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Length orthospectrum of convex bodies on flat tori
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In analogy with the study of Pollicott-Ruelle resonances on nega-
tively curved manifolds, we define anisotropic Sobolev spaces that
are well-adapted to the analysis of the geodesic vector field associ-
ated with any translation invariant Finsler metric on the torus T¢.
Among several applications of this functional point of view, we
study properties of geodesics that are orthogonal to two convex
subsets of T¢ (i.e. projection of the boundaries of strictly convex
bodies of R?). Associated with the set of lengths of such ortho-
geodesics, we define a geometric Epstein function and prove its
meromorphic continuation. We compute its residues in terms of
intrinsic volumes of the convex sets. We also prove Poisson-type
summation formulae relating the set of lengths of orthogeodesics
and the spectrum of magnetic Laplacians.
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1. Introduction

Motivated by recent developments on analytical and spectral properties of
geodesic flows on negatively curved manifolds, we study in this article re-
lated questions in the opposite setting of a completely integrable system.
Such an analysis is now known to have several types of applications ranging
from the study of correlation functions to counting problems and equidis-
tribution properties. Before discussing analytical and spectral properties of
the geodesic flow on the torus (see Section 2), we thus start by presenting
one of their applications in the context of convex geometry. All along the
article, we use the following slightly abusive terminology.

Definition 1.1. We say that K C R? is a strictly convex compact set if

e cither K is a strictly convex compact set with nonempty interior and
smooth boundary 0K = K \ Int(K) having all its sectional curvatures
positive;
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e or K is a point.

By a classical Theorem of Hadamard [Had97] and Sacksteder [Sac60], if
S is a smooth, compact, connected, orientable hypersurface embedded in R?
and if S has all its sectional curvatures nonnegative, then it is the boundary
of a convex body — see also [dCL69].

We let K1 and K be two strictly convex and compact subsets of R4 (d>
2) with smooth boundaries 0K; and 0K,. Through the canonical projection
P R4 — Td .= ]Rd/QTer, the boundaries of K7 and K5 can be identified
with immersed submanifolds of the flat torus that may have selfintersection
points. We fix an orientation on each submanifold 0 K; either by the outgoing
normal vector to K; or by the ingoing one. This orientation induces an
orientation on ¥; := p(0Kj;). The choice of orientation is not necessarily the
same on each JK; (hence on each ¥;) and, once each orientation is fixed, we
denote by Pk, i, the set of geodesic arcs (parametrized by arc length) on
T that are directly orthogonal® to ¥; and ¥,. The orientation of the sets
K, K is implicit in our notation (in the introduction); the results however
depend on this choice. Using the strict convexity of K1 and Ko, one can first
verify the following statement.

Lemma 1.2. There exists Ty > 0 large enough, such that, for any T > 0
the subset

{v€Prir, : To <Ll(y) <T}
of Pk, K, s finite.
Note that the complementary set in Pk, x, might be uncountable, de-
pending on the choice of orientations of ;. We will be interested on the

asymptotic properties of the lengths of these orthogeodesics. We will for
instance verify in Theorem 9.1 below that, for Ty > 0 as in Lemma 1.2,

(1.1)  t{ve€Prk,:To<l(Y)<T}= ——"— +O(T ).

In the case where K; = K = {0}, this exactly amounts to count the
number of lattice points in 27Z¢ of norm less than 7' and understanding the
optimal size of the remainder is a deep problem in number theory. Here, we
consider the setting of orthogeodesics for much more general convex sets.

In the case where K is reduced to a point, every geodesic passing through K;
is said to be orthogonal to it and we fix the natural orientation using the Euclidean
volume on R?.
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Thus, in some sense less arithmetical tools are available and we do not
necessarily expect as strong properties on the size of the remainder. In fact,
rather than refining these asymptotic formulas, our main purpose is to study
various zeta functions associated with these length orthospectra and some
of their analytical properties. We also aim at determining the geometric
quantities encoded by these functions. Recall that counting orthogeodesics
to convex subsets in the setup of hyperbolic geometry was much studied (see
e.g. [PP16, BAPP19] and the references therein) and similar questions arise
even if the asymptotic formulae are of different nature.

1.1. Epstein zeta functions in convex geometry

The most natural way to form a zeta function starting from P, g, is to
define, for Ty > 0 as in Lemma 1.2, a generalized Epstein zeta function:

il B
£(y)s’

(1.2) Cp(Ky, Ko, 8) i= >

YEPK, ko 4(7)>To

where 3 is a closed and real-valued one form on T%. Recall that any such form
writes 8 = 2?21 Bidx; + df where B; € R and f € C>°(T% R). The one-form
8] = Zle Bidx; is identified with the de Rham cohomology class of 3. The
first de Rham cohomology group will be denoted by H' (T4, R) = H} (T9):
it corresponds to the kernel of the Laplacian acting on smooth real-valued
one-forms and it can be identified with the first singular cohomology group.
See [Leel3, Chapter 17 and 18] or [Lee09, Chapter 10]. We say that the
cohomology class [8] of § is in H'(T¢,Z) if, in the above decomposition,
B; € Z for all i € {1,...,d}.

Thanks to (1.1), s — (g(K1, K2,s) defines a holomorphic function on
{Re(s) > d} and our first main result describes its meromorphic continuation

to C:

Theorem 1.3. Let K, and Ko be two strictly convex compact sets of R?
(d>2) and let 3 be a closed and real-valued one form on T?. The following
holds:

1. if the cohomology class [8] of B is in H' (T, Z), then
s € {Re(s) > d} — (3(K1, K2, s)

extends meromorphically to C, its poles are located at s =1,...,d and
are simple;
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2. otherwise, (3(K1,Ka,s) extends holomorphically to C.

In the case where both K; and K5 are reduced to points, this theorem
recovers a classical property of Epstein zeta functions [Eps03]. See §1.4.1
below for a brief reminder on such arithmetic functions. Yet, to the best of
our knowledge, this result seems to be new in the case of general smooth
strictly convex subsets. Under lower regularity assumptions on the boundary
of our convex sets and eventhough we did not write all the details, our
proof should in principle allow to perform the analytic continuation up to
{Re(s) > d — N} with CV being the regularity of the boundary and N > d.

As for classical zeta functions in number theory, it is natural to compute
the explicit values of the residues and, due to the geometric nature of the
problem, one would like to express them in terms of natural geometric quan-
tities attached to the convex sets K7 and K. In order to be more explicit on
the residues when = 0, recall Steiner’s formula for a compact and convex
subset K of R? [Sch14, §4]:

(1.3) for all t > 0, Volga (K + tBy) = Zvd 0 (K) ———t,

(%H)

where Vy (K) > 0 is the ¢-intrinsic volume of the convex set K, and (1.3)
may be taken as a definition of the numbers V; (K'). Note that Vp(K) = 1,
Va(K) = Volga(K). Moreover, if K has smooth boundary, one finds by the
Minkowski-Steiner formula [Sch14, 4.2] [Teil6, p. 86]:

Vi1 (K) = %Vol(@K),

where Vol is the (d — 1)-volume measure on 0K induced by the Euclidean
structure on R%. Observe that Vy_,(K) =0 for any 0 < ¢ < d — 1 when K
is reduced to a point. Other properties of these intrinsic volumes are their
invariance under Euclidean isometries (i.e. any composition of a rotation
with a translation), their continuity with respect to the Hausdorff metric
and their additivity? on convex subsets of R, i.e.

vost<d, Vi(K)+Vi(L)=Ve(KUL)+V,(KNL),

whenever K, L, K U L, K N L are convex subsets of R?. In fact, a classical
Theorem of Hadwiger states that any functional on the convex subsets of

2A functional satisfying such an additive property is referred as a wvalua-
tion [Schl4, §6.1].
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R? enjoying these three properties is a linear combination of these intrinsic
volumes [Sch14, Th. 6.4.14].

Our second main theorem expresses the residues of {y(K1, K2, s) (stated
for 5 =0 to improve readability) in terms of these intrinsic volumes:

Theorem 1.4. Let K and Ko be two strictly convex compact sets of R?

(d > 2). Suppose in addition that 31 = p(0K7) (resp. L2 = p(0K2)) is

oriented by the outgoing (resp. ingoing) normal vector to Ky (resp. Ka).
Then, the function

zd: 750 Vi (K1 — K3)
T

1
S'—)CO(KLK%S)_ (27T)d (§+1) s—/

1
extends holomorphically from {Re(s) > d} to C.

Note that — K5 is a convex set and thus so is K; — Ko. Here we only
describe the case where § = 0 and geodesics are pointing outward K; and
inward Ks. Yet our proof yields an explicit expression for any 8 and for all
possible orientation conditions on the ¥;. See formula (9.10) and §10 for more
details. When K5 is reduced to a point, this theorem in particular solves the
following geometric inverse problem: recover all £-intrinsic volumes of K for
0 < ¢ < d—1 from the lengths of the geodesics of R? orthogonal to K; and
joining K to an element of 27Z% (see Figure 1).

.............

Figure 1: Lift of the orthogeodesic arcs when Ko = {0}.
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1.2. Poincaré series in convex geometry

In analogy with the case of negatively curved manifolds [PP16, BAPP19,
DR21], one can also define generalized Poincaré series for the length orthos-

pectrum:

(1.4) Zﬁ(Kl,Kg,S) = Z €if75_sz(’y)

YEPK, Ko £(v)>To

)

which, as a consequence of (1.1), is holomorphic on {Re(s) > 0}. As above,
8 is a closed and real-valued one form on T¢. For such functions, we are able
to describe the continuation up to Re(s) = 0 in the following sense:

Theorem 1.5 (Continuous continuation of Poincaré series). Let Kj and Ko
be two strictly convex compact sets of RS (d > 2) and let B be a closed and

real-valued one form on T?.
Then, the function

s € {Re(s) > 0} — Z3(K1, K2, s)
extends continuously to
{Re(s) > 03\ {il¢ - []] : € 2}

Moreover, given & € Z%, one has

1. if & — [B] = 0, then there exist a(ﬁl)(Kl,Kg),...,

such that
d
(K ,K
Z5(K1, Ko, ) Z 1 f2)
=1
converges as s — 0 (with Re(s) > 0);
2. if & — [B] # 0 and d is odd, then one can find ag)ﬁ(Kl,Kg),...,

éﬂi )(Kl,Kg) and be, g(K1, K»2) in C such that

5 G
Zﬁ(K17K275) - e, 8 (KviQd)H_
= (s Filéo — [BI)

— be, p(K1, Ka) In(s F il — [B]])

converges as s — +i|§o — [B]| (with Re(s) > 0);

o) (K1, K>) in C
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3. if & — [B] # 0 and d is even, then one can find aég?ﬂ(Kl,Kg),...,
aé‘:g) (K3, K3) such that

23Ky K. ) i ag)g(Kl,Kz)
g\, 182,8) — ; FESE
= (sFileo— B

converges as s — i€y — [5]| (with Re(s) > 0).

This Theorem is a weakened version of Theorem 9.6 where the C* regu-
larity of the continuation of Zg will also be discussed. Note that the set of
singular points {£i|¢ — [3]| : € € Z4} is linked to the spectrum of a natural
magnetic Laplacian on T%, namely® A_5 = (9, —i[8])* - see the discussion
in Sections 2.4 and 6.2.2. For 8 = 0 and for the orientation conventions of
Theorem 1.4, the “residues” at s = 0 can be explicitly expressed as

o (—l)d_lﬂﬂé

V1</<d, =——"—V, /(K] — K>).
<l< ag emir (L1 1) a—e( K1 2)

1.3. Application to Poisson type formulas

According to (1.1), and for Ty > 0 as in Lemma 1.2 above, we emphasize
that, on the imaginary axis, the Poincaré series

(1.5) Zp(K1, Ka,it) = Z et J, Bo—itt(v)
YEPK, ko (7)>To

is the Fourier transform of the counting measure

(1.6)  Tprm(t) = 3 el Bs(t —t(y)) € S'(R)
’YE/PKI,KZZK(’Y)>TO

which is a tempered distribution supported in the cone (0,400). There-
fore, thanks to [RS75, Thm IX.16, p. 23| (see also Proposition 8.5 below),

Ts K, K,(t) can be obtained as the boundary value of a holomorphic function
as follows:

(1.7) Z3(K1, Ko, it + @) = Tak, x,(t) in S'(R), asa— 07

3The eigenvalues of A_ g and Afg coincide.
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The holomorphic function is nothing else but the analytic extension of the
Fourier transform to the upper half-plane. Hence, the reader can think of
Theorem 1.5 as a loose version of the Paley—Wiener—Schwartz Theorem, stat-
ing that the Fourier transform of a distribution supported on the half-line
(0, 400) is the boundary value on R of a holomorphic function on the lower
half-plane (sometimes called its Fourier-Laplace transform). Note that, as a
consequence of (1.7), the Poincaré series completely determines the distri-
bution of the twisted length orthospectrum.

Remark 1.6. In case B = 0, Ty k, Kk, gives precisely the distribution of length
of orthogeodesics: namely if £(K7, K2) = {{(7),7 € Pk, K, } denotes the set
of length of orthogeodesics, then we simply have

(1.8) To.x, 1, (1) == > med(t — 0),
0>To e L (K, K>)

where my = #§{vy € Pk, k,,¢(y) = ¢} denotes the multiplicity of the length
{ e L(Kl, KQ)

As a direct application of a refined version of Theorem 1.5 (namely
Theorem 9.6 below) together with (1.7), we also obtain a new Poisson-type
summation formula, describing the distributional singularities of T.

Theorem 1.7 (Poisson type formula). Let K1 and Ky be two strictly convex
compact subsets of R? (d > 2) and let 3 be a closed and real-valued one form
on T?. Then, with T Kk, Kk, (T) defined in (1.6), the singular support of

Tor(m) = 3 el
YEPK, Ky L(y)>To

is included in Sp(£,/—Ag)) and the singularities are explicitly described by
Theorem 9.6.

As the singular support of the geometric distribution ?57 K. K, is given by
the eigenvalues of the magnetic Laplacian, it does not depend on the convex
sets K1, Ko. We would like to remark that Theorem 1.7 looks like a trace
formula and we refer to paragraph 1.4.2 for a more detailed comparison. The
precise form of the singularities depends on the geometry of the convex sets
K1 and K9 — see Theorem 9.6 for precise expressions of the leading term
at each singularity. We emphasize that the singularities are obtained as the
boundary values of simple holomorphic functions as in [H6r03, Th. 3.1.11].
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In view of having simpler singularities and motivated by the recent devel-
opments on crystalline measures [Mey22], one can symmetrize (and renor-
malize) the distribution Tg k, k,(t). This is the content of our last main
result which extends in our geometric setup the Guinand—Meyer summation
formula [Mey16, Th. 5].

Theorem 1.8. Given K, and Ky two strictly convex compact sets of R?
(d > 2) and B a closed and real-valued one form on T¢ such that [3] ¢
HY (T, 7Z), we set u to be the signed measure defined as

ils
pu(t) = Z ——=0(t —£(7))

YEPK, Ko £(v)>To g(’}/ 2

+ (=) Z ——=0(t +£(7)),
VEPKy 1y ()T NV 2

where we take the same orientation conventions for* Pk, i, and Pk, k,.
Then, there exists complex numbers (C)‘)/\GSp(i\/T[g]) and r in L} (R)
for every 1 < p < oo such that

fi(r) = > exd(r—A) + .

AESP(+4/—Afs)

In the case where 8 € H'(T?, Z), the result would be similar except for
an extra singularity of the Fourier transform at 7 = 0 that may be more
singular than the Dirac distribution. Following our proof, one could in fact
describe explicitly this singularity at 7 = 0 even if we do not carry out the
calculation explicitly. In the case where K; and K are distinct points and
where d = 3, it was in fact proved that » = 0 in [Mey16, Th. 5]. The proof of
this last fact is briefly recalled in §9.5.2 using our formalism. We also explain
how it can be extended to higher dimensions (when d is odd) to give rise to
crystalline distributions, as first shown in [LR21, §2]. We finally deduce from
this discussion that r is not identically 0 as soon as d > 5, even in the case
where K7, Ky are points. See also [Gui59, LO16, RV19] for earlier related
results and [Mey22] for a review on recent developments in that direction.

4In particular, both sets are a priori distinct.
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1.4. Related results

Before discussing the relation of these results to the analytical properties of
geodesic flows, let us comment how these applications to zeta functions and
Poisson formulas in convex geometry compare with similar properties and
objects appearing in different contexts, most notably in arithmetic, spectral
geometry and hyperbolic geometry.

1.4.1. Comparison with zeta functions from analytic number the-
ory. The zeta functions appearing in Theorem 1.3 are natural generaliza-
tions in the setup of convex geometry of the Hurwitz zeta function [Apo98,
Ch. 12]:

CHur((Ls) = Z !

87
ccterq o T

where ¢ is some fixed element in [0,1). In the case ¢ = 0, this is nothing
else than twice the Riemann zeta function (g(s). It is well known that these
functions extend meromorphically from {Re(s) > 1} to C with a simple pole
at s = 1 whose residue is equal to 2. The relation with our zeta functions
is as follows. Assume that both K; and K, are points in T! = R/277Z
that are at a distance ¢ = 27 min{q, 1 — ¢} of each other. Then, one can
verify that (o(K1, K2,s) = (27) *Cur (¢, $). The fact that we are in higher
dimensions is responsible for the presence of extra poles at s =1,...d and
Theorem 1.4 gives us an explicit expression of their residues in terms of
geometric quantities. Due to our use of stationary phase arguments, we
note that our proof does not work (strictly speaking) for d = 1 even if the
functions are of the same nature from the perspective of convex geometry.
Here we choose to call our functions generalized Epstein zeta functions
in analogy with the zeta functions defined by Epstein [Eps03, Eq. (2)] as
higher-dimensional analogues of the Riemann zeta function:

€2i7r£-[3

1€+ q|*

CEps((Lﬁa 8) = Z
£ez\{—q}

where ¢ and 3 are two fixed elements in R? and |.| is the Euclidean norm.
When K7 and Ky are reduced to two points x1 and x9, one has

Cops (‘”2 —T g s) _ (on) @By (K, Ko, 5),

2
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where 3 € R? is identified with a closed one form, and (s is defined in (1.2).
Hence, up to a multiplicative factors, our zeta functions (g(K1, K»,s) are
the natural extension of Epstein zeta functions when one considers general
convex subsets of R? instead of points. It is well-known that the “classical”
Epstein zeta functions extend meromorphically to the whole complex plane
with at most a simple pole at s = d. Theorems 1.3 and 1.4 show that, for
more general convex sets, one may also have poles at s =1,...,d — 1. Note
that we recover the continuation of the “classical” Epstein case since, if
K1, Ky are both points, Vy(K; — Ko) =0forall 1 </ <d—1.

In Theorem 1.3, we saw that if we weight our series with some unitary
twist involving a closed and real-valued one form 3, then our zeta functions
have in fact a holomorphic extension as soon as [3] ¢ H'(T% Z). These
unitary twists can be thought of as geometric analogues of the (arithmetic)
twisting factors used when one extends the Riemann zeta function to more
general Dirichlet series [Apo98, Ch. 12]. Recall that these are defined in the
following manner. Fix a positive integer D and a morphism x : (Z/DZ)* —
St := {# € Z : |z| = 1} (the Dirichlet character). Such a morphism can
be extended into a D-periodic function x : Z — S! by letting x(£) = 0 for
every ¢ such that £ and D are not coprime. Dirichlet series (or L-functions
of weight ) are then defined as

D
Lix,s) = X&) _ DS x(¢D + )

S S
= ¢l r=1 ¢€Z\{~r/D} gD 7]
1 D r
- ﬁ Z_;X(T)CHUI“ (87 5) )

and they have a holomorphic extension to C except for the trivial character
x = 1 where one has a simple pole at s = 1. Understanding the holomorphic
continuation of more general L-functions [Art24] on algebraic number fields
(for arbitrary irreducible representations) is in fact a classical topic in ana-
lytic number theory: this is for instance at the heart of Artin’s conjecture.
Here, we emphasize that our unitary twists do not have any particular arith-
metic meaning and our (strictly) convex sets are a priori arbitrary. Despite
that and thus for seemingly different reasons, these twisting factors have
the same effect as Dirichlet characters for the Riemann zeta function in the
sense that, under some natural “non-rationality” assumption on 3, our zeta
functions extend holomorphically to C.
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1.4.2. Relation with trace formulas. Our main result on the singular
support of the oscillatory series To kK, (t) = >_, e~ (™) is very reminis-
cent to the celebrated wave trace formula proved by Chazarain [Cha74] and
Duistermaat—Guillemin [DG75] extending previous results by Selberg [Sel56]
and Colin de Verdiere [CdV73]. These formulas may be seen as general-
izations in spectral geometry of the Poisson summation formula, letting
Sp(y/—Ag) denote the spectrum of the square root of the Laplace-Beltrami
operator Ay, one considers the series

T = Y eMes®),
/\ESP(\/ —Ay)

which converges in tempered distributions thanks to the Weyl law. The
wave trace formula states that the singular support of the distribution T
is exactly the set of lengths of periodic geodesic curves for the metric g.
Furthermore, when the geodesic flow is nondegenerate, they described the
singularity of T at each period in terms of geometric data attached to the
periodic orbits and of distributions of the form (t £ ¢ + i0)~!. In other
words, the quantum spectrum determines the classical length spectrum and
these wave trace formulas are often referred as generalized Poisson formulas.
Recall from [Hor03, p. 72] that the singularities in this formula can also be
rewritten as follows

1 1
1. lim — = (t+£0+i0) ' =FP( — | —ind(t £ ¢
(L9) Mmooy = (A EE+i0) <ti€) imd(t £0),

where FP (.) is the finite part of the (non-integrable) function (¢ & £)~!.
Theorem 1.7 has a similar flavour except that the correspondence is in
the other sense and that it involves orthogeodesics of two given convex sets.
More precisely, we start from the length orthospectrum between two convex
sets, we then form the series Tg k| K, (t) = Zv ety Fe=itt()  and its singular
support coincides with the quantum spectrum Sp(+i —A[ﬁ]) where Apg
is the magnetic Laplacian. Another notable difference is that the singular-
ities are more complicated in the sense that they involve distributions of
the form (t + A — 40)~% with & > 1 that may not even be an integer if d
is even. We emphasize from (1.9) that, as in the Chazarain-Duistermaat—
Guillemin formula, the singularities of T , g, are not purely Dirac type
distributions (and their derivatives). This is due to the fact that the counting
measure 13 g, i, is supported on the half-line, hence its Fourier transform
Z3 Kk, K, (it) must have its (C* and analytic) wave front set contained in
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the half cotangent cone {(¢;7);7 < 0} C T*R. This prevents the presence
of purely 6()(t)-like singularities whose contribution to the wave front set
would contain both positive and negative frequencies .

As alluded above, the formulation in Theorem 1.8 is itself motivated
by recent developments on crystalline measures [Mey22], i.e. measures on
R carried by a discrete locally finite set, belonging to S8’(R), whose Fourier
transform is still a measure carried by a discrete locally finite set. Here, we
started from a complex valued measure carried by a discrete locally finite
set on R (defined from our convex orthospectrum) and we ended up with a
Radon measure carried by the spectrum of the magnetic Laplacian (which is
a discrete locally finite set) modulo some (absolutely continuous) remainder
lying in Lf .- Hence, in general, it does not fall into the category of crystalline
measures due to this a priori nonvanishing remainder.

1.4.3. Poincaré series on negatively curved manifolds. Poincaré se-
ries appear naturally when one studies counting problems on a negatively
curved manifold (M, g) [PP16, BAPP19]. In that context, one aims for in-
stance at couting the number of common perpendicular geodesic curves of
two convex subsets of the universal cover (M, §). Due to the exponential
growth of the number of such orthogeodesics, it is natural to consider e=%¢/(?)
rather than £(+)~* in order to ensure the convergence of the sums. The study
of the meromorphic continuation of Poincaré series on compact manifolds
of constant negative curvature goes back to the works of Huber in the late
fifties [Hub56, Satz A], [Hub59, Satz 2]. In that setting, one can obtain
the meromorphic continuation through the relation between Poincaré series
and the spectral decomposition of the Laplacian. In the case of variable
negative curvature, the relation with the Laplacian is less explicit and one
rather needs to exploit the ergodic properties of the geodesic flow directly.
This approach was initiated by Margulis in [Mar69, Mar04]. Using this dy-
namical approach and the theory of Pollicott-Ruelle resonances, two of the
authors recently proved the meromorphic continuation of Poincaré series
on manifolds of variable negative curvature [DR21]. Here, as in the works
of Huber, we will use the tools from harmonic analysis that are available
on the torus to study the continuation of Poincaré series. Yet, rather than
making the connection with the Laplacian®, we will directly study the an-
alytical properties of the geodesic flow on the torus when acting on spaces
of distributions with anisotropic regularity as it was the case for negatively

>The fact that we aim at dealing with general convex sets (and not only points)
seems to prevent us from working with the Laplacian on T<.



930 Nguyen Viet Dang et al.

curved manifolds. See §2.2 for more details. In the negatively curved setting,
it is shown in [DR21] that one has meromorphic continuation beyond the
threshold Re(s) = hiop. In the case of the flat torus, Theorem 1.5 shows
that there is barrier at Re(s) = hiop = 0 where logarithmic or square root
singularities may occur at certain points that correspond to the eigenvalues
of the (magnetic) Laplacian. Outside these singularities, we are however able
to continuously/smoothly extend the function up to Re(s) = 0. As already
alluded, our study is intimately related to the analytic properties of the
geodesic vector field

(1.10) V:i=0-0,
on the unit tangent bundle
ST := {(z,0) € T¢ x S?71}.

When studying the resolvent of this operator, we will verify that there is a
barrier at Re(s) = 0 when trying to make some analytic continuation. This
phenomenon is retated to observations made by Dyatlov and Zworski at the
end of the introduction of [DZ15], where stochastic perturbations of geodesic
vector fields on Anosov manifolds are studied. In that reference, the authors
studied stochastic perturbations of geodesic vector fields on Anosov mani-
folds. In the opposite setup of the flat 2-torus, they described the spectrum
of P. :== V + eAgr2 (with V' given by (1.10)) and they observed that, in
the limit € — 0T, the spectrum of P, fills Y-shaped lines in the halfplane
{Re(s) < 0} that are based at the same singularities as our Poincaré series.
See e.g. Figure 3 in that reference and the companion article [DGBLR22]
for more details on this issue.

