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ON SDP METHOD FOR SOLVING CANONICAL DUAL PROBLEM IN
POST BUCKLING OF LARGE DEFORMED ELASTIC BEAM*

ELAF JAAFAR ALI" AND DAVID YANG GAOf

Abstract. This paper presents a new methodology and algorithm for solving post buckling prob-
lems of a large deformed elastic beam. The total potential energy of this beam is a nonconvex functional,
which can be used to model both pre- and post-buckling phenomena. By using a canonical dual fi-
nite element method, a new primal-dual semi-definite programming (PD-SDP) algorithm is presented,
which can be used to obtain all possible post-buckled solutions. Applications are illustrated by several
numerical examples with different boundary conditions. We find that the global minimum solution
of the nonconvex potential leads to a stable configuration of the buckled beam, the local maximum
solution leads to the unbuckled state, and both of these two solutions are numerically stable. However,
the local minimum solution leads to an unstable buckled state, which is very sensitive to axial com-
pressive forces, thickness of beam, numerical precision, and the size of finite elements. The method
and algorithm proposed in this paper can be used for solving general nonconvex variational problems
in engineering and sciences.

Keywords. Post buckling; Nonlinear Gao beam; Canonical dual finite element method; Global
optimization; Triality theory.
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1. Introduction

It is known that the total potential energy for the post-buckling of large deformed
structures must be nonconvex to allow multiple local minimum solutions for all possible
buckled status [6]. However, nonconvex variational problems have always presented se-
rious challenges not only in computational mechanics, but also in mathematical analysis
and computer science [15]. Traditional finite element methods for solving any noncon-
vex variational problem usually end up with a nonconvex minimization problem in R".
Due to the lack of global optimality criteria, popular nonlinear programming methods
developed from convex optimization can’t be used to find global optimal solutions. It
was discovered in [13] that for certain external loads, both global and local minimum
solutions to large deformed mechanics problems are usually nonsmooth and can’t be
captured by any Newton-type methods. Therefore, most nonconvex optimization prob-
lems are considered as NP-hard (Non-deterministic Polynomial-time hard) in computer
science. Unfortunately, these well-known difficulties are not fully recognized in compu-
tational mechanics due to the significant gap between engineering mechanics and global
optimization. Indeed, engineers and scientists are mistakenly attempting to use tradi-
tional finite element methods and commercial softwares for solving nonconvex mechanics
problems.

Canonical duality theory is a newly developed and potentially powerful methodology
which can be used not only for modeling complex systems within a unified framework,
but also for solving a large class of challenging problems in nonconvex, nonsmooth, and
discrete systems [15]. This theory comprises mainly three parts: 1) a canonical dual
transformation, which can be used to formulate perfect dual problem without a duality
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gap; 2) a complementary-dual variational principle, which presents a unified analytic
solution form for general problems in continuous and discrete systems; 3) a triality
theory, which can be used to identify both global and local extrema and to develop
effective algorithms for solving nonconvex optimization problems.

The canonical duality theory was developed from Gao and Strang’s original work
on nonconvex,/nonsmooth variational/boundary value problems in finite deformation
systems [18]. In order to recover the complementary energy principle in nonconvex
analysis, they discovered a so-called complementary gap function, which leads to a
complementary-dual variational principle in finite deformation mechanics. They proved
that the positivity of this gap function provides a global optimality condition for non-
convex variational problem. It was realized seven years later that the negativity of
this gap function can be used to identify the biggest local minimal and local maximal
solutions. Therefore, a triality theory was first proposed in post-buckling problems of
a large deformation beam model [7], and a pure complementary energy principle was
obtained in 1999 [8]. This principle solved an open problem in nonlinear elasticity [23],
which can be used for obtaining analytical solutions to general large deformation prob-
lems [9,12,15]. Based on the canonical duality theory and the mixed finite element
method, a canonical dual finite element method has been developed [5] with the suc-
cessful application for solving nonconvex mechanics problems in phase transitions of
solids [20]. It was discovered recently [3,30] that the nonconvex variational problem of
a post-buckled nonlinear Gao beam can have at most three smooth solutions: a global
minimizer representing a stable buckled state, a local maximizer for an unbuckled state,
and a local minimizer for an unstable buckled state. Both global minimum and local
maximum solutions can be obtained easily by using the canonical dual finite element
method. However, the local minimum solution is very sensitive and difficult to obtain
by standard convex minimization algorithms.

