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Crossed modular categories and the Verlinde
formula for twisted conformal blocks®

TANMAY DESHPANDE AND SWARNAVA MUKHOPADHYAY

In this paper we give a Verlinde formula for computing the ranks of
the bundles of twisted conformal blocks associated with a simple
Lie algebra equipped with an action of a finite group I' and a
positive integral level £ under the assumption “I" preserves a Borel”.
For I = Z/2 and double covers of P, this formula was conjectured
by Birke-Fuchs-Schweigert [23]. As a motivation for this Verlinde
formula, we prove a categorical Verlinde formula which computes
the fusion coefficients for any I'-crossed modular fusion category
as defined by Turaev.

We relate these two versions of the Verlinde formula, by formu-
lating the notion of a I'-crossed modular functor and show that it
is very closely related to the notion of a I'-crossed modular fusion
category. We compute the Atiyah algebra and prove (with the same
assumptions) that the bundles of I-twisted conformal blocks asso-
ciated with a twisted affine Lie algebra define a I'-crossed modular
functor.

We also prove a useful criterion for rigidity of weakly fusion cat-
egories to deduce that the level ¢ I'-twisted conformal blocks define
a I’-crossed modular fusion category. Along the way, we prove the
equivalence between a I'-crossed modular functor and its topologi-
cal analogue. We then apply these results to derive the Verlinde for-
mula for twisted conformal blocks. We also describe the S-matrices
of the I'-crossed modular fusion categories associated with twisted
conformal blocks.
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1. Introduction

The Wess-Zumino-Witten (WZW) model is a two dimensional rational con-
formal theory and conformal blocks associated to these models were explic-
itly constructed in the phenomenal works of Tsuchiya, Ueno, and Yamada
[88]. To a simple Lie algebra g, a positive integer ¢, an n-tuple X of dominant
integral weights of level ¢ (see Section 7) of an untwisted affine Kac-Moody
Lie algebra, the WZW model in [88] associates a vector bundle V}(g,ﬁ) of

finite rank on the Deligne-Mumford-Knudsen moduli stack M, of stable
n-pointed curves of genus g. These vector bundles V}(g, ¢) are known as the

bundles of conformal blocks and their duals Vi(g, /) are referred to as the
sheaves of covacua.

Moreover, these bundles are endowed with a flat projective connection
with logarithmic singularities along the boundary divisor of ﬁg,n and satisfy
[88] the axioms of conformal field theory like factorization and propagation
of vacua (see Section 8). The spaces of conformal blocks can be identified
with the global sections of line bundles on moduli of G-bundles on a curve
[19, 14, 38, 65, 66] as well as refinements of invariants of representations of
a Lie algebra g [37, 88].

In 1987, E. Verlinde conjectured [93] an explicit formula to compute
the rank of the bundle Vi(g,#) which became well known as the Verlinde
formula. Verlinde’s conjectural rank formula was proved for SL(2) indepen-
dently by the works of Bertram, Bertram-Szenes, Daskalopoulos-Wentworth
and M. Thaddeus [20, 21, 28, 86]. The Verlinde formula for classical groups
and Gg was proved by G. Faltings [38] and for all groups by C. Teleman
[85]. Later, it was also proved by Alekseev-Meinrenken-Woodward, Jeffrey-
Kirwan [4, 59]. The Verlinde conjecture in full generality has been proved
by Huang [56, 57] in a general set-up of vertex algebras. Verlinde’s formula
is a central and a distinguishing feature in this subject and we refer to
[1, 17, 72, 73, 74] for some applications to representation theory and alge-
braic geometry. We now discuss the twisted set-up.

Twisted WZW models associated to order two diagram automorphisms
of a simple Lie algebra were constructed and studied by Shen-Wang [95] and
also by Birke-Fuchs-Schweigert [23]. Starting with a vertex algebra along
with an action of a finite group I', Frenkel-Szczesny [46] constructed orb-
ifold conformal blocks. More precisely, given a pointed I'-cover (5’ ,C,p,p)
of a smooth curve C' with n marked points p = (p1,...,pn) along with a
lift p, they attached a twisted module for a vertex algebra. This construc-
tion can be (Szczesny [84]) carried out in families of stable curves to get a
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quasi-coherent sheaf Vi on the stack Mg}n of pointed I'-cover introduced in
Jarvis-Kimura-Kaufmann [58] along with a flat projective connection on the
open part Mg}n. Recently, extensions to the boundary of ﬁgn have been
considered by several authors.

In her thesis, C. Damiolini [27] considered twisted conformal blocks as-
sociated to I'-covers of curves where the marked points are étale. She proved
factorization, propagation of vacua, the existence of projective connections,
and local freeness under the assumption that |I'| is of prime order.

In [54], Hong-Kumar studied I'-twisted WZW-models associated to an
arbitrary I'-twisted affine Kac-Moody Lie algebra under the assumption that
“I" preserves a Borel subalgebra of g”. They construct a locally free sheaf
over ﬁgn that satisfies “factorization” and “propagation of vacua”. They
further show that on J\/[g’n twisted conformal blocks admit a flat projec-
tive connection. Similar results for diagram automorphisms of g were also
obtained by the second author independently.

We now briefly recall the notion of twisted conformal blocks [27, 54] and
refer the reader to Section 8 for a coordinate free construction. Let g be a
simple Lie algebra equipped with a I'-action I' — Aut(g). For any ~ el we
consider the twisted affine Kac-Moody Lie algebra (see Section 7.1) L(g, 7).
The set of irreducible, integrable, highest weight representations of L(g,~)
of level £ € Z>1 is denoted by P‘(g,~) (see Section 7.1). If v is trivial, then
P*(g,1d) will often be denoted by Py(g).

Now consider a stable nodal curve C' with n marked points p with a I’
action. Assume that C'\T'-p is affine on which I' acts freely and each com-
ponent has at least one marked point. Consider the corresponding pointed
I-cover (7 : C — C,p,p). Note that for each point ¢ € C, its stabilizer
subgroup I'z < I' is cyclic. This is because we can find a small disk D C C
in the base curve containing 7(¢) such that over the punctured disk D\ ¢, 7
is an unramified I'-cover and noting that the finite connected covers of the
punctured disk are necessarily cyclic.

Let (71, ..,vn) be generators of stabilizers in I' of the points (p1, ..., pn)
determined by using the orientation on the complex curve C. The element
~; will be called the monodromy around the point p;. Suppose for each point
p; we have attached a highest weight integrable module Hy, (g, v;) of weight
\i € PY(g, ;). Let

g‘fx = 5{)\1(9,71) - FH,y, (97'}’71)'

Then the space of twisted covacua can be defined as

OO DD T ~ ~\\T
Vi (C,C,p,p,2) = Hy/ (s @ H(C,05(+I.p)) Hy,
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where z denote a choice of a formal parameter along the points p. The
corresponding vector bundles on m;n will be denoted by er(é, C,p,p)-
Starting with the work of Pappas-Rapoport [77, 78], the moduli stack of
Bruhat-Tits torsor ¢ associated to a pair (G,I' C Aut(G)) has been studied
by several authors [12, 51]. Results of Hong-Kumar [54] (with some restric-
tions on level) and Zelaci [97] (order two automorphisms of SL(r)) connect
twisted conformal blocks with global sections of line bundles on Bun¥.

Pappas-Rapoport [77, 78] ask the following:

Question 1.1. Is there a Verlinde formula for these spaces of non-abelian
theta functions or twisted conformal blocks?

Birke-Fuchs-Schweigert [23] conjectured a twisted Verlinde formula for
I' = Z/2 and a double cover of P! ramified at two points. In this article, we
prove a twisted Verlinde formula that computes the rank of the I'-twisted
conformal blocks for an arbitrary finite group I' with the assumption that
“I" preserves a Borel subalgebra of g”. We now state one of the main results
in this paper—a general twisted Verlinde formula.

Let (C,p) be a smooth genus g curve with n marked points p. The
fundamental group of C'\ p has a presentation of the form

7T1(C \ pv*) = <O‘1761a s 7ag7ﬂg7’713 s >’7n|[alvﬁl] e [O‘gaﬁgh/l o Yn = 1>
Assumption on C. Let us fix a group homomorphism
(1.1) x:m(C\p,*x) »T°CT

with image I'°. Let m; € I" be the image of the loop v; € m(C \ p,*).
This determines (see Section 13.7.2 and also [58, §2.3]) an m-pointed ad-
missible I'-cover (5 — C,p,p) such that all the lifts p lie in the same
connected component of C and the monodromy around the points p is given
by (m1,...,my,). As before, let us assume that we have an action of I' on
the simple Lie algebra g and we fix a level £ € Z>;. Let X = (A1, Ap) with
\; € P(g,m;). We state the following Verlinde formula:

Theorem 1.2. Assume that ‘T preserves a Borel subalgebra of g”. Then
the rank of the twisted conformal blocks bundle V5 .(C,C,p,p) at level £ is
given by the following formula:

ml DY mn
S>\1 M >\n s

(1.2) ranka,F(é,Caﬁ,P): Z (s )n+2g—2’
O,p

peEP(g)*°
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where the summation is over the set of the untwisted dominant integral level-
{ weights of g fized by the subgroup I'° C T, the matrices S™ are the m;-
crossed S-matrices at level { corresponding to the diagram automorphism
class of m; € I and which are described (see also Chapter 13 in [61]) explic-
itly in Proposition 11.1 (see also Corollary 10.7) and where 0 is the trivial
weight in Py(g).

Remark 1.3. We conjecture that the same Verlinde formula holds with-
out the assumption that “I' preserves a Borel subalgebra of g”, however
some 2-cocycles may appear in the general case. This is motivated by the
equivariantization—de-equivariantization correspondence [34] between
I'-crossed modular tensor categories and modular tensor categories contain-
ing Rep(I'). The corresponding modular functor associated with rational
vertex algebras arising from orbifold constructions has been considered by
Nagatomo-Tsuchiya [75] and others. Hence we expect the twisted conformal
blocks to satisfy the factorization and propagation of vacua axioms with-
out the assumption of I' preserving a Borel. This assumption appears here
since it appears in the paper of Hong-Kumar [54], where the proofs of the
factorization theorem and propagation of vacua use this assumption. All our
results will generalize if this assumption is dropped in the work [54].

Remark 1.4. It may appear a priori from the Verlinde formula (1.2) that
the ranks of the twisted conformal blocks do not depend upon the connected
component of the ﬁgn(m). But the formula is dependent on the choice a
group homomorphism x : 71 (C\p,*) — I from (1.1), namely it depends on
the image I'° of x (along with the monodromy data m). The fact that the
ranks only depend on the image I'° is a curious consequence of the triviality
of the 2-cocycles (mentioned in Remark 1.3) in the case when I" preserves a
Borel subalgebra. We also refer to the general categorical analog (Corollary
6.5) where we see that the right hand side will in general depend on the
homomorphism x and not just its image. We refer the reader to Section
13.7.2 and [58, §2.3] for the relations between covers and holonomies x.

Remark 1.5. It is well known that the untwisted S-matrix S of type g and
level £ is a Py(g) x Pp(g) symmetric unitary matrix. On the other hand, for
each m € T, the m-crossed S-matrix S™ is a P(g,m) x P,(g)™ matrix. It
is not immediately clear, but nevertheless true that S™ is a square matrix.
Moreover, S™ is also unitary.

Theorem 1.2 is proved in Section 15 (see Corollary 15.5). We also refer
the reader to Section B.8 where we give a more concrete form of the formula
(1.2) in some special cases. We now discuss the remaining results of this
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article which are motivated by Theorem 1.2 and also the main steps in the
proof of Theorem 1.2. We have divided our paper into three parts.

Part I. There has been a comprehensive study by several authors [70, 82, 88,
96] trying to understand the relations between modular tensor categories,
3-dimensional topological quantum field theory and 2-dimensional modular
functors. A key bridge between these three topics has been conformal blocks
associated to untwisted affine Lie algebras. Moore-Seiberg [70] has proved
a Verlinde formula for any modular fusion category. In the twisted setup,
I'-crossed modular fusion categories have been introduced by V. Turaev [89].

Rigidity of I'-graded categories. We first prove a rigidity result in the categor-
ical set-up of weakly rigid categories. Weakly rigid categories are sometimes
also referred to as Grothendieck-Verdier categories or x-autonomous cate-
gories (see also [25]). We refer the reader to Section 2 for relevant definitions
and a proof (Corollary 2.11) of the following:

Theorem 1.6. Let I' be a finite group and C = ©~crC, be a I'-graded weakly
fusion category such that the identity component of C1 is rigid. Then C is
rigid.
Categorical Verlinde formula. Motivated by the result of Moore-Seiberg [70]
and Verlinde [93], next we prove a Verlinde formula to compute the fusion
rules for I'-crossed modular fusion categories introduced by Turaev [89].
This problem of determining fusion rules of I'-extensions of fusion categories
and of I'-crossed modular categories is also of independent interest and has
also been considered in the contemporaneous work of several authors (see
Bischoff-Jones [24]).

In [30, 31], the first author introduced for each v € T', the notion of
a categorical y-crossed S-matrix denoted by S7 and twisted characters for
any I'-graded Frobenius *-algebra arising from a Grothendieck group K (C)
of a braided I'-crossed fusion category €. We prove a general twisted Verlinde
formula in the setting of I'-crossed braided fusion categories which computes
fusion coefficients in terms of the crossed S-matrices. This generalizes the
work of the first author [32]. We refer to Sections 4, 6 and Theorem 6.3
for more details and also to Corollary 6.5 for a higher genus analog of the
following 3-point genus zero version.

Theorem 1.7. Let € = @ C, be a I'-crossed modular fusion category. Let
yel’
7,2 €' and let Ac C,y,,B € C,, and C € C,,,, be simple objects. Then



166 Tanmay Deshpande and Swarnava Mukhopadhyay

the multiplicity VXB of C in the tensor product A ® B is given by

1 V2 Y172 Y1 Y2 V172
1.3 (o Z SA,D'SB,D' C,D Z SA,D'SB,D.SC,D
( . ) VA,B - S - S 9
1 ) 1,D ( ) 1,D
Dep "2 Dep "t

where the summation is over the simple objects D € Cy fixed by both ~y1,7o
and where the crossed S-matrices are chosen in a compatible way.

Remark 1.8. In general, a y-crossed S-matrix depends on certain choices
and is only well defined up to rescaling rows by roots of unity. In the formula
given by (1.3), we have assumed that the crossed S-matrices are chosen in
a compatible way. In general some cocycles appear in the Verlinde formula
Corollary 6.5. However, in the set up of I'-twisted conformal blocks with I"
preserving a Borel, the cocycles are trivial (see also Remark 15.4).

We also study (see Section 5) a categorical twisted fusion ring K¢ (Cy,7)
for every v € I'. We further show that for each -, the crossed S-matrix S7
determines the character table (Theorem 5.6) of the ring Kc(Ci,v). The
following remark is important:

Remark 1.9. The non-negative integer l/g’ g is a fusion coefficient in the
Grothendieck ring K(C) of the I'-crossed category and not in the categori-
cal twisted fusion ring K¢ (Cy,7) where the fusion coefficients may be non-
integral in general.

Part II. In Section 8, we give a coordinate free construction of the twisted
conformal blocks and discuss the associated descent data coming from propa-
gation of vacua. We show that like the untwisted case [37], twisted conformal
blocks with at least one trivial weight are pull backs (see Proposition 8.6)
along along forgetful-stabilization morphism ﬁgn 4(m, 1) — ﬁgn(m) We
prove the following;:

Theorem 1.10. Suppose that I' preserves a Borel subalgebra of g. Twisted
conformal blocks give a I'-crossed modular fusion category C(g,I", £) = ®~erC,
such that the simple objects of each C, are parameterized by the set P'(g,7)
and

A5 . ~ 1 ~
V)\f,)\g = dlm(c '\7>\1,)\2,>\37F(Ca P P, P, 2)7

where X\; is a simple object of C,, y1.72.73 = 1 and p lies in the same
connected component of C'.



Verlinde formula for twisted conformal blocks 167

We refer the reader to Section 10 for a more precise version (Theorem
10.1) of Theorem 1.10. The proof is given in Part III using the notion of
complex analytic I'-crossed modular functors.

Now given Theorem 1.10, by the categorical Verlinde formula in Theo-
rem 1.7, we get a formula to compute the dimension of the three pointed
twisted conformal block with the base curve P'. However, to complete the
proof of Theorem 1.2, we still need to determine the crossed S-matrices.

Compute categorical crossed S-matrices. We consider the twisted fusion ring
Re(g,7) coming from finite order automorphisms of the Lie algebra g. This
ring was also studied by J. Hong [53, 52]. In the set up of diagram automor-
phism, Hong gives a complete description of the character table of Ry(g, o)
in terms of the characters of the representations rings of the fixed point
algebra g, (see Fuchs-Schweigert [46]).

In Section 9.1.2, we observe that the twisted fusion ring Ry(g,~y) con-
structed from tracing automorphisms of untwisted conformal blocks only
depends on the diagram automorphism class o of . We also observe in (see
Proposition 10.2), that for each v € I, the twisted Kac-Moody fusion ring
Re(g,7) and the categorical twisted fusion ring K¢ (C(g,¢),~y) agree. We ap-
ply these results (along with Proposition 10.5) to compute the categorical
~-crossed S-matrices that appear in the categorical Verlinde formula for the
case of twisted conformal blocks in terms of the character of the ring Ry(g, 7).
This completes the overview of the steps in the proof of Theorem 1.2. We are
now left to discuss the proof of Theorem 1.10 and its more precise version
Theorem 10.1.

Remark 1.11. Works of G. Faltings and C. Teleman [38, 85] determine the
set of characters of Ry(g) as restrictions of representations of the Grothen-
dieck ring R(g) of representations of the Lie algebra g. This combined with
the works of Yi-Zhi Huang ([56], [57]) on rigidity determines the S-matrices
in the untwisted setting. We refer the reader to the work of Dong-Lin-Ng
[33] for a related discussion in the setting of Vertex algebras.

Remark 1.12. A. Ginnory [48] showed that the fusion coefficients of R, (g, o)
could be negative. This negated a suggestion of Hong [53] relating it to the
dimensions of the twisted conformal blocks. It is important to point out
that the statement of Theorem 1.2 involves both crossed and uncrossed S-
matrices for various elements of I" whereas the Verlinde formula (see also
Deshpande [30, Thm. 2.12(iii)]) for the structure constants of Ry(g, o) in-
volves only the o-crossed S-matrix. In the categorical set-up ([30]) for twisted
fusion rings, the fusion coefficient may not be integers.
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Atiyah algebras of a flat projective connection. The description of the Atiyah
algebras will be required in Part III to define the notions of I'-crossed an-
alytic modular functors. Following the approach of the Beilinson-Bernstein
localization functors in Frenkel-Ben-Zvi [43], Szczesny [84], we extend the
construction of the flat projective connections in [54, 84] to a twisted loga-
rithmic connection over the boundary A, , r of ﬁ;n.

Let L be a line bundle on ﬁg’n, we will denote by Ay (resp.
Ar(—log Ay, 1)) the Atiyah algebra (respectively logarithmic Atiyah alge-
bra) of differential operators (respectively differential operators preserving
Agnr) acting on L. The following theorem determines the Atiyah algebra

(Theorem 12.9) of the twisted logarithmic D-module er(é, C,p,p) on
ﬁgm(ml, ...,Mmy), where m = (mq,...,my,) is the monodromy data and
A= (A1,...,\,) as in the statement of Theorem 1.2.

Theorem 1.13. Let A be the pullback of the Hodge line bundle to mgvn
under the natural forgetful back from ﬁgn — ﬁg,n and Z, ’s denote the line

bundles corresponding to i-th Psi-class on ﬁgn. Then the logarithmic Atiyah
algebra

fdimg A
A

0+ (g)) (—log Agnr) + Y NiAy Az (—logAgnr)

=1

acts on the wvector bundle VXF(CN', C,p,p) of twisted conformal blocks at
level £. Here Ay, is the eigenvalue of the twisted Virasoro operators Lo ()

at level £ of the twisted affine Kac-Moody algebra E(g,mi), N; is the order
the element m; € T and h"(g) is the dual Coxeter number of g.

The constants Ay, appearing in the statement of Theorem 1.13 are
known as trace anomalies and are explicitly computed in Lemma 3.6 in
Wakimoto [94]. The Atiyah algebra in Theorem 1.13 appears in our formu-
lation (Section 13.4) of the axioms of C-extended I'-crossed modular functor.

Part III. In the untwisted set up, Bakalov-Kirillov [11] introduce the notion
of a 2-dimensional complex analytic modular functor and uses it to construct
a weakly ribbon braided tensor category. We also refer the reader to the
works of Andersen-Ueno [5, 6]. In [60], Kirillov-Prince define the notion of a
topological I'-crossed modular functor. Analogously, in Section 13, we define
the notion of a I'-crossed complex analytic modular functor generalizing the
notion due to [11]. We refer the reader to Sections 13.4 and 13.6 for the
definition of the notion of a I'-crossed modular functor and for a more precise
version of the following:
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Theorem 1.14. Let C be a C-linear finite semisimple I'-crossed abelian cate-
gory (i.e. equipped with a T'-grading, T'-action and some additional structures
satisfying certain compatibilities, see Defn. 13.4 for details). A C-extended I'-
crossed complex analytic modular functor defines the structure of a braided
['-crossed weakly ribbon category on the category C. Further if the neutral
component Cy is rigid, then the corresponding I'-crossed weakly ribbon cate-
gory C s also rigid.

Remark 1.15. The last part of Theorem 1.14 follows by applying Theorem
1.6 to the first part of Theorem 1.14.

['-crossed modular functor from twisted conformal blocks. We now address
the question of constructing a I'-crossed modular fusion category given the
action of I' on g and a level £. This is the final step in completing the proof
of Theorem 1.10.

For this firstly we need the underlying finite semisimple I'-crossed abelian

category C(g,I',¢) = @@ C,. Fory € T, we take C, to be the finite semisimple
vel’
category whose simple objects are the irreducible, integrable, highest weight

representations of E(g,’y) of level ¢ parameterized by P*(g,7). This is the
underlying I'-crossed abelian category (see §15.1 for details) on which we
want to define the structure of a I'-crossed modular category. Motivated by
results of [15, 11], we prove the following (see Theorem 15.1) in Section 16:

Theorem 1.16. Let I' be a finite group acting on the simple Lie algebra
g and let { € Z>1. Suppose that I' preserves a Borel in g. Then the corre-
sponding I'-twisted conformal blocks define a C-extended I'-crossed modular
functor.

We refer the reader to Section 16 for the details. Now Theorem 1.16
and the first part of Theorem 1.14 provides C(g, I', /) with the structure of a
I'-crossed weakly ribbon category. However, to finish the proof of Theorem
1.10, we still need to answer the following question:

Question 1.17. Is the I'-crossed weakly ribbon category C(g,T',¢) arising
from T'-twisted conformal blocks rigid?

For the untwisted case, it is well known that conformal blocks form a
weakly rigid braided tensor category [11]. Rigidity for these categories has
been proved by Y. Huang [56, 57] and also by Finkelberg [40, 41] (with some
restriction on Lie algebras and levels). In fact, both the proofs of Huang and
Finkelberg use some variant of the Verlinde formula only as an input. Hence
in principle, the same problem persists in the twisted setting. However, in
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the twisted case, we circumvent this issue by applying the results of Huang
[56] which implies C; in C(g, T, ¢) is rigid and hence rigidity follows from the
second part of Theorem 1.14.

Part I: The categorical twisted Verlinde formula. In this first part
of the paper we develop some results about monoidal and fusion categories
that we need in the paper. However, the results obtained in this part are also
of independent interest from the point of view of the theory of fusion and
braided crossed fusion categories. The main result in Section 2 is a criterion
for rigidity in weakly fusion categories. In Section 6 we prove the categorical
twisted Verlinde formula which computes the fusion coefficients of any I'-
crossed modular category in terms of the categorical crossed S-matrices.

2. Rigidity in weakly fusion categories

We begin by reviewing the notions of weak duality and rigidity in monoidal
categories and prove a useful criterion for rigidity. We refer the reader to
Etingof-Nikshych-Ostrik [36] for more details on the theory of monoidal
categories and fusion categories and to Boyarchenko-Drinfeld [25] for more
on weak duality and pivotal/ribbon structures in this setting.

2.1. Monoidal r-categories and weakly fusion categories

We begin by recalling the notion of a monoidal r-category and a weakly
fusion category.

Definition 2.1. A monoidal category (C,®, 1) is said to be an r-category
if (cf. [25]):

(i) For each X € €, the functor € 5 Y — Hom(1, X ® Y) is representable
by an object X*, i.e. we have functorial identifications Hom(1,X ® Y) =
Hom(X*,Y).

(ii) The functor € 5 X — X* € C°P is an equivalence of categories, with the
inverse functor being denoted by X — *X.

Note that the notion of a monoidal r-category that is defined here is dual
to the one considered in [25], namely it corresponds to the weak duality for
the “second tensor product” constructed in op. cit. §3.1.

Remark 2.2. Using both (i) and (ii) from the definition, it follows that
we have functorial identifications for any pair of objects X,Y in a monoidal
r-category C:

(2.1) Hom(1,X ® Y) = Hom(X™,Y) = Hom(*Y, X).
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Definition 2.3. We say that a monoidal category C is a weakly fusion
category over an algebraically closed field k if € is a finite semisimple k-
linear abelian monoidal r-category such that the unit 1 is a simple object.

Remark 2.4. Let A, B,C be simple objects in a weakly fusion category
(C,®,1). As a first step in understanding the tensor product structure, it
is important to consider the multiplicity Vg g of any simple object C' in the
tensor product A ® B. These multiplicities are called the fusion coefficients.
Since C is weakly fusion, this multiplicity is given by

(2.2) Z/XB = dim Hom(C, A ® B) = dimHom(1,A ® B ® C*)
= dim Hom(1,"C ® A® B).

Note that all the Hom-spaces in Equation (2.2) are canonically identified
by the weak duality. Hence the information of all the fusion coefficients
is contained in the multiplicity spaces Hom(1,A4; ® --- ® A,,) for simple
objects A; € €. The dimensions of the spaces (2.2) are known as the fusion
coeflicients.

Let € be any monoidal r-category. By definition, for each object X € C,
we have Hom(1, X ® X*) = Hom(X™*, X*). In particular, we have a canonical
coevaluation morphism coevy : 1 — X ® X*, which we denote pictorially
(where morphisms are read from top to bottom) by

often dropping the unit 1 from the diagram. Using the identification,
Hom(1,X ® Y) = Hom(X™*,Y) = Hom('Y, X),

any morphism f : 1 — X®Y corresponds to a unique morphism f: X" =Y
and *f : *Y — X such that we have the equality of morphisms




172 Tanmay Deshpande and Swarnava Mukhopadhyay

Let us further assume that € is weakly fusion over an algebraically closed
field k. Now by the semisimplicity of € and weak duality, it follows that for
each simple object X € €, the tensor product X ® X* contains 1 as a direct

summand with multiplicity one. Hence the map coev x has a unique splitting
X X*
ex : X ® X* — 1, which we denote pictorially as ex = W such

that we have x xX* =1.

@

2.2. Rigidity in monoidal r-categories

Let us now consider the notion of rigid duals. Let us begin by recalling the
definition (see [36] for more):

Definition 2.5. An object X in a monoidal category C is said to have a left
(rigid) dual X* if and only if the functor X*®(-) is left adjoint to the functor
X ®(+). Equivalently, there should exist two morphisms coevy : 1 — X ®X*

and evy : X* ® X — 1 denoted pictorially as coevyxy = /®\ and

X X*
evy = X X such that we have
X X X"* X*
AN O
(2-3) X X* X = and X* X X* =
| Nz |
X X X* X*

Similarly, an object X in a monoidal category € is said to have a right (rigid)
dual *X if and only if the functor *X ® (-) is right adjoint to the functor
X ® (+). A monoidal category is said to be rigid if each of its objects has
both a left dual and a right dual in this sense. A fusion category is a weakly
fusion category which is also rigid.

We will now see that in a monoidal r-category, the two equations in (2.3)
are in fact equivalent. In other words, to check rigidity of an object in an
r-category, it is sufficient to only check one of the conditions in (2.3).
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Lemma 2.6. Let C be a monoidal r-category. Let X € C and let coevy :
1 = X ®X* be the canonical coevaluation map. Let evy : X*® X — 1 be
any morphism. Then the two equations in (2.3) are equivalent to each other.

Proof. Let us assume that the first equality holds and deduce the second
equality. We need to verify the equality of two morphisms in Hom(X™*, X*).
Since € is an r-category, this is equivalent to verifying the equality of the
corresponding morphisms in Hom(1, X ® X*). The desired equality follows,
since using the first equality from (2.3) we obtain:

X)
)
: )l
X X* X X* X X*

The equivalence in the other direction follows from a similar argument. [

Now let us get back to our setting of a weakly fusion category € over an
algebraically closed field k. For each simple object X we have the coevalu-
ation map coevy : 1 — X ® X*, but we do not know whether the desired
evaluation map necessarily exists. But instead, we have the previously de-
fined map e-x : *X ® X — 1 which splits the corresponding coevaluation
map coev-yx : 1 — *X ® X. Hence for each simple object X € C we can
construct the following two morphisms in C:

. .
NN
(2.4) * X X Xx* and X X* X
/| @
X* X

Lemma 2.7. Let X be a simple object in a weakly fusion category C. Then
the following statements are equivalent:

(i) The object X has a rigid left dual.

(ii) The first morphism in (2.4) is invertible (or equivalently, nonzero).
(i1i) The second morphism in (2.4) is invertible (or equivalently, nonzero).
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Proof. Let us first prove (ii)=-(i). Suppose that the first morphism in (2.4) is
an isomorphism with inverse § : X* — *X. Define evx to be the composition

evy: X*@ X 8x, s x o x &x, 7

Hence by construction, the second equation in (2.3) is satisfied. By Lemma
2.6, the first condition must also hold and we conclude that X™* must in fact
be the rigid left dual of X.

To prove (i)=-(ii), suppose that X* is a rigid left dual of X. Hence we
have an evaluation map evy : X*® X — 1 satisfying (2.3). In particular, by
semisimplicity, 1 must be a direct summand of X*® X . Hence we must have
*X =2 X*. Choosing such an isomorphism we obtain a non-zero morphism
*X X = X*®@X =5 1 which differs from e-x : *X ® X — 1 by an
element of k. Statement (ii) now follows.

The proof of (i)« (iii) is similar. O

We obtain the following well-known result as a corollary:

Corollary 2.8. For any object X in a fusion category C, its left dual X*
and right dual * X are isomorphic, or equivalently X = X**.

Remark 2.9. It is important to note that the isomorphisms in Corollary
2.8 are not canonical. More precisely, the two monoidal functors ide and
(-)** : € — € are non-canonically isomorphic as functors between abelian
categories. Moreover such an isomorphism may not be compatible with the
monoidal structure of these two functors. The choice of an isomorphism
which is also compatible with the monoidal structures is known as a pivotal
structure. We refer to [34, §2.4.2, §2.4.3] for more about this. We will also
encounter this notion is Section 4.3 below. Following [25, §5] we will also
define pivotal structures in monoidal r-categories in 13.5.

2.3. A criterion for rigidity
We prove the following useful criterion that guarantees the existence of rigid

duals in a weakly fusion category.

Proposition 2.10. Let C be a weakly fusion category. Let M € C be a
simple object such that M ® *M has a rigid left dual. Then M has a rigid
left dual.

Proof. Consider the morphism ey ® idsps : "M @ M @ *M — *M. It is
non-zero, since the morphism coev«p; ®id«ps : *M — *M @ M ® *M is its
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right inverse. Let us rewrite this non-zero morphism diagrammatically as
below:

®*M

In the second equality in Equation (2.5), we have used the existence of the
rigid left dual of the object M@*M € C. Let f : 1 - MR(*M @ (M ® *M)*)
be the morphism represented by the red dotted box in (2.5). Let fiM* -
*M®@ (M @ *M)* be the morphism corresponding to f using weak duality.
Hence the non-zero morphism e-; ® id«; can be expressed as:

Me*M

*M

M M ®*M

M M
By looking at the blue dotted box in Equation (2.6), we conclude that the
*M

morphism must be non-zero and hence an isomorphism.

M*
From Lemma 2.7 we conclude that M has a rigid left dual. O

Finally we deduce the following corollary of Proposition 2.10:

Corollary 2.11. Let I' be a finite group and let C = @ C, be a I'-graded
yel’
weakly fusion category such that the identity component Cy is rigid. Then C

1s rigid and hence a fusion category.
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Proof. This follows directly from Proposition 2.10. Let M be a simple object
in €, lying in say C,. Then *M € C,-1 and M ®*M lies in €; which we have
assumed is a fusion category. Hence M ® *M has a rigid left dual. From
the proposition it follows that M has a rigid left dual. Hence € is a fusion
category. Il

3. On Grothendieck rings and fusion rules

In this section we recall some notions related to Grothendieck rings of fusion
categories, sometimes also called fusion rings and describe the structures on
it. We refer to [68, §1], [30, 31], [9, 42] for more details on the various notions
introduced in this section. We will also relate this to the notion of fusion
rules and fusion rings as described in [13].