1.4.4. Orthospectrum identities in hyperbolic geometry. Finally,
let us mention the following related problem in hyperbolic geometry. Con-
sider some hyperbolic manifold X with nonempty totally geodesic smooth
boundary. In that framework, an orthogeodesic « is a geodesic arc which is
properly immersed in X and which is perpendicular to 0.X at its endpoints.
The lengths of these orthogeodesics verify certain identities connecting them
to the volume of the boundary of X (Basmajian’s identity) [Bas93]:

Vol(9X) = ; Vi1 (111 Gmh@)) ,
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where V;_1(r) is the volume of a ball of radius r on the hyperbolic space
H~1 (with the convention that Vj(r) = 2r). Similar equalities also re-
late this length orthospectrum with the volume of the unit tangent bundle
SX (Bridgeman-Kahn'’s identity [BK10]) and the analogues of these results
on manifolds with cusps are due to McShane [McS91, McS98]. We refer
to [BT16] for a recent review on this topic. In some sense, this formula has
the same flavour as Theorem 1.4 as it relates some length orthospectrum
with some volumes associated with our convex. However, while the right-
hand side of Basmajian’s identity converges in a standard sense, our zeta
functions are defined by analytic continuation and the volumes appear as
the residues of these functions.

2. Analytical results: a functional setup for the geodesic
vector field

Let us now discuss the relation of these problems from convex geometry
with the analytical properties of geodesic flows on flat tori and come to
the statement of our main analytical results. For simplicity, we now restrict
ourselves to the case where 8 = 0 and where we look at geodesic arcs pointing
outside K; and inside K3 (as in Theorem 1.4).

2.1. Lifting the problem to the unit tangent bundle

In order to prove Theorems 1.3, 1.4 and 1.5, one way is to rewrite the series
we are interested in under an integral form as follows:

(2.1)

> = |

YEPK, iy R

—+o00
, dj0) () (/0 X(1)0a (K, - Ky+tB.) (T dx’)|dt’> ,

where y is a nice enough function on R (in the applications we have in mind,
Y € CR(RY) or x(t) = % or x(t) = 1), where dp(x,_rc, 0, (@ da) s
the volume measure on 9(K; — K2+tB,) induced by the Euclidean structure
on R? and where

1 .
(22) (5[0](1') = W Z e’f'x.

ceza

A precise signification of the right hand-side of (2.1) together with a proof
of this formula are given in Appendix A. With that expression at hand,
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proving our main results on convex geometry amounts to discuss the allowed
functions y in (2.1), to decompose djy) according to (2.2) and to analyze the
oscillatory integrals that come out. Yet, as explained in the beginning of
the article, rather than doing that directly, we will obtain these results as
a by-product of a more general analysis® of the geodesic vector field on
ST?. In fact, since the seminal work of Margulis [Mar69, Mar04], it is well
understood that on negatively curved manifolds, it is convenient to lift this
kind of geometric problems to the unit cotangent bundle of the manifold.
For instance, properties of Poincaré series are related to the asymptotic
properties of the geodesic flow, and more specifically to its mixing properties.
In a recent work [DR21], two of the authors formulated this relation using
the theory of De Rham currents and we will see that this still makes sense in
the case of flat tori where the curvature vanishes everywhere. See Section 4
for details. Let us explain this connection without being very precise on the
sense of the various integrals. We denote by N (K;) (resp. N_(K;)) the
outward (resp. inward) unit normal to K; inside ST¢:

N1 (K;) = A{(p(x),dp(z)0), x € OK;,£0 directly orthogonal to 0K; at =} .

Then, given any nice enough function x(t) (say again in C°(RY), t7° or
e~5!), we will prove that

(2.3)
S ) = (<) NI [ e N ()i

YEPK, Ky
where [N (Kj;)] is the current of integration on Ny (K;) and where
(2.4) eV (x,0) € ST — (x +6,0) € ST?

is the geodesic flow. Compared with (2.1), this new formula has the ad-
vantage to explicitly involve the geodesic vector field. This current theoretic
approach also allows to deal directly with the exponential weights appearing
in our zeta functions together with the more general orientation conventions
considered in the introduction. On the contrary, the approach using (2.1)
(performed in Appendix A) seems to only apply (at least directly) to the
outgoing/ingoing convention of Theorem 1.4.

6Similar oscillatory integrals will of course appear in our analysis.
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Remark 2.1. Formula (2.3) derives from the observation that elements in
Pk, K, are in one-to-one correspondance with the geodesic orbits in ST?
joining the two Legendrian submanifolds N4 (K;) and N_(K32). In the frame-
work of symplectic topology, such orbits are referred as the Reeb chords of
these two Legendrian submanifolds.

2.2. Defining a proper functional framework for the geodesic flow

Hence, rather than proceeding directly to the calculation of zeta functions
from (2.1), we choose to view this as a consequence of analytical properties
of geodesic vector fields. More precisely, we will define appropriate functional
frameworks to study the operators appearing in (2.3):

R(=iV) == / x(B)e V),

where x is a nice enough function (say e™*! or ¢t*). In the end, our main
geometrical theorems on length orthospectra for convex bodies will be simple
corollaries of this analysis — see Section 9. Even if slightly longer, we believe
that this sharp analysis, which is the content of Sections 5 to 8, is interesting
on its own and that it allows to capture the dynamical mechanism at work
when proving this kind of results. Along the way, it also has the advantage
of applying directly to other questions such as equidistribution properties of
the geodesic flow. See Theorems 2.4 or 6.5 for instance.

On top of these applications, this analysis is motivated by the study of
similar questions arising on negatively curved manifolds where one defines
appropriate spaces of anisotropic Sobolev distributions in order to make
sense of the spectrum of the geodesic vector field: the so-called Pollicott-
Ruelle spectrum [Rue76, Pol85]. More precisely, given any N > 0, one aims
at defining a Banach space By such that the geodesic vector field (viewed
as an unbounded order 1 differential operator) has discrete spectrum on
{Re(s) > —N}. One of the difficulties when analyzing such an operator
on the unit tangent bundle SX of some manifold (X, g) is that its symbol
H(x,0;¢) = &(V(x,0)) is not elliptic and that it vanishes on the noncompact
set:

C:={(z,0,¢) e T"SX : {(V(z,0)) = 0}.

In the case of a negatively curved manifold, this characteristic region is gen-
erated by two subbundles: the unstable direction and the stable one. Using
this duality, one is able to construct Banach (or Hilbert) spaces adapted to
the operator V' by requiring some negative (resp. positive) Sobolev regularity
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along the unstable (resp. stable) direction and by exploiting the contraction
properties along these directions. The construction of such functional spaces
was made explicit through different methods in various geometric contexts:
Anosov flows [Liv04, BL07, Tsul0, FS11, Tsul2, GLP13, DZ16, FT17b], Ax-
iom A flows [DG16, Med21], billiard dynamics [BDL18, BD20], Morse-Smale
flows [DR20], manifolds with cusps [GBW17], analytic Anosov flows [Jéz21,
GBJ20], etc. We also refer the reader to [Ball8] for a detailed account of the
(related) case of hyperbolic diffeomorphisms.

In our framework, the geodesic flow does not belong to any of these
classes of flows as it is an integrable dynamical system without any hyper-
bolic property. Despite that and using the fact that the curvature is 0 (and
thus nonpositive), there is a notion of stable and unstable bundles [Rug07,
Ch. 3]. Yet, as opposed to the negatively curved setting, both bundles are
equal and they do not generate the whole characteristic region. They cor-
respond in fact to the tangent space to T? intersected with C. See §3.3
for details. As we will recall in §3.3, this bundle is in some sense attrac-
tive/repulsive for the lifted dynamics on the cotangent bundle to SX. This
observation is somehow enough to implement similar ideas (with of course
also some major differences) as for geodesic flows on negatively curved man-
ifolds and in order to define spaces with anisotropic regularity adapted to
the geodesic flow on ST¢. On ST¢, the “mixing” properties of the geodesic
flow are much weaker than for geodesic flows on negatively curved mani-
folds, but they turn out to be sufficient in view of proving our main results
using formula (2.3). To that aim, we will use tools from harmonic analysis
that are available on the torus in order to construct the spaces adapted to
V. In this respect, our approach is in some sense reminiscent of the one used
by Ratner [Rat87] to study the decay of correlations on hyperbolic surfaces.
Even though anisotropic Sobolev spaces are not explicitly mentioned in her
analysis, the Fourier type reduction made in [Rat87, §2] and the way it is
handled there is close to the strategy we will follow in Sections 4 and 5 of
the present work.

2.3. Anisotropic Sobolev spaces

Let us now describe more precisely the analytical properties we are aiming at
in the simplified setting where we consider functions rather than currents of
integrations as in (2.3). We define anisotropic Sobolev spaces of distributions
on ST as follows

HMN(STY) = S u e DI(STY) 0 > ()Nt Frar(gary < +00 ¢,
ezl
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where (€) = (1 + [€]?)z, (M, N) € R? and
e%a:

(2m)*

u(x,0) = > g (0)

£ezd

with Gg € D'(S?1), and where ||| 7 denotes the standard Sobolev norm on
S%1. Roughly speaking, u = u(z,6) € HMN(STY) if u has HY regularity
in the variable € T% and H™ regularity in the variable # € S 1. With
this convention at hand, we will prove the following type of results:

Theorem 2.2 (Mellin transform, function case). Let x € C°([1,+00)) such
that x = 1 in a neighborhood of 1 and let N € Z. Then, the operator
M(s) := / t=5e=V*|dt| : C*°(STY) — D'(ST?)
1

splits as
M(s) = Mop(s) + Mx(s),

where
Mo(s) := /1mx(t)t_se_tv*|dt] s HN N2 (ST s YN N2 (5T
is a holomorphic family of bounded operators on C and where
Moo(s) := /1 00(1 — xSV Hdt|  HN N2 (ST 5 o NN2(ST)

extends as a meromorphic family of bounded operators from {Re(s) > 1} to
{Re(s) > 1 — N} with only a simple pole at s = 1 whose residue is given by

i € (ST, Rest (Mas(9) (0)(:0) = 77 [ 00010

In particular, this Theorem tells us that the operator

M(s) = /1 £=5e= V¥ dt] : C(ST) — D (ST

extends meromorphically from {Re(s) > 1} to the whole complex plane with
only a simple pole at s = 1. Yet, the statement is more precise as it allows
us to describe the allowed regularity for this meromorphic continuation.
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We emphasize that the mapping properties of My(s) are rather immediate
from the definition of our anisotropic norms and the main difficulty in this
statement is about the “regularizing” properties of M (s). This Theorem is
a direct consequence of the much more general Theorem 8.4 (together with
Proposition 8.9), and it is one of the main results of this article. In other
words, our meromorphic continuations are valid on spaces of distributions
that are regular along the vertical bundle to ST? (i.e. the tangent space to
S%1) and that may have negative Sobolev regularity along the horizontal
bundle (i.e. the tangent space to T¢). In particular, the anisotropic Sobolev
spaces HN~N/2 contain the Dirac distribution dj0)(z) for N > d, and this is
typically the kind of distributions that we will pick as test functions in order
to derive our main applications on convex geometry using (2.3). In order to
prove Theorems 1.3 and 1.4, we will in fact need to prove more general
statements for the action of M(s) on differential forms or more precisely
on certain anisotropic Sobolev spaces of currents. Among other things, the
action on differential forms will be responsible for the presence of the extra
poles at s = 2,...,d but this simplified statement already illustrates the
kind of properties we are aiming at.
The same spaces will also allow us to prove the following statement.

Theorem 2.3 (Laplace transform, function case, continuous continuation).
Let x € C([0,400)) such that x = 1 in a neighborhood of 0 and let N €
277 +d. Then, the operator

L(s) = (V491 = / e=Ste=tV¥|qt| : ¢ (STY) - /(ST
0

splits as
L(s) = Lo(s) + Loo($),

where
Lo(s) := /0 (et dt] - MYV (ST - WA (STY)
18 a holomorphic family of bounded operators on C and where
Loo(s) = /0 (= (1)) ste IV dt] - HY V(ST - W2 (ST

extends continuously from {Re(s) > 0} to
1. {Re(s) > 0} \ {0} if d > 4,
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2. {Re(s) > 0} \ {=i|¢| : € € Z%} if d = 2, 3.

Moreover, in any dimension, one has
1
(V+s)ly= 7/ U(y,0)dy + Op (1), as s — 0,Re(s) >0,
(27T)d3 Td
and, when d = 2,3, one has, for |§| # 0,

(V+s)"l =

T ga(s T ilol) i€ <9 f) ( §> e
d+1 a1 F — P , = Yd
(2m) % [&o] 5 Eﬂggoe U / Pe)

(modulo Op/(1)) as s — £i|&|, Re(s) > 0, where

() := @
92 = NE )

Again, this result is the consequence of the much more precise Theo-
rem 8.8 (together with Proposition 8.9) which is valid on certain anisotropic
Sobolev spaces of currents and which will also lead us to the proof of The-
orem 1.5. In Theorem 8.8, the C* continuation of L(s) is also discussed,
and shows that the Laplace transform actually exhibits C*-singularities at
the points {+il¢| : € € Z9} in any dimension (but for larger values of k in
higher dimension). In the companion article [DGBLR22], we show that this
result can be “improved” if we replace the Sobolev norm on S?~! by some
appropriate analytic norm built from the norms used in [GZ19] for the study
of analytic pseudodifferential operators of order 0. In fact, after Fourier de-
composition, studying the resolvent of V acting on functions amounts to
study a family of resolvents of multiplication operators (i.e. of pseudodiffer-
ential operators of order 0) on S¥~!. In Sobolev regularity (as we are dealing
here), one could apply the results from [ABAMG96, §7.6] (e.g. Th. 7.6.2)
based on Mourre’s commutator method. See also [CAVSR20, DZ19b] for re-
cent developments for more general pseudodifferential operators of order 0
in dimension 2. Modulo some extra work to sum over all Fourier modes, this
would yield in principle that

and g3(z) := —In(2).

Ve>0, VN €R, (V+s)1:HztoN(STY) — 12~ N(ST?)

extends continuously from {Re(s) > 0} to {Re(s) > 0} \ {#i|¢| : € € Z}. In
view of our geometric applications to convex geometry, this analysis would
not suffice due to the low regularity properties of our currents.
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2.4. Emergence of quantum dynamics

Theorems 2.2 and 2.3 (as well as their analogues in the case of differential
forms) are consequences of the fact that, through standard stationary phase
asymptotics, we can give a full expansion of the Schwartz kernel of the
geodesic flow. For instance, the first term in the asymptotic expansion reads

Theorem 2.4 (Time asymptotics of the geodesic flow, function case, leading
term). For every smooth function ¢ € C>®(ST?), one has

I (woe’fw / (0 dy)
(tf (d-1)) .
o< Z P = P. +OD’(STd)(t7 )
ee{+} (=A)=

where A = Z;l:l 8%7, is the Euclidean Laplacian on T¢,

P. : ¢ € C(STY) '—>Z W) /w( ’Z) =o€ qy e ¢>°(T?)
£#0

and, for every f € C(T4),

Pi(f) :=Zﬁ< f et 5dy> g <9¢ lél)

££0

This Theorem is a corollary of the much more precise statement given
in Theorem 6.5 which provides a full asymptotic expansion with a precise
description of the remainder terms at each step. Once again, this result could
(and will) be expressed in terms of anisotropic Sobolev norms. Yet, due to
the absence of integration over time, this requires a refined version of the
spaces H™~N/2(ST4) with an additional regularity imposed in the direction
of the vector field 6 - 0,.

In order to keep track of the comparison with negatively curved mani-
folds, such a result can be viewed as a simple occurence of the emergence
of quantum dynamics (through the half-wave group (eﬂtm)tER on the
torus) in the long time dynamics of geodesic flows (i.e. (¢!V)icr on STY).
This phenomenon was recently exhibited by Faure and Tsujii in the gen-
eral context of contact Anosov flows [FT15, FT17b, FT17a, FT21]. See
also [DFG15] for related results of Dyatlov, Faure and Guillarmou in the
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particular case of geodesic flows on hyperbolic manifolds. Compared with
the results of Faure and Tsujii, we emphasize that our analysis heavily relies
on the algebraic structure of our flows as in the hyperbolic settings treated
in [Rat87, DFG15]. Moreover, we are dealing with completely integrable
systems which have in some sense opposite behaviours compared with the
dynamical situations considered in all these references. In particular, due to
the integrable nature of our system, the asymptotic expansion in terms of
the quantum propagator is polynomial rather than exponential as in [FT21,
Th. 1.2]. This is reminiscent to the much weaker mixing properties of the
geodesic flow in this situation. Finally, we refer to [DLR22a] for a short note
presenting some of the results of the present paper as well a sketches of
proofs.

2.5. Organization of the article

In Section 3, we review the necessary background on convex and differential
geometry in order to define the Poincaré series and Epstein zeta functions.
In particular, we introduce in Section 3.2 the general Finsler structures on
T¢, to which our results apply and discuss some of their properties. In Sec-
tion 3.5, we introduce the general versions of the Zeta function and Poincaré
series studied in the paper, and describe some of their basic properties.

In Section 4, after some brief recollection of basic facts on de Rham
currents, we give a current theoretic interpretation of mixed volumes in
convex geometry and we define some dynamical correlation functions for
currents. We explain how the Poincaré series and Epstein zeta functions
may be understood as the Mellin and Laplace transforms of the correlation
function associated with certain currents. Then we close the section by re-
lating the dynamical correlators with the Poincaré series and Epstein zeta
function.

The long time asymptotics of the dynamical correlations involves some
estimates for oscillatory integrals. The analysis of these oscillatory integrals
is a standard topic in harmonic analysis [Her62a, Hor03, Ste93, DZ19a] and
in Section 5, we rediscuss some of their properties and pay some attention
on the control of certain estimates in terms of the frequency parameter.

In Section 6, we apply this analysis to define spaces with anisotropic
Sobolev regularity, in which we describe the asymptotic expansion of the
pullback operator e *V* as t — 400 acting on functions, as in Theorem 2.4.

In Section 7, we come back to the general forms/currents setting of the
article, we define anisotropic Sobolev spaces adapted to the dynamics i.e.
on which the operator x(—iV) is well defined. When y depends on some
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complex parameter s € C, we show in Section 8 that the operator x(—iV')
can be continued, as in Theorems 2.2 and 2.3.

In Section 9, we apply these results to particular currents to make
the connection between these kinds of operators and geometric zeta func-
tions/Poincaré series, using the strategy initiated in [DR21]. Along the way,
we prove slightly more general versions of Theorems 1.3, 1.5, 1.7 and 1.8.

We conclude the proof of Theorem 1.4 in Section 10 by identifying the
values of certain residues using tools from convex geometry [Sch14].

2.6. Comments on generalizations

The choice of the lattice 27Z? is somewhat arbitrary and it makes the pre-
sentation slightly simpler. However, our analysis could be adapted to handle
more general flat tori of the form R?/I" where T is a lattice in R? of maximal
rank.

Up to this point, for the sake of the exposition, we only considered the
natural Euclidean structure on T¢, the associated distance function, the as-
sociated geodesic vector field 6 - 9, and flow (2.4) on ST?. Yet, our analysis
works if we replace the Euclidean structure by any translation invariant
Finsler structure on T?. As explained in Section 3.2 below, the latter cor-
responds to studying on ST¢ the vector field v(f) - 0, and the associated
flow:

(2,0) € ST v (z +tv(0),0) € ST,

where 6 € S9! v(0) € R? is the parametrization by its outward normal
of the boundary of a strictly convex compact subset K having 0 € Int(K).
This general set-up is described in Section 3 and we state the results at this
level of generality all along the article.

3. Background on convex and differential geometry
In this preliminary section, we review a few facts from convex geometry. We
also define precisely the general Finsler structures and the associated vector
fields, as well as their zeta functions.

3.1. Normal bundles to convex sets

Let K be a compact and convex subset of R? with smooth boundary 0K.
We define the unit normal bundle to 0K as

N(OK) := {(x,e) € 0K x ST v € T,OK, 0-v = o} .
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Except when K is reduced to a point, this submanifold of R x S?! has
two connected components and, in that case, we introduce the direct normal
bundle to K as

Ni(K) :={(z,0) € N(OK) : 0 is pointing outward K},

and the indirect normal bundle to K as N_(K) := N(9K) \ N1(K). The
boundary 0K of K is thus naturally oriented by the outward normal. In the
case where K is reduced to a point, we set N;(K) = N(0K) = N_(K).

Remark 3.1. Recall that, when K is not reduced to a point, the shape
operator of the smooth hypersurface K is the map

S(z):veT, 0K — V,0 € T, 0K,

where © € 0K + 6(z) € Ny (0K) C S*! and where V is the (standard)
covariant derivative in R? [Lee09, §4.2]. In particular, S(x) is the selfadjoint
map associated with the second fundamental form of ¥ and it is invertible
if and only if OK has nonvanishing Gauss curvature [Lee09, Def. 4.24]. If
K is a strictly convex body (not reduced to a point), then K has all its
sectional curvatures [Lee09, p. 557| positive by definition (and thus nonva-
nishing Gaussian curvature). This is equivalent to saying that all the eigen-
values of the shape operator are non zero and have the same sign thanks to
the Gauss curvature equation [Lee09, Eq. 4.10, p. 172].

If we suppose that K is strictly convex, then the Gauss map
(3.1) G:(x,0) € Ny (K) 0 e St

is a diffeomorphism and there exists a smooth map zx : S 1 — R? such
that G=1(0) = (v (0),0). The map xx is the inverse Gauss map. Note that
this remains true when K = {z(} by letting zx(0) = x¢. In both cases, it is
natural to say that we can parametrize the convex set by the normal and,
when K is not reduced to a point, the map zx : S¥! — 9K is in fact a
diffeomorphism which is orientation preserving. For later purposes, we also
define the following vector field on R? x S%—1:

ViE = g (£0) - 0,

If & — xx(0) parametrizes the convex K by the outward normal, then
0 — —x(0) parametrizes the reflected convex —K by the inward normal,
therefore 6 +— —xzx(—0) parametrizes —K with the outward normal. In
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terms of the vector fields VfK, we note that this correspondence reads V. =
—V . From this point on of the article, we fix a strictly compact and
convex body K with smooth boundary in the sense of Definition 1.1 that
contains 0 in its interior, 0 € Int(K). We will be interested in the induced
vector field on ST¢ = T9 x §4-1.

(3.2) Vi=v()- 0,, with v:=uzgk.

The case of the classical geodesic flow described in the introduction corre-
sponds to K = By, where By is the Euclidean ball of radius 1 centered at 0
and v(0) = 0.

Remark 3.2. The fact that K has 0 in its interior has the following conse-
quence that will be used later on:

(3.3) for all € S¥1, v(0)-0 > 0.

Indeed, if there is 6y € S*! such that v () -0y < 0, we may suppose without
loss of generality that 6p = (1,0,...,0). This would imply that vi(6y) < 0
and contradict the fact that Ry N K is a closed interval containing 0 in its
interior.

3.2. Finsler geometry and Hamiltonian structure

In this section, we introduce the general translation invariant Finsler geom-
etry in which we consider our Epstein Zeta function and Poincaré series.
We recall how it naturally enjoys a Hamiltonian structure and how both are
linked to vector fields of the form (3.2).

3.2.1. Generalities on convex and Finsler geometries. For K C R?
a convex set, we start by recalling the notation for its polar set

Ke={peR¥:p-z<1forall z €K},

and the relation K°° = K if 0 € Int(K), see [Sch14, Theorem 1.6.1]. We also
recall the definition of the support function of the convex set K:

(3.4) hi(p) :==sup{p-z:x € K}, peR?
Given a convex function ¢ : R* — R, its Legendre transform is defined as

g*(p) =sup{p -z — g(x) : @ € R},
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which is a convex function on R,
Next, a function F : R? — R is called a Minkowski norm if it satisfies
the following properties [CS05, p. 2]:

* F(Ay) = AF(y),VA >0,
e F: R4\ {0} — R is smooth and for any y € R?\ {0}, the bilinear
form B,

1 d?
By(v,w) = §MF2(Z/+ v+ tw)|s=t=0

is positive definite.

The pair (]Rd,F) is called a Minkowski space. Let us list some properties
of the pair (R? F) which are consequences of the above definition [CS05,
p. 3] [BCS00, Thm 1.2.2, p. 6]:

1. Fly)>0and F(y) =0 = y =0,

2. the unit sphere {F = 1} is a smooth, strictly convex hypersurface
diffeomorphic to the unit Euclidean sphere,

3. F(z+y) < F(x)+ F(y) with equality iff z,y are colinear which means
the Minkowski norm satisfies the strict triangle inequality.

We collect in the following lemma relations between Minkowski norms
and convex sets.

Lemma 3.3. Assume that K C R? is a strictly convex compact set in the
sense of Definition 1.1 such that 0 € Int(K). One can associate with K its
support function hx and the Minkowski norm Fx s.t. K= {Fg < 1}. Then
one has the following relations

e the norm Fx and support functions hg are related via Legendre trans-
formation: Fx = hy,

o the map K — hg exchanges polarity K — K° and the Legendre trans-
form which reads

hKo == hik(

If we define the Lagrangian L(y) = %F2(y) on the velocity space R* and

the Hamiltonian
1 *\ 2 1 2
(3.5) H(p) = 5(F")"(p) = 5hi(p)

on the dual space R™ ~ R?, we have H* = L and L* = H. Moreover, the
maps x +— VL(z) and u — VH(u) are bijective and inverse to each other.
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This lemma is essentially proved in [Sch14, pp. 55-56]. Let us quickly
remind how to recover the Minkowski norm F' from the convex K we started
with. We would like to realize the boundary hypersurface K as the unit
sphere F' = 1. Note that the positive definiteness of the bilinear forms

(gu)ue{ F—1} in the definition of Minkowski norms exactly means that the

Gauss map x € {F = 1} — é?g%

define F(z) = } for t > 0 s.t. tz € 9K, which according to [Sch14, Lemma
1.7.13] is F' = hgo. The fact that F* = hyg is proved in [BCS00, Eq. (14.7.4),
p. 404)]. By [She01, Lemma 3.1.2, p. 38], F'* is also a Minkowski norm on R?
and its unit ball is nothing but the polar convex set K°. Finally that the La-
grangian L(y) = %F 2(y) on velocity space corresponds to the Hamiltonian
H on momentum space given by (3.5), follows for instance from [BCSO00,
Eq. (14.8.2), p. 407]. For more informations on the Legendre transformation

and convex geometry, see [BCS00, §14.8]).

e S 1 is invertible. For every = € R%,

On TT¢, we endow each tangent space T, T¢ with the Minkowski metric
F, then this turns T¢ into a Riemann-Finsler manifold (T¢, F') whose Finsler
metric is translation invariant. The associated distance function is

1
dp(z,y) = inf { /0 F((t))dt,y € WH([0,1]; T, (0) = 2, (1) = y} :

As in the Riemannian framework and in classical mechanics, one deduces
from Lemma 3.3 that curves on T¢ minimizing the distance dp (which we
call geodesic curves of (T, F) as in the Riemannian case) are projections
of Hamiltonian flow on T?, namely (z(t),p(t)) where & = VH(p),p = 0.
That is to say (z(t),p(t)) = (xo + tVH(po),po). In particular, translation
invariance implies that geodesics are straight lines in T¢.