The main goal of the present paper is to develop a new canonical primal-dual algo-
rithm for solving the post-buckling problem with special attention to the local unstable
buckled configuration of a large deformed beam. The generalized total complementary
energy associated with this model is a nonconvex functional and is reformulated as a
global optimization problem to study the post-buckling responses of the beams. Based
on the canonical duality theory and the associated triality theorem, a new primal-dual
semi-definite program (PD-SDP) algorithm is proposed for solving this challenging prob-
lem to obtain all possible solutions. Applications are illustrated by different boundary
value problems. An important mistake in [3] on the local minimum solution is found.

2. Nonconvex problem and canonical duality theory

Let us consider an elastic beam subjected to a vertical distributed lateral load ¢(x)
and compressive external axial force F' at the right end as shown in Figure 2.1. It
was discovered by Gao in 1996 [6] that the well-known von Karman nonlinear plate
model in one-dimension is equivalent to a linear differential equation, therefore, it can’t
be used to study post-buckling phenomena. The main reason for this “paradox” is
due to the fact that the stress in the lateral direction of a large deformed plate was
ignored by von Karman. Therefore, the von Karman equation works only for thin-
plates and can’t be used as a beam model. For a relatively thick beam such that
h/L~w(x)e€O(1), the deformation in the lateral direction can’t be ignored. Based on
the finite deformation theory for Hooke’s material and the Euler-Bernoulli hypothesis
(i.e. straight lines normal to the mid-surface remain straight and normal to the mid-
surface after deformation), a nonlinear beam model was proposed by Gao [6]:

EIw pyps — aEw?xw,m +EMw 4 — f(2)=0, V2 €0, L] (2.1)
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Fic. 2.1.  Simply supported beam model - pre and post buckling analystis

where E is the elastic modulus of material, I =2h3/3 is the second moment of area
of the beam’s cross-section, w is the transverse displacement field of the beam, o=
3h(1—p?)>0 with u as the Poisson’s ratio, A= (1+u)(1—pu?)F/E >0 is an integral
constant, f(z)=(1—pu?)q(x) depends mainly on the distributed lateral load ¢(z), 2h
and L represent the height and length of the beam, respectively. The axial displacement
u(z) is governed by the following differential equation [6]:

_ 1 2 A

z 1 - 2.2
ua= =gl - s (22)
which shows that if u(z) ~w ,(z) € O(€), then u () ~w 4. (x) € O(€?).
The total potential energy of this beam model is II(w) : U, — R defined by
L 1 . 1
II(w) :/0 (2Elw?xx + Ean’x - §E)\w2x — f(z) w) dz, (2.3)

where U, is the kinematically admissible space, in which certain necessary boundary
conditions are given. Thus, for the given external load f(x) and end load A, the primal
variational problem is to find w €U, such that

(P): I(w)=inf{Il(w)|wel,}. (2.4)

It is easy to prove that the stationary condition 0II(w)=0 leads to the governing equa-
tion (2.1).

If the nonlinear term in (2.1) is ignored and f =0, then this nonlinear Gao beam is
degeneralized to the well-known Euler-Bernoulli beam equation®:

It is known that this linear beam will be buckled if the axial load X reaches the Euler
buckling load .. defined by

(2.6)

Clearly, in the pre-buckling state, i.e. before the axial load A reaches the Euler
buckling load A, we have

L L
HEB(w):/ Efw?mdx—/\/ Ew?,dz>0Vw Uy, A< Ay (2.7)
0 0

1Strictly speaking, instead of A, the axial load in the Euler-Bernoulli beam should be F'=\E/[(1+
w (1= )]
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In this case, Ilgpp(w) and II(w) are strictly convex on U,, therefore, both the Euler-
Bernoulli beam (2.5) and the nonlinear Gao beam (2.1) can have only one solution (see
Lemma 2.1. and Theorem 2.1 in [27]).

