) ⊆ 4Z ∪ (4Z+ n− 1).

5. If n− k is even, Z(Gr(k, n)) splits D̃M(pt,Z) and we have

Z(Gr(k, n)) = Z(Gr(k− 1, n− 1))⊕ Th(OGr(k,n−1)(1))(k− 1)[2k− 2].

Moreover, we have

WW (Z(Gr(k, n))) ⊆ 4Z.

Proof. Define the partial order ≤ on (k, n) by (k′, n′) ≤ (k, n) iff k′ ≤ k and
n′ ≤ n. We suppose that all the statements are true for any (k′, n′) < (k, n).
Let us prove the statements for (k, n). The cases for k = 0, 1 have already
known.

1. Set M = Th(OGr(k,n)(1)|Gr(k,n)\Gr(k−2,n−2)) and p1 : Gr(1, 2)×Gr(k−
1, n−2) −→ Gr(1, 2). By Proposition 3.2, we have Gysin triangles (see
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Proposition 2.4)

Th(OGr(k,n−2)(1)) −→ M −→ Th(p∗1O(1))(n−k−1)[2n−2k−2] −→ · · · [1];

M −→ Th(OGr(k,n)(1)) −→ Th(OGr(k−2,n−2)(1))(2n−2k)[4n−4k] −→ · · · [1].
Now we know that

Th(p∗1O(1)) = Z(Gr(k−1, n−2))⊗Th(OP1(1)) = Z(Gr(k−1, n−2))/η(1)[2]

so WW (Th(p∗1O(1))) = ∅. Hence the first triangle splits. Moreover,
WW (Th(OGr(k−2,n−2)(1))) = ∅ by induction, hence the second trian-
gle splits as well.

2. By the Gysin triangle related to Gr(k − 1, n − 1) −→ Gr(k, n) and
Proposition 2.20.

3. By the Gysin triangle related to Gr(k, n− 1) −→ Gr(k, n).
4. By the Gysin triangle related to Gr(k − 1, n − 1) −→ Gr(k, n) and

Proposition 2.20.
5. By the Gysin triangle related to Gr(k, n−1) −→ Gr(k, n) and Propo-

sition 2.20.

Remark 4.14. Since all Thom spaces of Grassmannians split, we could ap-

ply Proposition 2.22 and 4.10 to give an additive basis of C̃H
∗
(Gr(k, n),L ).

For example, suppose (k, n) = (2, 4) or (k, n) = (3, 6).

GW(F ) Z

C̃H
∗
(Gr(2, 4)) 1, σ22 2σ1, 2σ2, σ2,1, σ2 + σ12

C̃H
∗
(Gr(3, 6))

1, σ22 ,
σ3,1,1, σ33

2σ1, σ2 + σ12 , 2σ2, σ2,1, 2σ3, σ3,1, 2σ13 ,
σ2,1,1, 2σ3,2, σ3,3, 2σ2,2,1, σ23 , 2σ3,2,1, 2σ3,3,1,

σ3,3,1 + σ3,2,2, σ3,3,2

C̃H
∗
(Gr(2, 4), O(1)) σ2, σ12 2, σ1, 2σ2,1, σ22

C̃H
∗
(Gr(3, 6), O(1))

2, σ1, 2σ2, σ3, 2σ12 , σ13 , 2σ2,1, 2σ3,1,
2σ2,2, 2σ3,2, σ3,1 + σ2,2 + σ2,1,1, σ3,2 + σ3,1,1,
σ3,2 + σ2,2,1, σ3,2,1, 2σ3,3, σ3,3,1, 2σ23 , σ3,2,2,

2σ3,3,2, σ33

Proposition 4.15. 1. For every s ∈ C̃H
i
(Gr(k, n)), it could be written

as s1 + s2 where s1 ∈ GW(F )[pj , p
⊥
j ]⊗∧[R] (the orientation class R

won’t appear if k(n− k) is even) and s2 ∈ Kert(Sq
2 ◦ π)i.

2. For every s ∈ C̃H
i
(Gr(k, n), O(1)), it could be written as s1+s2 where

s1 ∈ GW(F )[pj , p
⊥
j , ek, e

⊥
n−k] and s2 ∈ Kert(Sq

2
O(1) ◦ π)i.

Proof. 1. Suppose that s corresponds to (u, v) ∈ H i(Gr(k, n), Ii) ⊕
CH i(Gr(k, n)). By [Wen18a, Theorem 6.4], u can be written as u1+u2
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where

u1 = ϕ(pj , p
⊥
j )

for some polynomial ϕ with coefficients in W(F ) and u2 ∈ Im(β). The
ϕ can be lifted to

ψ ∈ GW(F )[pj , p
⊥
j ]⊗ ∧[R] ⊆ C̃H

∗
(Gr(k, n)).

Hence s−ψ ∈ 2N i
k,n+Kert(Sq

2◦π)i ⊆ C̃H
i
(Gr(k, n)) (see Proposition

2.25). Then we could find

ψ′ ∈ h ·GW(F )[pj , p
⊥
j ]⊗ ∧[R]

such that s− ψ − ψ′ ∈ Kert(Sq
2 ◦ π)i ⊆ C̃H

i
(Gr(k, n)).

2. Same proof as (1).

Proposition 4.16. For every j ∈ N, we have a map ϕj such that the
following diagram commutes

N j
k,n

ϕj

Hj(Gr(k, n),W)

Ker(Sq2)j Ej(Gr(k, n))

.

Thus we obtain an injection

u : N j
k,n ⊗Z GW(F ) −→ C̃H

j
(Gr(k, n)).

When k(n − k) is odd, the element u(σn−k,1k−1) is denoted by R, which is
the orientation class.

Proof. Let us prove the first statement. The second follows from Theorem
2.22.