3.2.2. Parametrization by the unit normal. Let us conclude this sec-
tion with a Hamiltonian interpretation of the vector field V = v(0) - 0,
defined in (3.2). Here, given K C RY a strictly convex compact set in the
sense of Definition 1.1 such that 0 € Int(K), we recall that we have defined
v = xk as the inverse of the Gauss map on 0K. Recalling (3.5) and (3.4),
one has:

e, = o = 1 (69 (£)) ) woertio.,

where the second equality comes from the study of the critical points of the
function 6 € S¥1 = v(0) - € — see §5 for instance or [Sch14, Remark 1.7.14,
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p. 53]. Recalling that the normal to K at v(#) is § by construction, we deduce

that the image of d (v (%)) is orthogonal to £ and thus the corresponding

Hamiltonian vector field is given by

o) ra((8) o) = (%)

X, = v(— +d|{v|—= E)-0r=v|—=|-0,.

( € € €

This looks very much like our vector field except that the level line &£ :=

{H = 1} is not equal to S*~!. In view of fixing this issue, we define the
following diffeomorphism:

(3.6) d:(z,0) € ST — (1‘ %) €&,

and one finds ®* Xy, = V. In other words, our vector fields are pullbacks
on ST¢ of Hamiltonian vector fields whose expressions are given in terms
of K or equivalently (&~ 1)*e~!X#d* = ¢~V where e~V acts on ST and
e Xu acts on £ C T*T9.

Remark 3.4. Note that e™*V preserves the contact form. Indeed, by the
Lie—Cartan formula:

Ly0-dx=dv(0)-0)+ vy (ddNdx)=v(f)-dd —v(0)-do =0

where we used the orthogonality relation 6 - dv(f) = 0 and the fact that V'
is horizontal hence tyydf = 0. This property allows to give another proof of
identity (3.10). In fact, since N4 (¥;) = evfil*(So’]I‘d) (with V[;1 =2k, (0)0.),
it is the transport by some contact flow of the fiber SoT¢ which is Legendrian.
Hence N, (X;) is also Legendrian.

Finally, we characterize integrable Hamiltonian flows that arise from
vector fields of the form (3.2).

Lemma 3.5. Let H : R — R be such that

1. £ ={H = }} is compact and connected,

2. H is smooth near & and VH # 0 on &,

3. the Hessian D?>H(p)(-,-) is positive definite for all p € £ when re-
stricted to T,E x T,E,

4. p—p-VH(p) is constant on &.

Then there is a strictly convex set K in the sense of Definition 1.1, with
0 € Int(K) and a constant co > 0 such that on &, e X1 = e~ Xnc =
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Pre=otV(d~1)* with V = v(0) - 0, where v(0) is associated with K and ®
defined by (3.6).

As a consequence of this lemma, the analysis of the flow e~**# on the set
£ C T*T is equivalent to that of e ¥ on ST¢. Therefore, the present article
includes the study of a family of completely integrable Hamiltonian flows
associated with strictly convex Hamiltonians. Note that the condition (4) is
reminiscent to the homogeneity of H near £. In particular, it shows that, up
to conjugation by ®, our analysis includes the case of flows associated with
Hamiltonians of the form H(p) := %p - Ap, where A is any positive definite
symmetric matrix.

Proof. By assumption, £ is a smooth compact, connected and oriented
hypersurface embedded in R?. Moreover, the convexity assumption on H
implies that its sectional curvatures are positive. Hence, by Hadamard-
Sacksteder Theorem [Had97, Sac60, dCL69], it is the boundary of a strictly
convex body K € R? (in the sense of Definition 1.1), i.e. 9K = £. Moreover,
assumption (4) implies that 0 € Int(K) and p — p- VH(p) = ¢p > 0 for all
p € £. Then, according to Lemma 3.3, F := hy is a Minkowski norm on R?
and hgo is a Minkowski norm on R such that K = {p € RY hy.(p) < 1}.
Setting Hye := 2h., we have, locally near £, K = {H < 1} = {Hk. <
%}, and, more precisely, H — % and Hyko — % are two defining functions
of JK. Hence, there exists a smooth non-vanishing function f such that
Hk-(p) — 5 = f(p) (H(p) — 1). Differentiating this identity and restrict-
ing it to £, we obtain VHk-(p) = f(p)VH(p) for all p € £. This implies
p-VHgo(p) = f(p)p- VH(p) for all p € £. The Hamiltonian Hge. is homo-
geneous of degree two, whence p - VHgo(p) = 2Hgko = 1 for all p € £. We
deduce that f(p) = ¢;* for all p € €. This implies VH (p) = ¢oVHg-(p) and
hence et X# = gm0t xme — d*e=tV (~1)* where V = v(f) - 9, and v(0) is
associated with the convex set K° = K. O

3.3. Decomposition of the tangent space of ST¢

The tangent space to a point (z,0) € ST? decomposes in a way which is
adapted to the dynamical features of our problem. First, we write

T, 6ST? ~ T, T% x TS,

Given 6 € S%!, we consider a family (e1(f),...,eq_1(6)), depending in a
smooth way on 6, and such that the family (6, e1(6),...,eqs—1(0)) is orthonor-
mal and

det (0,e1(0),...,eq—1(0)) > 0.
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At a given point (z,6) € ST?, we define the horizontal space as
Heo := Spang a(e1(6),...,eq—1(0)) x {0} C T,T? x {0} C Ty, o(ST?).
Similarly, we introduce the vertical space
Veo = {0} x Spang,gai(e1(0), . .., eq—1(0)) = {0} x TpS*™! C T, (ST?).

Note that V), ¢ is the tangent space to the submanifold ST, or equivalently
the kernel of the tangent map of II : (z,6) € ST? — x € T¢. One has then
some canonical identification of all tangent fibers as:

T 0STY =RO -0y © Hyp © Vg

In the terminology of symplectic geometry, H, g @ V; ¢ is the kernel of the
Liouville (contact) form «(z,0,dz,df) := 60 - dz. This decomposition of the
tangent space allows to write the following nice expression of the tangent
map D(e') : T, gST? — Tyt 4y(9) 95T ~ T 9ST? at a point (z,6):

1 0 0
(3.7) [D(e")(z,0)|rp-0,0H. sav.o = | 0 Id tDv(0)
0 O Id

Indeed, eV commutes with translations on T? therefore D(e!V) = Id on
the horizontal part 6 - 9, ® H, . Then for the other part, we just com-
pute the derivative along a C' curve: s — 6(s) € S,T¢, we have %(x +
tv(6(s)),0(s)) = (tDv(0)(0'(s)),0(s)) which yields the full matrix of the
differential.

Remark 3.6. Recall that v : § € S~ — 9K is a diffeomorphism. Moreover,
by construction, Dv(f) can be identified with an isomorphism of TpS*~!, as
the normal to OK at v(0) is given by 6. From this expression of the tangent
map, we deduce that every vector in H, g @V, g is stretched in the direction
of the horizontal bundle under the action of the tangent map as ¢t — +oo.
See Figure 2.

Remark 3.7. Recalling (3.3), one knows that V' is transversal to H, g ® Vy ¢.

Remark 3.8. We will denote by Ef = Ra C T*ST9 the annihilator of H &
V, by H* € T*ST? the annihilator of RV @& V and by V* C T*ST¢ the
annihilator of RV @ M. The action of the tangent map on T*ST? reads

1 0 0

(3.8) [D(etV)(a:,e)T]Hg;w)%;e@V;ﬁ: 0 Id 0
0 —tDv(0)T 1d
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VJ:G

)

Figure 2: Action of the tangent map on the kernel of the contact form.

3.4. Admissible submanifolds

In view of defining our zeta functions, we will need the following admissibility
property:

Definition 3.9. We say that ¥; C T? is admissible if there exists a strictly
convex and compact subset K; C R? with smooth boundary such that

p(aKl) =Y.

This definition includes the case where Y7 is reduced to a point. We
also observe that the map p : 0K; — T¢ is a smooth immersion but it
is not necessarily injective, i.e. 31 may have selfintersection points. Using
the inverse of the Gauss map (3.1), one can then define the direct/indirect
normal bundles to X:

(3.9) Ni(%h) = {(:z(e) —poxk, (0),40): O € Sd—l} ,

and N(X1) = Ny (21) UN_(X1), where § € S9!+ #(0) € 1 € T? is the
parametrization of Y1 by its normal. Even if 31 is not a proper submanifold
(as it may have selfintersection points), N(X;) and Ni(X;) are smooth,
compact and embedded submanifolds of T¢ x S¢~!. Using the conventions
of §3.3, one has

Lemma 3.10. Let ©; C T¢ be admissible. Then, for every point (z,0) =
(2(9),0) in Ny(X1), one has

(3.10) TeoN+(X1) C Hao © Vi,
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(3.11) Tp6ST  =RO -0, ® Hap ® TpoNi ().

In the terminology of symplectic geometry, (3.10) says that Ny (X;) is a
Legendrian submanifold as its tangent space lies in the kernel of the Liouville
contact form. Property (3.11) is a transversality property, see Figure 3. It
says that our unit normal bundle is never tangent to the horizontal bundle
inside ST?.

Vao T, oN4(X1)

v

7

Figure 3: Tangent space to N4 (X1).

Proof of Lemma 3.10. We start proving (3.10) and only discuss the case of
N, (X1) (the other case can be handled similarly). We recall that N, (X;) is
defined in (3.9). In particular, the tangent set to a point ((6),#) is given
by

(3.12)
T30),0N+ (31) = {(DE(0)v,v) : v € Vig)0} C (RO -0 & Hia)0) S Vio) 0

Thus, in order to prove (3.10), we need to check that Dz (0)v L V(z(0),0)
for every v € Vz) 9. To see this, we only need to discuss the case where
Dz(0)v # 0. By construction, this means that Dx g, (f)v # 0. By definition,
such a vector is an element in T}, (50K1 and thus orthogonal to 6 - 0y
which is the outward normal to 0K at xk, (). This implies that Dz(0)v is
orthogonal to V(Z(6),0), hence the conclusion (3.10).

Finally, recalling the decomposition of the tangent space (3.12), these
Legendrian submanifolds verify the transversality property (3.11). O



950 Nguyen Viet Dang et al.

3.5. Epstein zeta functions and Poincaré series for admissible
submanifolds

Let now ¥ and ¥y be two admissible subsets of T¢ and let o and o9 be
two elements in {£}. The ultimate goal of the present section is to prove
Lemma 1.2 stating finiteness of the set of certain geodesic curves of length
< T, as well as an a priori upper bound on its cardinal, namely O(Td). In
turn, this will imply that generalized Epstein functions like (1.2) are well
defined for Re(s) > d and that Poincaré series like (1.4) are well-defined for
Re(s) > 0. This relies on a reformulation of length of geodesics in terms of
the geodesic flow on ST¢. We follow this program in the general context of
Finsler invariant structures on the torus described in Section 3.2, that is to
say for general flows (e7*V") associated with a strictly convex compact set in
the sense of Definition 1.1 such that 0 € Int(K).
To this aim, we define for ¢t > 0,

(3.13) E1(1,59) := Ny, (1) N etV (N,,(22)) € ST

and describe the set of times ¢t € Ry such that &(X1,32) # 0. Note that
the orientations o; are implicit in this notation.

3.5.1. A priori bounds on the number of intersection points. The
first basic statement concerns finiteness of & (X1, ¥2) together with the set
of times ¢ for which & (X1, ¥2) is nonempty.

Lemma 3.11. There exists some Ty > 0 such that, for every t > Ty,
E(X1,29) is a (possibly empty) finite set. Moreover, setting
ms, x, (1) == 1&(X1,2) < o0, t>Tp,
for any [a,b] C [Ty, +00),
{t ela,b]: &(X1, %) # 0} = {t € [a,b] : my, x,(t) # 0},

is as well a finite set.

Note that Lemma 1.2 is then a reformulation of Lemma 3.11. The lat-
ter states that after some time Ty, all possible intersections in (3.13) are
transverse and thus our counting problem is well-posed. This property can
be visualized as follows. When pushing a convex hypersurface 0K by the
flow of V in the cover RY, it behaves more and more like a flat hypersurface;
Therefore, after some time Ty, its sectional curvatures will be strictly less
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than the sectional curvatures of dK5. In turn, this implies that the inter-
sections occurring in ST? of the corresponding normal bundles will become
transverse right after Tp.

Proof of Lemma 3.11. Given tg € R, one can always find some € > 0 such
that

U (Ve ()

te (to 76,t0+€)

is a smooth submanifold (with boundary) of dimension d inside ST%. More-
over, thanks to (3.11) and to (3.7), we know that, for ¢y large enough, one can
find € > 0 such that, for every (z,0) € Ny, (X1)N Ute(to,@tﬁe)etv(l\f@(22)),

(3.14) T0ST? = Ty o No, (£1) @ Too (Ure(to—ctor0€’” (Noy(E2))) -

In other words, the two submanifolds are transversal and, by compactness,
they intersect at only finitely many points. Note that the transversal in-
tersection implies that the boundary of Ute(to,67t0+6)etV(N02(22)) does not
meet Ny, (31). O

We now provide with an a priori polynomial upper bound on my;, s, (t).
This is essential to ensure that Epstein functions like (1.2) and Poincaré
series like (1.4) do converge for Re(s) large enough.

Lemma 3.12. Let 31 and X9 be two admissible subsets of T<. Then, for Ty
as i Lemma 3.11, there is Cy > 0 such that, for every T > T,

Z my,. 5, (t) < C()Td_l.
T<t<T+1

In particular, as T — +o00,

Z my,5, (t) = O(Td).

To<t<T

Proof. In order to obtain such an upper bound, it is more convenient to lift
the problem to R? and to recall that the lift of ¥ is by definition the smooth
boundary of a compact and strictly convex set. As a consequence, we have
for any t > 0

my, 5, () = 1 &(X1,32) = §&(0K1, 0K>),
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where
E(OK, 0K3) i= {(2.0) € Ny, (0K +27Z%) : (2~ tv(6),0) € Ny, (9K2) |
Recalling that, when lifting the problem to R¢,
NL(OK;) = {(ij (0),0;0) : 0 € Sd—l} - {(ij(aje),e) 0 sd—l} ,
we notice that
(2,0) € E(0K1,0K2) = tv(0) + 2k, (010) — 2, (020) € 27Z7,

whence

1 E(0K1,0K>2) = 4 {9 esi ¢ <v(0) + 2 (916) ; xK2(029)> € 27er} .

This implies that

> 10K, 0K) <t {eenti (0},

T<t<T+1

where (%) means that there exist T < ¢ < T + 1 and 6 € S*! such that
2n€ = tv(0) + z, (010) — zk,(020). As we made the assumption that K
contains 0 in its interior, there exists some ¢y, C' > 0 (depending only on
K1, K9 and K) such that, for T' > 0 large enough,

> tE(0K, 0K)) <t (202N Cr ) < C Vol (Cr),
T<t<T+1

with Cr = (T +14¢o) K\ (T — ¢o) K. We finally deduce from [Her62b, Th. 1]
that, for Ty > 0 as in Lemma 3.11,

Y ommm ()= Y 160K, 0Ky) <CTT, T =T,

T<t<T+1 T<t<T+1

which concludes the proof of the lemma. O

3.5.2. Generalized Epstein zeta functions and Poincaré series. We
may now come back to Epstein zeta functions and Poincaré series. We fix
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Tp > 0 large enough to ensure that Lemma 3.11 (and thus 3.12) apply. We
also fix 8 = By + df with

Bo € HY(T4, R Zﬁjdxj: (Bi,...,Bq) € RY

In particular, for such a T and such a 8, we can define, for Re(s) > d, the
generalized Epstein zeta function as

(315) Cﬁ(KQ,Kl,S)

— Z 4 Z el J°, BV)(z+7v(0),0)|d7| ,

t5To:E,(21,52) 70 (2,0)€E,(21,5)

where &£(X1, 32) is defined in (3.13) and is a finite set thanks to Lemma 3.11.
Lemma 3.12 ensures that this defines a holomorphic function in {Re(s) > d}.
Similarly, for Re(s) > 0, we define the generalized Poincaré series as

(316) ZB(KQ, Kl, 8)

- 3 ot Y 2, BV (@+7v(0),0)]dr]

t>T028t(21,22)7£® (m,@)E&(El,E2)

Again Lemma 3.12 shows that this defines a holomorphic function in the
halfplane {Re(s) > 0}.

Remark 3.13. When V = 6 -0, (i.e. for K = By in the definition of V)
and except for the role of K; and K, that are reversed compared with the
introduction, these two functions are exactly the two series defined in (1.2)
and (1.4) in the introduction.

Remark 3.14. When K; = Ko = {0}, the times ¢ appearing in these zeta
functions correspond to dilation parameters ¢ such that tK intersects 2wZ¢,
with K being the convex subset used to define V = v(6) - 0,.

3.6. Sums of convex subsets

Let K be a compact and convex subset of R%. In this paragraph, it is not
necessarily strictly convex or with a smooth boundary. Following [Sch14,
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§1.7], we define the supporting hyperplane to K with exterior normal v €
R?\ {0} as

H(K,v):= {weRd:v-w:maxv-x}.
TeEK

Note that the maximum in this definition is necessarily attained at a point
xo € OK. In particular, if a point z lies in H(K,v) N K, then it belongs to
OK. For such a point, v is called an outward normal vector of K at x. Then,
the normal bundle N, (K) to K at the point  consists in the collection of all
the outward normal vectors of K at x together with the zero vector [Schl4,
§2.2].
Remark 3.15. Note that for strictly convex smooth domains, as considered in
the present article, N, (K) is a one-dimensional cone. This is not necessarily
the case for general convex sets, see for instance K := {(z,y) € R : 2 +y <
1}.

In that manner, we can extend the definition given in §3.1 to any compact
and convex subset of R%:

Ny (K) = | J{(z,v) : v € No(K)} NS,
e K

Given two compact and convex subsets K and L of R%, one has according
to [Sch14, Th. 2.2.1]

(3.17) V(z,y) € K x L, Nyyy(K + L) = No(K) N Ny (L)

In particular, if K and L are two strictly convex bodies with smooth bound-
aries N4y (K + L) is not reduced to 0 if and only if the outward unit normal
vectors at x € 0K and y € OL coincide. We may summarize the formula for
the normal bundle of the sum of two strictly convex subsets as

(3.18) Ny (K+ L) ={(z+y;8); (:€) € Nyp(K), (y:8) € Ny (L)}
Thanks to (3.17), we deduce the following fact of independent interest

Lemma 3.16. Let K1, Ky be two strictly convex subsets of R® with smooth
boundaries 0K1,0Ks that are parametrized by their outward normals through
the maps i, , Tk, : Sa-1 5 R4, Then, the Minkowski sum K1 + Ko is such
that its boundary 0 (K1 + K2) is parametrized by the sum:

TK, + Tk, : s?1 5 R,
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Remark 3.17. With the conventions of the previous paragraphs, the bound-
ary of the compact convex set Ko — K1 + tK is parametrized by the map
0 St .Z'Kz(@) — xK1<—9) + tV(H) € R4,

4. Correlation functions for differential forms

In view of defining our functional setup for the vector field V' and of its
applications to convex geometry, we need to describe as precisely as possible
the long time behaviour of the flow e!V" acting on differential forms of ST,
More precisely, given (p,) € Q2=1=F(ST9) x QF(STI) (where Q!(STY) is
the space of differential of degree [), we aim at describing the correlation
function

(4.1) Copup(t) = / eNe VH@), as t— 4oo.
ST

In this section, we will show how to write a Fourier decomposition of such
integrals in view of reducing our analysis to the study of classical oscillatory
integrals. Using the notion of current [Sch66, Ch.IX], we will also explain
how such correlation functions naturally appears when studying the zeta
functions of Section 3.

4.1. Some conventions

Given an open subset U of S¥~!, we will denote by QF (T¢ x U) the space
of (complex valued) differential forms [Lee09, Ch. 8] of degree k compactly
supported in T¢ x U and having C™-regularity with respect to the variable
(z,0) € T¢ x U. When U = S, we will just write Q¥(ST¢). For smooth
forms, we will use the standard convention

OFTx U) = () (T x U), QF(STY) = (] @, (ST?).

m>0 m>0

We will decompose differential forms as follows:

U(x,0,dr,do) = > dz! AT (x,0,d),
Ic{1,...,d},|1|<k

where dx! = dx;, Adx;, ... Adx;, for some I = {i; < iy < ... < i} C
{1,...,d} and where ! : x € T? — ¢! (z,0,df) € QF-11I(U).
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Remark 4.1. The convention dz and df in the arguments of ¥ € QF (ST?)
will always indicate that we are considering differential forms in the z and
0 variables.

Similarly to the case of distributions, one can define, for any 0 < k <
2d — 1, the set D'*(T? x U) of currents of degree k [Sch66, Ch.IX, §2] as the
topological dual to Q2d_1_k(’]1‘d x U) with respect to the bilinear pairing

(1,1h2) € QF(STY) x Q*F1F(STY) 1 (31, 4ho) 1= ; Y1 ANy € C.
Td

In the following, we let V = Ly, be the operator acting as the Lie derivative
along V' on differential forms (or currents). In particular, we write the action
by pullback as etV = etV*.

Using the structure of the torus, we can decompose differential forms
(and thus currents) into Fourier series along the z-variable. To that aim, we
set, for every & € Z4,

eif-a:

(2m)%

eg(az) =
We can decompose any current u in D’*(ST?) as

(4.2) u(x,0,de,d0) = Y ec(w)da’ ATL(H,dD),
£ez Ic{1,...,d}

where each ﬂé is a current of degree k — |I| on S~ and ﬂé = 0 whenever
|I| > k. For the sake of compactness, we also set

78 ()0, de,do) =Y dat ATL(O.dD),

Ic{1,....d}
and
k ~
Y (w)(x,0,dw,db) == > ee(w)da! ATLO,dI)
Ic{1,...,d}

= ee(a)n ()0, dz, do).
These operators are projectors in the sense that

(4.3) ve,¢ ez?, MY =g,
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where d¢ ¢ is the Kronecker symbol. These conventions allow to decompose
any element u € D'*(ST?) as follows

u=> 1) = 3" 7 (u)e.

cend cezd

Definition 4.2. Suppose that we are given a Sobolev or Holder type norm
|-l 5(sey on some Banach space B(S%) continuously included in

d—1

@ D/l (Sdfl).

=0

(

If we identify 7T€k) (u) with some vector valued distribution (ﬂg) Ic{i,..k} on
S9!, we then define

k ~
™ (W) sy = sup {[@llggery = 1€ {1,....d}, [I| < k}.

Similarly, for some open set U of S, we set

]{: o~
||7r§ )(u)||B(U) = sup {|@llpwy: I C{l,....d}, |I| <k}.
4.2. Orientation conventions

We note that we implicitely fix an orientation on T¢ by fixing the volume
form dxy A ... A dxrg which can be identified with the Lebesgue measure
on T¢. When we want to insist on the fact that we view it as the Lebesgue
measure, we will use the convention |dz| and we will use the same convention
to distinguish volume forms and measures on R?, S~1 or R. In the following,
we choose to orient S%~! with the standard d — 1 form

d d
Volgas (0,d0) = Y _(-1)P'0, N db,, 6es’,
p=1 q=1,q#p

and ST with the 2d — 1-form
dxi A ...\dzxg A Volsa-1(0,d).
In view of alleviating notation, we will simply write dVol(#) := Volg.-1(6, df)

and, when we want to emphasize that we view it as a measure on S* 1, we

will write |dVol(8)| or |dVol|.
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Remark 4.3 (Orientation conventions for the sphere). If we denote by B, :=
{y € R? : |y| < 1}, the natural orientation on By is given by that on
R?. In spherical coordinates (r,6), the current of integration on By reads
[By)(r,0,dr,df) = 1o 1)(r) so that

[Sd_l](r, 0,dr,df) = 0[By(r,0,dr,dd) := —d[By](r,0,dr,dd) = do(r — 1)dr.

In particular, Volga—1 (6, df) is the orientation on S4~! = 85 induced by the
one on R? as

<[Sd_1]7V01Sd*1> :/ [Sd_l} A Volga-1 > 0.
Rd

4.3. Fundamental examples of currents of integration

We now discuss an important example of current in view of our analysis. In
the sequel, [0] denotes the equivalence class of 0 mod 27Z?. We introduce
the following current of degree d on T%:

1
Sonza(z,dx) = r Z ee(x)dry A ... Ndxg,
(2m)>2 fcz

acting on functions f € C®(T?) by (Jyxza(x,dx), f) = £([0]). We will also
use the notation

(4.4) () = —— 3 (o),
£eza

so that we can write
(4.5) Oon7d (l‘, dx) = (5[0] (x)dwl A ... ANdxg.

If we view this current as a current” on ST¢ via the pullback by the map
(z,0) € ST  x € T, then it is in fact the current of integration on the
fiber Sy T? viewed as a submanifold of dimension d — 1. We can now slightly
modify this example by fixing a smooth map & : S ! — R? so that we can

"Again, we use the same notation for the current on the base and its pullback
on ST?. We keep this convention for simplicity and we will in fact mostly consider
the pullback in the following.
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set

d
(4.6) W] = 8y (2 — £(0)) )\ d (2; — %:(0)) € D(ST).

i=1

Note that this is the current of integration on the d — 1 dimensional sub-
manifold

N = {(#(0),0): 0 € ST} C T x ST

that we have oriented with Volss-1 (6, df) [DR18, Cor. D.4]. This is typically
the kind of currents to which we will apply e *V* in our applications to
convex geometry. See Lemma 4.16 for instance.