Dually, in the post-buckling state, i.e. A> A, the total potential energy for the
Euler-Bernoulli beam is strictly concave and

inf{llgp(w)| wely, A\> e} =—00, (2.8)

which means that the Euler-Bernoulli beam is crushed. This shows that the Euler-
Bernoulli beam can’t be used for studying post-buckling problems. However, for the
nonlinear Gao beam, it was proved recently by Machalovd and Netuka (see Remark 2.2,
[27]) that there exists a constant A, > )., such that the total potential energy II(w) is a
nonconvex (double-well) functional if A > A&, which allows at most three critical points,
i.e. the strong solutions to the nonlinear equation (2.1) at each material point x € [0, L]:
two minimizers corresponding to the two possible buckled states, one local maximizer
corresponding to the possible unbuckled state [14]. Clearly, these solutions are sensitive
to both the axial load A and the distributed lateral force field f(z). By equation (2.2) we
know that the axial deformation could be relatively large, while the nonconvexity of the
total potential shows that this nonlinear beam model can be used for studying both pre
and post-buckling problems [3,30]. Recently, the Gao beam model has been generalized
for many real-world applications in engineering and sciences [1,2,21,22,24-26, 28].

Although the nonlinear Gao beam can be used for modeling natural phenomena,
the nonconvexity of this beam model leads to some fundamental challenges in mathe-
matics and computational science. Generally speaking, traditional numerical methods
and nonlinear optimization techniques can be used only for solving convex minimization
problems. Due to the lack of a global optimality criterion to identify a global minimizer
at each iteration, most nonconvex optimization problems can’t be solved deterministi-
cally, therefore, they are considered to be NP-hard in global optimization and computer
science [17].

It was shown in [10] that by introducing a canonical strain measure e = A(w) = sw?,
and a convex canonical function V(e)=3%FEae®— E)e, the nonconvex (double-well)

potential W (w )= {5Eaw?®, —$EAw? in II can be written in the canonical form
W(w,)=V(A(w)). Thus, the canonical dual stress can be uniquely defined by
2F
o =0V ()= Tae—E)\. (2.9)

By the Legendre transformation, we have the canonical complementary energy
3
V¥(o)=eo—V(e)=——(0c+EN)>
(0)=eo—V(e) o (o )

Thus, replacing W(w ;) with V(A(w)) =A(w)o —V*(o), the Gao-Strang total comple-
mentary energy Z:U, X S, — R [18] in nonlinear elasticity can be defined as

L
1 1
E(w,o)z/o (QEIw?m—i—ZUw?I—Lm?)a(J—i—E)\)Q—f(x)w)dx

L
— G(w,0) / V*(0) — f(@)uldz, (2.10)
where S, ={0€C[0,L]| o(x) > —AE Yz €[0,L]} and

L
1 1
G(w,a):/O <2E1w?z$+20w?z>dz (2.11)
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is the generalized Gao-Strang complementary gap function [18].

THEOREM 2.1 (Complementary-duality Principle).  For any given external load f(x)
and end load \, the pair (w,5) is a critical point of Z(w,o) if and only if w is a critical
point of Il(w) and II(w)==(w,7).

Proof. The criticality condition 6=(w,5)=0 leads to the following canonical
equations:
EIW yppy — 0W 50 = f(2), (2.12)
1, 3
it =— (5 1
50 =55 (G+EN), (2.13)

which are equivalent to Equation (2.1). The equality II(w)=Z=(w,5) follows directly
from the Fenchel-Young equality V (A(w))+V*(¢) =A(w)d due to the convexity of the
canonical function V (e). d
THEOREM 2.2 (Triality Theory). Let (w,d) be a critical point of =(w,0).

If G(w,5) >0, then @ is a global minimizer of (w) on U, and

T1(%) = ruip T1() = i g =(oe,0). 210

If G(w,5) <0, then on a neighborhood U, X S, of (w,d), we have either

I1(w) = min II(w) = mi = =Z(w,0 2.15

(@) = min (w) = min maxZ(w,0) =5(,0), (2.15)
or

II(w) = M(w)= = =E(w,q). 2.16

(@) = max I{(w) = max max =(w,0) =E(w,7) (2.16)

Proof. For the positive gap function, E(w,0) is a saddle functional and the

total potential II(w) is convex on U, [18]. In this case, statement (2.14) follows directly
from Gao and Strang’s theory for general large deformation problems [18]. While for the
negative gap function, Z(w, o) is a bi-concave functional. In this case, the total potential
II(w) is nonconvex on U,, which could have both local minimum and local maximum
solutions. Due to the fact that max,es, =(w,0) =max,ecy, [I(w), the statements (2.15)
and (2.16) can be proved easily by the general triality theory [10]. d

The triality theory was first discovered in the post-buckling analysis of the large de-
formed beam theory [8]. Generalization to nonconvex/discrete optimization problems
was given in 2000 [11]. Detailed information relating to this theory as well as its exten-
sive applications in global optimization as well as nonconvex mechanics can be found in
the monograph [10] and recent review articles [11,15,16].

