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GLOBAL WELL-POSEDNESS FOR N-DIMENSIONAL BOUSSINESQ
SYSTEM WITH VISCOSITY DEPENDING ON TEMPERATURE*

XIAOPING ZHAI' AND ZHI-MIN CHEN?

Abstract. In this paper, we study the global well-posedness issue for the Boussinesq system with
the temperature-dependent viscosity in R™(n>2). With a temperature damping term, we first get a
global solution in R?, provided the initial temperature is exponentially small compared with the initial
velocity field. Then, using a weighted Chemin-Lerner-type norm, we can also give a global large solution
in R™ if the initial data satisfies a nonlinear smallness condition. In particular, our results imply the
global large solutions without any smallness conditions imposed on the initial velocity.
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1. Introduction and the main results
One of the most useful models in fluid and geophysical fluid dynamics is the Boussi-
nesq system which has the following form:

0 +u-Vi—div(k(0)VO) =0,
Ou+u-Vu—div(v(0)Vu)+ VII=0e,,
divu=0,

(0,u)]t=0= (0o, uo),

(1.1)

where u denotes the velocity vector field, II=TI(x,t) is the scalar pressure, the scalar
function @ is the temperature and e, is the unit vector in R™. The viscosity x(f) and
the thermal diffusivity v(f) depend on the temperature. Such dependence could be of
great importance due to the large temperature contrast in certain applications.

The Boussinesq system arises from a zeroth-order approximation to the coupling
between the Navier-Stokes equations and the thermodynamic equations. It can be used
as a model to describe many geophysical phenomena (see [19]). Thus, it attracts the
attention of many mathematicians and there have been a lot of works devoted to it.
For the full Boussinesq system (x(0) and v(6) are all depending on the temperature),
Lorca and Boldr in [18] proved the global existence of strong solution for small data,
and the global existence of weak solution and the local existence and uniqueness of
strong solution for general data in [17]. By using De-Giorgi method and Harmonic
analysis tools, Wang and Zhang in [21] got the global existence of smooth solutions
in R?. A similar result in the bounded domain was obtain by Sun and Zhang in [20].
Li and Xu in [16] also generalized the result in [21] to the inviscid case (i.e. v(0)=
0). They got the global strong solution for arbitrarily large initial data in Sobolev
spaces H*(R?),s > 2. Jiu and Liu in [15] obtained the global well-posedness of anisotropic
nonlinear Boussinesq equations with horizontal temperature-dependent viscosity and
vertical thermal diffusivity in R?. Using x|D|0 instead of div(k(8)V6) in system (1.1),
Abidi and Zhang in [3] got the global solution in R?, provided the viscosity coefficient
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1428 GLOBAL WELL-POSEDNESS FOR N-DIMENSIONAL BOUSSINESQ SYSTEM

is sufficiently close to some positive constant in L°° norm. Zhai, Dong and Chen in
[26] extended Abidi and Zhang’s result into the supercritical regime for temperature
dissipation. When x(#) and v(6) are two positive constants which do not depend on
the temperature, there are also many works, see [6,11,22]. Here, we don’t report them
in details.

In contrast, only few works have been dedicated to the higher dimensional case,
see [12,13]. Francesco, in [13], obtained the global existence of weak solutions to the
system (1.1) in R™, with viscosity dependent on temperature. However, to the best of
our knowledge, when £(0) =0 and v =v/(0), the global existence of smooth solutions for
the n-dimensional Boussinesq system remains open even in R?. The present paper can
be regarded as an attempt to this problem. With the help of the temperature damping
term, we can give several different well-posedness results in R™. More precisely, in the
present paper, we will study the following Boussinesq system:

00 +u-VO+n0=0,
Ou+u-Vu—div(v(0)Vu) + VII=0e,,
divu =0,

(0,u)]t=0 = (60, u0),

where 7 is a positive parameter.

In the case when =0, the system (1.2) becomes the standard viscous Boussinesq
equations without thermal diffusivity; when n=wv(0)=0, the system (1.2) reduces to
the standard inviscid n-dimensional Boussinesq system; when div(r(0)Vu) is replaced
by Au, the system (1.2) becomes the system of damped Boussinesq equations, which
has been studied by Adhikar et al. in [4] and Wu, Xu and Ye in [23].

Notations. In all that follows, we denote n=1 and Bﬁl (R™) def BEJ N B;Tr; (R™),

where the definition of the function space B;;,l(]R") will be given in the next section.
We also assume that

1<v(d), v()eW»>R"M), v(0)=wr. (1.3)
Our first result in this paper is as follows:

.2
THEOREM 1.1.  Let 1<p<4, 1<q<2 and v(0) satisfy (1.3). For any 6p€B; N

Li(R?), up € Bp__;+5 N L2(R?) with divug =0, the system (1.2) has a unique local solution
(0,u) on [0,T], such that

0C((0,T]: B2, (R?) NI (B7, (R?))

2+ E 2\ A Foo 2 TR (2 1, pl7 o2
weC([0,T];B,, "(R7))NLF(B,, "(R*))NLy(B,," (R%)). (1.4)
Moreover, if there exist two positive constants Co and o (sufficiently small), such that
I6o]l 2 exp (CO(||UO||BA+% +lluollz + 160ll7)/v) <eo, (1.5)
p,1 p,1

then the local solution can be extended to be global.

REMARK 1.1. It is obvious that the global solution obtained in the above theorem has
a finite energy. In fact, we can also give a global solution which has an infinite energy,
by using another method. This fact will be proved after we have completed the proof
of Theorem 1.2.
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In the following, we are concerned about the global well-posedness in R™ (n>2),
more precisely, we have the following theorem:

THEOREM 1.2. Let 1<p<2n, v(0) satisfy (1.3). For any 90635 (R™), up€

—142

Bp7 7 (R™) with divug=0. If there exist positive constants ¢; and Cy, such that,

C vEA -V VA _ian 0 n (O 2, n 2)< 1.6
10T B, e 1l Jexp (Coll? g ) < (L6)

then the system (1.2) has a global solution (0,u) with
0€Cy((0,00): 8,1 (R™)NLHRY: B, (R™)),
ueCy([0,00):8,, " " (R)NLI(RY:1 B, 17 ().