Thanks to (4.4), we have the following Fourier decomposition

d
(=, 0,dx, dO) = do(z — £(0)) /\ d(x; — £:(0)) € D'*(ST?)
=1
d
= LS ee@)e O N\ d (i — 74(0)) € DYST).
(27)2 fezi i1

Thus, for every ¢ € Z%, one finds using the conventions of §4.1:

d
(A7) w (N0, de,d6) = ee(~2(0)) [\ d (v — 7:(0)) € QU (ST).

i=1
4.4. Relations with volumes in convex geometry

These currents of integration are naturally linked with the volumes of convex
sets:

Lemma 4.4. With the above conventions, for any strictly convex set K in
the sense of Definition 1.1, one has

Volga (K) l /S [S[D]Td] A Vd_lbv (dl‘l VANPAN dxd) .
Td

ol

Remark 4.5. Note that the assumption of having 0 in the interior of K is
not useful in this lemma. Recalling that V = v(6) - 9, and Lemma 3.16, we
recover that, for strictly convex subsets (K7, K2) and for every Ay, Ay > 0,
Volga (A1 K7 + A2K3) is a homogeneous polynomial in (A1, A2) [Sch14]. The
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coefficients are the so-called mixed volumes of K; and K. In particular,
if we take \y = 1, Ao = t, K1 = K and Ko = By, we recover Steiner’s
formula (1.3) from the introduction.

Proof. We let t > 0. Suppose that, near a given point zg € 0tK, tK is
parametrized by {f < 0} with V f(xg) # 0. Then, the direct normal bundle
writes locally near xg:

N, (9(tK)) == {<m %)  fla) = o}.

Given v € Q¥ 1(R?) (not necessarily compactly supported), we write

/ N (D(tF))] A P ()
SR

= [ s n [{o=gho b avtedn = [ oerine

where P : SR? — R? denotes the canonical projection. Recalling that
—d[K] = [0K], we find that

| @R AP @) = [ .
SRd tK
Making use of (4.9) below, we thus obtain
[ o= | @) AP @) = [ VISR AP ()
tK SR4 SR4
= / [SoR] A e!V* P*(1)).
SR4

Now, we choose 1) = x1dxa A. .. Adxg and observe that [SoRY] = 68" (z)dx1 A
... Ndzg and that

d
> —!pr*(q/)) = e!V*P* (1) = Y(x + tv(0),d(x + tv(0))).

See for instance the proof of Lemma 4.7 below to see that this is indeed a
polynomial in ¢. Hence, when making the pairing of these two quantities, we
end up with

td

/ SoRY AV P () = [ [SoRY A VAP (y)
SRd d! SRd
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td _ .
= SRd[SORd]/\Vd Ly P (dw),

where we used the Cartan formula and the Stokes formula to write down the
last equality. Finally, remarking that di¢ is translation invariant, we obtain
Jspa [SoR) A V=11, P*(dyp) = Jopal [SoR?) A VI=11y, P*(dr)). Setting t = 1
in the above formula yields the expected result. O

Replacing tK by Ko+ tK in the above proof and recalling Lemma 3.16,
we also get the following useful equality from the above proof:

Lemma 4.6. Let Ky and K be two compact and strictly convex sets in the
sense of Definition 1.1. Then, one has

L

d
t
Volga (Ko + tK) Z [SoTY A eV%o*VEiy (day Adza A ... A dxg)

2 Jgra

d
tt
= VOle K() + n
>l

(S T A e Vi Ly (day A ... Adag) .

In particular, when K = By, this yields a somewhat explicit expression
of Steiner’s formula (1.3). We also record the following result that implicitely
appeared in the proof of Lemma 4.4:

Lemma 4.7. Setting w := ty(dz1 A - Adxg) € Q1 1(STY), then the form
e ™Nw is a polynomial of degree d — 1 in t with coefficients in Q41 (ST?),
with leading coefficient ﬁVd_lw.

Proof. We start from

d d
w = Zvj( )(dziA- - Adxg)( Z ]H 0) dxy N\ - /\dx]/\ Adxq,
, P
from which we deduce that e *Vw is equal to
d —_—
D (1) (0) d(y — tva(8)) A+ Ad(ay — tvi(0)) A+ Ad(qg — tva(6))

Jj=1

is a polynomial of degree d — 1 in t. O
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4.5. Translation maps

If we fix a smooth map Z : S~ — R?, then we can define a translation map
on ST

(4.8) T; : (x,0) € ST? — (x4 #(0),0) € ST

As we saw, these operators naturally appear when we consider the currents
we are interested in. For instance, we can rewrite Example (4.6) as

(4.9) V] = T* 4[S T = [Tz(Si T)]-

Remark 4.8. An important example for our analysis will be of course given
by the action of the flow, that is to say e!¥' = T}y

We also record the following useful properties of these translation maps:

Lemma 4.9. Let  : S¥! — RY be a smooth map and T defined by (4.8),
then one has

(4.10)

ve e 24, T (u)(z,0,dx, o) = STOIY (u) (2,0, dz + DE(0), db),
and
(4.11) TV = VTE, oy T: = Ty

Proof. The first point is a direct consequence of the action by pullback.
For the second point, we notice that ¢!V Tz(z,0) = (z + () + t0,0) =
TzetV (x,0), from which the first equality in (4.11) follows.

Next, due to the specific forms of the operators T3, it is sufficient to
verify the last on the smooth forms dz! with I c {1,...,d}. To that aim,
we write

l
wTi(da!) = vy ( N d(zi, + iim(ﬁ)))

m=1
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4.6. Twisted correlations

We fix® 8 € Q& (T9) such that dB = 0. Recall that any such 1-form can be
written as By + df where f € C°(T¢,R) and f3 is a constant 1-form on T¢.
Hence, we can define the twisted Lie derivative for such a general closed
1-form 3,

(412) V=V +iB(V) = (d+ BNy + v (d+iBA) = e Vg el

We can record the following a priori estimate:

Lemma 4.10. Let 8 € QL(T9) such that dB = 0. Let x € C*(R) such that
t4=1x(t) € LY(R). Then, for every 0 < k < 2d — 1,

R(—iVs) 9 € QS(STY) o / x(B)e Ve ()] dt] € (ST

18 a bounded operator on the space of continuous k-forms QIS(STd).

Proof. This follows from the fact that for any k-form ¢ € QF(STY), we
have the polynomial bound |e™*Vs4)|p~ = O(t%!) which comes from the
definition of the flow exactly like in the proof of Lemma 4.7. O

Remark 4.11. Note that there is a slight abuse of notations when writing
X(—iV ) as the operator —iV g is not selfadjoint even on L*-spaces (except
if k = 0 or 2d—1). Yet, this convention from functional calculus is convenient
and we will use it in the following except when it may create some confusions
with the standard spectral Theorem [Ste09, § 12.7].

In fact, slightly more generally than the correlation function (4.1), we
want to fix a smooth map 7 : S™! — R? and some element 3y € H'(T% R)
and to describe the twisted correlations

(4.13) Come o (t.80) 1= [ o ne VT (w),

as t — +oo in terms of ¢, 1 and the map & which will be needed later in our
applications to convex geometry. The element 5y plays the role of magnetic
potential. Here, ¢ and 1 are two differential forms on ST? of respective
degree k1 and ko such that k1 + k2 = 2d — 1, and T; is defined in (4.8).

8The index R means that the coefficients of the form are real valued.
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Coming back to our correlation function, we will also use at some points
that, for every smooth map Z : S~ — R¢,

(4.14) / o A e VAT () = / VT () A,
ST ST

as a consequence of the change of variable formula and of the commutation
of e®V-5 and T;. With the above conventions, we can decompose differential
forms using Fourier series. Following §4.1, we write

(4.15) (@, 0,d,d0) = Y ee(x)m™ () (0, dx, db) .

ez
We collect in the following lemma several useful properties of the correlation
function €, p-_(4)(t, Bo)-
Lemma 4.12. Using the above conventions, one has, for every (p,1) €

Ok (STY) x QF2(ST?), and t € R,

(4.16)
min{k,k2}

Cor () (L, Bo) = Z CLore (6 Bo)  with

(4.17)
Cor, (o Z / GHEAIVO)EFO BED (1) (0)d Vol (6)
I 2z Jouns
and
(4.18) B (0, 9)d Vol = (—1)!a ) () A VT o1 *2 ().

Moreover, for every m € Zy (resp. s € R), one can find some constant
Cm > 0 (resp. Cs > 0) (depending also on d, &) such that, for every open
set U C ST, for every € € 79, for every ki + ko = 2d — 1, for every
0 <1 < min{ks, k1} and for every (¢,v) € Q¥ (ST?) x QF2(ST?),

(4.19) HB(’”’ go,wHW(U)gcmegkﬁ(so ]Hm H 2 ( ¢)HHW(U),
resp.
w20 [ e, < O @) [T,
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where W™ (U) is the Sobolev norm of order m and exponent p = 1 and

where H™(U) = W™2(U) is the Sobolev norm of order m (and exponent
p = 2) on differential forms on the set U.

The decomposition of the dynamical correlator € in terms of Fourier
series and in powers of ¢ introduced in the above lemma will play a crucial
role in the sequel, especially for our applications to convex geometry.

Proof. We first expand 1 in Fourier series using (4.15). Then, we can make
use of (4.10) so that each term of the sum over & becomes of the form

e € Oec()n ™ (1)(0, d(x — %(0)), d9). Then, the action of e~ Voo yields:

(4.21) (e Voo T 1) (x,0, dz,db) = > ee(x)e " ETFo) V) =it T (0)
gez?

—1)k " ko
( u) x V1o T* ; on "™ () (0, dw,db).

min{k,,d—1}
X

=0

Hence, using (4.15) applied to ¢, (4.11), (4.21) and (4.14), one has

@, T ( BO)

mm{kl,kz

tl ’L T z kz,l

EEZd

C

with B;’fg’”(gp, )(0) Volgpa (0, dz, df) given by (4.18). Note that, in order
to verify that the sum over [ runs up to min(ky, k2), we used (4.14) and
considered the action of e**V# on the form of smallest degree. This readily
yields (4.16)—(4.17).

Finally, estimate (4.19) and (4.20) follow from the fact that the coeffi-

cients Bgfg’l)(cp, 1) depend in a bilinear way on (ﬂ'ékl)( ), (kg)(w)), together

with the Cauchy-Schwarz inequality. O

According to Lemma 4.12, understanding the properties of the correla-
tion function as ¢ — +o0o0 amounts to describe the behaviour of the integrals

(4.22) Ip(€ = Bo,t) = / ei(f—ﬁo)-(tv(9)+i(9))eiﬁo~i(9)F(Q)dV01(9)7
Sd—l

as t — 400, where ¢ € Z%\ {0}, where Sy plays the role of the magnetic
potential and where F' is a smooth function. In view of applications, one
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needs to make this asymptotic description with a uniform control in terms
of the W™l-norm of F and of ¢ € Z¢.

Remark 4.13. The extra oscillating term e%%(®) makes things slightly more
involved than when one treats the case of dilating convex sets as for instance
in [Hla50, Her62b, Ran66]. Indeed, in that setup, the parameter ¢ is also in
factor of £ - (f) which allows to deal with ¢|{| as a large parameter. Despite
this technical issue, the strategy to analyze these integrals remains the same.
See Section 5 below.

Remark 4.14. In the case where k1 = 2d — 1 and k2 = 0, one has

o(z,0,dz, df) = > Pe(B)ec(a)day A ... dxg A dVoI(B),
ez

and
Y@, 0,dw,do) = > e(6)ec(z).
£eza

Hence, one gets the simpler expression

G%Tii(w)(tﬁO) = Z /Sd_1 eit(§—ﬁo).v(9)ei§.5z(9)@é(g){/)\_é(Q)dVOI(Q)'

geza

4.7. Back to generalized Epstein functions and Poincaré series

Before going further in the analysis of oscillatory integrals, let us explain
how the zeta functions from §3 (or at least truncated versions of it) can be
naturally rewritten using the theory of currents in terms of certain twisted
correlation functions. This will be achieved by considering the current of
integration [Ny (X)] on the unit normal bundle to some admissible ¥ (in
the sense of Definition 3.9). Recall that this current was explicitely defined
n (4.6) if one uses the Gauss coordinates (3.9).

4.7.1. Wavefront sets of the currents of integration. The following
lemma studies the wavefront set of this current in view of pairing two such
objects.

Lemma 4.15. For any admissible subset ¥ of T, we have

WE ([N (2)]) N T(, ST = E5(#(6),0) & {(0,&, —(DE(+6))7¢) : € € H*}
(4.23) C (B oM ©V*) (2(0),0).
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Moreover, for any conical neighborhood I' of E5®V*, there exists Ty > 0 such
that, for every T > Ty, the wavefront set of e"TV* [N (X)] = [TV (N, (%))]
satisfies

(4.24) WF (e "V*[N (D))
C{(z,0;6) e T*ST?: e TV(x,0) € N.(2), € € T(z,0)}.

The same holds for N_(X) with the appropriate sign changes. In particular,
if ¥1 and X9 are two admissible subsets and if o1, o9 € {£}, then one can
find Ty > 0 such that, for every T > Tp,

(4.25) WE ([No, (20)]) 0 WF (€777 [N,, (£2)]) € E;.

Proof. The wavefront set of the current [N (X)] is given according to [H6r03,
Th. 8.1.5]° by the conormal bundle to N, (X), namely

N (N4 () =
{(x,e;g) € T*STU\0: (2,0) € Ny (), Yo € Ty oN4 (%), £(v) = 0} .

In particular, thanks to (3.10), the fiber ./\/'&79)(N+(E)) C T(’;ﬁ)S’]I‘d over
(x;0) always contains the annihilator Ef(z,0) of H @& V(z,0). Using the
description of T, pN4(X) in (3.12) in the coordinates (3.9), this wavefront
set can in fact be identified as

Niooy (N1 () = Eg(#(0),0) & {(0,¢, —(DF(0))7¢) : £ € H'}
C (B @ H V) (26),0),

whence the first statement (4.23). Hence, thanks to (3.8) and to [H6r03,
Th. 8.2.4] (see also [BDH16, Prop. 5.1]), we deduce property (4.24). The last
statement (4.25) follows from the first by choosing I" some sufficiently small
conical neighborhood of Ef & V* so that (WF ([N, (£1)]) NT') C Ej. O

4.7.2. Representation of truncated series using currents. In the
end, our goal will be to use our fine analysis of the geodesic vector field
to study the continuation of these series beyond their natural halfplane of

9The proof in that reference is given for a linear space and it can be transfered to
submanifolds through a local chart thanks to [Hér03, Th. 8.2.4]. See Example 8.2.5
in that reference.
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definition. As in [DR21, Prop. 4.10], one starts with the following result,
relating the above discrete sums on intersection points between two sub-
manifolds with the geodesic flow acting on currents.

Lemma 4.16. Let X1 and Yo be two admissible subsets of T¢ and let oy
and oy be elements in {x}. Let = [y + df be a closed one-form with
Bo € HY(TYR) and f € C*(T% R).

There exists Ty > 0 large enough such that for every x € C°((Th, +0)),

1) = (1)

N (51)] A / XDV ([Noy (S2)]) 1
STd

R

is well defined and is equal to

Z x(t) Z er(z)e™ 12, B(V)(z+7v(0),0)|dr|

t:Et(El,Eg);é@ (x,@)egt(El,EQ)
where e;(x) =1 if

T2.0)No, (£1) @ RV (2, 0) @ D(e" ) (e (2,0)) (To-rv (2,0 Now (22))

has the same orientation as ST and €;(x) = —1 otherwise.

This result follows from [DR21, §2] together with Lemma 4.15. Strictly
speaking, the proof from [DR21] does not include exponential weights but
it can be adapted directly to deal with such twisted transport equations.
Note that, in view of applying the result from this reference, it is crucial
here to have that v(6) - 6 > 0 for every 6 € S%! as follows from (3.3).
Indeed, this property ensures that v(#)- 0, is transverse to the contact plane
where the tangent space to N(X;) always lies. Here, [N (X1)] is an element
in D'4(ST?) and [, x(t)e™ oy ([N (32)])|d¢| is an element in D'4~1(STY).
The key point in the argument of [DR21] is that the wavefront sets of these
two currents are disjoint so that we can take their wedge product. Here,
the wavefront set of [V, (21)] is given by (4.23) while the wavefront set of
Je x(®)e oy ([No, (2)])|dt| is contained in a small conical neighborhood
of V* thanks to Lemma 4.15 and to the integration over time. See [DR21,
Lemma 4.11] for more details. We would like to emphasize that this lemma
states that the dynamical correlator

Ip:te (—1)d1/ [No, (51)] A e Vouy (NG, (S2)])
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is in fact a distribution of the variable ¢ which writes as a weighted
sum of §. The distribution I7 is a weighted counting measure, its Mellin
transform is the Epstein function and its Laplace transform is the Poincaré
series.

In order to make the connection with the series of §3, we need to clarify
the values of €;(x) in our case:

Lemma 4.17. There exists Ty > 0 such that, for every t > Tpy, e(x) = 1.

Proof. Recall that we oriented N (3;) with the d — 1-form Volsa-1 (0, df),
or equivalently with the polyvector (e1(6) - Jp) A ... A (eq(6) - Op) where
(0,e1(6),...,eq(H)) is a direct orthonormal basis of R?. The same holds true
for ¥ but we need to take into account the action of the tangent map as
given by (3.7) which transforms this polyvector into

(e1(0) - Og +tDv(0)er(0) - Ox) N ... A (eq(f) - Og +tDv(0)eq(0) - Os) .

Finally, RV (z) is oriented through the vector v(0) - 9, and it yields the
following orientation

t3 1 (e1(0) - Dg) A ... A (eq(B) - p) AV(0) - Oy
A (Dv(0)e1(0) - 0x) A ... AN (Dv(0)eq(0) - 0z),
which is the same as the orientation on ST¢ up to the factor (—1)4?=1 =1
as the inverse Gauss map 6 — v(#) is orientation preserving. O
Letting i’;t(ﬁ) = Tk, (£0), we derive the following corollary.

Corollary 4.18. There is To > 0 and ty € (0,7y) such that for every
X € C((Th — to, +00)) with x =1 on [Ty, +00), we have

(4.26) (-1 > x(@) S e BWEE@ar]

t>Tg—t0 (I,e)egt (21722)

:/ €i(f(ig2)7f(jfl))52n2d /\/X(t) (eftVBOT;fl—i?) vv (O2nza)|dt],
ST R

where we recall that the notation (dorz4) stands for a current of degree d.

We now recognize on the right hand-side the twisted dynamical cor-
relations of Lemma 4.12 except that the test “functions” are much more
singular.
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Proof. According to Lemma 4.17, for Ty > 0 large enough and recall-
ing (4.12), one deduces from Lemma 4.16 that, for every x € C((Ty —
to, +OO))7

427) > x(®) S AW @) 0]

t>To—to (2,0)€E:(21,52)

= (~1)41 / e [Ny, (21)] A / X(t)e Voo iy (€ [Ny, (S2)])|dt|.
STd R
Thanks to (4.6), we can write, for j = 1,2,

NG, (8))] = OT

(o) = eztif(ijf)']:‘*_j% (8nza).-

Combined with (4.11) in Lemma 4.9, this allows to rewrite (4.27) as (4.26).
O

5. Asymptotics of oscillatory integrals

In view of describing the long time asymptotics of the correlation func-
tion (or integrated versions of it), we need to describe with some accuracy
the oscillatory integrals appearing in Lemma 4.12. More precisely, we want
to study the behaviour as t — 400 (and for £ — Sy # 0) of the oscilla-
tory integral Ir(€ — Bo,t) in (4.22), where By € RY F € C>(S%,C) and
# € C>®(S?1 R). Estimating these kind of integrals as ¢t — 400 is a clas-
sical topic in harmonic analysis. See [Her62a, Lit63] for a rough estimate,
and [Hor03, Th. 7.7.14], [Ste93, Section VIII-3, p. 347] and [DZ19a, Th. 3.38,
p. 140] for fine asymptotic expansions. The only additional difficulty com-
pared with these references is that we need to have a good control in terms
of |£|. Thus, we need to pay a little attention to the extra term €20 when
revisiting the classical stationary phase arguments used to describe these
integrals: this is the content of the present section. There is a subtle com-
petition between the large times ¢ and the large momenta |£| which is what
we deal with in the next lemmas.

As usual, we split these oscillatory integrals in two parts: one correspond-
ing to nonstationary points and one corresponding to stationary ones. Recall
that the phase function we are interested in is of the form 6 € S~ — v(f)-w
for some fixed w € S (typically w = +(¢ — Bo)/|€ — Bol). This is equiv-
alent to considering the function v € K +— v - w which is nothing but
the height function in the direction w which has two critical points on the



Length orthospectrum of convex bodies on flat tori 971

convex boundary 0K. One can verify that the differential of this function
at v can be identified with the linear form y — (w — (fgx (v) - w)0sx (v)) - y
where g (v) is the normal to 0K at v. In particular, 85 (v(6)) = 6. Hence,
the phase has exactly two critical points vy that correspond to the points
where 0y = fw. Recalling the definition of the shape operator S(v) in
Remark 3.1, the Hessian of the phase at these points is given by FS(v4),
all of whose eigenvalues are positive (resp. negative) thanks to the strict
convexity of K. Coming back to S, the phase of our oscillatory integrals
has two critical points located at +w and the determinant of their Hessian
is exactly the Gauss curvature x(f+w) (up to sign). We will thus decompose
our integrals accordingly.

5.1. Splitting the oscillatory integral
We first define cutoff functions that will be used all along the paper and

that we will fix once and for all in Lemma 5.3.

Definition 5.1. We let (x;)jef—1,0,1} be any smooth partition of unity of
the closed interval [—1, 1] such that y; is equal to one in a neighborhood of

1, supp(x1) C (0,1], x-1(s) = x1(~s), and supp(xo) C (—1,1).

We will make a ¢-dependent partition of unity of the sphere § € S?~!
by letting

§—Bo
1€ — Bol

0'_>Xj (9 )a je{_la()?l}v 5#607

that is to say, for j = +1, localization near the poles +5=F0 |£ 5 E and for j = 0,

localization near the equator (é:—gz‘)
We split the integral I defined in (4.22) accordingly as

(5.1)  Ip(&— Bort) = IS (€ = Bo,t) + IV (€ = Bo,t) + T (€ — Bos t),
with

(5.2) I9(¢ — Bo,t) =

/ \ (9 £~ ﬁ0> i(E=B0)-(1v(0)+3(0) 16050) (9 A Vol(0).
Sa-1 1€ — Bol
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We first rewrite & — By as § — By = dw with A = [ — fy| # 0 and
w = =g € S?-1. The above splitting (5.1) of Ir into three pieces now

(5.3)  IpQw,t) =I5V 0w, t) + I 0w, 1) + I Ow, ), with

(5.4) I (w,t) = / X (60 - w) e v O+20) i6020) B(9) d Vol (6),
Sd—l

and we study each piece separately. To state our results, we also define, for
n € R\ {0},

(5.5)
n

Cj(n) = {0 e S9! such that 6 - m € supp(Xj)} , forj=-1,0,1.

These are three closed subsets of the sphere. According to the above prop-
erties of the cutoff functions y;, we have, for all n € R?\ {0},

C_1(n) U Co(n) U C1(n) =S,

C11(n) is a neighborhood of :I:|Z—‘ in S, and Cy(n) is a neighborhood of

1
(i) in S%~1. We also notice that these three sets only depend on % =w,

I
whence C;(n) = C;(74) = Cj(w).

n
Il
5.2. Nonstationary points

We start with the integral I;,O) for which we will use the following lemma.
Lemma 5.2 (Nonstationary points). There is a function r — Cx(r) > 0
and tg > 0 depending only on &,v : S*1 = R? and xo from definition 5.1
such that for all t > tg and F € CN(S*1), we have
19 (w, 1)
= (ixt)™N / (M (VOF30) £ (XO (0 w) eiﬂO'ﬂ?(@)F(e)) dVol(6),
Sdfl

or equivalently for € € R4\ {5},

(ile — Bolt)N I (€ — Bo.t)
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. - £=bo_ — o
_ /Sd_1 61(5_,30)(tv(@)-&-:c(@))ﬁj\\&[;l%o\ (XO <9 . é — gg‘> ezﬁo‘x(G)F(9)> dVOl(Q),

where LY, , is a differential operator of order N on St with smooth coef-

ficients only depending on X,w and t and such that for all ¢ € CN(S41),
for all w € ST, for all § € Cy(w), and all t >ty we have

(L% (0)] < Cn ([|E]ev+1(Cow))) Z Ve (0)]

la|<N

In particular,

117 0w, )] < O (7 lex s (con) OB N IE lwsa ey s

or equivalently, for & € R\ {Bo}

1157(6 = Bo, )] < O (I@lle s cute-sn) (1€ = Bolt) NI llw (coe—-

Again, this kind of estimates is classical and the only novelty here is the
explicit control in terms of the various parameters involved which will be
obtained by a careful inspection of the usual arguments.

Proof. We let ¢y, == w - (v(&) + @) so that
Vorw ([ ire(tv(0)+i(6)) i (Ev(0)+E(6))
— e = (iXt)e .
o ( )=
Note that

Dz (0)w
t Y

v¢t,w = quoo,w('g) + (Z)oo,w(g) =w: V('g)a

and that there exists some constant ¢y > 0 depending only on v such that
|Vooow(@)|| > codsi-1(0,£w) = co(1 — |6 - w|) (as the critical points are
nondegenerate). In particular, this operator is well defined as soon as 6 - w
lies on the support of xo and as t > to := ¢(xo0, V)||DZ|| = (for some constant
depending only on xo and v). Hence, we get the first of the Lemma by letting

o= ()
N\ il Verwl? '
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The second part follows from the fact that this is a differential operator of
order < N whose coefficients depend on a certain number of derivatives of
Z (and v). O

Once and for all, we will use the function xo € C°(—1,1) from defini-
tion 5.1 with large enough support to meet the requirements on the support
of x+1 in Lemma 5.3 below. Then, the reference time

to := C(X(), V)HD.%HLOC(Sd_l)

is fixed, depending only on yo and the parametrization & of some given
convex boundary by the outward normal. The time ty will always only de-
pend on these three ingredients appearing in the phase function part of the
oscillatory integral and not on the amplitude unless specified otherwise, it
only deals with the nonstationary part of the oscillatory integral and tells
us when the effect of & becomes negligible compared to the size of tw - v(6).

