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GLOBAL WELL-POSEDNESS FOR N-DIMENSIONAL BOUSSINESQ
SYSTEM WITH VISCOSITY DEPENDING ON TEMPERATURE∗

XIAOPING ZHAI† AND ZHI-MIN CHEN‡

Abstract. In this paper, we study the global well-posedness issue for the Boussinesq system with
the temperature-dependent viscosity in Rn(n≥2). With a temperature damping term, we first get a
global solution in R2, provided the initial temperature is exponentially small compared with the initial
velocity field. Then, using a weighted Chemin-Lerner-type norm, we can also give a global large solution
in Rn if the initial data satisfies a nonlinear smallness condition. In particular, our results imply the
global large solutions without any smallness conditions imposed on the initial velocity.
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1. Introduction and the main results
One of the most useful models in fluid and geophysical fluid dynamics is the Boussi-

nesq system which has the following form:⎧⎪⎪⎪⎨⎪⎪⎪⎩
∂tθ+u ·∇θ−div(κ(θ)∇θ)=0,

∂tu+u ·∇u−div(ν(θ)∇u)+∇Π=θen,

divu=0,

(θ,u)|t=0=(θ0,u0),

(1.1)

where u denotes the velocity vector field, Π=Π(x,t) is the scalar pressure, the scalar
function θ is the temperature and en is the unit vector in Rn. The viscosity κ(θ) and
the thermal diffusivity ν(θ) depend on the temperature. Such dependence could be of
great importance due to the large temperature contrast in certain applications.

The Boussinesq system arises from a zeroth-order approximation to the coupling
between the Navier-Stokes equations and the thermodynamic equations. It can be used
as a model to describe many geophysical phenomena (see [19]). Thus, it attracts the
attention of many mathematicians and there have been a lot of works devoted to it.
For the full Boussinesq system (κ(θ) and ν(θ) are all depending on the temperature),
Lorca and Boldr in [18] proved the global existence of strong solution for small data,
and the global existence of weak solution and the local existence and uniqueness of
strong solution for general data in [17]. By using De-Giorgi method and Harmonic
analysis tools, Wang and Zhang in [21] got the global existence of smooth solutions
in R2. A similar result in the bounded domain was obtain by Sun and Zhang in [20].
Li and Xu in [16] also generalized the result in [21] to the inviscid case (i.e. ν(θ)=
0). They got the global strong solution for arbitrarily large initial data in Sobolev
spacesHs(R2),s>2. Jiu and Liu in [15] obtained the global well-posedness of anisotropic
nonlinear Boussinesq equations with horizontal temperature-dependent viscosity and
vertical thermal diffusivity in R2. Using κ|D|θ instead of div(κ(θ)∇θ) in system (1.1),
Abidi and Zhang in [3] got the global solution in R2, provided the viscosity coefficient
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is sufficiently close to some positive constant in L∞ norm. Zhai, Dong and Chen in
[26] extended Abidi and Zhang’s result into the supercritical regime for temperature
dissipation. When κ(θ) and ν(θ) are two positive constants which do not depend on
the temperature, there are also many works, see [6, 11,22]. Here, we don’t report them
in details.

In contrast, only few works have been dedicated to the higher dimensional case,
see [12, 13]. Francesco, in [13], obtained the global existence of weak solutions to the
system (1.1) in Rn, with viscosity dependent on temperature. However, to the best of
our knowledge, when κ(θ)=0 and ν=ν(θ), the global existence of smooth solutions for
the n-dimensional Boussinesq system remains open even in R2. The present paper can
be regarded as an attempt to this problem. With the help of the temperature damping
term, we can give several different well-posedness results in Rn. More precisely, in the
present paper, we will study the following Boussinesq system:⎧⎪⎪⎪⎨⎪⎪⎪⎩

∂tθ+u ·∇θ+ηθ=0,

∂tu+u ·∇u−div(ν(θ)∇u)+∇Π=θen,

divu=0,

(θ,u)|t=0=(θ0,u0),

(1.2)

where η is a positive parameter.
In the case when η=0, the system (1.2) becomes the standard viscous Boussinesq

equations without thermal diffusivity; when η=ν(θ)=0, the system (1.2) reduces to
the standard inviscid n-dimensional Boussinesq system; when div(ν(θ)∇u) is replaced
by λu, the system (1.2) becomes the system of damped Boussinesq equations, which
has been studied by Adhikar et al. in [4] and Wu, Xu and Ye in [23].

Notations. In all that follows, we denote η=1 and Ḃ
n
p

p,1(R
n)

def
= Ḃ

n
p

p,1∩Ḃ
−1+n

p

p,1 (Rn),

where the definition of the function space Ḃs
p,1(R

n) will be given in the next section.
We also assume that

1≤ν(θ), ν(·)∈W 2,∞(R+), ν(0)=ν. (1.3)

Our first result in this paper is as follows:

Theorem 1.1. Let 1<p<4, 1<q≤2 and ν(θ) satisfy (1.3). For any θ0∈Ḃ
2
p

p,1∩
Lq(R2), u0∈ Ḃ−1+ 2

p

p,1 ∩L2(R2) with divu0=0, the system (1.2) has a unique local solution
(θ,u) on [0,T ], such that

θ∈C([0,T ];Ḃ
2
p

p,1(R
2))∩ L̃∞

T (Ḃ
2
p

p,1(R
2))

u∈C([0,T ];Ḃ
−1+ 2

p

p,1 (R2))∩ L̃∞
T (Ḃ

−1+ 2
p

p,1 (R2))∩L1
T (Ḃ

1+ 2
p

p,1 (R2)). (1.4)

Moreover, if there exist two positive constants C0 and ε0 (sufficiently small), such that

‖θ0‖
Ḃ

2
p
p,1

exp
(
C0(‖u0‖

Ḃ
−1+ 2

p
p,1

+‖u0‖2L2 +‖θ0‖2Lq )/ν
)≤ε0, (1.5)

then the local solution can be extended to be global.

Remark 1.1. It is obvious that the global solution obtained in the above theorem has
a finite energy. In fact, we can also give a global solution which has an infinite energy,
by using another method. This fact will be proved after we have completed the proof
of Theorem 1.2.
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In the following, we are concerned about the global well-posedness in Rn (n≥2),
more precisely, we have the following theorem:

Theorem 1.2. Let 1≤p<2n, ν(θ) satisfy (1.3). For any θ0∈Ḃ
n
p

p,1(R
n), u0∈

Ḃ
−1+n

p

p,1 (Rn) with divu0=0. If there exist positive constants c1 and C1, such that,

C1

(‖eνtΔu0 ·∇eνtΔu0‖
L1(R+;Ḃ

−1+n
p

p,1 )
+‖θ0‖Ḃ n

p
p,1

)
exp

(
C1‖u0‖2

Ḃ
−1+n

p
p,1

/ν2
)
≤ c1, (1.6)

then the system (1.2) has a global solution (θ,u) with

θ∈Cb([0,∞);Ḃ
n
p

p,1(R
n))∩L1(R+;Ḃ

n
p

p,1(R
n)),

u∈Cb([0,∞);Ḃ
−1+n

p

p,1 (Rn))∩L1(R+;Ḃ
1+n

p

p,1 (Rn)).

Moreover, there holds

‖u−eνtΔu0‖
˜L∞t (Ḃ

−1+n
p

p,1 )

/
ν+‖u−eνtΔu0‖

L1
t (Ḃ

1+n
p

p,1 )
+‖θ‖

˜L∞t (Ḃ
n
p
p,1)

+‖θ‖
L1

t (Ḃ
n
p
p,1)
≤ c1

2
.

(1.7)

Remark 1.2. If ν(θ) is a positive constant, independent of θ, we can relax the

condition θ0∈Ḃ
n
p

p,1(R
n) to θ0∈ Ḃ−1+n

p

p,1 (Rn).

Remark 1.3. As in [24], we can also construct an initial data, satisfying the nonlinear
smallness condition in (1.6), but the norm of each component of the initial velocity field

can be arbitrarily large in Ḃ
−1+n

p

p,1 (Rn) with n<p<2n.

The paper is organized as follows. In Section 2, we recall the Littlewood-Paley
theory and give some useful lemmas about product laws and commutator’s estimates
in Besov spaces. In Sections 3 and 4, we present the proof of Theorems 1.1 and 1.2
respectively. In the Appendix, we give a local well-posedness result of the Boussinesq
system.
Notations. Let A, B be two operators, we denote [A,B]=AB−BA, the commutator
between A and B. For a� b, we mean that there is a uniform constant C, which may be
different on different lines, such that a≤Cb. For X, a Banach space and I, an interval
of R, we denote by C(I;X), the set of continuous functions on I with values in X. For
q∈ [1,+∞], the notation Lq(I;X) stands for the set of measurable functions on I with
values in X, such that t→‖f(t)‖X belongs to Lq(I). We always denote (dj)j∈Z to be a
generic element of 	1(Z) so that

∑
j∈Z

dj =1.

2. Preliminaries
Let (χ,φ) be two smooth radial functions, 0≤ (χ,φ)≤1, such that χ is supported

in the ball B={ξ∈Rn, |ξ|≤ 4
3} and ϕ is supported in the ring C={ξ∈Rn, 34 ≤|ξ|≤ 8

3}.
Moreover, there holds ∑

j∈Z

ϕ(2−jξ)=1, ∀ξ �=0.

Let h=F−1ϕ and h̃=F−1χ, then we define the dyadic blocks as follows:

Δ̇jf =ϕ(2−jD)f =2nj
∫
Rn

h(2jy)f(x−y)dy,
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Ṡjf =χ(2−jD)f =2nj
∫
Rn

h̃(2jy)f(x−y)dy.