3. Mixed finite element method
By using the finite element method, the domain of the beam is discretized into
m elements [0,L]=J",Q° In each element Q°=[z° z°"!], the deflection, rotating
angular and dual stress for node z¢ are marked as w®, 6°¢ and o°, respectively, and
similar for node xz°*!. Then, we have the nodal displacement vector w,. of the e-th
element
w! =[w® 0° wett ], (3.1)

e —
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and the nodal dual stress element o,

ol =[o¢ 0“1 (3.2)

In cach element, we use mixed finite element interpolations for both w(x) and o(x), i.e.
wh(x) =N (z)w, , o(x)=NT(z)o. YoeQe.

Thus, the spaces U, and S, can be numerically discretized to the finite-dimensional
spaces U" and S, respectively. In this paper, the shape functions are based on
piecewise-cubic polynomial for w(x) and piecewise-linear for o(z), i.e.

1 (1= (2+¢)

(1—£)2 (14€) N :1{
1+ (2=¢ |7 72
(18 (6-1)

where £=2x/L.—1 with L. is the length of the e-th beam element. Thus, on the

discretized feasible deformation space U, the Gao-Strang total complementary energy
can be expressed in the following discretized form

Ny =

/1 1
Eh(wjg-):z <2wZGe(Ue)w6_2UZK606_)‘ZUe_feTwe_Ce>
e=1
%WTG( )W—%O’TKO'—)\TO'—fTW—C, (3.3)

where w €U C R?(m*1) and o € S C R™*! are nodal deflection and dual stress vectors,
respectively. We let

={o cR™"| detG (o) #0}. (3.4)

The Hessian matrix of the gap function G(o) e R2(m+1)  R2(m+1) g obtained by as-
sembling the following symmetric matrices G¢(o.):

Grlo= [ (BN V)T 4+ () 0. N (V)T )

1
L T T T
— [ S (B )T e T e= 65| L e9)
-1 4x4
where Gf; :Gji are defined by the two stress ends o and 0! of beam element as:
oC4octt setl e
3( 54}“1 ) 4 1281 12EI + 6LE2[ -G 10 + 6LE2[
e o€ ottt e e e
o 2 Le(G+% )+ -G, —%s(of+o )+ 2L
-Gt Gss i1 —Gia
€ € € O'E O'C+1
i 14 G54 G54 Le($5 + 55 )+4LEe |

The matrix K€R™T! x R™*! is obtained by assembling the following positive-

definite matrices K
L, [11
w11
S )

e, (o (2 v
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Also, A={)\.} €eR™ ! and f={f.} e R+ are defined by assembling the following

1 3
)\e:/ <3AN0>dx:/ (3L6AN0>d£=)\Le [%]
Q. 20{ 1 40{ @] 1

1
L.
fo= [ ) Nude= [ 510 Nudk,

-1

and ¢c= ) c. €R is defined as
e=1

3E ' /3EL, 3
ce:/ (AQ)dxz/ ()\2>d§:ELe>\2.
a. \ 4o 1\ 8« %!

By the critical condition §="(w,0) =0, canonical Equations (2.12) and (2.13) have
the following discretized forms

G(o)w—f=0, (3.6)

1
§WTHW—K0'—)\:O, (3.7)

where H=G o (0) stands for gradient of G(o) with respect to the vector o and

wlG g, (o)w
wlG g, (o)w

w! Hw = ' eR™ !,

WTGyo'

i ()W

in which o7 =[o1,09,....,0m11].
For any given w €U, we know that Z(w,*):S” — R is concave and the discretized
total potential energy can be obtained by

HZ(W) =max{Z(w,0)| o €S ={Z(w,0) e =K ! (%WT Hw-\)}. (3.8)

However, the convexity Z(*,0):U" —R will depend on o €S!. The discretized pure
complementary energy HQ:S;’%R can be obtained by the following canonical dual
transformation

(o) =sta {E(w,0)| wel'} ={E(w,0)| w=G 1 (o)f}
:—%fT G*l(a)f—%aTKa—ATa—c (3.9)

where sta {g(w)|w €U"} stands for finding the stationary value of g(w) on U”. Clearly,
its convexity depends on G(o). Let

SH={ocecS"|G(o)>0}, (3.10)

S, ={ocecS"|G(o)<0}. (3.11)
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Where the symbols “>~” and “<” represent the positive definite matrix and negative
definite matrix, respectively.