Moreover, there holds

vtA vtA 2!
J— n —_— n n 9 n <7.
Jume Sl oseg fot =Sl g 100 B, <
(1.7)
REMARK 1.2. If v(9) is a positive constant, independent of 6, we can relax the
condition 6 EB”l(R") to 6 EB O P (R™).

REMARK 1.3. Asin [24], we can also construct an initial data, satisfying the nonlinear
smallness condition in (1.6), but the norm of each component of the initial velocity field

L 14n
can be arbitrarily large in Bp71+p (R™) with n<p<2n.

The paper is organized as follows. In Section 2, we recall the Littlewood-Paley
theory and give some useful lemmas about product laws and commutator’s estimates
in Besov spaces. In Sections 3 and 4, we present the proof of Theorems 1.1 and 1.2
respectively. In the Appendix, we give a local well-posedness result of the Boussinesq
system.

Notations. Let A, B be two operators, we denote [A, B]= AB— BA, the commutator
between A and B. For a <b, we mean that there is a uniform constant C', which may be
different on different lines, such that a <Cb. For X, a Banach space and I, an interval
of R, we denote by C(I;X), the set of continuous functions on I with values in X. For

€ [1,+00], the notation L?(I;X) stands for the set of measurable functions on I with
values in X, such that t — || f(¢)||x belongs to L9(I). We always denote (d;) cz to be a
generic element of ¢1(Z) so that >jendi=1.

2. Preliminaries

Let (x,¢) be two smooth radial functions, 0 < (y,¢) <1, such that x is supported
in the ball B={¢ €R",|¢(| <3} and ¢ is supported in the ring C={¢{€R™,3 <[¢] <5}
Moreover, there holds

D e =1, VEH0.

JEZ

Let h=F"1¢ and E:f’lx, then we define the dyadic blocks as follows:

Bif=p2 D) =2 [ h@y)fa-y)dy,
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S f=y(27D)f=2m / R(2y) (2 —y)dy.

Denote by S;L(R") the space of tempered distributions u, such that

thu 0 in S.

_]—) oo

Then, we have the formal decomposition

u:ZAju, Yue S, (R™).

JEZ

Moreover, the Littlewood-Paley decomposition satisfies the property of almost orthog-
onality:

ApAju=0 if [k—j|>2 and Ap(S;_uldju)=0 if |k—j|>5.
Now we recall the definition of homogeneous Besov spaces.
DEFINITION 2.1.  Let (p,r) €[1,40]?,s€R and ue S, (R™). Set
def /o is
lull s = @71 Al 2o )or-

Then we define B (R")dﬁf{ €Sy, (R™) ‘HUHBS <oo}.

REMARK 2.1. Let 1<p,r<oo,s€R, and u€S; (R"). Then u belongs to B;)T(R”) if
and only if there exists {d, ,};cz such that ||d;,||;- =1 and

1Ajull» <Cdj 2778 |ul| 5. forall jEZ.

We are going to define the space of Chemin-Lerner (see [5]), in which we will work,
which is a refinement of the space Ly.(B5 ,.(R™)).

DEFINITION 2.2.  Let seR, 1<r,A\,p<cc and T € (0,400]. We define E&\(B;T(]R”))
as the completion of C([0,T];S(R™)) by the norm

>3

T
1y ey )= Zz’“(/o ||Aqf<t>||2pdt> <oo,

qEZ

with the usual change if r=o00. For short, we just denote this space by E%(BZSN

)
REMARK 2.2. It is easy to observe that for 0 < sy < sq, 0€[0,1], p,r, A\, A\1,\a € [1,+00],
we have the following interpolation inequality in the Chemin-Lerner space (see [5]):

1-60
ez gy < el Gas o Il

with %z%—l—% and s=0s1+(1—0)sa.
By using the Minkowski inequality, we can easily get the following fact:

”fHZ/\ Bs )_Hf”LA Bs ) if )‘Sra ||f||Z/\ Bs )_”JCHLA Bs ) if A>r.
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In order to prove the main Theorem 1.1, we need to introduce the following weighted
Chemin-Lerner-type norm from [5,24]:

DEFINITION 2.3. Let f(t)€ L} (RT), f(t)>0. We define

loc

Z\ r

T a

_ . _ T8 A . q

lallzy, 55, =4 D2 ( / f<t>||AJu<t>||Lpdt>
JEL

for seR,pe[l,00],q,r €[1,00), and with the standard modification for ¢=o00 or r=oc.

The following Bernstein’s lemma will be repeatedly used throughout this paper.

LEMMA 2.1.  Let B be a ball and C a ring of R™. A constant C exists so that for any
positive real number X\, any non-negative integer k, any smooth homogeneous function
o of degree m, and any couple of real numbers (a,b) with 1 <a<b, there hold

Supp@ C AB= sup [|0%ul|» < CFHINEHn(/a=1/0) 0,/
la|=k

Suppi C AC= C* X\ ||u|| Lo < sup [|0%ul| e < CFFINF||u| e,
|| =k

Suppt CAC=||o(D)ul|p < C’mm)\m"’”(l/“_l/b) |l La

In the sequel, we shall frequently use Bony’s decomposition from [5] in the homo-
geneous context:

uvauv—i—Tvu—l—R(u,v):Tuv—i—k(u,v),
where
Tuvdéfzsj,luAjv, R(u,v) défZAjuAjv,
JjeZ j€ezZ
and
A def A J def . A
Aju= Z Ajv,  R(u,v) = ZSj+2vAju.
li—3"1<1 j€z

As an application of the above basic facts on Littlewood-Paley theory, we present
the following product law (proofs omitted) in Besov spaces.