5.3. Stationary points
We now turn to the terms Il(pil) and need the following lemma, which is
again more or less classical (asymptotics of the Fourier transform of the
surface measure on a convex set):

Lemma 5.3. For all x1 € C>®([-1,1]) compactly supported in a small
enough neighborhood of 1 and equal to one on a slightly smaller neighbor-
hood of 1, with x—1(s) = x1(—$), and for all N € N*, we have, for all
t>0, e RI\ {Bo}, @ € CPNFI(SI) and all F € C*NH(C141(€ — Bo)),

eit(&Bo).v(ilgﬁg)ezpig(d—l)( o >f121

[CEs)

v Nz:l :t i (ezgi()F) (:l: € - BO >
(t1€ = Bol)? ﬁo’ )7 b € — Bol

1€=Bol

106~ Bo.t) =

Q

| F'[[wransan(coy (e)
(t1€ — Bo|)N T

~112N+d N+d
xmasc {1, 125 < o eyl — Bl

+ ON760(1)

where the constant in the remainder Oy g, (1) depends only on N, v and the
cutoff functions, where wa are differential operators of order < 2j whose
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coefficients are uniformly bounded in w € S=1, where Lo = 1 and r(v(£0))
is the Gauss curvature at the point v(£6) of 0K.

Remark 5.4. We note that the growth in || is a priori quite bad (except
if £ = 0, which is e.g. the case when studying dynamical correlations for
functions, see Section 6 below) and we will have to pay attention to this
problem in the upcoming sections. For instance, this reads, for N = 1 and
for a constant C depending on Z,

Igtl) (5 - BO? t)
(HEB0)v (165 ) iz (1) (% T i) o (£ 5o
_0 AR (=)
Ve (v (=2)
|€ o 60|2+d )
O =1 F 24d,1 1 .
<<t5-50|>1+2 IF by ey

Again, the proof of Lemma 5.3 is classical. After using a convenient
coordinate chart on the sphere of the form

Bra-1(0,1) — {z €S 4z, >0}
g = (2,1 [2]?),
we are in the set-up of the standard stationary phase asymptotics Lemma

as stated in [Zwol2, Th. 3.16]. Compared with the proof in this reference,
only two points require a particular attention:

e The first one is that we want some uniformity of the constants with re-
spect to the parameter w = |§:gg| . Equivalently, we need to apply some

Morse Lemma with parameter w. Hence, we need to verify that the size
of the chart when applying the Morse Lemma in the proof of [Zwo12,
Th. 3.16] can be made uniform and that the coordinate charts have
derivatives uniformly bounded in terms of w. This can verified by re-
calling that the Morse lemma near a (nondegenerate) critical point
xo = 0 of a function ¢ is obtained by writing the Taylor formula

6(z) = 6(0) + 2T ( / e t)d%(tx)dt) ..

0

Then, recall that, given a symmetric matrix g, the map M € {M :
QoM € S,(R)} — MTQoM € S,(R) is invertible in a neighbor-
hood of Id (whose size depends on o). Hence, one concludes that
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(Jo (1 = )d2(tx)dt) = LM (2)Td>¢(0)M (z), for some smooth func-
tion x — M (z) defined in a neighborhood of 0 whose size depends
on d?¢(0). The size of this neighborhood can be chosen in a way that
depends linearly on the norm of d?¢(0). As our critical points vary in
a compact part, their corresponding Hessian varies in a compact part
and the neighborhood (and thus the size of the support of x1) can be
chosen uniformly as well as the involved constants.

e The second point is that the statement of [Zwol2, Th. 3.16] involves
the C2N*+9_norm. Yet, inspecting the proof (namely, step 3 in the proof
of p. 43 together with the proof of Lemma 3.5(ii)), one finds a control
by the W2N+41_norm.

We refer to [DLR22b] for detailed proofs of Lemmas 5.2 and 5.3 in case
v(f)=0.
For later purposes, we introduce the translation invariant Hamiltoninan

§— 5o
1€ — ol

where hy is the support function of the convex set K in the definition of
v (see Section 3.2 for the second equality). We also introduce the critical
values of the height function that will play a special role in our analysis:

(5.7) Mg, = {Aal6).€ € 29\ (o} }

Thanks to (3.3), this forms a discrete and locally finite subset of R. Note
also that, thanks to (3.3), £A+(&) > c1|€ — Bo| for some uniform ¢; > 0
(depending only on v). In that direction, we record the following useful
lemma.

(5:6)  Ae(6) = (6~ fo) v (i ) — th((E — Bo)).

Lemma 5.5. There exists co > 0 such that, for x1 € C*°([—1,1]) compactly
supported in a small enough neighborhood of 1 and equal to one on a slightly

smaller neighborhood of 1, and for all (8,&) in the support of x+1 (9 . %) ,
one has

[v(0) - (€ — Bo)| = col€ — Bol-
Proof. We let 9 > 0 be such that supp(x1) = [1 — €o, 1]. Then, for (6,¢) in

the support of x+1(6 - %) with £ # Sy, one has

(= Ho)
€ — Bol

which proves the statement for ¢y small enough. O

v(0) = [A£(8)/1€ = Boll + Oleo) = e1 = O(eo),
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6. Asymptotics of twisted dynamical correlations

In this section, as a first application of these fine stationary phase asymp-
totics, we give an accurate description of the correlation function as t — +oo.
See Theorem 6.5 for a precise statement. As a byproduct, this shows how
anisotropic Sobolev norms naturally appear when studying analytical prop-
erties of geodesic flows and it also proves Theorem 2.4 from the introduction.

For the sake of simplicity, we restrict ourselves to the case where k1 =
2d — 1, k2 = 0 and Z(0) = 0. Namely, we fix two smooth functions ¢ and
in C>°(ST?) and we want to analyze the behaviour as t — +oc of

ot ) 1= [ (. 0)eVo0 (). 0) dld Vo)

- / e~V O)Bo (3 )iz — tv(8), 0)|dr|d Vol (9)
STd

where 8y € H'(T4,R) ~ R?. According to Remark 4.14, this can be rewrit-
ten as

ot ) = 30 [ BeO)i-(0)6 P Oavao),

gez?

where

0(2,0) = Y Ze(O)ee(r), and (z,0) =Y te(O)ee(x).

gezd ez

We will now implement the decomposition (5.1)—(5.2) together with Lem-
mas 5.2 and 5.3 in order to analyze the asymptotic expansion of C, y(t, Bo)
as t — —+o00.

Remark 6.1. Modulo some tedious work, the analysis could be extended to
the more general framework of Lemma 4.12 except that the terms in the
asymptotic expansion will be slightly less explicit.

First, we write

Cop(t, Bo) = Egy (. 1) + Z /d 1 @5(Q)J_g(e)eit(f—ﬁo)-v(e)dVO](@),
gez\ {50} 75"

where

61)  Eslp) = /

Sd-

B5,(0)0_3,(0)dVOI(0), if By € Z2,

and Eg,(p,1) = 0 otherwise.
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6.1. Anisotropic Sobolev spaces of distributions, splitting the
correlation function

We decompose these correlations further by writing
(6.2) Co,u(t, Bo) = Ep, (¢, %) + C-1,0,5(t) + Copu(t) + C1pp(t),
with, for j € {—1,0,1},

Gj%w(t) =

S [ (o) BT e,
£€ZN\{Bo}

where the x; are the cutoff functions defined in §5.1 and Eg, (¢, 1) is defined
in (6.1). Below, we will drop the dependance in (p,1) in the index of € to
avoid too heavy notations.

We first consider the term Cy(¢). Applying Lemma 5.2 to £ = 0 and
F = p¢tp_¢ combined with the Cauchy-Schwarz inequality

1@eth—¢llwna(coe—go)) < NPellam (cote—pon 10—l Bm (Cote—50))»

we have the following statement:

Lemma 6.2. For all N € N, there is Cy > 0 such that for every t > 0,
every By € Rd, and every ¢, € COO(S’]I‘d), we have

1ellizs onie—snn | P

HN(Co(§—fo)) )
& — BolN

Co(t)] < Ont™
§€Z\{Bo}
We now consider the terms Ciq(t). Applying similarly Lemma 5.3 to
z(0) =0 and F = @¢1p_¢, we have the following statement:

Lemma 6.3. For all x1 € C>*([—1,1]) compactly supported in a small
enough neighborhood of 1 and equal to one on a slightly smaller neighborhood
of 1, with x_1(s) = x1(—s), and for all N € N*, we have for every By € R,

d—1

eit)‘i(g)e$i§(d71) 2 T2
Cal)= D, (t|§—ﬁor>
§€ZN\{Bo} \/F& ov (i%)
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Xszl ($$>< §— ﬂo)
(tl§ — ﬁo| j’é S \TEEE 1€ — Bol

H‘PEHH2N+d (C11(6—Bo)) Hw é’

b

H“’*d (C+1(§—50))

)

Loy (V-5 -
( ) £ez\{Bo} ’5 - 50‘N+ 2

ast — 400, where the constant in the remainder On (t_N_%) depends also

on By € R? and where A1 (&) was defined in (5.6) and depends on By and K.
In view of this Lemma, we define:

Definition 6.4 (Anisotropic Sobolev spaces). Let (sg, s1, No, N1) be an el-
ement in Z2 x R? and let v € R% For every p(z,0) = > Pe(0)ec(x) €
C>°(ST?), we define the following anisotropic Sobolev norms:

oA 112
o l3gen o = D A€ 1Belzreo (e
IIYA

+ > O N Beler (car ey -
ezt

In our applications, these norms are used for v = +3y. The geometric
content of these anisotropic norms is discussed in Section 6.3 below.

6.2. Asymptotics of the correlation function

Now, combining this definition with the reduction made in §6.1, we find

Theorem 6.5 (Asymptotics of twisted correlations). Let Sy € H'(T% R)
and let N € Z. For every ¢(z,0) = > ccz0 Pe(0)ec(z) and ¢(x,0) =

> ez 121\5(9)%(30) in C°(ST), one has

Cous(t, Bo) = / e~V (2, ) 0 e (w, 0)|der|d Vol ()
STd

= Eg, (¢, )

e P OTTEDLE |, (Gede) (£52)
+ (271)% Z 7ol
e \/ mov (££8 ) (tle - ol
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where Eg (¢,1) was defined in (6.1), wa is the differential operator of
degree 2j appearing in Lemma 5.3 and, for every integer s > N + d the
constant in the remainder is controlled by

Cn [lell s,—§.2N+d,—J 471 19 s,—§.2N+d,— § 421
Ha, H g,

with Cy > 0 depending only on d, N, s, By and the choice of the cutoff
functions (X;j)jefo,+1} used in §5.

Theorem 2.4 from the introduction is a direct consequence of this result,
obtained by taking g =0 and N = 1.

Remark 6.6. Note that this result states convergence of the correlation func-
tion towards a constant Eg, (p,1)) at rate ¢t~ the fluctuations around the
equilibrium are governed by the quantum evolution operators ¢*+(P) The
latter is the magnetic half-wave group for the translation invariant Finsler
structure on T*T9, associated with the convex set K. Here, recall that the op-
erators Ay (D) = hy(£(D—pBo)) (see (5.6) Section 3.2 for the notation) are
a translation invariant Fourier multipliers that, on account to the assumption
that 0 € Int(K), are elliptic pseudodifferential operators of order one on Te.
The critical set Ag, in (5.7) is precisely the union of the spectra of Ay (D)
and A_(D). See [Rat87, FT15, DFG15, FT17b, FT17a, FT21] for related
considerations in the context of contact Anosov flows. See also [DLR22a]
and Section 6.2.2 below for a more explicit connection with the Laplacian
in the case v(0) = 6.

Recalling from the proof of Lemma 5.3 that the operators L;-—L can be
computed explicitly (up to some tedious work), this theorem provides an
explicit asymptotic expansion of the twisted correlation function for smooth
observables. Besides that, another interesting feature of this theorem is that
it illustrates how anisotropic Sobolev norms naturally appears when study-
ing the asymptotic behaviour of the geodesic flow on the torus. This is
particularly clear in the case of the remainder while for the term in the
asymptotic expansion, one can remark that, using the standard Sobolev
inequalities [Eval0, §5.6.3],

N -~ §—Bo
‘Lj,g_ig <£p§w*£) <i!§ - M)‘

< Cjl|@ellczi (cue—poy 1V—¢llezi (v e_sy))

< Cjll@ell gaivartr(cry e—po)) 10—ell 2w arz i1 (Coy (6= 80))-
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Hence, each term in the sum over j is controlled by some anisotropic Sobolev
semi-norm (that depends on 7). In summary, test functions can have a priori
arbitrarily large polynomial growth in |£| away from the direction of £ — (.
Close to € — g, the situations is not as good and one needs to have moderate
growth in |£] to ensure the convergence of the sums.

6.2.1. Further comments. Let us now comment a little bit more on
Theorem 6.5. First, we emphasize that our strategy can be viewed as an
analogue on flat tori of the strategy used by Ratner [Rat87] to describe
the asymptotic behaviour of the correlation function for the geodesic flow
on hyperbolic manifolds. Like in this reference, we use tools from harmonic
analysis to describe accurately the correlations and we end up naturally with
anisotropic Sobolev norms (see e.g. [Rat87, Th. 1] for the use of spaces with
anisotropic Holder regularity). As in [Rat87, Cor. 1], it is interesting to look
at the case where ¢ and ¥ do not depend on 6. In that case, the asymptotic
expansion of Theorem 6.5 reads as follows

Counlts o) i= [ e VO p(a)i(a — tv(9))|dald Vol(6)

STd
21 Gy
= T ([ ewesnan) ( f vrtes o)

2
o Nl (P (©FF(d-1)

+(2m) = > Cjt(f_ﬁ) — 1<P§1/1 ¢

7=0 €€Z\{Bo},+ (€ — Bol)’*
1

where 5Zd B, = Lif Bo € Z% and 650 B, = 0 otherwise and where the coeffi-
cients c (f o) depend only on the geometry of S*! and are uniformly
bounded in terms of £. In particular, we can verify that the term of degree j
is controlled by the following quantity (up to some constant depending only
on j and d)

ST Je— Bol T |G 3"+ Bol T (e
EEZN{Bo} EEZAN{Bo}

< Cpo llllze 1]l 2

The same bound would hold on the remainder term. Hence, L? is the natural
space to consider when considering observables depending only on x as in
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the case of hyperbolic manifolds [Rat87, Cor. 1]. See also [HR17, Prop. 2.1]
for related results on Birkhoff averages in the case of flat tori.

6.2.2. Relation with the magnetic Laplacian. When v(f) = 6 and
when the observables ¢, ¥ depend only on = and not on 6, the above discus-
sion can also be understood differently if we make the connection with the
magnetic Laplacian
d
. 2
Agy =Y (Oa, +ibog)"

j=1
Indeed, if we rewrite according to [Ste93, Eq. (25), p. 347]

Cousltso) i= [ e (a1 dsld Vol 9

ST
= 3 peie [ MR aNOI(0)
geze st
=27 > P eWe(tlE + o)) T Tz (2t + Bo)
&ezd

:QWAdw(x) (t —Aﬁ0>2;ljd;2 (27rt —Ago)w(x)\da:\,

where J, is the standard Bessel function of the first kind. In particular, if
we denote by IT : (z,0) € ST? — 2 € T? the canonical projection, we obtain
the following relation between the twisted geodesic flow and the magnetic
Laplacian

2—d

(63) LV < or (/=Ag,) 7 Jus (27ty/=Ag,) .

For observables depending also on the 6 variable, the expressions are
slightly less explicit. Yet, as in Theorem 2.4, we can for instance consider
the first term in the asymptotic expansion of Theorem 6.5, which is given
by

d—1 ii(ﬂf—ﬁ(ﬂ—%(d—l)) R £- B
(27‘(’)T e — afwig <:t >
SGZd%O},i (t1€ — Bol) 2 ( ) 1€ = Bol
d—1 6ii(t|f+50 *%(d*l))

~ §+bo
—— |P-¢¥ <$ > .
cezi\(pote  (HE+ Bol) = ( ¢ 5) 1€ + Bol
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If we introduce the following map

Hi(): A£< §+50>%
Bo \7 Z ! 3B
§€Z\{—PBo} ‘f 0|

then the (first term) asymptotic expansion of €, (t, fp) in Theorem 6.5 can
be rewritten, modulo O, 4 (%), as

5
(6.4)  Cyy(t, fo)

B 2_7T % e?# eiit\/fA,ﬁo ) N AT N
—@) 2 A«;IEQIMMOU%MXW\

_Q_W‘%I e . xe:tit—A/;oo:F s
—(t) 2. Aﬂ%WX%T&TTHMW(NM,

after having used the Plancherel Theorem. Similarly, all the terms in the
asymptotic expansion can be written in the same fashion except that the
expression will be slightly more involved.

6.3. Geometry of the anisotropic Sobolev norms

With the geometric description of §3.3 at hand, we can give a rough geo-
metric interpretation of our anisotropic spaces using the notion of pseudod-
ifferential operators [Hor85]. Usually, Sobolev spaces are designed using the
quantization of a symbol of the form (1+|(¢,©) 279)5 where (2,0,¢£,0) is an
element in 7*ST¢ and s is the Sobolev regularity. Here, due to the explicit
structure of the problem, we did not write exactly things in that fashion.
Yet, our spaces would in principle correspond to replace s by a function
s(z,0,¢,0) whose values depend on the directions in 7*ST? and thus to
work with anisotropic symbols. More precisely, taking v = 0 for simplicity,
we would in fact require using this pseudodifferential approach that

s

e near £, the symbol is given by (1 + ]§|2)%(1 +10[3)> . Thus, we are
roughly requiring a Sobolev regularity Ny along Ej.

e near H* & V*, the symbol is given by (1 + |£\2)%(1 + |®|§)?0 In
particular, on V*, this correspond to a Sobolev regularity of order sg
while on H*, the Sobolev regularity is Np.

See Figure 4.
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Figure 4: Schematic representation of the Sobolev regularity in the cotangent
picture.

7. Anisotropic spaces of currents

In Lemma 4.10, we saw that, for g € H'(T? R) and for a smooth function
x : R — R with enough decay at infinity, the operator

R(=iVs,) == / X(B)e Vol d]
R

is bounded when acting on the space of continuous differential forms. Now
we aim at describing anisotropic Sobolev spaces adapted to the dynamics of
the geodesic flow on which X(—iVg,) will still extend continuously.

7.1. Anisotropic Sobolev spaces
Motivated by the norms of Definition 6.4 appearing in the description of the

correlation function, we introduce the following spaces of currents.

Definition 7.1 (Anisotropic Sobolev spaces of currents). Let 5y be an ele-
ment in H*(T%R), let 0 < k < 2d — 1 and let (so,s1, No, N1) in Z2 x R2.
We define the following anisotropic Sobolev norm:

2

H?#0(Co(§~Fo))

12 0 2= D (€2 |7 ()|
»P0O é_

€z

+ > @

ezl £

2

Ho1(Ci1(€—Bo))

()|
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where () := (14 |7/%)2 and where the Sobolev norms H* on forms are

understood in the sense of Remark 4.2. We define the space HZ"’BJ(YO’S“M to

be the completion of QF(ST?) for this norm.

As above, we note that these norms depend implicitely on the cutoff
functions used in §5.1. In particular, the conic neighborhood C4(w) can be
chosen arbitrarily close to w € S¢~! but it cannot be too large in order to
apply Lemma 5.3. Using these spaces, one gets

Theorem 7.2. Let 0 < k < 2d—1, M, N be elements inZ,, o € H' (T4 R)
and x € CZ°(R%). Then,

~ M,—M/2,0,—N/2 M,—M/2,0,—N/2

X(=iVg,) : Hy ", / 2 (%Zd—i-l—l/c,ﬁo / )

defines a continuous linear map, where (H%:ﬁlféﬁ’]\m)’ C D'*(ST?) is the

topological dual of H%Lﬂ%ﬂ’wg

Compared with the spaces appearing when describing the asymptotics of
the correlation function, we now require that test currents are regular enough
along the vertical space V while they can be singular along the horizontal
space RV @ H. See Figure 4 with so = M, Ngo = —M /2 and N; = —N/2.

7.2. Mapping properties

For later applications to counting orthogeodesics, we also fix a smooth map
:ST 5 RY

and our goal is to study more generally the analytical properties of the
operator:

(V)T = / (B VT dt],
R

under appropriate assumptions on x. To that aim, we fix 0 < ky, ko < 2d—1
and two smooth forms (g, ) € QF (ST?) x QF2(ST?) (with ki +ko = 2d—1).
Hence, for y with enough regularity, we want to study the properties of

1) [ e AREIVAITL0) = [ X0 (b Al

in terms of the anisotropic Sobolev norms we have just introduced. It is
precisely in the present section that we will benefit from the regularization
effect due to averaging on the time t variable.
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In order to state the main technical result of this section, let us introduce
the following definition:

Definition 7.3. Let p € R and let N € Z,. We say that x is (V,p)-
admissible if x € C*°(R;) and if it satisfies the following properties:

e the support of x does not contain 0,
e forevery 0 <m < N,

m

d
— (¢tP =
tlg—rgo dtm (x(#) =0,

o for every 0 <m < N, t — 4= (tPx(t)) € LY(Ry).

This definition includes the case of smooth compactly supported func-
tions on R” and Theorem 7.2 is actually a corollary of the much more precise
statement:

Theorem 7.4. Let ky + ko = 2d — 1, let By € H'(T?,R) and let M, N be
elements in Z.. There ezists a constant Cpny > 0 such that for all (p,v) €
QF1 (ST) x QF2(STY) and for all x which is (N, min{ky, ko})-admissible and
which satisfies'” supp x C (to, 00), one has

min{ki,k2}

(7.2) /Rx(t)%m*i(w)(t,ﬁo)!dtl = Z 39 (e, 0),

where, for all 0 <1 < min{k;, ka},

By
30,0 = == [ xoria

dN

goM,Nmax{uw)tlMHU(RH, i ()], }nwu%uwum

with Hq := H%:B_OM/ZO’_NM and Ho := HM M/20 —N/2 defined by Defini-

tion 7.1, and with

0

(7.3)  EY = / ¢ 2O B0 (5, 4)(0)d Vol(9) if fo € HY(T?, Z),
Sd 1

10The constant is the one from Lemma 5.2.
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E,((ilo) = 0 otherwise,

(27)

where the explicit expression for B, is given by (4.18).

The function yg appearing in this Theorem is the one from Definition 5.1
and we recall that each function x; implicitely appears in the definition of

the anisotropic spaces. The term Eélo) is a generalization of the term Fg ,
defined in (6.1), to the case of differential forms. Before entering the details
of the proof, we start with the following observation which follows from a
direct integration by parts argument:

Lemma 7.5. Suppose that x is (N, p)-admissible. Then, for every \ # 0,
one has

[ e < | e

LR,

This lemma will allow us to gain a decay in |¢| that is lacking in the
region where the phase is stationary. In other words, it will allow us to
take observables that may be singular along the direction of V' while for the
correlation function we required to have some regularity along V; that is
to say, we can now choose N; <« —1 in Figure 4. Henceforth, in the proof
of Theorem 7.4, we only make use of the non-stationary phase estimate of
Lemma 5.2 and do not rely on stationary phase estimates of Lemma 5.3.

Proof of Theorem 7.4. According to Lemma 4.12, we start from the decom-
position (4.16)—(4.17) of the dynamical correlator € according to the poly-
nomial degree in the variable t. Integrating the expression of C‘?fp T () (t, Bo)

in (4.16) against x(¢) will then yield (7.2) with
(7.4) 30(e.0) = [ X0z (0. Aot

We decompose eio,Tii(w) (t,Bp) further by writing

l
(15) € (b = SBD + Lot + Lebn + Lelo,

where El(ilo) is defined in (7.3) and, with, for j € {—1,0,1},

ciy= > /dl...dVol(Q),
gezi\{fo} *S
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where ... means

(0

and where the functions ; were introduced in Definition 5.1. Note that E e
concerns the Fourier coefficient ¢ = £y (in the case By € Z% and it vanishes

1)

otherwise). Moreover, Eéo is a time invariant quantity. The above decompo-
sition indexed by j = —1,0, 1 corresponds to the different integration regions
of %=1 on which we study the oscillatory integral.

We now compute each term in (7.5). The first term is nothing but

l
(7.6) / X(0) B at] =

We next consider the term involving €} (¢). Applying Lemma 5.2 to the

function F(0) = kQ’ (p,1)(0), we have the following statement: there
exists tg > 0 such that for all M € Z, there is Cpy > 0 such that for all
t > to,|€ — fol > 1, (p,9) € W+ (STY) x QF2(ST?), we have

‘Gé(t)’ = geZdX\%ﬁ }CMW H e w(')HWW(Co(E—Ba)) '

9
x(6)t']dt].

According to (4.19), this implies for every ki + k2 = 2d — 1, for every 0 <
| < min{ky, ko} and for every (p,v) € QF(ST?) x QF2(ST9),

7O e 7 @

€ — BolM

C M _
‘66(1&)‘ < tWM Z HM(Co(£—fo)) )
§EZN\{Bo}

We thus obtain, if supp x C (tg, 00), that
t I-M
@1 | [ xoFesoll| < O,

1 1 :
fezdi\%ﬂo}m‘)ﬂf (?) HHM(Co(E 8)) |« w)HHM(Co@—,Bo))'

For the remaining two terms, we write
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[rofeawa= 3 [ ([ e o)

£€ZN\{Bo}

_B &I 2,
xxﬂ( = Bg‘)eﬁ 9 B2 (15,15)(0)d Vol ).