1. Suppose j = 4i and let ϕj = λ ◦ γ−1. The Im(Sq2) is an ideal of
Ker(Sq2), which is an subalgebra of Ch∗(Gr(k, n)). Denote by ∼ the
equivalent relation on Ker(Sq2) modulo by Im(Sq2). So it suffices to
prove that for every n− k ≥ a1 ≥ · · · ≥ ak ≥ 0, we have

d :=

∣∣∣∣∣∣
σ2a1

σ2a1+2 · · ·
σ2a2−2 σ2a2

· · ·
· · ·

∣∣∣∣∣∣
2

∼ γ(σa1,··· ,ak
)
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by the Giambelli formula. Suppose that at = 0 if t > l. Let us prove
by induction on l. If l = 1, we have

σ2
2j = γ(σj) + Sq2(σ4j−1 + σ4j−3,2 + · · ·+ σ2j+1,2j−2).

In general case, the Cramer’s rule and induction gives

d ∼
l∑

j=1

γ(σaj−j+1)γ(σa1+1,··· ,aj−1+1,aj+1,··· ,al
).

Again the Cramer’s rule says

σa1,··· ,al
=

l∑
j=1

σaj−j+1σa1+1,··· ,aj−1+1,aj+1,··· ,al

so it remains to prove that

γ(σaσa1,··· ,al
) ∼ γ(σa)γ(σa1,··· ,al

)

for arbitrary a, a1, · · · , al. It suffices to prove the untruncated case
at first, then apply the truncation map. But by Proposition 4.8, it
suffices to compare their coefficients on even Young diagrams, which
is obvious.

2. Suppose that j = 4i+n−1, that k(n−k) is odd and let ϕj = λ′ ◦γ′−1.
The statement follows from (1) since we have

Sq2(x) · σn−k,1k−1 = Sq2(x · σn−k,1k−1).

3. Otherwise N j
k,n vanishes.

Proposition 4.17. For every j ∈ N, we have a map ψj such that the
following diagram commutes

M j
k,n

ψj

Hj(Gr(k, n),W(O(1)))

Ker(Sq2O(1))j Ej(Gr(k, n), O(1))

.

Thus we obtain an injection

v : M j
k,n ⊗Z GW(F ) −→ C̃H

j
(Gr(k, n), O(1)).
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Proof. 1. If k is even, n �= 0 (mod 4) and j = 4i+k, we set ψj = λ1 ◦γ−1
1 .

Then the statement follows from Proposition 4.16 because we have

Sq2(x) · σ1k = Sq2O(1)(x · σ1k).

2. If n−k is even, n �= 0 (mod 4) and j = 4i+n−k, we set ψj = λ2 ◦γ−1
2 .

Then the statement follows from Proposition 4.16 because we have

Sq2(x) · σn−k = Sq2O(1)(x · σn−k).

3. If k(n−k) is even, n = 0 (mod 4) and j = 4i+k, we set ψj = λ3 ◦γ−1
3 .

Then the statement follows from (1) and (2).
4. Otherwise M j

k,n vanishes.

The Proposition 4.16 and 4.17 were partially announced in [Wen18b,
Proposition 3.6]. We gave the complete version for clarity.

Definition 4.18. Suppose Λ = (a1, · · · , al) is an irredundant Young dia-
gram, which is untwisted and L = OGr(k,n) (resp. twisted and L = O(1)).

If Λ is even, define

p(Λ) = u(Λ) ∈ C̃H
|Λ|

(Gr(k, n),L )

by Proposition 4.16.
Otherwise for every 1 < i1 < · · · < il ≤ |A(Λ)|, define

c(Λi1,··· ,il) ∈ η
|Λi1,··· ,il |
MW (Gr(k, n),L )

to be the unique morphism corresponding to

(Λi1,··· ,il , Sq
2
L (Λi1,··· ,il))

by Theorem 2.8, where the Sq2 here is the integral lift (see remarks before
Proposition 4.10).

Theorem 4.19. In the context above, we have:

1. The morphism

Z(Gr(k, n))
(p(Λ),c(Λi1,··· ,il))−−−−−−−−−−−→

⊕
Λ even

Z((|Λ|))

⊕
⊕

Λ irred. not full,i1>1

Z/η((|Λi1,··· ,il |))
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is an isomorphism in D̃M(pt,Z).

2. The morphism

Th(OGr(k,n)(1))
(p(Λ),c(Λi1,··· ,il ))−−−−−−−−−−−→

⊕
Λ even

Z((|Λ|+ 1))

⊕
⊕

Λ irred. not full,i1>1

Z/η((|Λi1,··· ,il |+ 1))

is an isomorphism in D̃M(pt,Z).

Proof. We adopt the notations in Proposition 2.24.

1. Suppose Λ is even. We have

γ(u(Λ)) = Λ

by Proposition 4.16. Suppose (x, y) ∈ ηnMW (Gr(k, n)). We showed in

Proposition 2.24 that

γ(h(x, y)) = 2x γ(∂(x, y)) = y .

So the {c(Λi1,··· ,il)|i1 > 1} is just the basis of Kert(Sq
2 ◦ π) given in

Proposition 4.10. By Theorem 4.13, we suppose

Z(Gr(k, n)) =
⊕
i

Z(i)[2i]⊕wi ⊕
⊕
j

Z/η(j)[2j]⊕tj .

By [Wen18b, Proposition 3.14] and Proposition 4.10, we have

wi = |{Λ|Λ is even, |Λ| = i}|

wi + ti + ti−1 = rank(Ker(Sq2 ◦ π)i).

Then the statement follows.

2. Same proof as above.

As an application of Theorem 4.19, we could discuss the invariance of

Chow-Witt cycles of trivial Grassmannians under linear automorphisms.

Proposition 4.20. Let X ∈ Sm/F , E be a vector bundle of rank n on X

and ϕ ∈ AutOX
(E ). The morphism Gr(k, ϕ) = Id in DM(pt,Z).
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Proof. It suffices to prove that Gr(k, ϕ) keeps Chern classes of the tautologi-

cal bundle U invariant by the Grassmannian bundle theorem in Voevodsky’s

motives (see [Sem06, Proposition 2.4] and the construction of cE in Propo-

sition 5.4), which follows from construction.