3.1. Properties of Grothendieck group of (€, ®, 1)

Let (C,®,1) be a fusion category. Then its Grothendieck group, which we
denote by K(€) has the structure of a based ring in the sense of [68, §1]. It is
often necessary and useful to extend scalars to some rings or fields R which

are equipped with an involution (-) : R — R and define Kp(C) := K(C)®zR
equipped with the following structures:

1. There is the non-degenerate linear functional v : Kr(€) — R which
records the coefficient of the class of the unit [1] in any element of
Kr(C). Moreover using rigidity it is easy to see (using Corollary 2.8)
that v is symmetric, i.e. v([X ® Y]) = v([Y ® X]). This allows us to
identify Kr(C)* = Kgr(C) as Kgr(C)-bimodules and provides Kg(C)
with the structure of a symmetric Frobenius R-algebra (cf. [42, 9]).

2. The rigid duality on € and Corollary 2.8 can be used to define an R-
semilinear anti-involution L
()" : Kr(€) — Kgr(€) such that we have v(a*) = v(a) for any a €
KR (C). This allows us to define a Hermitian pairing on Kr(C):

(3.1) (a,b) :=v(ab™).

3. The classes of the simple objects of € form an orthonormal R-basis of
Kgr(C) with respect to the Hermitian form ( , ) defined by Equation
(3.1).

Definition 3.1 (See also [9]). A Frobenius *-R-algebra is a symmetric
Frobenius R-algebra (A,v : A — R) equipped with an R-semilinear anti-
involution (-)* : A — A satisfying v(a*) = v(a) and which admits an or-
thonormal basis with respect to the Hermitian inner product (a,b) = v(ab*).
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Note that by the definition of the R-Hermitian inner product, we indeed
have that

(3.2) (a,b) = (ab*,1) = v(ab*) = v((ab*)*) = v(ba*) = (b, a)

for any two elements a, b of the Frobenius *-R-algebra. We can think of this
as a decategorified version of the natural identification (2.1).

The R that we will mostly be interested in is Q?", the maximal abelian
extension of Q. By the Kronecker-Weber theorem, it is obtained by adjoin-
ing all roots of unity to Q. Hence it has a distinguished involution called
‘complex conjugation’ and denoted (_) which maps each root of unity to
its inverse. Sometimes we will also consider R = C equipped with complex
conjugation. Sometimes it is also useful to consider R = Z[w] with complex
conjugation, where w is some root of unity. Frobenius *-algebras over any of
these R (equipped with the ‘complex conjugation’ involution) are necessarily
semi-simple R-algebras (see [9]).

We record the above discussion along with an important result of [36] in
the following:

Proposition 3.2. Let C be a fusion category.

(i) The fusion ring Kgu(C) over Q* has the structure of a Frobenius *-
algebra with the classes of simple objects of € forming an orthonormal basis
of Kg=(C).

(ii) The Frobenius x-algebra K. (C) is a split semisimple Q*"-algebra, i.e.
all its irreducible complex representations are already defined over Q (see
[36, Cor. 8.53]).

We now relate Proposition 3.2 and the discussion preceding it with the
notion of (non-degenerate) fusion rules as defined in [13, §5]. Let N denote
the set Z>o of non-negative integers. Let I be a finite set equipped with an
involution * and let N’ denote the free commutative monoidal generated by
I. Although in [13] additive notation is used for this commutative monoid,
here we find it more convenient to use multiplicative notation and we denote

a typical element of N/ by [] a™e.
acl
Now also consider the free abelian group K with basis given by I and

extend the involution * to an involution of K. The goal is to now define the
structure of a commutative Frobenius *-Z-algebra on K (equipped with the
* involution) so that I becomes a x-invariant orthonormal basis containing
the unit of the desired ring structure. As is proved in [13, §5] this structure
is equivalent to the axioms of non-degenerate fusion rules.
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Essentially we want to define the product of the basis elements I of K|

or in other words we would like to expand the products [] o € N as
acl

Z-linear combinations of I. The fusion rule, which we denote by v : N/ — Z
records the coefficient of 1 € I in such a product. By (3.2) this is enough to
decompose any product into a linear combination of the basis elements. We
refer to loc. cit. for details.

4. Braided crossed categories and crossed S-matrices

Let I' be a finite group. Since the notion of braided I'-crossed monoidal
categories plays a central role in this paper, let us begin by recalling the
definition. We refer to the paper Drinfeld-Gelaki-Nikshych-Ostrik [34] and
the book of V. Turaev [89] for a more detailed discussion. From now on we
will assume that all our categories are C-linear.

Definition 4.1. A braided I'-crossed monoidal category is a monoidal cat-
egory € equipped with the following structures:

1. a I'-grading € = @ C, such that C,, ® C,, C Cy,.,;
vyerl
2. a monoidal I'-action on € such that the action of an element g € T’

maps the component C, to Cgg-1;
3. isomorphisms (which will be called crossed braiding isomorphisms)

Bun:M®N S ~(N)@ M for yeT,M €€, N cC

which are functorial in M, N, are compatible with the I' action, i.e.

9(BuN) = By(an),g(v) for all g € T, with 8y v = By = idy and
satisfy certain compatibilities as described in [34, Def. 4.41].

Remark 4.2. It follows from the axioms in Definition 4.1 that C; is a
braided monoidal category equipped with a braided action of I'. The braided
I'-crossed monoidal category € is said to be a braided I'-crossed extension
of the braided monoidal category C;.

Remark 4.3. In this paper we will only consider braided I'-crossed monoidal
categories which are also weakly fusion. By Corollary 2.11, rigidity of such
a braided I'-crossed weakly fusion category € is equivalent to the rigidity of
the identity component C;.

Definition 4.4 (cf. [34, §4]). Let € be a category equipped with an action of
a finite group I'. Then its I'-equivariantization denoted by €l is the category
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whose objects are pairs (C,1.) where C' is an object of € and . is a family

of isomorphisms v, : v(C') =, C for each ~ € I' such that for each 1,79 € T,
1,~, equals the composition

Yy

71(#"’)’2) ’71(0) H

1172(C) — 71(72(C)) C.

The morphisms in C' are defined to be the morphisms in € that commute
with the isomorphisms 1.,. If C is monoidal with a monoidal action of I',
then G is also a monoidal category.

We recall the following well-known result:

Proposition 4.5 (cf. [34, §4.4.4]). Let C be a braided I'-crossed monoidal
category. Then CU has the structure of a braided monoidal category.

4.1. Braided I'-crossed fusion categories and their Grothendieck
rings

From now on, let us assume that C is a braided I'-crossed fusion category,
i.e. we also assume rigidity and finite semi-simpleness of € and that the unit
1 is simple. For each v € I" we let P, denote the set of (isomorphism classes
of) simple objects in the component C,.

As in Section 3, let us denote by Kqa»(€) the Q*P-algebra obtained from
the Grothendieck ring of € by extension of scalars to Q*P. Then

(4.1) Ko (€) = @) Ko (€,)

yel’

is a I'-crossed Frobenius Q®-*-algebra as defined in [58, 10]. In other words,
the braided I'-crossed structure on € provides similar structures on Kga»(C).
Hence we have the grading as in Equation (4.1), an action of I' on the alge-
bra Kge»(C) coming from Definition 4.1(2) and finally, the crossed braiding
isomorphisms give us the similar crossed commutation relations in Kgas(C)
at the level of Grothendieck rings.

As before, the non-degenerate symmetric linear functional v : Kga»(C) —
Q2 which records the coefficient of the class of the unit [1] in any element
of Kga»(C) gives us an identification

(42) KQab(GV)* = KQab(e,y—l) as KQab((i’l)—bimodules.

It also follows from the crossed braiding isomorphisms that the identity
component Kga»(Cq) is central in Kgas(C).
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For v € T, let P, denote the finite set of (representatives of isomorphism
classes of ) simple objects of the semisimple category €. We will also think
of P, as a Q* -basis of Kg»(C,). It is an orthonormal basis with respect to
the natural Hermitian form.

Our goal in this section is to describe the fusion coefficients of Kqg-»(C).
For vi,72 € I''A € C,,,B € €, and C € C,,4,, the fusion coefficient
1/27 g € Z> is defined to be the multiplicity of C' in the product A ® B, so
that we have the equality

[A]-[Bl= > vip[C]

in the Grothendieck ring. Equivalently (see also Remark 2.4), the fusion
coefficient can be thought of as the multiplicity of the unit 1 in A® B® C*,
where C* € 672—1%—1 is the rigid dual of C, i.e.

Vg,B =v([A]-[B]-[C*]) = dimHom(1,A® B ® C*).
4.2. Twisted characters

We will always assume that the grading on € is faithful, i.e. € is non-
zero for all v € I'. We will also assume that the identity component C;
is non-degenerate as a braided fusion category. We refer to [34, §2.8] for
the notion of non-degeneracy of braided fusion categories. Consider an ele-
ment v € I'. Under our assumptions, the component C, becomes an invert-
ible €;-bimodule category corresponding (under the equivalence Pic(€C;) =

EqBr(€;) given by [35, Thm. 5.2]) to the braided autoequivalence v : C; =
Gy induced by the I'-action on C. Hence we are in the setting studied in
[30, 31]. Note that we also have the braided (y)-crossed category C,y :=

@D €, C €, where (y) <T denotes the cyclic subgroup generated by I'.

ge(Y)
Let us recall the notion of twisted characters that can be defined in

the setting of I'-graded algebras. We refer to [9] for more on the notion of
twisted characters for general graded Frobenius *-algebras, which is in turn
based on the Clifford theory of group-graded rings [26]. According to this,
the grading (4.1) determines a partial action of I' on the set Irr(Kga»(Cq))
of simple modules of the identity component Kq.»(Cy1). This partial action
is defined as follows: for each v € I' and a simple Kga»(C)-module M, we
define the Kgu (€1)-module (WM := Kgan(C) ®Kgu(€;) M- The module

(WM is either simple or 0, see [31, §3.1] or [9, §4] for details.
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In our setting, in addition to the grading (4.1), Kg=(€) is a I'-crossed
Frobenius Q®-x-algebra. In particular, we have an action of I on the com-
mutative Frobenius Q®"-x-algebra Kga»(C1). We also know from [36] that
K- (€1) is semisimple and split. Hence Irr(Kg-»(C1)) is the set of all 1-
dimensional representations p : Kga(€) — Q2. The I'-action on Kga»(Cy)
induces an honest action of I' on Irr(Kge»(C1)), which is different from the
partial action coming from the I'-grading (4.1) using Clifford theory (from
[26]) as described in the previous paragraph. They are related as follows:

Lemma 4.6. Let us denote the I'-action on Irr(Kg(C1)) coming from the
I'-action on Kg»(C1) asy: M — YM fory e I', M € Irr(Kg«(C1)). Then
the partial action coming from Clifford theory can be described as follows:

N
() — M if "M =M,
0 else.
In particular, for each v € T, the vy-fixed points for the action as well as
the partial action coincide, and hence the fixed point set Irr(Kgs»(C1))7 is
unambiguously defined.

Proof. This follows from Lemmas 3.3 and 3.5 from [31]. O

The following result from [31] is used to define twisted characters:

Lemma 4.7 (See [31, Thm. 2.11(i)]). Let v € I' be an element of order m
and let p € Irr(Kgs(C1))Y. Then p can be extended to a 1-dimensional char-
acter p: Kga (Cryy) — Q* of the (v)-crossed Frobenius *-algebra Kgen(Crpy)
in ezactly m-distinct ways which differ on Kga(Cy) up to scaling by m-th
roots of unity.

Definition 4.8. Let v € " and p € Irr(Kga»(C1))?. Let p @ Kgan(Cyy) —
Q®" be an extension. The y-twisted character p? : Kgu» (C) — Q2 is defined
to be the restriction of p to Kg»(Cy) € Kgav (€, ). Using the identification
Ko (Cqy)* = Kgun(€y-1) (4.2), let @) € Kgan(€y-1) be the element corre-
sponding to p7, namely

o) = 37 A(lA]) - [47] € Kgu(€,2).
AeP,

We will call either of p” or o) as the y-twisted character associated with
p < Irr(K@ab(Gl))V.
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Remark 4.9. Note that p7 and o) depend on the choice of the extended
character p. Hence they are well-defined only up to scaling by m-th roots of
unity, where m is the order of y in I". We also refer to [9] for the definition of
twisted characters and their orthogonality relations in the setting of graded
Frobenius *-algebras.

For v = 1, we have the well-defined element «, := ozll) € Kg=(€y) for
each p € Irr(Kg(C1)). The following results about these characters and
~-twisted characters are proved in [76, 31]:

Theorem 4.10. (i) Let p,p’ € Irr(Kga(C1). Then p'(a,) = 0 if p' # p
and f, == p(ay,) € Q2 is a totally positive cyclotomic integer known
as the formal codegree of p. In other words, e, := % € Kgu (C1) is the
minimal idempotent corresponding to p € Irr(Kgw(Cy)).

(it) For p,p’ € Trr(Kqgs(C1)), we have orthogonality of characters, i.e.
(v, pr) = bppr = fo-

(iii) Let p € Irr(Kga(C1))Y and o) € Kgaw(Cy-1) the corresponding -

twisted character. Then for any p' € Irr(Kga»(€C1)), we have the fol-

lowing:
N _]o if p' # p,
R VAT .
a )

We have a direct sum decomposition

Ko (Cy1) = @ Q2P o) as a Ko (C1)-module.
PEIrT(Kgan (€1))7

(i) For p,p' € Irr(Kgas(C1))Y, we have orthogonality of twisted characters,
(g, ) = 0ppr - fp

In other words the v-twisted characters {a}|p € Ko (€1)7} form an
orthogonal basis of Kga(Cy-1) made up of eigenvectors for the action
Of KQab(Gl).

(v) For p € Irr(Kqa (€1))7, let p: Kgan(Cryy) — Q* be an extension. Let

~

n = |(v)|. Then the formal codegree f5 equals n - f,. Define e} := %
Then (e))™ = e,.
(vi) For each v € T', we have |P]'| = |Py| = | Irr(Kg (€1))7].

This result describes the structure of Kga»(Cy-1) as a Kga»(Cp)-module.
Now suppose we have v1,72 € I'. Then for p; € Irr(Kg(C1))", we now
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describe the product o2 - a;)} € Kgav (G o1 7;1) of the twisted characters. We
first consider the case where the p1, ps are distinct. In this case, the product

of the primitive idempotents e,, - e,, equals zero. Hence the product

0672 a’Yl — Oé% .

. Y1
p2 " %p pa " €p2 " €p

P1
also equals zero in the case p; # pa.

For p € Irr(Kga»(C1)), let I'y < T be the stabilizer of p under the action
of 'and e, € K (C1) the associated primitive idempotent. For each v € I'y,
we have the y-twisted character a;) and the element e, (determined up to
scaling by roots of unity). It follows from Theorem 4.10 that

epKge(€) = @ e, Ko (C1) = P Q@ - €],

vel', verl',

From this I')-graded algebra, we obtain a central extension
0—Q™® =T, —=T,—0.

Our choice of the elements e} determines a 2-cocycle ¢, : T'y x T') — Qb
Hence we obtain

Corollary 4.11. (i) If vi,72 € I, p1 € Ir(Kgw(C1))"™, p2 €
Irr (K@ (C1))" and py 75 pa2, then the product of the corresponding
twisted characters a2 - ;) equals 0.

(i) Let p € Irr(Kga(C1)) and let y1,72 € ). Then o) - o)t = p,(71,72) -
fo )" and hence e} -e)} = cpp(vl,*yQ) ep' ", where ¢, is a 2-cocycle

correspondmg to the central extension
0—Q™® =T, —=T,—0.
Equivalently, for r; € Kga(Cy,) we have the relation

P (r1)p " (r2) = wp(y1,72)p " 2 (r172).

Remark 4.12. Let p € Irr(Kg=»(C1)). For any 71, ..., vy, in the stabilizer I,
of p, let @p(v1,...,7m) be such that pYi(r)---p¥(r,) =
©o(V1s- -y )P I (r1 - - - 7). These scalars will appear in our twisted cat-
egorical Verlinde formula. Furthermore, for each pair (p, ) such that v € ',
we have chosen the elements e € Kga(C,-1) to be such that (e))™ =1
where m is the order of v. It will be notationally convenient to further as-
sume that we always have e - 6271 = 1. It is clear that such a choice can
always be made. This ensures the equality ¢,(v,7') = 1.
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4.3. Categorical crossed S-matrices

Let us now suppose that the braided I'-crossed fusion category C is also
equipped with a ribbon or spherical structure. We refer to [34, §2.4.3], [30,
§4.1] for details, here we just give a brief sketch. In any fusion category C,
the autoequivalence € 5 C +— C** is monoidal.

Definition 4.13. A pivotal structure is a tensor isomorphism between the
identity functor on € and the double duality functor C' — C**.

A pivotal structure allows us to define traces of endomorphisms of ob-
jects of €, and in particular, we can define the categorical dimensions of
objects of C as the trace of the identity endomorphism of the object. More-
over, taking categorical dimensions defines a character dim : Kga»(C) — Qb
and we have dim(C*) = dim(C) € Q" for any C € C.

Definition 4.14. A pivotal structure is said to be spherical if the categor-
ical dimension of any object and its dual are equal, or equivalently, if the
categorical dimension is a totally real cyclotomic number.

We recall the definition of a modular fusion category and I'-crossed mod-
ular fusion category.

Definition 4.15. A modular fusion category is a non-degenerate braided
fusion category equipped with a spherical structure. A I'-crossed modular
fusion category (often also called I'-crossed modular category) is a braided I'-

crossed fusion category € = € C, equipped with a spherical structure such
~el'
that € is a non-degenerate braided fusion category and each component €,

is non-zero. The multiplicative central charge of a I'-crossed modular fusion
category is defined to be the multiplicative central charge of the modular
category €; C C.

Remark 4.16. For the definition of multiplicative central charge of a modu-
lar fusion category, we refer to [11, Def. 5.7.9 and Thm. 5.7.11] and [34, §6.2]
where this is defined using the notion of Gauss sums of modular categories.
We will not make any use of these notions in this paper. When we study
the notion of modular functors in Part III we will see that the multiplica-
tive central charge can be thought of as the “anomaly” of the corresponding
modular functor.

Let € be a I'-crossed modular fusion category. Then €; is a modular fu-
sion category equipped with a modular action of I' and each €, is equipped
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with a €C;-module trace. Because of the spherical structure, trace of endo-
morphisms in €, and hence categorical dimensions of objects in C are now
well-defined. In this setting we can define a P, x PJ-matrix S7 known as
the unnormalized ~-crossed S-matrix as follows.

Definition 4.17. For each 7-stable simple object C' € P/, let us choose

an isomorphism ¢ : y(C) = Casin [30, §2.1], i.e. such that the induced
composition

€ =7"(C) LD 47 (C) = - 1(0) 25 €

is the identity, where m € Z is the order of +. Note that this condition on
Yo determines it up to scaling by m-th roots of unity. For simple objects
M e P,,C € P/, we set

S o= te(C o M 222 M a0 2% 4 () o M L2, 0w ).

Remark 4.18. We follow the convention from [30] that in case the simple
object C' € P/ is the unit 1, we always choose ¢ : 7(1) = 1 — 1 to be the
identity. With this convention, we see that

(4.3) Sipa = tr(iday) = dim(M),

the categorical dimension of the object M € C,.

Remark 4.19. The y-crossed S-matrix as defined in Equation (4.3) is the
transpose of the crossed S-matrix defined in [30]. Also in op. cit. the first au-
thor only deals with unnormalized crossed S-matrices as defined in Equation
(4.3), whereas in the current paper we will mostly work with the normalized
unitary crossed S-matrix as defined in Definition 4.21 below. This explains
the differences of notation in the categorical Verlinde formula of the two
papers.

In the presence of the spherical structure, we have the unnormalized
S-matrix S of the modular fusion category €;. Using this S-matrix, we can
identify Py = Irr(Kgs»(Cy)) as follows:

pc

P13CP—>(pcz[D]r—>dimC

i.e. the S-matrix is essentially the character table of Kge»(Cy). Similarly,
the y-crossed S-matrix is essentially the table of y-twisted characters. More
precisely we recall the following results from [30, 31]:
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Theorem 4.20. (i) For M € P,,C € P] the numbers di%f/[ _ e 4nd

~
SI\/I,][

v [l
deTg = %’:CC are cyclotomic integers. For C' € P/ the linear functional
Sirc
L Koo (Cy) — Q) [M] = ——

is the vy-twisted character associated with pc € Irr(Kga»(Cq))7.
(ii) The categorical dimension dim Cy is a totally positive cyclotomic integer.

~ =T ——T1 -
We have S7-57 =57 -S7=dimCy 1.

For C € Py, the formal codegree fo = f,. of the corresponding character

pc equals the totally positive cyclotomic integer giiﬂfé.

Definition 4.21. We choose a positive square root y/dim €; and define the

normalized ~y-crossed S-matrix to be S7 := \/ﬁ - §7. The matrix 57 is a

P, x P] unitary matrix with entries in Qeb,

Remark 4.22. By Remark 4.18 we see that the 1-th column of the nor-

malized crossed S-matrix is given by S}, ; = %. Now the categorical

dimensions are all real since they are defined using a spherical structure on
C. Hence all the entries in the 1-th column are real numbers.

5. Categorical twisted fusion rings and their character tables

We now recall from [30, §2.2, §2.3] the definition of categorical twisted fusion
rings (also known as twisted Grothendieck rings) associated with a fusion
category equipped with an autoequivalence. Let € be a finite semisimple
C-linear abelian category equipped with a C-linear autoequivalence v : € —
C. Let P denote the finite set of (isomorphism classes of) simple objects
of €. Consider the (non-semisimple) abelian category €Y obtained by ~-
equivariantization whose objects are pairs (C, 1) where C is an object C

and ¥ : y(C) 5.

Definition 5.1. In the setting above, the twisted complexified Grothendieck
group K¢(C,~) is defined as follows: Consider the complexified Grothendieck
group K¢ (C7) and then quotient out by the relation [C, cyp] = ¢[C, 9] for each
class [C, 9] € Kc(€7) and ¢ € C*. We continue to use the notation [C, ] to
denote the corresponding class in the quotient K¢(C,~).
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Note that K¢(C,~) is just a C-vector space that has been defined as a
quotient of the (typically infinite dimensional) C-vector space K¢ (€C?) by a
subspace spanned by certain relations. We see now that it is in fact finite
dimensional:

Proposition 5.2. (i) We have dim K¢(C,v) = |P?|, the number of sim-
ple objects stabilized by ~y. For each C € P7Y, choose an isomorphism ¢ :
Y(C) — C. Then the set {[C,9c]|C € P} is a basis of Kc(C,7).

(ii) If C also has a monoidal structure and if v is a monoidal autoequiv-
alence, then Kc(C,v) has the structure of a C-algebra, which we call the
(complezified) twisted fusion ring.

Proof. Note that we can consider C as a module category over the monoidal
category Vec of finite dimensional C-vector spaces. Now the statement (i)
follows from the proof of [30, Prop. 2.4(i)]. We essentially need to prove that
for any v-orbit O C P of cardinality at least 2, Kc(Cp,7y) = 0, where Cp C €
is the full subcategory generated by the simple objects in O. As in loc. cit.
this can be done by looking at the isomorphism classes of simple objects in
€}, and noting that 1 — ¢ € C* must act by 0 on K¢(Co,~) for each |O|-th
root of unity ¢ € C*. Now to prove (ii), it is straightforward to check that
the subspace of K¢ (€?) that we are quotienting by is an ideal. O

Suppose we have an object (A,1) € €7 for a finite semisimple C-linear
abelian category C. For each simple object C, define the multiplicity vector
space Ng := Hom(C, A). We obtain the isomorphism of vector spaces

N§ = Hom(C, A) = Hom(v(C),7(4)) 2% Hom(v(C), 4) = N},

Now for each simple object in € stabilized by - let us choose an isomorphism

Yo y(C) =, C. These choices give us the linear isomorphisms Ng(c) —

Ng and hence the linear automorphisms qﬁg’ZC : Ng =N Ng. Then using
Proposition 5.2, we have the following equality in the twisted Grothendieck
vector space K¢ (C,7)

(5.1) [A,4] = Y (@5 0)[C vl

CcepPr

5.1. The twisted fusion ring in terms of traces on multiplicity
spaces

Let us now assume that € is a weakly fusion category equipped with a
monoidal action of a finite group I'. Let v € I' be an element of order m. In
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particular, we have an equivalence v"* = ide of monoidal functors. Then the
() = Z/mZ-equivariantization € is also a weakly fusion category. We can
consider the twisted fusion ring K¢(C,~) as a quotient of Kc(C{") modulo
the relations [C, (Y] = ([C, 4] for any m-th root of unity ¢ (see [30, §2.3]
for details). As in loc. cit. the weak duality on € induces a C-semilinear
involution (-)* on K¢(C,~) as a vector space.

Consider objects (C1,1), - - (Cp, ) in €. Then we have the follow-
ing composition of natural isomorphisms

¢Clvw17---acn7wn : Hom(:[l’ Cl ® tt ® Cn)
= Hom(v(1),7(C1 © -~ © Cy))

o)

= Hom(1,7(C1) ® - ®@v(Cp)) = Hom(1,C1 @ - - - @ Cy,).

Now let A, B, C be simple objects of C. Since we have assumed that C is
weakly fusion, the multiplicity space Ng® p = Hom(C, A® B) is canonically
identified with Hom(1,*C ® A ® B).

Proposition 5.3. For each simple object C € C stabilized by v, let us fix
a (y)-equivariant structure o : y(C) — C such that (C,v¢) € €. Then
the set {[{C,yc]|C € P} is a basis of the y-twisted fusion ring Kc(C,v) and
for each A, B € PY we have the following equality in the twisted fusion ring
K(C(Gv ’7)

(5'2) [Aﬂ/)A] : [BawB] = Z tr(¢*c7*wc,A,¢A7B,¢B)[Cﬂ wC]

CepPv

In other words, the fusion coefficients for the twisted fusion ring Kc(C,7)
with respect to the basis {[C,¢c]|C € P} are obtained by taking the traces of
~ on the multiplicity spaces NE@B = Hom(C, A® B) = Hom(1,*C® A® B).

Proof. The result follows by using (5.1) for the tensor product (A,¢4) ®
(B,vp) € €. O

Remark 5.4. This means that the twisted fusion ring K¢(C,~y) can also
be defined by taking the fusion rules (see Section 9.1 below) obtained by
tracing out automorphisms of multiplicity spaces. This approach was used
in [52, 53] to define twisted fusion rings at level ¢ associated to a diagram
automorphism of a simple Lie algebra g.
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5.2. Twisted fusion ring of fusion categories

Let C be a fusion category with a I'-action and let v € I' be an element of
order m. Then the equivariantization € is also a fusion category and hence
by Section 3 the extension by scalars of the Grothendieck ring, KZM(GM)
is a Frobenius %-Z[w]-algebra where we take w to be a primitive m-th root
of unity. As in [30, §2.3] we can define the y-twisted fusion ring Kz,,(C,)
to be the quotient of the above Frobenius *-algebra obtained by identifying
[C,wi)] = w[C, 1] for each (C,1p) € €. As always, for each y-stable simple
object C' € P7, let us fix an equivariantization (C,v¢) € €. Then by [30]
we have

Proposition 5.5. The vy-twisted fusion ring Kz,(C,v) is a Frobenius *-
Z|w]-algebra with an orthonormal basis given by {[C,¢¥c]|C € P7} and hence
the same is true for the extensions of scalars Kgs»(C,v) and Kc(C,7).

5.3. Character tables of twisted fusion rings of modular
categories

Let us now assume that € = @ €, is a I'-crossed modular category. In
yel’
particular, we have a modular action of I' on the identity component €

which is a modular category. Hence for each v € I' we have the twisted fusion
ring K¢(C1,) which in this case is a commutative Frobenius *-algebra that
has been studied in [30]. We recall that for each v € ', P, denotes the set
of simple objects of C,. For each simple object C' of €; stabilized by ~, we
choose an isomorphism ¥¢ : v(C) — C such that (C,v¢¢) € @§7>.

The set {[C,9¢]|C € P/} is a basis of K¢(€1,7). It was proved in [30,
Thm. 2.12(i)] that the categorical y-crossed S-matrix S7 (it is a Py x P/
matrix, see Definition 4.21) is essentially the character table of K¢ (Cy,7):

Theorem 5.6. Let M be a simple object of €. For each C' € P, define
xm([C,ve]) = g%f and extend linearly. Then xp @ Kc(C1,7) — C is a

character and the set {xm|M € P,} is the set of all irreducible characters
of Kc(€1,7).

Remark 5.7. In fact the y-twisted fusion ring can be defined over Z[w] and
hence over Q*, where w is a primitive m-th root of unity (see [30, §2.2] for
details). Hence Kga»(Cq,7) is also well-defined and Theorem 5.6 shows that
it is split over Q?P.
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Remark 5.8. Let us compare Theorems 4.20 and 5.6. On the one hand
Theorem 4.20 says that the y-crossed S-matrix gives the y-twisted character
table of the untwisted fusion ring Kg-»(C1). On the other hand Theorem 5.6
says that the ~-crossed S-matrix also gives the usual character table of the
y-twisted fusion ring Kgs»(Cq,7). Both these properties are going to be
important for us.

6. A categorical twisted Verlinde formula

We will now state and prove a Verlinde formula for braided I'-crossed cat-
egories. For v1,y2 € I', A€ P,,B € P,,,C € P,,,, we will compute the
fusion coefficient I/g p in terms of the crossed S-matrices, or equivalently, in
terms of the twisted character tables. By the rigid duality, it is clear that

VXB = Vg:,A* =dimHom(1,A® B® C*) = v([A] - [B] - [C*]).

Note that the fusion product in Kga»(€) is given by:

(6.1) [A]-[B]= > v§slCl.

CEP’H’YZ

Remark 6.1. The coefficients 1§ 5 described in Equation (6.1) are multi-
plicities in the Grothendieck ring k@ab (@) of the braided I'-crossed category
and not in the categorical v-twisted fusion ring Kg=»(C1,7). In particular,
the I/X p are non-negative integers. As we will see, it is these numbers which
equal the ranks of bundles conformal blocks where the base curve is P! with
3 points having ramification given by ~1,v2 and 7, 17{ L' T. On the other
hand, by Proposition 5.5, the fusion coefficients in the twisted fusion ring
K= (€1,7) lie in the ring Z[w] where w is a primitive |y|-th root of unity
and need not be non-negative integers in general.

More generally, let v1,...,v, € I' with v1---7v, = 1. We will in fact
prove an n-pointed twisted Verlinde formula to compute dim Hom(1, 4; ®

- ® Ap) = v([A1] - [Ag)) for A; € P,,. We will use the following:

Lemma 6.2. Let yi,...,7, €' and let A; € C,, so that A1 ® ---® A, €
Cryoimy - Let p € Irr(Kgan (€))7 be such that (the yi - - - yn-twisted char-
acter) p 7 ([A1] -+ - [An]) # 0. Then p € Trr(Kgas (Cp)) 007

Proof. Consider any A € C;.. Then by the crossed braiding isomorphisms,
for each i we have

AR(A1® ®A4) =2 (A1Q - @A)RA= (11 71)(A) @ (A1 ®- - ® A4y).
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Hence for each 7
AA®- - @A = (1 7)(A) @A ® - ® Ay, as objects of Cy,...r, .
Hence

P (A [Ar] - [An]) = P77 (- ) [A] - [A1] - - [An]).

Thus

p([A]) - 7 ([Ad] -+ - [An]) = p(ya - -l A]) - o7 ([Ad] - - [An]).

Since we have assumed that p7 7" ([A1]---[An]) # 0, we conclude that
p([A]) = p(y1---7i[A]) for any A € € and 1 < ¢ < n. Hence p €
Irr(Kge» (€))7 for each i and we conclude that p is fixed by each ~;
as desired. O

Theorem 6.3 (Categorical twisted Verlinde formula in genus 0). Let 1, ...,
Yn € I with the condition v1---v, = 1. Let A; € C,, for 1 <i <n. Then

I

3 P ([AL]) - - p™ ([An)) ’

dimHom(1,41®---®A4,)= foep(m Vn)
p p 9 e ey n

pEIrr(KQ.db(el))wl ,,,,, Yn)

where f, is the formal codegree and @, (1, - ..,Vn) are the scalars defined
in Remark 4.12.