Denote by S ′h(Rn) the space of tempered distributions u, such that

lim
j→−∞

Ṡju=0 in S ′ .

Then, we have the formal decomposition

u=
∑
j∈Z

Δ̇ju, ∀u∈S ′h(Rn).

Moreover, the Littlewood-Paley decomposition satisfies the property of almost orthog-
onality:

Δ̇kΔ̇ju≡0 if |k−j|≥2 and Δ̇k(Ṡj−1uΔ̇ju)≡0 if |k−j|≥5.

Now we recall the definition of homogeneous Besov spaces.

Definition 2.1. Let (p,r)∈ [1,+∞]2,s∈R and u∈S ′
h(R

n). Set

‖u‖Ḃs
p,r

def
= (2js‖Δ̇ju‖Lp)lr .

Then we define Ḃs
p,r(R

n)
def
= {u∈S ′

h(R
n)
∣∣‖u‖Ḃs

p,r
<∞}.

Remark 2.1. Let 1≤p,r≤∞,s∈R, and u∈S ′
h(R

n). Then u belongs to Ḃs
p,r(R

n) if
and only if there exists {dj,r}j∈Z such that ‖dj,r||lr =1 and

‖Δ̇ju‖Lp ≤Cdj,r2
−js‖u‖Ḃs

p,r
for all j∈Z.

We are going to define the space of Chemin-Lerner (see [5]), in which we will work,
which is a refinement of the space Lλ

T (Ḃ
s
p,r(R

n)).

Definition 2.2. Let s∈R, 1≤ r,λ,p≤∞ and T ∈ (0,+∞]. We define L̃λ
T (Ḃ

s
p,r(R

n))
as the completion of C([0,T ];S(Rn)) by the norm

‖f‖
˜Lλ
T (Ḃs

p,r)
=

⎧⎨⎩∑
q∈Z

2rqs

(∫ T

0

‖Δ̇qf(t)‖λLpdt

) r
λ

⎫⎬⎭
1
r

<∞,

with the usual change if r=∞. For short, we just denote this space by L̃λ
T (Ḃ

s
p,r).

Remark 2.2. It is easy to observe that for 0<s1<s2, θ∈ [0,1], p,r,λ,λ1,λ2∈ [1,+∞],
we have the following interpolation inequality in the Chemin-Lerner space (see [5]):

‖u‖
˜Lλ
T (Ḃs

p,r)
≤‖u‖θ

˜L
λ1
T (Ḃ

s1
p,r)
‖u‖(1−θ)

˜L
λ2
T (Ḃ

s2
p,r)

with 1
λ = θ

λ1
+ 1−θ

λ2
and s=θs1+(1−θ)s2.

By using the Minkowski inequality, we can easily get the following fact:

‖f‖
˜Lλ
T (Ḃs

p,r)
≤‖f‖Lλ

T (Ḃs
p,r)

if λ≤ r, ‖f‖
˜Lλ
T (Ḃs

p,r)
≥‖f‖Lλ

T (Ḃs
p,r)

, if λ≥ r.
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In order to prove the main Theorem 1.1, we need to introduce the following weighted
Chemin-Lerner-type norm from [5,24]:

Definition 2.3. Let f(t)∈L1
loc(R

+),f(t)≥0. We define

‖u‖
˜Lq
T,f (Ḃ

s
p,r)

=

⎧⎨⎩∑
j∈Z

2rjs

(∫ T

0

f(t)‖Δ̇ju(t)‖qLpdt

) r
q

⎫⎬⎭
1
r

for s∈R,p∈ [1,∞],q,r∈ [1,∞), and with the standard modification for q=∞ or r=∞.

The following Bernstein’s lemma will be repeatedly used throughout this paper.

Lemma 2.1. Let B be a ball and C a ring of Rn. A constant C exists so that for any
positive real number λ, any non-negative integer k, any smooth homogeneous function
σ of degree m, and any couple of real numbers (a,b) with 1≤a≤ b, there hold

Suppû⊂λB⇒ sup
|α|=k

‖∂αu‖Lb ≤Ck+1λk+n(1/a−1/b)‖u‖La ,

Suppû⊂λC⇒C−k−1λk‖u‖La ≤ sup
|α|=k

‖∂αu‖La ≤Ck+1λk‖u‖La ,

Suppû⊂λC⇒‖σ(D)u‖Lb ≤Cσ,mλm+n(1/a−1/b)‖u‖La .

In the sequel, we shall frequently use Bony’s decomposition from [5] in the homo-
geneous context:

uv= Ṫuv+ Ṫvu+Ṙ(u,v)= Ṫuv+Ṙ(u,v),

where

Ṫuv
def
=

∑
j∈Z

Ṡj−1uΔ̇jv, Ṙ(u,v)
def
=

∑
j∈Z

Δ̇ju
˜̇Δjv,

and

˜̇Δjv
def
=

∑
|j−j′|≤1

Δ̇j′v, Ṙ(u,v)
def
=

∑
j∈Z

Ṡj+2vΔ̇ju.

As an application of the above basic facts on Littlewood-Paley theory, we present
the following product law (proofs omitted) in Besov spaces.

Lemma 2.2. Let 1≤p,q≤∞, s1≤ n
q , s2≤nmin{ 1p , 1q} and s1+s2>nmax{0, 1p + 1

q −
1}. For ∀(a,b)∈ Ḃs1

q,1(R
n)×Ḃs2

p,1(R
n), we have

‖ab‖
Ḃ

s1+s2−n
q

p,1

�‖a‖Ḃs1
q,1
‖b‖Ḃs2

p,1
.

Lemma 2.3 (Lemma 2.100 in [5]). Let 1≤p,q≤∞, s≤1+nmin{ 1p , 1q}, v∈ Ḃs
q,1(R

n)

and u∈ Ḃ
n
p +1

p,1 (Rn). Assume that

s>−nmin

{
1

p
,1− 1

q

}
, or s>−1−nmin

{
1

p
,1− 1

q

}
if divu=0.

Then, there holds

‖[u ·∇,Δ̇j ]v‖Lq �dj2
−js‖u‖

Ḃ
n
p

+1

p,1

‖v‖Ḃs
q,1

.
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3. The proof of Theorem 1.1
Proof. Given initial data (θ0,u0), satisfying the assumptions of Theorem 1.1, we

deduce from the Theorem A.1 in the Appendix that (1.2) has a unique local solution
(θ,u) on [0,T ∗), such that for any T <T ∗

θ∈C([0,T ];Ḃ
2
p

p,1(R
2))∩ L̃∞

T (Ḃ
2
p

p,1(R
2))∩L1

T (Ḃ
2
p

p,1(R
2)),

u∈C([0,T ];Ḃ
−1+ 2

p

p,1 (R2))∩ L̃∞
T (Ḃ

−1+ 2
p

p,1 (R2))∩L1
T (Ḃ

1+ 2
p

p,1 (R2)).

In order to prove that T ∗=∞ under the smallness condition (1.5), we first get, by taking
L2 inner product with |θ|r−2θ to the first equation of (1.2), that

1

r

d

dt
‖θ‖rLr +‖θ‖rLr =0, ∀1<r<∞.

A simple computation implies

d

dt
(et‖θ‖Lr )=0,

from which we can get

‖θ‖Lr = e−t‖θ0‖Lr , ∀1<r<∞. (3.1)

Similarly, taking L2 inner product with u to the second equation of (1.2) and using
(1.3), implies

1

2

d

dt
‖u(t)‖2L2 +‖∇u‖2L2 =

∫
R2

θu2dx, (3.2)

from which we can deduce, for any 1<q<2, that

1

2

d

dt
‖u(t)‖2L2 +‖∇u(t)‖2L2 �‖θ‖Lq‖u‖

L
q

q−1
�‖θ‖Lq‖u‖2−

2
q

L2 ‖∇u‖
2
q−1

L2

�‖θ‖
2q

3q−2

Lq ‖u‖
4q−4
3q−2

L2 +
1

2
‖∇u‖2L2 .

By using the Osgood’s Lemma, we have

‖u(t)‖2L2 +‖∇u(t)‖2L2
t (L

2)�‖u0‖2L2 +
(∫ t

0

‖θ(t′)‖
2q

3q−2

Lq dt′
) 3q−2

q

�‖u0‖2L2 +
(∫ t

0

(e−t′‖θ0‖Lq )
2q

3q−2 dt′
) 3q−2

q

�‖u0‖2L2 +‖θ0‖2Lq . (3.3)

When q=2, from (3.1) and (3.2), one has

‖u(t)‖L2 +‖∇u(t)‖L2
t (L

2)�‖u0‖L2 +

∫ t

0

‖θ(t′)‖L2 dt′�‖u0‖L2 +

∫ t

0

(e−t′‖θ0‖L2)dt′

�‖u0‖L2 +‖θ0‖L2 . (3.4)

Now, we are concerned about estimates regarding θ equation of (1.2).
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We first get, by applying Δ̇j to the first equation of (1.2), that

∂tΔ̇jθ+u ·∇Δ̇jθ+Δ̇jθ=[u ·∇,Δ̇j ]θ.

Taking the L2 inner product of the resulting equation with |Δ̇jθ|p−2Δ̇jθ and using
divu=0, we obtain

1

p

d

dt
‖Δ̇jθ‖pLp +‖Δ̇jθ‖pLp =

∫
R2

[u ·∇,Δ̇j ]θ |Δ̇jθ|p−2Δ̇jθdx.