Proposition 4.21. Suppose that X ∈ Sm/F , ϕ ∈ GLn(O
⊕n
X ) and that

p : X ×Gr(k, n) −→ Gr(k, n) is the projection. We have

Gr(k, ϕ) = Id

in D̃M(pt,Z) if one of the following conditions hold:

1. The ϕ is an elementary matrix (see [Ana16, Definition 3]);

2. The k(n− k) is even and 2CH∗(X) = 0.

3. The k(n − k) is odd, 2CH∗(X) = 0 and ϕ =

(
g2

Id

)
where g :

X −→ Gm is an invertible function.

Proof. The Theorem 4.19 gives us the formulas

Z(X×Gr(k, n)) ∼=
⊕

Λ even

Z(X)((|Λ|))⊕
⊕

Λ irred. not full,i1>1

Z(X)/η((|Λi1,··· ,il |))

and

C̃H
i
(X×Gr(k, n)) ∼=

⊕
Λ even

C̃H
i−|Λ|

(X)⊕
⊕

Λ irred. not full,i1>1

η
i−|Λi1,··· ,il |−1
MW (X).

1. Essentially the same as in [Ana16, Lemma 1].

2. Suppose s ∈ C̃H
i
(X × Gr(k, n)) is equal to the pullback of t ∈

C̃H
i
(Gr(k, n)) along p. Let us consider its behaviour under Gr(k, ϕ)∗.

By Proposition 4.15 and Proposition 2.25, t = t1 + t2 where t1 ∈
GW(F )[pj , p

⊥
j ] and t2 ∈ Kert(Sq

2 ◦ π)i ⊆ Im(∂). But ηi−1
MW (X ×

Gr(k, ϕ)) = Id by Proposition 4.20 and [Yan21b, Theorem 4.13].

Hence Gr(k, ϕ)∗(p∗(t2)) = p∗(t2) by the commutative diagram

ηi−1
MW (X ×Gr(k, n))

∂

Gr(k,ϕ)∗

C̃H
i
(X ×Gr(k, n))

Gr(k,ϕ)∗

ηi−1
MW (X ×Gr(k, n))

∂
C̃H

i
(X ×Gr(k, n))

,
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while the corresponding result for t1 is clear. So Gr(k, ϕ)∗(s) = s.
Then the statement follows from [Yan21b, Theorem 4.13].

3. The Gr(k, ϕ) is equal to the composite

X ×Gr(k, n)
Γg×IdGr(k,n)−−−−−−−−→ X ×Gm ×Gr(k, n)

IdX×u−−−−→ X ×Gr(k, n)

where Γg is the graph of g and u is the morphism

Gm × Gr(k, n) −→ Gr(k, n)
t , (x1, · · · , xn) ∈ V �−→ (t2x1, x2, · · · , xn) ∈ t · V .

But the squaring morphism −2 : Gm −→ Gm is the multiplication by
h (see the proof of [Yan21b, Proposition 5.16]) and [Z(Gr(k, n))(1)[1],
Z(Gr(k, n))]MW is a direct sum of W(F ) by [Yan21b, Proposition

5.4]. Hence u coincides with the projection map in D̃M(pt,Z). Hence

Gr(k, ϕ) = Id in D̃M(pt,Z) by loc. cit..

5. Theorems of fiber bundles

Definition 5.1. For every Young diagram Λ = (a1, · · · , al), we define its
transpose ΛT = (b1, · · · , bs) by

bi = # of boxes in i-th column of Λ

where s = # of columns in Λ. If Λ is (k, n)-truncated, ΛT is understood as
(n− k, n)-truncated.

Suppose x(n) is a set of n indeterminants. Denote by ei(x
(n)) (resp.

hi(x
(n))) the elementary (resp. complete) symmetric polynomial of degree i.

Define the Schur function

sΛ(x
(n)) = det(hΛi−i+j(x

(n))) = det(eΛT
i −i+j(x

(n))).

Let us state a result between Schur functions and the Steenrod square,
which has been essentially proved in [Wen18b, Theorem 4.2].

Proposition 5.2. Let R be a commutative ring with identity and x1, · · · , xn
are indeterminants. Define

xa1,··· ,al
=

∣∣∣∣∣∣
xa1

xa1+1 · · ·
xa2−1 xa2

· · ·
· · ·

∣∣∣∣∣∣
l×l

where ai ∈ N for every 1 ≤ i ≤ l, x0 := 1 and xi := 0 if i /∈ [0, n].
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If R = Z/2, define Sq2 : R[x1, · · · , xn] −→ R[x1, · · · , xn] to be the R-

derivation satisfying

Sq2(xi) = (i+ 1)xi+1 + x1xi.

We have

1. The {xa1,··· ,al
}n≥a1≥···≥al≥0 form an R-basis of R[x1, · · · , xn].

2. Suppose a1 ≥ · · · ≥ al and 1 ≤ t ≤ n, we have the Pieri formula

xtxa1,··· ,al
=

∑
b=(b1,··· ,bl+1)

xb

where b1 ≥ · · · ≥ bl+1,
∑

bi = t+
∑

ai and ai ≤ bi ≤ ai−1 for every i.

3.

Sq2(xa1,··· ,al
) =

l∑
i=1

(ai − i+ 1)x··· ,ai−1,ai+1,ai+1,··· + l · xa1,··· ,al,1.

4. We have

Ker(Sq2) = Im(Sq2)⊕N

where N is the vector space generated by xa1,··· ,al
where (a1, · · · , al) is

completely even (see [Wen18b, Definition 3.8]).

5. Suppose a1 ≥ · · · ≥ al. We have∣∣∣∣∣∣
x2a1

x2a1+2 · · ·
x2a2−2 x2a2

· · ·
· · ·

∣∣∣∣∣∣
2

l×l

= x2a1,··· ,2al
+ Im(Sq2).

Proof. Set

si : N×l −→ N×l

(a1, · · · , al) �−→ (· · · , ai−1, ai + 1, ai+1, · · · )
.

Recall we have the Cramer’s rule

xa1,··· ,al
=

l∑
i=1

(−1)i−1xai−i+1x(s1···si−1)(···âi··· ).
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It implies that

l∑
i=1

(−1)i−1xai−i+2x(s1···si−1)(···âi··· ) = 0.