THEOREM 3.1. Suppose (W,&) is a stationary point of E"(w,o), then I1I'(w)=
Eh(w,a)=11"(5). Moreover, if & €S}, then we have
Canonical Min-Max Duality: w is a global minimizer of HZ(W) on U if and

only if & is a global mazimizer of 11 (o) on ST, i.e.,

" (W)= min IT?(w) < max 0% (o)=1"(a). (3.12)
p weul p oes’
If €S, , then on a neighborhood U, x S, CUM x S of (W,&d) we have
Canonical Double-max Duality: The stationary point w is a local maximizer
of HZ(W) on U, if and only if the stationary point & is a local mazimizer of II(a) on
S,, i.e.,
By — h he N _T7h(~
1T (w) = max I (w) < max I (o) =11, (&) (3.13)
Canonical Double-min Duality (if dim/" =dimS!): The stationary point w
is a local minimizer of HZ(W) on U, if and only if the stationary point & is a local
minimizer of I (o) on S,, i.e.,
H’;(\Tv) = min HZ(W) & min I (o) =11" () (3.14)

wEel, ocS,

The proof of this theorem follows from the general results in global optimization
[4,19,29]. Canonical min-max duality can be used to find the global minimizer of the
nonconvex problem via the following canonical dual problem:

(PY): max{II"(o)|oceS;]}, (3.15)

which is a concave maximization problem and can be solved easily by well-developed
convex analysis and optimization techniques. The canonical double-max and double-
min duality statements can be used to find the biggest local maximizer and a local
minimizer of the nonconvex primal problem, respectively. It was proved in [4,19,29] that
both canonical min-max and double-max duality statements hold strongly regardless of
the dimensions of U and S", while the canonical double-min duality statement (3.14)
holds strongly for dimU! =dimS”, but weakly if dimU” #dimS”. This case is within
our reach in the following applications.

4. Semi-Definite Programming algorithm

It is easy to understand that the nonconvex post-buckling problem could have mul-
tiple global minimizers for certain external loads, say ¢(z)=0. In this case we have
detG(o)=0 and S?=(). In order to deal with this case, this section presents a SDP
(Semi-Definite Programming, see [31] and [32]) reformulation to solve the canonical dual
problem (3.15). The SDP algorithm is applied to obtain all post-buckled solutions of a
large deformed elastic beam.

By the fact that Z(w,o) is a saddle function on U x S, we have

min II"(w)= min max Z(w,o)= max min =(w,o). 4.1
weul p( ) wellh oes;f ( ’ ) ocswell ( ’ ) ( )

For any given o € S}, the solution to ming cyn Z(W,0) leads to

w=w(o)=G (o)f (4.2)
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Thus, the stress fields o can be found by the following problem

max E(w(o),0)= %W(O’)TG(U)W(O’) - %UT Ko—-\o—fTw(o)-c
=max (o)
s.t. G(o) =0, (4.3)

where the symbol “>" represents the positive semi-definite matrix. By canonical min-
max duality we know that if o* €S, is a global maximizer of problem (4.3), then
w* =w(o*) should be a global minimizer of II?!(w). Furthermore, the problem (4.3) is
the same as:
1

maxt s.t. G(o) =0, tg(;ﬁ(a)—io'TKa (4.4)
where (o) = 3w(0)'G(o)w(o) - Ao —fTw(o) —c. By the fact that K > 0, the Schur
complement lemma (see [32]) for the second inequality constraint in (4.4) implies

{22{;1 ¢(¢S—t} = 0. (4.5)

Thus, the problem (4.4) can be relaxed to the following Semi-Definite Programming
(SDP) problem

(4.6)

-1
Ig_ag(t st. G(o)=0, [2K 7 ]>0

ol ¢(o)—t

In the same way, the SDP relaxation for the canonical double-max duality statement
h _ = _ h -

&%{XQHP (W)—rvrvl,ag_i_(w,a)—maxﬂd(a) st. o€S, (4.7)

should be equivalent to

2K ! o
Ig_z?txt st. —G(o) >0, [ o qﬁ(o’)t}to’ (4.8)

which leads to a local maximum solution to the post-buckling problem.