From this, using Lemma 2.3, we get

d

dt
‖Δ̇jθ‖Lp +‖Δ̇jθ‖Lp �dj(t)2

− 2
p j‖u‖

Ḃ
1+ 2

p
p,1

‖θ‖
Ḃ

2
p
p,1

.

Integrating the above inequality over [0,t], multiplying the resulting inequality by 2
2
p j

and taking summation for j∈Z, we arrive at

‖θ‖
˜L∞t (Ḃ

2
p
p,1)

+‖θ‖
L1

t (Ḃ
2
p
p,1)

�‖θ0‖
Ḃ

2
p
p,1

+

∫ t

0

‖θ‖
Ḃ

2
p
p,1

‖u‖
Ḃ

1+ 2
p

p,1

dτ. (3.5)

By the Gronwall inequality, we get

‖θ‖
˜L∞t (Ḃ

2
p
p,1)

+‖θ‖
L1

t (Ḃ
2
p
p,1)

�‖θ0‖
Ḃ

2
p
p,1

exp(C‖u‖
L1

t (Ḃ
1+ 2

p
p,1 )

). (3.6)

With a similar method, we can also get the following estimate:

‖θ‖
˜L∞t (Ḃ

−1+ 2
p

p,1 )
+‖θ‖

L1
t (Ḃ

−1+ 2
p

p,1 )
�‖θ0‖

Ḃ
−1+ 2

p
p,1

exp(C‖u‖
L1

t (Ḃ
1+ 2

p
p,1 )

). (3.7)

In the following, we give the estimates about u.
Let P=Id+∇(−Δ)−1div be the Leray projection operator. We first get, by apply-

ing P to the second equation of (1.2), that

∂tu+P(u ·∇u)−νΔu−div(P((ν(θ)−ν)∇u))=P(θe2).

Applying Δ̇j to the above equation and using a standard commutator’s process give

∂tΔ̇ju+u ·∇Δ̇ju−νΔΔ̇ju=Δ̇j div(P((ν(θ)−ν)∇u))− [Δ̇jP,u ·∇]u+Δ̇jP(θe2).

Taking the L2 inner product of the above equation with |Δ̇ju|p−2Δ̇ju and integrating
by parts, we have

‖u‖
˜L∞t (Ḃ

−1+ 2
p

p,1 )
+ν‖u‖

L1
t (Ḃ

1+ 2
p

p,1 )
�‖u0‖

Ḃ
−1+ 2

p
p,1

+
∑
j∈Z

2(−1+ 2
p )j‖[Δ̇jP,u ·∇]u‖L1

t (L
p)

+‖P((ν(θ)−ν)∇u)‖
L1

t (Ḃ
−1+ 2

p
p,1 )

+‖P(θe2)‖
L1

t (Ḃ
−1+ 2

p
p,1 )

�‖u0‖
Ḃ
−1+ 2

p
p,1

+
∑
j∈Z

2(−1+ 2
p )j‖[Δ̇jP,u ·∇]u‖L1

t (L
p)

+‖θ‖
˜L∞t (Ḃ

2
p
p,1)
‖u‖

L1
t (Ḃ

1+ 2
p

p,1 )
+‖θ‖

L1
t (Ḃ

−1+ 2
p

p,1 )
. (3.8)
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Now, we have to deal with the second term on the right hand side of (3.8). In fact, by
virtue of Bony’s decomposition, the commutator in (3.8) may be decomposed into

[Δ̇jP,u ·∇]u=[Δ̇jP,Ṫu ·∇]u+Δ̇jP(Ṫ∇uu+Ṙ(u,∇u))− Ṫ∇Δ̇ju
u−Ṙ(u,∇Δ̇ju). (3.9)

We further decompose the first term in the right hand side of (3.9) into

[Δ̇jP,Ṫu ·∇]u=
∑

|j−k|≤5

[Δ̇j ,Ṡk−1u]Δ̇k∇u.

Writing h=F−1ϕ and applying the first-order Taylor’s formula, we get, for x∈R2,∑
|j−k|≤5

[Δ̇j ,Ṡk−1u]Δ̇k∇u

=22j
∑

|k−j|≤5

∫ 1

0

∫
R2

h(2jz)z · Ṡk−1∇u(x+(ξ−1)z)Δ̇k∇u(x−z)dzdξ.

Applying Hölder’s inequality and the property of the translation invariance of the
Lebesgue measure, we have

‖[Δ̇j ,Ṫu ·∇]u‖Lp ≤22j
∑

|k−j|≤5

∫ 1

0

∫
R2

|h1(2
jz)|‖Ṡk−1∇u(·+ξz)‖L∞‖Δ̇k∇u(·−z)‖Lpdzdξ

≤C2−j
∑

|k−j|≤5

‖Ṡk−1∇u‖L∞‖Δ̇k∇u‖Lp

≤C2−j
∑

|k−j|≤5

‖Ṡk−1∇u‖L∞2(1−
2
p )k‖Δ̇k∇u‖L2 ,

where h1(z)=zh(z). On the one hand, we deduce from Bernstein’s lemma that

‖Ṡk−1∇u‖L∞ ≤C
∑

�≤k−2

2�‖Δ̇�∇u‖L2

≤Cdk2
k‖∇u‖L2 ,

thus, we have

‖[Δ̇jP,Ṫu ·∇]u‖Lp ≤Cdj2
−(−1+ 2

p )j‖∇u‖2L2 .

Along the same lines, we have

‖Δ̇jP(Ṫ∇uu)‖Lp ≤C
∑

|k−j|≤5

‖Ṡk−1∇u‖L∞‖Δ̇ku‖Lp

≤Cdj2
−(−1+ 2

p )j‖∇u‖2L2 . (3.10)

On the other hand, we get, by applying divu=0, that

‖Δ̇jP(Ṙ(u,∇u))‖Lp ≤C2(3−
2
p )j

∑
k≥j−3

‖Δ̇ku‖L2‖ ˜̇Δku‖L2

≤C2(3−
2
p )j

∑
k≥j−3

dk2
−2k‖∇u‖L2‖∇u‖L2
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≤Cdj2
−(−1+ 2

p )j‖∇u‖2L2 . (3.11)

The terms Ṫ∇Δ̇ju
u and Ṙ(u,∇Δ̇ju) can be estimated in the same way as (3.10), (3.11),

thus we can finally get

‖[Δ̇jP,u ·∇]u‖Lp ≤Cdj2
−(−1+ 2

p )j‖∇u‖2L2 . (3.12)

Inserting the estimates (3.12) into (3.8) and using the estimates (3.3), (3.4), (3.6),
(3.7), we have

‖u‖
˜L∞t (Ḃ

−1+ 2
p

p,1 )
+ν‖u‖

L1
t (Ḃ

1+ 2
p

p,1 )
�‖u0‖

Ḃ
−1+ 2

p
p,1

+‖∇u‖2L2
t (L

2)

+‖θ‖
˜L∞t (Ḃ

2
p
p,1)
‖u‖

L1
t (Ḃ

1+ 2
p

p,1 )
+‖θ‖

L1
t (Ḃ

−1+ 2
p

p,1 )

�‖u0‖
Ḃ
−1+ 2

p
p,1

+‖u0‖2L2 +‖θ0‖2Lq

+(‖θ0‖
Ḃ

2
p
p,1

+‖θ0‖
Ḃ

2
p
p,1

‖u‖
L1

t (Ḃ
1+ 2

p
p,1 )

)exp(C‖u‖
L1

t (Ḃ
1+ 2

p
p,1 )

).

(3.13)

Thus, if we denote Y (t)
def
= ‖u‖

˜L∞t (Ḃ
−1+ 2

p
p,1 )

+ν‖u‖
L1

t (Ḃ
1+ 2

p
p,1 )

, then one can deduce from

(3.6), (3.7) and (3.13) that

‖θ‖
˜L∞t (Ḃ

2
p
p,1)

+‖θ‖
L1

t (Ḃ
2
p
p,1)
≤C‖θ0‖

Ḃ
2
p
p,1

exp(CY (t)/ν), (3.14)

Y (t)≤C
(
‖u0‖

Ḃ
−1+ 2

p
p,1

+‖u0‖2L2 +‖θ0‖2Lq +(‖θ0‖
Ḃ

2
p
p,1

+‖θ0‖
Ḃ

2
p
p,1

Y (t)/ν)exp(CY (t)/ν)
)
.

(3.15)

In particular, if we take ε0 to be sufficiently small and C0 to be sufficiently large in
(1.5), one has

‖θ0‖
Ḃ

2
p
p,1

exp
{
C(‖u0‖

Ḃ
−1+ 2

p
p,1

+‖u0‖2L2 +‖θ0‖2Lq )/ν
}≤ 1

4
,

which, together with (3.14), (3.15), ensures for any t∈ (0,T ∗) that

Y (t)≤2C(‖u0‖
Ḃ
−1+ 2

p
p,1

+‖u0‖2L2 +‖θ0‖2Lq ), (3.16)

‖θ‖
˜L∞t (Ḃ

2
p
p,1)

+‖θ‖
L1

t (Ḃ
2
p
p,1)
≤C‖θ0‖

Ḃ
2
p
p,1

exp(2C2(‖u0‖
Ḃ
−1+ 2

p
p,1

+‖u0‖2L2 +‖θ0‖2Lq )/ν).