II Now let A; € Py, be simple objects. If C is equipped with a spherical
structure, then in terms of the crossed S-matrices we have

moLLL g
SAI 7D SAn 7D

(n72) : SOD(’YM v 7777,) .

dimHom(1,41 ® - ® A,) = Z

S
Depl(’Yl:---v’Yn) lvD

Proof. To prove (i), observe that in the Frobenius x-algebra Kg-»(Cq) the

unit
1=y %

pelr(Kgan (€1)) Jo

is expressed as a sum of the minimal idempotents. Using the fact Kga(C1) =
K= (€1)*, this translates to the equality v = > fﬁ in Kge»(C1)*.
pelrr(Kqan (€1)) *"

Hence

dimHom(1,4; ® --- ® Ay,)
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= v([Ad] - [An]),

yoo oAl )
pelrr(Kgan (€1))
_ 3 PUA---[An])
PEIrT(Kgan (€1)) 1)

_ p7 ([Ar]) - p7 ([An])
B Z fp‘(pp(rylv"‘77N) .

(by Lemma 6.2),

pEIrr(Kgab (C1))v1- Yn)

The last line follows from Remark 4.12. Now to prove (ii), observe that in
the spherical setting we have a I'-equivariant bijection P; = Irr(Kga»(Cq))
denoted by D <« pp. By Theorem 4.20 and Definition 4.21 for each D €
P1<71""’%> we have pJ;([4;]) = 2’;; and the formal codegree fp = f,, =

33;?265 = m Statement (ii) now follows from (i). O

6.1. A higher genus twisted Verlinde formula

In order to motivate the higher genus Verlinde formula for twisted conformal
blocks, let us derive a categorical version of such a formula. Let a,b € I'. For
a simple object A € P,, b(A*) is a simple object of Cpa-1p-1. We define the
object

(62)  Qqp:= @D A®b(A*) € €y, where [a,b] = aba~'b".
AeP,

Lemma 6.4. Let a,b € T and let p € Trr(Kgw (C1))1%% be a character fived
by the commutator [a,b]. Then

P ([,])

fo
=< ppla,b,a=1,071)

0 else.

if p € Trr(Kgen (C1))(®® (see Remark 4.12)

Proof. We have the following equality

A ([82,0]) = plo (Z 4] b[A*1) =2 /(AT blAT).

AeP, AeP,
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By Lemma 6.2, if pl@¥ ([A] - b[A*]) # 0 for some A € P,, then we must have
p as an element in Irr(Kgw (€))% 07" Otherwise each individual term
in the summation and hence pl%?/([Q, ;]) must be zero. Hence let us assume
that p € Irr(Kge (€))% 27" In this case,

(6.3) p[ab Z /0 _1b_1(b[A*])

. (a, ba_lb 1
P b 0 b)([A7])
_A%; (a, ba 1p=1) ’

Recall that here pb® 07" . Koo (Cpg-1p-1) — Q2P is the restriction of some
choice of character

e~

a7t s K (Cppa-1p-1)) — @ extending p : Kgu (€1) — Q.

~——

Hence pb v o b : Kgu(Cie-1y) — Q* is a character extending po b :
Kga(€1) — Q. Hence the composition PP o p Ko (Cq-1) — Q2P
differs from the chosen twisted character (p o b)® ' by some |(a)|-th root of
unity. Hence by the orthogonality of twisted characters (Theorem 4.10(iv))
and (6.3), we get that pl®®([Q,]) = 0if p # pob.

In other words, we have proved that if pl®®([Q,;]) # 0, then we must
have p € Trr(Kge (C1))(®0).

Hence now suppose that a,b € I',. Again by the twisted orthogonality
relations we have

> (A - o (TAD) = > p"([AD - p* ([A]) = fo-

AepP, AeP,
Also using Remark 4.12, we have p? 0" o b = MZ‘IT—”J’)' Combining with
(6.3) we complete the proof of the lemma. O

Finally using Theorem 6.3 and Lemma 6.4 we obtain the following:

Corollary 6.5 (Categorical twisted Verlinde formula for any genus). Let
g,n be non-negative integers and let ay,...,aq,b1,...,bg,m1,...,my be el-
ements in I' that satisfy the relation [a1,bi]---[ag,bg] - m1---m, = 1. Let
I'* < T be the subgroup generated by aj,bj,m;. Let M; € Cp,,. Then the



194 Tanmay Deshpande and Swarnava Mukhopadhyay

dimension of Hom(1,Qq, p, ® -+ ® Qq, 5, @ M1 ® --- @ My,) is

> (f)! " g™ (M)) - - o™ (M)

oy p— :
P (Koo (€1))F° wp(ar,bi,ay by, o ma, . my)

If C is equipped with a spherical structure and if M; € Py, are simple then
the dimension of Hom(1,Qq, p, ® -+ ®@ Qg p, @ M1 ® --- @ M,,) is

n+2g—2
l . ml .. m‘”’
<S]1,D) M;,D M, ,D
-1 ;-1 )
ro @D(ahbhal 7b]_ 7"'7m17"‘7mn)

DeP!

Remark 6.6. The fundamental group of a smooth complex genus g curve
with n punctures has a presentation (a1, 81, ..., ag, Bg, V1, -, Ynlloa, B1] -+
[ag, Bglv1 -+ - ym = 1). In other words, the choice of the elements a;, bj, m; € I’
in Corollary 6.5 is equivalent to the choice of a group homomorphism from
the fundamental group to I' and the subgroup I'° is just the image of this
homomorphism.

Part II: Conformal blocks for twisted affine Kac-Moody Lie alge-
bras. We give a coordinate free description of twisted conformal blocks
following [87] over the moduli space of n-pointed admissible I'-covers ﬁ;n.
For admissible covers of P! — P! ramified at two points, we embed twisted
conformal blocks into the space of invariants of tensor product of represen-
tations and get natural bounds on the dimensions of these conformal blocks.

In Section 10, we state one of the main theorems (see Theorem 10.1) of
the paper of constructing a I'-crossed modular fusion category from twisted
conformal blocks. We also relate the categorical crossed S-matrices discussed
in Part I with characters of the twisted fusion ring associated with twisted
affine Kac-Moody algebras.

Finally, we end Part II, by reconstructing twisted conformal blocks using
the Beilinson-Bernstein localization and giving a flat projective connection
with logarithmic singularities. We also derive a formula for the log Atiyah
algebra of the associated projective connection in terms of a natural line
bundle on ﬁg}n.

7. Twisted Kac-Moody Lie algebras and their
representations

Our goal is to apply the Verlinde formula for braided crossed categories to
conformal blocks for twisted affine Lie algebras. We first recall following
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Kac [61] some notations and facts about twisted Kac-Moody Lie algebras
and their representations. Our notations and conventions will be similar to
[61, 54], with key differences in some places.

7.1. Twisted affine Lie algebras

Let v be an automorphism of a finite dimensional simple Lie algebra g of
order |y|. We fix a |y|-th root of unity e := T of unity and then we have
an eigen-decomposition g = @p:‘(;lgi, where g; := {X € gly(X) = € X}.

In particular, go (also denoted by g7) is the Lie subalgebra of g invariant
under 7. We let v act on C((t)) by the formula «.t := e 't. Then the
automorphism ~ induces a natural automorphism (also denoted by) v of
the affine Lie algebra g ® C((t)) @ Cc, where c is a central element and the
Lie bracket is defined by the formula

[X®fvy®g] = [va]®fg+(XaY)gReSt=0.gdf'c’

where (,)q is the normalized Killing form on g such that (6,6) = 2 for any
long root 6 of g.

We define the twisted affine Lie algebra L(g,~) := (g ® C((t)) & Cc)".
Using the eigen-decomposition of g, we get

L(g,v) = @ g @ A; @ Ce,

where A; = {f(t) € C((#))|7(f(t)) = e ' f(t)}. The Lie bracket is defined by
the formula:

1
m()ﬂ YY) Resi—o gdf - c,

where X ® f and Y ® g are elements of (g® C((¢)))?. The classification [61,
Proposition 8.1] of finite order automorphisms of g tells us:

X®fY®g=[XY®fg+

Proposition 7.1. Let v be an automorphism of g of order |7y|. Then there
exists a Borel subalgebra b of g containing a Cartan subalgebra by such that
~v = oexp(ad 2”|\Fh), where o is a diagram automorphism of g, such that

we have the following:

e both v and o preserve b.

e h is an element of the subalgebra of b fixed by 0.

e o preserves a set of simple roots II' = {of, ...
for each 1 <i <rankg.

} and of(h) € Z

rank g
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2y —1

e o and exp(ad w h) commute.

We know that diagram automorphisms of finite dimensional simple Lie
algebras have been classified and the order m of o is in the set {1,2,3}. Now
suppose v and o are related by Proposition 7.1, then m divides |y|. Consider
the following natural map

(7.1) bor : L(g,0) = L(g,7), X[H] = X[t=71H], ¢ = ¢,

[v]

where X is an e = /-eigenvector of g and a k-eigenvector for exp(ad

2my/—1 )
1l ’
By Proposition 8.6 in [61], we get that the map in Equation (7.1) is an

isomorphism of Lie algebras. Thus we are reduced to the case of studying
twisted affine Lie algebras when + is a diagram automorphism of g.

7.1.1. Horizontal subalgebra and weight lattice. Let Xy denote a
type of finite dimensional complex Lie algebra of rank N (as in the classifi-
cation in [61]) and the associated Lie algebra is g(X ). Similarly, let XJ(Vm)
be the type of the affine Kac-Moody Lie algebra associated to a diagram
automorphism ~ of g(Xy) of order m. The corresponding Lie algebra of
type X U™ will be denoted by g(X\™).

Denote the set of simple roots [[ = {ap,a1,...,an} and the simple
coroots [V = {ay,...,a¥}. Similarly, consider 0 := Zf\il a;o;, where a;
(respectively a)) are the Coxeter (respectively dual Coxeter labels). Our

numbering of the vertices of the Dynkin diagram of g(Xy) and g(X](\,m)) is
the same as in Kac [61].

We denote the finite dimensional Lie algebra obtained by deleting the
0-th vertex of the Dynkin diagram of g(X](Vm)) by g. Let [] denote the Cartan
subalgebra of §. Clearly [) is generated by the coroots o, ..., a¥. Let Q(g)
(resp. QV(§)) denote the root lattice (resp. coroot lattice) of § and A denote
the positive simple roots of g.

For 1 <i < N, we define the affine fundamental weights A; that satisfies
the equation A,-(a}/) = 0;;. Then we can write A; in terms of its horizontal
projection as follows:

(7.2) A; == A + ai Ao,

where A is the zero-th affine weight. Then Ay,..., Ay are the fundamental
weights of the horizontal subalgebra g.
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Remark 7.2. The numbering of the vertices of the Dynkin diagram of g as
in Kac [61] may not extend to a numbering scheme of the Dynkin diagram

of g(X x(m )) Hence we might need to reorder the set A, ..., Ay to match up
with the usual conventions for g.

7.1.2. Level f-weights. The weight lattice P is the Z-lattice generated
by Ao, ..., An. Let a be the zero-th coroot of g(X y xim )) The set Pz(g(X](Vm)))
of domlnant integral weights of level ¢ is defined as follows.

Plg(XT) = {re PA(e)) > 0forall 0 < i< N and A(K) = £},

where K is the generator of the center of g(X](Vm)) and is given by the formula
K = Zz 0 az a

The set of 1rreducib1e, integrable, highest weight representations at level
¢ of the affine Kac-Moody Lie algebra g(X](Vm)) is in bijection with the set

Pz(g(X](Vm))). If m = 1, then the set Pz(g(X](\})) will often be denoted by
Py(g). The following lemma can be checked directly:

Lemma 7.3. Let Py(g) denote the set of dominant integral weights of g,
then
PYa(X™)) = (A € Pa (@)l ooy (A, 0) < €3,

where Rg(x(m)y i the normalized Killing form on g(X](Vm)).

We refer the reader to Appendix B for an explicit description of the set
Pf(g(X](Vm))) in the various cases.

7.2. Modules for twisted affine Lie algebras

For any finite order automorphism v, let P*(g,~) be a subset of P, (g”) pa-
rameterizing the set of integrable, irreducible highest weight representations
of L(g,v). By the isomorphism of L(g,7) ~ L(g,0) and the realization of
L(g,0) as a twisted affine Kac-Moody algebra [61] g(X](Vm)), we get a natural
bijection

(7.3) P'(g,) < PYa(x{")).

We also refer the reader to [54, Section 2] for an alternate description and
construction. For A € P’(g,7), let V) denote the highest weight irreducible
module of g7 of highest weight A. Similarly, we denote the highest weight
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irreducible integrable modules by H(g,) (also denoted by K if there is
no confusion). They are characterized by the property:

1. H5(g,~) are infinite dimensional.
2. X C 9{)\(977)
3. The central element ¢ acts on H,(g,~) by multiplication by £.

In Section 12.5, we give a coordinate free construction of the modules
9{)\(977)

8. Sheaf of twisted conformal blocks

In this section, we give a brief coordinate free construction of the sheaf of
twisted conformal blocks ([27, 37, 46, 54, 88, 87, 95]).

8.1. Family of pointed I'-curves

Let T be a smooth variety and consider a proper, flat family = : C — T of
curves with at most nodal singularities. Let I" be a finite group that acts on
C' such that the map 7 is I' equivariant. Let the quotient 7: C = C/T' = T
be the induced family of curves over T'. The genus of the fibers of © and
7 are related by the Hurwitz formula. We further choose mutually disjoint
sections p = (p1,...,pn) (respectively p = (p1,...,pn)) of T (respectively
) such that

1. We have pr(p(t)) = p(t) for all points ¢ € T, where pr: C — C is the
canonical quotient map.

2. The points p(t) are all smooth. ~

3. For any t € T, the smooth branching points of the I'-cover Cy — C}
are contained in (J!" | p;(t).

4. For any point ¢t € T, the data (5}, Cy,p(t), p(t)) is a n-pointed admis-
sible I'-cover in the sense of Jarvis-Kimura-Kaufmann (see Definition
A.2) [58]. N

5. We assume that C'\ I"- p(T) is affine over 7.

Let m = (my,...,my) € '™ be the monodromies around the sections p, in
other words for all 1 < i < n, m; is the generator of the stabilizer I'; < I' of
p; determined by the orientation of the curve.
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8.2. Coordinate free highest weight integrable modules

We start with a family of pointed I'-curves satisfying the conditions in Sec-
tion 8.1. Let J; (respectively J5,) be the ideal of the image of p (respectively

p;) in C. Let (‘)C =~ be the formal completion of Oz along the image of p;
and 9(~ ~ be the sheaf of formal meromorphic functions along p;. Observe
that if Fl = (m;) denotes the stabilizer in I" of p;, then I'; acts on UCC@. We
define the coordinate free twisted affine Op-Lie algebra as

(8.1) aﬁi = (g (%) K@,ﬁi)ri ) OT.C,

Suppose ﬁ@. = (g ® 65@)Fi ® Orc. For \; € P'(g,T;) := P’(g,m;), let Vy
denote the g'* module of highest weight X. We let (g ® (/‘\)5’@)& act on V)
via evaluation at p; and ¢ acts on V), by multiplication by £. Thus Ep act on
V). We denote by M), 5, : Indgp’ V. It follows that M), 5, admits a unique

irreducible quotient which we denote by Hy, 7,

Remark 8.1. If T is a point ancl we choose/\formal coordinates around p;, we
get an isomorphism of g, with L(g,I;) = L(g,m;). Under this isomorphism
H, 5, gets identified with Fy(g,I";).

Consider the sheaf of Lie algebras

r

Op, = |9® ( @ fKaﬂ) @ Or.c.
pi€pr—1(pi)

This is canonically identified with g5,. Similarly, consider the sheaf of Lie
algebras g5 p = (@ ,8p.)/Z, where Z is a subsheaf of @&, Op.c consisting
of tuples (f1,..., fn) such that f; +---+ f, = 0.

8.2.1. Sheaf of twisted covacua. Let X = (A,...,An) be an n-tuple of
weights such that each \; € P(g,T;). The sheaf H; :=Hy, 5 ® - @Hy, 5,
of Op-modules is also a representation of the sheaf of Lie algebras ﬁé,p- By
the residue formula, we have a homomorphism of sheaves of Lie algebras
(5% 05T D) — ..

We define the sheaf of twisted covacua to be

V5 (C,C,p,p) := Hy/(g @ O« - p)) Hy,
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where I' - p denotes the union of the I" orbits of p; for 1 < i < N. Similarly,
we define the the sheaf of vacua as

Vi (€,C,p,p)={(¥] € HE[(WIX[f] = 0, for all X& € (3905(T-5))'}.
We now recall some basic properties of the sheaf V F(é’ ,C,p,p).

8.2.2. Gauge symmetry. If (6’ C, p, p) is an admissible curve, the equa-
tion
(| X[f] Z\If|ij®f ) =0,

where p; is the j-th component of the map (g ® HO(C, 05T -p)* to gz 5
will be referred to as the Gauge Symmetry or the Gauge condition.

8.3. Properties of twisted vacua

We record some important properties of twisted Vacua that we will use.

Proposition 8.2. The sheaves VXF(CN', C,p,p) and V}F(é, C,p,p) are co-

herent Op-modules [54], ([83, Lemma 2.5.2] in the untwisted set up) which
are compatible with base change. Moreover, like in the untwisted case, Hong-
Kumar [54] (under the assumption that I' preserves a Borel subalgebm of g)
show that the sheaf VT (C C,p,p) is locally free and Va (C’ C,p,p) and

)\F(C, C,p,p) are dual to each other.

We also refer the reader to [84], for a more general statement on the
interior Mgn of ﬁgn in the setting of orbifold vertex algebras.

Let q = (q1,---,qm) be m disjoint sections of 7 : C' — T (also disjoint
from p) marking étale points of the I'-cover C' — C and let q be a choice
of lifts to C. This data endows the family C' — T as a n + m-pointed I'-
cover with monodromy data m’ = (m, 1,...,1). Then we have the following
[27, 54, 88] which is often referred to as Propagation of Vacua:

Proposition 8.3. Let 0 = (0,...,0) € Py(g)" and assume that T’ preserve
a Borel subalgebra of g. Then there is a natural isomorphism between Op-
modules V/\F(C' C,p,p) ~ V/\uOF(C C,pUq,pUq). Moreover, these iso-
morphisms are compatible with each other for different choices of the étale
points chosen.
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Remark 8.4. We only need “Propagation of Vacua” along the étale points,
since by assumption all the ramifications points are already marked. In
Hong-Kumar [54], Proposition 8.3 is proved when the extra points q are not
necessarily étale which is a stronger version than the one stated in Propo-
sition 8.3. However, it must be pointed out that 0 may not be a weight in
P*(g,~) for all £.

8.3.1. Descent data. Following the discussion in [37], we use Proposition
8.3 to drop the condition that C'\ I'- p(T’) is affine. Let C' — T be a family
satisfying conditions 1-4 in Section 8.1. We can find an étale cover 7" of T and
m-sections marking étale points q (respectively q) of the induced family C’
such that it satisfies all the conditions in Section 8.1. Thus we can associate
a sheaf VXuG,F(C’ C,pUq,pUq) on T’. We can define VX,F(C7 C,p,p) to be

the natural descent of VXu()’,F(CN" C,plLig, pUq) given by Proposition 8.3. The

same discussion (see Proposition 2.1) in [37], tells us that the Vy F(é’, C,p,p)
is independent of the choice of the étale cover of T" of T'. Thus, we get a well
defined sheaf of covacua V5 .(C, C, p, p) on the moduli stack Mgvn(m) of n-

pointed admissible covers defined in [58] (see Appendix A for the definition
of Mgn(m))

8.3.2. Factorization. Let C — C' — T bea family of stable n+2 pointed
stable covers with group I'. Let p’ = (P, q1,¢2) be the n + 2 sections such
that the monodromies around the sections g1 and g2 are inverse to each
other, say v and v~! respectively. Then identifying the family C' along the
sections q1 and g2, we get a new family of stable n-pointed cover of curves
D — T with group I" along with n-sections p. Assume that “I" preserves a
Borel subalgebra of g”. Then by the factorization theorem in [54], we have
the following isomorphisms of locally free sheaves on T'.

Proposition 8.5.

Vir(D.D,Bp) = D Vi (C.CHP).
HEP(g,7)

8.3.3. Global properties. We continue to assume that the group I pre-
serves a Borel subalgebra of g. The bundles of twisted covacua are compatible
with natural morphisms on Mgn (m) which we state below.

Proposition 8.6. Let X be an n-tuple of weights corresponding to m and let
Vs denote the sheaf of twisted covacua on Mg}n(m), where m =

(mi,...,my) € ™. Then the following holds:
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1. Assume that for some i, we have m; =1, \; = 0 and that (g,n — 1) is
a stable pair, i.e. 29 —2 4+ (n — 1) > 0. Consider the natural forgetful
stabilization map f; : ﬁgn(m) — ﬁgm_l(m') obtained by forgetting
the point p; (and contracting any unstable component), then there is a

natural isomorphism
Vir = fi*VX/,F’

where N (respectively m’) is obtained by deleting \; = 0 (respectively
m; = 1) from X\ (respectively m). o

2. Let 517277:M517m+1(m1, fy)ng%mH(mg, 71 _>Mgl+g2,n1+n2 (mp, m2)
be the morphism obtained by gluing two curves of genus g1 and go
along the last marked point with monodromy v and v~!, then there is
a natural isomorphism

* ~ - -
51:27’YVX,F = @ V,\f,r X VX',F’
HEP*(g,7)

where X'i()\l, ey Anys i) and /_\"’_: (A iyt 1y« s Ay 15).

3. Let &, : Mg_17n+2(m,7,7*1) — Mgm(m) be the morphism obtained
by gluing a curve along two points with opposite monodromies. Then
there is a canonical isomorphism

g’jV;\,F = @ VXLI{;L,;L*},F'
reEP(g,7)

Moreover, these isomorphisms induced by §12,, fi and &, are compatible
with each other.

Proof. The second and third part of the proposition follows directly from
Proposition 8.5. We now discuss the proof of the first part which is similar
to the discussion in Section 2.2 of [37].

Let C'— T be a family of stable n + 1-pointed covers with group I' and
p are the sections. Assume that the points in the fibers of C — T marked
by the n + 1-th section in p are always étale. Let X = (A, -+, Ant1) be such
that Ap+1 = 01in Py(g). Then forgetting the n+ 1-th section, gives a family of
n-pointed I' covers which may not be stable. To make the new family stable,
we have to contract unstable components to a point. Hence two situations
can occur.

First we can contract a rational curve that has two marked points and p,,
and p,41 and meets the other component E at a nodal point g. In the case
after stabilization we obtain the curve E is smooth at ¢ and we declare ¢ to
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be the n-th marked point p,,. Secondly, we can contract a rational component
which has one marked point p,+; and meets the other components F£; and
Es at two distinct nodal points ¢; and ¢o. In this case, after stabilization
we get a curve obtained by joining F; and FEs by identifying ¢; with g2. We
refer the reader to Section 2 in [58] for more details on these stabilization
morphisms. Now in both these cases, part (1) of Proposition 8.6 follows from
Proposition 8.5 and Lemma 8.7. O

Lemma 8.7. Let m = (y,71,1) € T® and X = (A, A*,0), where A €
Pf(g,'y). Assume that the marked points p are in the same connected com-
ponent of C. Then the fibers of the vector bundle VXF(G,IEM, p, p) restricted
to such points are one dimensional.

Proof. From the assumption it suffices to assume that C = P! and I = (y).
Let P! — P! be a I'-cover with n marked points. Assume that n — 2 of
the marked points are étale. In this set up, by Proposition 8.8, the fibers of

V}F(Pl, P!, p,p) of the twisted conformal bundle embeds in Homgr (Vy, ®

-+ ®@V,,,C) where V) is the irreducible g"™-module of highest weight \ and
m; is the monodromy around the point p;.

Since Homg~ (V) ® V)+) is one dimensional, this applied to the situation
of the lemma give us that the rank of VX,F(CV’,IP’l,ﬁ, p) is at most one di-
mensional. Now the result follows from the fact the one dimensional space
of g7-invariants of V), ® V- extends (Equation (16.6)) the bilinear form ( | )
on Hy(g,7) ® Hx-(g,7"!) as an element (Equation (16.7)) of the twisted
conformal block O

Let z be a global coordinate on C and assume that P! = C U {oo}.
Observe that w = 1/z is a local coordinate at the point co and £(q) =z —¢q
is a local coordinate at any other point ¢ € C{0}. The proof of the following
proposition is analogous to Proposition 6.1 in [90]. We include a proof for
completeness

Proposition 8.8. Let I' = () be a cyclic group of order N and P! — P!
be an admissible cover with Galois group I and two ramification points O
and oo of order N and monodromy vy and v~ respectively. Moreover assume
that q1, ..., qn are distinct étale points on C* with non-intersecting I'-orbits,
then the twisted conformal blocks at any level injects into the space of g7
mvariants:

VX7#17H2,F(P1’ ]P)l’ i;, p) - Homgﬁ' (VX ® Vﬂl ® Vﬂm(c)a

where p = (q1, - --,qn,0,00) and V3 = V), @ --- @ V).
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Proof. Let (¥| be an element of the twisted conformal blocks i.e. in partic-
ular it is a function on the tensor product of integrable representations

iHX NP = :H:)\l (9) ® g_(:)\n (g) ® g_(:ltl (gv 7) X g_(:ltz (gv 7_1)-

The tensor product V3 ® V), ® V,, naturally embeds into H5 fa gt hence by
restriction of (¥| we get a map
1 pl <
L: VXMM’F(]P’ , P, p,p) = Hom(V; @ V,,, ® V,,, C),

Now, let X € g” and 1 be the identity function on P!. By the “Gauge
Condition”, we get for any vector 7 € V3 @ V,, @ V,,:

n+2

(¥ (X @ D)) = Y (W, (X © 1)7) =0,

where p; denotes the action of X ® 1 on the j-th component of ¢. Thus, we
conclude that the image of « in indeed in the space Homg- (Vy®V),, ®V,,,C).

We now show that the map ¢ is indeed injective. Assume ¢((¥]) = 0. By
induction on the natural filtration F,J5 W€ prove that (U] restricted
to F, U{ o is zero. For p = 0, this is true by the assumption. Assume that

(Y]|p, fHA i = 0

Now any element of F, 1 1H} ,,, ., is of the form p;(X(—M))|®), for some
1 <j <n+2and a positive integer M, where |®) € Fpdy ., jo- Moreover
either X( M) is an element of L(g) for 1 < j < n or X(—M) € L(g,~) and
L(g7 DY for j = n+1, j = n+2 respectively. We split up the rest into two
cases

First we consider the case j is n+1. The case j is n+2 is similar. Further
we can assume that X (—M) is in the space g; ® A; in L(g, ), where —i = M
mod |7/

The function f(z) = 2= has a pole of order M only at zero and is
holomorphic else where. Moreover X ® f is an element of I'-invariant g
valued functions on P'\I' - p. Thus again by “Gauge Symmetry”, we get

(W1 (X(~MNB) = (lpoir(X © ))®),
= - Y Wp(X e =

j#n+1

Since f is holomorphic outside of zero, it follows that p;(X @ f)|®) €

Fpg{)\,uhuz'
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Next consider the case 1 < j < n. Without loss of generality assume
that j = 1. Since the action of v fixes 0 and oo, it follows that the action of
7 on z by via multiplication of ¢!, where € is a chosen |y|-th root of unity,
for every 0 < k < ||, we can produce a meromorphic function f; on P! with
the following property:

1. fi has poles only along the I'-orbit of ¢; of order exactly M and holo-
morphic elsewhere.

2. v.fr(2) = e ¥ fi.(2), where z is the global coordinate on C.

2
ERE
(2) since k < |y|. Now by projecting into the eigenspaces g of the 7 action
on g, we can assume without loss of generality that X is of the form Xj, € gy.
Now by construction X ® fi, is an element of I' invariant g-valued functions
on PN\T'- g;. We conclude via “Gauge Symmetry” as follows:

(W]p1(Xp(=M)®) = (¥[p1(X) ® fr)®),
== (Up; (X @ fi)®)
i
= 0 (again by induction hypothesis). O

For example the function fx(z) = satisfies the conditions (1) and

Remark 8.9. In the untwisted case, Fakhruddin [37] showed that the bun-
dles of sheaf of covacua is globally generated by generalizing Proposition 6.1
in [90] to the nodal case. Similar results also holds for twisted conformal
blocks of arithmetic genus zero. We will study this further in a future paper
where we compute Chern classes of I'-twisted conformal blocks.

8.3.4. Equivariance with respect to permutations and conjuga-
tion. As before let m = (my,...,m,) € I'™ and consider the moduli

stack ﬂg’n(m). Let o € S, be a permutation. Then permutation of the
marked points induces an isomorphism &, : M;n(m) = ﬁg’n(mg), where
m, = (ma(l), ooy mU(n)).

If X = (A1, ..., An) is an n-tuple of weights with \; € P%(g, m;), we set Xo
to be the permuted weights. Then we have a natural isomorphism between
the sheaves of covacua

Y

(82) Vs Nfg X,,,F'

A
Now let v = (y1,...,7) € I'". Let "m = ("™my,...,"»m,) be the
conjugated n-tuple, where Vim; = ~y;m;y; ! Then acting on the marked

(m) = M, ,("m).

points p in C by ~ induces an isomorphism & : M, ,,



206 Tanmay Deshpande and Swarnava Mukhopadhyay

If X = (A1,...,Ap) is an n-tuple of weights as before, then we obtain the
weights ~ - X with 7; - \; € P(g,%m;) (see also Section 15.1.1). Then we
have a natural isomorphism between the sheaves of covacua

(8.3) Vir &V sp

Combining Equations (8.2) and (8.3), we see that the sheaves of covacua
are equivariant for the action of the wreath product S,, X I'™ on the moduli
stacks of pointed admissible I'-covers.

9. Twisted fusion rings associated to automorphisms of g

Let g be a finite dimensional Lie algebra which is simply laced. Let D(g)
be the Dynkin diagram of g. A diagram automorphism o of g is a graph
automorphism of the Dynkin diagram D(g). Let N be the order of o. It is
well known that N € {1,2,3}. We can extend o to an automorphism of the
Lie algebra g. To this data, one can (see [45]) attach a new Lie algebra g,
known as the orbit Lie algebra. We enumerate the vertices I of D(g) as in
[61] by integers. Further denote by g” the Lie algebra of g fixed by o. The
Lie algebras g, and g° are Langlands dual to each other.

We fix an enumeration the orbit representatives such that it is the small-
est in the orbit. More precisely

I={iclli<o"i), and0<a<N —1}.

Let N; denote the order of the orbit at ¢ € I. Let P(g)? denote the set of
integral weights which are invariant under o and consider the fundamental
weights w1, ..., Wrank g of g. The following is an easy observation:

Lemma 9.1. There is a natural bijection ¢ : P(g)° — P(g,) which has the
following properties:

1. Foric I, we get Z(]ZV':L’O L(Weai) = wj.
2. 1(p) = py, where p and p, are sums of the fundamental weights of g
and g, respectively.

9.1. Fusion rules associated to automorphisms
Let g be any simple Lie algebra. For any n-tuple )= (A1,...,An), consider

the dual conformal block VX(IP’l, Z) at level £. Now given any diagram auto-
morphism o : g — g, we get an automorphism of * : Py(g) — Py(g). This
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induces a map of the dual conformal blocks o : V5(P',2) — Vo*(X) (P, 2),

—

where 0*(\) = (0% A1, ..., 0% \,).

Let Py(g)? denote the set of level ¢ weights fixed by o. Thus, if X €
(Py(g)7)™, then we get an element o in End(V;(P*, 2)). In [53], Jiuzu Hong
defines a fusion rule associated to o.

9.1.1. Twisted fusion rules for diagram automorphisms. Now we
restrict to the case when g is simply laced and ¢ is diagram automorphism
of the Lie algebra g. The following proposition can be found in [53]:

Proposition 9.2. The map N, : N7(® — C given by Ny(3X,\i) =
Tr(o|V5(P!, 2)) satisfies the hypothesis of fusion rules (see [13]).

Definition 9.3. The ring given by Proposition 9.2 will be denoted by
Re(g, o) and will be called the twisted (Kac-Moody) fusion ring.

The set of characters of the fusion ring Ry(g, o) has been described in
[53]. We recall the details below. Let G, be the simply connected group
associated to the Lie algebra g, and T, be a maximal torus in G,. Let Q(g)
be the root lattice of g and let Q(g)? be elements in the root lattice of
g which are fixed by the automorphism ¢. Then under the transformation
t: P(g)? = P(g5), we get

o _ | Q8s) g 7 Az,
(9.1) W(Q(9)7) = { P(g,) = 3Q(g,) 9= Azn.

Consider the following subset T ; of T;, given by
Tyo:={t€T,|e*(t)=1for a € ({+h")(Q7(g))}.

An element t of T; 4 is called regular if the Weyl group W, of g, acts freely
on t and let T;eeg is set of regular elements in 75 ;. Now the main result in
[53] is the following:

Proposition 9.4. For t € T, /W,, the set Tr.(t) gives the characters of
the fusion ring Re(g,0).