LEMMA 2.2. Let 1<p,q<o0, s1 S%, SQSnmin{%,%} and 51—|—82>nmax{0,%—|—%—
1}. For ¥(a,b) € B;}I(R") X B;fl (R™), we have

0]

I p——g

By PNB
LEMMA 2.3 (Lemma 2.100 in [5]). Let 1<p,q<oo, sgl—l—nmin{%,%}, UEB;’I(R”)
and ueB;jl(R"). Assume that
(1 1 . [1 1 . .
s>—nmln{,1—}7 or S>—1—nm1n{,1—} if divu=0.
p q p q
Then, there holds

IV, A5 vllLe S 277 [ull 2 s lv]

.
Bq,1
p,1
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3. The proof of Theorem 1.1
Proof.  Given initial data (6p,u0), satisfying the assumptions of Theorem 1.1, we

deduce from the Theorem A.l in the Appendix that (1.2) has a unique local solution
(0,u) on [0,T*), such that for any T'<T™*

0eC(0,T: 87, (R2) NI (B, (R2) N LL(B1, (R2)),
weC (0,7 B,y ®R))NIF (B, T (R)NLL(BLL (R?)).

In order to prove that 7% = co under the smallness condition (1.5), we first get, by taking
L? inner product with |#]|" =26 to the first equation of (1.2), that

1d
— g el + 181l =0,  V1<r<oo.

A simple computation implies

a (e L"‘) =
from which we can get

16l =e""[|6ollr,  V1<r<oo. (3.1)

Similarly, taking L? inner product with u to the second equation of (1.2) and using
(1.3), implies

3 IuO s+ 190l = [ buade (32)

from which we can deduce, for any 1< ¢< 2, that
2 2 2-2 241
— @z +IVu@lze SN0l Lallull, op SNONzallull: * [Vull

4q9—4

1
<1015 1257 + 51V ullZe.

By using the Osgood’s Lemma, we have

3q—2

O+ 900 1) Shuoll+ ([ 10 )

3g—2

NHuOHLer(/( tHGOHLq)sq 2dt'> !
0
Slluoll7z +1160]17q- (3.3)

When ¢=2, from (3.1) and (3.2), one has

t
||U(t)||L2+||Vu(t)||L2(L2)NHUOHLZ+/ 16t ||L2dt/<||U0||L2+/ (e"'|160] =) dt
Slluollz2 + (|60l 22 (3.4)

Now, we are concerned about estimates regarding 6 equation of (1.2).
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We first get, by applying Aj to the first equation of (1.2), that
8,5A]9+’LLVA]9+A]9: [UV,AJ]Q
Taking the L? inner product of the resulting equation with |A;0|P~2A;0 and using

divu =0, we obtain
1d & oo - A a2 A
IR 14,002, = | [ A,014,017-2A 0.

From this, using Lemma 2.3, we get

d . . .
1200 o + 14,61 o < dy (£)27 7 [|u]] 1+zll9H b

B, 1

Integrating the above inequality over [0,¢], multiplying the resulting inequality by 2»

and taking summation for j € Z, we arrive at

101z +100 oz Il s + / 105 Wl 5 (3.5)
t p 1 p P P
By the Gronwall inequality, we get
ol .z 4081, 2 Sl 2 exp(Clull | vz )- (3.6)
L B:1 ( :1 :1 Lf(Bp,lp)
With a similar method, we can also get the following estimate
-142 <||90|| —142 exp(C/ull 142 )- (3.7)

pl t( p,1 )

0 a2 +0
R

t p,1 p,1

In the following, we give the estimates about u
Let P=Id+V(—A)~!div be the Leray projection operator. We first get, by apply-

ing P to the second equation of (1.2), that

Ou+P(u-Vu) —vAu—div(P((v(0) —v)Vu)) =P(fes).

Applying A to the above equation and using a standard commutator’s process give

A jutu-VAju—vAAju=A;div(P((v(0) —v)Vu)) — [A;Pu- V]u+A;P(fey).

Taking the L? inner product of the above equation with |Aju|p_2A uw and integrating

by parts, we have
142y, A
lull_ v Avliel e Sluoll g+ 20 DIAR - Vil gy e
t\Bp1

t p,1 p,1 jEZ

HIP(wO) =)Vl iz +[POe2)l| 12
LiB,, ?) LiB,, 7)
142)i 07 A

Shuoll —1az +3 2T AP 0 Dl 1y o)

Pl JEL
+ 1101l . lull vz +10 asz (3.8)
LiB,, 7)

2
L(Bg 1)
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Now, we have to deal with the second term on the right hand side of (3.8). In fact, by
virtue of Bony’s decomposition, the commutator in (3.8) may be decomposed into

[A;P,u-Vu=[A;P,T,-V]ut+A;P(Tg,u+ R(u,Vu)) — TvAju“ —R(u,VAu). (3.9)
We further decompose the first term in the right hand side of (3.9) into

[A;P,T,-V]u= Z [Aj, Sk 1u]ApVu.
li—k|<5

Writing h = F 'y and applying the first-order Taylor’s formula, we get, for 2 € R?,

Z [Aj,Sk_lu]AkVu

|i—k|<5
1
=22 Z //h(2jz)z-5k,1Vu(x+(f—l)z)AkVu(x—z)dzdf.
k—jl<570 B

Applying Holder’s inequality and the property of the translation invariance of the
Lebesgue measure, we have

1
18,8 e <2 3 [ [ @ la V(o €2) 84Tl ~2)odade
0 JR2

|k—j|<5

<C277 Y [[Sko1 V| e [ Ap Vul| o

|k—j|<5

<0279 3 8k 1Vl <2 PR ALV 12,
[k—j]<5

where hi(z) =zh(z). On the one hand, we deduce from Bernstein’s lemma that

[1Sk-1VullLe <C > 2 AVl
1<k—2

<Cdy,2"||Vul| 2,
thus, we have
[[AP. T Vul e < Cdy2™ 27| Va3,
Along the same lines, we have