(3.17)

This in turn proves that T ∗=∞. In fact, let us assume (by contradiction) that T ∗<∞.
Next, applying (3.14), (3.15), (3.16) and (3.17) for all t<T ∗ yields

‖u‖
˜L∞t (Ḃ

−1+ 2
p

p,1 )
+ν‖u‖

L1
t (Ḃ

1+ 2
p

p,1 )
+‖θ‖

˜L∞t (Ḃ
2
p
p,1)

+‖θ‖
L1

t (Ḃ
2
p
p,1)
≤C<∞. (3.18)

Then, for all t0∈ [0,T ∗), one can solve (1.2) starting with data (u0,θ0) at time t= t0
and get a solution according to Theorem A.1 in the Appendix on the interval [t0,T + t0]
with T independent of t0. Choosing t0>T ∗−T thus shows that the solution can be
continued beyond T ∗, which is a contradiction.

Thus, we have completed the proof of Theorem 1.1.
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4. Proof of Theorem 1.2
The goal of this section is to present the proof of Theorem 1.2. In fact, given

θ0∈Ḃ
n
p

p,1(R
n), u0∈ Ḃ−1+n

p

p,1 (Rn), it deduces from the Theorem A.1 in the Appendix that
there exists a positive time T so that (1.2) has a unique local solution (θ,u) on [0,T ∗),
such that for any T <T ∗

θ∈C([0,T ];Ḃ
n
p

p,1(R
n))∩ L̃∞

T (Ḃ
n
p

p,1(R
n)),

u∈C([0,T ];Ḃ
−1+n

p

p,1 (Rn))∩ L̃∞
T (Ḃ

−1+n
p

p,1 (Rn))∩L1
T (Ḃ

1+n
p

p,1 (Rn)). (4.1)

We denote T ∗ to be the largest possible time such that there holds (4.1). Then, the
proof of Theorem 1.2 is reduced to showing that T ∗=∞ under the assumption of (1.6).

Towards this, we shall deal with the Lp-type energy estimate for θ and u separately.
In order to do so, we denote u(t)=uF (t)+ ū(t) with

uF (t)
def
= eνtΔu0, f(t)

def
= ‖uF (t)‖

Ḃ
1+n

p
p,1

and define

θλ(t,x)
def
= θ(t,x)exp

{
−λ

∫ t

0

f(t
′
)dt′

}
, uλ(t,x)

def
= u(t,x)exp

{
−λ

∫ t

0

f(t
′
)dt′

}
with λ≥0.

4.1. The estimates of θ equation.

Proposition 4.1. Let θ0∈Ḃ
n
p

p,1(R
n) and u∈L∞

T (Ḃ
−1+n

p

p,1 (Rn))∩L1
T (Ḃ

1+n
p

p,1 (Rn)) with
1≤p<2n. Then the following equation

∂tθ+u ·∇θ+θ=0, θ|t=0=θ0, (t,x)∈ (0,T ]×Rn, (4.2)

has a unique solution θ∈C([0,T ];Ḃ
n
p

p,1(R
n)). Moreover, there exists a constant C1>0

such that for ∀t∈ [0,T ]

‖θλ‖
˜L∞t (Ḃ

n
p
p,1)

+
λ

2
‖θλ‖

L1
t,f (Ḃ

n
p
p,1)

+‖θλ‖
L1

t (Ḃ
n
p
p,1)
≤‖θ0‖Ḃ n

p
p,1

+C1‖θ‖
˜L∞t (Ḃ

n
p
p,1)
‖ūλ‖

L1
t (Ḃ

1+n
p

p,1 )
.

(4.3)

Proof. Both the existence and uniqueness of a solution to (4.2) essentially follow
from estimates (4.3). For simplicity, we just present the a priori estimate for a smooth
enough solution of (4.2). With the notation of θλ, (4.2) is reduced to

∂tθλ+λf(t)θλ+u ·∇θλ+θλ=0, (t,x)∈ [0,T ]×Rn.

Applying Δ̇j to the above equation and taking the L2 inner product of the resulting

equation with |Δ̇jθλ|p−2Δ̇jθλ, we obtain

1

p

d

dt
‖Δ̇jθλ‖pLp +λf(t)‖Δ̇jθλ‖pLp +‖Δ̇jθλ‖pLp =

∫
Rn

[u ·∇,Δ̇j ]θλ |Δ̇jθλ|p−2Δ̇jθλdx.

From this, using Lemma 2.3, we get

d

dt
‖Δ̇jθλ‖Lp +λf(t)‖Δ̇jθλ‖Lp +‖Δ̇jθλ‖Lp �dj(t)2

−n
p j‖u‖

Ḃ
1+n

p
p,1

‖θλ‖
Ḃ

n
p
p,1

.
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Integrating the above inequality over [0,t] and using u=uF + ū leads to

‖Δ̇jθλ‖L∞t (Lp)+λ

∫ t

0

f(τ)‖Δ̇jθλ(τ)‖Lpdτ+

∫ t

0

‖Δ̇jθλ(τ)‖Lpdτ

�‖Δ̇jθ0‖Lp +

∫ t

0

dj(τ)2
−n

p j‖u(τ)‖
Ḃ

1+n
p

p,1

‖θλ(τ)‖
Ḃ

n
p
p,1

dτ

�‖Δ̇jθ0‖Lp +

∫ t

0

dj(τ)2
−n

p j‖ūλ(τ)‖
Ḃ

1+n
p

p,1

‖θ(τ)‖
Ḃ

n
p
p,1

dτ

+

∫ t

0

dj(τ)2
−n

p jf(τ)‖θλ(τ)‖
Ḃ

n
p
p,1

dτ.

Multiplying the above inequality by 2
n
p j , taking summation for j∈Z and taking λ≥2C,

we arrive at

‖θλ‖
˜L∞t (Ḃ

n
p
p,1)

+λ‖θλ‖
L1

t,f (Ḃ
n
p
p,1)

+‖θλ‖
L1

t (Ḃ
n
p
p,1)
≤‖θ0‖

Ḃ
n
p
p,1

+C‖θ‖
L∞t (Ḃ

n
p
p,1)
‖ūλ‖

L1
t (Ḃ

1+n
p

p,1 )
.

(4.4)

Similarly, we can obtain

‖θλ‖
˜L∞t (Ḃ

−1+n
p

p,1 )
+λ‖θλ‖

L1
t,f (Ḃ

−1+n
p

p,1 )
+‖θλ‖

L1
t (Ḃ

−1+n
p

p,1 )

≤‖θ0‖
Ḃ
−1+n

p
p,1

+C‖θ‖
L∞t (Ḃ

−1+n
p

p,1 )
‖ūλ‖

L1
t (Ḃ

1+n
p

p,1 )
. (4.5)

Taking estimate (4.4) together with estimate (4.5) implies the estimate (4.3). Conse-
quently, we have completed the proof of Proposition 4.1.

4.2. The estimates of u equation. We first get, from u(t)=uF (t)+ ū(t) with
uF (t)= eνtΔu0, that (ū,∇Π) solves the following Stokes system⎧⎪⎨⎪⎩

ūt−νΔū+∇Π=F, (t,x)∈ (0,T ∗)×Rn,

divū=0,

ū|t=0=0,

(4.6)

with

F =div((ν(θ)−ν)∇uF )+div((ν(θ)−ν)∇ū)

−(ū ·∇ū+div(uF ⊗ ū+ ū⊗uF )+uF ·∇uF )+θen.

Let P be the Leray projection operator, applying P to the first equation of (4.6), then
we get by Duhamel’s formula that

ū(t)=

∫ t

0

eν(t−τ)ΔPF (τ)dτ.

Applying Lemma 2.1 gives rise to

‖Δ̇j ū(t)‖Lp �
∫ t

0

e−cν22j(t−τ)‖Δ̇jF (τ)‖Lpdτ.

Multiplying the above inequality by exp
{
−λ∫ t

0
f(t′)dt′

}
, we obtain

‖Δ̇j ūλ(t)‖Lp �
∫ t

0

e−cν22j(t−τ) exp

{
−λ

∫ t

τ

f(t′)dt′
}
‖Δ̇jFλ(τ)‖Lpdτ. (4.7)
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Then it is easy to observe that

‖Δ̇j ūλ‖L∞T (Lp)�
∫ T

0

‖Δ̇jFλ(τ)‖Lpdτ,

from which, we deduce that

‖ūλ‖
˜L∞T (Ḃ

−1+n
p

p,1 )
�‖Fλ‖

L1
T (Ḃ

−1+n
p

p,1 )
. (4.8)

On the other hand, integrating (4.7) over [0,T ], we arrive at

‖Δ̇j ūλ‖L1
T (Lp)�

∫ T

0

∫ t

0

e−cν22j(t−τ)‖Δ̇jFλ(τ)‖Lpdτdt

�
∫ T

0

‖Δ̇jFλ(τ)‖Lpdτ

∫ T

τ

e−cν22j(t−τ)dt�
∫ T

0

‖Δ̇jFλ(τ)‖Lpdτ,

which implies

ν‖uλ‖
L1

T (Ḃ
1+n

p
p,1 )

�‖Fλ‖
L1

T (Ḃ
−1+n

p
p,1 )

. (4.9)

Multiplying by λf(t) on both the sides of (4.7) and then integrating the resulting
inequality over [0,T ] gives

λ

∫ T

0

‖Δ̇j ūλ(t)‖Lpf(t)dt�
∫ T

0

∫ t

0

λf(t)exp

{
−λ

∫ t

τ

f(t′)dt′
}
‖Δ̇jFλ(τ)‖Lpdτdt

=−
∫ T

0

‖Δ̇jFλ(τ)‖Lpdτ

∫ T

τ

d

dt
exp

{
−λ

∫ t

τ

f(t′)dt′
}
dt

�
∫ T

0

‖Δ̇jFλ(τ)‖Lpdτ.

