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INTERACTION OF THE ELEMENTARY WAVES OF ISENTROPIC
FLOW IN A VARIABLE CROSS-SECTION DUCT*
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Abstract. The equations of fluid in a variable cross-section duct are nonconservative because of
the source term. Recently, the Riemann solutions of the equations for the compressible duct flow have
been obtained. The authors also obtained the elementary waves including rarefaction waves, shock
waves and stationary wave. In this paper, we mainly discuss the interactions of rarefaction wave and
shock wave with the stationary wave, for the cases in which the cross-section area is either decreasing
or increasing. The large-time behavior is shown in each case.
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1. Introduction

When the cross-section area a(x) does not change rapidly, a duct flow of an isother-
mal fluid in a nozzle can be seen as one dimensional flow. The equations are described
as

(ap)i+(apu)s =0,
(apu)+ (apu?+ap), = pay, (1.1)

at:O.

where p,u, and p represent the density, the velocity and the pressure of the fluid, re-
spectively. The state equation is given by p=#kp”, where k is a constant and 1 <y<3
for isentropic flow. Generally, a(z) is given a priori, here we view it as a variant which
is independent of time [11,17].

We know that system (1.1) is not conservative because there is a source term which
can be seen as a nonconservative product [4,13]. The source term plays an important
role in the numerical approximations both in a nozzle with variable cross-section model
and the multiphase flow models [2,8,9,18,19]. The usual definition of weak solutions
cannot be applied to the system. For earlier works on nonconservative systems, see
also [5-7].

In 2003, LeFloch et al. [12] solved the Riemann problem of system (1.1). The
Riemann problem of nonisentropic fluid was also studied by Andrianov etal. [1] and
Thanh [20]. LeFloch and Thanh divided the (u,p) plane by the coinciding characteristic
curves. In each area, system (1.1) can be viewed as strictly hyperbolic. LeFloch and
Thanh select an admissible stationary wave relying on the monotone criterion. While
Andrianov et al. give the evolutionary criterion.

In this paper, we study the interaction of the elementary waves including stationary
wave, i.e., the interaction of rarefaction wave or shock wave with the stationary wave.
The interactions of the elementary waves apart from the stationary wave are obtained
by Chang et al. [3]. By using characteristic analysis methods from [3], we study the
interactions case by case, based on the solutions of the Riemann problem [1,12,20].
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2. Preliminaries

2.1. Characteristic analysis and elementary waves. Denoting U = (u,p,a),
the system (1.1) can be rewritten, when considering a smooth solution, as

U+ A(U)d,U =0, (2.1)
where

ukyp?"2 0
A=|p u pu/a
0 0 0

The matrix A has three eigenvalues
AM=u—c, Aa=0, \sq=u+c, (22)

where ¢=/p’(p). The corresponding right eigenvectors are

2 T
Flz(—c,p,O)T, ﬂ2: <_027puaau <1_c_2>) ) ’FBZ(Cava)T'
U

The second characteristic family is linearly degenerate, while the first and the third
characteristic families are genuinely nonlinear

9 () 71 () = T Ag() 7 (11) = m@p"(pmp’(p)) >0.

The first and the third characteristics may coincide with the second one, so the system
is not strictly hyperbolic. More precisely, setting

'L ru==+c,
we see that
)\22)\1 on 1—‘+, )\2:)\3 on I'_.

In the (u,p) plane, the curves I'y separate the half-plane p>0 into three parts. For
convenience, we will view them as D; (supersonic), Ds (subsonic) and D3 (supersonic):

Dlz{(u,p)’u<—c}, Dgz{(u,p)’|u|<c}, Dgz{(u,p)‘u>c}.
In each of the region, the system is strictly hyperbolic and we have
AL <A3<Ag,in D1, A <A2<As, in Do, A< A1 <Az, in Ds.

For the unsteady flow, we have the Bernoulli’s law

2

2c
2
u +7_1

where kg is constant along a streamline. Furthermore, we have the following result.

= ko, (2.3)

LEMMA 2.1.  For unsteady flow, the Bernoulli constant kg is constant in the region of
flow adjacent to a domain of constant state.