IAP(Touw)r <C > [1Sk-1Vull < | Agul| v

|k—j|<5

<Cd;2~ DI | w2, (3.10)
On the other hand, we get, by applying divu =0, that

AR, Vu)| e <C26727 3™ | Agu| pal| Agul | 2

k>j—3

<2077 N 27| V|2 | Vul| 2

k>j—3
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<Cd;2~ DI | w2, (3.11)

The terms TvAju“ and R(u,VA;u) can be estimated in the same way as (3.10), (3.11),
thus we can finally get

AP, u-V]ul|z» < Cd;2~ 17| Va2, (3.12)

Inserting the estimates (3.12) into (3.8) and using the estimates (3.3), (3.4), (3.6),
(3.7), we have

Hu”~w -1t +vfull BH——)NHUOHB—HZ +||VUHL2(L2)

+H9||~ lull vz 01 a2
femry) LBt Lis, )
Slluoll 12 + luollF2 + 1160134
BP,1
+l6oll .2 +16oll .2 llull p2 )exp(Cllull 2 ).
BP BP U LIBLLP) LIB, L")
(3.13)

Thus, if we denote Y ()% ||u|_

(3.6), (3.7) and (3.13) that

122z +vllull .2, then one can deduce from
B, ") 1(B,."

||9||~ z)Hl@ll 8 <Cl|6ol . % exp(CY (t)/v), (3.14)
V@) <O(uol 105 + ol + 101+l 3 +160l 2 YO)exp(CY (011).
’ ' (3.15)

In particular, if we take gy to be sufficiently small and Cy to be sufficiently large in
(1.5), one has

160l 2 exp{C( luoll .- w2+ [luollZ> + 11601 Z0) /V}<*

2
BP
P pl

which, together with (3.14), (3.15), ensures for any ¢ € (0,7*) that

Y(t) <2C(luoll 142 +luoll72 + (1601 7.0), (3.16)

pl

||9||~ <Cl|6oll

\w

el

11

exp(2C°([uoll 112 +[luollZ2 +l60]Z0) /v)-

2 2
‘p BP
P p p,1

(3.17)

This in turn proves that T* =oo. In fact, let us assume (by contradiction) that T* < oco.
Next, applying (3.14), (3.15), (3.16) and (3.17) for all ¢ <T™* yields

I ||~ e e +oll__ z)+H9II %)SC<OO- (3.18)

L= (B, 4 p,1 ) p,1 B,y

Then, for all t; e [O,T*)7 one can solve (1.2) starting with data (ug,fp) at time t=tg
and get a solution according to Theorem A.1 in the Appendix on the interval [tg, T + o]
with T independent of ty. Choosing tg>T" —T thus shows that the solution can be
continued beyond T*, which is a contradiction.

Thus, we have completed the proof of Theorem 1.1. ]
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4. Proof of Theorem 1.2
The goal of this section is to present the proof of Theorem 1.2. In fact, given

0o € Bpl (R™), up € Bp_j*_; (R™), it deduces from the Theorem A.1 in the Appendix that
there exists a positive time T so that (1.2) has a unique local solution (0,u) on [0,77*),
such that for any T'<T™

0 €C((0,T): B, (R")NLF (B, (R")),
SIS mon Foo 1S n SIH 5 o
weC([0,7;B,, " R")NLF(B,, " (R")NLyp(B,,” (R")). (4.1)

We denote T* to be the largest possible time such that there holds (4.1). Then, the
proof of Theorem 1.2 is reduced to showing that 7* = oo under the assumption of (1.6).

Towards this, we shall deal with the LP-type energy estimate for 6 and u separately.
In order to do so, we denote u(t) =up(t)+u(t) with

up(t) e Bug, £ up(t )HBIJE%
and define
a(tx)di()t:pexp{ /f dt} (tm)d_umexp{ /f dt}
with A>0.

4.1. The estimates of  equation.

PROPOSITION 4.1. Let g€ B2, (R") and ue LF(B,, " * (RM)NLL(B) 1 ¥ (R")) with
1<p<2n. Then the following equation
Oh+u-VO+6=0, 0)t—0 =100, (t,z) € (0, T] xR", (4.2)

has a unique solution 960([0,T];8§1(R”)). Moreover, there exists a constant Cy >0
such that for Vt€[0,T]

A
0 —||6 n 0 n <0 » +C1]60
031 s, #3100, 2 10N, g < Hlollz +CHO_ o Tl oo

(4.3)

Proof. Both the existence and uniqueness of a solution to (4.2) essentially follow
from estimates (4.3). For simplicity, we just present the a priori estimate for a smooth
enough solution of (4.2). With the notation of 0y, (4.2) is reduced to

OOx+AF(1)0x+u-VOr+0,=0, (t,z)€[0,T]xR".

Applying Aj to the above equation and taking the L? inner product of the resulting
equation with |A;0,[P~2A;6,, we obtain

1d, . . . . . .
VAN +AFONAAL, + 14001 = [ 09,4100 4,004, 05d.
From this, using Lemma 2.3, we get

d . . .
@lIAﬂAIILv FAFONA;0x] e + 2505 e Sdj(t)2

}“3\:

pl
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Integrating the above inequality over [0,¢] and using uw=ur + @ leads to
t t
18503z ny +A [ TN lrdr+ [ [8503(ludr
0 0

t
§||Aj9o||m+/0 di ()27 7 Ju(T)l| a2 [OA(T)] 5 dT

n
P
p;1 BP,I

t
SllAj90||Lp+/O dj ()27 an(T)l| 2 6] 2 dr

| |
+ [ a2 Bl dr

Multiplying the above inequality by 257 taking summation for j € Z and taking A >2C),
we arrive at

n NI n 0 n <6 n 0 » |lu n
O e OV L P P L P
(4.4)
Similarly, we can obtain
0 —14 2 9 =1
B R LU S UMY
<||6o|| . - Cllo ign n 4.5
0l v + IO e )||ux||L1(B+,J) (45)

Taking estimate (4.4) together with estimate (4.5) implies the estimate (4.3). Conse-
quently, we have completed the proof of Proposition 4.1. ]

4.2. The estimates of u equation.  We first get, from u(t) =up(t)+a(t) with
up(t) =e"*Pug, that (@, VII) solves the following Stokes system

—VAG+VII=F, (t,z)e(0,T*)xR",
diva=0, (4.6)
t)4=0 =0,
with

F=div((v(0) —v)Vup)+div((v(0) —v)Va)
—(a-Va+diviup@u+uQup) +up-Vup)+0e,.