As a consequence, we have

λ‖ūλ‖
L1

T,f (Ḃ
−1+n

p
p,1 )

�‖Fλ‖
L1

T (Ḃ
−1+n

p
p,1 )

(4.10)

which, combining with estimates (4.8) and (4.9), implies that

‖uλ‖
˜L∞T (Ḃ

−1+n
p

p,1 )
+λ‖uλ‖

L1
T,f (Ḃ

−1+n
p

p,1 )
+ν‖uλ‖

L1
T (Ḃ

1+n
p

p,1 )
�‖Fλ‖

L1
T (Ḃ

−1+n
p

p,1 )
. (4.11)

Applying Lemma 2.2 and using the definition of θλ and ūλ, we have for any t<T ∗

that,

‖ū ·∇ūλ‖
L1

t (Ḃ
−1+n

p
p,1 )

�‖ū‖
L∞t (Ḃ

−1+n
p

p,1 )
‖ūλ‖

L1
t (Ḃ

1+n
p

p,1 )
,

‖(uF ·∇uF )λ‖
L1

t (Ḃ
−1+n

p
p,1 )

�‖uF ·∇uF ‖
L1(R+;Ḃ

−1+n
p

p,1 )
,

‖div((ν(θ)−ν)∇uF,λ)‖
L1

t (Ḃ
−1+n

p
p,1 )

�
∫ t

0

‖θλ‖
Ḃ

n
p
p,1

‖uF ‖
Ḃ

1+n
p

p,1

dτ �‖θλ‖
L1

t,f (Ḃ
n
p
p,1)

,

‖div((ν(θ)−ν)∇ūλ)‖
L1

t (Ḃ
−1+n

p
p,1 )

�
∫ t

0

‖θ‖
Ḃ

n
p
p,1

‖ūλ‖
Ḃ

1+n
p

p,1

dτ �‖θ‖
L∞t (Ḃ

n
p
p,1)
‖ūλ‖

L1
t (Ḃ

1+n
p

p,1 )
.
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Using Lemma 2.2 and interpolation inequality, we have, for any δ>0, that

‖div(uF ⊗ ūλ+ ūλ⊗uF )‖
L1

t (Ḃ
−1+n

p
p,1 )

�
∫ t

0

‖ūλ‖
Ḃ

n
p
p,1

‖uF ‖
Ḃ

n
p
p,1

dτ

�
∫ t

0

‖ūλ‖
1
2

Ḃ
1+n

p
p,1

‖ūλ‖
1
2

Ḃ
−1+n

p
p,1

‖uF ‖
1
2

Ḃ
1+n

p
p,1

‖uF ‖
1
2

Ḃ
−1+n

p
p,1

dτ

�δ‖ūλ‖
L1

t (Ḃ
1+n

p
p,1 )

+
1

δ
‖u0‖

Ḃ
−1+n

p
p,1

‖ūλ‖
L1

t,f (Ḃ
−1+n

p
p,1 )

.

From the above estimates, one can conclude for any 0≤ t<T ∗ that

‖Fλ‖
L1

t (Ḃ
−1+n

p
p,1 )

�‖uF ·∇uF ‖
L1(R+;Ḃ

−1+n
p

p,1 )

+‖θλ‖
L1

t (Ḃ
n
p
p,1)

+‖θλ‖
L1

t,f (Ḃ
n
p
p,1)

+
1

δ
‖u0‖

Ḃ
−1+n

p
p,1

‖ūλ‖
L1

t,f (Ḃ
−1+n

p
p,1 )

+
(
δ+‖θ‖

L∞t (Ḃ
n
p
p,1)

+‖ū‖
L∞t (Ḃ

−1+n
p

p,1 )

)‖ūλ‖
L1

t (Ḃ
1+n

p
p,1 )

. (4.12)

Inserting the above estimate (4.12) into (4.11), and taking δ�ν, we arrive at, for
any 0≤ t<T ∗, that

‖ūλ‖
˜L∞t (Ḃ

−1+n
p

p,1 )
+λ‖ūλ‖

L1
t,f (Ḃ

−1+n
p

p,1 )
+

ν

2
‖ūλ‖

L1
t (Ḃ

1+n
p

p,1 )

≤C2‖uF ·∇uF ‖
L1(R+;Ḃ

−1+n
p

p,1 )
+C2‖θλ‖

L1
t (Ḃ

n
p
p,1)

+C2‖θλ‖
L1

t,f (Ḃ
n
p
p,1)

+
C2

δ
‖u0‖

Ḃ
−1+n

p
p,1

‖ūλ‖
L1

t,f (Ḃ
−1+n

p
p,1 )

+C2

(‖θ‖
L∞t (Ḃ

n
p
p,1)

+‖ū‖
L∞t (Ḃ

−1+n
p

p,1 )

)‖ūλ‖
L1

t (Ḃ
1+n

p
p,1 )

.

(4.13)

4.3. Complete the proof of Theorem 1.2.
Proof. In this subsection, we will use bootstrap’s argument to complete the proof

of Theorem 1.2.
Firstly, let γ be a large enough positive constant, which will be determined later

on. Multiplying by γ on both the sides of estimate (4.3) gives

γ‖θλ‖
˜L∞t (Ḃ

n
p
p,1)

+
γλ

2
‖θλ‖

L1
t,f (Ḃ

n
p
p,1)

+γ‖θλ‖
L1

t (Ḃ
n
p
p,1)

≤γ‖θ0‖Ḃ n
p
p,1

+γC1‖θ‖
L∞t (Ḃ

n
p
p,1)
‖ūλ‖

L1
t (Ḃ

1+n
p

p,1 )
, 0≤ t<T ∗. (4.14)

Summing up (4.13) and (4.14) leads to

‖ūλ‖
˜L∞t (Ḃ

−1+n
p

p,1 )
+γ‖θλ‖

˜L∞t (Ḃ
n
p
p,1)

+
γλ

2
‖θλ‖

L1
t,f (Ḃ

n
p
p,1)

+γ‖θλ‖
L1

t (Ḃ
n
p
p,1)

+λ‖ūλ‖
L1

t,f (Ḃ
−1+n

p
p,1 )

+
ν

2
‖ūλ‖

L1
t (Ḃ

1+n
p

p,1 )

≤C2‖uF ·∇uF ‖
L1(R+;Ḃ

−1+n
p

p,1 )
+γ‖θ0‖Ḃ n

p
p,1

+C2‖θλ‖
L1

t,f (Ḃ
n
p
p,1)

+
C2

δ
‖u0‖

Ḃ
−1+n

p
p,1

‖ūλ‖
L1

t,f (Ḃ
−1+n

p
p,1 )

+C2‖θλ‖
L1

t (Ḃ
n
p
p,1)

+
(
C1‖θ‖

L∞t (Ḃ
n
p
p,1)

+γC1‖θ‖
L∞t (Ḃ

n
p
p,1)

+C2‖ū‖
L∞t (Ḃ

−1+n
p

p,1 )

)‖ūλ‖
L1

t (Ḃ
1+n

p
p,1 )

. (4.15)
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Choosing γ≥2C2 and λ≥max{4C2/γ,2C2‖u0‖
Ḃ
−1+n

p
p,1

/δ} in the above inequality, we

have for any 0≤ t<T ∗ that

‖ūλ‖
˜L∞t (Ḃ

−1+n
p

p,1 )
+

γ

2
‖θλ‖

˜L∞t (Ḃ
n
p
p,1)

+
γλ

4
‖θλ‖

L1
t,f (Ḃ

n
p
p,1)

+γ‖θλ‖
L1

t (Ḃ
n
p
p,1)

+
λ

2
‖ūλ‖

L1
t,f (Ḃ

−1+n
p

p,1 )
+

ν

2
‖ūλ‖

L1
t (Ḃ

1+n
p

p,1 )

≤C2‖uF ·∇uF ‖
L1(R+;Ḃ

−1+n
p

p,1 )
+γ‖θ0‖Ḃ n

p
p,1

+
(
C1‖θ‖

L∞t (Ḃ
n
p
p,1)

+γC1‖θ‖
L∞t (Ḃ

n
p
p,1)

+C2‖ū‖
L∞t (Ḃ

−1+n
p

p,1 )

)‖ūλ‖
L1

t (Ḃ
1+n

p
p,1 )

. (4.16)

To complete the proof, we shall use the method of continuity. For this, we define

T ∗∗ def
= sup

{
t∈ [0,T ∗) :‖ū‖

˜L∞t (Ḃ
−1+n

p
p,1 )

/
ν+‖ū‖

L1
t (Ḃ

1+n
p

p,1 )
+‖θ‖

˜L∞t (Ḃ
n
p
p,1)
≤ c1

}
. (4.17)

In what follows, we will prove that T ∗∗=T ∗ under the assumption of (1.6).
If not, we assume that T ∗∗<T ∗, and for ∀t≤T ∗∗, taking

0<c1≤ ν

4(C1+γC1+C2ν)
,

we deduce from (4.16) and (4.17) that

‖ūλ‖
˜L∞t (Ḃ

−1+n
p

p,1 )
+γ‖θλ‖

˜L∞t (Ḃ
n
p
p,1)

+ν‖ūλ‖
L1

t (Ḃ
1+n

p
p,1 )

+γ‖θλ‖
L1

t (Ḃ
n
p
p,1)

≤C(‖uF ·∇uF ‖
L1(R+;Ḃ

−1+n
p

p,1 )
+‖θ0‖Ḃ n

p
p,1

)
.