According to Lemma 5.5, one has by integration by parts in time, for all
(6,€) in the support of x+1 <9. é:gg‘)

(7.8)

/X(t)tleit(é—ﬁo)v(ﬁ‘dﬂ’ <
R

1 dN
(€= o) VO ” i (1)

L'(R4)

)

L*(Ry)

1 dv
= Jaole = B Hdt_N ()

Coming back to our problem, we can derive the estimate

tl
[ e
R .
]‘ 2
sev() Y el B @) O)lcnes)
£€Z\{Bo}
(kl) ‘ k2
T (¥)
H £ L2(C1(6—P0)) H ’LZ (Cx1(6—50))
sevb0 3 €~ Bo)™ |
E€ZN\{Bo}

where ¢y (x) is of the form ¢y Hdt_N tlx)’

@) for some positive constant
(R,

¢y depending only on N. Combining this together with (7.6) and (7.7)
n (7.4)—(7.5), and recalling the definition of the norms HM ~MIZOSNIZ 4y

Definition 7.1, we have obtained the expected bound. ]
8. Mellin and Laplace transforms

We will now apply the results of Section 5 to two fundamental cases which,
besides their own interest, will be instrumental in our description of zeta
functions associated with the length orthospectrum, defined in Section 3.5.2.
These two cases are the two main analytical statements of the article.

All along this section, we will take X~ to be a smooth function on R
satisfying the following properties
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(8.1) JTp > 1, Fto >0, such that supp(xeo) C [0, 0)
and Xoo(t) =1 for t>Ty+tp.

Typically, for our applications, we will in fact work with nondecreasing func-
tions of this type. We now aim at refining the results of Section 7.1 when
the function x depends on some extra complex parameter, e.g.

XSL(t) = Xoo(t)e™*" and xé\/[(t) = Xoo(t)t ™%,

where s € C has large enough real part. Equivalently, this amounts to study

the Laplace and the Mellin transforms of xoo(t)e™Veo:
(8.2) )z?(—iV,go) = / e xoo(t)e Vi |dt| and
0
Wiva) = [ e Vol
1

Note that, for Re(s) large enough, we are in the setting of application of
Theorem 7.4. Hence, for such s, these operators are well defined on the
anisotropic Sobolev spaces we have introduced in Section 7.1. Our goal is to
show that these operators in fact extend to appropriate subsets of the com-
plex plane when considered on these spaces. See Theorems 8.4 and 8.8 for
precise statements. This section is di\ided in two main parts correspond-

ing respectively to the analysis of xM(—iVpg,) (§8.1) and to the one of
X&(=iVg,) (§8.2).
Remark 8.1. Besides applications to Poincaré series, note that the Laplace

transform appears naturally when studying the resolvent of Vpg,. In fact,
one has

+oo
(s+Vg,) t:= /0 e 5t tVoo |dt |

+oo —
- /0 (1= Xeo(t))e e Vi [dt] + xE(—iV3,),

which defines a bounded operator from Q¥(ST?) to D’*(ST) for Re(s) large
enough. Note that the first integral on the right hand side is over a compact
interval. Hence, this part extends holomorphically to the whole complex
plane as an operator from Q¥(ST%) to Q% (ST?). Equivalently, understanding
the extension of the resolvent amounts to understand the continuation of
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XL (—iV). The same remarks hold for the integral

+oo
/ t=5e Vo |dt).
1

We refer to Section 8.3 below for precise statements. A refined analysis of the
resolvent when k = 0 and in the case of analytic regularity will be discussed
in [DGBLR22].

8.1. Mellin transform

We begin with the case of the Mellin transform which is slightly easier to
handle as it only requires nonstationary phase estimates.

8.1.1. A preliminary lemma. In the case of the Mellin transform, the
analysis relies on the following elementary lemma:

Lemma 8.2. Let Ty > 1 and ¢ € C*°(R) be such that supp(¢) C [Tp, +00)
and ¢ is constant near infinity. Then, the following hold:

1. For any A € R, the function

fonls) = / H()t—> i)

is a well-defined holomorphic function for Re(s) > 1 satisfying
—(Re(s)—1)

[fon(s)] < HngLw(R)fgeT)—l’ for s € C,Re(s) > 1.

2. If ¢ is compactly supported, fs is actually defined on the whole com-
plex plane and defines an entire function on C such that

T Re(s)
|[for(s)] < Cp 7,
’ * (Re(s)
3. If A\ =0 and ¢ = 1 in a neighborhood of +o0, then fyo extends to C
as a meromorphic function with a single simple pole at s = 1 whose
residue s equal to 1. Moreover,

(8.3) foo(s) = w, forall s € C\ {1}.

for s € C.
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4. If X # 0 and ¢ = 1 in a neighborhood of 400, then fy » extends to C
as an entire function. Moreover, this extended function satisfies, for
all m € N* and all s € C,

H

(8.4) foa(s o )" Py(s) fpom-n A (s + 7)
D) ]0< > ¢ A J
P(s)
+ (Z)\)m A(S+m)a
where
j—1
(8.5) P;i(s) = H(s + k), for jeZ%, and Py(s)=
k=0

and, for all m € Z,, there is a constant Cg,, > 0 such that for all
A#£0,

(8.6)

m —Re(s)+1
[for(8)] < Com (sh™ T

7 Res) gm—1 J°or Rels) > —(m—1).

Proof. Ttem 1 follows from the rough estimate |@(t)t 5| < ||@|| ot Fe(),
In case supp ¢ C [Ty, T1], this yields in particular the estimate

T Re( T Re(s)+1 T Re(s)+
8.7 f,sggz)w/ = Re(s) | gg| — :
BT foall < lollm [ lar e

which, combined with holomorphy under the integral, provides a proof of
Item 2. Item 3 consists in proving (8.3) for Re(s) > 1 by an integration
by parts, and then observing that f4 o is an entire function, whence the
right hand-side of (8.3) has the sought properties. The result for all s E C
follows from analytic continuation and the residue is fg o fR &' (t)
¢(+00) — ¢(0) = 1.

The proof of Item 4 (in case A # 0) also consists in proving first (8.4)
for Re(s) > 1 by integration by parts. After m integrations by parts, one
finds for Re(s) > 1

Forls) ( )/a D).



Length orthospectrum of convex bodies on flat tori 993

The Leibniz formula together with the fact that (t=5)0) = (—1)7 Pj(s)t=57J
then implies (8.4) for Re(s) > 1.

Next, we observe that the first term on the right hand-side of (8.4) is
an entire function (as #"=9) is compactly supported for j < m — 1) and
the second term is holomorphic on the half space Re(s) > —m + 1. Hence,
for all m € N* the right hand-side of (8.4) is a holomorphic function on
Re(s) > —m + 1, and all these functions coincide with fy x(s) on Re(s) >
—m+ 1. As a consequence of analytic continuation, for any m € N, f4  can
be extended uniquely to a holomorphic function on Re(s) > —m + 1 (still
denoted fy ), which satisfies (8.4) on Re(s) > —m + 1.

To prove the estimate, we use (8.4) and write

m—1

AP Ear(6) £ 3 () IO s+ )1+ [P ol + )]

=0

<.

Taking 1 < Ty < T3 such that supp(¢’) C [Ty, T1] and using item 1 together
with (8.7), we deduce

T,

m—1 Y )
A fsr ()] < Con 3 (11160 1 / = Relo) 3| gy
j=0

T (Re(s)+m—1)

+Cm<’3’>m”¢HL°°(R)W’

0

from which the statement follows. O

8.1.2. Meromorphic continuation of )?é‘\/f (—%Vpg,). Before discussing

the meromorphic continuation, let us first clarify its holomorphic properties
on Re(s) > d:

Proposition 8.3. Let xoo be a function verifying assumption (8.1), let By €
HY (T R) and let & : ST — R? be a smooth function.
Then, for all (¢,v) € QF(ST?) x QF2(ST?) with ki + kg = 2d — 1, the

function
(59 5 M) 1= [ o ATV T ()
is holomorphic on Re(s) > min{k1, ko} + 1 and it satisfies

T&(Re(s)fmin{kl,kg}fl)
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Note that in this expression, min{k;, k2} + 1 can be always be replaced
by d (but it downgrades the statement).

Proof. Recalling (7.1), we use one more time Lemma 4.12 and the decom-
position (4.16) and (4.17). Integrating (4.16)—(4.17) against Xoo(t)t™* then
yields

min{ki,k>}

B10) Miun(s) = [ AT VAT = > M0
=0

with

(s.11) MYy (3) = [ Xl et )

We then notice that the index [ is bounded by | < min{k;, k2} <d—1, and
that

(8.12)

tl z €T 2,
et 50)| = |7 22 / HEP)(0)¢i€20) BERD (0, ) (9)d Vol (6)

" tezd
t! kol
<32 [ Bl o] aveo)
. é’ezd d—1

< Ct'|oll 2510y 1P )| L2 (s0)

according to (4.19). We deduce that
Xeo "L .4y (0 80)| < Cxeo Ol [Vl s

Recalling that | < min{k, k2}, (8.11) then implies holomorphy of MEQ )
in Re(s) > 1+ 1 (and in particular in Re(s) > min{ky, k2} + 1). Item 1 in
Lemma 8.2 finally yields

0 TO—(RG(S)—miH{k1,k2}—1)
< 2 d 2 d
MGy < Rty —mingn Ry =11l (s

from which we infer (8.9) thanks to (8.10). O

We now turn to our main statement on these regularized Mellin trans-
forms.
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Theorem 8.4. Let xoo be a function verifying assumption (8.1), let By €
HY(T% R) and let & : S+ — R? be a smooth function. Suppose in addition
that Ty > to where Ty > 1 is the constant appearing in (8.1) and to > 0 the

one from Lemma 5.2. Recall that Ego) is defined in (7.3).
Then, using the conventions of Proposition 8.3, for any N € Z7 , there
exists C'y > 0 such that, for every couple

N,—N/2,0,—N/2 N,—N/2,0,—N/2
((‘0’ w) € Hkl ,Bo / / Hk%*ﬁ(( /

with k1 + ko = 2d — 1, the function

min{ki,k»} 1 E(l)

Bo
M ()= D 5T
=0

originally defined on Re(s) > min{ky, ka} + 1 extends holomorphically to the
half-plane Re(s) > —N + min{kq, ko} + 1 with

min{ki,k-} 1 E(l)

E : Bo
M — — 70
(o) (5) — Ns—1-1
On{(ls)™
~ Re(s) _mln{kth} 1 _i_NHSOH’HN —N/2,0,— N/2||w||HN N/20 —N/2.

The proof is very close to that of Theorem 7.4 and we just need to
pay attention to the dependence on the parameter s € C. Combined with
Proposition 8.9, this proves Theorem 2.2 from the introduction by picking

Bo =0, ki =2d—1 and ks = 0. Note that the term E( ) is only bounded by
the norm [[o| £2([¢|| 2

Proof. By bilinearity of the considered mappings with respect to (¢, ) and
by density, it is sufficient to prove these analytical estimates when (¢, 1) €
QF1(ST9) x QF2(ST?). As in the proof of Proposition 8.3, we can decompose
efp,Tii(zﬂ)(tﬁO) using (7.5). Then, we are left with describing the terms

J\/[Efp) qp)(s) in (8.11) that can be decomposed accordingly as

+ ot

0 0
(8.13) M =M -

(st (so P)\5
with

LE ,Stl !
MU = [ O FE ], and
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ME;’JTL)(S) /Xoo( ) l' ]( )|dt|,  for j € {—1,0,1}.

We now study each of these terms separately.

Firstly, as supp(xeo) C [1,00), we have

LE nl [ s
B14)  MED(s) = BT /1 Noo (B~ H] ]

. BO g0

— Bo Bo —s+1
_ = 1 — Yoo ()t 5|t
Tk / (1~ o))t~ dt]

where the second term on the right-hand side of the equation is an entire
function. Hence, this term has the claimed properties.

Secondly, we consider the term with ME;O;)

proof of Theorem 7.4. According to Lemma 5.2, we have, for t > tg

(s) and proceed as in the

bt = Y Gle-min™ [ Fe.eoavols)

£€ZN\{Bo}
with
F(t,&,0)
£—8
_ i(g—ﬁo).(tv(9)+z(9))£4|szso( <0 £~ 50) iB0-2(0) g (kaid) 0)
e ) )
Nt X0 1€ = Bol 7, (¢,1)(0)

and, for all w € S, for all € Cy(w), and all ¢ > tg,

(L%, 0)0)] < On | DY [V§w(6)

lo|<N

Coming back to M&?Bb)(s), we have

l
MO, (s) = / Xeol0)1* 5 1) ]

l
R gen\{po} ’
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where, as supp(xso) C [T0, +00) with Ty > max{1,to}, one has

l

el e~ Bl F(t.6.0)

< oo (RN = gy Ney 3 VB (6,0)(0)
lo| <N

uniformly for ¢ > max{1,to}, £ € R?\ {B} and 6 € Co(¢ — By). We deduce
from that bound and from (4.19) the holomorphy of the term Mgiﬁz})(s) in
Re(s) > —N + 1 + 1 together with the estimate

(8.15)

‘M&?:)b)( )| < OnlXoo O RO i
1 Bl

x Z T || Pre (p: ) .

£€Z\{Bo} € = Bol ’ WN(Co(€—Bo))

< O x| 1,

(k1) (k»)

X Z Hﬂ-f ((p)‘ HN(Co(§—Po)) 7T_£ (w)HHN(CU(f—BU))
& — Bo|V

£€Z\{Bo}
T—(Re(s)+N—l—1)

0
_CNRe( )+N—l—1

Sezd\{ﬁo}

W)

|~
HN(Co(€—Bo) Il ¢

HN(Co(6—P0)) .
& — BolN

Thirdly, we consider the two terms ME w))( ) and proceed as in the proof

of Theorem 7.4 (i.e. take advantage of the integration over time). We write
(LED) oy eit(€=Po)v
wie = X[ ([t e o)
£€2\{Bo}

€50\ ica(0) plha)
xxﬂ< e 50>e I B (0,4)(6)d Vol (6).

Item 4 in Lemma 8.2 together with Lemma 5.5 then imply that the inte-
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gral

extends as an entire function in s for any given (0,€) in the support of

X+1 < \g e ‘) According to Lemma 5.5 and to (8.6), it satisfies in addi-
tion, for any m € Z7,

shm Ty "
cE — Bol™ Re(s) —l+m —1’

| Free=80)0(8 = DI < Cxom

(1,£1)

for Re(s) > —m + [ + 1. Coming back to M (s), we find that it is holo-

(1)
morphic in Re(s) > —m + [ + 1 together with the estimate
(L,£1)
P o)
— Re(s (k2,1
o (slymTy e 1B (0, ) O] (0 -0
~™ Re(s) —l+m—1 € = Bol™

£€Z\{Bo}
m— Re(s)+1+1
_ (lshmry e
~™" Re(s) —l+m—1

kl k2
% Z H 3 v ‘ L2(C+11(£—50)) H TJZ) ‘ L2(C1(6— BO))
1€ — Bo|™

£€Z\{bo}

Finally, combining this together with (8.15) (and the statement preced-
ing this estimate), and choosing m = N, we have obtained in the decompo-
sition (8.13) that the function

(l) _ (lvE) _ (lv_l) (l,O) (lvl)
M) (9) = Mg (8) = Mgy (5) + Mg gy () + Mg ) (5)
is a holomorphic function in Re(s) > —N 41+ 1. As long as Ty > max{1,to}
and recalling the definition of the norm HN ﬁN/ 202N/ 4
end up with the estimate

in Definition 7.1, we

O]
M(w d))( §) — 807/))( 5)

< Cpn R ( ) l_|_N HQOHHIIC\,{TB?/Z’O‘*JVMHwHng’ff\éf'o”N/?'
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Coming back to the decomposition (8.10), recalling that | < min{k, k2} and

using the fact that MEZZ))(S) is entire by the identity (8.14) concludes the

proof of the theorem. O
8.2. Laplace transform

Here and in the whole section, we write
Cy :={z € C,Re(z) > 0},

and we say that a function is in C*(C, ) if it is the restriction in C, of a
function in C*(C). In this part, we are going to use the notion of distributions
obtained as boundary values of holomorphic functions [Hor03, Th. 3.1.11]
in the most elementary way. We state a proposition which characterizes
those distributions which arise as boundary values from the upper or lower
half-plane of holomorphic functions:

Proposition 8.5. Let T € S'(R) be a tempered distribution supported in
R%.. Then, denoting by F(- F iy) the Fourier transform of x — T(x)eTY*,
the function (z + iy) — F(x F iy) is holomorphic on the half plane Hy =
{(x Fiy) : y > 0} and we have

T = lim F(.Fic) in S'(R).

e—0*t

We will write T = F(. F1i0). Conversely, if we are given a holomorphic
function F' on H=, such that there exists C, N and some polynomial P such
that Yy > 0:

|F(aFiy)| < C|PxFiy)l (1+y ")
then the following limit

T = lim F(.Fiy)

y—0+

exists in S'(R) and it is the Fourier transform of a distribution T carried
on RY.

This is a particular case of a more general result valid on R? and de-
scribed in [RS75, Thm IX.16, p. 23]. Given A < 0, we can now give the
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fundamental example of such boundary values together with their Fourier
transform. Namely, if we consider

27T6:Fi)\§ —1—=X\
T'(z) == ﬂﬂm(ixﬂﬂ ;
where 1g- is the indicator of the positive reals, then the Fourier transform
T(€) is given by (£ Fi0)* [GS, p. 360]. The function llRi(:tx)|a:|_1_)‘ is in
L] (R) and bounded polynomially. Hence it defines a tempered distribution

for all A < 0. In the litterature, one can also find the notation §;Fl_)‘ =

(]ler(if)\ﬂ*l*)‘) [GS, §3.2, p. 48]. We will use the above proposition to
describe the singularities of our Poincaré series.
The useful analogue to Lemma 8.2 is the following elementary result:

Lemma 8.6. Let Ty > Ty > 0 and ¢ € C®(R) be such that supp(¢) C
[Ty, +00) and ¢ =1 on [T1 + o0). Then, the following hold:

1. For any o € R, the function
Fya(z) = / p(t)t~ e *|dt|,  for Re(z) >0,
Ry
defines a holomorphic function in Re(z) > 0 which satisfies
’F¢,a(z)’ < C(b,on fO’f’Z € @Jrv ZfOé > 1)
Coa ‘
|Fop.a(2)] < ﬁ, for z€ C,Re(z) >0, ifa<l,
|Fp1(2)| < Cpa(|InRe(z)|+1), forze C,Re(z) >0, ifa=1.
2. 8§F¢,a(z) = (—1)]‘3F¢,a_k(z) for all k € Zy,z € C,Re(z) > 0, and
Fyo €CF(Cy) for allk € Zy such that o — k > 1.
3. If a < 1, the function Fy, can be extended to C\ R_ (and even
to C\ {0} if « € Z_) as a holomorphic function satisfying Fy (2) =
FS;?) + H,(z) where H,, is an entire function such that, for all k > 0,

OFH,(2)] < C¢,a,k(67TI Re(2) 1) on C, for some Cyak > 0. Moreover,
we have the following identity which holds in S'(R):

I(1—a)ez@1
(y —i0)t=

(8.16)  lim Fyq(z+iy) = + Ha(iy)
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4. If = 1, the function Fy1 can be extended to the cut plane C\ R~
as a holomorphic function satisfying Fy1(z) = —log(z) + Hi(z) where
log is the principal determination of the logarithm and Hy is an entire
function such that, for all k >0, |0FHy(2)| < Cy (e 1R 4 1) on
C, for some Cy o 1 > 0. Moreover, we have the following identity which
holds in S'(R):

(8.17)  lim Fyo(z +iy) = —log(y — i0) — — + H, (iy).
z—0+ 2

5. For all B € R,m € 7Y,

1 m Em(B)
618 Fople) = =B+ ()" D E ),
where Pj(B3) is defined in (8.5) and Eg n(z) is an entire function such
that
(8.19) |Epm(2)] < Cppm(e”1RE) 11), zeC.

6. If « > 1,0 ¢ Zy, the function Fy . can be extended to the cut plane
C\R_ as a holomorphic function satisfying
Fja(2) = ————2*"1 4 H,(2)
’ sin(ma)I' ()
where H,, is an entire function such that, for all k > 0, |0¥H,(2)| <
Coar(z)ed (e Re(z) 4 1) on C, for some Cyap > 0. Moreover,
extended by the value zero at zero, we have Fy ., € Cl?I=1(C,).
7. If a =n € ZY, n > 2, the function Fy, can be extended to the cut
plane C\ R_ as a holomorphic function satisfying
_ (_1)71 n—1
Fyn(2) = e log(2) + Ha2)
where H,, is an entire function such that, for all k > 0, |0FH,(2)| <
Conr(|z))" e TR 4 1) on C, for some Cypy > 0. Moreover,
extended by the value zero at zero and for n > 2, we have Fy, €
C"2(Cy).

Proof. Let us first prove Item 1. The statement for o > 1 follows from a
crude bound and continuity under the integral. For a < 1, we have

Fpa(2)] < 16lloe / £0e Re ] = [ g]|oo Re(2)! / o~%7|do]
T(] T() RG(Z)
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< 16100 Re(2) '~ /0 o~ |do],

which is the sought estimate. In the case o = 1, we have

Fon(2)] < 6] / £ e R dt| = [ / o167 do]
To To Re(z)

1 [e'e)
< 16l / o do| + 6] / ¢ |do]

To Re(z)
< ~ )¢l In(To Re(2)) + |4l ce ™

Item 2 is a straightforward consequence of Item 1 and differentiation under
the integral.

For Item 3, we first notice that for v := —a > —1 and z € R?, we have

For = |0t + [ " (000 = reiay

1 o o0
_ YO —1)e#
_ zv+1/0 e |day+/0 (6(t) — )tTe=*|dt].

The last integral is an entire function satisfying the sought bound and the
result follows from analytic continuation, where the cut plane C\R_ is cho-
sen arbitrarily. These bounds give exactly the necessary moderate growth
assumption so that the distributional limit Fy 4 (iy + 0) exists by Proposi-
tion 8.5.

To prove Item 4, we differentiate Fy ; in Re(z) > 0 to obtain
0:Fpa(2) = — / o(t)e *dt = — / e Hdt + / (1—¢(t))e *dt
0 0 0
1 [e.e]
=—= —I—/ (1— p(t))e *dt.
z 0

Integrating this equation on the segment [1, z] for Re(z) > 0 implies

Fya1(z) — Fya(1) = —log(z) + /000(1 — o(t)) /j e *tdsdt,
whence, for Re(z)

7$tsinh (%lt)

>0,
Fya(z) = —1og(z)+/ooo ¢(t)t1etdt+/ooo(1—¢(t))e St
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The right hand side continues holomorphically to C \ R_, the last integral
being on the compact set [0, 77]. Using now that sinh(a+ib) = sinha cosb+

sinh(t(ta+ib))| < ‘sinl;(ta) ’ +cosh(ta) < QCOSh(tCL) < e\ta|’

i cosh asin b, we have |
whence

z—1

/ " smpe T BT
0 t

TA

Ty

_14+Re(2); |Re(x)—1] e 1

< C¢/ e” 2 e 2 tdt=0C, <7> ‘ Re(e) 1| (Re(s)41)
0 A A=—r—g =

which implies the sought estimate. The distributional limit again follows
from Proposition 8.5 and the bound from item 1.

Item 5 is proved as in Lemma 8.2 and consists in integrating by parts m
times to obtain, for Re(z) > 0,

Faale) = [ (25) 00 )e

and then expanding with the Leibniz formula. We obtain the formula (8.18)
with
m—1

Eam(z) = 2 (10 (0] B)Faos ),

J=0

and the estimate (8.19) follows from the fact that
|Fgom-9,a(2)] < Cpale™ 1B +1)
for z € Cif m — j > 0 since ¢(™ ) is compactly supported in R%.
Item 6 is a consequence of Items 3 and 5 for m = |« € Z4 and =

a— |a) € (0,1). From (8.18), we obtain

Z™m —1)™

Fyo(2) = Fypim(2) = (—1)um(5)F¢,ﬁ(2) - mEﬁ,m(Z)

- s (U v ) ) - B
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where we have used Item 3 in the second line. We further notice from I'(z 4
1) = 2I(2) that Pp(8) = 8™ (see (8.5)) whence

I'(8)
SRS § )L () B e VT o DL
F¢,Oé( )_( 1) F(,@’+m) + Pm(ﬂ) 5( ) Pm(lB)E@m( )7

and hence the sought formula recalling I'(1 — 8)I'(8) = (—1)msm(7r(7rT5)).

Item 7 is a consequence of Items 4 and 5 taken for 5 =1and m =n—1,
and the fact that P,_1(1) = nl. O

8.2.1. Continuous/C* continuation of xL'(—iVg,). Before discussing
the Continuous/C* continuation, let us first clarify its holomorphic proper-
ties on Re(s) > 0:

Proposition 8.7. Let xo be a function verifying assumption (8.1), let By €
HY(T4,R) and let 7 : S¥=1 — R? be a smooth function. Then, for all (p,1)) €
QF1(ST) x QF2(STY) with ky + ke = 2d — 1, the function

(8.20) s L) = [ e AREEIV)T )

is holomorphic on Re(s) > 0 and it satisfies

C
(8.21) ’L(Wb)(s)’ < Re(s)min{kik2}+1 el 22 (st ll¥ || L2 (sT9) -

Recall that min{ky, ko} < d — 1 so that the latter estimate can always
be roughly bounded by ﬁ
Proof. We start with (7.1) and we use again Lemma 4.12 to write

min{ki,k»}
ecp,T’ii(t/)) (tBO) = Z el T () (t760)
=0

with

tl it (&E— v €T 2
ezt =7 /S VO 0 5D (4 1) (9)d Vol ).
T eeza VT
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Integrating against xoo(t)e™*! then yields

(3.22) L) = [ o ATV T ()

min{kq,k2}

!
= D L0y,
=0
with
l —s

(8.23) L) ) (s) = /R Xoo(H)e €L .y (£, Bo) dt].
According to (8.12), we have

€4 20yt 0)| < CElllaqsmey 19 l2(sm)

which according to (8.23) implies holomorphy of [,EZ p Re(s) > 0. We
further deduce that

)
‘ﬁ(w) (s)

= /]R ‘XW(t)e_Steleii(w (t’*BO)) 4t

< C’/R)Xoo(t)tle_s'f

|dt|l|¢ll L2 (sTay 1Y || 2 (s9) -

Recalling that | < min{k, ks2}, Item 1 in Lemma 8.6 then yields, as Re(s) —
0+,
(v %
20| = o Il ¥llsr,

from which we infer (8.21) thanks to (8.22). O

We now turn to our main statement on these regularized Laplace trans-
forms. Lemma 8.6 leads us to introduce the functions

'l -«

(8.24)  Fqo(z):= 2l

)y
( ') 2" og(z), if a=necZy,
n!