The ei(y1, · · · , yn), i = 1, · · · , n are algebraically independent so we may

as well set xi = ei. Then the R[x1, · · · , xn] is identified with symmetric

polynomials in R[y1, · · · , yn] and {xa1,··· ,al
} are Schur polynomials.

1. This is because the Schur polynomials form a basis of the symmetric

polynomials.

2. The statement follows from the Pieri formula of Schur polynomials.

3. It’s easy to verify the statement when l = 1. Let us prove by induction

on l and suppose l ≥ 2. We have

Sq2(xa1,··· ,al
)

=

l∑
i=1

Sq2(xai−i+1x(s1···si−1)(···âi··· ))

=

l∑
i=1

((ai − i+ 2)xai−i+2 + x1xai−i+1)x(s1···si−1)(···âi··· )

+

l∑
i=1

(l − 1)xai−i+1x(s1···si−1)(···âi··· ,1)

+

l∑
i=1

xai−i+1(

i−1∑
j=1

(aj − j + 2)x(sjs1···si−1)(···âi··· )

+

l∑
j=i+1

(aj − j + 2)x(sj−1s1···si−1)(···âi··· ))

=

l∑
i=1

((ai− i+1)xai−i+2+x1xai−i+1)x(s1···si−1)(···âi··· )+(l− 1)xa1,··· ,al,1

+

l∑
i=1

xai−i+1(

i−1∑
j=1

(aj − j + 2)x(sjs1···si−1)(···âi··· )

+

l∑
j=i+1

(aj − j + 2)x(sj−1s1···si−1)(···âi··· ))
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=

l∑
i=1

(ai− i+ 1)xai−i+2x(s1···si−1)(···âi··· ) + l · xa1,··· ,al,1

+

l∑
i=1

xai−i+1(

i−1∑
j=1

(aj − j + 1)x(sjs1···si−1)(···âi··· )

+

l∑
j=i+1

(aj − j + 1)x(sj−1s1···si−1)(···âi··· ))

=

l∑
i=1

(ai − i+ 1)x··· ,ai−1,ai+1,ai+1,··· + l · xa1,··· ,al,1.

4. It is easy to show that Sq2(Sq2(xi)) = 0 for every i. Then

Sq2(Sq2(
∏
j

xij )) =
∑
k

Sq2(Sq2(xik))
∏
j �=k

xij = 0.

Hence Sq2 ◦Sq2 = 0. Then the proof is essentially the same as Lemma
4.7 and Proposition 4.8.

5. The proof is essentially the same as in Proposition 4.16.

Given a vector bundle E on X, we have a tautological exact sequence
on Gr(k,E ) which relates E , UE and U ⊥

E . It is interesting to express Schur
functions of Chern roots of one of them in terms of the other two.

Proposition 5.3. Let f(t) = 1−a1t+ · · ·+(−1)kakt
k, g(t) = 1−b1t+ · · ·+

(−1)n−kbn−kt
n−k and h(t) = 1− c1t+ · · ·+ (−1)ncnt

n, where t is an inde-
terminant and all coefficients live in some commutative ring with identity.
We could define aΛ, bΛ, cΛ for every Young diagram Λ as in Proposition 5.2.
Suppose that

f(t)g(t) = h(t).

1. We have ∑m
i=0(−1)ib1icm−i = am

∑m
i=0(−1)ia1icm−i = bm∑m

i=0(−1)ibic1m−i = a1m

∑m
i=0(−1)iaic1m−i = b1m

for every m ∈ N (a0 := 1 and ai := 0 if i �= [0, k], similar convention
for b and c).

2. For every untruncated Young diagram Λ, we have

cΛ =
∑

S1,S2≤Λ

cΛS1,S2
aS1

bS2
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bΛ =
∑

S≤Λ,Sk=0

bS · Z[ci] + ak · Z[ai, cj ] =
∑

S≤Λ,Sk+1=0

bS · Z[ci]

aΛ =
∑

S≤Λ,Sn−k=0

aS · Z[ci] + bn−k · Z[bi, cj ] =
∑

S≤Λ,Sn−k+1=0

aS · Z[ci]

where cΛS,T is the Littlewood-Richardson coefficient.

Proof. We may assume ai = ei(x
(k)), bi = ei(y

(n−k)) and ci = ei(z
(n)), z(n) =

(x(k), y(n−k)).

1. The statements come from the fact that

1
f(t) =

∑∞
i=0 a1iti 1

g(t) =
∑∞

i=0 b1iti .

2. The cΛ is the coproduct of Schur function sΛT (z(n)). So the first equa-
tion follows from [Zel81, 4.18].
The bΛ is the super Schur polynomial sΛT (z(n)/(−x(k))) (see [PT92,
Definition 1.3]). By [PT92, Theorem 3.1], we have

sΛT (z(n)/(−x(k))) =
∑

S1,S2≤Λ

αS1S2
sS1

(−x(k))sST
2
(z(n))

where αS1S2
∈ Z. Hence we have

bΛ =
∑

S1,S2≤Λ

αS1S2
aST

1
cS2

=
∑

S1,S2≤Λ,(S1)k+1=0

αS1S2
aST

1
cS2

and

bΛ =
∑

S1,S2≤Λ

αS1S2
aST

1
cS2

=
∑

S1,S2≤Λ,(S1)k=0

αS1S2
aST

1
cS2

+
∑

S1,S2≤Λ,(S1)k>0

αS1S2
aST

1
cS2

.

But aS is a multiple of ak if S1 ≥ k (which is equivalent to (ST
1 )k > 0)

and

aΛ =
∑

S1,S2≤Λ

βS1S2
bST

1
cS2

where βS1S2
∈ Z by the same arguments before. So we have proved the

second equation. The third one follows symmetrically.

Proposition 5.4. Suppose that X ∈ Sm/F , 2CH∗(X) = 0 and that E is
a vector bundle of rank n on X trivialized by an acyclic covering {Ua} (see
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[Yan21b, Definition 5.12]). Denote by p : Gr(k,E ) −→ X the structure map

and w : C̃H
∗ −→ H∗(−,W(−)) the canonical map.

1. For every element s ∈ ηiMW (Gr(k, n)) there is a canonical element
ϕE (s) ∈ ηiMW (Gr(k,E )) such that ϕE (s)|Ua

is the pullback of s along
Gr(k, n)× Ua −→ Gr(k, n).