Let P be the Leray projection operator, applying P to the first equation of (4.6), then
we get by Duhamel’s formula that

t
u(t) = / e’ TAPE(T)dr.
0

Applying Lemma 2.1 gives rise to
t , )
B5a(0llr 5 [ e A 1o
0

Multiplying the above inequality by exp{ A fo fhHde } we obtain

t
ey A B /f it {8, Fx (Do (41
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Then it is easy to observe that

T
18/ lzzan S [ 1A ROl
from which, we deduce that

u _en <||F 4.8
||UA||Z%O(Bpi+p)~|| A|| LB, 1+ Py (4.8)

On the other hand, integrating (4.7) over [0,7], we arrive at
) T S _
[PAVEON FRTS) 5/ / e~ AP (7) || odrdt
o Jo

T . T 23 r A
< / VA B (7)o dr / e ) gt < / | A F(r) | o,
0 T 0
which implies

< . 4.
Al iy SIBAL s )

Multiplying by Af(t) on both the sides of (4.7) and then integrating the resulting
inequality over [0,7] gives

i A a0l FO 2 / ' [ 3swe{n [ st} 18,5 wsdrat
- [ 1sm @ [ w2 [ swa

T
< [ 1A B s
0

As a consequence, we have

) e < n 4.10
Iaall, ooty IR oo, (4.10)

which, combining with estimates (4.8) and (4.9), implies that

Sipn A “ign < . 4.11
Jurll o) TR, v Folnl, ey IR, ooy (4D)

Applying Lemma 2.2 and using the definition of 6, and @y, we have for any ¢t <T™*
that,

iV < .
[ V| P Sllu HL“’(BPI | /\HLl(B;i;)’
: . < .
1Cur-Vur)all I Slur-Vur| | N
i _ . < . wdr <
[div((v(6) =) Vur)|| S /||9AH UFH s dr SO, L@ty
di 0)— U _ipn < 0 1pnd <16 n ||a n o,
[div (@) =)Vl , -y /|| [ ||uA|| 3 dr sl ||L°O(B;, ||UAHL1(BP+IP)
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Using Lemma 2.2 and interpolation inequality, we have, for any § >0, that

dr

,1

Jdiv(ur @+ our), 1oy /umn y lluell g

"E\:

N=

o AL SO T

By 1
A o3+ gl e Il e
From the above estimates, one can conclude for any 0 <t <T"* that
Pl oo, Sl Surl, o, oreg)
10y HIOL, o+ gloll g I, e
+(6+H9”L;o(z;§1)+” ||LL (B:+;))|WA||L1(BP+1;) (4.12)

Inserting the above estimate (4.12) into (4.11), and taking 6 < v, we arrive at, for
any 0<t<T¥*, that

[N +Alaal AN
Mg 11y AT AB,ZT y Py s,
<(C. n 0 n C n
ol - VUFHL1 resT ) +Co| ,\||L%(B£1)+ || ,\HL%J(B:‘J
C’
_ _qan qan C 9 n U _ n U n
2Zluol|, s ol oy £ Co IOl org YAl e
(4.13)

4.3. Complete the proof of Theorem 1.2.

Proof. 1In this subsection, we will use bootstrap’s argument to complete the proof
of Theorem 1.2.

Firstly, let v be a large enough positive constant, which will be determined later
on. Multiplying by ~ on both the sides of estimate (4.3) gives

A
n _— 9 n 9 n
716 A||Lw(8p o [ A||L;f(8pp)1)+W|| A||L%(Bp,,’1)
§’y||90\|6% +701||0HL°°(B% ||"l_l,)\HL1(B1+n) OSt<T* (414)
P p,1

Summing up (4.13) and (4.14) leads to
YA

il n O\ll. = +-=6 - 0 ¥
||u>\HLt (Bp 1+ )+7|| )\H OO(B )+ 2 || A||L%’f(B:1)+’YH )\HLI(Bzfl)
\ v,
+ || )\H f(B )+ HU/\HLl(B )
<Cs|lup-Vu ~ez (0ol n + G0
o ||ur F||L1(]R i p1+ ) YI6oll B7, 2|0l t,f(Bp,l)
+QHU I || +Cal|0]
g o M ) TR st

Cql0 n 0 n +Cy|u - u 2. (4.15
OO, gz FONO, gz ol g AL, g - (415
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Choosing v >2C5 and /\2max{4C’2/*y,2C’2Huo||B,1+%/6} in the above inequality, we
p,1
have for any 0 <t <T* that

YA
~ n = ~ - 9 Lo 9 n
I3l s, 300 g3+ IO, n #AIOM

gl e I, e

<CpllurVurl, . oo 1000 g

?)
SOOI s 4GB s ol Yl s (416

By1) L (B)y) LB,y ™) L}(B,,

To complete the proof, we shall use the method of continuity. For this, we define

T sup {te[0,7%):||u e vl L

all_ o <al (417
e Li(B, pewhy <b (417

In what follows, we will prove that 7** =T* under the assumption of (1.6).
If not, we assume that T"* <T*, and for Vi <T**, taking

v
0<e < ,
174(014—’}/01-1-021/)
we deduce from (4.16) and (4.17) that
U _iim 0 n n
HUAIIL (Bpi+p)+7|| A||~W(Bpl)+ vlaxll a5 ptp)+7|| *”Ll(sm