) if a<lora>1l,a¢Z,,

these functions are considered as holomorphic functions on the plane C\ R_
(except if @ € Z* in which case F, is holomorphic in C*). We also associate



1006 Nguyen Viet Dang et al.

the corresponding distributions obtained as boundary values that we still
denote by F:

(8.25)
(1 —a)eiz@1)

. _ -«
Fa(iy +0) == (_%%£&4>

n!

Jif a<lora>la¢Zy
n—1 : m : _
Yy log(y—10)+§ ,if a=neZ;

Both will describe the singularities of the Laplace transform of correlators
up to the imaginary axis. For a given o € R, F,, is essentially the Laplace
transform of ¢t~ (near t = 400).

We also denote

T} = {seCy,|m(s)| < A} = {s € C,Re(2) > 0,| Im(s)| < A},

and explain how the Laplace transform extends to this set.

Theorem 8.8. Suppose that the assumptions of Theorem 8.4 on I, Xeco
and Ty are satisfied and let'! ¢g > 0 be the constant from Lemma 5.5. Given
N,No € Z%,m >0,A > 1, and (p,1p) € Q¥ (ST) x QF2(ST9) with ki +ke =
2d — 1, we define, for all s € C with Re(s) > 0,

) min{ki,k2} Eg)
(8:26) Ri3(5) == Lon(s) = D

min{k,k2} N-1 Fa- 1+] l( ZA:‘:(&))
sin UE— Bl T

E—Bol<
¢
X Piglev (im %0

where E( is defined in (7.3), Fo in (8.24), and, letting Ljfw being that of
Lemma 5 3, with, for w € S

(FiT(d—1)

(8:27) Fji o 0] () = s (am) T L3, (OB 0 0) ().

1Tn particular, it only depends on the choice of y; in the stationary phase
Lemma.
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Both sides of (8.26) extend for s = x + iy when x — 0% as tempered
distributions of the variable y where F,, is defined in (8.25).
For any N, Ny € Zi such that

d—1
k := k(Np, N) = min {NO,N—i— [T-‘ } — min{ky, k2} — 2 > 0,

and for any m > 0, there exists C = Cn, nm > 0 such that for any A > 1
and for every (p, 1) € Hi\ig,ﬁ;No/2,2N+d,—m X H£°f570/2’2]v+d’_m with ky +
ko = 2d — 1 the function :R(Wp)

a function Rg’wl\)) € Ck(@ﬁ) for k = k(No, N) with

originally defined for Re(s) > 0, extends as

(8.28)
[

)

< CAZm—&-N"rd_erl ‘|(pHHi\]107,B—ONO/2,2N+cL,—m HwHH;\;O,’:éZU/ZQN-Fd’_m’

=A

)

using the notation of Definition 7.1.

In particular, this theorem states that for (i, ) € QF (ST?) x QF2(ST9),
the Laplace transform £, ,)(s) extends as a C* function in a neighborhood
in C of any point zp € iR\ (iAg, U {0}), where Ag, was defined in (5.7). This
follows from the fact that bookkeeping the regularities in the proof below,
we may choose the regularity exponent k = inf(Ny — 2 —inf(ky, ka), N —2 —
inf(k1, ko) + 951) and we see that k — +o0o when N, Ny — +oco. Moreover,
when Re(s) > 0 goes to zero, then y +— L, ) (iy + 0) makes sense as a
tempered distribution obtained as boundary value of holomorphic function
and Theorem 8.8 describes its singularity near any point in Ag, explicitly in
terms of the distributions F, in (8.25). In particular, if d is odd, (8.26) gives
an expansion of the limit Laplace transform lim, o+ £, ) (7 +iy) in terms

of the distributions and (y — z;j)"log(y — i0 — z;), for z; € Ag,

and m,n € Z,,m < min{ky, ka} — d—gl. If d is even, (8.26) is an expansion
of the limit Laplace transform in terms of the distributions W for
zj € Ag, and m € Z,m < 2min{ky,ko} — d + 1. The coefficients in this
expansion are in principle explicit; recall for instance that L(;_L,w = 1. Note
also that in (8.28) the regularity of the resolvent up to the imaginary axis,
given by the index k(Ny, N), depends explicitly on the anisotropic Sobolev
regularity #No-—No/22N+d,=m/2 of the currents (i, ). The bigger N, N are,
the better the regularity of this background remainder term is.

Note finally that in case £ = 0 (and when computing the resolvent
acting on functions), the proof simplifies slightly and the estimate (8.28) of
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the remainder is better behaved in terms of spaces and powers of A. As far as
the proof is concerned, it is worth noticing that, as opposed to the proofs of
Theorems 7.4 and 8.4, we do actually make use of both non-stationary
and stationary phase estimates of Lemmas 5.2 and 5.3.

Proof of Theorem 8.8. As in the proof of Proposition 8.7, we consider (g, 1))
in Q%1 (ST9) x OF2(ST9) and we decompose the function Cor= (v (¢, Bo) as

a sum of efp,Tii(tb) (t, Bo) according to (4.16)—(4.17). Then decomposing the

function Gfp T . () (t, Bo) according to (7.5), we are left with describing the

)
)
terms LEQ w)(s) in (8.22)—(8.23), which we again decompose accordingly as
! LE I~ 1,0 1,1
(8:29) Ly (6) = Lol + L0y () + £y (4) + £ (0)

with

ILE o _ath
{50 = [ xwle tE“rdt\ and

(830) &) (s) = /0 el hel Bl for j € (-1,0.1)
We now study each of these terms separately.
Firstly, we have using Item 3 of Lemma 8.6

LE nl [~ _
(8.31) L) (s) = Egjﬁ/o Yoo (t)te ™5t |dt]

W W ()
By E

ﬂo Bo
I FXooy—l(S) = l+1 1! H—( )

where H_; is an entire function such that |9¥H_;(s)| < C,__ _yx(e” T2 Re(s) 4
1) on C.

Secondly, we consider the term with L&Ol)b)(s) and proceed as in the
proof of Theorem 7.4. The index j = 0 means that we consider a good term

in the nonstationary phase region. According to Lemma 5.2, we have, for
t>to,all N eZy,

ehil<on S (e = Bolt) ™ NMIBLEY (0, 0) s cote—so))-
E€ZN\{Bo}
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We now use that supp(xoo) C [0, +00) with Ty > max{1,to}. Integrating
n (8.30), using Item 1 in Lemma 8.6, we deduce that ol ))( ) extends as

(X
a function in C*°(C) with

(8.32) L0 ()| < Cw,
(kg,l)
oo B No-1(Co(€—Po
x/ Xoo(t)tHkt_N”e_Re(s)t\dﬂ Z H ( |£¢)||;V’NO S
0 €€\ (o} o
(k1) (k2)
H”E (‘p)‘ H™o (Co(6—f0)) Hw—ﬁ (w)HHNo(Co(s—BoD

< Cnyk Z

_ No ’
€2\ {} €= Bl

uniformly on Re(s) > 0, as soon as Ng — k — [ > 1. Recalling that [ <
min{ki, ka2 }, this holds for all Ny, k such that Ny > k + min{k, ka} + 1.

Thirdly, we consider the term with £EED gy According to (8.30) and
()

the expression of @4+ (¢) in (7.5), we have

l
(L,£1) _ —st zt E—Bo)-v(0
L(%W (s) = Z / </ l|e ( )‘dto

£€Z\{Bo}

X X1 < é — g&) €O BED (o 4) (0)d Vol (9).

An extra decomposition in large and small Fourier modes

Given A > 0, we recall that we always assume |Im(s)| < A, and we split
(further) this expression according to

(<P¢)
with
8 (s) = > ,
£€Z4,0<[€—Bo|<2¢q ' A
and
= 3

£€Z,|€—Bo]>2¢5 T A
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where ¢y > 0 is the constant from Lemma 5.5 (depending only on x; and
K). In other words, we decomposed the sum ZE into an infinite sum over
large Fourier modes (i.e. |¢| far from |s|) and into a finite sum over small
Fourier modes. We will apply stationary phase estimates only to the finite
sum and use integration by parts with the infinite sum to get decay in &.

Let us first consider the good term Lg’il)(s). Recalling Lemma 5.5, one

has [v(0) - (¢ — o) = col¢ — Bo for (0,€) in the support of x1 (6 £5 ).
For |Im(s)| < A, and (6, &) in the support of x4 (9 . %) and such that

|€ — Bo| > %A, we thus have a lower bound on the phase factor:

[s—=i(§—P0)-v(0)| = | Im(s) = (§—Bo)-v(0)| = col€—Fo|—[Im(s)| = %Olﬁfﬁol-

According to Items 1, 2 and 5 of Lemma 8.6 applied with z = s —i(§ — fp)
v(0), « = =l and 8 = —(l + k), we deduce that for any m,k € Z,

th Cink Cink
af/ N M ' < — <
=0 = i ) V@ = e Al
uniformly in A > 0, Re(s) > 0, |Im(s)| < A, |€ — Bo| > 2¢c5'A, (6,€) in the
support of y41 (9 . %) Moreover, this integral extends as a function in

C“(@ﬁ). As a consequence, Lg’il) also extends as a function in COO(@{:)

. —A
with, for s € C,

(8.33)

< Cop Y ﬁ | B (o0)

£€Z2,|E—Bo|>2¢cy T A

< Cm,k Z

EETZA,|E—Bo|>2¢cy T A

ohel*V(s)]

L1 (C1(§—Po))

=)

L2(C1(§—Bo)) Hﬂ-(_kg)(w)‘
1€ — Bol™

L2(C+1(§—Po))

We next consider the term Lg’il)(s), which we rewrite as

(8.34)

l
1,+1 U g (£1
CEH(s) = > Yoot e TG0 (€ = Bo. Dld,
£€z4,0<|€—pol<2¢; A & ' e
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where I (5 Bo, t) is defined in (5.2). We then use the asymptotic expan-
sion in Lemma 5.3 which yields, with P; lg[% 1] defined in (8.27),

N-1 eitA£(8) —
I(:tkl L < ‘S 60 )
B( 2 ) 5 507 ]Z t\ﬁ 50| _+] ],l,é[(p M ’5 _ 50|

RE[p, ¢)(&,1)
+JV.HVT’

where

d+1

k}z,
(835) ‘R]j\:f[(pa 77/}] (fa t)’ < CN"E - BO‘N—i_ HB( ( 7¢)HW2N+d~1(Ci1(§_50))

(except if £ = 0, in which case this remainder is much better behaved in
terms of & and it is not necessary to split this again). Note that when Z is
non zero, the remainder in the stationary phase estimates has good decay
properties in the t variable but not in &, but this is not of our concern since
the extra decomposition involves only a finite sum ¢ 5 <05 . Coming back
0 (8.34), we have obtained

i N—
1,41
(8.36) £*(s) = Td Z T;(s) + Ry (s),
=0
where
+
Tj (s)

—stiths (€) PE o 9] (2522
- Y ([ w0 ) 2 )
R,

Q+ —1 7+
£€79,0< |6~ Bl <205 A ta [€ = Bol =

and

+
Rﬁ(s) — Z Xoo(t) RN[@W]@J) 678t|dt’.

N+4=t—]
EEZ,0<|E—Bo|<2¢5 T A R+ ¢ :

According to Items 1 and 2 of Lemma 8.6 and the uniform in ¢ estimate

in (8.35), RE extends as a function in Ck(C/J\r) as soon as N + d;21 —l—-k>1
(Wthh recalling [ < mln{kl, k2}, holds for all [ if N,k are such that N >
k + min{ky, ko} + 1 — 451), with the estimate for m > 0
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(8.37)

N(S))

- ka
< Oy 3 € = BolV T BYEY (0, 9) Iwans s )
£€2:4,0<|6—Bo|<2¢5 A

d+1

< C’N,mJcAzm—H\H_ 2

o) )
™ ™
X Z H ‘ ((p) H2N+4(C 41 (£—Fo)) -6 (w) H2N+d(ci1(§_,30)).
d ‘f - 50|2m
£€Z\{Bo}
Then, we have
P o) (55)
+ _ . Jvlvg ? ‘5 BO‘
Tj (3) = Z wa,%—i-j—l(s — ’L)\:I:(f)) |£ ﬁ |T+J
E€Z24,0<|€—Bo|<2¢5 TA 0

where the singularity of s — waﬁﬂ-_l(s —iA+(§)) near s = +i|¢ — Bol is
described in Items 3-4-6-7 of Lemma 8.6, namely:

Fxm,%ﬂ—l(z): Faai; ((2) + Ha i 1(2);

with F, defined in (8.24), and H, are entire functions whose derivatives are
uniformly bounded by a constant times <z>% on Re(s) > —1. Moreover,
the terms T;-t(s) have a limit lim,_,q+ T;t(a: +iy) in &’ since the terms F,
have boundary value distributions by Lemma 8.6 defined by (8.25). This
allows us to rewrite T;(s) as

PE o, 9] (L2

o ”E ’ |§ /30|

Hos X Pl ) )
€€74,0< € Bo|<2¢5 ' A € = Bol”

+ R [, 9)(s),

where

= PE o, (5L
B le o)) = > Has oy (s=is(8)) e ( = B°|).

£€Z4,0<[¢—fo| <265 A € — Bol =

The function Rj: is holomorphic on Re(s) > —1. Moreover, recalling (8.27),

the fact that the operators LT c s, are of order 2j, and using a Sobolev
7 1€—Bol
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embedding, this can be estimated as follows, for s € @ﬁ N{|Re(s)| < 1},

OLRF [, ](s)|

) L L (0B (652
Sk <A>T Z [€—Bol

_ 5+
€€72,0<|E—fo| <2c5 " A € — Bol =

TOBI (0,0)

‘W2j’°°(C¢1(E—Bo))

_ =Ly
€€7,0<[€—Bo|<2¢5 ' A 1€ = Bol

i el
W25 +411 (Ct (=)

)

_ —+J
£€Z4,0<[€—Bo|<2¢q ' A 1€ — Bo| =

which can be bounded one more time using the Cauchy-Schwarz inequality
in terms of the norms of ¢ and . This yields actually a better bound than
the estimate (8.37) we already have on Ry as j < N — 1.

Coming back to the definition of LE ) ) I (8.29) and collecting (8.31),
(8.32), (8.33), (8.36), (8.37) together with the last three lines, we obtain that

if N+ 4t —1—k>1, Ng—k—1>1,and m > 0, then the function

0
Rio(s) = Lo (®) = T
ZNz_:l Z 1 F%Jrj—l(s —iA+(€))
=0 £€74,0<|6—Bo|<2cq Al! 1€ — Bo| =

=
* Pliglev] (55—&3!)’

extends as RE w)) € C’k(C ) with, for s € @ﬁ with Re(s) <1,

(LN)
EREN) (5)]

A2mAN+4 dt1

SCNO,N,m,k _HQOHHNO N0/22N+d m||(pHHNO —N0/22N+d —m

where we have used the notation of Definition 7.1. When collecting all terms
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in (8.22)—(8.23) this includes the statement of the theorem as R(N’A)(S) =

in{ky k2} o (LN) (o)
e :R(g;w)('s)' O

8.3. Terms near zero in the Mellin and Laplace transforms

To conclude the proofs of Theorems 2.2 and 2.3 (together with their gener-
alization to the case of forms/currents) it remains to describe the properties
of the part of the integrals involving xg = 1 — Xoo:

Proposition 8.9. Let T} > 1, assume that xo € C°(R) has supp(xo) C
[—T1,T1], and let o, N € R. Consider the operator functions

o [ee]
Ang i s / txo(t)e Voo |dt] and Ag:s— / e Stxo(t)e Voo dt|.
1 0

Then, there exists C > 0 such that for all (ki, k2) with k1 + ke =2d —1, for
every (p,v) € HY BTN x 4, 7 V70N,

Antpp 15 ; ONAM(8)T z(0), Agpu:s— g O NAg(s)TZ; ()
’]Id ’]1‘{1,

are entire functions satisfying for all s € C,

— Re(s)+d
T, +1
[ At (s)] < Cw”@”y;%gwHi/fﬂy,;;;ggv—"v—fv,

ele RG(S) + 1

\AL,¢,¢(5)| < CG{G—(S»HSDHHEIYL;;N||¢||H,;;*:§0v*”~*”-

Proof. We prove the result for Ay, (s); the proof for Ag ., (s) being the
same. We start with the same decomposition as in (8.10)—(8.11), namely

min{ki,k>}
l
Antpu(s) = Z Ag\/%,ap,d)(s)7
=0

W) = [ 00 €L (e Aot

o0 7Stl 3 _ v €T 2
= /1 NIOIRETDY /S dilet@ F)v(0)i€2(0) gED (15 ) (6)d Vol (0) | d|.

ez
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which is an entire function as yg is compactly supported in R. We also have
the rough bound

A8

< Cz/ [xo(t) [t~ Ret)H! Z/

cend

B (0, 4)(0)] d Vol(0)|dt|.

The conclusion of the proposition follows

— Re(s)+1+1
‘ A )‘ < CT +1
Moy (Re(s))
B, 20
x Z H Ho (84~ 1)< ) || @) H-o(s1-1)
gezs
where we have used (4.20), and the Cauchy-Schwarz inequality. O

9. Proofs of Theorems 1.3, 1.5, 1.7 and 1.8

Now that we have given a precise description of the analytical properties of
our vector field, we are in position to derive, essentially as corollaries of this
sharp analysis and of Corollary 4.18, the expected properties of generalized
Epstein zeta functions and Poincaré series, as well as some asymptotics of
counting functions. In this section, we take a general v(f) as defined in §3
and we thus prove (and state) the main Theorems from the introduction at
this level of generality.

9.1. Asymptotic of the counting function

As a first application of this construction, we will refine the a priori bounds
obtained in Lemma 3.12 and prove formula (1.1) from the introduction.
Namely, we fix two admissible submanifolds 31,9 C T and 01,09 € {z£}.
We want to compute a precise asymptotic formula for

Z my, 5, (t) = Z 1E(X1,22),

To<t<T To<t<T

with &(21, X2) = Ny, (X1) NetV (Ny, (X2)), where we refer to Section 3.5 for
the notation.
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Theorem 9.1. Let 31, X9 C T be two admissible submanifolds, let 01,09 €
{£}. Then, there exists Ty > 0 such that, as T — +o0

> &5, = % +O(T*).

To<t<T

Even if it may not be the simplest manner to prove such a result, this
discussion illustrates how our current-theoretical approach to this problem
can be implemented. An interesting question would be to understand how
the remainder term depends on ¥; and X3. See [vdC20, Hla50, Her62b,
Ran66, CdV77] for such results. We do not pursue this here and we rather
focus on the application of this approach to zeta functions associated with
our families of orthogeodesics.

Proof. First fix Ty > 0 large enough so that all the above lemmas apply.
In order to study this quantity, we take § = 0 in (4.26) and we choose
appropriate cutoff functions x approximating the characteristic function of
the interval [Ty, T'|. More precisely, we fix T' > 0 (large enough) and ¢ty > 0
(small enough). We define two smooth cutoff functions x3 € C°(R, [0, 1])
with the following properties:

e Y isequal to 1 on [Tp, T1, it is compactly supported on (Tp—to, T+to),
it is nonincreasing on [T, T + t¢).

e x is equal to 1 on [Ty + to, T — to], it is compactly supported on
(To,T), it is nonincreasing on [T" — to, T'.

With such functions at hand, one has

91 > xp®ms,n, ()< D mun®) < > xE(H)ms, 5, 1).

t>To—to To<t<T t>To—to
Hence, thanks to (4.26), we have to study

> xgt)ms, 5, ()

t>To—to

= (-1 /sw O27za N /RXjTE(t) <€7NT;;1_;§;2) wv (Ognza)|dl],

which can be analyzed using Theorem 7.4. Indeed, the cutoff functions Xch
are compactly supported which implies that they satisfy the assumption of
this Theorem (as they are (N, p)-admissible for every (N, p)). We just have
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to pay some attention to their dependence in T as T" — +o0o. More precisely,
we need to apply this theorem with k1 =d, ko =d — 1 and

Y = Oz, P = LV(527er)-

We have
+OO7 2 7+oo»7gf ) 5767 ) gie
9.2) o€ Hyg = [ Hip :
e€(0,1]
and
—d_ 4+ _i_
(9.3) Ve ’Hd“l’ P

Thus, we are left with analyzing the size of the different integrals involving
X%ﬁ. First, for 0 <1 <d — 1, one has

T T + to)'

1 +0(1) < /R)G(t)tl\dt] < % +0(1), asT — oo,
and

(T — to)+! I+1

+ o) g/x;(t)tl\dﬂ < 400), s T toc.
R

[+1

Similarly, we can treat the remainder terms involving terms of the type
167 5t 44| i, ) = O(T41). Finally, the term ]\X%7§tl_(2d+1)||L1(R+) is
bounded unlformly 111 terms of 1" since | < d — 1. Gathering these bounds,
we find that

| [0 (Vi) (G|
STd R

Td
= m/ Bidz 15{,118(527rzd Lv(527er))dV01(9) + O(Td_l).
Vo )sd—1 2

Recall now that Bgff2 150113 (Oorza, Ly (09774))d Vol(0) is defined in (4.18) as

B (Banze, 1 (Samze) )d Vol (0)

= (-n*! ()(527TZ‘1)/\T~“1 ~<’2Vd ! (d D (v (8gnz4))
= (- @m) Hdwy A deg AT o VI (day A dag),
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after having used (4.4)—(4.5). Inserting this expression in the above calcu-
lation and recalling Lemma 4.4 allows to conclude the proof. Technically
speaking, in Lemma 4.4, there is no map TZ,, .., but, inserting it in the
proof of this lemma, we find that, as ¢t — +ool, ’

/ [S()Rd] A etV* P (.%'1d$2 VANPAAN dxd)
SR4

~ / [S()Rd} A T;'717102 6tV*P*(CU1dJJ2 VAN da:d).
SRd 1 2

Hence the leading term in t¢ is the same in both formulas. As the leading
term on the left-hand side computes the volume of K according to the proof
of Lemma 4.4, we are done. Il

9.2. Continuation of generalized Epstein zeta functions

We now aim at proving Theorem 1.3 and its generalization in the case of
a general v(6). This amounts to studying the meromorphic properties of
the generalized Epstein zeta function defined in (3.15). As an application
of Lemma 3.12, it defines a holomorphic function on {Re(s) > d} and we
want to understand its possible extension beyond the threshold Re(s) > d.
To that aim, the first step is to use Lemma 4.16 to interpret (s, », 7,(s) as
the Mellin transform of a correlation function of appropriate currents, and
then make use of Theorem 8.4.

Lemma 9.2. There is T > 0 such that for all Ty > T{, one can find Xoo
verifying assumption (8.1) with tg > 0 small enough such that, for Re(s)
large enough,

(9.4) (p(Kaq,Ki,s)

_ (—1)t /SW I IE 50 AXM (—iV 5) Tier _zo v (Spmza) ],

—

where xM(—iVpg,) was defined in (8.2).

In a more compact manner and using the conventions of Theorem 8.4
with & = 252 — £7*, the right hand-side of (9.4) can be rewritten as

M (ei(f(igz 1-sGT D83 nzd v (85nza )) (S)
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— /S V@ =I@N G o AM (=iV g,) Thiy (6anza)|dt].
"ﬂ"d,

The difficulty in making the connection with (g(K>5, K1, s) is that the state-
ment of Lemma 4.16 is only Val/id\ for compactly supported function while
the function xoo used to define xM (—iVpg,) has noncompact support. This
lemma shows that we can in fact allow such a test function in Lemma 4.16
in view of connecting the zeta function with its integral representation.

Proof. First, we fix a smooth nondecreasing function x., which is equal to 1
on [Ty +tg, 00) and to 0 on (—oo, Tp] for some small enough ty > 0 to ensure
that my, »,(t) = 0 for all t € (Ty, Tp + to]. Here Ty > 0 is large enough to
apply Corollary 4.18. We also fix a smooth function x € C°((-2,2),[0,1])
such that
VEeR, > x(t+j)=1.
JEZ

We let Xoo,(t) := Xoo(t)x(t + j). Using (4.26), this leads to the following
decomposition

Cp(Ka, K1,8) = Z Z Xooj(E)E* Z et 2 BV)(z+70,0)|dr]

JEZ t>Ty (z,0)€E:(21,55)

Y /S EE-1GETg,
Td

JEZ
(9.5) A / Moo (0 (60T iy By ]
R

These sums over j are absolutely convergent and the only remaining diffi-
gllcy is to check that the righthand-side indeed converges to the operator
xM (—iVg,) in the appropriate functional spaces. We now fix some N large
enough in order to apply Theorem 7.4 (with N = M) to & = T3 — %1, to
k1 =d, ks =d— 1, and to the currents

o = VENEDs, 0 e D'USTY), and 1 = 1y (Jopze) € D4H(STY).

In order to apply this theorem, we have (in practice) to split the sum over
j into a finite sum and an infinite one corresponding to the cutoff functions
Xoo(t)X(t + 7) in the range of application of this statement. We also have
to control the growth of several integrals, namely for 0 < < d — 1 and for
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Re(s) large enough,

/R Xoo DX (1t + Pt dt] = O(~*H),

/Xoo(t)X(t + )N g = (),
R
and

dN

| |G Gstonete +-e)

These bounds allow to apply Theorem 7.4 for Re(s) large enough and thus
the sums under consideration converge in the anisotropic Sobolev spaces of
Section 7.1 as long as NN is large enough to have ¢ and v in that space. [

jdt| = O(;).

The next step is to make use of Theorem 8.4 to deduce the meromorphic
continuation.

Theorem 9.3. If By ¢ Z¢, the function Cp(K2, K1, s) extends holomorphi-
cally to the whole complex plane. If By € 7%, the function extends mero-
morphically to the whole complex plane with (at most) simple poles at s =
1,...,d whose residues are given by

_1)d-1
¢Ew—1), for Ced{l,...,d},

(96) Ress:Z(Cﬂ(K%Kl?S)) = (5_ 1)! Bo

with

_1\d+¢
(9.7) Eéi_l) - ((2;))211

% / eifi‘l’l(e)—ﬁgZ(e) /del A A dxd A vaeilT;‘l’lf (d.’El Ao A dl'd) .
STd

oo
Ty

Note that (9.7) corresponds to (7.3) specified to the currents associated
with convex sets, see (9.8) below (but we kept the same notation E[gi_l)).