2. Suppose both k and n are even, L ∈ Pic(X) and ϕE (s) ∈
ηiMW (Gr(k, n), O(1)). There is a canonical element ϕE (s) ∈
ηiMW (Gr(k,E ), p∗L ⊗ O(1)) such that ϕE (s)|Ua

is the pullback of s
along Gr(k, n)× Ua −→ Gr(k, n).

3. Suppose k(n−k) is even. For every element s ∈ C̃H
i
(Gr(k, n)) there is

an element ψE (s) ∈ C̃H
i
(Gr(k,E )) such that ψE (s)|Ua

is the pullback
of s along Gr(k, n)× Ua −→ Gr(k, n).

4. Suppose both k and n are even and s ∈ C̃H
i
(Gr(k, n), O(1)).

(a) If w(s) ∈ ek · H∗(Gr(k, n),W), there is an element ψE (s) ∈
C̃H

i
(Gr(k,E ), O(1)) such that ψE (s)|Ua

is the pullback of s along
Gr(k, n)× Ua −→ Gr(k, n).

(b) If w(s) ∈ e⊥n−k · H∗(Gr(k, n),W), there is an element ψE (s) ∈
C̃H

i
(Gr(k,E ), p∗det(E )⊗O(1)) such that ψE (s)|Ua

is the pullback
of s along Gr(k, n)× Ua −→ Gr(k, n).

Proof. 1. By [Yan21b, Theorem 4.13] and Proposition 4.10,
ηiMW (Gr(k, n)) ⊆ CH i(Gr(k, n)) ⊕ CH i+1(Gr(k, n)) is freely gener-
ated by elements like

ua1,··· ,al
= (σa1,··· ,al

, Sq2(σa1,··· ,al
)) and va1,··· ,al

= (0, 2σa1,··· ,al
) .

We define a morphism

cE : CH∗(Gr(k, n)) −→ CH∗(Gr(k,E ))

σa1,··· ,al
�−→

∣∣∣∣∣∣
ca1

(U ⊥
E ) ca1+1(U ⊥

E ) · · ·
ca2−1(U ⊥

E ) ca2
(U ⊥

E ) · · ·
· · ·

∣∣∣∣∣∣
l×l

Define

ϕE (va1,··· ,al
) = (0, 2cE (σa1,··· ,al

)).

We have

Sq2(ci(U
⊥

E )) = (i+ 1)ci+1(U
⊥

E ) + c1(U
⊥

E )ci(U
⊥

E )
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in Ch∗(Gr(k,E )) by [Rio12, Proposition 5.5.2]. If (a1, · · · , al) = T ·σ1l

where T is completely even, l is even and Tl+1 = 0, we define

ϕE (ua1,··· ,al
) = (cE (T )cl(UE ), cE (T )(cl+1(UE ) + c1(UE )cl(UE )));

Otherwise define

ϕE (ua1,··· ,al
)

= (cE (σa1,··· ,al
), cE (

l∑
i=1

μ(ai − i+ 1)σ··· ,ai−1,ai+1,ai+1,··· + μ(l)σa1,··· ,al,1))

where
μ : Z −→ {0, 1}

{odd numbers} �−→ 1
{even numbers} �−→ 0

.

We have ϕE (ua1,··· ,al
) ∈ η

∑
ai

MW (Gr(k,E )) by Proposition 5.2. Then we
expand the definition linearly to obtain a map

ϕE : ηiMW (Gr(k, n)) −→ ηiMW (Gr(k,E )).

2. The proof is completely the same as (1). By Proposition 2.8 and 4.10,
ηiMW (Gr(k, n), O(1)) ⊆ CH i(Gr(k, n)) ⊕ CH i+1(Gr(k, n)) is freely
generated by elements like

ua1,··· ,al
= (σa1,··· ,al

, Sq2O(1)(σa1,··· ,al
)) and va1,··· ,al

= (0, 2σa1,··· ,al
) .

We define

ϕE (va1,··· ,al
) = (0, 2cE (σa1,··· ,al

)).

If (a1, · · · , al) = T · σ1l where T is completely even, l is even and
Tl+1 = 0, we define

ϕE (ua1,··· ,al
) = (cE (T ) · cl(UE ), cE (T )(cl+1(UE ) + c1(p

∗L )cl(UE ));

Otherwise we define

ϕE (ua1,··· ,al
) = (cE (σa1,··· ,al

), cE (

l∑
i=1

μ(ai − i+ 1)σ··· ,ai−1,ai+1,ai+1,···

+ μ(l)σa1,··· ,al,1) + δ(E ))

where δ(E ) = c1(p
∗L ⊗O(1))cE (σa1,··· ,al

).
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3. By Proposition 4.15, there is a u′1 = ψ(pj , p
⊥
j ) such that ψ is a polyno-

mial with coefficients in GW(F ) and s−u′1 ∈ Kert(Sq
2 ◦π)i. Suppose

t : Kert(Sq
2 ◦ π)i −→ ηi−1

MW (Gr(k, n))

is a section of ∂ (see Proposition 2.25). Then (π ◦ ϕE ◦ t)(s− u′1) is a
global version of s− u′1. The global version of u′1 exists when k(n− k)
is even, which is

x = ψ(pj(UE ), pj(U
⊥

E )).

Then we set ψE (s) = x+ (π ◦ ϕE ◦ t)(s− u′1).
4. (a) By Proposition 4.15, there is a u′1 = ψ(pj , p

⊥
j , ek) such that

ψ is a polynomial with coefficients in GW(F ) and s − u′1 ∈
Kert(Sq

2
O(1) ◦ π)i. Then proceed the same proof as (3).

(b) By Proposition 4.15, there is a u′1 = ψ(pj , p
⊥
j , e

⊥
n−k) such that

ψ is a polynomial with coefficients in GW(F ) and s − u′1 ∈
Kert(Sq

2
O(1) ◦ π)i. Then proceed the same proof as (3).

Now in order to perform more precise computation, we have to globalize
the elements p(Λ) defined in Definition 4.18 in a canonical way, in addition
to the ϕE defined above. Note that the ψE above is not canonical.