<C -V _ipn Ol .~ ).
< (”UF uF||L1(R+;BP;+P)+H 0‘|Bpp,1)

As a consequence,

_ agnm 0 n 0 n 0 n
Il ies) + O 3 T s +000 L, n +0O,
t
/ /
<Ol Furl, o yorvs, 100l oo (3 [ r(e)r)
2 2
<O(Jur-Vurll, .. —1+;)+||90|Bil)eXP<CHU0||B;+%/V ). (4.18)

If the smallness condition (1.6) is satisfied, then we deduce from (4.18) that

C1
@ ||~ g /v+|| [ e +|| [P || <5

L}(B,, L (B))) p,l) N

for t <T**, which contradicts with (4.17). Whence, we conclude that 7** =00 and the
conclusion of Theorem 1.2 follows. 0

REMARK 4.1. If n=2, by using a similar method, we can get the following theorem:

142
THEOREM 4.1.  Let 1<p<4, v(0) satisfy (1.3) and Oy € Bpl(]R2), ug € Bpﬁ_" (R?)
with divug=0. Then there exist positive constants ¢y and C such that,

pl

Cill6oll 85 ° {Cl L+ fuoll -1+ eXP(CHHUOH i+ , [v? }Scl’ (4.19)
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the system (1.2) has a unique global solution (0,u), with
.2 .2
0 € Cy((0,00); 85 1 (R*)NLH(RT: 5] 1 (R?)),
-} 142
weCy([0,00); B, 1 "7 (R2) N L (RF; B, |7 (R?)). (4.20)
We only outline the main steps to prove Theorem 4.1. In fact, let ug be the solution
to the following incompressible Navier-Stokes equation in R2:
Our —Aur+ur-Vur+Vr=0,
divur =0, (4.21)
UR|t=0 = uo-

From Proposition 3.1 in [14], for any 2 <p <4, we can get (4.21) as a unique global
infinite energy solution up with
. 71+%

142 ~
ur € C([0,400);B, ) ) NL®((0,400); B,

1 S+
)OL ((O7+OO);Bp,l )7

moreover, there holds

U a2 Hu 2 +||Vr _1a2
H RHE?(BP;MQ’) H R”L%(B;t’%) H HL}(BI,;ﬂz’)
C
<Clluoll vz 1+ luoll —vez)exp{ 5 uol® .5 }. (4.22)
Bp,l v BP,I v v Bp,l P

Thus, if we take up =wupg in the process of proving Theorem 1.2, by using similar argu-
ments, one can complete the proof of Theorem 4.1.

REMARK 4.2. Compared to Theorem 1.1, here, the solution to system (1.2) has
infinite energy.

Acknowledgements. This work is supported by the NSFC (11601533 and
11571240) of China.

Appendix A. Local well-posedness of the Boussinesq system. In this sec-
tion, we mainly prove the local well-posedness of the following system:

0i0+u-VO=0,
Ou+u-Vu—div(v(0)Vu)+VII=0e,, (A1)
divu =0, '

(0,u)|t=0 = (0o, u0)-
More precisely, we will prove the following theorem:

THEOREM A.l.  Let v(0) satisfies the condition (1.3). For any 1<p<2n and 6y €

Bﬁl(R"), ug € B;i*i (R™) with divug=0. The system (A.1) has a unique local solution
(0,u) on [0,T] such that

0cC([0.T):8;,(R")NLF (B, (R")),

B T ~ oo, o lEn Sl
weC([0.T;B,, " (R")NLF(B,, " (R")NLy(B,," (R™)).
REMARK A.1. If v(0) is a positive constant independent of 6, we can relax the

condition §y € Bp%)l(R") to O € Bp_’ﬁ% (R™).
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Proof of Theorem A.1. We will divide the proof into several steps. In the first step,
we construct an approximate solution sequence, and then we prove the uniform estimates
to the approximate solutions in the second step. The convergence of the approximate
solutions will be given in the third step. In the last step, we give the unique proof of
the solution by using Lagrangian approach.

Step 1. Construction of smooth approximate solutions.
Firstly, there exists a sequence {(93,&0)}n€NC(8(R”)) such that (67,ug) con-

verges to (6p,up) in B” 1(R™) x B 7 (R™). Deﬁne uo = IPuO so that divug =0. Then

ufy belongs to H>(R™) and converges to ug in B (R”)
Therefore, applying Theorem 1.1 of [1] ensures that system (A.1) with the initial
data (6f,u)), admits a unique local-in-time solution (0™,u") belonging to

C([0,7); H*FH(R™)) x C([0,T"); H (R™)) N L, (0,77 HH (R™)),

with a> 7.
Step 2. Uniform estimates to the approximate solutions.

Next, we shall prove that there exists a positive time T < inf, cnyT™ such that (6™, u™)
is uniformly bounded in the space

def 7 5 >~ Sy 1 =+l
Ep S LE (B, ) x LF (B, )NLR(By, ).

For this, we define (up(t),u(t)) = def (e""Bug, e’ uy). A simple computation implies

n n in <
bl 20, IR g pivs) Sl g Slooll, g (82)
and
n

n < u — n

||UF|| (B;tp) [|lu F|| (B;tp)+|| F F||L1(B;,+1p)
< C i4n. A3
<|lurll st 3+ l|ug — uOIIBpT,, (A.3)

Thus, for any e >0, there exist, a number k=Fk(¢) €N and a positive time T'=T(e,u0)
such that

sup ||u'k|] o <e. (A.4)
n>k

Ly(B,,")

Denote by u"” defyn —u'%, then we can deduce from the system (A.1) that (6™,ua™)
satisfies the following system:

00"+ (up+u")- V" =

dyu" —div (v(6™)Va") + VII" = F,
diva" =0,

(0™,a")|e=0=(65,0),

where

Fp,=0"e, — (up+u")-Vu" —u" - Vulp—uf- Vuh +div ((v(0") —v(0))Vui).  (A.6)