Thus to study the character table of the fusion ring Ry(g, o), we need
to give an explicit description of the set Tgreeg /W, in terms of weights of the

level f-representations of the twisted affine Lie algebra g(X](Vm)) associated

to o.
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Remark 9.5. In the case of fusion ring Fy associated to untwisted con-
formal blocks, there is a natural bijection [13] between Py(g) and T,°® /W,
where W is the Weyl group of g. However, in the case of twisted fusion ring
Re(g, o), there is no such natural bijection.

The following proposition should be considered as a generalization of
Proposition 6.3 in [13] to the case of all affine Kac-Moody Lie algebras.
Proposition 9.6. There is a natural bijection between Tgregg/Wg with
Pl(a(Xy").

Proof. We divide our proof in the two major cases. First, we consider the case
when the twisted affine Kac-Moody Lie algebra is of type Agn)fl, Dr(LZJZD EéQ)
or Df’). In [53], Hong introduces the following subset set of coweights P (g, ):

Py = {1 € P(g5)|0(f2) < £}.

Now Lemma 5.20 in [53], shows that there is a natural bijection between
P, and T'% /W,. Thus we will be done if we can show that P*(g,o) is in

a natural bijection with 15075. This set can be precisely described as

If g = Ay, 1, then ng = {Z;'lzl eidji|€1 + 2(62 + -+ 6n) < f}
If g= Dyy1, then pa,g = {E?:l eid),-IQ(el + -+ €n_1) +e, < €}
If g = Dy, then pg,g = {e1w01 + eaws|3e1 + 2e9 < L}

If g = Fg, then ng = {2?21 61(1}”261 + 4by + 3bg + 2e4 < f}

L e

Here w;’s are the fundamental coweights of the Lie algebra g, and e;’s are
non-negative integers. By the explicit description of the set Pz(g(X](Vm))) by
equations (B.1), (B.2), (B.3) and (B.4), it follows that there is a natural
bijection between P*(g, o) and P, .

Now we consider the remaining case when A = Agl) In this case, the
horizontal subalgebra g is same as g,. We define the map 3 : P¢(g(A)) — Ty
given by the formula S(\) = exp (%VQ(A)()\ + ﬁ)), where vg(4) is the
isomorphism between $*(A) — $H(A) induced by the normalized Cartan-
Killing form rg(4) on g(A) and p is the sum of the fundamental weights of the
horizontal subalgebra g. Now the rest of the proof follows as in Proposition
9.3 in [13]. O

9.1.2. Fusion rings associated to arbitrary automorphisms. In the
previous section, we discussed how one can associate fusion rings to diagram
automorphism. Let v : g — g be an arbitrary finite order automorphism and
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o be the diagram automorphism of g related to v by Proposition 7.1. Then
~v and o differ by an inner automorphism of g and hence we get a bijection
between P(g)” and P(g)?. Now since v and o both preserve a normalized
Cartan Killing form it follows that there exists a bijection between Py(g)”
and Py(g)°.

If X = (AL,...,\n) € (Po(g)7)", then as in Section 9.1, we get an el-
ement in End(V;(P!, 2)). Since the untwisted conformal block V5 (P!, 2) is
constructed as coinvariants of representation of the Lie algebra g ® Op: (x2),
it follows [46, Section 5.3] that inner automorphism of g acts trivially on the
untwisted conformal block VX(]P’l, Z). The discussion can be summarized as
follows:

Proposition 9.7. Let X € (Py(g)°)", we get Tr(y|V;(PL, 2)) =
Tr(o|V5 (P, 2)).

Hence the twisted Kac-Moody fusion ring Ry(g,~y) associated to an ar-
bitrary automorphism ~ just depends on the class of the diagram automor-
phism o.

10. The I'-crossed modular fusion category associated with
twisted conformal blocks

We now state one of the main theorems in this paper. We prove this theo-
rem in the later sections (Section 15.3.1) using the formalism of I'-crossed
modular functors that will be developed in Part III of the paper. We use this
theorem to connect the fusion ring studied by J. Hong [53] as a categorical
twisted fusion ring as in Section 5. We have the following set up:

Let mq, mo, m3g be elements of I" such that m; - mo - mg = 1. Con-
sider the 3-pointed marked curve (P!, u3), where the three marked points
are the 3-rd roots of unity uz € C C P!, the associated tangent vector
is again w considered as a tangent vector at w. Consider 0 as the base-

point on P!\ us. Consider paths C; in P!\ p3 based at 0 and obtained
2r/—1j

by going in a straight line from py to p; and encircling the point e™ s
counterclockwise. Then we obtain a presentation of the fundamental group
7T1(]P)1 \,LL3,0) = <C]_,02703‘C]_ . CQ . Cg = 1>. Hence if mimaomsz = 1, then
C; — m; defines a group homomorphism ¢ : 71 (P! \ u3,0) — I'. Then by
[58, §2.3] this determines an 3-marked admissible I'-cover (5 — PL P, pin, V)
in the distinguished component &g 3(m1, ma, m3) of ﬂgﬁ(ml,mg,mg) (see
[58, §2.3])).




210 Tanmay Deshpande and Swarnava Mukhopadhyay

Theorem 10.1. Assume that I' preserves a Borel subgroup of g. The I'-
twisted conformal blocks for a simple Lie algebra g at level £ define a I'-
crossed modular fusion category C(g,I',¢) = @761“ C,, with fusion product
denoted by @ such that

1. The identity component Cy is the modular fusion category defined by
untwisted conformal blocks for g at level £.

2. The simple objects of C, are parameterized by the set P'(g,7).

3. The monoidal structure ® is defined by the following Hom-spaces:
For simple objects A\; € Cpp,

(10.1)

L Ve (C = PL D, us, V), i “mg-mg =1
Hom(:ﬂ_7)\1®>\2®)\3) = {0)\71—‘( 7p7u37v)7 mel m2 m3

otherwise.
10.1. The relationship with categorical twisted fusion rings

Let us go back to the untwisted situation, i.e. when the group I' is triv-
ial. In this setting Huang [57], [56] has proved Theorem 10.1, namely that
untwisted conformal blocks (see Theorem 15.2) define a modular fusion cat-
egory C(g,¢). If ~ is a finite order automorphism of g, then we have the
induced autoequivalence of the modular fusion category C(g, ¢) which comes
from the action of v on the spaces of conformal blocks described in Sec-
tion 9.1.2. Note that the classical untwisted version of Equation (10.1) says
that Hom (1, \1®@X2®A3) = Vi, a,, (P, 2) and hence tracing out automor-
phisms on the Hom-spaces that appear on the left is same as tracing out
automorphisms on conformal blocks that appear on the right. Recall that
the categorical twisted fusion ring Kc(C(g,¢),7) (see Definition 5.1) is de-
scribed using the former operation (by Proposition 5.3), whereas the twisted
Kac-Moody fusion ring Ry(g,y) has been defined using the latter operation.
Hence we obtain:

Proposition 10.2. For any finite order automorphism = of g, the categor-
ical y-twisted fusion ring Kc(C(g,¢),) is isomorphic to Ry(g,7).

Note that if v is an automorphism of order m we get an action of a finite
cyclic group () on g which preserves a Borel subalgebra. Hence by Theorem
10.1 we get a (7)-crossed modular fusion category

Cg, (1), 0) =C1DCy @+ @ Con.

By [35] we know that we have a correspondence between modular autoe-
quivalences of €1 and invertible Ci-module categories. By the same work



Verlinde formula for twisted conformal blocks 211

we also know that the invertible C;-module category €, is precisely the one
corresponding to the modular autoequivalence v of €; = C(g, ¢).

10.2. Twisted conformal blocks and categorical crossed
S-matrices

In this section, we describe how to relate the normalized character table for
the fusion ring Ry(g,0) = Re(g,y) associated to diagram automorphisms o
(resp. automorphism + in the diagram automorphism class of o) at level ¢ as
discussed in Section 9.1 to compute the categorical crossed S-matrix using
Theorem 10.1.

Let J be a fusion ring coming from fusion rules with basis I and let S be
the set of characters. Consider a matrix ¥ whose rows are parameterized by
S and columns are parameterized by I. For (x,A) € S x I, set: ¥, \ := x(A).

Consider the element w = >, .; A\* and the diagonal matrix D,, whose

entries are >, [x()\)|? for x € S. Now we get % .3 =D,

Definition 10.3. We define the normalized character table X' of the ring
R¢(g,0) to be the matrix D, * 3.

A formula for D, will be discussed later as a Weyl denominator. Recall
by Proposition 9.4, the rows of the matrix ¥’ are parameterized by the set
1.7 /W, where

Top:={t € Tole®(t) = 1 for a € (£ +h")u(Q"(g))},

where T, is a maximal torus of the orbit Lie algebra g, and ¢(Q7) be as in
equation 9.1.

Let B : P'(g,v) = P'(g(A)) — T, /W5 be the natural bijection given
by Proposition 9.6 and Equation (7.3) in Section 7.2, where A is the Cartan
matrix type associated to the Lie algebra g and the diagram automorphism
o. The columns of the matrix ¥/ are parameterized by the set P;(g)?.

Remark 10.4. Note that by Proposition 9.4, the column of ¥’ correspond-
ing to the unit in [ is real positive.

The following Proposition relates the categorical crossed S-matrices with
the character table.

Proposition 10.5. For any v € I', the categorical ~v-crossed S-matriz S
of the I'-crossed modular fusion category given by Theorem 10.1 and the
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normalized character table of the ring Re(g,0) (where o is the diagram au-
tomorphism associated to ) are related by the formula

Y _ /
(10.2) S/\,# = izﬂ()\),w

where the sign + only depends on v as in Lemma 10.6. Here we have used
the natural bijection (see Section 9.1.2) between Py(g)Y = Py(g)? to identify
the columns of both matrices.

Proof. By Proposition 10.2, for v € I' the categorical crossed fusion ring
of C(g,T',¢) is isomorphic to Ry(g,vy). Now by construction the categorical
~v-crossed S-matrix S7 at level £ is the normalized character table of the
categorical twisted fusion ring (Theorem 5.6) constructed for each v € T" for
the category C(g,I', 7).

On the other hand the ring Ry(g,y) and Ry(g,o) are isomorphic and
hence Y/ is also the normalized character table of Ry(g,~). By Remark 4.22,
the 0-th column of the categorical crossed S-matrix is real since the entries
are the categorical dimensions of the simple objects (divided by the positive
real constant /dimC;) of €. Moreover, by Huang’s [56, Proof of Theo-
rem 4.5] computations of the pivotal trace along with Equation 13.8.10 and
Remark 13.8 in [61], we know that in the untwisted part €; all categorical di-
mensions are positive, i.e. the spherical structure on the untwisted modular
fusion category € is positive.

Now the spherical structure on €, induces a compatible and normalized
Ci-module trace on C, (see [30, §1.3]). As observed in [30, §1.3] there are
exactly two such possible module traces and these two traces differ by a sign.
Since €1 is positive spherical, C has the canonical positive Frobenius-Perron
trace. And hence the Ci-module trace on €, coming from the spherical
structure must be either this one, or its negative. Hence in € it follows that
all dimensions must be either all positive or all negative.

Now both S7 and Y’ are normalized character table of the same fusion
ring with the same basis and set of characters, the matrix ¥’ has the column
corresponding to 0 € Py(g)? positive real, while in the matrix S7 the 0-th
column is either all positive or all negative. Hence S7 and ¥’ must agree up
to a sign which only depends on . O

Lemma 10.6. The sign in Proposition 10.5 defines a group homomorphism

sign : I' — {£1}.

Proof. Since the categorical dimensions of all objects in the untwisted part
C1 are positive, the dimensions of objects in €, have the same sign which we
denote sign (7). Now given an object A; € C,,, A2 € C,, we have dim(4;) -



Verlinde formula for twisted conformal blocks 213

dim(Ay) = dim(A;®As). Hence we conclude that sign : I' — 41 is a group
homomorphism. O

Corollary 10.7. In the Verlinde formula Theorem 1.2 we could take the ma-
trices X' (from Definition 10.3) in place of the categorical crossed S-matrices.
In particular, for our purposes, we can ignore the sign in Proposition 10.5.

Proof. Note that the elements mq,..., m, € I' that appear in the Verlinde
formula satisfy a relationship of the form [aq,b1]- - [ag, bglmy - - - m,, = 1.

Applying the sign homomorphism to the relationship [ai,b:1]---
[ag, bglmy - - - my, = 1 we obtain that

sign(myq) - - - sign(my) = 1.

In other words if we change all the crossed S-matrices 5™ by a sign, all the
signs will cancel and we will get the same answer. O

11. Explicit description of ¥’

Recall that ¥’ is the normalized character table of the fusion ring Ry(g, o)
whose rows are parameterized (Proposition 9.4) by T ;;g /W, and columns
by Py(g)?, where o is a diagram automorphism of g and g(A) is the twisted
affine Kac-Moody Lie algebra associated to (g, o).

The Weyl character formula and the proof of Lemma 9.7 in [13] and [53],
we get

. . —2
(1L.1) Dw<t>—rTa,er( I <e5<t>—e-5<t>>) ,
a€A, +

where D, as in Section 10.2.
By the definition of ¥’ and the Weyl character formula, we get the fol-
lowing:

(11.2)

’—% HQEAU,+ e

HQEAU,+ (e

t)—e 3 (t _
(t) %( )| ( Z e(w)e(w(b(ﬂ)+pa))(t)>’

(t) —€ weW,

wiel wle

E:ﬁ,,u = |T0,Z

where p, is the sum of the fundamental weights of g, and W, is the Weyl
group of g,. Recall that by Proposition 9.6 there is a natural bijection S :
PY(g(A)) — T /W,, where g(A) is a twisted affine Kac-Moody Lie algebra.
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Proposition 11.1. Let v be a finite order automorphism of g and o be
the associated diagram automorphism. Let A, denote the set of roots of the
Lie algebra g,. Then the relations between the matriz X' and the twisted
Kac-Moody S-matrices are given by the following:

[oea, . ’f (B(V) ~ efg%w(w )W

a€N, 4 (6

e

where ¢ is the natural bijection between Py(g)° and Py(g,) and Y/\([L)(M) denote

the twisted Kac-Moody S-matrices given in Equations (B.6), (B.8), (B.10),
(B.12) and (B.15), and sign(vy) is the sign from Lemma 10.6.

Proof. The first equality is Proposition 10.5 and Lemma 10.6. We split up
the rest of the proof of the proposition to case by case for the untwisted
affine Lie algebras.

11.1. The case A = Agi)

Since § = gy, we get W, = W and p, = p. Let S (BAN) =
> wew, €(w)etWTPIN(B(X)). In this case, the bijection 3 is given by the
2

following B(\) = exp(z75w (Vg(a)(A + P))), where A" is the dual Coxeter
number. Hence we get

113) B = 3 cw)esp <ﬁg(,4)(w(b(#)+ﬁ)»)\+ﬁ))

wEVQV

= ildl@+2n) 70 (4A5).

Hence we get the following

’ aca, . (€2 (B(N) —e7=(B(N))/ ¥
This completes the proof in the case A = Agi) O

11.2. The case A is either Agl)_l, D7(12—i)-1’ Dé(l?’), E((iz)

In these cases the Lie algebras g and the g, are Langlands dual. In par-
ticular, W = W, and Q" is equal to Q(g,) and vice versa. As before, let
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B PY(g(A)) — T.% be the natural bijection. Then define a function J4
from the set T x P‘(g)? given by the formula

TABO) ) = 3 e(w) exp ((w(b(u) +ﬁ))(/3’(/\))>-

weWw

Let Py(A) = {\ € P(§)|8(\) < ¢}, where @ is the highest root of §. There
is a natural bijection i : P*(g)” — P;(A). Similarly, define another function
J'y on P*(g(A)) x Py(A) by the formula:

P 2me Ny =
B = 3 e (wormn+2).

where p and p are the sum of the fundamental weights (respectively co-
weights) of the Lie algebra g. By a direct calculation, we can check that
Ja(BA), ) = T4(Asn(w))-

To a Cartan matrix A of types Agi)_l, D7(12421> Eé2), V. Kac [61] associates
another Cartan matrix A’ of type Dﬁﬁl, Agi)fl, Eé2) respectively. Since g,
and g are Langlands dual, we observe by the calculations in Appendix B
that there is a natural bijection 1’ : Py(A) — P*(g(A")). In particular:

_ A 1 (0
(11.5) TABO) ) = i T 270, ().
Substituting Equation (11.5) in Equation (11.2), we get the required result
by observing that « = 1’ o).

12. Atiyah algebra of the twisted WZW connection on ﬁg’n

In this section, we extend the twisted WZW connection on Vi . on the

compact moduli M;n to a projective connection with logarithmic singular-
ities. We also compute the Atiyah algebra [22, 87] of the connection. The
corresponding result in the untwisted case is due to Tsuchimoto [87].

Let 7 : C — C be a I'-cover of nodal curves and let p = (p1,--.,pn) be
a sequence of n-distinct points of C' and p be a lift of p to C. Let p; be a lift
of p; with stabilizer I'; = (m;) of order N;. We have the following definition:

Definition 12.1. A formal coordinate of p; is called special if m;.z; =

eXp(QW\/?l/Ni)Ei.
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Let z = (z1,...,2n) be an n-tuple of formal special coordinates of p
and z = (21,. .., z,) denote an n-tuple of formal coordinates of p. The local
coordinates z and z are related by the formula z; = EZ-Ni, where N; is the
order of the stabilizer of T'; at the points p;.

The functor Mg?n along with a choice of formal special coordinates will

be denoted by ﬁ;n. Similarly, we denote the functor ﬁ;n along with a

choice of one-jets along the marked points by ﬁgm. We refer the reader to
Appendix A.2 for the definitions and the associated morphisms.

Let m = (mq,...,m;,) be an n-tuple of elements of I'™. The coherent
sheaf of twisted conformal blocks on Mg, (m) along with choice of formal
coordinates will be denoted by VTXF(CV’, C,p,p,z). We refer the reader to

[54, 84, 95] for more details. In this section, we give another construction of
\7} FC’ ,C,p, P, z) via the Beilinson-Bernstein localization principal following

[84] By taking invariant push-forward, we also show that the coherent sheaf

V} F(C~' ,C, P, p,z) descends to a coherent sheaf on ﬁgn(m) which we denote
by Vi (C.C,B,p, V).

12.1. Localization of twisted D-modules

In this section, we briefly recall the definition of Harish-Chandra pairs and
the Beilinson-Bernstein localization functors [16] to produce twisted D-
modules. We mostly follow the book of Frenkel and Ben-Zvi [43], however
we discuss the adaptation to the logarithmic settings. We refer the reader to
[43, Sections 17.1-17.2] or [84, Definition 6.1] for the definition of a Harish-
Chandra pair (s, K).

Let Z be a smooth variety and let © 4 be the tangent sheaf of Z. Let
Az be a normal crossing divisor in Z and let ©z A, be the sheaf of tangent
vector fields preserving the divisor Az.

Definition 12.2. A log (s, K)-action on Z is an action of K on Z that
preserves Az along with a Lie algebra map a : s ® Oz — Oz, that
satisfies the following:

1. The differential of the map K x Z — Z is the restriction of « to ¢,
where £ is the Lie algebra of K.

2. The action intertwines the representation of K on s with the action of
K on©za,.

Motivated by the setting in [43], we say that the (s, K)-action on (Z, Ayz) is
log-transitive if « is surjective.
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12.1.1. Assumption of the central extension. Let s be a central ex-
tension of s. We assume the following:

1. The exact sequence 0 — Oz - 5® Oz — 5 ® Oz — 0, splits over
Ker a.

2. The central extension defining s splits over £ making the pair (5, K) a
new Harish-Chandra pair.

These assumptions on the central extension s imply that the quotient of
5® Oy by Kera is a logarithmic Atiyah algebra A(—logAz) on Z i.e. an
exact sequence of sheaves of Lie algebras

(12.1) 0— 07 = A(-logAz) % Oza, — 0.

The map « is called the anchor map and the exact sequence (12.1) is known
as the fundamental exact sequence of the Atiyah algebra.

12.1.2. Twisted log-localization functor. Let [ be any Lie algebra con-
taining s and carrying a compatible adjoint K action and suppose [ is a
subsheaf of [ ® Oz that satisfies the following:

1. it is preserved by 5 ® Oz;
2. it is preserved by the action of K;
3. it contains Ker a, where a: s ® Oz — Oza,.

The Beilinson-Bernstein formalism first takes a F-module V which further
has the structure of a (5, K)-module and considers the following sheaf of
Oz-modules V ® O5/L.(V ® Oz). Then the assumptions guarantee, this is
also a A(—log Az)-module.

We recall following Section 17.2.5 in [43] how to descend the twisted
A(—log Az) module to a free group quotient 7' of Z by K. Let Z be a
principal K-bundle over a variety T" and let A7 be a normal crossing divisor
whose inverse image in Z is Ayz. We say a pair (T, A7) has a log-(s, K)
structure if the Harish-Chandra pair (s, K) acts log-transitively on Z ex-
tending the action of K on the fibers of the map 7 : Z — T. The anchor
map « gives a surjective map

@:5— Ora,, wheres= (s/t® 0z)K.

We denote the corresponding log-Atiyah algebra by A(—log Ar). Further let
5, [, land V be as in the beginning of Section 12.1.2 satisfying conditions (1)-
(3). Now since Z is a K-torsor over T, it follows that (V®0z)/l-(V®0yz) de-

scends as a Op-module on 7" which we denote by BB(V'). Moreover, BB(V)
is also a A(— log Ar)-module.
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12.1.3. Fibers of B/E(V) For a point ¢ € T, consider the set Z; =
771(t). The group K acts freely transitively on Z; and we . consider the
vector_space Vi := Z; xg V. Similarly, for every t € T, set [t = Zy XK | T
Since [ is preserved by the K-action, we also a get a Lie subalgebra [t of [t
The fibers of BB (V) at a point ¢t € T are the coinvariants V/l; - V;.

We WlllAapply the Beilinson-Bernstein localization formalism in the situ-
ation Z = Mgn(m) — Mgn(m) =T, as torsors for a natural group scheme.
We now describe these torsors.

12.2. Coordinate torsors

In this section, we recall (following [43], [44]) natural coordinate torsors
arising out of ramified cover of disks. First, we discuss the absolute situation
without covers.

12.2.1. Formal coordinate on disks with ramification. Let R be a
ring, then following Section 4.1 in Szczesny [84], we let O (respectively Kg)
denote the rings R[[z]] (respectlvely R((z))). Consider the automorphlsm
of the ramified covering R[[z¥]] — R[[z~]] given by sendmg 2N = ezw,
where ¢ is an N-th root of unity. Let as before Aut R[[z¥]] denote the
automorphisms of R[[z¥]] preserving the ideal (2¥). Let Auty Ox denote
the subgroup of Aut(R[[z%]]) preserving the subalgebra R[[z]]. Then there
is an exact sequence

(12.2) 0— Z/NZ — Auty Op & Aut O — 0.

As in Szczesny [84], we consider the group scheme (ind group-scheme)
Auty O (respectively Auty K) representing R — Auty(Og) (respectively

R — Auty(Xpg)) and its Lie algebra Derg\?) O (respectively Dery K). We
have the following explicit descriptions:

(12.3)  Dery) Cll=~]] = 25 C[[2]]0, 4 , Dery C((2¥)) = 2¥C((2))d

The isogeny p whose derivative is z%*'kaz% — N2F19, gives an iso-
morphism of the following Lie algebras:

(12.4) du Derg\of) O — Der® O, dp : Dery X — Der K.

Similarly, we define Auty 4 O to be the subgroup of Auty O such that
for any ring R, Auty 4 (Opr) consists of R-power series whose coefficient of
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z is one. Let Dery 4 O be the Lie algebra of Auty 4 O. Moreover, there is a
natural isomorphism between Dery 4 O and Der O.

12.2.2. Global situation. Let R be a C-algebra and consider a fam-

ily (5 — C,p,p) of n-pointed admissible I'-covers over Spec R. The mon-

odromies around the marked sections being m = (my,...,my). The stabi-

lizer I's, of p; is the cyclic subgroup of I' of order say N; generated by m;.
We define

Aut(C/C,0R) := Auty, (Op) x - - x Auty, (Or)

and analogously Aut, (C/C,Og) and Aut(é/ C,Xgr). The corresponding

group schemes are denoted by Aut(C/C,0), Auty(C/C,0) and
Aut(é J/C,X) respectively. We further denote their Lie algebras by
Der(C/C, ), Dery (C/C,0) and Der(C/C,X). The various versions of the
moduli stacks of pointed admissible I'-covers are related by the following
proposition:

Proposition 12.3. The moduli stacks My, ,,(m), M, (m) and M}, ,,(m) are

(
g,n
related as follows:
OYis : ~ bVl

1. Jl/[g,n(m) is a Aut(C{C, 0)-torsor over Mgm(m)'

2. ﬁg’n(m) is a Aut4(C/C,O)-torsor over ﬁg}n(m).

3. ngn(m) is a G} -torsor over Mgvn(m).

Let us define Der(C/C, %K) to be the Lie algebra of the ind-scheme
Aut(C/C,K). If I is trivial, then the Lie algebra is just denoted by Der(C.X).

The isogeny g in (12.4) gives the following isomorphism between
Der(C'/C,X) ~ Der(C, X).

12.3. Equivariant Virasoro uniformization

Let us recall the following result on I'-equivariant Virasoro uniformization
due to M. Szczesny [84, Theorem 7.1].

Theorem 12.4. The stack ﬂgn(m) carries a log-transitive action of
Der(C/C,K) extending the action of Aut(C/C,0O) along the fibers of the
natural map T : M;n(m) — ﬂgn(m) and preserving the boundary divisor
Agﬂn7F = mgm(m)\mg,n (m)'
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Comments on the proof. Strictly speaking Szczesny’s result [84] is on the
interior J\Affgn(m) Also his strategy is to reduce to the untwisted case. How-
ever, the arguments can be easily extended to the boundary following the
untwisted case as in Section 4.2 in [90]. Namely the action of Aut(C/C,0)
extends to the boundary since we are only modifying the smooth points. It
particular it also preserves the singularities.

Now log-transitivity follows from extending the argument of transitivity
in Frenkel and Ben-Zvi [43] in the untwisted case along with the result (see
[2], [8]) on deformations of nodal admissible I' covers C' — C' preserving the
singularities. These are exactly controlled by deformations of the pointed
curve obtained by normalization of C' and the new marked points coming
from the nodes of C'. Using these facts, we can argue as in [43]. If I is trivial,
the result of the extension to the boundary can be also found in [87].

The following is an obvious variant of Theorem 12.4 where we replace

ML, (m) by ML, (m).

Corollary 12.5. The same results in Theorem 12.4 hold if we consider the
natural action of the group Aut, (C/C,0) and along the fibers of the natural

map ﬁg}n(m) — ﬁgn(m).

12.3.1. Virasoro Uniformization and the Hodge bundle. Let C =

Z be a versal family in ﬁgm(m) parameterized by a smooth scheme Z (or
one may work in the setting of Looijenga [67]). We let z (respectively z)
be the corresponding choice of special local formal coordinates along the
sections p (respectively p).

Let Az be the normal crossing divisor of nodal curves and as before
Oz, be the subsheaf of tangent vector fields on Z preserving the divisor
Az. Finally, let X be the critical locus of C — Z and the image of X is Az.
The codimension of ¥ in C' is at least two.

By Theorem 12.4, the Lie algebra Der(C'/C,X) acts log-transitively (see
Definition 12.2 and the discussion afterward) on Z. In particular, we have a
surjective Lie algebra map:

(12.5) a:Der(C/C,K)® Oz — Ozn,.

Following the notation in [84], let vec” (C\I'.p) be the kernel of the map
a. This is the locally free sheaf given by the I'-invariant part of the push-
forward of the locally free sheaf ﬂ'fom(wé/z, (‘)5) to Z, where Wei 7 is the
relative dualizing sheaf. We refer the reader to Section 4.2 in [90] for the
case when I is trivial.



Verlinde formula for twisted conformal blocks 221

Alternatively vec” (C'\P) can be realized as follows: Restrict the versal
family to Z\Az. By [84], we get that the fiber of vec' (C\I'.p) at a point
(m: Co — Co, P, P, 2) is given by the Lie algebra of I'-invariant vector fields
on Co\ Ui, T - ps.

Since by assumption, Co is smooth, the cover Co — (Y is étale restricted
to CO\F p. Hence, it follows that a I'-invariant vector field on CO\F p de-
scends to a vector field on Cp\p. Thus we get that vec (C’\F p) is canoni-
cally isomorphic to the push forward of the locally free sheaf vec(C\p) :=
U'Com(wc/z, OC) to Z.

12.3.2. Uniformization and the associated Atiyah algebra. Recall
the natural forgetful maps T Mgn — Mgn and T Mgn — Mgm. The
action of Aut(C//C, %K) on Mgn( m) [43, Theorem 17.3.2], [84] preserves the
divisor ﬁg%p. The twisted Sugawara construction [94] gives an action of
Der(C/C, %) on Hs.

Let ]5&(5’/0, %) be the central extension of Der(C/C,X) obtained as
Beaer sum of the Virasoro cocycles for the individual factors. We get a short
exact sequence

(12.6) 0= 0z o Der(C/C,K) — Der(C/C,K) — 0

Moreover, the short exact sequence splits when restricted to vecr(é’\l“-f))
and the Lie algebra Der, (C'/C, ). Taking quotients and using surjectivity
of the short exact sequence in Equation (12.5), we get a logarithmic Atiyah
algebra with the following fundamental exact sequence.

(12.7)

= . Der 2 F 2 . n —~
0— Oﬁ;n(m) ¢ — Der(C/C,X)/vec (C\I" - (p)) — G)ﬁ;n(m)’Ag'n’F — 0.

We denote the log-Atiyah algebra
A(C/C)(=log & Ay nr)) := Der(C/C,X)/vect (C\T - (P)).

Since My, ,,(m) is an Aut. (C/C, 0)-torsor over ﬁgm(m), the sheaf A(C/C) x
(—log7 (A, 1)) descends via invariant push-forward to a log-Atiyah al-

gebra on the stack M} . (m) which we denote by A(C/C)(~log 7 YAy nr))-

12.3.3. Virasoro uniformization of the Hurwitz-Hodge bundle. In
this section, we give a more explicit description of the Atiyah algebra
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f[(é/C)(— log @Y (Aynr)). If T is trivial, the corresponding results can be
found in [7, 22, 64, 87, 88|.

Consider the natural map q : ﬁgm(m) — M., and let A be the pullback
of the Hodge line bundle on ﬁg,n to ﬂgm via ¢. Then we have the following
proposition:

Proposition 12.6. Let Ax(—log Ay, 1) denote the log-Atiyah algebra asso-
ciated to the line bundle A on ﬁ;n(m), then there is a natural identification

A(C/C)(—log ™ (Aypur)) with 2 A+ (—log Agpr).

Proof. First, we consider the case when I' is trivial. In this case results in
[7, 22, 64, 87, 88] show that there is a natural isomorphism of Der(C,X)/
vec(C\p) = %.A,,*A(— log Ay.), where Ay, is the boundary divisor of ﬁgyn
and 7 : Mg,n — Mg,n is the forgetful map. Now consider the following
commutative diagram:

bV # gl
Mg,n (m) E— Mg,n(m)

ool

jus ~r

My ——— My pn.

Since the map 7 is flat [58], we get an exact sequence

0 — 7" (vec(C\p)) = 7" Der(C,X) — W*@ﬁ N

We now have the following commutative diagram of sheaves of Lie algebras.

Der(C/Cv j{) B @ﬁg L(m),Ag 1 —0

7*(Der(C, X)) —— W*@ﬁg,mAq L N

Since by the discussion following Equation (12.5), we get the kernel of the
horizontal maps are isomorphic. Hence it suffices to show that the vertical
map on the left is an isomorphism between 7*(Der(C, X)) is Der(C/C, K).
This follows from the isomorphism (12.4) of Dery X with Der XK. O
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12.4. Twisted log-D module

In this section, we recall the construction of the twisted WZW-connection
following [84] using the formalism of the twisted localization functor recalled
in Section 12.1.2.

Remark 12.7. We want to address a small but important difference from
[84]. The twisted modules for a vertex algebra arising from Kac-Moody alge-
bras are not conformal (i.e. the eigenvalues of the zero-th Virasoro operator
may not be integral, [43, Definition 2.5.8]) and hence the coherent sheaves
V}F(é, C,p,p,z) do not descend to coherent logarithmic D modules on

ﬂ;n(m) under the natural GJ,-action.

Let m = (mq,...,my) € I'" be a monodromy vector. For each 1 < i < mn,
let N; be the order the m; and J,, is an irreducible highest weight integrable
module for m;-twisted Kac-Moody Lie algebra L(g, m;) of highest weight \;
at level £. As in Sections 8, 8.3.1 and [15, Remark 3.4.6], without loss of

generality assume that we have a family of (C' = Z,p,p,2) in ﬁg’n(m)

such that C\p(Z) is affine and let Az be the divisor in Z corresponding to
singular curves. Following Looijenga [67, Section 5], we put the assumption
that vector fields on Z tangent to Ay are locally liftable to C (We could
have also worked with the set-up of versal family as before).