Proposition 5.5. Suppose that X ∈ Sm/F and that E is a vector bundle

of rank n over X. Recall the morphisms γ : C̃H
∗ −→ CH and w : C̃H

∗ −→
H∗(−,W(−)) defined in Proposition 2.24.

1. If Z(Gr(k,E )) splits as an MW-motive, for every completely even
Young diagram

Λ = (· · · , 2ai, 2ai, · · · ),

there is a unique element pE (Λ) ∈ C̃H
|Λ|

(Gr(k,E )) such that

γ(pE (Λ)) = cE (Λ)

w(pE (Λ)) =

∣∣∣∣∣∣
p2a1

(U ⊥
E ) p2a1+2(U ⊥

E ) · · ·
p2a2−2(U ⊥

E ) p2a2
(U ⊥

E ) · · ·
· · ·

∣∣∣∣∣∣ .
2. If Th(OGr(k,E )(1)) splits as an MW-motive, for every even Young di-

agram

Λ = (· · · , 2ai, 2ai, · · · ) · σ1k
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(when it makes sense), there is a unique element pE (Λ) ∈
C̃H

|Λ|
(Gr(k,E ), O(1)) such that

γ(pE (Λ)) = cE (σ··· ,2ai,2ai,···) · ck(UE )

w(pE (Λ)) =

∣∣∣∣∣∣
p2a1

(U ⊥
E ) p2a1+2(U ⊥

E ) · · ·
p2a2−2(U ⊥

E ) p2a2
(U ⊥

E ) · · ·
· · ·

∣∣∣∣∣∣ · e(UE ).

3. If Th(OGr(k,E )(1)⊗ p∗det(E )) splits as an MW-motive, for every even
Young diagram

Λ = (· · · , 2ai, 2ai, · · · ) · σn−k

(when it makes sense), there is a unique element pE (Λ) ∈
C̃H

|Λ|
(Gr(k,E ), p∗det(E )⊗O(1)) such that

γ(pE (Λ)) = cE (σ··· ,2ai,2ai,···) · cn−k(U
⊥

E )

w(pE (Λ)) =

∣∣∣∣∣∣
p2a1

(U ⊥
E ) p2a1+2(U ⊥

E ) · · ·
p2a2−2(U ⊥

E ) p2a2
(U ⊥

E ) · · ·
· · ·

∣∣∣∣∣∣ · e(U ⊥
E )

where p : Gr(k,E ) −→ X is the structure map.

Proof. 1. Suppose |Λ| = n. We have a commutative diagram with squares
being Cartesian

C̃H
n
(Gr(k,E )) Ker(Sq2 ◦ π)n

Hn(Gr(k,E ),W) En(Gr(k,E ))

by Theorem 2.22. Set ci = ci(U ⊥
E ) and pi = pi(U ⊥

E ). Then pi = c2i in
Ch∗(Gr(k,E )). Hence we are to prove that∣∣∣∣∣∣

c2a1
c2a1+2 · · ·

c2a2−2 c2a2
· · ·

· · ·

∣∣∣∣∣∣
2

=

∣∣∣∣∣∣
c2a1

c2a1+1 · · ·
c2a2−1 c2a2

· · ·
· · ·

∣∣∣∣∣∣+ Im(Sq2),

which follows by Proposition 5.2.
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2. Applying Theorem 2.22, the statement follows from same method as
in Proposition 4.17.

3. Applying Theorem 2.22, the statement follows from same method as
in Proposition 4.17.

Suppose f, g ∈ HomC (A,B) are morphisms in some triangulated cate-
gory C . We say that f could be simplified to g if g = h◦f where h ∈ Aut(B).
If B = C ⊕D, any morphism C −→ D gives an element of Aut(C ⊕D) by
an elementary matrix. Simplification of morphisms does not change their
mapping cones.

In the sequel, let R be a commutative ring with identity.

Theorem 5.6. Let S ∈ Sm/F , X ∈ Sm/S be quasi-projective, L ∈ Pic(X)
and E be a vector bundle of rank n over X. Denote by p : Gr(k,E ) −→ X
the structure map.

1. We have

R(Gr(k,E ))/η ∼=
⊕

Λ (k, n)-truncated

R(X)/η((|Λ|))

in D̃M(S,R).
2. If k(n− k) is even, we have

Th(p∗L ) ∼=
⊕

Λ even

Th(L )((|Λ|))

⊕
⊕

Λ irred. not full,i1>1

R(X)/η((|Λi1,··· ,il |+ 1))

in D̃M(S,R).
3. If both k and n are even, we have

Th(p∗L ⊗O(1)) ∼=
⊕

Λ=σn−kT

Th(det(E )∨ ⊗ L )((|Λ|))

⊕
⊕

Λ=σ1kT

Th(L )((|Λ|))

⊕
⊕
i1>1

R(X)/η((|Λi1,··· ,il |+ 1))

in D̃M(S,R), where T is completely even.
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4. If n− k is odd, we have

Th(p∗L ⊗O(1)) ∼=
⊕

Λ even

Th(L )((|Λ|))

⊕
⊕

Λ irred. not full,i1>1

R(X)/η((|Λi1,··· ,il |+ 1))

in D̃M(S,R).
5. If k and n are odd, we have

Th(p∗L ⊗O(1)) ∼=
⊕

Λ even

Th(L ⊗ det(E )∨)((|Λ|))

⊕
⊕

Λ irred. not full,i1>1

R(X)/η((|Λi1,··· ,il |+ 1))

in D̃M(S,R).

6. If k is odd, n is even and e(E ) = 0 ∈ C̃H
n
(X, det(E )∨), there is an

isomorphism

Th(p∗L ) ∼=
⊕

Λ=R·T
Th(L ⊗ det(E )∨)((|Λ|))⊕

⊕
Λ=T

Th(L )((|Λ|))

⊕
⊕

Λ irred. not full,i1>1

R(X)/η((|Λi1,··· ,il |+ 1))

in D̃M(S,R), where T is completely even.