Now, let (w*,0*) be a local minimizer of the canonical double-min problem
miny, HZ(W) =miny maxg Z(w,0) =ming 1% (a) st. 0€S,. By Equation (4.2), the
local minimizer is equivalent to the following problem

rr(lJi_n {E(w(o),0)=1I(0)} st. G(o)=<0. (4.9)
This problem is the same as:
1 1
rgi? t st. G(o)=<0, t> —§fT G l(o)f- §O'T Ko-Ao-—c (4.10)

In order to apply the Schur complement lemma for the second inequality in (4.10), we
need to linearize the complementary energy V*(o) =407 Ko. This can be done by
using a reformulated pure complementary energy:

~ 1 1 1
Hd(o',w):fifTGfl(a)fffwTM(a)wf§)\Ta'fc, (4.11)

2
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the stiffness matrix M(o) in the strain energy V(w) = 3w’ M(o) w =V* (o) is obtained
by assembling the following symmetric matrices M¢(o.) in each element

O (GO AL T RS (PP AL I

-1

7103LE (0¢+o°t) ., %0’6—’_1 —M7 i %O’e 1
_ My, 66 (30 +o ) —Mp, (et a T |y g
Mg, Mg, My Mg,
M, Mg, Mgy g5(o°+30°T)
Therefore, by using ﬁd(o’,w)7 problem (4.10) can be relaxed to
1 ~
I(r)l_iltat st. G(o)=<0, §fT G o) f+¢(o,w)+t>0, (4.13)

where ¢(o,w)= iwl'M(o)w+ %)\T o +c. The primal variable w in this problem can
be computed by the dual solution o in the primal-dual iteration. Thus, by using the
Schur complement lemma this problem can be relaxed to the following SDP problem
—2G(o) f

i 5.6, — - - .
Ig_l,?t s.t G(o) =0, 7 dow)+t =0, (4.14)

Clearly, if stress o* is a local minimizer on S, of problem (4.14), the canonical double-
min duality shows that w*=w(o*) should be a local minimizer of HZ(W).

Consequently, the primal-dual semi-definite programming (PD-SDP) algorithm for
solving all possible post-buckling solutions can be proposed as the following.

PD-SDP Algorithm:
(1) Given initial primal solution w(© and error allowance ¢ >0. Let k=1;

(2) Compute the dual solutions {o(®)} by applying the SDP solver to problems (4.5),
(4.8) and (4.14), respectively.

(3) Compute the primal solution w*) =[G (a(®))]~'f.

(4) To check convergence; if |[w*) —w*=1 || /|w®)|| <e, stop with the optimal solution
w*=w) . Otherwise, let k=k+1 and go to step 2.

The SDP solver used in this algorithm is a popular software package named SeDuMi,
which is based on the interior point method [33].

5. Numerical solutions

We present in this section two different types of beams. Geometrical data were kept
fixed for all computations; elastic modulus £ =1000Pa, Poisson’s ratio ;. =0.3 and beam
length L =1m. The lateral load ¢(z) is assumed to be either a uniformly distributed
load such that f(z)=(1—pu?)q(z)=0.1N/m or a concentrated force on the center of
the beam in which f(x)=0.1N. A different number of elements with the same beam
length, different compressive load \ with different values of beam height are applied in
this paper.

5.1. Simply supported beam. A simply supported beam model is fixed in
both directions at =0 and fixed only in the y-direction at x =L as shown in Figure
(5.1-a) with the boundary conditions w(0) =w"(0) =w(L)=w"(L)=0.

If the beam height is 0.1 (i.e. h=0.05m), the critical load is A =0.00097m? (see
Equation (2.6)). For a different number of beam elements, the approximate deflections
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FiG. 5.3.  Simply supported beam under a uniformly distributed load with A=0.015m? (h=0.05m)

of this beam with A=0.01m?> )., under a uniformly distributed load are illustrated in
Figure 5.2. In the graphs, red triangle represents the global minimum, green square
represents the local maximum and blue circle represents the local minimum of II(w).
Figure 5.2 shows that the two post-buckled configurations; global minimum and local
maximum, look alike with all of the different number of beam elements. In contrast to
the local minimum, few differences appear in the local unstable buckled configuration.
The curve charts with 40, 50 and 60 elements seem very similar and more stable than
the curve charts that contain 10, 20 and 30 elements. Once again, Figure 5.3 shows
that, with a different number of elements at A=0.015m?>\.,., slight differences appear
on the local minimum curves.
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Fia. 5.7. Simply supported beam with a concentrated force (h=0.1m)

The local minimum solutions with a different number of beam elements at a com-
pressive load A=0.005m?> )\, look alike, as shown in Figure 5.4. The Gao-Strang gap
function for all post-buckled solutions was computed under a uniformly distributed load
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for a different number of elements with A=0.01m? as reported in Table 5.1.