It follows that the Bernoulli constant kg is constant in a simple wave, because a
flow in a region adjacent to a region of constant state is always a simple wave.
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2.2. The rarefaction waves. First, we look for self-similar solutions. We cal-
culate the Riemann invariants of each characteristic

A =u—c: {a,u—i— 2¢

=117
A =0: {apu, “2—2+ 7‘2_21 }, (2.4)
As3=u+c: {a,u— 72_01}.

We see that, for the rarefaction waves, the cross-section a(x) remains constant, so system
(1.1) degenerates to the gas dynamic equations

pt+ (pu)z =0,
{(Pu)t+(pu2+p)z_0. (2.5)

For a given left state (ug,po,ap), we determine the 1-wave and 3-wave rarefaction curves
that can be connected on the right by

— Pe 2K [ 41 a1
R1(U,Uo): UZUO_/ ;dpzuo— - (Pvz —po° )7 P < po,
Po

2.6)
P 2. /K - y=1 (
23(U7UO): U=U0+/ Edpzuo-f——y(Ple—Po2 )7 P> po-

po P 71

2.3. The stationary waves. The Rankine-Hugoniot relation associated with
the third equation of (1.1) is that

—ola] =0, (2.7)

where [a]: =a; —ag is the jump of the cross-section a. We can derive the conclusions:

1) 0=0: the shock speed vanishes, here we assume [a] #0 and the wave is called
stationary contact discontinuity;

2) [a]=0: the cross-section a remains constant across the non-zero speed shocks.

Across the stationary contact discontinuity, the Riemann invariants remain con-
stant; from the second equation of (2.4), the right states (u,p,a) satisfy

agpPoUo = apuU,
u% cg u? c? (2'8)

2 =1 2 ~-1

where (ug,po,a0) is the left state. It follows that across the stationary contact discon-
tinuity, the Bernoulli’s law is satisfied. We have the following results (see also [12]).

LEMMA 2.2.  Given the left-hand state Uy = (ug,po,aop) and denote

aopo|u0|

1
2(v—1 2 2 -1
amin(Up) = ———= and p0_<L <ﬂ+ o >> ,

NGES O+ 2 -1

we have that (2.8) has at most two solutions U, = (ux, p«,a) and U* = (u*,p*,a) for any
a >0, more precisely,

1) if a <amin(Uo), (2.8) has no solution, so there is no stationary wave.

2) if a>amin(Up), there are two points U, U* satisfying (2.8), which can connect
with Uy by stationary waves.
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3) if a=amin(Uo), Ux and U* coincide.
Proof.  We substitute the first equation of (2.8) into the second equation and get

2Ky 41 2 267 41\ o (@opouo)2
2 il — (GoPoto)T ), 2.9
7_10 + u0—|—7_1p0 p u (2.9)
Let
257y 267 41 apPoto \ 2
(I) ; U = - 2 2 —pd 2_( ) .
(p;a,Uo) ol +(U0+7_1p0 ==
From
d®(p;a,Up) v+1 5 26y 41
— = 2ky——p7 42 —Lpl =0 2.10
O b VR K v VU VO (2.10)

we get the maximum value of ® at

_1 1
_ y—=1 5, 2 y_l)“ (2(7—1) <u3 b >)“
Up) = ug+ = —+ .
po(lo) (m(7+1) 0T 170 ry(y+1)\ 2 -1

So @ has a zero solution at least, as ®(pg;a,Up) = 0. It follows that when

aopPo|Uo
= % = amin(U0>a

VEY Po”
®(p;a,up) =0 has a solution at least. If a>amim(Up), then there exist two values
p«(Uo) < po(Uo) < p*(Up) which satisfy

®(p+(Vo);a,Uo) = 2(p*(Uo);a,Uo) =0. (2.11)

We complete the proof of Lemma 2.2. |

Moreover, across the stationary contact discontinuity (2.8) denoted by So(U;Uyp),
the states U, = (ux, p«,a) and U* = (u*, p*,a) have the following properties

' . Dl,u0<0,
So(Us;Uo), |ux|>cx; ie., (u*’p*)E{Dg,u0>07

So(U*;Up), [u*| <c*, i.e., (us,ps«)€ Da.