XIAOPING ZHAI AND ZHI-MIN CHEN 1443

For notational simplicity, we denote by

def | hn n n def || _p " a”
o (1) |0 ||LOO(B +1|6 ||L%(le), U(t)= |la Hft( 71+p)+|| ||L1(Bp1p)

By using a similar derivation of (3.6), (3.7), we can obtain from the first equation of
(A.5) that

" n < n n n . A
10" g, <000 g DGR, ooy HIT°0, g D) (AT

Now, let us turn to the uniform estimates of @".
We first get, by applying A;P to the second equation of (A.5) and using a standard
commutator’s argument, that

A" —div (v(Smf™) A, V") =A;PF, +div([A;P,v(S,,0™)]) Va"
+APdiv(v(60™) — (v(Smf™))) Va". (A.8)

From (1.3), we know that v(S,,0™) has a positive lower bound. Thus, applying Lemma
2.1 and the Holder inequality, we get, for some positive constant ¢, that

d . o . o e
aHAﬂ"IIm+c22f||Ajﬂ"||mSI\AjPFnIIm+Hdlv([AjP,v(Sm9 )IVa"| Ly
+ | A;PAiv((0™) — (v(Sm0™))) VT | 1o (A.9)

After time integration, multiplying 2(=1+3)7 and summing up over j, we infer

2"l (B;+%)+Ilu HLl(Berl;)
SIFall,, e D20 V(AR V(SnODVE" 13 10y
EREah JEL
+3 20T A Pdiv(v(07) — (V(Sm8™)) VA" | 11 (1r)- (A.10)
JEZL

Then using product laws in Besov spaces and (A.2), we obtain

||an-va"+u§%~VU%HL1(B;+%)
< n B n T n — n .
<|u ”ZOO(B +p)||u ||L1(Bl+ )+HU0HBP1+ [|u F||L1’(B;’+1p)

Thanks to divu’t =diva” =0, we get, by using product laws and interpolation inequality
in Besov spaces, that
|a"-Va" +ul-Vup+ua" - Vup +up-Va"|| L
f p,1
Sla" @u" +up @up +u" Qup Fup | on
<l S LI

n n n n n n n =N n n n d
/ I 00+l s 171 b5 o

/ P L I L Fee T et

B, 1 p,1 p,1
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Sllat|l. L oaipn @ +lu _1gn n
e L e L Ptey ' Jpre

Along the same lines, one has
1+%

3 977, . n < ’I’L — e
[|div (v(6™) —v(0 )VUF)HL (Bp1+p) <o HEOO(B 142 ||UF||L%(Bp,1)

SO Ol oo
p,1

As a consequence, we obtain

5 S, 3
1)

) ol v oo + O ORI, g - (AT

p,1

Il o0

By Lemmas 2.2 and 2.3, one has

S 2RI A PAiv(r(6") — (v(S6™) VT | 13 (1)
JEL

- . . A12
<10 = S0 HLOC(BP )\Iu ||L%(B;’+lp ; (A12)

> 25 div (AP v(Sm0™)]) VA" | s 1y

JEZ
SHVV(SWW)”ZMB% LR B
t p,1
SO N s 1
Ly p,1
(A.13)

P
n
1 Jr|| [ (B;t ))~

“
n

5mm||9"||~m 2 (@] a-
Ly (B, 1) Lg (Bp
Inserting the estimates (A.11)-(A.13) into (A.10) leads to

n”Et (B;Jrg)—’_” "|| (Bplp)
sty HO O ol g Ll oo
+0"(t) lup|| LiB ’1]+1p)+H9" S 0"||Lw(Bp1)|| a"||

I e )

[

shetll
Ll(B )
(A.14)

e U PP (4 NI,

which implies
U™ (t) StO™ (1) + (U™ (1)) 2+ 220" (1)U (t)
Ci4n n "t n A.15

Jr||Uo||Bpi+ ([l (B;p)+@ ®)||lupll LB ( )

(A.16)

provided that
< Co

080" 0 <
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for some sufficiently small positive constant ¢y and some integer m € Z.
By using a similar derivation of (3.5), we can infer

N S S V-T2 P

L (B),)
j>m
+||00|| o (exp (CU™ (1) +Clup st )) -1). (A.17)
p 1
Next, for any n €N, we define
T sup{te (0,7"): U™(t) <20}, (A.18)

with gg € (0, %) to be determined. We shall prove inf, en7," > 0.
Firstly, we deduce from (A.7) that

(1) <Clol ;3 exp (C (U™ () + ol 113))

p 1 p,1

<Clollyz exp(C(1+oll,++3))

o,. (A.19)

Secondly, noticing that 0y € Bp;,1 (R™), thus, there exists m =m(cp) € Z large enough such
that

niooa 1
L 14560l < Sco. (A.20)
j=>m

Taking €y and T small enough such that

CHQOHBE (exp(2C50+C||uFH TO(Bpl ))—1)§§co. (A.21)

Combining with (A.20) and (A.21), we can deduce from (A.17) that (A.16) is ful-
filled for T'=min(T7",Ty). Without loss of generality, we may assume T* <Ty. Then,
for any ¢t <T7, we deduce from (A.15) that

U™ (t) $tOo +2e0U™ (1) +12 20 U™ ()
Sl a n A.22
+||U0||Bp L [l (B;ﬁ”)Jr@OHuFHLl(BitP) (A.22)

Finally, taking 9 and 77 small enough ensures

C (280 +122™0y) < %,

€0
CT10¢+C “1pn +0O n <—
100+ (HUO” p1+ + O)” F”LlTl(B;t”)*Zl’
which together with (A.22) implies

U"(t)<ep, Vt<min(T},T1).
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However, by the definition of T, we eventually infer 7" > T} and supU"™(T}) < &g, which
along with (A.2) and (A.19) ensures that (6”,4™) is uniformly bounded in Ep,.

Step 3. Convergence.