Similarly, we denote the corresponding family (6 — T,p,p,Vv) in
Mj,,,(m). The smooth scheme Z is a Aut_(C/C, O)-torsor over T'. For a fixed

n-tuple of monodromies m and integrable highest weights X = A,y An),
we consider the vector space Hs = H), @ --- @ H,, and the quasi-coherent
sheaf on Z.

ﬂx = f}(x@ Og4.

The Lie algebra Dery(Og) acts on Ky by the twisted Sugawara action
under the homomorphism

(12.8) Dery(Og) — Virr,, 2X¥%0 4 — —NLjr,,

where Virr_ is the Virasoro algebra with generated by Lg . which acts on
the L(g,T'5)-module 3, via the twisted Sugawara action [94, Section 3].
The Sugawara construction gives an action of Der(C /C,X) on 3y and one
naturally gets an action of the log-Atiyah algebra A(C~’ /C)(—log Az) on the
sheaf of conformal blocks VTX,F(G ,C,p,p,z) on Z.
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We apply the formalism ([84, Section 7.2]) of twisted log-localization as
described with Section 12.1.2 with the following:

e 5= Der(C/C, %),

o K =Aut, O,

o V=3, ® @I, and

e [ be the Aut(C/C, O)-equivariant sheaf of Lie algebras whose fibers at
a point (C,C,p,p,v) in T is given by (g® HO(C, Oé(*F.ﬁ))F.

Hence the twisted log-localization gives the sheaf of conformal blocks
VJE\»F(C’, C,p,p,v) on T along with an action of the log-Atiyah algebra

A(C/C)(—1log Ar). A direct corollary of the Proposition 12.6 is the fol-
lowing;:

Corollary 12.8. The log-Atiyah algebra 26(2123)A7}*A(—10g K%nI) acts on
the dual twisted conformal block bundle or the sheaf of twisted covacua
VXI(Ca C, f)y b, v)

12.5. Atiyah algebra for the twisted WZW connection on
M:;an(m)

Let m € I'™ be a monodromy vector and for an n-tuple of integral weights
X = (A1,...,An) at level ¢, we denote the vector bundle of conformal blocks
on mg,n(m) by V}I(é, C,p,p). Let T be a finite group acting on g. For
each v € I' let L(g,~) be the y-twisted affine Kac-Moody Lie algebra.

As before, let C' — C' be a ramified Galois cover of nodal curves and let
p be a smooth ramification point of C' whose image in C' is denoted by p.
Let I'; be the stabilizer at the point p and we further, assume that N be the
order of I';. Let 2V is a special coordinate at the point p, then there is an
isomorphism of the residue fields Kz ~ C((2¥)) (respectively X, ~ C((2))).

Let R = C[[z¥]] and let Autn(Dpyp) (respectively Auty 4 (Dpg5)) denote
the set of special coordinates (respectively one-jets) of the point p. This is
an Auty(Og) (respectively Auty 4 (Og))-torsor.

Since the Lo r-eigen values of the module J{) are bounded from below.
Hence it follows (from the construction of the Sugawara action) that the
action of Dery 1 O is locally nilpotent.

Thus by the discussion in Section 6.3 of [43], we get that the following
vector space is independent of the formal jets at the point p:

Hng = Autn + (DR ) X Auty . (05) FOr-
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However, it turns out that the eigenvalues ([94, Lemma 3.6]) of the zero-
th twisted Virasoro operators Lor; on Jy are not in %Z. In particular by
Equation (12.8), the eigenvalues of z#@z% are non integers. We refer the
reader to [71] for similar issue when I is trivial.

As in the untwisted case, let A, denote the eigenvalues of Lo, on the
degree zero part of H. We consider the vector space Hy @ Cdz™*.

By Equation (12.8) of the Sugawara action, the eigenvalues of 2%82%
on Hy are of the form —NAj + Z, where A, is a rational number (Lemma
3.6 in [94]). The Lie algebra Dery(Og) acts on dz”* via Lie derivatives and
in particular zﬁaz% acts with eigenvalue NA,.

This again by Section 6.3 in [43] implies that the action of Dery(Og)
on Hy ® Cdz®* can be exponentiated to an action of the group Aut ~N(OR).
Thus the coordinate free highest weight irreducible integrable gz-module H)
(see Section 8 for notation)of highest weight A can be redefined as

(12.9) g‘f)\ﬁ = .AutN(DR,ﬁ) X Autn (Or) (Hy ® (CdZA)‘).

We have the following result which summarizes the discussions in this sec-
tion:

Theorem 12.9. Let Ay, be the eigenvalues of the zeroth Virasoro operator
Lo, on the degree zero part of the highest weight L(g,T),)-module with

i

highest weight \; via the twisted Sugawara action. Then the Atiyah algebra

¢dimg

20 (q) £ oyl log A NiAy Az (~log Ay,
Q(h\/(g)_i_g)‘AA( og g,n,F)-i—Z )\,LALZ_( og Ay, 71“)

i=1

acts on er(é, C,p,p), where Z]i;s are tautological line bundles correspond-
ing to the i-th psi classes and N;’s are the orders of the cyclic groups I'y,.

Proof. First of all we observe that the ﬂ;n is a substack of the total stack
of the G}, -torsor on Mgm given by the line bundles £, ..., L,. Hence the

pullback of each £; to Mg,n is trivial. Let 7 : ﬁgn — Mg,n be the forgetful
map and consider the Atiyah algebra

(12.10)
A {dimg

~ % ~_—1 ~ % -1
= Srivg)” AA(—logR Agnr)+Y NiAy7T Az (—log 7 Agr),

i=1
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Then by Proposition 12.6, Corollary 12.8 and the coordinate free construc-
tion (see (12.9)) tell us that the log-Atiyah algebra given by Equation
(12.10) acts on V := ﬁ*(VT;\. F(é, C,p,p)), i.e. a Lie algebra homomorphism
V : A = Ay which is also e(’luivariant under the G}},-torsor. Hence the result
follows. O

Part III: Crossed modular functors. In this part of the paper we
develop the formalism of a I'-crossed modular functor that will allow us to
use these bundles of twisted conformal blocks to construct I'-crossed modular
fusion categories.

We state and prove Theorem 13.20 which allows us to construct I'-
crossed weakly ribbon categories from a I'-crossed modular functor in genus
0. We then derive some important consequences of this, for example the
twisted Verlinde formula (Corollary 13.25) in the set-up of I'-crossed mod-
ular functors. The rest of the paper is dedicated to the proof that twisted
conformal blocks defines a complex analytic I'-crossed modular functor (The-
orem 15.1). We also complete the proof of Theorem 1.2.

13. I'-crossed modular functors

Let T" be a finite group. In this section, we define the notion of a complex
analytic I'-crossed modular functor. Topological I'-crossed modular functors
have been defined and studied in [60, 80]. We prove that the complex analytic
and topological notion are both equivalent to the notion of a weakly rigid
I"-crossed modular category. In this section, all abelian categories that we
consider are supposed to be finite semisimple C-linear, even though we may
not mention this explicitly and all additive functors considered are supposed
to be C-linear.

13.1. I'-crossed abelian categories

Let € be a finite semisimple C-linear abelian category equipped with a linear
action of a finite group I'. For an object M € C let I'y; := {(g,¢)|g € T, ¢ :

g(M) =M }. We can define a group structure on ') in the evident way
and we obtain a central extension

(13.1) 1— Aut(M) =Ty — Ty — 1,

where I'j; < T is the stabilizer of the isomorphism class of the object M.
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Remark 13.1. We say that an object M € C is I'-invariant if I'y; = T
and if the central extension (13.1) is split. Any I-invariant object in € can
be naturally lifted to an object of the I'-equivariantization ', namely the
object in the equivariantization corresponding to the I'-invariant object M
and the trivial representation of I'.

Now for each n € Z>(, the tensor power X" is also a finite semisimple
C-linear abelian category equipped with an action of the wreath product
Sp X I'™", where S, is the symmetric group on n-letters acting on I'" by
permutation of factors. Note that we have the diagonal subgroup AI' C I'"
or in other words, the fixed point subgroup in I'" for the S,-action. The
direct product S, x AI is a subgroup of the wreath product S,, x I'™ and
hence it acts linearly on the abelian category X",

Remark 13.2. By a symmetric I-invariant object in €®”, we simply mean
an S, X Al'-invariant object of €%".

Definition 13.3. An involutive duality on a finite semisimple C-linear cat-
egory is a C-linear equivalence (-)* : € — €°P along with a natural isomor-

kk

phism between the functors ide —» ()

Definition 13.4. By a finite semisimple C-linear I'-crossed abelian category
we mean a finite semisimple C-linear abelian category € along with

e a ['-grading of abelian categories C = @ C,,
mel’
e an involutive duality (-)* : € — C°P, which takes each component C,,

to C°%P_ |
2 linZLar action of I' on € such that v(C,,) C Cyppy-1 for all y,m € T,
which is compatible with the involutive duality and
a simple T-invariant object (see Remark 13.1) 1 € ©; which is self-
dual, 1 = 1%,

Remark 13.5. If C is a ['-crossed abelian category as in Definition 13.4,
then we have a I'"™-grading of C¥"

eXn — @ GE”, where GE"::Gmlﬁ' - XC,,, C eRn for m=(my,...,mp).
mel'n

Definition 13.6. For each m € I, let P, denote the set of simple objects of

Cm. Define Ry, := @ MK M* € C¥2 | and define R = @ R, € C¥2.
MeP,, ’ mel

Note that R is a symmetric T-invariant self dual object of €¥2,
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Remark 13.7. By a slight abuse of notation, we will often denote a I'-
crossed abelian category by the triple (€, 1, R), but it should be remem-
bered that there are other structures present which are not reflected in this
notation.

Remark 13.8. A grading C = @ C,, is said to be faithful if each com-
mel’
ponent C,, is non-zero. We will always assume that our I'-crossed abelian

categories are faithfully graded.
13.2. Motivation for the definition of crossed modular functors

Let (€, 1, R) be a finite semisimple faithfully graded I'-crossed abelian cat-
egory. Let us describe the motivation behind the notion of a C-extended
I'-crossed modular functor. The main goal is to define a tensor product
structure on C which equips it with the structure of a braided I'-crossed
weakly fusion category (see Definitions 4.1 and 2.3) with unit 1 such that
the I'-action, grading, and weak duality agree with the structures that are
already present on C.

The idea is to describe the desired tensor product of objects My, ..., M, €
C by describing instead the Hom-spaces

Hom(M,M; ® -+~ ® M,,) = Hom(1,M; ® --- ® M, @ M™)

and the relations that these spaces need to satisfy in order to define the
desired tensor product structure.

Let us consider objects M; € C,, € C for 1 < ¢ < n. Consider this
n-tuple of objects as an object

M:=MKX---KM, €€, K---KC, =cXrceln

where m = (my,...,my,).

Let us also consider an n-marked admissible I'-cover (5 —PLp,p,V,V)
with ramification data given by m € I'" as in Definition A.5.

Informally, a C-extended I'-crossed modular functor V (in genus 0) is a
gadget which takes in the data of an object M € GE” and an n-marked
I'-cover (C~’ — P, p,p,V, V), and spits out a finite dimensional vector space
VM(G’ — PL.p,p,V, V). These finite dimensional vector spaces are supposed
to be identified with the Hom-spaces that we need to define the desired tensor
product structure on €. A modular functor V in arbitrary genus can accept
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as an input any n-marked admissible I'-cover (6’ — C,p,p,V,v) without
any restriction on the genus of C.

This assignment needs to satisfy certain axioms in order to get the de-
sired properties for the tensor product. These axioms are stated precisely in
Section 13.4. Here we give the informal idea.

Firstly, as the cover (C~’ — C,p,p,V,v) varies in its moduli space
Jﬁgn(m) (see Definition A.5) the corresponding vector spaces should de-

fine a vector bundle with a flat projective connection on this moduli space.
~ ~TI
Secondly, these moduli spaces M?n(m) and their closures M, (m) have

various gluing maps, as well as forgetting of marked-points maps between
them. The vector bundles that are given by the I'-crossed modular functor
V need to be compatible with all such maps. This is what is usually called
‘factorization rules’ and ‘propagation of vacua’. In addition we also need
certain other functoriality conditions.

In order to package all the axioms we need in a compact way, we use
the category X' of stable I'-graphs that is described in Appendix A.3. This
category keeps track of the combinatorial structure underlying the gluing
and forgetting marked points maps between the moduli stacks of n-marked
admissible I'-covers. We refer to Appendix A.3 (see also [47], [79, §3.3]) for
the definitions and examples.

Informally we think of a graph as a ‘usual graph’ with vertices and edges,
but we allow some legs (which we think of as one half of an edge) attached
to vertices. We think of an edge as being made up of two half-edges joined
together. Moreover each vertex of our graph is assigned a weight, that will be
related to the genus of the base curve in a I'-cover C — C. It is then possible
to define the genus and the notion of stability of a weighted-legged-graph.
In addition, a stable I'-graph has the following data:

e An element m(h) € T' attached to each half-edge including the legs.
(This corresponds to the monodromy data of the marked cover.)

e An element b(h) (called edge conjugation data) attached to the half-
edges which are part of an edge {h, '} such that *®m(h) - m(r’) =
1, and b(h) - b(h') = 1.

13.3. Factorization and propagation of vacua functors
Let (€, 1, R) be a faithfully graded I'-crossed abelian category. We refer to

the informal discussion in Section 13.2 and Appendix A.3 for the definition of
the category X' of stable I'-graphs. Let (X, m, b) € X' be a stable I'-graph
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(see Definition A.7). With such a graph we associate the abelian category
GEH(X), where H(X) denotes the set of half-edges of the graph.

Now consider a morphism (see Definition A.7) (X,mx,by) m)

(Y, my,by) in X' which only involves contracting edges. We have the asso-
ciated functor

(13.2) Riq: GE’Z(Y) — GEZ(X) defined as
X M|~ ( X h) (M, )
<h6H<Y> h) prneserny T (M)

D X 1,b.(h1)) - Ry .
({h1>h2}€E(X)\f*E(Y)( ‘C( 1)) x(h1)>

Here we are just inserting the suitable translate of a graded component (to
be more precise, the object (1,bz(h1)) Ry (h1) € Cmy (h1) ¥ Crny (ny)) Of the
symmetric -invariant object R € C%2 at the edges of X which have been
contracted by f : X — Y. The reader can have a look at Example 13.11
below where a simple prototypical example is considered.

Now suppose that the morphism (f,~) : (X,mx,bx) — (Y,my,by)
only deletes some 1-marked legs. We define the functor

(13.3) Ry : Coad V) @EHX)

-1
(28, 00) = (B, v om) e, B 1)

i.e. we insert the I'-invariant object 1 at all the 1-marked legs which have
been deleted.

Hence we can define the functor Ry, for any morphism in X (see also
discussion in Appendix A.4). It is clear that if we have two morphisms

(X,my,bx) Loy (Y, my, by) EEIALN (Z,mz,byz)

then we have a natural isomorphism between the two functors

oBH(Z) (X)

~ XH
(13.4) Rifarvofim) = Revyn ©Rppys Gy ™" = Cimy
13.4. C-extended TI'-crossed modular functors

Let € be a faithfully graded I'-crossed abelian category. We will now define
the notion of a C-extended I'-crossed modular functor extending the notion of
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a modular functor as defined in [11, Ch. 6]. We refer the reader to Appendix
A.3, A4, A5 for the definitions of the stacks, the categories of twisted
logarithmic D-modules on them and the specialization functors that appear
in the definition below.

Definition 13.9. Let € be a (faithfully graded) I'-crossed abelian category
with T-invariant object 1 € € and the involutive duality (-)*. Let ¢ € C.
A C-extended modular functor of (additive) central charge ¢ consists of the
following data satisfying the following conditions:

1. For each stable pair (g, A) (i.e.29—2+|A| > 0) and m € I'4 a conformal
blocks functor

~T
(13.5) VoA : Cot — 2. Mod(M,, 4(m)).

Once we have functors as in Equation (13.5), we can canonically extend
them to obtain functors

~T
Vimp : Cm ) — ZeMod My mp)

for each (X, m, b) € X''. We will often abuse notation and denote the
functors Vx mp as just V.

2. (Gluing Functor) For each morphism (f,v) : (X,mx,bx) —
(Y, my,by) in X" a natural isomorphism G~ as below between the

~T
two functors from (‘ZEIZ(Y) to ZeMod(Mx 1\ by ):

(13.6) Grry Vxmyxbx © Ry — Spfﬁ oVy,my by

compatible with compositions of morphisms in XT.
3. A normalization Vp31(1 X1 X 1)(P! x I' — P!, p,p,v) = C, where
the 3 marked points p in P! x {1} € P! x T are the 3 roots of unity in
C and with tangent vectors being the outward pointing unit vectors.
4. (Non-degeneracy.) Let v € I and let X € C, be a non-zero object.

Then the vector bundle Vg 3 (y ,-11)(X X X* K 1) is non-zero.

We will often abuse notation and denote all functors Vx mp simply by

~ =TI
V. Also if (D — D,q,q,w) € Mx,,, and M € @EH(X), the vector

space VM(ZND — D,q,q,w) is defined as the fiber of the twisted D-module

Vxmpb(M) at the point (D — D,q,q,w).
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Remark 13.10. Since morphisms in X' involve contracting edges as well
as forgetting 1-marked legs, the condition 2 in Definition 13.9 gives the
factorization isomorphisms, the propagation of vacua isomorphisms as well
as all the compatibilities mentioned in [11, §6.7]. When I" is the trivial group,
it is clear that Definition 13.9 agrees with the one in loc. cit., except that
we include non-degeneracy as part of the definition. See the example below
to derive ‘factorization rules’ from the axioms in Definition 13.9.

Example 13.11 (An example of factorization). Let (g,n) be a stable pair,
ie. 29 —24+n > 0, and let a,b,my,...,m, € I'. Consider the following
morphism in X' obtained by contracting the loop below whose two half-
edges have monodromy data a,ba~'b~! and edge conjugation data (b,b~!):

(13.7) fy: O — \@J

Then we have the gluing map from Equation (A.6) (see also the beginning
of Appendix A .4):

&ty ﬁgfl,wrz(a’ ba~'b"!, m) — ﬂg}n(m).
The map £y, naturally factors through the gluing map
ﬁ5—1,n+2(bab_17 ba~'b"", m) — ﬁ;n(m)

as defined in [58, §2.2] via action by the element (b, 1,1) € "2, Note that
the morphism f; in Equation (13.7) also factors through the corresponding
graph in X',

Recall the specialization functor from Equation (A.13)

Sp;. : Ze Mod(ML,(m)) — Ze Mod(ML_, . 5(a,ba~'b~", m))
and the functor from Equation (13.2): Ry, : GE" — 652;21671,111’ defined as

Ch' 3 M (1,b) - (Ry) KM = H AR b(A™) B M.
AcP,
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In this case the Gluing axiom (Equation (13.6)) gives a natural isomorphism
between two functors

Gfg : Vg—l,n+2,(a,ba*1b*1,m) ° :ng — Spfg ovg,n,m

i.e. for each M € €2" we have an isomorphism of vector bundles with
connections

(13'8) @ vg—l,n+2,(a,ba*1b*1,m)("4 X b(A*) X M) — Spf;y(vg,n,rn(M))~
Pa

We will use the isomorphism in Equation (13.8) later to prove Theorem
13.23 by induction on the genus.

Example 13.12. Let us consider another example of a morphism in X',
namely the crossed braiding 3, 1, : (g;m1,ma,...,my) = (g; mlﬂ’Lle_l, mi,

.,my) from Example A.12. As a shorthand notation, let us set m’ =
(mlmgmfl,ml, ...,my) and similarly for the other data where the first
two pieces of data are swapped. This braiding isomorphism in X' gives rise
to the isomorphism of the stacks

. lF lF ~ —
(13.9) i, Mgm(m) — Mg,n(m’), (C— C,p,V)
= (C — C;ml(ﬁQ)')ﬁlaﬁfiv e 7]’571776/)

In this case the specialization functor from Equation (A.13) is just the pull-
back along the isomorphism in Equation (13.9):

(13.10)  Spy, =& . : ZeMod(WD,,, (') — 2. Mod(MD , (m)).

Also in this case the inverse of the functor from Equation (13.2): fR/glll :
B X1 s defined by

CEn 5 My K-’ M, = my (M) R M; R M --- K M,

Applying Gluing axiom (Equation (13.6)) gives a natural isomorphism be-
tween two functors

~
= * -1
vg;mhmz,...,mn ? 5,311,12 © Vg;mlmgml_l,ml,...,m © :R/Bllh

n

i.e. natural isomorphisms between the vector spaces

vMﬂZ\m&Mn (61 — C: ﬁa v)
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i> le(Mz)&Ml'“&M”(C — Ca mi (52)7§17 o 75717 ) V/)‘

Next let us define a C-extended I'-crossed modular functor in genus 0.

Definition 13.13. Let DCE C X" denote the full subcategory formed by
graphs of genus 0, i.e. those graphs which are forests and all of whose vertices
have weight 0. The notion of a C-extended I'-crossed modular functor in
genus 0 is obtained by replacing the category X' with the full subcategory
XL in Definition 13.9.

Remark 13.14. Note that in genus 0, the Hodge line bundles on m(), A are

trivial and hence their pull back to ﬁg 4 are all trivial and hence we do not

need to consider the central charge and each V(M) is a D-module on ﬁa A
with log-singularities at the boundary.

13.5. Pivotal and ribbon structures on weakly fusion categories

Before proceeding further, let us recall the notions of pivotal and ribbon
structures in the setting of monoidal r-categories and weakly fusion cate-
gories. We refer back to Section 2.1 where these notions were defined. Unlike
rigid categories, in monoidal r-categories, the weak duality functor X — X*
is not necessarily monoidal. However, by [25] the double duality functor (-)**
is indeed monoidal and also braided in case the original category is braided.

Definition 13.15 (cf. [25, §5]). A pivotal structure on a monoidal r-category
€ is a monoidal isomorphism between the monoidal functors ide and (-)**
on C.

In [25], a ribbon r-category is defined to be a braided monoidal r-category
equipped with a monoidal isomorphism between the identity functor and the
double duality functor, X = X™** satisfying a certain balancing property. We
refer to [25, §7,8] for details.

Now let € be a braided I'-crossed monoidal r-category. A pivotal struc-
ture on € naturally defines a pivotal structure on the equivariantization G
which is a braided monoidal r-category (see Proposition 4.5).

Definition 13.16. A ribbon structure on a braided I'-crossed monoidal r-
category € is a pivotal structure such that the induced pivotal structure on
the braided monoidal r-category €' is ribbon in the sense of [25].

Definition 13.17. (i) We define a I'-crossed weakly ribbon fusion category,
or in short a I'-crossed weakly ribbon category, to be a braided I'-crossed
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weakly fusion category equipped with a ribbon structure as in Definition
13.16.

(ii) By a weakly ribbon category we mean a braided weakly fusion category
equipped with a ribbon structure.

We will prove that a C-extended I'-crossed modular functor in genus 0
defines the structure of a I'-crossed weakly ribbon category on C.

13.6. The neutral modular functor

Let (C= & Cn, 1, @ Rnm) be a I'-crossed abelian category and suppose
mel’ mel’
we are given a C-extended I'-crossed modular functor V of additive central

charge ¢ € C. We will now define a Cj-extended modular functor Vi in the
sense of [11, Ch. 6] with the same central charge c.

Let X € X be a stable graph and let M € G;EH . Then we want to
define V1 (M) € 2. Mod(Mx ). We have a functor X — X' defined on objects
by X = (X, 1, 1g5(x)\r(x)) (mark all half-edges by 1 € I') and on morphisms
by f = (f,1). B B

We also have a morphism of stacks ix : My — M?Ll defined by
(D,q,w)— (DxI' - D,qx1,q,wx1). Since Vis a C-extended I'-crossed

(X)

modular functor, we have the twisted D-module V(M) on M%l’l.

Definition 13.18. We define V{(M) to be the pullback V(M) €
P Mod(My).

We can perform the same construction for the genus 0 case. Hence in
this setting we obtain:

Proposition 13.19. (i) Given a C-extended I'-crossed modular functor
V in genus 0, the functor V1 as in Definition 13.18 is a Cp-extended
modular functor in genus 0. In particular, this defines the structure of
a weakly ribbon category on Cy and the action of I' on Cy respects this
structure.

(i) Given a C-extended T'-crossed modular functor V with central charge
¢, the functor V1 (Definition 13.18) is a Cq-extended modular functor
with central charge c.

Proof. The fact that V; is Ci-extended modular functor with central charge
¢ follows from the construction of V; and the axioms satisfied by V. The
part about €Cj-extended modular functor in genus 0 giving a weakly ribbon
category on C; is due to Bakalov-Kirillov [11]. O
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13.7. Generalizations to the twisted setting

In this section, we state the main result which relates the notions of I'-crossed
modular functors in genus 0 and I'-crossed weakly ribbon categories. This
result will be proved in Section 14 after showing that the notion of complex
analytic I'-crossed modular functors as defined in this section is equivalent
to the topological version studied in [60]. We then derive some important
consequences from the main theorem.

13.7.1. When the base curve is genus 0. Suppose that (€, 1, R) is a
finite semisimple I'-crossed abelian category such that 1 € C; is a simple
object. In this case, we prove that the notion of a C-extended I'-crossed
modular functor in genus 0 is equivalent to giving C the additional structure
of a I'-crossed weakly fusion ribbon category. In a weakly rigid category we
have natural isomorphisms Hom(M, M’) =2 Hom(1,*M ® M").

Now given a C-extended I'-crossed modular functor we want to define a
tensor product, i.e. givenm € I" M = M; X---X M, € GE”, we want to
describe the tensor product

]\41 ® e ® MTL (= emlmQ-"mn g e

Given a C-extended I'-crossed modular functor, let us describe the de-
sired morphism space Hom(1, M; ® - - - ® M, ). If the product my - --m,, # 1,
then this space is 0. Hence suppose that mi---m, = 1. Consider the n-
marked curve (P!, i, iu,) where the n marked points are the n-th roots
of unity pu, € C C P! and for each marked point w € p,, the associated
tangent vector is again w considered as a tangent vector at w.

Consider 0 as the basepoint on P!\ u,. Consider loops v in P\ pn

starting at 0 and going in a straight line to e and encircling the point
27/ —1j . . .

e~ » counterclockwise. Then we obtain a presentation of the fundamental

group

(1311) Wl(]P)l\Hn,O) = <’717'-'77’n|71""7n: 1>
Hence if mq ---m,, = 1, then ; — m; defines a group homomorphism
(13.12) ¢ m (P pin,0) — T

Then as described in [58, §2.3], this determines an n-marked admissible cover
(C = PL D, tin, V).
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Then we want to define a tensor product on € for which the multiplicity
spaces Hom(1, M1 ®---®M,,) (see also Remark 2.4) are fibers of the bundles
Vi at the special covers described given by Equation (13.12). More precisely
we want:

(13.13) Hom(1, M; ® --- @ M,) = Va(C — PL, B, pin, ¥).

We state the following result which will be proved in Section 14.5.

Theorem 13.20. Let (C, 1, R) be a finite semisimple faithfully graded T -
crossed abelian category with 1 being a simple object. We also continue to
use all the preceding notation. Then the notion of a C-extended I'-crossed
modular functor in genus 0 is equivalent to equipping C with the structure
of a I'-crossed weakly ribbon category satisfying Equation (13.13):

Hom(1, M) @ --- @ M) = Va(C = PL, B, fin, V).

13.7.2. When the base genus is arbitrary. Using the genus zero result
(Theorem 13.20), we now derive its higher genus analog. Consider a stable

pair (¢g,n) and m € I'". Then consider the stack ﬁg,n(m) of n-marked
admissible I'-covers with monodromy data m with genus g base curves. As
before consider an object M = M; X --- X M, € X,

Now given a C-extended I'-crossed modular functor in arbitrary genus,
we firstly get the structure of a I'-crossed weakly ribbon category on €
using the previous theorem. Just as in the case of genus 0 base curves, we
would like to compute the dimensions of the fibers of the vector bundle Vg
(which comes as a part of the data defining a I'-crossed modular functor) on

ﬂ;n(m) at various points in J\N/[gn(m) as the dimensions of certain Hom-
spaces in the category C.

Remark 13.21. Note that the stacks ﬁgn(m) are disconnected in gen-
eral and as we will see below, the rank of Vy; may differ on the different
connected components. We will describe below the ranks of Vi at all the
possible components of this stack. Note that to describe the ranks over all of

man(m), it is sufficient describe the ranks at n-marked admissible I'-covers
in the open part Mgn(m) where the base curve of the I'-cover is smooth of
genus g.

In view of the remark consider any (C — C,p,p,V,v) € J%gn(m)
Let us choose a basepoint py € Cyen, = C'\ p and a lift py € Cgep. Since
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Cgen is a smooth genus g curve with n punctures, we can choose closed
curves o, f1, .. ., &g, B in Cyepn based at py along with smooth paths 6; (for
1 <4 < n) beginning at pg and ending at p; such that:

e For each 4, the smooth path ¢; represents the tangent vector v; in T}, C
that is part of the marking data on C and does not pass through any
marked point p; except at the endpoint.

e Let 0; denote the loops in Cye,, based at pg and which encircle p; once
counterclockwise defined using the path ¢; as constructed in [58, §2.3].

e These 2g + n loops give a presentation

(13.14)
7Tl(CgenapO)

- <O[17617 cee 7ag7/697017 cee 70-71‘[0[1761] e [ag7ﬁg]0-1 e O0p = 1>

Note that égen — Cyen is an étale I'-cover. We can now uniquely lift each
path 4; in C' to a smooth path 6 in C beginning at py and which lies in
Cgen except for the ending point. Let pZ denote the endpoint of 51, it will be
some point of C lying above p;. Let v; denote the tangent vector in T (C)
represented by (5 Then there exists a unique ; € I' such that 7; takes the
original marking data (p;,7;) on C to the newly constructed data (p},v}).

In other words, the choices of the paths made determine a unique v € I'”
such that

v (C—C,p,p,v,v)=(C— Cp,p,¥,v) e M, ("m).

Now note that ~ determines a morphism in the category X' from the
genus g I'-corolla with n legs marked by m to the genus g I'-corolla with n
legs marked by Ym. (This is precisely the diagram drawn in Example A.9
of Appendix A.3.) Hence by condition (2.) from Definition 13.9 of I'-crossed
modular functor

(13.15)  dimVm(C — C,p,p,V,v) = dimVaum(C = C, P, p, V', v).

Remark 13.22. The equality (13.15) shows that to compute the rank of
any line bundle Vyp at any (C — C,p,p,V,v) € Jﬁgm(m), it is enough to
only consider the special covers of the type (6 — C,p/,p,V',v) that we
have constructed. Hence from now on, we will restrict our attention to such
special covers, and from now on, we assume that (CN’ — C,p, V) is one such
special covering.
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The choice of lift pg determines a group homomorphism xz, : 71(Cyen, Po)
— I'. Let x3,(oj) = a;, x3,(8;) = bj € I'. Hence we must have the relation-
ship:

[(Il,bl]"‘[ag,bg]'ml"'mnzl-

Recall from Equation (6.2) that in any I'-crossed weakly fusion category,

given a,b € T', we can define the objects Q,;, = @ A ®b(A*) € Cla,b-
A€P,
We can now state the following result which relates the ranks of the vector

bundles defining a modular functor at special I'-covers to certain multiplicity
spaces:

Theorem 13.23. Let us continue to use the set-up and all the notation from
the discussion following Remark 13.22. Suppose that we have a C-extended
[-crossed modular functor (in arbitrary genus) of additive central charge c.
Then the structure of I'-crossed weakly ribbon category on € is such that
we have the following relationship between the vector bundles coming from
the data of the I'-crossed modular functor V and certain multiplicity spaces
in C:

(13.16)
dim Var(C — C,p,¥) = dim Hom(1, Qg 4, @ -+ @ Qg @ My @ -+ @ My,).

Proof. We will use induction on the genus g. Theorem 13.20 (Equation
(13.13)) covers the genus 0 case. Let us now assume the result up to genus
g—1. To complete the proof we use (Equation (13.8) where we take (a,b) to
be our current (ag,by)). Recall first of all that the specialization Spy pre-
serves the ranks of vector bundles. Hence from Equation (13.8) we conclude
that

dim Va(C — C, P, V)

= @ dim VAX@(A*)&M(IN) — D, (2147 aﬁu ﬁ/)7 ({Ela /{D//a ;/))
A€P,,

where the special I'-covering (15 — D, (¢,q",p), (w',w",¥v")) with D being
smooth of genus g — 1 is a normalization of a degeneration of (C' — C,p, V)

to the boundary of mgn(m) corresponding to the following morphism of
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stable I'-graphs from Example 13.11:

(bg, b, 1)

It is constructed as follows: Let us consider the loop a4 based at py as being
composed of a path § from pg to a point ¢ € C and then followed by a smooth
simple closed curve a; based at ¢ and following 6! from ¢ back to p.