As shown in [12], the Riemann problem for (1.1) may admit up to a one-parameter
family of solutions. To ensure the uniqueness of the solution, the Riemann solutions
should be required to satisfy an Admissibility Criterion: a monotone condition on the
component a. Motivated by [1,12] and [20], we impose the following global entropy
condition on stationary wave of (1.1).

Global entropy condition. Along the stationary curve So(U;Uy) in the (u,p)-
plane, the cross-section area a obtained from (2.8) is a monotone function of p.

Under the global entropy condition, we call the stationary contact discontinuity as
stationary wave in duct flow. Lefloch and Thanh proved the following results in [12].

LEMMA 2.3.  Global entropy condition is equivalent to the statement that any stationary
wave has to remain in the closure of only one domain D;,i=1,2,3.
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From the lemma, we get some properties of the stationary curve in (u,p)-plane in
the following.

LEMMA 2.4.  The stationary wave can be viewed as parameter curves So(U(a);Up)
depending only on a in (u,p) plane, and they have the following properties

1) So(U(a);Uy) is strictly increasing (decreasing) in u if u<0 (>0).

2) So(U(a);Up) is concave with respect to u if u|<c, or Ju|>¢,2<~vy<3.

3) The increasing (decreasing) velocity and density in Uy leads to the increasing

(decreasing) velocity and density in U.
Proof. Differentiating the two equations of (2.8), we get

da dp du
e iy |
a " p A ’ (2.12)
udu+ kyp?'~2dp=0.
Then we get
%__ U %_ uc? %__ pu?
du  wyp=2 da a(u?—c?)’ da  a(u?-—c?)’

The first statement is hence proved. For the proof of the second statement, we calculate

&p  p
2= —0—4((7—2)u2+c2).
From (2.8), we get
aopo aouo
u= Ug, p= £o-
aip al1u

V\?eagiertlg derivatives with respect to ug,po respectively, when we fix the other variables,

0 0
Ou_aop o Op _aouo
Oup aip dpo  aiu
Thus the last statement is proved. a

From Lemma 2.2 and 2.3, So(U(a);Up) are in the same domain with Uy, see Figure
2.1.

2.4. The shock waves. From (2.7), a(z) remains constant across the shock with
non-zero speed, the Rankine-Hugoniot relation for (2.5) is

{ —olp]+ [pu] =0, (213)

—apu]+ [pu*+p(p)] =0,

which is equivalent to

1/2
i (U,Up) = uo F (p-’i)%) . i=1,3.

The 1-and 3-families of shock waves with non-zero speed connecting a given left-hand
state Uy to the right-hand state U are constrained by the Hugoniot set:

(w0 =r (=2 (5" =) (2.14)

po P
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p
a > ag -
So(U,Uo) u=c
Uo
a<
a < ag
Uo
SO( 7U0)
a>agp
u
Fig. 2.1. So(U(a),Uy) in (u,p)-plane.
A shock wave should satisfy the Lax shock conditions [10]
/\i(U)<O'i(U,U0)<)\i(U0), 1=1,3. (215)

Using the Lax shock conditions, we get the 1- and 3-shock waves <§1(U, Up) and
?3([], Up) consisting of all right-hand states U by

=

gl(UvUo)iu—Uo—(ff(i—l)(f)”—ﬂg))_ P> pos

pop s (2.16)
§>3(U7U0)1U—U0—<ff (%—%)(PV—PSO p< po.

The 1- and 3-shock wave speeds o;(U,Up)(i=1,3) may change their signs along the
shock curves in the (u,p)-plane, more precisely,

<0, UOEDIUD27
<07 [)0 <p,

(U o) =0, p=po, Uo € Ds, (2:17)
>07 Po <p</~)05

and

>0, Uye DaU D3,
>07 po <p,

03(U5U0) 207 p:ﬁ07 UOEDla (218)

<0, Po < p < po,

where ﬁo = (ﬂo,[)o) eDsN {u > O},UO = (ﬂo,po) eDyN {U < 0}
Let us define the backward and forward wave curves

E(P;Uo)v P < po,
1(p;Uo), p> po,

H
R3(p;Uo), p> po,
%

Ws(p;Up) =
steito) {53(P;U0),P<P07

Wi (P;Uo):{
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and stationary wave
Wa(p;Uo) = So(p;Us), p=psor p".