Proof. It suffices to prove the case R = Z and L = OX . Since X is quasi-
projective, by Jouanolou’s trick we may assume X is affine hence there is an
epimorphism O⊕m

X −→ E . So there is a map f : X −→ Gr(n,m) such that
f∗Un,m = E . So we may suppose X = S = Gr(n,m), in particular, Z(X)
splits.

1. By tensoring the formulas in Theorem 4.19 with Z/η we obtain an
isomorphism

Z(Gr(k, n))/η
tΛ−→

⊕
Λ (k, n)-truncated

Z/η((|Λ|))

in D̃M(pt,Z) by [Yan21b, Proposition 5.4]. We have

[Z(Gr(k, n))/η,Z/η((j))]MW = ηj−1
MW (Gr(k, n))⊕ ηjMW (Gr(k, n))
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by strong duality of Z/η (see [Yan21b, Proposition 5.8]). So by Propo-
sition 5.4, we could find

(tΛ)E ∈ [Z(Gr(k,E ))/η,Z/η((|Λ|))]MW

for every Λ such that

(tΛ)E |Ui
= q∗(tΛ)

under the chosen trivialization of E|Ui
where q : Gr(k,E |Ui

) −→
Gr(k, n) is the projection. Then the map

Z(Gr(k,E ))/η
(tΛ)E−−−→ Z/η((|Λ|))

is an isomorphism in D̃M(X,Z) by [Yan21b, Proposition 2.4].
2. We have morphisms

ψE (T ) : Z(Gr(k,E )) −→ Z(X)((|T |))
ϕE (Λ) : Z(Gr(k,E )) −→ Z(X)/η((|Λ|))

by Proposition 5.4, which gives the ismorphism desired using [Yan21b,
Proposition 2.4], where T is completely even and Λ is not full as in
Theorem 4.19.

3. We have morphisms

ψE (σ1kT ) : Th(OGr(k,E )(1)) −→ Z(X)((|σ1kT |+ 1))
ϕE (Λ) : Th(OGr(k,E )(1)) −→ Z(X)/η((|Λ|+ 1))

ψE (σn−kT ) : Th(OGr(k,E )(1)) −→ Th(det(E )∨)((|σn−kT |))

by Proposition 5.4, where T and Λ are same as above. Then proceeds
in the same way as (2).

4. We have morphisms

ψE (σ1kT ) : Th(OGr(k,E )(1)) −→ Z(X)((|σ1kT |+ 1))
ϕE (Λ) : Th(OGr(k,E )(1)) −→ Z(X)/η((|Λ|+ 1))

by Proposition 5.4, where T and Λ are same as above. Then proceeds
in the same way as (2).

5. We have morphisms

ψE (σn−kT ) : Th(OGr(k,E )(1)) −→ Th(det(E )∨)((|σn−kT |))
ϕE (Λ) : Th(OGr(k,E )(1)) −→ Z(X)/η((|Λ|+ 1))
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by Proposition 5.4, where T and Λ are same as above. Then proceeds
in the same way as (2).

6. We will adopt the notation in Proposition 2.24. We have a distin-
guished triangle

Th(OGr(k−1,E )(1))
i∗−→ Th(OGr(k,E⊕OX)(1)) −→ Z(Gr(k,E ))((k + 1))

−→ · · · [1]

where i : Gr(k− 1,E ) −→ Gr(k,E ⊕OX) is the canonical embedding.
By the discussion above, we have already had the splitting formula for
the first two terms, which split by X = Gr(n,m). Then we could apply
the precise classes defined in Proposition 5.5. The idea is to compute
i∗ with respect to their splitting and simplify i∗. We will denote by T
a completely even Young diagram.
Suppose Λ = T · σn+1−k is a (k, n+ 1)-truncated twisted even Young
diagram. If Λk = 0, we have

i∗(pE (Λ)) = pE (Λ)

by Proposition 5.5. Let us suppose Λk > 0, so Tk−1 > 0. By Proposition
2.21, we have∑

a

p2a(UE )t
2a

∑
b

p2b(U
⊥

E )t2b =
∑
c

p2c(q
∗E )t2c

inH∗(Gr(k−1,E ),W)[t], where q is the structure map of Gr(k−1,E ).
Let s = −t2. We obtain the following equation by Proposition 5.3

w(pE (T )) ≡
∑

C≤T,Ck−1=0,C comp. even

w(pE (C)) ·Z[p2c(q∗E )] (mod e(UE )).

Hence

w(pE (Λ)) ≡
∑

C≤T,Ck−1=0,C comp. even

w(pE (C · σn−k+1))

· fC(p2c(q∗E )) (mod e(q∗E )).

where fC is a polynomial with integer coefficients. Hence we could
simplify i∗ to some ϕ via the morphisms

Th(det(E ))((|C|+ n− k + 1))
fC−→ Th(det(E ))((|Λ|))
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for every C above, so that w(pE (Λ) ◦ ϕ) ≡ 0 (mod e(q∗E )). Thus

(π ◦ γ)(pE (Λ) ◦ ϕ) ∈ Im(Sq2q∗E⊗O(1)) (mod e(q∗E ))

by Theorem 2.22. So pE (Λ) ◦ϕ is equal, up to a multiple of e(q∗E ), to
a composite

Th(OGr(k−1,E )(1)) −→ Th(det(E ))/η((|Λ| − 1))
∂−→ Th(det(E ))((|Λ|)),

where the first arrow comes from a sum composites of three kinds,
according to the decomposition given by (3). Let us discuss case by
case:

(a) A composite induced by C = T · σn−k+1.

In this case, the composite factors through i∗ and C �= Λ.

(b) A composite induced by C = T · σ1k−1 .

In this case, C is an irredundant non-even (k, n + 1)-truncated
twisted diagram. There is a commutative diagram

Th(OGr(k−1,E )(1))
i∗

pE (C)

Th(OGr(k,E⊕OX)(1))

ϕE (C)

Z(X)((|C|+ 1)) Z(X)((|C|+ 1))/η

where the lower horizontal arrow is given by the quotient map.
Hence the composite factors through i∗ and C �= Λ.

(c) A composite induced by C which is irredundant and not even.