As a consequence,

‖ū‖
˜L∞t (Ḃ

−1+n
p

p,1 )
+γ‖θ‖

˜L∞t (Ḃ
n
p
p,1)

+ν‖ū‖
L1

t (Ḃ
1+n

p
p,1 )

+γ‖θ‖
L1

t (Ḃ
n
p
p,1)

+‖θ‖
L1

t (Ḃ
n
p
p,1)

≤C(‖uF ·∇uF ‖
L1(R+;Ḃ

−1+n
p

p,1 )
+‖θ0‖Ḃ n

p
p,1

)
exp

(
λ

∫ t

0

f(t′)dt′
)

≤C(‖uF ·∇uF ‖
L1(R+;Ḃ

−1+n
p

p,1 )
+‖θ0‖Ḃ n

p
p,1

)
exp

(
C‖u0‖2

Ḃ
−1+n

p
p,1

/ν2
)
. (4.18)

If the smallness condition (1.6) is satisfied, then we deduce from (4.18) that

‖ū‖
˜L∞t (Ḃ

−1+n
p

p,1 )

/
ν+‖ū‖

L1
t (Ḃ

1+n
p

p,1 )
+‖θ‖

˜L∞t (Ḃ
n
p
p,1)

+‖θ‖
L1

t (Ḃ
n
p
p,1)
≤ c1

2

for t≤T ∗∗, which contradicts with (4.17). Whence, we conclude that T ∗∗=∞ and the
conclusion of Theorem 1.2 follows.

Remark 4.1. If n=2, by using a similar method, we can get the following theorem:

Theorem 4.1. Let 1<p<4, ν(θ) satisfy (1.3) and θ0∈Ḃ
2
p

p,1(R
2), u0∈ Ḃ−1+ 2

p

p,1 (R2)
with divu0=0. Then there exist positive constants c1 and C1 such that,

C1‖θ0‖
Ḃ

2
p
p,1

exp

{
C1(1+‖u0‖

Ḃ
−1+ 2

p
p,1

)2 exp(C1‖u0‖2
Ḃ
−1+ 2

p
p,1

/
ν2)

}
≤ c1, (4.19)
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the system (1.2) has a unique global solution (θ,u), with

θ∈Cb([0,∞);Ḃ
2
p

p,1(R
2))∩L1(R+;Ḃ

2
p

p,1(R
2)),

u∈Cb([0,∞);Ḃ
−1+ 2

p

p,1 (R2))∩L1(R+;Ḃ
1+ 2

p

p,1 (R2)). (4.20)

We only outline the main steps to prove Theorem 4.1. In fact, let uR be the solution
to the following incompressible Navier-Stokes equation in R2:⎧⎪⎨⎪⎩

∂tuR−ΔuR+uR ·∇uR+∇π=0,

divuR=0,

uR|t=0=u0.

(4.21)

From Proposition 3.1 in [14], for any 2<p<4, we can get (4.21) as a unique global
infinite energy solution uR with

uR∈C([0,+∞);Ḃ
−1+ 2

p

p,1 )∩ L̃∞((0,+∞);Ḃ
−1+ 2

p

p,1 )∩L1((0,+∞);Ḃ
1+ 2

p

p,1 ),

moreover, there holds

‖uR‖
˜L∞t (Ḃ

−1+ 2
p

p,1 )
+‖uR‖

L1
t (Ḃ

1+ 2
p

p,1 )
+‖∇π‖

L1
t (Ḃ

−1+ 2
p

p,1 )

≤C‖u0‖
Ḃ
−1+ 2

p
p,1

(1+‖u0‖
Ḃ
−1+ 2

p
p,1

)exp
{ C

ν2
‖u0‖2

Ḃ
−1+ 2

p
p,1

}
. (4.22)

Thus, if we take uF =uR in the process of proving Theorem 1.2, by using similar argu-
ments, one can complete the proof of Theorem 4.1.

Remark 4.2. Compared to Theorem 1.1, here, the solution to system (1.2) has
infinite energy.

Acknowledgements. This work is supported by the NSFC (11601533 and
11571240) of China.

Appendix A. Local well-posedness of the Boussinesq system. In this sec-
tion, we mainly prove the local well-posedness of the following system:⎧⎪⎪⎪⎨⎪⎪⎪⎩

∂tθ+u ·∇θ=0,

∂tu+u ·∇u−div(ν(θ)∇u)+∇Π=θen,

divu=0,

(θ,u)|t=0=(θ0,u0).

(A.1)

More precisely, we will prove the following theorem:

Theorem A.1. Let ν(θ) satisfies the condition (1.3). For any 1≤p<2n and θ0∈
Ḃ

n
p

p,1(R
n), u0∈ Ḃ−1+n

p

p,1 (Rn) with divu0=0. The system (A.1) has a unique local solution
(θ,u) on [0,T ] such that

θ∈C([0,T ];Ḃ
n
p

p,1(R
n))∩ L̃∞

T (Ḃ
n
p

p,1(R
n)),

u∈C([0,T ];Ḃ
−1+n

p

p,1 (Rn))∩ L̃∞
T (Ḃ

−1+n
p

p,1 (Rn))∩L1
T (Ḃ

1+n
p

p,1 (Rn)).

Remark A.1. If ν(θ) is a positive constant independent of θ, we can relax the

condition θ0∈Ḃ
n
p

p,1(R
n) to θ0∈ Ḃ−1+n

p

p,1 (Rn).
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Proof of TheoremA.1. We will divide the proof into several steps. In the first step,
we construct an approximate solution sequence, and then we prove the uniform estimates
to the approximate solutions in the second step. The convergence of the approximate
solutions will be given in the third step. In the last step, we give the unique proof of
the solution by using Lagrangian approach.

Step 1. Construction of smooth approximate solutions.
Firstly, there exists a sequence {(θn0 ,ũn

0 )}n∈N⊂ (S(Rn))2 such that (θn0 ,ũ
n
0 ) con-

verges to (θ0,u0) in Ḃ
n
p

p,1(R
n)×Ḃ

−1+n
p

p,1 (Rn). Define un
0
def
= Pũn

0 so that divun
0 =0. Then

un
0 belongs to H∞(Rn) and converges to u0 in Ḃ

−1+n
p

p,1 (Rn).
Therefore, applying Theorem 1.1 of [1] ensures that system (A.1) with the initial

data (θn0 ,u
n
0 ), admits a unique local-in-time solution (θn,un) belonging to

C([0,Tn);Hα+1(Rn))×C([0,Tn);Hα(Rn))∩ L̃1
loc(0,T

n;Hα+2(Rn)),

with α> n
2 .

Step 2. Uniform estimates to the approximate solutions.
Next, we shall prove that there exists a positive time T < infn∈NT

n such that (θn,un)
is uniformly bounded in the space

ET
def
= L̃∞

T (Ḃ
n
p

p,1)× L̃∞
T (Ḃ

n
p −1

p,1 )∩L1
T (Ḃ

n
p +1

p,1 ).

For this, we define
(
uF (t),u

n
F (t)

) def
=

(
eνtΔu0,e

νtΔun
0

)
. A simple computation implies

‖un
F ‖

˜L∞(R+;Ḃ
−1+n

p
p,1 )

+ν‖un
F ‖

L1(R+;Ḃ
1+n

p
p,1 )

�‖un
0‖

Ḃ
−1+n

p
p,1

�‖u0‖
Ḃ
−1+n

p
p,1

, (A.2)

and

‖un
F ‖

L1
T (Ḃ

1+n
p

p,1 )
≤‖uF ‖

L1
T (Ḃ

1+n
p

p,1 )
+‖un

F −uF ‖
L1

T (Ḃ
1+n

p
p,1 )

≤‖uF ‖
L1

T (Ḃ
1+n

p
p,1 )

+C‖un
0 −u0‖

Ḃ
−1+n

p
p,1

. (A.3)

Thus, for any ε>0, there exist, a number k=k(ε)∈N and a positive time T =T (ε,u0)
such that

sup
n≥k

‖un
F ‖

L1
T (Ḃ

1+n
p

p,1 )
≤ε. (A.4)

Denote by ūn def
= un−un

F , then we can deduce from the system (A.1) that (θn,ūn)
satisfies the following system:⎧⎪⎪⎪⎨⎪⎪⎪⎩

∂tθ
n+(un

F + ūn) ·∇θn=0,

∂tū
n−div

(
ν(θn)∇ūn

)
+∇Πn=Fn,

divūn=0,

(θn,ūn)|t=0=(θn0 ,0),

(A.5)

where

Fn=θnen−(un
F + ūn) ·∇ūn− ūn ·∇un

F −un
F ·∇un

F +div
(
(ν(θn)−ν(0))∇un

F

)
. (A.6)
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For notational simplicity, we denote by

Θn(t)
def
= ‖θn‖

˜L∞t (Ḃ
n
p
p,1)

+‖θn‖
L1

t (Ḃ
n
p
p,1)

, Un(t)
def
= ‖ūn‖

˜L∞t (Ḃ
−1+n

p
p,1 )

+‖ūn‖
L1

t (Ḃ
1+n

p
p,1 )

.