We first degenerate (C — C,P,V) to a nodal (C' — C’,ﬁ’,?') where
the base C” is a nodal curve obtained by degenerating the loop a; on C to
a node ¢’ on C’. We then get a path ¢’ on C’ from p{, to ¢. Lift this path
to C' from P, to the node ¢ € C’. Now normalize C’ at ¢’ to get a cover
(D — D, (.79, (@, v",¥)).

The monodromy data at the newly created marked points ¢, 2" will
now be (ag,agl). However, this will not be a special cover, and we act on
(z",2") by by € T to obtain the desired special cover (D = D,(7,7".p),
(0, w",¥v")).

By the induction hypothesis for the genus g — 1 base curve D we get

dim V gy, (a-ysm(D = D, (@, 7", D), (@, @",¥))
= dim Hom(1,Qq, 5, ® - ®Qy, 3, , AR by(A") @ M1 ® - - @ Mp,).

for each simple object A € P,, . Since by definition Q,_ ,, = @ A®by(A¥),
AEP,,

we complete the proof by taking the direct sum of the previous equality over
all Ae P,,. O

We now state some direct corollaries.

Corollary 13.24. Along with the assumptions of Theorem 13.23, also sup-
pose that the corresponding neutral weakly ribbon category C1 C € is rigid.
Then in fact C is a I'-crossed modular fusion category of multiplicative cen-
tral charge eV—1Ime,

Proof. By Theorem 13.23 the I'-crossed modular functor V defines the struc-
ture of a I'-crossed weakly ribbon category on C, in particular € is a I'-graded
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weakly fusion category. We have assumed that the component € is rigid.
Hence by Corollary 2.11 € must be rigid and hence a braided I'-crossed
fusion category.

Moreover €; corresponds to the neutral Ci-extended (untwisted) modu-
lar functor V; in arbitrary genus of additive central charge ¢ as described in
Section 13.6. Since we have assumed C; is rigid, by [11, §6.7] we conclude €y
is a modular fusion category of multiplicative central charge eV=Ime More-
over by assumption C is faithfully graded. Hence we see that C is a faithfully
graded braided I'-crossed fusion category equipped with a ribbon (i.e. spher-
ical structure) and that C; is a modular category of multiplicative central
charge eV=1m¢ Hence by Definition 4.15 € is a I'-crossed modular category
of multiplicative central charge eV=I7¢ a5 desired. O

Let I'° < T be the image of the holonomy homomorphism
Xpo * Wl(CgenaPO) —- I'° CT.

Recall that by Equation (13.15), to describe the ranks of all the bundles
Vm at arbitrary n-marked admissible I'-covers, it is enough to compute the
ranks dim Vi (C' — C,p,p,V, V) assuming that the cover is special. The
following corollary does this:

Corollary 13.25 (Verlinde formula for rigid I'-crossed modular functors).
We use all the notation described in this section. Let V be a C-extended I'-
crossed modular functor (in arbitrary genus) of additive central charge c.
This equips C with the structure of a I'-crossed weakly ribbon category. Sup-
pose in addition that the neutral component C1 C € is rigid, or equivalently,
that C is a I'-crossed modular fusion category. Then the ranks of the vector
bundles Vi at the special T'-covers are described by the following Verlinde
formula:

(13.17)

n+2g—2
1 S B S
S]l‘D Ml,D MT“D

dim Vi (C — C,p, V) =
M( P ) (al,bl,al_l,bl_l,...,ml,...,mn)

pepre PD

where for m € ', S™ are the categorical m-crossed S-matrices of the I'-
crossed modular fusion category € and where the denominator is given by
the cocycles described in Section 4.2, Remark 4.12.
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Proof. By Corollary 13.24 and the assumption that C; is rigid, the I'-crossed
modular functor V induces the structure of a I'-crossed modular fusion cat-
egory on C. Hence we have available to us the categorical arbitrary genus
twisted Verlinde formula proved in Corollary 6.5. Now Theorem 13.23 im-
plies that

dim V(€ — C,p,¥) = dim Hom(1,Qy, 4, @ -+ ® Q. p, @ My @ -+ @ My,).

By Corollary 6.5 we have:

(13.18) dim Hom(1, Qg p, ® -+ ®@ Qg p, @ M1 ® --- @ My)
( 1 )n+2g_2 : ml PP m”
510 M,,D M,,D
(13.19) = : — .
DePr° (pD(ahblval 7b1 7"'7m17"‘7mn)
This completes the proof. O

14. Complex analytic and topological I'-crossed modular
functors

In this section, we compare the complex analytic notion of I'-crossed modular
functors which we defined in the previous section with the topological version
of I'-crossed functors studied by Kirillov and Prince in [60, 80]. Let (C, 1, R)
be a finite semisimple I'-crossed abelian category. It is proved in [60] that
the structure of a topological C-extended I'-crossed modular functor in genus
zero is equivalent to the structure of a I'-crossed weakly ribbon category on
C. We will now prove that the notion of a C-extended complex analytic I'-
crossed modular functor in genus zero is equivalent to the topological notion.
This will complete the proof of Theorem 13.20.

14.1. Motivation for topological I'-crossed modular functors

As in the previous section, let € be a finite semisimple faithfully graded
C-linear I'-crossed abelian category. In order to define the structure of a
['-crossed weakly ribbon category on C, we considered marked admissible
covers (C' — C,p,Vv) € Mg’n(m) in Section 13. For the topological version,
we consider the topological analogs of such covers. B

Namely, given a I'-cover of smooth projective curves (C — C,p,Vv) we
may consider it as a branched covering of smooth compact oriented surfaces.
Now we also have the marked points p and the marked tangent vectors v on
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the top curve/surface C and their images p, v on the base C. We then delete
tiny disks around the points p to get an oriented surface ¥ with boundary.
Let ¥ C C be the preimage of X. Note that since ¥ C Cye,, and X C Cyep,
the projection Y Yisa principal left I-bundle. We also have the marked
tangent vectors v. We start from a marked point p; € C and follow the
marked tangent vectors v; till we hit the corresponding boundary circle in
> at some point ¢;. B

__In the topological version, instead of covers (C' — C,p, V) we work with
(X — %,q). Consider any object M € %", Informally, a topological C-
extended I'-crossed modular functor 7 takes as an input a pair (M, (¥ —
¥,q)) and spits out a finite dimensional vector space (X — X, Q).

Hence let us recall the notion of I'-covers of extended surfaces from [60,

§3] and [80]. We refer to these sources for more details and the proofs.

Definition 14.1. (i) An extended surface (X, {pn}ner,o(x)) is a (possibly
disconnected) smooth compact oriented surface ¥ with set of boundary com-
ponents mpd(X) with a choice of a marked point pj, on each boundary com-
ponent h € mpd(X).

(ii) Let mo(X) denote the set of connected components of ¥. We have a
natural map s : mp0(X) — m(X) and the weight map w : m(X) — Z>o
which assigns to a connected component of ¥ the genus of its closure. Hence
given an extended surface, we can assign to it a weighted graph with vertices
mo(X) and half-edges mpd(X) which is a disjoint union of corollas (a graph
with one vertex, no edges and possibly having some legs, see also Remark
A.8), with each weighted corolla corresponding to a connected component
of .

(iii) We say that an extended surface as in (i) and (ii) is stable if each con-
nected component is stable, i.e. if each corolla as in (ii) is a stable weighted
graph.

We now define I'-coverings of extended surfaces:

Definition 14.2. (i) A T'-cover (i,{ﬁh}heﬂoa(z)) of an extended surface
(3, {Ph}hema(s)) is a principal left I'-bundle 5 — ¥ along with a choice of
lift py, € 9% above each D B

(ii) Using the choice of the marked points in 9%, for each h € mpd(X), we
can define a monodromy element of I' (see Prince [80] for details) defining
a function m : mp0(X) — I'. Hence with each I'-cover we have an associated
weighted I'-graph which is again just a union of I'-corollas (see also Remark
A8).

(iii) We say that the I'-cover is stable if the base surface ¥ is stable.
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Recall that in the complex analytic situation we demanded that the Vi
should form vector bundles with flat (projective) connections on Mg’n(m).
Note that such a connection is equivalent (via Riemann-Hilbert Correspon-
dence) to a (projective) representation of the orbifold fundamental groupoid

(Mli (m)) of the moduli stack MF »(m). Hence it would have been equiv-
alent to work with these fundamental groupoids and their representations
instead. There are natural analogs of these groupoids on the topological side:

Definition 14.3. Let (g,n) be a stable pair, i.e.2g — 2 +n > 0. We define
6utf£7n(m) to be the groupoid whose objects are I'-coverings of extended

surfaces (X — ¥,q) (with base being a smooth oriented surface of genus
g with n boundary components) with monodromy data (see also Definition
14.2 part (ii)) m € I'". The morphisms in this groupoid are isotopy classes
of orientation and marked points preserving diffeomorphisms of I'-covers.

By using the ideas from [15, §4.2.3], [50] we now prove that the two
groupoids are canonically equivalent.

Theorem 14.4. For any (g,n) such that 2g—2+n > 0 and for any m € T™
we have a canonical equivalence of groupoids m (Mj ,,(m)) = Gutfg,n(m).

Proof. We use a modification of the standard argument in the special case
when I' is trivial using the identification of each connected component of
the moduli stack Mg,n(m) as a quotient of a certain Teichmiiller space. Let
us choose any point ¢ := (C — C,p,V) € J\N/Egn(m)

Let us strip C — C of the complex structure and consider it as a ramified
covering of smooth compact oriented surfaces with markings. Consider the
Teichmiiller groupoid 7 (see also [8, Chapter XV] for details) whose objects
are tuples (D — D,q,w,|[f]) where (D — D,q, W) € MF (m) and [f]
is the isotopy class of a smooth orientation and markmg data preserving
diffeomorphism [ : (D — D,q,w) — (C’ — C,p,V) between ramified
marked I'-covers.

An isomorphism in 7. between two objects:

(14.1) ¢:(D— D,qw,[f]) = D =D, q W[

is a complex analytic isomorphism qz~5 between the I'-covers as in Equation
(14.1) such that [f" o ¢] = [f].

The Teichmiiller space T is defined to be the space of isomorphism
classes of objects of 7. We can think of the space T as the space of isotopy
classes of complex analytic structures on the marked ramified I'-covering of
smooth oriented surfaces (C' — C,p, V).
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Note that C' — C' is a ramified I-cover of smooth oriented surfaces and
hence given a complex analytic structure on C' we get a unique complex
structure on C. Hence we may have defined the Teichmiiller space T en-
tirely using the top surface C which may be disconnected. Nevertheless we
conclude that T, is contractible. B

Define the Teichmiiller modular group I. := {[7]|/(C — C,p,v,[7]) €
e} which is a group under composition. Moreover we have an action of I'¢
on T, which takes the isomorphism class of an object (l~? — D,q,w, []7]) to
(D — D,q,w, [y o f]). Then the connected component of the moduli stack
J\N/[gm(m) containing the point c is precisely the orbifold quotient I.\T. and
hence its orbifold fundamental group is precisely I.

It is also clear that I is canonically isomorphic to the automorphism
group in Gutfg’n (m) of the I'-cover of extended surfaces (X — X, q) associ-

ated with (C' — C, P, V). To complete the proof, we apply the same argument
for each connected component of Mgn(m) and use the observation that any

(- %.9) € Gutf;n (m) can be closed up to a ramified marked I'-cover of
surfaces and can be equipped with a complex analytic structure. ]

Just as in the complex analytic situation, we have various gluing opera-
tions for stable I'-covers of extended surfaces along boundary components.
Once again the category X' of stable I'-graphs will help us to organize these
different types of gluings.

14.2. Categories cofibered in groupoids over X'

In this section, we reformulate the notion of a topological I'-crossed modular
functor (as defined in [60]) in the spirit of [11] and [15]. As described in
Appendix A.3, X" is a symmetric monoidal category under disjoint union of
graphs denoted as L. Now for each object (X,m,b) € X', we will assign
two groupoids, one in the topological setting of surfaces and the other in
the setting of complex algebraic curves. We will use the notion of categories
cofibered in groupoids over the category XT.

So far in Section 14.1 we have only encountered stable I'-corollas associ-
ated with stable I'-covers. Note that we can think of any stable I'-graph as
being obtained by gluing together stable I'-corollas (see also Remark A.8).
If (X, m,b) € X' then we can cut up the graph at the midpoints of all edges
to obtain a collection of I'-corollas parameterized by V' (X). For each vertex
v € V(X), L, denotes the set of half-edges of X whose source is v. These
form the legs of the corolla corresponding to that vertex.
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We think of the groupoid Gutfg’n (m) as being associated with the corolla
whose vertex has weight g, and which has n legs marked by m € I'". We
will now associate a groupoid with any stable I'-graph:

Definition 14.5. Let (X, m,b) € X' and we continue to use the same no-
tation. We define Gurf' (X, m, b) to be the product of the groupoids defined
in Definition 14.3 attached to each vertex v € V(X):

Gurf (X, m, b) := H 6Utf5(y),Lv(m|Lu)-
veV(X)

Remark 14.6. Equivalently Gurf" (X, m,b) is the groupoid whose objects
are I'-covers of extended surfaces (X — ¥, {Pn}rer,a(x)) along with iden-
tifications V(X)) 2 mp(X) and H(X) = myd(X) which are compatible with
the weight maps, the maps ‘s’ from half-edges to vertices, as well as the
monodromies at the half-edges. The morphisms in this groupoid are isotopy
classes of orientation preserving diffeomorphisms of I'-covers preserving the

marked points.

Idea behind gluing along morphisms in X'. Using the identification
H(X) =2 mpd(X) as in Remark 14.6, we obtain an involution ¢ of the bound-
ary components mod(2). Now suppose that {hy, ho} € mo0(2) form an edge,
i.e. an ¢ orbit of size two. Then by definition we have P*)m(h;) = m(hy)~L.
Now m(hy) is the monodromy element defined using the marked point py, ly-
ing over pp, and hence the monodromy determined by the point b(hy)-pp, is
b(h)m(h;). Hence we can glue the I-cover by identifying the point b(hy)-pp,
with the point pp, and gluing the surface ¥ along py,, ph,-

Similarly, if h € mp0(X) is a leg with m(h) = 1, then it means that the
I'-cover when restricted to the corresponding boundary component is trivial.
Hence we can glue the trivial ['-cover of a standard disk to our given I'-cover
in Gurf' (X, m, b).

We refer to [80, §2.6] for more details about gluing constructions and
uniqueness of gluing. Recall that morphisms in X' are compositions of iso-
morphisms, edge contractions and deletion of 1-marked legs. Hence we ob-
tain:

Proposition 14.7. Let (f,v) : (X,mx,bx) — (Y,my, by) be a morphism
in XU. Then the gluing constructions described above define a gluing functor
between groupoids

St~ : Gurf (X, my,bx) — Surf' (Y, my, by).
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The assignment (X, my,bx) — Surf (X, mx,by) defines a symmetric
monoidal pseudo-functor from the category X' to the (2,1)-category of
groupoids. We let Suth — XU be the corresponding symmetric monoidal
category cofibered in groupoids over X'.

On the complex analytic side, we define the tower of groupoids as fol-
lows: For any stable I'-graph (X, m,b) € X', we have the smooth Deligne-
Mumford stack

me = H Mw(u m|L'u)
veV (X
as in Appendix A.5. Following [15, §4], [11, §6.1], to (X, m, b) we attach the
Poincare fundamental groupoid m (j%E(,m,b) of the moduli stack Jv[&m,b.
The objects are pointed admissible I'-covers of (possibly disconnected)
smooth projective curves with marked tangent vectors corresponding to
(X, m,b). The morphisms are 1-parameter C'°°-families (considered up to
homotopy) of such objects. By following the arguments from [11], [15, §4.3.1],
and Appendix A.5.2 we can define gluing functors for the following groupoids:

Proposition 14.8. Let (f,v): (X,mx,bx) — (Y, my, by) be a morphism
in XY, Then we have a gluing functor between groupoids Gf~ 1T (M%mx’bx)

— T (M;}m%by).
The assignment (X, mx,bx) — Wl(ME(,mX,bX) defines a symmetric
monoidal pseudo-functor from the category X' to the (2,1)-category of

groupoids. We let mfffr — XU be the corresponding symmetric monoidal
category cofibered in groupoids over X' .

In order to define I'-crossed modular functors with central charge, we
will need to consider certain central extensions of some towers of groupoids
associated to MF - Firstly, for a real symplectic vector space V # 0
we define Ty to be the Poincare fundamental groupoid of the space of all
Lagrangian subspaces of V. It will be convenient to set Ty to be the groupoid
with only one object 0, with Homs, (0,0) = Z. For a smooth oriented surface
¥, with boundary, let ¢l(X) be the closed oriented surface obtained by gluing
disks to all boundary components mpd(X). Then we have the intersection
form on Hi(cl(X),R) making it a real symplectic vector space.

We set Ty to be the groupoid Ty, (q(x)r)- We refer to [11, §5.7], [15,
§4.1] for more properties and details.

——1T
Definition 14.9. For (X, my,byx) € X', let Sutf (X, my,bx) be the
groupoid whose
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1. objects are tuples

(X = 3, {Bhhemor), V(X) = m0(8), H(X) = md(5), Y)

with Y € Ty and the remaining data being that of an object of
Guth(X,mx,bx).
2. A morphism in this groupoid between two objects

(= 2 Bn}hemorm), V(X) 2 mo(D), H(X) = 100(2), Y)

J((M)

(3 =, {P), Y hemoa(z), V(X) = mo(Y), H(X) = m00(Y'), YY)

is a pair (¢,7), where ¢ is a morphism in the groupoid
Gurfl (X, my,bx) and v : ¢(Y) — Y’ is a morphism in the groupoid
Ty,

The forgetful functor of groupoids %F(X, my,byx) — Gurfl (X, my, bx)
is a central extension by Z (cf. [15, §4.2]).

Proposition 14.10. Let (f,v) : (X,mx,bx) — (Y,my,by) be a mor-
phism in X'. Then we have a gluing functor between groupoids S5~ -
gLTt/]“F(X, my,bx) — gLTt/]“F(Y, my, by). The assignment (X, mx,bx) —
C%F(X, my,bx) defines a symmetric monoidal pseudo-functor from the

—_T
category X' to the (2,1)-category of groupoids. We let Gurf — XU be the
corresponding symmetric monoidal category cofibered in groupoids over X' .

——7T
Proof. By definition, objects of Gurf (X, mx,bx) consist of an object
(=3, {Bnhemas), V(X) Zmo(S), H(X) = md(Y)) € Gurf (X, mx, by)

along with Y € Tx,. By Proposition 14.7 we can glue the first part of the data
along the morphism (f,~) in X'. The other part of the data i.e.Y € Ty, only
depends on the base surface ¥ (which corresponds to the untwisted case)
and hence can be glued using [11, §5.7], [15, §4.3]. O

On the complex analytic side, recall that we have the Hodge line bundles,
which we denoted by A, on the moduli stacks Mg( m.b- By definition, the fiber

of A over a point (C~' — C,p,p,Vv) € JT/EE(,mb is det(H'(C,0¢))*. Observe
that the bundle A is the pull back from the moduli space parameterizing
the base curve C.
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The smooth projective complex curve C' has the structure of a smooth
oriented compact closed surface, and hence we have its associated groupoid
To of Lagrangians in the real symplectic vector space Hq(C,R) = H'(C,R)*
which can be identified with H!(C,O¢)* as a real vector space. By [15,
§4.1], [11, Thm. 6.7.7] for any smooth complex curve we have a canonical
equivalence of groupoids

(14.2) To 2 m (det ®2(HL(C, 00))* \ {0}).

Let us denote the total space minus the zero section of the line bundle A®?
on MFX,m,b by A§2M§(,m,b — M§{7m7b. Itis a C*-bundle over the base, hence
the natural functor of groupoids 7 (A(§2M§(7m,b) — (M§7m7b) is a central
extension by Z. Using this we can define a central extension of the complex
analytic tower of groupoids by Z. Using the arguments of [15, §4.3], [11, §6.7]
and Appendix A.5.2 we get:

Proposition 14.11. Let (f,v) : (X,mx,bx) — (Y,my,by) be a mor-
phism in X*. Then we have a gluing functor between groupoids

§f,y st (A§)2ﬂ[§(,mx,bx) — 7['1(A(§QJVEF )

Y7mY1bY

The assignment (X, mx,bx) — 7T1(A§23V[§<,mx,bx) defines a symmetric
monoidal pseudo-functor from the category X' to the (2,1)-category of
groupoids. We let WlAgzMF — X' be the corresponding symmetric monoidal

category cofibered in groupoids over X'.
Finally we have:

Theorem 14.12. For each (X, myx,by) € X, we have canonical equiva-
lences of groupoids

Guth(X,mx,bx) gﬂj(j\/v[%’mx’bx) and
e ~ ®277T
GUtf (X,mx,bx) :7T1(A>< M;me’bx)

which induce symmetric monoidal equivalences of categories cofibered in
~ ——T ~
groupoids over X' Surfl = 7 M and Gurf = m AD2MT.

Proof. The equivalence Gurf' (X, myx,by) = m (M%mx,bx) has been estab-
lished for I'-corollas in Theorem 14.4. In general both groupoids are defined
as products of groupoids coming from I'-corollas corresponding to the ver-
tices of (X, my,bx). Moreover these canonical equivalences are compatible
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with gluings along the morphisms of X'. In order to prove that

~—r @240
Gutf (Xv vabX) = 7T1(A>< MX,mX,bX)

it suffices to note that the additional data on both the sides comes from the
base surface/curve which is the untwisted case. Hence using the same result
from [11, §6.7], [15, §4.2.3] we complete the proof. O

14.3. Representations of the groupoids and their central
extensions

Let A be a groupoid. We denote the category of finite dimensional repre-
sentations of A by RepA. By definition a finite dimensional representation
of A is a functor from the group A to the category Vec of finite dimensional
complex vector spaces. Now suppose that A — A is a central extension of
groupoids by Z, i.e. for each object A € A lying above A € A, Aut(A)

a central extension of Aut(A) by Z, in particular the object A should have
a canonical automorphism 7z which generates the central copy of Z inside
Aut(g). For a € C*, a representation p : A = Vec is said to be of multi-
plicative central charge a if for every Ae .ZL, the automorphism ~ 7 acts on

p(ﬁ) by the scalar a. We define Repaﬁ to be the full subcategory of RepAN
of representations with multiplicative central charge a.
Now for (X, m,b) € X" we have seen that we have the two central ex-

tensions of groupoids by Z, namely Gutf (X, m,b) - Surf' (X, m,b) and
the complex analytic version 771(A®2M§( mb) —* T (M X m.b)- Moreover, by
Theorem 14.12, these two central extensions of groupdidé are canonically
equivalent. This fact combined with Deligne’s [29] Riemann-Hilbert corre-
spondence (see Remark A.17) we obtain the equivalence of the following
categories for every c € C:

(14.3)
—T ~ i
Repev=t- Gurf (X, m,b)=Rep,=rr (11 (AL MYy 1 b)) = Ze Mod (M 1 1 )-

Moreover, by Theorem 14.12 and the definition of the specialization functors
of twisted D-modules along clutchings (in Appendix A.5.2), we see that the
equivalences in Equation (14.3) are compatible with the gluing/clutching
functors corresponding to morphisms in X'.
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14.4. Crossed modular functors

We will now formulate the definition of I'-crossed modular functors in terms
of the towers of groupoids defined in the previous subsection. Let (C, 1, R)
be a I'-crossed abelian category with the involutive duality denoted as (-)*.

Definition 14.13. A C-extended topological I'-crossed modular functor of
multiplicative central charge a € C* consists of the following data:

1. For each stable pair (g, A) and m € T'4, (which we think of as corolla
of weight ¢ and A-legs marked by m) a topological conformal blocks
functor

——7T
(14.4) TgAm : C2A — Rep, Gutf (g, A, m).

Once we have functors as in Equation (14.4), we can canonically extend
them to obtain functors

(X)

XH —~—T
TX,mb : Cm — Rep, Surf (X, m,b)

for each (X, m,b) € X'
2. For each morphism (f,v) : (X,mx,bx) — (Y,my,by) in X' a

natural isomorphism Gy, between the two functors from @E{,I(Y) to

——T
Rep, Gurf (X, my,by):
Gf;y : TXme7bX © :R'f77 — 9??7 © TY’mY7bY

compatible with compositions of morphisms in XT.
3. A normalization

7-(],3,1(Il XI1KX ]l)(S% xI'— S?%a (pla 1)a (p2> 1)1 (p37 1)) = (Ca

where (S%,pl,pg,pg) is some standard Riemann sphere with 3 disks
removed and three boundary points p1, p2, p3, say as in [80, Def. 3.4]
and where we have equipped it with the trivial I'-cover. Note that
Tg2 = T.

4. (Non-degeneracy.) Given any v € I' and non-zero X € C,,

T0,3,(vy-1,1) (X I XT R 1) # 0.
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Definition 14.14. Recall that we have the full subcategory X§ C X' be
the full subcategory formed by forests with all vertices having weight 0. We
define a C-extended topological I'-crossed modular functor in genus 0 by
replacing X' with just the genus 0 part f)Cg and by replacing the tower of

——7
groupoids Gutf with Guefl in Definition 14.13.

Remark 14.15. In [60], a slightly different definition of a I-crossed modular
functor in genus zero is given, namely, all I'-covers of surfaces are considered
instead of considering only stable ones. Instead, we are considering the op-
eration of forgetting 1-marked legs, i.e. attaching the trivial I'-cover of the
disk to I'-covers of surfaces, which plays a similar role. Hence we see that
the notion of C-extended topological I'-crossed modular functor in genus 0
as defined by Definition 14.14 agrees with the notion defined in [60]. Note
that we have included non-degeneracy condition already in the definition of
a I'-crossed modular functor.

Proposition 14.16. Let C be a I'-crossed abelian category. Then the notion
of a C-extended complex analytic I'-crossed modular functor of additive cen-
tral charge c is equivalent to the notion of a C-extended topological I'-crossed
modular functor of multiplicative central charge eV—lme, Similarly, the no-
tion of a C-extended complexr analytic I'-crossed modular functor in genus
0 is equivalent to the notion of a C-extended topological I'-crossed modular
functor in genus 0.

Proof. By (14.3), for each (X, m,b) € X! we have an equivalence

——T ~
Rep,.=t-. Gutf (X, m,b) = 2. Mod(My , 1,)

which is compatible with the morphlsms in the category ° X". In other words

we can replace Rep, =ir. Gutf (X,m,b) with Z, Mod(Mme) in the def-
inition of topological I'-crossed modular functor. Then we exactly get the
notion of the complex analytic I'-crossed modular functor we defined in the
previous section. Hence the two notions are equivalent. The same applies to
the genus 0 case. O

14.5. Proof of Theorem 13.20

Using the previous result we now complete the proof of Theorem 13.20. By
the main theorem in Section 5 of [60], the notion of a C-extended topological
I'-crossed modular functor in genus 0 is equivalent to equipping C with the
structure of a I'-crossed weakly ribbon category.
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On the other hand by Proposition 14.16 the notion of a C-extended
complex analytic I'-crossed modular functor in genus 0 as defined in Section
13 is equivalent to the notion of a C-extended topological I'-crossed modular
functor in genus 0. Equation (13.13) follows from the property (2) that
holds for the equivalence established in [60, §5]. This completes the proof of
Theorem 13.20.

15. I'-crossed modular functors from twisted conformal
blocks

Let us now return to the setting of a finite group I' acting on a simple
Lie algebra g. In this section, we discuss how the twisted conformal blocks
associated to Galois covers of curves give a C-extended I'-crossed modular
functor. We follow the notations of Sections 13.1 and Section 8. In this
section, we have the assumptions that “I' preserves a Borel subalgebra of g”
(see Remark 1.3).

15.1. I'-crossed abelian category

Recall that for each v € I', we have the set P’(g,~) that parameterizes
representations of the twisted affine Kac-Moody Lie algebra L(g,~y). We set
C, to be the C-linear semisimple abelian category whose simple objects are
parameterized by P‘(g,~). We define € := @, crC, which is I'-graded.

15.1.1. T'-action on €. Let o be an automorphism on g of order |o|.
2my/—1j

lo] >
where 0 < j < |o|. Now if I is a group acting on g and let v and o be any
two elements of I'. Consider the map g, j — gy54-1,; Obtained by sending X
to vX induces an isomorphism of the affine Lie algebras

Recall from Section 7.1, the eigenspaces g, ; of g with eigenvalue exp

¥y L(g,0) — L(g,yoy7Y).

Since the group I' acts on g, it follows that ,,,, = ,, o ¥,,, where
~v1 and 9 are arbitrary elements of I'. This in turns induces an action on
the set of the simple objects EBA,GFPK(Q, ) of €. Observe that v, induces the
identity morphism on g° and hence it acts by identity on P*(g, o). Extending
the action C-linearly, we get an action on C.

15.1.2. Invariant object. Now observe that the simple objects of €
are just elements in Py(g). This has a special object corresponding to the
vacuum representation of the untwisted affine Kac-Moody Lie algebra which
we declare to be the I'-invariant object 1.
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15.1.3. Symmetric tensor. Let g7 be the Lie subalgebra of g fixed by
v. For every weight p € Py (g"), let u* be the dominant integral weight of
g” which is the highest weight of the dual representation V},. Now it is easy
to see (Lemma 5.3 in [54]) that u € P%(g,~) if and only if u* € P*(g,71).
We define the following;:

(15.1) Ry:= Y puRp* €€ RC, and R = ®yer Ry,
neP(g,7)

By the definition of the action of I' on €, the object R is clearly I'-invariant.
Thus we have checked that the I'-graded abelian category satisfies all the
conditions of Definition 13.4.

15.2. Twisted conformal blocks

For each stable pair (g, A) and m € I'4 (see Definition 13.4 for notation) and
A€ GEA, we assign the vector bundle of twisted covacua V5 .(C, C,p, p, V)

on ﬁg 4(m). By Theorem 12.9, we know that that the log Atiyah algebra

A (—log ﬁ;A(m)) acts on er(é, C,p,p,Vv) with central Charg;e %-

Here A denote the pullback of the Hodge bundle of M, 4 to ﬂg} 4(m) and
X; 4(m) denotes the boundary divisor of~mg, 4(m). Thus this assignment

defines a functor from XA to 2. Mod (ﬁ;A(m)), where ¢ = %.
It is clear that this assignment, satisfies Condition (3) of Definition 13.4.

Motivated by the results of [11], we have the following theorem.

Theorem 15.1. The assignment X — er(é, C,p,p,V) realizes sheaf of
twisted covacua as a C-extended I'-crossed modular functor with central

charge %, i.e. it satisfies the axioms of Definition 13.4.

We give a proof of Theorem 15.1 in Section 16.
15.3. Some consequences of the Theorem 15.1

Let us first state the following well known result about untwisted conformal
blocks and modular functors ([11, 57, 56]). We continue to use the same
notation as before, in particular, we consider the category C; of level £
representations of the untwisted affine Lie algebra.
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Theorem 15.2. The conformal blocks for the untwisted affine Lie algebra
define a Ci-extended modular functor of central charge %. The as-
sociated weak ribbon category structure endowed on Cq1 s, in fact rigid, and

hence C1 is a modular fusion category with additive central charge %.

Remark 15.3. We remark that the rigidity statement in Theorem 15.2
follows from the works [57, 56] of Huang.

15.3.1. Proof of Theorem 10.1. We can now deduce Theorem 10.1 as
the consequences of Theorems 13.20 and 15.1. Firstly, using Theorem 15.1,
we see that twisted conformal blocks give a C-extended I'-crossed modular
functor. Here € = C(g,I',¢) is a I'-graded abelian category such that the
simple objects of each v-component €, consists of P'(g,7).

By Theorem 13.20, the I" graded category C(g,T",¢) has a structure of a
I'-crossed weakly ribbon category satisfying Equation

(15.2)

. . Ve 5—>IP1’~7 v), if . ' _
Hom(L, \t@AsAg) — 4 Boyis,9), iy g s
0 otherwise.

Moreover, by Theorem 15.2, C; is rigid. Hence by Corollary 2.11 the
whole of C(g, T, ) must be rigid. This completes the proof of Theorem 10.1.

15.4. Proof of Theorem 1.2

We know that C(g, T, £) is a I'-crossed modular fusion category. In particular,
we have the associated categorical crossed S-matrices. In the next section we
will give a proof of Theorem 15.1. An explicit description of the associated
categorical crossed S-matrices has already been given by Proposition 11.1.