We conclude that the wave curve Wy(p;Up) is strictly decreasing and convex in the
(u,p)-plane, while the wave curve Ws(p;Up) is strictly increasing and convex.

The elementary waves of system (1.1) consists of rarefaction waves, shock waves,
and stationary wave, which are denoted by W;(p;Up) (1 =1,2,3) briefly.

According to the Riemann solutions [12] of (1.1) in Dy, D2, and Dj3 , we will consider
the interaction results of the elementary waves based on the division of the (u,p)-plane.
We only consider the interactions of rarefaction waves or shock waves with the station-
ary waves. The other kinds of wave interactions (rarefaction-rarefaction, shock-shock,
shock-rarefaction) can be obtained by the isentropic gas dynamics equations (2.5) [3],
using the fact that [a] =0 in these cases.

3. The interactions of rarefaction wave or shock wave with the stationary
wave

To study the interactions of rarefaction wave or shock wave with the stationary
wave, we consider the initial value problem of (1.1) with the initial data

U- (u—ap—uao)u <1,
(u,p,a)‘ =1 Up = (Um,pm,a0), 11 << T2, (3.1)
t=0
Uy =(uy,py,a1), ©>xs.

3.1. Rarefaction wave interacts with a stationary wave. In this case, it
satisfies that

U € Ba(U,U_), Us€So(U,Un), a1 amin(Un)-

By Lemma 2.1, a1 > anin(Uo) (p— < po < pm),Uo € ﬁg(U, U_), which means the station-
ary wave will always exist in the interaction process. We have that

2 y—1 ikt
Ry(UU-) = Ry(Un,U)s u=u_+ 2577 =), p-<p<pm.
Gopotio =11t X UOZ(U’OapOaaO)Eﬁ?)(UuU—)a (3.2)
So(U,Up): 2kypl 2kypl”
ug—}- FYPO :’UJ%—F ’Ypl ,alzamln
y—1 y—1
p - r. T, p I T's
So
Ug (0,p) I
v
v
UO*
)
u u

Fig. 8.1. The curves I'y,I'x and I'*. Fig. 8.2. The four curves and the five regions.
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Define two curves I', and I'* in the (u,p)-plane. T', and I'* are made of states
reached by So(U,Uy) using Uy, and U respectively when Uy € T'y, see Figure 3.1. Then
we use the four curves below to divide the (u,p)-plane into five parts I, I, T, IV and
V, see Figure 3.2,

Iy u=ec, Ti:u=ko, T'i:u=kc, Ts: u=koc,

1 -1
where kg is a constant and will be given below, k1 = (%) : (Z—[l)) Y , ko= % 'y will

be explained in the following. T's is the rarefaction curve ﬁ3(U, (0,0)), which is below

3—v
2 2(v—1)
Iy. Let a1 # <—) ap, then the four curves do not coincide with each other.

v—1

3—7
Without loss of generality, we assume that a; < (%) oy ag. We have the following

results.
LEMMA 3.1. 1<ko<ki<kg, ie, ', I',I'1 and I'y lie from left to right.

Proof. The fact that 1<k <k is obvious. We only need to prove ko < k1.
Let Up eI, we have ug=cp. Substituting it into (2.9), we get

S en) (@)
(L) = (L) —(2) =
¥—1\ro v—1\ro ax

denote z=-£ and f(:v)z—%:ﬂ“—i—?y—iﬁ— (3—2)2, we have 0 <z <1 and

2(y+1)

2
F(0) <0, F(1)=1- (—) 0, /()=

(x—27)>0,
so f(x) =0 admits a unique solution xy. We substitute p=xopo into the second equation
of (3.2) and get

ag —2tt
u=—ux, *> c.
a

_ a4l
Denote ko= Z—fl’xo 2 . We know that kg < k1 if and only if

£ (((v=1)/27 (ao/ar) T ) <o0.