By using a similar derivation of (3.6), (3.7), we can obtain from the first equation of
(A.5) that

‖θn‖
˜L∞t (Ḃ

n
p
p,1)
≤‖θ0‖Ḃ n

p
p,1

exp(C(‖un
F ‖

L1
t (Ḃ

1+n
p

p,1 )
+‖ūn‖

L1
t (Ḃ

1+n
p

p,1 )
)). (A.7)

Now, let us turn to the uniform estimates of ūn.
We first get, by applying Δ̇jP to the second equation of (A.5) and using a standard

commutator’s argument, that

∂tΔ̇j ū
n−div

(
ν(Ṡmθn)Δ̇j∇ūn

)
=Δ̇jPFn+div([Δ̇jP,ν(Ṡmθn)])∇ūn

+Δ̇jPdiv(ν(θ
n)−(ν(Ṡmθn)))∇ūn. (A.8)

From (1.3), we know that ν(Ṡmθn) has a positive lower bound. Thus, applying Lemma
2.1 and the Hölder inequality, we get, for some positive constant c, that

d

dt
‖Δ̇j ū

n‖Lp +c22j‖Δ̇j ū
n‖Lp �‖Δ̇jPFn‖Lp +‖div([Δ̇jP,ν(Ṡmθn)]∇ūn‖Lp

+‖Δ̇jPdiv(ν(θ
n)−(ν(Ṡmθn)))∇ūn‖Lp . (A.9)

After time integration, multiplying 2(−1+n
p )j and summing up over j, we infer

‖ūn‖
˜L∞t (Ḃ

−1+n
p

p,1 )
+‖ūn‖

L1
t (Ḃ

1+n
p

p,1 )

�‖Fn‖
L1

t (Ḃ
−1+n

p
p,1 )

+
∑
j∈Z

2(−1+n
p )j‖div([Δ̇jP,ν(Ṡmθn)])∇ūn‖L1

t (L
p)

+
∑
j∈Z

2(−1+n
p )j‖Δ̇jPdiv(ν(θ

n)−(ν(Ṡmθn)))∇ūn‖L1
t (L

p). (A.10)

Then using product laws in Besov spaces and (A.2), we obtain

‖ūn ·∇ūn+un
F ·∇un

F ‖
L1

t (Ḃ
−1+n

p
p,1 )

�‖ūn‖
˜L∞t (Ḃ

−1+n
p

p,1 )
‖ūn‖

L1
t (Ḃ

1+n
p

p,1 )
+‖u0‖

Ḃ
−1+n

p
p,1

‖un
F ‖

L1
t (Ḃ

1+n
p

p,1 )
.

Thanks to divun
F =divūn=0, we get, by using product laws and interpolation inequality

in Besov spaces, that

‖ūn ·∇ūn+un
F ·∇un

F + ūn ·∇un
F +un

F ·∇ūn‖
L1

t (Ḃ
−1+n

p
p,1 )

�‖ūn⊗ ūn+un
F ⊗un

F + ūn⊗un
F +un

F ⊗ ūn‖
L1

t (Ḃ
n
p
p,1)

�
∫ t

0

‖ūn‖
Ḃ

n
p
p,1

‖ūn‖
Ḃ

n
p
p,1

+‖un
F ‖

Ḃ
n
p
p,1

‖un
F ‖

Ḃ
n
p
p,1

+‖ūn‖
Ḃ

n
p
p,1

‖un
F ‖

Ḃ
n
p
p,1

dτ

�
∫ t

0

‖ūn‖
Ḃ
−1+n

p
p,1

‖ūn‖
Ḃ

1+n
p

p,1

+‖un
F ‖

Ḃ
−1+n

p
p,1

‖un
F ‖

Ḃ
1+n

p
p,1

dτ
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�‖ūn‖
˜L∞t (Ḃ

−1+n
p

p,1 )
‖ūn‖

L1
t (Ḃ

1+n
p

p,1 )
+‖u0‖

Ḃ
−1+n

p
p,1

‖un
F ‖

L1
t (Ḃ

1+n
p

p,1 )
.

Along the same lines, one has

‖div(ν(θn)−ν(0)∇un
F

)‖
L1

t (Ḃ
−1+n

p
p,1 )

�‖θn‖
˜L∞t (Ḃ

−1+n
p

p,1 )
‖un

F ‖
L1

t (Ḃ
1+n

p
p,1 )

�Θn(t)‖un
F ‖

L1
t (Ḃ

1+n
p

p,1 )
.

As a consequence, we obtain

‖Fn‖
L1

t (Ḃ
−1+n

p
p,1 )

�‖θn‖
L1

t (Ḃ
n
p
p,1)

+(Un(t))2+‖u0‖
Ḃ
−1+n

p
p,1

‖un
F ‖

L1
t (Ḃ

1+n
p

p,1 )
+Θn(t)‖un

F ‖
L1

t (Ḃ
1+n

p
p,1 )

. (A.11)

By Lemmas 2.2 and 2.3, one has∑
j∈Z

2(−1+n
p )j‖Δ̇jPdiv(ν(θ

n)−(ν(Ṡmθn)))∇ūn‖L1
t (L

p)

�‖θn− Ṡmθn‖
˜L∞t (Ḃ

n
p
p,1)
‖ūn‖

L1
t (Ḃ

1+n
p

p,1 )
, (A.12)

∑
j∈Z

2(−1+n
p )j‖div([Δ̇jP,ν(Ṡmθn)])∇ūn‖L1

t (L
p)

�‖∇ν(Ṡmθn)‖
˜L∞t (Ḃ

n
p
p,1)
‖ūn‖

L1
t (Ḃ

n
p
p,1)

�2m‖θn‖
˜L∞t (Ḃ

n
p
p,1)
‖ūn‖

L1
t (Ḃ

n
p
p,1)

�t
1
2 2m‖θn‖

˜L∞t (Ḃ
n
p
p,1)

(‖ūn‖
˜L∞t (Ḃ

n
p
−1

p,1 )
+‖ūn‖

L1
t (Ḃ

1+n
p

p,1 )
). (A.13)

Inserting the estimates (A.11)-(A.13) into (A.10) leads to

‖ūn‖
˜L∞t (Ḃ

−1+n
p

p,1 )
+‖ūn‖

L1
t (Ḃ

1+n
p

p,1 )

�‖θn‖
L1

t (Ḃ
n
p
p,1)

+(Un(t))2+‖u0‖
Ḃ
−1+n

p
p,1

‖un
F ‖

L1
t (Ḃ

1+n
p

p,1 )

+Θn(t)‖un
F ‖

L1
t (Ḃ

1+n
p

p,1 )
+‖θn− Ṡmθn‖

˜L∞t (Ḃ
n
p
p,1)
‖ūn‖

L1
t (Ḃ

1+n
p

p,1 )

+ t
1
2 2m‖θn‖

˜L∞t (Ḃ
n
p
p,1)

(‖ūn‖
˜L∞t (Ḃ

n
p
−1

p,1 )
+‖ūn‖

L1
t (Ḃ

1+n
p

p,1 )
), (A.14)

which implies

Un(t)�tΘn(t)+(Un(t))2+ t
1
2 2mΘn(t)Un(t)

+‖u0‖
Ḃ
−1+n

p
p,1

‖un
F ‖

L1
t (Ḃ

1+n
p

p,1 )
+Θn(t)‖un

F ‖
L1

t (Ḃ
1+n

p
p,1 )

(A.15)

provided that

‖(Id− Ṡm)θn‖
˜L∞T (Ḃ

n
p
p,1)
≤ c0 (A.16)
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for some sufficiently small positive constant c0 and some integer m∈Z.
By using a similar derivation of (3.5), we can infer

‖θn− Ṡmθn‖
˜L∞t (Ḃ

n
p
p,1)
≤
∑
j≥m

2
nj
p ‖Δ̇jθ0‖Lp

+‖θ0‖
Ḃ

n
p
p,1

(
exp

(
CUn(t)+C‖un

F ‖
L1

t (Ḃ
1+n

p
p,1 )

)−1
)
. (A.17)

Next, for any n∈N, we define

Tn
∗

def
= sup{t∈ (0,Tn) : Un(t)≤2ε0}, (A.18)

with ε0∈ (0, 12 ) to be determined. We shall prove infn∈NT
n
∗ >0.

Firstly, we deduce from (A.7) that

Θn(t)≤C‖θ0‖Ḃ n
p
p,1

exp
(
C
(
Un(t)+‖u0‖

Ḃ
−1+n

p
p,1

))
≤C‖θ0‖Ḃ n

p
p,1

exp
(
C
(
1+‖u0‖

Ḃ
−1+n

p
p,1

))
def
=Θ0. (A.19)

Secondly, noticing that θ0∈ Ḃ
n
p

p,1(R
n), thus, there existsm=m(c0)∈Z large enough such

that ∑
j≥m

2
nj
p ‖Δ̇jθ0‖Lp ≤ 1

2
c0. (A.20)

Taking ε0 and T0 small enough such that

C‖θ0‖
Ḃ

n
p
p,1

(
exp

(
2Cε0+C‖un

F ‖
L1

T0
(Ḃ

1+n
p

p,1 )

)−1
)≤ 1

2
c0. (A.21)

Combining with (A.20) and (A.21), we can deduce from (A.17) that (A.16) is ful-
filled for T =min(Tn

∗ ,T0). Without loss of generality, we may assume Tn
∗ ≤T0. Then,

for any t≤Tn
∗ , we deduce from (A.15) that

Un(t)�tΘ0+2ε0U
n(t)+ t

1
2 2mΘ0U

n(t)

+‖u0‖
Ḃ
−1+n

p
p,1

‖un
F ‖

L1
t (Ḃ

1+n
p

p,1 )
+Θ0‖un

F ‖
L1

t (Ḃ
1+n

p
p,1 )

. (A.22)

Finally, taking ε0 and T1 small enough ensures

C
(
2ε0+ t

1
2 2mΘ0

)≤ 3

4
,

CT1Θ0+C
(‖u0‖

Ḃ
−1+n

p
p,1

+Θ0

)‖un
F ‖

L1
T1

(Ḃ
1+n

p
p,1 )

≤ ε0
4
,

which together with (A.22) implies

Un(t)≤ε0, ∀t≤min(Tn
∗ ,T1).
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However, by the definition of Tn
∗ , we eventually infer Tn

∗ ≥T1 and supUn(T1)≤ε0, which
along with (A.2) and (A.19) ensures that (θn,un) is uniformly bounded in ET1 .