The convergence of u't to up readily stems from the definition of Besov spaces. The
convergence of (6™,u") is obtained by Ascoli’s compactness theorem. The proof for the
sequence satisfying the theorem is standard. A similar argument can be found on pages
1330-1331 of [8].

Step 4. Uniqueness of the solution.

As in [10,26], by using Lagrangian approach to prove the uniqueness of the solu-
tion for the inhomogeneous Navier-Stokes equations; here, we also apply a Lagrangian
approach to show the uniqueness part of Theorem A.1. Let us first derive algebraic
relations involving changes of coordinates.

We are given a C'-diffeomorphism X over R". For H:R" —R™, we agree that
H(y)=H(z) with = X(y). With this convention, the chain rule writes

DyH(y)=D,H(X(y))-DyX(y) with (DyX);;=0,,X". (A.23)
or, denoting V,, =D,
VyH(y)=(VyX(y)) Vo H(X(y)).
Hence we have
D,H(x)=D,H(y)-Aly) with A@) ™ (D,X(y)' =D, X '(z).  (A24)

Let us first derive formally the Lagrangian equations corresponding to (A.1). Let
X, be the flow associated to the vector-field u, that is the solution to

Xou(ty)=y+ / u(r, X (7,9))dr.

Now, denoting

(p,0, P)(t,y) = (0,0, 1) (£, Xu(1,)). (A.25)

Thanks to the transport equation of (A.1) and the chain rule, we infer p(t,-)=6o.
Applying Proposition 8 in [9] implies that (v,VP) belongs to the same functional space
as (u,VII). Moreover, using the chain rule leads to

(Bu+u-Vou) (t,Xu(ty) =0, VII(t,Xu(t,y)) =A"V,P(t,y).
By using the Lemma A.1 in the appendix of [10] gives
divyu(t, X, (t,y)) =Tr(Dyv- A)(t,y) =div, (Av)(t,y),
and
div, (vVu) (t, X, (t,y)) =divy (v(60) AV) (t,y).
Whence transform (A.1) into the formulation in the Lagrangian coordinates

Oy —div(v(0))AVv) + ATVP  =0bgey,
div(Av) =0, (A.26)

U‘t:():’u,o.
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Now let (0;,u;, VIL;), i=1,2, be two solutions to (A.26) and (p;,v;, P;) be determined
by (A.25).
Denote (6v,0P,5A) def (vg —wy,Po— Py, Ay — Ay), where

-1

t
Ai(ty) ™ (Id+/ Dvi(T,y)dT> , fori=1,2. (A.27)
0

Then the system for (dv, VOP) reads

dy0v —div (v(60)Vov) + V6P =4F,
divév =g, (A.28)
5’U‘t=0 :O7

where
9% div ((1d— Ag)6v — 6 A, ),
RY 9, A260+ (1d — A2) 0,60 — 0,6 Avy — 5 Ady vy,
SF Y div (v(60) (A2 — 1d) Vo) +div (v(80) 5 AV, ).

In the sequel, we shall take T" to be so small that

T
| ipen g ae<e, =12,

p,1

for a small enough constant ¢. Then we deduce from (A.27) that

Ai(t,y):Id—kg:l(—l)k </0tDv,-(T,y)dT>k, =12

Moreover, as proved in the appendix of [10], we have the following estimates:

[|0c Al . SIDwi| o,y =12,
Bp,1 Bp,l
1Al SISVl | s
L (Bya) LI(BF,)
|A;—=1d|| .= <||Dug]| .=, i=1,2,
L& (B ) LYBP,)
100 A

| Dév|| n o +|ov]| (A.29)

ez Sl SR
t(Bp1

L3 (B, , L3 (B})) LE(BY)

Choosing m to be large enough such that there holds

[(Id = Sim)bo]| . = < co. (A.30)

A simple computation implies that
9p6v —div (v(S,00)Vv) + VP =5F +div ((v(60) — v(Smb0)) Viv). (A.31)
Applying AjIP’ to (A.31) and using the fact that divdv =g, ;g =div R, we arrive at

9 A j6v —div (v(Smbo) A;Vov)
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=A;QR+A;PSF 4 div([A;P,v(Smb0)| Vv + A;Pdiv(v(8y) —v(Sm600)) Viv.

From the above equation and (A.30), we can get by a similar derivation of (A.10)
that

n _ n < n _ F _ n
I . P e
+2"10]l .2 t2||5v||2 8] o (A32)
pl t ppl ) f( pl )
Define
def
SEWE fovl, oo+,
then we deduce from estimate (A.32) that
SE()<Cipm. (IR win +|ISF| L ien +t28E()). A.33
(O Contnt 3 (IRl oo 1P oy +35B0). (439

To get the uniqueness of the solutions, we only need to prove §FE(t)=0 for small
enough ¢.
Now applying (A.29), product laws and interpolation in Besov spaces, we arrive at

1 —_ 141 < n — n —14n
e (v00) (A VI vy SO0z A2l e 90, v
< n || Dv n
SNoll 3 1002, 5 5.

Similarly, one has

Idiv (@0 AV, ovez SI@ g 1841 o Toall, ores)
ol 1D3l e 1|\L%(B;g)
<
Mol ol o3 B0
Thus,
5F n < 6 n n 5E t . A 4
IF I, 03 S Wollz (ol , oo +lloall, ores OEC) (A.34)

Using the same argument, we deduce from (A.29) that

141 < n n n . .
IRl re3, S U0, g+l s Flall e JOBE). (439

Plugging (A.34), (A.35) into (A.33), we eventually get

0E(1) S { .
()N ||atv1||L1(B +|| 1||L1(B;tp)+|| 1||L2(BP)

+2 t2+(1+||90|| )|| 2||L1(B;+12)}5E(t)' (A.36)

From the Equation (A.26), we can easily get 9;v1 € L} (Bp o ) from which and taking ¢
small enough in (A.36) implies that § E(t) =0. The uniqueness on [0,7] can be obtained
by a standard argument.
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