We focus on 40 elements with the same beam length for all the following examples.
The deflections of the simply supported beam under a concentrated force with different
compressive loads A > A, are illustrated in Figure 5.5. At h=0.1m, the critical load
of the simply supported beam is A, =0.0078m?. The deflections of this beam under a
uniformly distributed load and a concentrated force are summarized in Figures 5.6 and
5.7, respectively. The Gao-Strang gap function for all three post-buckled solutions was
computed under a uniformly distributed load and a concentrated force as reported in
Tables 5.2 and 5.3, respectively.

Compressive No elements Gap function under a uniformly distributed load
load m Global Min Local Min Local Max
20 7.63568e-09 -2.15332e-09 -4.16926e-07
A=0.01 40 1.45323e-09 -8.56515e-10 -1.04182¢-07
60 6.10785e-10 -4.93895e-10 -4.62995e-08

TABLE 5.1. Gao-Strang gap function for simply supported beam with different numbers of elements

Compressive Gap function under a uniformly distributed load
Beam height loads “\” Global Min Local Min Local Max
0.005 1.38767e-09 -3.90449e-10 -1.04182e-07
h=0.05 0.01 1.45323e-09 -8.56515e-10 -1.04182e-07
0.015 1.51964e-09 -1.01164e-09 -1.04182e-07
0.0085 1.66885e-10 -1.48050e-10 -1.30228e-08
h=0.1 0.01 1.67195e-10 -1.50613e-10 -1.30228e-08
0.015 1.68227e-10 -1.55455e-10 -1.30228e-08
TABLE 5.2.  Gao-Strang gap function for simply supported beam under a uniformly distributed load

Compressive Gap function under a concentrated load
Beam height loads “\” Global Min Local Min Local Max
0.005 2.72407e-12 -9.56982e-13 -1.89005e-10
h=0.05 0.01 2.84230e-12 -1.78093e-12 -1.89005e-10
0.015 2.96381e-12 -2.05556e-12 -1.89005e-10
0.0085 3.28941e-13 -2.95470e-13 -2.36257-11
h=0.1 0.01 3.29501e-13 -3.00014e-13 -2.36257e-11
0.015 3.31372e-13 -3.08597e-13 -2.36257e-11
TABLE 5.3.  Gao-Strang gap function for simply supported beam under a concentrated load

5.2. Doubly/Clamped beam.

A clamped beam or doubly/clamped beam

model is clamped at both ends as shown in Figure (5.1-b). The boundary conditions
are defined as; w(0)=w'(0)=w(L)=w'(L)=0. The Euler buckling load of this beam
with h=0.05m is A..=0.0041m2. A different number of beam elements are applied
with the same conditions and A=0.009m?. We found that the results looked alike for
all three post-buckled solutions as shown in Figure 5.8. The results of the deflections