Step 3. Convergence.
The convergence of un

F to uF readily stems from the definition of Besov spaces. The
convergence of (θn,ūn) is obtained by Ascoli’s compactness theorem. The proof for the
sequence satisfying the theorem is standard. A similar argument can be found on pages
1330-1331 of [8].

Step 4. Uniqueness of the solution.
As in [10, 26], by using Lagrangian approach to prove the uniqueness of the solu-

tion for the inhomogeneous Navier-Stokes equations; here, we also apply a Lagrangian
approach to show the uniqueness part of Theorem A.1. Let us first derive algebraic
relations involving changes of coordinates.

We are given a C1-diffeomorphism X over Rn. For H :Rn→Rm, we agree that
H(y)=H(x) with x=X(y). With this convention, the chain rule writes

DyH(y)=DxH(X(y)) ·DyX(y) with (DyX)ij =∂yj
Xi. (A.23)

or, denoting ∇y =
TDy,

∇yH(y)=(∇yX(y)) ·∇xH(X(y)).

Hence we have

DxH(x)=DyH(y) ·A(y) with A(y)
def
= (DyX(y))−1=DxX

−1(x). (A.24)

Let us first derive formally the Lagrangian equations corresponding to (A.1). Let
Xu be the flow associated to the vector-field u, that is the solution to

Xu(t,y)=y+

∫ t

0

u(τ,Xu(τ,y))dτ.

Now, denoting

(ρ,v,P )(t,y)
def
= (θ,u,Π)

(
t,Xu(t,y)

)
. (A.25)

Thanks to the transport equation of (A.1) and the chain rule, we infer ρ(t, ·)≡θ0.
Applying Proposition 8 in [9] implies that (v,∇P ) belongs to the same functional space
as (u,∇Π). Moreover, using the chain rule leads to(

∂tu+u ·∇xu
)(
t,Xu(t,y)

)
=0, ∇xΠ

(
t,Xu(t,y)

)
=AT∇yP (t,y).

By using the Lemma A.1 in the appendix of [10] gives

divxu
(
t,Xu(t,y)

)
=Tr(Dyv ·A)(t,y)=divy(Av)(t,y),

and

divx
(
ν∇u

)(
t,Xu(t,y)

)
=divy

(
ν(θ0)A∇v

)
(t,y).

Whence transform (A.1) into the formulation in the Lagrangian coordinates⎧⎪⎨⎪⎩
∂tv−div

(
ν(θ0)A∇v

)
+AT∇P =θ0en,

div(Av)=0,

v|t=0=u0.

(A.26)
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Now let (θi,ui,∇Πi), i=1,2, be two solutions to (A.26) and (ρi,vi,Pi) be determined
by (A.25).

Denote (δv,δP,δA)
def
= (v2−v1,P2−P1,A2−A1), where

Ai(t,y)
def
=

(
Id+

∫ t

0

Dvi(τ,y)dτ

)−1

, for i=1,2. (A.27)

Then the system for (δv,∇δP ) reads⎧⎪⎨⎪⎩
∂tδv−div

(
ν(θ0)∇δv

)
+∇δP = δF,

divδv=g,

δv|t=0=0,

(A.28)

where

g
def
= div

(
(Id−A2)δv−δAv1

)
,

R
def
= −∂tA2δv+(Id−A2)∂tδv−∂tδAv1−δA∂tv1,

δF
def
= div

(
ν(θ0)(A2− Id)∇δv

)
+div

(
ν(θ0)δA∇v1

)
.

In the sequel, we shall take T to be so small that∫ T

0

‖Dvi(t)‖
Ḃ

n
p
p,1

dt≤ c, i=1,2,

for a small enough constant c. Then we deduce from (A.27) that

Ai(t,y)=Id+

∞∑
k=1

(−1)k
(∫ t

0

Dvi(τ,y)dτ

)k

, i=1,2.

Moreover, as proved in the appendix of [10], we have the following estimates:

‖∂tAi‖
Ḃ

n
p
p,1

�‖Dvi‖
Ḃ

n
p
p,1

, i=1,2,

‖δA‖
L∞t (Ḃ

n
p
p,1)

�‖Dδv‖
L1

t (Ḃ
n
p
p,1)

,

‖Ai− Id‖
L∞t (Ḃ

n
p
p,1)

�‖Dvi‖
L1

t (Ḃ
n
p
p,1)

, i=1,2,

‖∂tδA‖
L2

t (Ḃ
−1+n

p
p,1 )

�‖v1,v2‖
L2

t (Ḃ
n
p
p,1)
‖Dδv‖

L1
t (Ḃ

n
p
p,1)

+‖δv‖
L2

t (Ḃ
n
p
p,1)

. (A.29)

Choosing m to be large enough such that there holds

‖(Id− Ṡm)θ0‖
Ḃ

n
p
p,1

≤ c0. (A.30)

A simple computation implies that

∂tδv−div
(
ν(Ṡmθ0)∇δv

)
+∇δP = δF +div

(
(ν(θ0)−ν(Ṡmθ0))∇δv

)
. (A.31)

Applying Δ̇jP to (A.31) and using the fact that divδv=g, ∂tg=divR, we arrive at

∂tΔ̇jδv−div
(
ν(Ṡmθ0)Δ̇j∇δv

)



1448 GLOBAL WELL-POSEDNESS FOR N -DIMENSIONAL BOUSSINESQ SYSTEM

=Δ̇jQR+Δ̇jPδF +div([Δ̇jP,ν(Ṡmθ0)]∇δv+Δ̇jPdiv(ν(θ0)−ν(Ṡmθ0))∇δv.

From the above equation and (A.30), we can get by a similar derivation of (A.10)
that

‖δv‖
˜L∞t (Ḃ

n
p
−1

p,1 )
+‖δv‖

L1
t (Ḃ

n
p

+1

p,1 )
�‖R‖

L1
t (Ḃ

n
p
−1

p,1 )
+‖δF‖

L1
t (Ḃ

−1+n
p

p,1 )

+2m‖θ0‖Ḃ n
p
p,1

t
1
2 ‖δv‖ 1

2

L∞t (Ḃ
n
p
−1

p,1 )
‖δv‖ 1

2

L1
t (Ḃ

n
p

+1

p,1 )
. (A.32)

Define

δE(t)
def
= ‖δv‖

˜L∞t (Ḃ
n
p
−1

p,1 )
+‖δv‖

L1
t (Ḃ

n
p

+1

p,1 )
,

then we deduce from estimate (A.32) that

δE(t)≤C(m,‖θ0‖
Ḃ

n
p
p,1

)(‖R‖
L1

t (Ḃ
−1+n

p
p,1 )

+‖δF‖
L1

t (Ḃ
−1+n

p
p,1 )

+ t
1
2 δE(t)). (A.33)

To get the uniqueness of the solutions, we only need to prove δE(t)=0 for small
enough t.
Now applying (A.29), product laws and interpolation in Besov spaces, we arrive at

‖div(ν(θ0)(A2− Id)∇δv
)‖

L1
t (Ḃ

−1+n
p

p,1 )
�‖ν(θ0)‖

Ḃ
n
p
p,1

‖A2− Id‖
L∞t (Ḃ

n
p
p,1)
‖δv‖

L1
t (Ḃ

−1+n
p

p,1 )

�‖θ0‖Ḃ n
p
p,1

‖Dv2‖
L1

t (Ḃ
n
p
p,1)

δE(t).

Similarly, one has

‖div(ν(θ0)δA∇v1
)‖

L1
t (Ḃ

−1+n
p

p,1 )
�‖ν(θ0)‖

Ḃ
n
p
p,1

‖δA‖
L∞t (Ḃ

n
p
p,1)
‖v1‖

L1
t (Ḃ

1+n
p

p,1 )

�‖θ0‖Ḃ n
p
p,1

‖Dδv‖
L1

t (Ḃ
n
p
p,1)
‖v1‖

L1
t (Ḃ

1+n
p

p,1 )

�‖θ0‖Ḃ n
p
p,1

‖v1‖
L1

t (Ḃ
1+n

p
p,1 )

E(t).

Thus,

‖δF‖
L1

t (Ḃ
−1+n

p
p,1 )

�‖θ0‖Ḃ n
p
p,1

(‖v1‖
L1

t (Ḃ
1+n

p
p,1 )

+‖v2‖
L1

t (Ḃ
1+n

p
p,1 )

)δE(t). (A.34)

Using the same argument, we deduce from (A.29) that

‖R‖
L1

t (Ḃ
−1+n

p
p,1 )

�
(‖∂tv1‖

L1
t (Ḃ

−1+n
p

p,1 )
+‖v2‖

L1
t (Ḃ

1+n
p

p,1 )
+‖v1‖

L2
t (Ḃ

n
p
p,1)

)
δE(t). (A.35)

Plugging (A.34), (A.35) into (A.33), we eventually get

δE(t)�
{
‖∂tv1‖

L1
t (Ḃ

−1+n
p

p,1 )
+‖v1‖

L1
t (Ḃ

1+n
p

p,1 )
+‖v1‖

L2
t (Ḃ

n
p
p,1)

+2mt
1
2 +(1+‖θ0‖Ḃ n

p
p,1

)‖v2‖
L1

t (Ḃ
1+n

p
p,1 )

}
δE(t). (A.36)

From the Equation (A.26), we can easily get ∂tv1∈L1
t (Ḃ

−1+n
p

p,1 ), from which and taking t
small enough in (A.36) implies that δE(t)=0. The uniqueness on [0,T ] can be obtained
by a standard argument.
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