Remark 15.4. Let v be an automorphism of g. Then ~ induces an automor-
phism of the abstract Cartan algebra § as well as of the abstract root system
preserving positive roots. Using Lemma 2.1 in [3], we have "V\=V,.,, where
V) is a finite dimensional irreducible g-representation of highest weight A,
and moreover if we choose a Borel b fixed by ~, then we get a canonical
isomorphism. If a group I' acts on g, then we have an induced I'-action on
the abstract root system preserving the positive roots and let I'y be the sta-
bilizer of A. If the action of I' fixes a Borel b, then for each v € I'y, we

have a canonical isomorphism T, : 7V =N V). Using this we can ensure that
the cocycles ¢, or ¢p in the statements of Theorem 6.3, Corollary 13.25 are
trivial for twisted conformal blocks (see also [3, Rem. 2.17(2)]) if I preserves
a Borel subalgebra. Hence we obtain:
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Corollary 15.5. The Verlinde formula (Theorem 1.2) holds for twisted con-
formal blocks associated with I'-twisted affine Lie algebras with the crossed
S-matrices given by Proposition 11.1.

Proof. By Theorem 15.1 the twisted conformal blocks associated with I'-
twisted affine Lie algebras define a C-extended I'-crossed modular functor in
arbitrary genus. Moreover by the untwisted result Theorem 15.2, the neu-
tral component C; is rigid. Hence the hypothesis of Corollary 13.25 hold for
this I'-crossed modular functor and hence € is a I'-crossed modular fusion
category. Moreover we have seen in the Remark 15.4 that the cocycles that
appear in Corollary 13.25 in this case are all trivial. Hence Corollary 13.25
Equation (13.17) applied to this case gives us the Verlinde formula Theo-
rem 1.2. The associated categorical crossed S-matrices have already been
computed in Proposition 11.1. O

16. Proof of Theorem 15.1

In this section, we prove that the twisted conformal blocks, under the as-
sumption that “I" preserves a Borel subalgebra of g” satisfy the axioms of a
C-extended I'-crossed modular functors. Our proof of Theorem 15.1 follows
the same line of proofs as in Chapter 7 of [11]. We construct the morphism
of functors Gy (see Definition 13.9) in the case of twisted conformal blocks.

16.1. Verdier specialization

Let S be a complex manifold and D be a smooth divisor in S with ideal
sheaf Jp. Let Conn™&(S, D) be the category of integrable connections on
S\D with logarithmic singularities along D. The category Conn™8(S, D) is
a subcategory of Hol(S) of holonomic Dg-modules on S.

Let j : S\D < S be the inclusion, then any object of Conn™&(S, D) is
given by a locally free O g-module F of finite rank along with an action of D¢,
where (D% is the ring of differential operators on S that preserve the ideal
Ip. The corresponding holonomic Dg-module is j.Og\ p ®o F. Moreover,
by Deligne’s Riemann-Hilbert correspondence [29], we get an equivalence
between Conn™%(S, D) and the category Loc(S \ D) of local systems on
S\ D.

Further, let N D be the normal bundle of the smooth divisor D in S, the
Verdier specialization [91, 92] functor Spp : Hol(S) — Hol(N D), restricts
to a functor

(16.1) Spp : Conn™®(S, D) — Conn**®(ND, D).
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We have the following diagram:

Spp,
Conn™&(S, D) —2 Conn™&(N D, D)

| T

Loc(S\D) ———— Loc(ND\D),

where the vertical arrows are equivalence of categories given by Deligne’s
Riemann-Hilbert correspondence. The horizontal arrow on the bottom is
given by restrictions of representations of the fundamental group obtained
by applying the tubular neighborhood theorem. The functor Sp defined in
Equation (16.1) can be described as follows.

The structure sheaf of the normal bundle Onp is isomorphic to
B0 /T and DY = @, D /I DY. Now given a Dg-module
F, the module

(16.2) Spp(9) =P L JFI

m
is naturally a O yp-module as well as a DY ,-module. This (Equation (16.2))
definition of specialization functor is just the graded sum of the V-filtration
on the D%—module F. The notion of V-filtration is due to Kashiwara [63]
and Malgrange [69] and the fact that Equation (16.2) gives the Verdier
specialization follows generalizations of the definition of the nearby cycles
functor using the V-filtration. We refer the reader to [49, Theorem 4.7.8.5]
and [81, Section 3].

Let A be a line bundle on S as before and let D be a smooth divisor.
Let ¢ be a rational number and consider the category Z . Mod(S) of locally
free sheaves of Og-modules with an action of A.x(—log D). Formula (16.2)
gives a functor:

Spp : DneMod(S) = Dy p . Mod(ND),
where p : ND — S factors through the natural projection.
16.2. Gluing functor along a smooth divisor

Let (5, C,p,p,Vv) be a family of n-pointed I'-covers with chosen non-zero

tangent vectors at the marked points in Mgvn(m) parameterized by a smooth
variety S. Consider a smooth divisor D in S such that C' — S restricted to
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D is a family of stable n-pointed curves with exactly one node. We consider
the variety

ND = {(d,v,7")| d e D,v € T'Cy, 7" € T""Cy},

where Cy is the fiber of 7: C — S at a \ point d € D, a is any chosen point
of Cy which lifts the node in Cy and T, Cy (respectlvely T"C) is the tangent
space to Cyat a along the two components. By Equation (A.7), the normal
bundle to the divisor ND has fiber T;Cyq ® T,/Cy. Hence there is a natural
map ND — ND that sends the tuple (d, v’ ,0") = (d,v" @ 0"). Now let
FND be the frame bundle of ND that preserves the decomposition as in
Equation (A.7) and let N*D be the variety

N*D :={(d,?',0") € ND| ¥ # 0 and 2" # 0},

The natural map ND — ND restricted to NXD — FND is a G -torsor.
From Diagram (A.10), we get the following:

N*D— s FND

J/(Gm—torsor

D——S

Given the family C — S restricted to D, we associate a natural family C N —
N*D of n+ 1-pointed T covers in mgn(m, 7,7~ 1) parameterized by N*D.
The fiber over a point (d,v’,0") € N*D, is the (n + 2)-pointed curve 5N7d
obtained by normalizing the curve éd, two more marked points ¢q; and ¢
(with image ¢; and g2 in Cy = Cn/T") which is in the preimage of the nodal
point a and 7’ (respec‘gvely " ) are non-zero tangent vectors at q; (respec-
tively g2) to the curve Cly 4. To the data (Cy, Cn, P, q1, G2, P, q1, 42, V, V', "),
we associate the vector bundle of twisted covacua:

(16.3)

VX’F(NXD) = @ VXU{M“*}I(CMCN,I?),ZIH’5271),(]1,(12,6,5,,5”)-
nePt(g,7)

By the constructions in Section 12.4, the vector bundle in Equation (16.3)
is also a twisted D-module on N*D. Now to define the gluing functor (see
Definition 13.9 ), it is enough to construct an isomorphism of twisted D
modules

Nx*xD~

Gy : Spp(V5p(C, C, B, p, V) = V5 (N* D),
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where Spp is the functor defined in Section A.5.2 and Equation (A.12).
By the same argument as in Chapter 7.8 in [11], we get that VXI(]VXD)

is C*-equivariant and monodromic and hence descends to a vector bundle

(also denoted by VXI(NXD)) on ND with a projective action of the Lie

algebra D(])V p-differential operators on ND that preserve the zero section.
Also by construction and discussion in Section 16.1, we get Spp is the pull-
back from N* D, of the functor Spp. Hence it is enough to show that there
(C,C,p,p,V) =~ VXI(NXD).

exists isomorphisms. 57 : Sp p(Vsr

16.3. Families over a formal base

As before let D be a smooth divisor in a smooth scheme S and let 7 be
a local equation of D in S. The m-th infinitesimal neighborhood D(™) has
structure sheaf Og /7™ 0g.

Given a family of nodal I' covers as in Section 16.2, we choose formal
parameters at the marked points and get a family (C, C, p, p,z) of I'-covers

in~ﬁ£n(m) parameterized by a smooth scheme S. We consider the family

(Cn,Cn,p',p',2') parameterized by D obtained by equivariant normaliza-
tion of €' — § restricted to D. Let 7, and 7z be two chosen coordinates on
the two components of the family C' — S in a neighborhood of a double
point a(d) so that 7172 = 7 and moreover, the double point is given by the
equation 71 = 0 and 72 = 0. Since the group I' acts transitively on C' and
by assumption C' has only one node, the other double points of C' are in the
orbit I'.a. B

On the normalization Cp, both 7, and 79 are formal coordinates of the
inverse image ¢1(d) and g2(d) of a(d). By the I'-action we get formal coordi-
nates in the full inverse image of the I' orbit of a(d). Hence we get a family of

I'-covers in Mg’n(m, 7,7~ 1). In this section, following the proof of Theorem
7.8.5 in [11], we extend the family (CN', C,p,p,z) to a family C~'N7D<m) — D(m)

of (n + 2)-pointed I'-covers in ﬁgm(m,’y,’y*l) parameterized by the m-th
infinitesimal neighborhood D™ of D.

16.3.1. Family of I'-covers over m-th infinitesimal neighborhood.

We need to first define a sheaf of algebras O%m) over C~’N with the structure

of a flat Opem-module. Let U = On\I.@1(D) U T.g2(D). Since Cy is the

normalization of C, we get that U is also equal to C\I'.a(D). We define
(m) . (m)

0)% = 0% |, where éD is the restriction of the family C' — S to D
Cn.o|U Co U
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and (‘)( ™) is the flat O pem-module given by O /Tm+1(9 We extend the

sheaf of O( ™) across I'.q1 and I'.g2 by defining the stalks at ¢; and g2 and

N D
extending it to the orbits of ¢; and ¢y via the I' action.

As in [11], let Og(m1) (respectively n2) be the ring of germs of analytic
functions in 7 (respectively 72) in a neighborhood of 71 = 0 (respectively

12 = 0). We define the stalks at q; and ga to be olm )D i = = Oo(n;) ®O( ™) for

’

1 < i < 2. For each g; in the I'-orbits of the pomts given by normalization,
the map 7; — n; and 7 — mny gives a map from Og_ - to O(m) (V,)
where V; C U is a punctured neighborhood of ¢;. Hence we define the sheaf
(‘)( ™) as the gluing given by the morphism 7 — 7172. The action of T is

N D
stable around the nodes and the local picture at a node a is given by the

following:

Spec(Alz,y)/(zy = 7)) L Spec(A[e!, y/]/(a'y' = V) — Spec 4,

where f*z' =z, f*y' =y and 7 € A.

Moreover, if v is a generator of I'y, then 7 acts on = (respectively y)
by ¢ (respectively ('), where ¢ is a chosen N-th root of unity and the
stabilizer of the nodes is cyclic of order N. From this it directly follows

(m)

that the gluing morphism is I'-equivariant and hence O% "’ defines a family

N,D
of curves with I'-action. The family Cy pem defines a family of (n 4 2)-
pointed I' covers where the section p extend to sections of Cy pem) trivially

m)

as C’N pem coincides with O( away from the locus of I'.q; UT".q3 along with

formal parameters 7). Moreover g1 and gy provide two additional sections
with formal parameters n; and 7,.

16.4. Sheaf of covacua over a formal base

Let F be a Og quasicoherent sheaf on S, then F(™ = F /T LT gives a
sheaf over D(™). If F is coherent, then F(™) is also coherent (Lemma 7.6.2
n [11]). Let (C,C,p,p,z) be a family of I' covers, we can associate the
following locally free sheaf of covacua on S of finite rank

Vi r(C,C.P,p,7) = H; ® 05/(g® Oa(+I' - p)) - Hz @ Os.

We denote by \7( m) (C C,p,p,z), the coherent sheaf over D) By Lemma
7.6.2 in [11], we get the following lemma:



Verlinde formula for twisted conformal blocks 261

Lemma 16.1. The coherent sheafV (C’ C,p,p,z) is isomorphic to the
quotient of H5; @ Opem by the sheaf (g ® (‘)( )(*F p)b)- Hs; @ Opem .

Thus given an n-tuple X of level ¢ weights, and a family of curves over
D™ we can use Lemma 16.1 to define (see also Equation 7.6.3 in [11]) the
sheaf of covacua VX,F(éN, pen, P, p’,2') on a m-th infinitesimal neighbor-
hood of a divisor D.

16.4.1. Twisted D-module structure over a formal base. Let as
before S be a smooth scheme and D be a smooth divisor in .S and let J
be the ideal sheaf of D in S. Let Dg be the sheaf of first order differential
operators on S and let SDOS. For each positive integer m consider the sheaf
DYy = DY/IHIDY. Similarly, consider the sheaf Dgo) = D2/IDY of
Op-modules. By Proposition 7.8.4 (iii) in [11], the sheaf DY is canonically
isomorphic to the sheaf @S\?)D = D p/IDY, where DY, is the sheaf of
differential operators on N D that preserve the ideal J and J is the ideal sheaf
of the divisor D in ND.

Let F be a sheaf of Og-module and let Gr™(F) := J™F/I™F1F then

Gr™(F) are Dgo)—modules. Moreover, we can define
(16.4) F"(Spp(F)) := I"Spp(J) /T Spp(F) = G™(9).
16.5. Twisted sewing functor

Let 1 € PYg,7) and p* € P'(g,y ') and let 3(,(g,7) and 3, (g, )
be the correspondmg highest welghts integrable modules for the twisted
affine Lie algebra L(g,~) and L(g,7~!) respectively. Let Ly () be the k-th
v-twisted Virasoro operator as constructed in [62, 94]. There is a natural
grading on H,(g,v) by Z4. They are defined as follows:

(16.5) Hyu(g,7)(d) = {I®)[ Lo,y (12)) = (Au + )|<I>>}

where A, is eigen value of the twisted L,y acting on the finite dimensional
highest weight g7 module with highest weights p and N is the order of ~.
From the explicit description of H,(g,v) as a quotient of a Verma module
and the fact ([94], [62]) that [Lg ), X(m)] = —FX(m), it follows that

Hulg,v) = @?io Hu(g,7)(d).
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By Lemma 8.4 in [54] (see Lemma 4.14 in [90] for the untwisted case),
there exists a unique up to constant non-degenerate bilinear form

(16.6) (] )u : %u(gﬁ) @ FHyy (977_1) — C.

such that for any |®1), |®2) in H,(g,v) and H,-(g,7 '), we have the fol-
lowing equation:

(16.7) (X (m).|21)[|®2)) s + (|1)[X (=m).[@2))), = O,

where m is an integer and X (m) = X ® t™ € L(g, 7).
Moreover, the form ( | ), has the following properties:

o (| ), restricted to H,(g,v)(d) @ H,-(g,7 1) (d') is zero unless d = d'.
e (| ), restricted to V) ® Vi~ is the unique (up to scalars) g”-invariant
bilinear form.

Here 3, (g,7)(d) denote the degree d part of H,(g, ).

Let mgq be the dimension of 3{,(g,v)(d) and we choose a basis
{vpa(d), ... vy m.(d)} of H,(g, ) and let {v*1(d),... ,v*™(d)} be the ba-
sis of (g, v~ 1) dual with respect to the bilinear form (| ).

Consider the following element (see Section 8 in [54], Chapter 4 in [90]):

Yt = ) Opi(d) © " (d) € (g, 7)(d) © e (8,771 (d)
=1

and the twisted sewing element v, = > u0Vua™ € Hu(g,7) ®
Hye (9,7 1)[[]]. It is easy to check that both 7,4 and v, are indepen-
dent of the chosen basis of H,(g,v)(d). We further, observe that for each
p € 3),(g,7), we have the following equality which follows directly from
the formula in Lemma 2.3 in [94]:

(16.8) Ay = Ay
Using the twisted sewing element 7, one defines a map:
v+ 35 @ Opll7]] = 35 @ Hyu(g, ) @ Hy- (9,771,

SRy = > [®) @ e
i i,d

We have the following proposition:
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Proposition 16.2. The map @Mepg (6.9)
O pm) -modules \7( )(C C,p,p,z) and VAF(CMD(m),ﬁ’,p’,E’) for each m >

Ly induces an isomorphism of

0. Moreover, the pm]ectwe action of D%W preserve each component v, and
the projective action of TOr commutes projectively (i.e. up to a scalar mul-
tiplication) with v,,.

Proof. The proof of the first part of the proposition can be found in [54] and
for the untwisted case we refer the reader to [88, Section 6], [11] and [67].
We now discuss the second part of the proof. We can lift the vector field
¢ = 70; to an I' invariant vector field 6 over Cy pem such that around ¢
and ¢a, the local expansion is of the form a.n10,, and B.120,, and a+f = 1.
Here 71 and 7y are special formal coordinates. Thus we need to show that
the projective action of 70, commutes up to a fixed scalar with the map ¢,
as a map of conformal blocks. This follows directly from Lemma 16.3. [

Lemma 16.3. The following equality holds as operators on I, (g,7) ®
He (8,7 D7)

70 (f|®) @ Yuat?) — (70-(f|®)) ® Ypar? = —=N.Au(£|2) @ a7,

where N is the order of 7.

Proof. By the definition of the action of 79; and applying the Liebnitz rule,
we get that the left hand side of the equation in the statement of the lemma
is equivalent to

F1®) ® (107 (Yu,ar?))
= d.(f|®) ® yuat®) + f|®) @ (10r.7,a) 77

= d.(f|®) ® yuar?) + % F12) (707 (0,5 @ vH)) 7
= d. (flq>> ® Yua™?) B

+ Z f1®) ( (MO Vi) @ V™ + By @ (120, v’“))7‘d
= d-(f|¢> ® Yu,a™?)

+> 0 fl2) (a.(—NAH — d)v,; @ ) 4 By (—NA, — d)v%i)Td.
=1

Here we have used the fact that 7;0;, acts (see Equation (12.8)) by —N Lg ()
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and Equation (16.5) to compute the action of L (,y. Now since by the choice
of the lift a + 8 = 1, the lemma follows. O

We have the following corollary of Proposition 16.2:

Corollary 16.4. The maps EBM Ly induce an isomorphism between
Gm(VXF(é, C,p,p,2z)) and G™(V5 .(N*D)) that preserves the projective
action of Dg)) on the left and DSS)D-action on the right for all m > 0.

Proof. The proof of the corollary follows from Proposition 16.2 along with
the observation that G (&) is the kernel of the natural surjective map from
F(m) _, g(m-1) O

Since the vector bundles of twisted covacua descend as D° modules on
ﬁgm(m), without loss of generality, we can assume that we have chosen
formal neighborhood around the marked points. Now the twisted sewing
construction and the Corollary 16.4 imply the following;:

Theorem 16.5. The sewing construction induces an isomorphism of locally
free sheaves

Gy : Spp (V5 1(C. C. B, p,)) ~ V5 (N D)

which preserves the projective action of DY . Here V5 (N*D) is as in
Equation (16.3).

Proof. The non-degenerate bilinear form ( | ), given by Equation (16.7)
induces a canonical element v, 4 € H,(g,7) ® H,(g,7" ). Now consider
the element > >0 Yu,d and the following map

é,y : g'fx — U'CX ®9{M®j{y*a |‘;0> - |90 ® Z'Yu,d>'
d>0

The structure sheaf of ND is ,,,0 9™/ J™+1 and hence all but finitely many

. . . M
elements in the sum Zdzo Vu,d lies in J :H/\%u*'

Hence the map éy induces a map between the sheaves
é{)D(VXI(é’, C,p,p,z)) and VX’F(NXD). Since the twisted zero-th Vira-
soro operator Lg (., preserve 3, (g,7)(d) and acts diagonally, it follows that
é,y preserves the projective connections. Thus, the rank of év is constant

([18, Lemma A.1]). We are now reduced to show that the map G, is an
isomorphism in a formal neighborhood of D in ND.
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We will be done if we can show that for any m > 0, the induced map

GI™ : (SppF) ™ — VI (N* D).

)

Now the proof of the theorem follows from Corollary 16.4. O
Appendix A. Moduli stacks of covers of curves
A.1. Moduli stacks of admissible I'-covers

Let I be a finite group. In this appendix we recall the definitions, basic
properties and operations on the stacks Mgn from Jarvis-Kimura-Kaufmann

[58] as well as the related stacks ﬂgm and mgn for non-negative integers
g,n. These are moduli stacks of (balanced) admissible I'-covers of stable n-
pointed curves of genus g with additional marking data as described in this
section.

Let ﬁg,n denote the Deligne-Mumford stack of stable n-pointed curves
of genus g. Let (C — Z,pi1,...,p,) be a stable n-pointed curve of genus
g over a scheme Z with marked sections p1,...,p, : Z — C. For a finite
group I', the notion of a balanced admissible I'-cover 7 : C — C of such
a stable pointed curve is defined in Abramovich-Corti-Vistoli [2] which we
recall below:

Definition A.1. A finite morphism = : C — C to a stable n-pointed curve
(C — Z;p1,...,pn) of genus g is called admissible I'-cover if the following
holds:

o C /Z is itself a nodal curve. However, C may not be necessarily con-
nected.

e There is a left action of the finite group I' preserving « such that
restriction of m to Cyep is a principal I'-bundle. Here Cgye, are the
points of C' which are neither marked points nor nodes.

e Points of C lying over marked points of C' the map CHC—=Z locally
is of the form:

Spec A[z] — Spec A[z] — Spec A,

where z = ZN~f0r some N > 0.
e All nodes of C' map to nodes of C.
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e All points of C lying over the nodes of C' are nodes and the structure
maps of C — C — Z are locally same with that of

Spec A[z, w](zw — t) — Spec Az, w](zw — t") — Spec A,

where z = 2", w = w" for some integer r > 0 and ¢t € A

e The action of the stabilizer I'y at a node ¢ € C'is balanced: The previous
conditions imply that I'z leaves the two branches invariant and that
I'z is cyclic. We now also demand that the eigenvalues of the action on
the two branches of the tangent space at ¢ are multiplicative inverses
of each other.

As in [2], we denote the stack of such admissible covers (m : C — C;p)
by M. (BT'). Following [58], we now consider a certain variant of the stack
of admissible I'-covers. For any admissible I'-cover (5 — C,p), where p =
(p1,---,Pn), let p; € 77 1(p;) be a choice of a point in the fiber over p; for
all 1 <i <n. We denote p = (p1,...,Pn)-

Definition A.2. Let ﬁg’n denote the stack of n-pointed admissible I'-covers

(m:C — C,p,p) of n-pointed, genus-g stable curves, where p = (p1, ... ,Pn)
are a choice of marked points of C' lying above the marked points p =
(p1,...,pn) in C.

The orientation of the curve C and the fact that C is a principal I'-
bundle over Cgey give rise to an n-tuple m = (mq,...,my,) € I'" keeping
track of the monodromies around the points p;’s. For each 1 < ¢ < n, the
orientations give a small loop in €' — {p1,...,pn} around each p; and a lift
to a path in a small neighborhood around p; is C — {p1,...,pn}. Since the
lift is not uniquely determined, the element m; give the difference between
the starting and the ending sheets of the lifted path.

More precisely, the isotropy subgroup I';, of the point p; is a cyclic
subgroup, of order say N;. The cyclic group I's, acts on the tangent space
T@C’ faithfully. Then m; € I' is defined as the generator of I';, which acts
2myv/—1

o

Hence we have the evaluation morphism ev : ﬁgn — I'™ and let
ﬁgn(m) := ev_1(m). We also have the morphism of stacks ﬁg}n — My
defined by forgetting the admissible cover. The following theorem is due to
Jarvis-Kimura-Kaufmann [58]:

as multiplication by exp

Theorem A.3. The stack mfm and the open and closed substacks man(m)

are smooth Deligne-Mumford stacks, flat, proper, and quasi finite over ﬂg,n-
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Moreover, the ﬁg’n(m) are a finite disjoint union of connected components

of ﬁg’n.

A.2. Moduli stacks of pointed admissible covers with local
coordinates

We now introduce the stack of n-pointed admissible I'-covers of stable n-
pointed curves of genus g with local coordinates.

Definition A.4. Let ﬁg,n denote the stack of n-marked admissible I'-covers
(m: C - C,p,p,Z, z), where (7 : C —C,p, p) is an n-pointed admissible I'-
cover and z= (Z1,...,2y) are special formal local coordinates at the points p
in C such that z = (E{V ' ..., ZN") are formal local coordinates at the points
p in C, where N; is the order of the cyclic group I's,. As before, associated
with such a data we have the monodromy m € I'"* around the points p. For
notational convenience, we will often drop z from the notation of a family

of n-pointed admissible I'-covers with chosen coordinates.

For a finite set A, let ﬁ; 4 denote the stack of A-marked admissible
covers, where instead of numbering the marking data, we have bijections
of the marked points and formal coordinates with A. In this setting the
associated monodromy of an A-marked admissible I'-cover is a function m :

A — T'. Given a functionm : A — I" we let ﬁgA(m) C ﬂgA be the substack
of those A-marked admissible I'-covers with monodromy given by m.

Definition A.5. Let A be a finite set and m : A — I'. Let ﬁg’A(m)
denote the stack of A-marked admissible I'-covers with monodromy data
m of the form (7 : C — C,p,p,Vv,v), where (7m : C — C,p,p) is an A-
pointed admissible I'-cover, v is a choice of non-zero tangent vectors to C
at the points p and v is a choice of tangent vectors to C' at the points p
compatible with v.

‘We may henceforth drop v,p from the notation of a family of curves
in ﬁg}n since they are determined by the other data that appear in the
notation. It is clear that we have the following commutative diagram:

(A.1) M, (m) —— My (m) —— M, (m)

o J

Mg,A Mg,A MQ,A-
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A.3. The category of stable group-marked graphs and associated
stacks

We will work with a certain category X! of stable I'-graphs (see also [47], [79,
§3.3]) in order to organize various gluing and forgetting marked points con-
structions for pointed covers. For us, a (weighted) graph is a tuple
(V,H,t,s,w), where V, H are finite sets (of vertices and half-edges respec-
tively),c : H — H is an involution,s : H — V is called the source map,
and w : V — Z>( is a weight function. In other words, graphs have vertices,
edges and some legs attached to the vertices. Moreover, there is a weight (or
genus) attached to each vertex. The fixed points L := H* are called the legs
of the graph and ¢-orbits of size two are called the edges F of the graph. The
degree deg(v) of a vertex is the total number of half-edges sourcing from the
vertex and the edge degree edeg(v) of a vertex is deg(v) minus the number
of legs sourcing from the vertex. The genus of such a graph X is defined to
be (in particular, it does not depend on the legs):

9(X) = |E[ = V| + Y w(v) + mo,
veV

where 7 is the number of connected components of the graph. We say that a
(weighted) graph is stable if for every v € V', we have 2w(v) —2+deg(v) > 0.

Definition A.6. The objects in the category X are stable (weighted) graphs.
If X, X" € X, then a morphism f : X — X' is a pair (f*, f«), where f* :
H' — H is an inclusion respecting the involutions, H \ f*H’ ﬁV ELRR VRS

a coequalizer such that we have s’ = f, 0 so0 f* and

(A.2)
2uw'(v) — 2 + edeg(v') = Z (2w(v) — 2 + edeg(v)) for each v € V.
vefst(v)

In other words a morphism corresponds to contracting some of the edges
and deleting some of the legs. Note that if there exists a morphism f : X —
X’ in X, then we must have g(X) = g(X’). We now define the category X'
of stable I'-graphs.

Definition A.7. An object of X' is a tuple (X, m: H(X) — I',b: H(X)\

L(X) —T), where X € X, such that whenever {h1, ha} is an edge of X, we
have

P Im(hy) - m(hg) = 1, and b(h) - b(hg) = 1,
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where P m(hy) := b(hy)m(hi)b(hy) L.

A morphism (f,7) : (X,mx,bx) — (Y,my,by) in X' consists of a
morphism f : X — Y in X such that mx(l) =1Vl € L(X) \ f*L(Y) and
~: H(Y) — I' such that

~(h) -mx (f*h) -y(h)~' = my(h) for all h € H(Y) and
by (h1)y(h1) = v(h2)bx (f*hs) whenever {hi,hs} € E(Y).

The category X' is a monoidal category under disjoint unions of stable I'-
graphs.

Remark A.8. A stable I'-corolla is a stable I'-graph with one vertex and no
edges. If a corolla has weight g and n legs, then by definition, it is stable if
and only if 29—24n > 1. We may sometimes denote a I'-corolla in shorthand
notation (g,m) with m € I'". By this we mean a corolla of genus g with n
legs labeled by m. If (X, m,b) € X' then we can cut up the graph at the
midpoints of all edges to obtain a collection of I'-corollas parameterized by
V(X). For each vertex v € V(X) we let L, denote the set of half-edges of
X whose source is v. These form the legs of the corolla corresponding to the
vertex. Hence we may think of any stable I'-graph as being built up from
stable I'-corollas.

Below we see 4 important examples of morphisms in the category X' along
with some diagrams for special cases:

Example A.9 (Group action). Let (X, m,b) € X' with set of half-edges
(including legs) denoted by H. Let v : H — I'. Then we get a new stable
I-graph (X,Ym,"b) where we have just conjugated all the group elements
marking the half-edges. This gives us an isomorphism (idx,y) : (X, m,b) =
(X,Ym,b). This is related to the axiom of I'-equivariance of the modular
functors.

e —1 . —1
mi mny, Y11y Y Y,

Example A.10 (Edge contraction). Let (X, m,b) € X" and let {h,h'} be
an edge in X. Note that it could also be a loop. Then let (X', m’, b’) be the
stable I'-graph obtained after contracting the edge {h,h'}. (The vertices of
the edge get merged into one vertex and a suitable weight is attached to it.)
This is the edge contraction morphism (X, m,b) — (X', m’ b’) € X!. This
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morphism is related to gluing of I'-covers and the axiom of ‘Factorization’
for modular functors.

my My,

R T
20

/
my m

Example A.11 (1-marked leg deletion). Let (X, m,b) € X' and let I be
a leg in X such that m(l) = 1. Also suppose that the graph obtained by
deleting the leg [ is stable. Let (X', m’, b) be the stable I'-graph obtained by
deleting the leg. This is leg deletion morphism (X, m,b) — (X’,m’, b) € X'.
In other words we are allowed to forget a leg marked by 1 € I, as long as
the graph does not become unstable. This morphism is related to the axiom
of ‘Propagation of vacua’.

e
- - .
(O
— -1 — .
\\@/ W (1)ym [ (Dm \@<
(0) \
1

Example A.12 (Crossed braiding). Consider a stable I'-corolla with n legs
l1,l2,...,1l, marked by the group elements my, ma,...,m, € I'. The crossed
braiding isomorphism (o7, 4,,(1,m1,1---,1)), denoted in short by fj, ;, in
X" is a morphism from the I'-corolla (g;m1,ma,...,my) to the I'-corolla
(g; mlmgml_l, mi,ms, ..., my) which flips the two legs {1, l2 and conjugates
the second label mgy by mj.

(A.3) ><%D< ﬁzl Iy >é?<

my
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Since the category X! has all the morphisms as in Equation (A.3), we do
not need to formulate I'-equivariance, permutation equivariance, Factoriza-
tion and Propagation of vacua separately in Definition 13.9 of a I'-crossed
modular functor.

For any (X, m,b) € X' define the smooth Deligne-Mumford stacks (see
Appendix A.1, A.2)

(A.4) Mymp =[] M., (ml,),
veV(X)
(A.5) Mymb = ][] MF L)

veV(X)

The stack MY | parameterizes H(X)-pointed admissible I'-covers (D —

D, q,q) of curves (D, q) in Mx with connected components parameterized
by V(X) and with monodromies around the H(X) marked points q being
given by m.

As in the untwisted case, for any h € H(X) we have the associated rank
1 point bundle Zh on M&mb and its dual line bundle z}f whose fiber at

(15 — D,q,q) € M&ym’b is the tangent space Ta(h)ﬁ. We recall the following
proposition from [58].

Proposition A.13. Consider the natural forgetful map m : m}mb — My,

then L}, is naturally isomorphic to Zévh, where Ly, denotes the point bundle
on Mx and Ny, is the order of m(h) € I

A.4. Clutching with respect to morphisms between stable graphs

Let (X,m,b) € X', By definition, if {h;, hy} € E(X), then P(")m(h;) and
m(hg) are inverse to each other. The monodromy around the marked point
q(h1) € D is m(hy) and hence the monodromy around the point b(h1)-q(h1)
is m(hy)~t. In other words, using the construction of [58] we can glue the two
points b(h1)-q(h1) and q(hg) on the admissible cover D — D corresponding
to an edge of X. We get the same glued pointed admissible I'-cover if we
glue with respect to the two points q(h1) and b(hs) - q(h2).