Recall that, for By ¢ Z%, we used the convention that E(()g) = 0 for every
1< <d.

This lemma proves in particular Theorem 1.3 as a particular case (see
Remark 3.13). In order to prove Theorem 1.4, we are left with giving an
expression of these residues in terms of geometric quantities associated with
our convex subsets. This will be the topic of Section 10.
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Remark 9.4. Before getting to this, let us already observe that, for 5y € Z¢,
the residue at s = d can be written explicitly as

1

ifi‘l’l(e)aigz(e) B Td d—1
(22 /sqrd € S TN AV Sy (doy Ao Adag),

which looks like the quantity appearing in Lemma 4.4. Moreover, if 2]* = 25?

or if 31 and X9 are both points, all these residues vanish except for the one
at s = d which is equal to

e Jsg1ag2 8 Volga (K)
(2m)?

In that case and when v(0) = 6, we recall that the lengths of the geodesic
arcs joining ¥1 to X are given explicitly by (|27 +235* —27"|)¢ecze so that we
end up with the classical Epstein zeta function [Eps03]. Hence, we see that
this property of having a single pole remains true for a general v(6) which
corresponds to the case where one looks at dilations of a general strictly

convex set.

Proof of Theorem 9.3. Given (9.4), we are now in position to apply Theo-
rem 8.4 to

. <02\ pr~O1 + ,*g*,‘i’ ’,Q,
(98) p = el(f(xz )—f(&] ))5271'Zd c Hd,;j o0 ,
and
+ 772774"» 7757
(99) 1/} = [’V(627er) c dei_ﬁo e’} 7

where the notation is taken from (9.2). Up to increasing slightly the value of
Ty to be in the setup of Theorem 8.4, this result can be applied to these test
functions if we pick N > d/2. This theorem implies that for fy ¢ Z¢, the
function (x, », 7, (5) extends holomorphically to the whole complex plane

(as Ego) = 0 in that case). When By € Z?, Theorem 8.4 implies that the
function extends meromorphically to the whole complex plane with possibly
some simple poles at s = 1,...,d. Moreover, together with (9.4), we deduce
that if By € Z%, then

_ D
R685:l+1(<ﬁ(K2, Ky, S)) = TEBO , for € {0, ey d— 1},
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with Eg) given by the integral over S%~! (with respect to d Vol(6)) of

0

iBo(3%(0) 37" (9))3;‘512%0 (e ESENG, o1y (Banza)) (),

where the bilinear operator B is defined in (4.18). From the expression of
B, one can verify that e!(f(#27)=F(Z") can be put in factor so that, in the
resulting exponential, we obtain a term

Bo - (232(0) — 27"(0)) + f(25*) — f(a]") = ["1 (0)—232(0) o

which is independent of the choice of the path between Z{'(#) and z5*(6)
modulo 27Z. Therefore, the residue at s = ¢ :=1+1 € {1,...,d} is given
by

B = [ e o B, (e (o)) (0)aVol(0)
§d-1

jg2__jilvﬂ0
Using expression (4.18) together with (4.11) in Lemma 4.9, we finally obtain

(9.10) Ey V= (aﬁ;l

i J391 (0)—252 (0 B -1
X /;W e T O=Hn O dpy AL A Ndeg ANy V T%l _g52 (527er) .

for 1 < ¢ < d. The latter can be rewriten as (9.7) when recalling (4.4)-
(4.5). O

9.3. Continuation of generalized Poincaré series

We now turn to the proof of Theorem 1.5 which amounts to study the
properties of the generalized Poincaré series defined in (3.16). Arguing as
in Lemma 9.2 with e~ instead of t~%, we can make use of Theorem 7.4
and Lemma 4.16 to interpret Zg(Ks, K1,s) as the Laplace transform of a
correlation function of appropriate currents.

Lemma 9.5. There is T > 0 such that for all Ty > T{7, one can find Xoo
verifying assumption (8.1) with to > 0 small enough such that

(911) Zﬁ(KQ, Kl, S)

— (_1)d71 /STd ei(f(i“;?)*f(ifl))(sQﬂZd A Xg/ (—ngo) T;(fl*ff? Lv((SQﬂ-Zd).
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Again, using the conventions of Theorem 8.8 with £ = 29> — 7", the
right-hand side can be rewritten as

725tV (0g774)) (5)

:/S ei(f(i?)—f(f?:i“))(;%zd/\;SZ(_Z'VBO)T%LV((;%W)
’]I‘d

L(ei<f<i§2 )=F @G,

We are thus in position to apply Theorem 8.8.

Theorem 9.6. Setting Sg, = il U{0} if Bo € Z¢ and Sp, = ilg, otherwise,
the following statements hold:

1. Z5(Ko, K1, s) extends as a function in C*°(Cy \ Sg,) and the limit
lim,_,0+ Z3(K2, K1,z + iy) exists in S’'(R) as boundary value of holo-
morphic function,

2. The function

d E(@*l)
Z5(K2, K1,8) — ) 5;2
/=1

is a C* function in a neighborhood of zero in C,. where Eéi_l) 18 given

by (9.10) (recalling that E[(f]_l) =0 if Bo ¢ Z2).
3. There exist constants Cjo_1(, Bo) for every € € {1,...,d} and j € Z,
such that for any irs = idg(€) € Sg, \ {0}, the function

(912) Zﬁ(KQ, Kl, S)

d N-1
1

Z mcji,é—l(é»ﬁo) F%+j+1—z(5—i7"oi)7

1 j=0 \¢ezd xy(&)=rg

L

extends as a CV 1[5 function in a neighborhood of iréc in C.
Moreover, the most singular term in this expansion near ir(jf s given
by (j=0and l{=d)

(—l)dfleq”%(d_l)Ff% (s — ir(jf)

d+1

(2m) [y =

<

€€z N (§)=ri \/ Kov (i éigﬁw)

@237 (55 ) iF(@5)—F@T) (252
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Recall that for a € R, the distribution F, is defined in (8.25) and it is
essentially the Laplace transform of ¢t~ (near t = +00). We also recall that
Apg, is defined in (5.7) and that Sg, \{0} = i (Sp(A+ (D)) U Sp(A_(D))) where
A+ (D) is the Fourier multiplier of symbol A+ (¢) on T? (see Remark 6.6).

Note the important fact that the difference

(9.13)  lim Z5(Ka, Ky, + iy)
z—0t

N-1

d
1 o
_Z Z (g 1)! ]Z 1(5 50) F%‘i’j‘f*lf[(‘w—i_zy_l?“at)’

(=1 j=0 \¢ez¢ A+ ()=rg

viewed as tempered distributions in S’'(R) of the variable y is an element

in ¢V =11 pear Yy = 7"0 Here we view the difference as a distribution

obtained as boundary values of holomorphic functions.

Proof We apply Theorem 8.8 to z = 5% — Z7* and to the currents ¢,
in (9.8). Theorem 8.8 thus applies to all Ny > d, N > 0, m > d/2 and Item 1

readily follows. As for Item 2, Theorem 8.8 implies the expected result after

recalling the definition of E(l)

We next prove Item 3. We fix a point 7“8[ = )\i(g) such that iro =
iA+(€) € Sp, \ {0}, and describe Z5(Ka, K1, s) near iry. Theorem 8.8, taken
for Ny > d large enough (compared to N), implies that

d—1N-1

Z KQaKb ZZ Z l‘ ]l(§ /80) Fa 1+] l( ir(jf),

1=0 j=0 \gez¢rs(&)=ri

extends as a C* function in a neighborhood of ira—L in C,, where

—1 1
k:N—i-{dT-‘ —min{ky, ko} —2=N—1-— [d%l

(recall that min{ky, k2} = d — 1 here) and

(9.14)  C5(& fo)

1 R £ o
b pt [UEESES, L Gy < )
|@—mw+ﬂ“J et (B € = Bol
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Now, recalling the definition of F, in (8.24), we notice that the most singular
term in the expansion (9.12) is for [ =d — 1 and j = 0, and is given by

1 .
(9.15) > mc@fl(g, Bo) | Foas (s —irg).
E€Zd Ny (6)=rF

We now compute it explicitly. We first compute C(jfl(w) according to the

definition of Pﬁg in (8.27), recalling from Lemma 5.3 that La[;w =1, as
(9.16)
Py [0 EIIE N5y, LV((;Wd)} () = FiT0ED (97) %5 i3()

X B:(;lgl’l) (ei(f(‘zgz)ff(ﬁl)mznzm LV(527er)) (£w).
Combining (9.14)—(9.15)—(9.16), this concludes the proof of the statement
in Item 3. 4

9.4. A summation formula in the spirit of Guinand—Meyer

We now turn to the proof of Theorem 1.8 and we emphasize that it is
important here to have v(#) = 6. The proof would work as well for more
general v if we suppose in addition that 6 - v(—0) = —6 - v(0) for every
0 € S! (e.g. if the convex K defining v is an ellipsoid with 0 € Int(K)).
Repeating the arguments in Section 9.3 for certain variations of Poincaré
series, we can in fact deduce a summation formula in the spirit of the recent
results on crystalline measures by Meyer [Mey16]. More precisely, we set

(9.17)

Z5(Ko, K1,8) = 3 S 3 e~ S BV (@ +70,0)dr|
t>T035f,(21722)75@t 2 (z,0)€€:(21,22)

and we emphasize that this function depends on the choice of orientation
(01,02) even if we drop this dependence for the moment. As for Poincaré
series in Section 9.3, the limit as  — 07 of y éﬁ(KQ,K]_,I + iy) ex-
ists as a tempered distribution on R thanks to Lemma 3.12. Arguing as
in the proof of Theorem 9.6, one can verify that the singular support of
this distribution is the same as for lim,_,o+ Z3(K2, K1,z + iy) but the sin-

gularity are slightly simpler due to the renormalization factor +~". More
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precisely, using the conventions of this theorem, one finds that, near y = TJ ,
lim, 0+ Z5(K2, K1,z + iy) is equal to

( 1)d—1 —i%(d-1)

d+1

=0 (2m) o |5 (o + iy — i)

" 3 i@ =) (1) i @) -1 (2)

€L, €~ Bol=|ry |

modulo some remainder belonging to LP((ry — §,7{ + J)) for some posi-
tive 6 and for every 1 < p < oo. Similarly, one has that, near y = TJ ,
lim, 0+ Z5(K2, K1,z — iy) is equal to

(_1)d—1ei§(d—1)
lim d+1 d—1
w00 (2m) T |7 (@ — iy + i)

" > @72 =)~ ) ilF @)@ ) (— 1)
£€Z2,|E—Bol=Ir] |

modulo some remainder belonging to LP((rg — 4,74 +6)) for every 1 < p <
0o. Recalling from [Ho6r03, Eq. (3.2.11), p. 72] that

1 1
lim ( — ) = —2imdo(y),
z—=0t \Yy +1x Yy —1x

we finally find that, near y = rsr , the tempered distribution'?

z—0+

lim ( D 2807 (K, Ky, +iy) + e TN 25T (K, Ky o — iy))
is equal, modulo Op»(1), to

(=1)* "oy —r¢)
(2m) = g |2

" T i@ a7 (152 ) ilr(@5) £ 7)) (£5)
£€L4 |6~ fol=Ir] |

12WWe restablish the dependence in the orientation to get the expected cancella-
tion.
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The same discussion of course holds near y = 7, . Hence, if 8y ¢ H 114, 7),
one finds that the distribution

ei%(d_l)EEQ’al (I{27 K1, zy) + e—lf(d—l)éﬁfom*m (KQ, Ky, —iy)

is a combination of Dirac masses modulo some L

loc Temainder which proves
Theorem 1.8.

9.5. The case when K;, K, are points

In this section we finally discuss the particular case where the convex sets
are reduced to points (or to balls) and we still suppose that v(f) = 6. In
that case, the proofs are simpler and lead to very explicit formulas with
connections to the magnetic Laplacian.

9.5.1. Meromorphic continuation of Poincaré series.

Proposition 9.7. Assume K| := {z} and Ko := {y} where z,y € R?
are two points and B = By + df is a closed real valued one-form such that
(8] = By € HY(T%,R) ~ Re. Then we have, in D'(R*)

) . Ja2 (27t /—A o
018) 3" b8t b)) = 2mtter-sen 2 BTV A)

YEPa .y ( V _Aﬁo)?

If moreover x # y, then (9.18) also holds in D'((—tg,00)) for some small
enough to > 0, and we have, for Re(s) > 0,

(9.19)
d—1 d 1 . da+1
Zg(x,y,s) =272 T (%) W@ (2 — am®Ng)) ™% (2, ).
Recall that in the right hand-side of (9.19), (s? — 4772A50)_%(a:,y)

denotes the Schwartz kernel of the operator (s — 4772A50)7%1 taken at the
point (x,y). The proof relies on the fact that the twisted counting measure

> etds P d(t — £(7)) has an explicit relation with the Schwartz kernel of
IL,e~{V+Bo(VIIT* (acting on functions) at (z,y).

Proof. On the one hand, by a direct calculation, one has

L=tV +B (VDI (3, ) = @L}d 3 ) / (HE=5) 0 4ol (9).
T §d—1
gezd
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On the other hand, one can make use of Lemma 4.16 (applied either for
x # y or for ¢ > 0) to write the twisted counting measure when Ky = {z}
and K1 = {y}. This yields that this is equal to the previous quantity up to
a normalization factor:

Z e L Bs(t — t(y)) = W@ o=t VB (VIIT* (2, ) in D'(RY).
YEPz,y

In particular, according to (6.3), one has (9.18). Note that, as soon as z # vy,
the formula (9.18) still makes sense in D'((—tp,o0)) for some small enough
to > 0. For = # y, we can then make the Laplace transform of this equality:

oo Ja—a (27t /—A
T B H0) 2 i) / a2 (2 i f°)(x,y)e—st|dty.

YEPu,y 0 ( V _A/Bo) E

We now recall that, for every v > —1 and for every a € R,

o N 3
/ e ST, (at)|dt| = 2/ =T <V + 5) a’s(s>4a®) V73, Re(s) > 0,
0

see e.g. [EMOT54, Table 8, line (8), p. 182]. Combining the last two lines,
we obtain

N d—1 d 1 - d+1
T B i (%) D ~F@) (2 _ 4727, )~ (2,p),
YEPx .y
which is the sought result. O

In particular, using the spectral properties of the operator Ag,, we can
directly recover Theorem 1.5 from the introduction in that case. Precisely,
one has, for = # y,

(9.20)

d+1 1 .
Zg(z,y,s) =72 T (dL> UW=fa s $°
2 feza (87 HAT2E + Bol?)

eig'(xfy)

d+41 °
2

We can even be slightly more precise as we can verify that

e if d is odd, this expression has a meromorphic extension to C with

poles located at Sp (:i:iw/—A/BO);
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e if d is even, this expression has a meromorphic extension for instance
to

021)  C\{ix+E_aexSp (V) \ (01},

due to the presence, in this case, of squareroot singularities at the
points of Sp (:l:z\/—A,gO) \ {0}. Note that the only possible pole in
the region described in (9.21) is then at 0 and that it only occurs if
By € VA

o Finally, when thg convex sets K| and Ky are two round balls, i.e. K1 =
B(z,r) and K; = B(y,r2), with  # y and small enough radii r; and ry,
the Poincaré series is slightly modified by a factor e=*("'*+72) and the above

formula yields

(9.22) Z5(K1, Ko, s) = 7T <E> W)~ (@) go—s(ratr)

>

o (2 +4m%E + Bol?)

et (z—y)

)

where we have taken (01,02) = (4, —) for the (implicit) choice of orienta~
tions of the two balls.

9.5.2. A Guinand-Meyer formula when d is odd. Let us now discuss
a variant of Theorem 1.8 when K; := {2z} and Ky := {y} are reduced to
points that are distinct. Following [Mey16, Th. 5], we define, for x # y,

il

YEPz,y

(Ot = £(7)) =0t +£(7))),

which is a Radon measure in 8’(R) carried by a discrete and locally finite set
of R. Note that compared to the twisted counting measure in (9.18), pgam
is symmetrized and renormalized by ¢~!. In particular, this is not the same
renormalization as in Theorem 1.8 except if d = 3.

Proposition 9.8. Assume that d is odd, that x # y and that
Bo ¢ H'(T4,2) ~ 7.
Then, the Fourier transform of ugar in (9.23) is given by

ficm (T) = i(—=1)% 297" el W)=/ (@)
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d—3

. <5<?><7—2w|5+ﬁor> Lo )(T+2ﬂ\§+ﬂo|)> |
G\ (TH2me+B)T (T —2mle+ BT

The assumption By ¢ H'(T? Z) ~ Z% implies that the continuation of
the Laplace transform of paps has no pole at s = 0 while the assumption
d odd ensures that the Poincaré series extends meromorphically to C with
poles located on the imaginary axis. When d = 3, this proposition recov-
ers [Mey16, Th. 5] and, for d > 5, it corresponds to the more general state-
ment from [LR21, Corollary 2.4]. In particular, if d = 3, ugas is a crystalline
measure: a measure in §'(R) carried by a discrete and locally finite set of R
with Fourier transform having the same properties. In odd dimension d # 3,
[cy is no longer a crystalline measure since its Fourier transform is not a
measure (but a distribution of order %) Following [LR21], one says that
the measure pgps is a crystalline distribution, i.e. a distribution in S'(R)
carried by a discrete and locally finite set of R with Fourier transform hav-
ing the same properties. Compared to the measure in Theorem 1.8, jigas has
the drawback of not being a measure here. However, it has the advantage to
be carried by a discrete and locally finite set of R (i.e. there is no absolutely
continuous remainder r as in Theorem 1.8).

Proof. Dividing (9.18) by ¢ (which we may since x # y), we obtain

if, B o Jas (2mty/—Ag,
L st = t)) = 2m - T2 OV B

VGZP;AJ E(fy) (\/ _A/BO) B

Taking the Laplace transform, one finds that, for Re(s) > 0,

il 8
£()

et

YEPa,y

) oo wo Ja=2 (21t /—Ap,
:27rez(f(y)_f($))/ e ShE 2 ( d,zﬂ)(%yﬂdﬂ-

0 (\/ _ABD)T

Recalling that, for every v > —1/2 and for every a € R,

e 1 1 1
/ e S T, (at)|dt| = 2Vm 2T (1/ + 5) a’(s* +a*)7""2, Re(s) >0,
0

see e.g. [EMOT54, Table 8, line (7), p. 182], we deduce that
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il

(9_24) Z E(,Y) e—sﬁ(’Y)

YEPz,y

:2“%%T<2;JJWWﬂW@LA#Am*%@w)
Recalling the definition of ugps in (9.23), its Fourier transform is given by
et B
()

fiam(r) = (et — eimtn)

YEPa .y

= lim Z e'h? (e_(i7+a)€(v) _ e—(—iT—I—a)f(“/)) )
a—0t P E('y)

This is an odd distribution and, according to (9.24), it is smooth near 7 = 0
since g ¢ Z.
Next, from (9.24), one knows that

fion (7) = 2155 <E> @) F(@)
2

X lim (((ZT +a)? - 47T4A50)_% — (=it +a)? - 47T4A50)_%> (z,y).

a—0+t

As Jigar is odd and smooth near 0, we just need to understand this distri-
bution for 7 > 0. To do that, we write that, for A > 0 and 7 > 0,

i <((iT @)+ AT — (it +a)? + )\2)_%>
a—0t
= 1 d—1 a1
L im (A —ia) - (r— A+ i)~ ).
(t+ )\)% a0 <(T ia) (7 +iq) )

Implementing [H6r03, Eq. (3.2.11), p. 72] one more time, one finds

T (G 4 )75 (i + 0+ 0) )
N ) e LS P
LT

We can now rewrite jigas(7) using this formula. It yields, for 7 > 0,
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ficn (7) = i(—1)% 2975 eilf W)=/ (@)

x ! 5055 (7 — 2nl¢ + Bl).

geza (T+2m[E+ Bol) =

Recalling that figps is smooth near 0 and odd, this completely determines
the Fourier transform and concludes the proof of the propotition. O

Remark 9.9. Recall that in Theorem 1.8, we are rather interested (in the
more general setting of two convex sets) by a renormalized version of (9.23),
namely

. if,B
~ im (g e 7
far(t) == es (471 Z ——0(t — £(7))
'\/G'P‘_E’y E(’Y) 2
i Z‘[ B
e Tl Y St +L(7)).
'767)1,7/ 6(’7 2
In particular, when d = 5, one has
zf B . ~/
fica (T e < it 4 fﬂ(w) o fign(T) = Bam(T),

YEPz,y

and, thanks to Proposition 9.8, the remainder r in Theorem 1.8 is not iden-
tically 0 (as r/(7) is a combination of Dirac distributions). A similar remark
holds for d > 5.

10. Geometric interpretation of the residues and proof of
Theorem 1.4

In this Section, we aim at computing somehow explicitly the residues ap-
pearing in (9.10) in terms of geometric quantities. We will always suppose
in the following that 8 = 0 which will make the content of this residue more
geometric. Along the way, we will prove Theorem 1.4 from the introduction.

Recall that the admissible manifolds >; and 5 used to define our gener-
alized Epstein zeta functions are constructed from two compact and strictly
convex subsets K7 and K5 of R% with smooth boundaries 9K and 0K (pos-
sibly reduced to a point). The submanifolds ¥; are parametrized through
the inverse Gauss map Z; : S*! — T? (using the convention that JK; is
oriented using the outward normal vector to K;). In order to take the various
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possibilities for our orthospectrum (outward or inward pointing geodesics),
we introduced orientation parameters o; € {+} and we have set

.i’?’i (9) = (0'19)

In this paragraph, we suppose that 01 = — and that 09 = +. Equiva-
lently, it means that we consider geodesic arcs that go from >3 to 31 and that
point outside K5 and inward K (when lifted to R%). Let 1 < ¢ < d. Thanks
to (9.6)-(9.7), we now compute the coefficients E((f*l) or equivalently the
residues

(_1)€+d
(2m)2d(¢ — 1)!

X / dri N ... Ndxg A\ T;-_F.vagil (dl‘l VANV da:d) .
STd 1 2

Resgs—¢ (Co(K2, K1,5)) =

In view of emphasizing the dependence on the convex sets, we make use
of §3.1 and we set

Vi — = —31(=0) - 05, V& :=32(0)- 95, and Vif:=V =v(0) 0,
In particular, the residues can be rewritten as

(_1)Z+d

Ress=e (Go(K2, K1 8)) = smg =1y

X / dry A ... Ndxg N e(V*K1*VK2)*V§(_1LVK (dxy A ... Ndxg) .
ST

Recalling Lemma 3.16, the map 6 € S9! s —71(—0) + 72(0) € R? is a
parametrization of the convex set —K; + K3 so that the previous inequality
rewrites as

Ress—¢ (Co(K2, K1, 5))
1

_ Vi, i1
_m/ﬁrde Vi wy (dei Ao ANdag) ANdxy AL A dxg.

In particular, one has

/-1

d

1 ¢ ) .

U0 (o 2 @—1) /sqrd [Si T A eV Vi iy, (day A A dag)
(=1
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" Ress—r (Co(K2, K1, 8)) -

I
M~

~
Il

1

Recalling Lemma 4.6, we recognize on the left hand side the derivatives of
the map ¢ +— Volga(K2 — K1 + tK) so that

d

(10.2) Zte_l Resg—¢11 (Co(K2, K1,5)) =
(=1

1 d
— Volga (Ko — K1 +tK).
2m)e dt Ol (K2 1K)

—

Recalling Steiner’s formula (1.3), this concludes the proof of Theorem 1.4. It
also shows how the residues can be expressed in terms of mixed volumes (see
Remark 4.5) when we consider a more general vector v(6) - 95 than 0 - 9,.

Appendix A. Another formula for zeta functions

We now briefly explain how to prove (2.1) without appealing the theory of
De Rham currents and how it may slightly simplify the exposition of the
proofs of Theorems 1.3, 1.4 and 1.5. Yet, this would be at the expense of
loosing the dynamical pictures behind these results and thus the relation of
these results with our other (more clearly dynamical) applications. Recall
also that this formula only holds a priori for a specific choice of orientations
for K1 and K9 while our current theoretic approach allows to handle any
orientation convention and to easily implement exponential weights in our
zeta functions.

First, from §3.1, 0K and 0K, can be parametrized by their outward
normal vector 6 € S%! through the maps TK, : S - R, 5 € {1,2}.
Moreover, according to §3.6, the maps

0 — xKl(H) — I'KZ(—Q) + t0

parametrize the boundary of the convex set K1 — Ky + tBy for every 0 <
t <T. Let us now remark that v belongs to Pk, x, with 0 < l(y) =t < T
if and only if there exist # € S*! and ¢ € Z? such that

T, (—0) = vx, (0) + t0 — 27¢.

Equivalently, it means that there exists & € Z¢ such that 27¢ belongs to
O(Ky — K2 + t0). Hence, elements v in Pk, , are in one-to-one correspon-
dance with the set

o7 N (K1 — Ko+ TBy) \ (K1 — K>).
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Now observe that the restriction of the Lebesgue measure to the set
(K1 — Ko+ TBg) \ (K2 — K1)

can be disintegrated as follows

T
/0 00(K,—Ka+tBy) (T, [dx])|dt],

so that

T
Ho € Prre 02 0) < T) = [ G(@) | doae e de) ],

with Jjg) defined in (2.2). Similarly, if we weight the Lebesgue measure with
x(t) on each sublevel O(K; — K3 + tf), we derive formula (2.1) from the
introduction. Now, in order to prove our theorems on convex geometry from
this formula, one would need to decompose djg)(z) according to (2.2) and
to make sense of the right side after this decomposition for the functions
t~% and e~*!. For Re(s) large enough, this is not a problem through a direct
calculation. Then, one would need to make the meromorphic continuation of
the right hand side through the natural threshold. This could be achieved by
reducing to the oscillatory integrals of Section 5 (through the parametriza-
tion of K1 — Ky + tBy by 6 as in Sections 9 and 10) and by arguing as in
Section 8 with the simplifications that we only deal with ¢ functions rather
than general test functions (as in §9.2 and 9.3). Thus, the analytical dif-
ficulties would remain exactly the same through this approach. The main
advantage would be that the fact that the residues involve the intrinsic vol-
ume would be more direct (from the analysis of the Fourier mode 0). Finally,
we considered here the case of By but the proof could be adapted as well
when By is replaced by a strictly convex set K (with 0 in its interior) as we
did all along the article.
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