In this case, the composite factors through i∗ and C �= Λ.

Hence we see that ϕ could be simplified so that

pE (Λ) ◦ ϕ = 0 (mod e(q∗E )).

Suppose Λ = Ci1,··· ,il , i1 > 1 where C is a (k, n + 1)-truncated irre-
dundant twisted Young diagram. If Λk = 0 and |A(Λ)| > 1, there is
an obvious naturality. If Λk = 0 and |A(Λ)| = 1, Λ = T · σ1k−1 is
even, regarded as a (k− 1, n)-truncated twisted Young diagram. Then
ϕE (Λ) ◦ ϕ is the composite

Th(OGr(k−1,E )(1))
pE (Λ)−−−→ Z(X)((|Λ|+ 1)) −→ Z(X)/η((|Λ|+ 1))

by Proposition 5.4. If Λk > 0, we could simplify ϕ according to the
decomposition of Th(OGr(k−1,E )(1)) as above so that ϕE (Λ) ◦ ϕ = 0.
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Now pullback everything along f , the e(q∗E ) all vanish. Summarizing
the computation above, we see that

Z(Gr(k,E )) =
⊕
Λ∈S1

Z(X)((|Λ| − k + 1))

⊕
⊕
Λ∈S2

Th(det(E ∨))((|Λ| − k − 1))

⊕
⊕
Λ∈S3

Z(X)/η((|Λ| − k))

where

S1 = {σ1k−1 · T |T completely even}

S2 = {σn−k+1 · T |Tk−1 > 0, T completely even}

S3 = {Ci1,··· ,il |i1 > 1, Ck > 0, C irredundant and not full}.
Then we obtain the statement by erasing the first column of every
diagram in S1, S2, S3, in order to get bijections between indexes.

Finally we tensor the equations with Th(L ) and apply g# where g : X −→ S
is the structure map.

We note that the (6) above is the most difficult part of the theorem,
which is not a consequence of Proposition 4.21. Because the e(E ) = 0 is a
global condition.

Suppose A ∈ D̃M(pt,Z) splits. In order to compute A, it suffices to

compute its image in DM and D̃Mη by Lemma 2.18. For flag varieties
Gr(d1, · · · , dt), their decompositions in DM are well-known (see [Sem06,
pp. 22]).

Proposition 5.7. For any odd n and M ∈ Pic(Gr(n − 2, n − 1, n))/2,
Th(M ) splits as an MW-motive and we have

Th(M ) =

{
Z[1]⊕ Z[2n− 2] if M = 0

0 else

in D̃Mη. So Th(M ) are mutually isomorphic in D̃M(pt,R) if M �= 0.
Denote by G this common object.

Suppose that S ∈ Sm/F , X ∈ Sm/S is quasi-projective, M ∈
Pic(P(Ωp(1)))/2 and that E is a vector bundle of odd rank n on X. De-
note by p : P(E ) −→ X, q : P(Ωp(1)) −→ P(E ) the structure maps. We
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have

Th(M ) ∼=

⎧⎪⎨
⎪⎩
Th(L )⊗R(Gr(n− 2, n− 1, n))

pn−1(E ) = 0 ∈ H2n−2(X,W)

M = q∗p∗L ,L ∈ Pic(X)/2

R(X)⊗G M /∈ Pic(X)/2

in D̃M(S,R).

Proof. If M does not come from X, Proposition 3.5 shows that we may

suppose M = (q∗L )(1). Then the statements follow from applying Theorem

5.6 on both E and Ωp(1). Otherwise we may suppose S = X = Gr(n,m)

and R = Z as before. The Whitney sum formula for even Pontryagin classes

tells us that

p∗(pn−1(E )) = pn−1(Ωp(1)) = e(Ωp(1))
2 ∈ H2n−2(P(E ),W)

hence they all vanish. The composite

Z(P(Ωp(1)))
·e(Ωp(1))−−−−−→ Th(p∗det(E )(1))(n− 3)[2n− 5]

e(Ωp(1))·p∗

−−−−−−−→∼=
Z(X)(2n− 1)[4n− 3]

is zero by e(Ωp(1))
2 = 0 and the second arrow is an isomorphism after

applying L by Theorem 5.6, so the first arrow is zero. Hence we have

Z(P(Ωp(1))) ∼= Th(p∗det(E )(1))((n−3))⊕Z(P(E ))⊕
n−3

2⊕
i=1

Z(P(E ))/η((2i−1))

by [Yan21b, Corollary 5.15]. Then the statement follows from Theorem 5.6.

Theorem 5.8. Suppose L ∈ Pic(Gr(1, · · · , n))/2. The Th(L ) splits as an

MW-motive. Moreover, we have

1. If n is odd, define deg(a) = 4a− 1. We have

Th(L ) =

{⊕
1≤t≤n−1

2

⊕
1≤a1<···<at≤n−1

2

Z[1 +
∑

s deg(as)] if L = 0

0 else
.

in D̃Mη.
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2. If n is even, define

deg(a) =

{
4a− 1 1 ≤ a ≤ n

2 − 1

n− 1 a = n
2

.

We have

Th(L ) =

{⊕
1≤t≤n

2

⊕
1≤a1<···<at≤n

2

Z[1 +
∑

s deg(as)] if L = 0

0 else
.

in D̃Mη.

So Th(L ) are mutually isomorphic in D̃M(pt,R) if L �= 0. Denote by G
this common object.

Suppose X ∈ Sm/S is quasi-projective, M ∈ Pic(Fl(E ))/2 and E is
a vector bundle of rank n on X. Denote by p : Fl(E ) −→ X the structure
map. We have

Th(M ) ∼=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Th(L )⊗R(Gr(1, · · · , n))

pi(E ), e(E ) = 0 ∈ H∗(X,W(−))

for any i > 0

M = p∗L ,L ∈ Pic(X)/2

R(X)⊗G M /∈ Pic(X)/2

in D̃M(S,R).

Proof. In the context of Definition 3.4, we have

Yi = Gr(n− i, n− i+ 1,Ωpi−2
).

Then the statements follow from inductively using Proposition 5.7 and
[Yan21b, Corollary 5.15].
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