Now any morphism in X! is equivalent to one obtained by contracting
some edges first (see Remark A.14 below), and then deleting some 1-marked
legs. For the moduli stacks, deleting 1-marked legs amounts to forgetting the
marking data corresponding to the deleted legs. Since the deleted legs are 1-
marked, the cover is unramified over the corresponding marked points, which
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implies that this is a well-defined operation. Hence, given any morphism
(f,7) : (X,mx,bx) — (Y,my,by) in X' we can define the clutching map

Vil vl
(AG) §f7’7 : MX,m)mbx — MYJUY,bY'

Remark A.14. In general if we try to delete a 1-marked leg first from a
stable I'-graph, the graph may become unstable and hence may force us to
contract some edges. For the corresponding moduli stacks this corresponds
to the “forgetting tails” construction in [58].

Remark A.15. If we have two morphisms

(X,my,bx) W), (Y, my,by) Uarra), (Z,mz,by)

in X' then Efarpa)o(fimn) = Efarya 06 f17, and the assignment (X, myx,bx)

ﬂgf mx by is functorial.

A.4.1. Normal bundles for edge contraction morphisms. As be-
fore, let (f,~) be a morphism in X" which only contracts edges. By [8, Ch.
XII1-§3], the normal bundle on ﬂ&mx,bx to the map £y~ decomposes as

(A7) Néjy = P Ly, ®Ly,.
{hha} EEQONB(Y)

Our next goal is to lift the clutching construction to the stacks (see
Equation (A.5) for notation) ﬁgmx,bx and ﬁ;m%by while also taking into
account the normal bundles. Consider the stack ﬁ%mx’bm iy parameteriz-
ing data of the form (15 — D,q,q,V), where (l~) — D,q,q) € ﬁ&mx’bx
is an H(X)-pointed admissible I'-cover and v is a choice of non-zero tan-
gent vectors to D at the points marked by f*H(Y) C H(X). We have the
Cartesian square

~T €1 ~ T
(A.8) My my bty My my by

thn*H(Y)—tOT’SO’I‘J JGg(Y)—tm"sor

eVl gfrv BVl
M bx MY,msuby ’

X,mx,
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It follows that the normal bundle N g?, —» ﬁgf mx bx.fry decomposes as
(A.9) Nésr = ) Ly, ® Ly,

{h1,h2}eE(X)\f*E(Y)

where we use ZX to also denote the line bundle on ﬂ&mx’bx, iy obtained
by pullback of the corresponding line bundle on ﬁg( mx.by -

Let FN{Af; — ﬁg(,mx,bx,f;y denote the frame bundle (it will be a
GEWON *E(Y)—torsor) associated with the vector bundle N¢p, —

ﬁgmx’bx’ Fy preserving the decomposition into line bundles given in Equa-
tion (A.9). We obtain the diagram

bx ’ Ffoﬁ

|

LF Efmy LF
MXymxbe,f:‘Y MY»m%by

(A.10) ML

)(,l’l‘lx7

where the top horizontal map is given by
(D= D.q.w)
> <(5 = D, q, Wl pmyy), (W(h) ® {JVV(hQ)){hl,hQ}GE(X)\f*E(Y)) .

We think of FFIN 5/;; as the open part of N, 5/;7 obtained by deleting the hy-
perplane bundles of zero sections corresponding to the decomposition (A.9)
of the normal bundle into line bundles. The hyperplane bundles which are
deleted are parameterized by the contracted edges E(X) \ f*E(Y). They
give one set of boundary divisors on N 5/]:, that we will need to consider and
these type of divisors will be referred to as hyperplane bundle divisors. We
will need to consider another set of boundary divisors in §A.5.2 below.

A.5. Twisted D-modules and specialization along clutching maps

We have defined clutching maps between moduli stacks associated with mor-
phisms in the category X' In this section, we consider twisted D-modules on
these moduli stacks and functors between them defined using specialization
along the clutching maps.
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A.5.1. Twisted D-modules on the moduli stacks. Let (Y,m,b) €
X" be a stable I-graph and ﬁ?mb, ﬁ;m,b the corresponding smooth
Deligne-Mumford stacks defined by (A.4), (A.5) with their open parts

MYmb H Mg(v),Lv(muu)’ M;m,b: H MEJ(U),LU(m‘Lv)‘
veV(Y) veV(Y)

We have the normal crossing boundary divisors

AYmb - Ymb\MYmband AYmb _MYmb\MYmb

Recall that we have defined the Hodge line bundles (which we will always
denote by A) on the stacks ﬁg 4 as pull-backs of the Hodge line bundles
on the stacks M, 4 along the natural forgetful maps. Hence we can define
Hodge line bundles (also denoted by A) on the product moduli stacks ﬁ?m,b
as the pullback of the Hodge line bundle~ on the product My. Consider
the logarithmic Atiyah algebra Ax(—log A{,mb) on the smooth Deligne-
Mumford stack MF m,b- LOr any c € C consider the logarithmic Atiyah

algebra cAp(—log AY b) on M m,p Of additive central charge c.

Definition A.16. Let (Y, m,b) € X' and ¢ € C. We let 2, Mod(ﬁ?mb)
denote_the category of vector bundles on the smooth Deligne-Mumford

stack ﬁ;m’b equipped with a c¢Ap(— log AYm b) module structure. We will

call such an object a vector bundle with twisted log Agm b connection on

=
MY,m,b‘

Remark A.17. By Deligne’s Riemann-Hilbert correspondence (see [55,
Thm. 5.2.20]), we have an equivalence of abelian categories Z, Mod(ﬁg/m b)
= 9. Mod(M{,mb) where the latter is the category of coherent OM5mb_

modules over the Atiyah algebra cAx on the open part Mym b

A.5.2. Specialization along edge contractions. Let

(f:’Y) : (X,l’nx,bx) - (vaYabY)
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be a morphism in X' which only contracts edges. We have the following
commutative diagram of the associated clutchings

GECONF"BE(Y)- tm"sor

(A.11) MXmX,bX — Ngf’*/%Ngfv
Gf,(x)\f*E(Y)—torsorJ /
GHX)~torsor MF S MF
" Xmxbx,fy Ymy by
M)-tomor JGg(Y)—torsor
A Ery ML
X,mx,bx meYabY
_ & J
MX MY‘
NT
Let MX myx.byx.fy S MX my.by.f~ D€ the open part and let AX by foy

be the complementary boundary divisor. Let NV AL Xmx by, fry S N § f~ be
the corresponding divisor obtained by pullback to the normal bundle. We
consider the open part F'IN 5;0 CN EJ:; obtained by restricting F'IV 5; to
the open part J\N/EE( M bx .y . The complement is a normal crossing divisor

on N § #,~ Which is a union of the divisor N AL X,myx b, fry and the hyperplane
bundle d1v1sors defined prev1ously (last paragraph of Section A4.0).

Let MYm by.fry © M{,m by, Pe the image §f.y( me by ) It is the

closure of a stratum in the natural stratification on MYmY by -

. v
On the open part the map §f7.y s My mxbx fy Mym%by?f,y is a
stack quotient by a finite group. Moreover, we can lift this to a covering
map from a tubular neighborhood of MY mx.by,f i the normal bundle

Ngh to a tubular neighborhood of the stratum Mymy’byyfﬂ/ - J\/[me’by

such that the hyperplane bundle divisors on N 5 .~ described previously map
to the boundary divisor A{,m b -
) Y ,PY

In other words the intersection of F'IN 5;0 with the tubular neighbor-
hood of

MX mx,bx,fy = N€f7
maps to the intersection of the open part J\/[ Y.my by with the tubular neigh-

borhood of the stratum J\/[Y my by, fy & J\/[Ym b, - Note that the open part



276 Tanmay Deshpande and Swarnava Mukhopadhyay

M E(,mx,bx is a Gﬁ(x)\f*E(Y)—torsor over the open part FNE;;O. We obtain

homomorphisms of fundamental groups

By [8, Ch. XVTI], the pullback of the Hodge line bundle on My along & ¥
is the Hodge line bundle on M. Hence the Hodge line bundle on m}F/’myyby

pulls back to the Hodge line bundle on mgf,mx,bx along the top of (A.11).
We also denote by A the pullback of the Hodge line bundle to N 57:,
For ¢ € C we consider the logarithmic Atiyah algebra cAx(—log N&ys~ \

FN%;./YO) on Ng;y and the corresponding category Z.Mod(NEy~) of
twisted logarithmic D-modules. Any object of

DeMod(My 11, b)) = De Mod(MY 1 1)

(see Remark A.17) after specialization to the normal bundle gives us an
object of

D Mod(NE;~) = D Mod(FNE;,”).

We can now pullback along the top horizontal arrow of (A.11) to obtain an

object of 7, MOd(ﬁE{,mx,bx) = D, Mod(ﬁ%mx’bx). This defines a functor
which we denote as

(A.12) SPs~ t ZeMod(My 1, 1y, ) — Ze Mod(M 1 1)-
A.5.3. Specialization for all clutchings. Suppose that
(f,7) : (X,mx,bx) = (Y,my, by)

is a morphism which only deletes some 1-marked legs. In this case the clutch-
ing map
gfn, : ﬁg}, my, bX — M;, my, by

merely forgets the marking data corresponding to the deleted 1-marked legs
and the Hodge line bundle clearly pulls back to the Hodge line bundle. In
this case we define the specialization to be the pullback

(A13)  Sppo =& ZeMod(My i, by) — Ze Mod(My 1, b)-
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Since any morphism in X' is a composition of edge contractions fol-
lowed by leg deletions, we can now define specialization along any morphism
in X'. If we have two morphisms (X, mx,bx) fli) (Y, my, by) %
(Z,mz,byz) then we have a natural isomorphism between the two functors

(A.14)

SP(f2.v2)0(f1.m)
= Spfl,’)’l © Spfz,’)’z : De MOd(mE,mz,bz) — e MOd(m&,mx,bx)-

Hence the assignment (X, myx,bx) — Z,. Mod(ﬁ%mx’bx) is functorial.
Appendix B. Twisted Kac-Moody S-matrices

Following [61], we now recall the notion twisted S-matrices in the setting of
twisted affine Lie algebras and connect them to the characters of the fusion
ring in Section 9.1. We call these matrices twisted Kac-Moody S-matrices to
differentiate between the crossed S-matrices discussed earlier. As observed in
[61], these twisted Kac-Moody S-matrices (except for Agi)) are not matrices
for the modular transformation of the characters with respect to the group
SL2(Z). We follow the ordering and labeling of the roots and weights as in
[61].

Notation B.1. Recall that § denote the finite dimensional algebra whose
)

Cartan matriz is obtained by deleting the 0-th row and column of X](Vm .

Throughout this section,é will denote the root lattice Q(g); A;’s will de-

note the affine fundamental weights of g(X](Vm)) and A; will denote their or-

thogonal horizontal projects with respect to invariant bilinear form g(XJ(Vm));
Wi, ... Wrankg Will denote the fundamental weights of §; and the weight wy
of the trivial representation of § will be considered as the zero-th fundamen-
tal weight. Moreover M* denotes the dual lattice of Q with respect to the
normalized Killing form k.

B.1. Integrable highest weight representation of g(X7})

e The case Agn)_l: In this case g = C),. It turns out that for all 0 < i < n,
the A; = w;. The set of level £ integrable highest weight representations
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of the affine Lie algebra g(AgL)_l) can be rewritten as follows:

(B.1) P'(g(AS) ) = {i biw; € Pr(Co)lby + 2(bz + -+ + by) < €).
=1

The case Dﬁzlz In this case g = B,,. As in the previous case, it turns
out that for all 0 < i < n, the A; = w;. The set of level ¢ integrable
highest weight representations of the affine Lie algebra Q(Agi)q) are

can be rewritten as follows:

(B.2) P(a(DY))) = {i biwi € Py (By)[2(b1+- - +bn1)+bn < 0.
=1

The case Df): In this case, § = go and the orbit Lie algebra g, is also
g2. Then A1 = wy and Ay = wy, where wy and wy are the fundamental
weights of the Lie algebra go. Moreover, Ag = wy. With this notation,
we have

(B.3) Pl(g(D)) = {brw + bows € Py (ga)|3by + 2by < £},

The case Eéz): In this case g = f4 Then Ay = wyg and Ay = w3, A3 = wo
and Ay = wq, where wy, ..., w, are the fundamental weights of the Lie
algebra f4. Moreover, Ag = wg. With this notation, we have

(B.4)
PUG(EP)) = {bywy + -+ + baws € Py (§4)[2by + 4by + 3bs + 2bs < €}

B.2. Twisted Kac-Moody S-matrix for Agi)_l

Let Pz(g(Agl)fl))" denote the set of integrable level ¢ weights of the Lie

algebra g(ASL)_l) which are fixed by the involution o : ¢ — 2n — i of the
vertices of the Dynkin diagram of As,_1. It can be described explicitly as.

P (a(A5) 1))’

n—1

=) bi(wi + wan—i) + bnwn € Py(Azn—1)[2(b1 + -+ + bp1) + by < L},

=1
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Since the fixed point orbit Lie algebra of As, 1 under the action of the
involution o is B, there is a natural bijection between ¢ : P(Ag,-1)? —
P(B,,). Thus under the map ¢ restricts to a bijection:

(B.5) v PYa(AS) )7 =~ PY(a(D)))

and we identify the two via ¢. We recall the following map between the
Cartan subalgebras of B,, and C,, following Section 13.9 in [61]

a/. .
Tk b(Bn) — [)(Cn)> Wi — —\Z/wi, forl1<i< n,
@;
and where a1, ...,a, (respectively ay,...,a,/) denote the Coxeter (respec-

tively dual Coxeter) label of the Lie algebra Q(Agi)q)-
The rows and columns of the twisted Kac-Moody S-matrix are parame-
terized by the set Pg(g(Aéi)_l)) and P* (g(ASL)_l))(’ respectively. Under the

identification ¢, the columns will be parameterized by P* (g(Dfﬂl)) We recall

the following formula [61] for the twisted Kac-Moody S-matrix .#(¢) (Agi)_l)
whose (A, u)-th entry is given by the formula:

(B.6)
Y4
A0AL) )

14 V2 211 3 ~
:Z|A+| — e(w) ex _ g (w . , |
|M*/(f+2n)Q|2u§V( ) p< T+ 2 e(wA+7) (M+P))>

where 7 (respectively 7') denotes the sum of the fundamental weights of C,
(respectively By,).

B.3. Twisted Kac-Moody S-matrix for Dflz_’)_l

1
Let Pz(g(Dfl_zl

))? denote the set of integrable level ¢ weights of the Lie
algebra g(DSJZl) which are fixed by the involution which exchanges the n
and n + 1-th vertices of the Dynkin diagram of D, 1. It can be described

explicitly as.

PUa(DIM))7 =4 biwitbn(wntwns1) € P (Dt ) [b142(b1+- - -+ba) <1},
=1
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Since the fixed point orbit Lie algebra of D,;; under the action of the
involution o is Cy,, there is a natural isomorphism between ¢ : P(Dy41)7 —
P(C,,). Moreover, the map ¢ restricts to a bijection of

1) \o 2
(B.7) e Pa(D)) = Ph(a(45) 1)
and we identify the two via ¢. We recall the following map between the
Cartan subalgebras of C), and By, following Section 13.9 in [61]

Wi,
i

Tk - h(cn) — b(Bn)v Wi —»

where 1 <i <n and ay,...,a, (respectively ay,...,a,) denote the Coxeter

(respectively dual Coxeter) labels of the Lie algebra g(Dfﬁl).

The rows and columns of the twisted Kac-Moody S-matrix are param-

eterized by the set Pg(g(Dfi)l)) and Pg(g(DSll))” respectively. Under the

identification ¢, the columns will be parameterized by P* (g(Agi)_l)). The

(A, p)-th entry of the twisted Kac-Moody S-matrix y)fz(D(Z)

n+1) is

(2-5)-1) :z|A+‘ \/5 o 1
" [M* /(€4 2n)Q|

< 3 clw)exp (— o+ 77l 7))

/ 0+2n°
weW

B.8) Y

)\,H(D

where 7 (respectively 7') denotes the sum of the fundamental weights of C),
(respectively By,).

B.4. Twisted Kac-Moody S-matrix for Df)

Let P* (g(Dil)))” denote the set of integrable level ¢ weights of the Lie alge-

bra g(Dil)) which are fixed by rotation o that rotates the 1 — 3 — 4 — 1-th
vertices of the Dynkin diagram of Dy. It can be described explicitly as.

Pe(g(Dil)))U = {bl(wl + w3 4+ wq) + bowa € P1(g2)|3b1 + 2by < f}.

Since the fixed point orbit Lie algebra of D4 under the action of the invo-
lution o is gg, there is a natural isomorphism between ¢ : P(Dy4)? — P(g2).
Moreover, the map ¢ restricts to a bijection of

(B.9) o2 Plg(D{M))” ~ P! (g(DY))
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and we identify the two via ¢. We recall the following map between the
Cartan subalgebra of gy following Section 13.9 in [61]
7w : b(g2) — b(g2), wo — a_\Q/Wl, wp — a—iwm
az aq
where 1 < < 2 and aq, ag (respectively aY, a3 ) denote the Coxeter (respec-
tively Dual Coxeter) labels of the Lie algebra g(Df)).

The rows and columns of the twisted Kac-Moody S-matrix are param-
eterized by the set Pﬁ(g(Df’))) and Pz(g(DA(ll)))“ respectively. Under the
identification ¢, the columns will be parameterized by Pg(g(Df)))). We re-
call the following formula [61]:

(B.10)
SADE)
14 V3 211 _ B
— 1A+l ) exco [ — 2T o _
|M*/(£+6)Q|? 2_ ew) p< T gle(wA+7), H(u+p))>,

weWw

where p denotes the sum of the fundamental weights of go.
B.5. Twisted Kac-Moody S-matrix for Eé2)

Let P* (g(Eél)))U denote the set of integrable level ¢ weights of the Lie algebra

g(Eél)) which are fixed by rotation o that interchanges 1-st with 5-th; 2-th
with 4-th and fixes the 3rd and 6-th vertices of the Dynkin diagram of Fj.
It can be described explicitly as.

D\\o
P(a(E"))
= {b1(w1 + ws) + ba(wz + wa) + baws + baws € Py (fa)]
2b1 + 4by + 3b3 + 2by < f}

Since the orbit Lie algebra of Eg under the action of the involution o is f4,

there is a natural bijection between ¢ : P(Eg)? — P(f4). Moreover, the map
¢ restricts to a bijection of

(B.11) v: Pa(B{M))7 ~ P (a(ES))
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and we identify the two via ¢. We recall the following map between the
Cartan subalgebra of f; following Section 13.9 in [61]

ay as as ay
Tt B(F4) = B(Ja), wa = w1, w3 = —Gw2, Wy — W3, W1 — —,; Wi,
ay as ag ay

where a1, ag, as, as (respectively aY,ay,ay,ay) denote the Coxeter (respec-
tively Dual Coxeter) labels of the Lie algebra g(EéQ)).

The rows and columns of the twisted Kac-Moody S-matrix are param-
eterized by the set Pg(g(EéQ))) and Pe(g(Eél)))” respectively. Under the

identification ¢, the columns will be parameterized by Pg(g(Eéz))). We re-
call the following formula from [61]:

() = VR /(04 12)Q) 0

<« X ctwyenp (= w0+ )7l 7))
wew

J4
B.12) A

where p denotes the sum of the fundamental weights of f4.
B.6. Twisted Kac-Moody S-matrix for A;i)

In this case g = C,, and the orbit Lie algebra g, = C,. Let Ag,..., A,
denote the affine fundamental weights of g(Agi)) and Ay, ...A,, denote the
projection to C, under the normalized invariant bilinear form on denoted
by kg. Now let wg, wi, ..., wy, denote the fundamental weights of C,,. It turns
out that for all 0 < i < n, the A; = w;. The set of level ¢ integrable highest
weight representations of the affine Lie algebra g(Aéi)) can be rewritten as
follows:

(B.13)  P(g(AY)) = {fj biw; € Py (Cp)|2(by + by + -+ + by) < £}

=1

Remark B.2. With the convention of the numbering of the vertices of the
affine Dynkin diagram in the case Aéi), we get the fixed point Lie algebra is
of type B,, whereas g = C,,. However, it is sometimes convenient to choose
a different ordering of the vertices of the Dynkin diagram such that the new
horizontal subalgebra is same as the fixed point algebra B,. This can be

done if we renumber the vertices by reflecting about the n-th vertex of the
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affine Dynkin diagram. Under the new numbering system we get an alternate
description

(B.14)
g ~ ~ by 0~
:{Z biw; € Py(Bp)|bi+...+bp_1 + 3” < 5 £ by is even},
where w1, ...,w, are fundamental weights of the Lie algebra of type B,,. In

particular, we observe that P!(g, o) = {w, }. We refer the reader to compare
it with the description of P%(g,~) in [54].

Let Pz(g(Agl)))U denote the set of integrable level ¢ weights of the Lie

algebra g(Agl)) which are fixed by the involution o : ¢ — 2n + 1 — . It can
be described explicitly as.

P (g(AG))7 - {Zaz (wi + wan—i) € Py (Agn)[2(by + -+ + by) ge}.
=1

Under the map ¢ : P(Aay,)? — P(Cy,), there is a natural bijection between ¢ :
Pg(g(A( ))) %Pz(g(Aéi))). Hence we will identify the two using the map ¢.
The rows and columns of the twisted Kac-Moody S-matrix are parameterized
by the set Pe(g(Agn) )) and P(g (Agn) ))? respectively. We recall the following
Theorem 13.8 [61]:

(B.15) A (A5 = il 4 20 + 1)
27 _ _
< 3 o exp<—m (w(>\+p),u+p)>,

(+2n+1"°
weW
where p denotes the sum of the fundamental weights of C,,. Moreover, the
matrix .7 () (A(Q)) has the following properties [61].
Proposition B.3. The matriz (") (Agn))))\u Y/\(;(Agn)) is symmetric
and unitary.

B.7. Relation with untwisted Kac-Moody S-matrices

This section is motivated by the following two observations. First, the equiv-
ariantization of a I'-crossed modular functor is a modular functor, hence
crossed S-matrices must be submatrices of an uncrossed S-matrix. Secondly,
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in the KAC software, the Kac-Moody S-matrices and the twisted Kac-Moody

S-matrices of type Aéi) are available for computational purposes. One can
compute all crossed S-matrices in the remaining types using KAC as follows:

Let A be a Cartan matrix of either of the following types A : Aéi)_l,

Dg_l, Eé2), Dflg). We consider the Cartan matrix A’ obtained by taking
transpose of the matrix A. In these cases, observe that the affine Lie algebra

associated to A is of untwisted type. They are given as: A’ : B,(LI), C’V(Ll), F 4(1),

Ggl). If A and A! denote the Cartan matrix obtained by deleting the 0-th
row and column, then we get g(A4) and g(A') are Langlands dual. Define the
map 7 : h(A) — h(A?) by the following:

Vv
i

(B.16) A L

a;

where Ag,..., A, (respectively Af,... , Al) are affine fundamental weights
for the affine Lie algebra associated to A (respectively A') and § (respectively
&%) is the dual of the affine fundamental weight Ay (see Section 7).

We now consider the map 7 : P‘(g(A)) — P = (g(A!)) given by
the formula 7(\) := 7(\ + p) — p', where p(respectively p') are sum of
the fundamental weights of the horizontal subalgebra of g(A) and g(A?)
respectively.

The affine Lie algebras of type A’ are all untwisted affine Kac-Moody
Lie algebra, hence denote by Y/\(f/i(At)—the (A, p)-th entry of the Kac-Moody
S-matrix of type A’ at level £. We refer the reader to Chapter 13 in [61] for
more details. The following proposition is well known and can be checked
directly. We also refer the reader to Proposition 3.2 in [48].

Proposition B.4. Let g(A) be a twisted affine Kac-Moody Lie algebra as-
sociated to the Cartan matriz A of type Aéi)_l,Dfﬂl,Df),EéQ), then the
twisted Kac-Moody S matrices are related to the S matrices of g(At) by the
following formula
¢ 2 o L (0+hV—h
F0(A) = g (@QV)/QIE 73 1 (4D,

where h"Y and h are the dual Coxeter numbers of the Lie algebra g(A) and
a(AY) respectively. Moreover, |1/g(@\/)/602] is two when A is either Agi)_l,

D7(12+)1 and Eéz) and is three when A is of type Df’).
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B.7.1. Some computations. We list the following facts which are very
useful in computing the twisted Kac-Moody S-matrices. Using Proposition
B.4, we can use KAC to compute the twisted Kac-Moody S matrices.
e The case Agi)_l:
— T o Ty is identity.
— 7(wi) =w! for 1 <i<n—1and 7(wy,) = 2.
— T(wo) = wy,.

() .
n+1-

e The case D
— T o7, is identity.
— 7(w) =w! for 1 <i<n—1and 7(w,) = 2w},
— F(wp) = wt.

e The case DZ(LS):
— 7(w1) = 3wl and T(we) = Wi.
— 7o (wi) =wf for 1 <i<2.
— 7(wp) = 2wh.

e The case Eé2):
— 7(w1) = 20!, T(w2) = 2w}, T(w3) = wh, T(ws) = wi.
— ToTe(w;) =w; for 1 < i < 4.

— T(wo) = wh + wh.
B.8. Dimensions using the formula

In this subsection, we use the Verlinde formula (1.2) stated in the intro-
duction to compute dimensions of some twisted conformal blocks. We also
discuss in specific cases, how to cross check our calculations. We start with
examples of étale cases.

Example B.5. Let I' = (v) be a cyclic group of order m and g is either of
type Ap>2, Dyp>4 or Eg. Let C' — C' is an étale cover with Galois group T,
then the dimension of the twisted conformal block at level one

(B.17) dime VL(C, C) = |P1(g)"[(S0,0) %,

11

\/%H’ 203 for g = A,,, Dy, Eg respectively.

where Sp g is
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Consider an elliptic curve C with rotation of order m. Then C is also an
elliptic curve and the map C' — C'is an étale cyclic cover of order m. We
can degenerate C' to a nodal elliptic curve and C to a cycle of P'’s with m
components. In this case, by factorization, we can cross check our answer by
reducing it to the case of trivial étale cover C of P! along with two marked
points. Since we are in the étale case, no crossed S-matrices are involved and
we can apply the untwisted Verlinde formula after using the group action to
bring all the marked points p in C in the same component.

Remark B.6. Example B.5 is a priori neither covered by the untwisted
Verlinde formula nor by the conjectural Verlinde formula in [23].

Remark B.7. G. Faltings [39] has shown that in the untwisted case that
conformal blocks for a simply laced Lie g algebra has dimension |Z¢ |9, where
Zq is the center of the simply connected group with Lie algebra g. This can
also be seen from the Verlinde formula. The formula in Equation (B.17) can
be thought of a generalization of the result to the twisted case.

Example B.8. Let g = Aéi)_l and consider a double cover C — C ramified

at 2n points p and let g be the genus of C. The level one weights of Ag}_l are

{0,w1}. Then by the Verlinde formula 1.2, we get dim¢ Vg 2/22(6, C,p,p) =
29pg+n=1, ’

The computations in Section B.7.1, tell us that the crossed S-matrix or
equivalently the character table is given by the following 2 x 2 matrix.

2’:\/§-<

N[ N[
‘ N[

D=

\—/

If C =P and C is a genus n — 1 curve which is double cover of P!
ramified at 2n points. We now discuss how to cross check the answer using
factorization theorem and invariants of representations. _

In this case, we can degenerate C' — C to a double cover D — D, where
D is a chain of n—1 elliptic curves where the end components have three ram-
ification points and all the other components have two ramfication points.
Moreover the nodes of D are ramification points. By the factorization theo-
rem, we can reduce to check that the following conformal blocks associated
to double covers C' — P! ramified at four points are one dimensional

: T ~opl o= —
1. dim¢ VO,O,O,O,Z/M(C’EP ,p,p) = 1.
2. dime V! (C,PL,p,p) = 1.

0,0,01,01,7Z/27
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3. dime Vi 0 707 (CiPYLB,p) = 1.

We can now degenerate the double cover C of P! with four ramifica-
tion points by degenerating the P! to a reducible P! with two components
meeting at one point, which is étale. Moreover each component has two ram-
ification points. Then normalizing we get two disjoint copies of P! with a
double cover ramified at two points. Hence by factorization, we are reduced
to check the following:

1 if 7 is even

(B.18) dime Vi, 50 (PP, B,p) = {

0 otherwise,

where w; is the i-th fundamental weight of As,._; attached to an étale point
and also

. 11 ~ 1 ifiis odd
(B.19) dimg V&wl,wi»Z/ZZ(P Pp.p) = {O otherwise.
This can be verified directly from the fact that these conformal blocks
are isomorphic to the space of invariant Homgy (o, (A'C?",C) (respectively
Homgp(%)(@% ® A*C?",C)) which has dimensions one or zero depending on
the parity of ¢. Further the dimension calculation for the ramified double
cover P! — P! obtained in Equations (B.18) and (B.19) also agrees with the
computations from the twisted Verlinde formula. The general case where

genus of C is positive can be approached similarly.

Example B.9. Consider the Lie algebra Agi). The level one weights of Agi)
is just the r-th fundamental weight w, of the Lie algebra of type B,. Consider
P! as a ramified double cover of P'. Then by the Verlinde formula 1.2, we
get that the dimension of VLT@“W“Z/M(PHPI, p,Pp) is one.

Here w; is the i-th fundamental weight of Ao, attached to an étale point.
If i = 0, Example B.9 can be crossed checked by Lemma 8.7. For all i’s, this
example can be crossed checked similarly as in Example B.8 by embedding

into the space of invariants.

Example B.10. Consider a connected ramified Galois cover C — P! of or-
der three with three marked points p with ramification given by 1 € Z/3Z =
{0,1,2} at each marked point. We consider the triple 0 = (0, 0,0) of weights

in P! (D4(13)) and consider the twisted conformal block Vg 2 /gz(é,Pl,ﬁ,p)

at level ¢. By Theorem 10.1, twisted conformal blocks in this case define a
7,/ 3Z-crossed modular fusion category C(D4,Z/3,¢) = Co @ C1 @ Ca.
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Since we are looking at a Z/3Z-cover with ramification 1 € Z/3Z at each
marked point, the weight 0 € P* (Df)) corresponds to a simple object say A
in the component C;. Note that the object AQA®A (where ® denotes the
fusion product in the Z/3Z-crossed modular fusion category C(D4,Z/3,7))
lies in the identity component Cy. Hence by Theorem 10.1(3), the rank of
the bundle of twisted conformal blocks with weights 0 as equals the fusion
coefficient

dim Hom(1,A® A ® A) = dim Hom(A*, A® A) = vj 4

in the Grothendieck ring K(C(D4,Z/3Z,¢)) of the Z/37Z-crossed modular
fusion category and not in the twisted fusion ring Ry(Dy, 1). Here 1 € @ is
the unit object corresponding to the weight 0 of the untwisted Dy at level £
i.e. an element of P(Dy). The fusion coefficients in the ring Ry z/37(Da) is
determined by Theorem 1.2 and Proposition 11.1:

e Let / = 1. The Verlinde formula tells us dimVéZ/gz(é,]P’l,f), p) = 2.

We use the fact that 0 is the only fixed point of Pl(DS)) under the
diagram automorphism and Spo = %

e Let / = 2. By Proposition B.4, Section B.7.1 and using KAC software,
we get the crossed S-matrix:

1 1
sv:ﬁ(qé f)

Ve V6

The fixed points of P2(D511)) under the diagram automorphism are

{0,ws} and from the uncrossed S-matrix we get Spo = ﬁ and
Sow, = ﬁ Now the Verlinde formula 1.2 implies that
: T A pl g -

dimg¢ de/gz(C,P ,D,P) = 3.

Remark B.11. Since the curve C has genus one, Vg 2/3 (C,P,p,p) do not
embed in the space of invariants of tensor productyrepresentations. Hence
the dimension of invariants do not give any natural upper bounds in these
cases. This is in stark contrast with the situation for untwisted conformal
blocks. Also since the moduli space of I'-covers of P! with three marked
points have genus zero, we do not have a way to degenerate to simpler
cases using factorization. Hence unlike the other example considered in this
section, we do not have any other way to cross check the calculations in

Example B.10.
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Example B.12. Consider a connected ramified Galois cover C — P! of
order three with three marked points p. Here assume that the first two
marked points are ramified and the third point is étale. Hence C is again
P'. We consider the triple 0 = (0,0, 0) of weights in (Pe(Df’)))2 X PE(DS))

and consider the twisted conformal block V:% Z/SZ(Pl’ P!, p, p) at level /.

e Let £ = 1. The Verlinde formula 1.2, tell us that the dimension of the
twisted conformal block Vg Z/32(]}”1,1[”1, p,p) is one.
e Let ¢ = 2. The calculation of the crossed S-matrix in Example B.10 and

the Verlinde formula 1.2 implies that dimc V!, 1y (PLPLB,p) = 1.

These numbers agree with the dimensions coming from Lemma 8.7 and hence
cross checks the Verlinde formula.

Remark B.13. Examples B.10 and B.12 provide non-trivial examples of
the Verlinde formula for twisted conformal blocks that is not covered by the
conjectural Verlinde formula in [23].
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