1238 SDP METHOD FOR POST-BUCKLING OF NONLINEAR GAO BEAM

x 107 x107* X107t
e *%%
’ ‘/*kk/‘/ RN ) f»""c‘.‘ “‘"-'”‘\_\ N‘r\'\-&“\.‘%
.- \ . o, F 9
A Z . £ -, &~
A\ a - «\\ /‘ ."A £
\ / \ / " £
s BN 3 s By s s “, &
— BN /‘/ *a, Fa “5_ £
2 % A “a, < , B Local Min
N & a, o ",
A Sappgaat? s -o- Local M
= o il
ﬁ [ 0.1 0.2 0.3 04 0.5 0.6 0.7 08 0.9 1 : 0 01 0.2 03 04 05 06 07 08 0.9 -‘00 0.1 02 03 04 0.5 06 0.7 08 0.9 1
==X m=20 m=40 m=60
Fic. 5.8. Clamped beam under a uniformly distributed load with A=0.009m? (h=0.05m)
X107t x10~* x107*
o - oo o,
2 ’,»..".,.' LISt ' s '.‘ . ey ) PN ANy
s £ s See® Seee . ¢ L 9
P s 2t 4 . ’ oo’ .
A A P N ) ¢ 5!
3 a A 'y 03 oo z h o
2 “ ;A ] A“ “A o .ﬂx;_ .:?n
4 A A 'y A 5 'a A
A A A A A A
A A 4 A‘ A‘ A‘ ‘A
. A‘ ‘,A % A“ A‘A 4| A“ J ~
‘;’ 3 ", " AA‘A J EW aat 3 “a, . Laca; Min
'a, A -o- L M
ﬁ “haaat & Global Min
"00 01 02 03 04 05 06 07 08 0.9 10 01 02 03 04 05 06 07 08 08 10 0.1 02 03 04 0.5 06 07 08 0.9 1
=X A =0.0085 A=10.01 A=0.014
Fic. 5.9. Clamped beam under a uniformly distributed load (h=0.05m)
X 1075 X 1075 EE
1 covenss®’ TSereeses, g oo o » oo
' l‘A‘ AA“ e o e .." | ... -_.".. -‘"',- ...
a Iy e s ¢ .
s AA AA' ‘AA AA‘ o ..a: Ei,.i
A A ! “a ol Aa T
3 AA ‘K s “‘A A i ‘A‘ ‘A‘
* AA‘ “A 3 “A‘ A“ 1 ‘AAA‘ ‘A‘AA
3 - a A a ra & A s )
26 “a it 4t “a N ‘A‘ y ‘A‘m‘AA : [Ijam; 11“4["'
ﬁ s “aaad 2 Global Min
.70 0.1 02 03 04 0.5 0.6 0.7 08 0.9 1 =0 01 02 03 04 0.5 06 07 08 09 10 01 02 03 04 05 0.6 0.7 08 0.9 1
=X A =0.005 A =0.0085 A=0.01
Fic. 5.10. Clamped beam under a concentrated force (h=0.05m)
Compressive Gap function under a uniformly distributed load
Beam height loads “\” Global Min Local Min Local Max
0.0085 2.09541e-08 -2.01747e-08 -1.04101e-07
h=0.05 0.009 2.09619e-08 -2.02106e-08 -1.04101e-07
0.01 2.09768e-08 -2.02717e-08 -1.04101e-07
0.014 2.10396e-08 -2.04287¢-08 -1.04101e-07
TABLE 5.4.  Gao-Strang gap function for doubly/clamped beam under a uniformly distributed load

under a uniformly distributed load and a concentrated force for different axial loads
A> A, with m =40 are illustrated in Figures 5.9 and 5.10, respectively.

The Gao-Strang gap function for all three post-buckled solutions, with different
axial loads and beam heights, was computed under a uniformly distributed load and a
concentrated force as reported in Tables 5.4 and 5.5, respectively.
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Compressive Gap function under a concentrated load
Beam height loads “\” Global Min Local Min Local Max
0.005 1.08569e-11 -9.01280e-12 -1.88954e-10
h=0.05 0.0085 1.09445e-11 -9.72096e-12 -1.88954e-10
0.01 1.09801e-11 -9.87268e-12 -1.88954e-10

TABLE 5.5. Gao-Strang gap function for doubly/clamped beam under a concentrated load

6. Conclusions

We have presented a canonical dual finite element method for the post-buckling
analysis of a large deformed elastic beam proposed by Gao in 1996. The nonconvexity
of the total potential energy II(w) is necessary for the post-buckling phenomenon, but
it leads to a fundamental difficulty for traditional numerical methods and algorithms.
Based on the canonical duality theory and mixed finite element method, a new primal-
dual semi-definite program (PD-SDP) algorithm is proposed, which can be used to
solve this challenging nonconvex variational problem to obtain all possible post-buckled
solutions. Extensive applications are illustrated for the post-buckled beam with different
boundary conditions and axial compressive forces. The Gao-Strang gap function is
computed for all post-buckled solutions. It is interesting to note that for local and global
minima, the value of this gap function is affected by both, the number of beam elements
and axial loads, but for local maxima, its value is affected mainly by the number of
elements. Our results show that the number of post-buckling solutions depends mainly
on the axial compressive forces. For a given nontrivial ¢(z), the nonlinear beam can
have at most three post-buckled solutions if A> \... Both the global minimizer and
local maximizer solutions are very stable. However, the local minimal solution is very
sensitive not only to the artificial parameters, such as the size of the finite elements,
but also to the natural conditions such as the axial compressive forces and boundary
conditions. Particularly, for a given A> .., the bigger is the external load ¢(z), the
smaller is the local minimal solution w(z). Therefore, the related numerical results
presented in Figure 13 in [3] are wrong?.
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