3—v
The latter follows from the condition a; < (2/(y—1))2~ ag. The required conclusion
follows immediately. O

The first quadrant of (u,p)-plane can be divided into five parts, namely (see Figure
3.2)

I:{(u,p)|u>k2c}, H:{(u,p)‘klc<u<k20},
]]I:{(u,p)’koc<u<klc}, W:{(u,p)‘c<u<koc}, V={(u,p)’0<u<c}.

LEMMA 3.2.  They have the following properties (see Figure 3.2):
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1) If Uy is above Ty, then ﬁg(Um,Uo) has a unique intersection point U= (0,p)
with p-azxis. And SO(Ul,UO)ﬁﬁg(Um,UO) ={U}.

2) If Uy is below Ty, ﬁg(Um,Uo) intersects with u-azis at a unique point U = (1,0).
And So(Ul,Uo) ﬁﬁ3(Um, Uo) = {U}

LEMMA 3.3.  The relative position of the curves So(Uy,Uy) and ﬁg(UJr,Ul), when
Up=Uy, Ui=Uy, is shown as follows

1) when Uy €1, ﬁS(U+7U) is below (or on the right of) So(U1,Uy) (see Figure
3.3-8.4);

2) when Uy €ll, So(Uy,Uy) penetrates ﬁg(U+,U1) from above in the supersonic
area, and is above ég(UJr,Ul) in the subsonic area (see Figure 3.5);

3) when Uy €L, So(Uy,Uy) lies below ﬁg(U+,U1) in the supersonic area, and above
3(U4,Uy) in the subsonic area (see Figure 3.6);

4) when Uy €IV, ®(U,Uy,) =0 has no solution.
5) when Uy €V, Sy(Uy,Uyp) is below ﬁg(U+,U1) (see Figure 3.7).

Proof. From the above discussion, we have

2, /KY , ~-1 -1
Uo=(Uo(Po)apoaao)Eﬁs(UmU)?U:Um-i- 71 (P2 —pm ), 0<p<pm,

appolp = a1pU,
U= (ul(pl),pl,al) € SO(U, Uo) : u2+ 2I€fypg_1 _u2+ QK'ypV—l 0<p<ps,
0 - )
v—1 v—1

(3.3)

Um
. U,

Ha(Uy)

So(U1,Uo)
u

Fig. 3.3. Uy €1 and Uy, is below I'a. Fig. 3.4. Uy €1 and Uy, is above I's.
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r ', I. I Ty
U*
Y v /m/ Unm
\\ s ‘\
\ +
P ‘ A0
v/
X ' I I
p T/
u u
Fig. 3.5. Up ell. Fig. 8.6. Uy €1ll.
. It Iy
m/ 1
\%
I
u
Fig. 8.7. UL €V.
and
2 /Ky, ~-1 -1
Ry(UU): u=u(p)=us+ (p2 —py ), 0<p<ps. (3.4)

v—1

Denote f(p1)=wu1(p1)—u(p1), when Uy is located below I' . Then we have f(p;)=0.
From (3.3), we have

-3

,
dup=/Kypy* dpo,

appodug + apuodpe = a1 prdus +aruidps, (3.5)
wodug +rypy 2dpo =urduy +kyp] dpr.

It follows that

_a=8 __
duliawu/m—aofﬂﬂo 2 pY : (3 6)
do —a-3 :
dpn aopy * ur—aipiy/KY
Therefore, we get that
—a=3 5
df _dw du _avnyRy—aokye T ol e e
dpr dpr d; ano T — !
0Po Uy —a1pP1/KY
__wmta wa —UoCo (3.7)

2
P1 Uy — UpCo
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Similarly, denote g(u1)=p1(u1)—p(u1), we have g(uy)=0 and

ﬂ _P (w1 +c1)(urer —uopco)
duy uyc1(uoco — )

Firstly, we have

>0 U €IUTIUIIL,

9 >0 U elullUlL, 2
Uy —UpCo and wupcop—cy <0 Ui eV,

<0 U €V,

Secondly, we know that

y—1 3—v
- uicy B ur (p1) °? B ap (po\ *
U1C1 —UQCo = UPCo — =1 =UpCo| — | — —1 =UpCo| — | — —1].
U Co () Lo aq L1

Thus from ui¢1 =ugcy, we have

and substitute (3.8) into (2.9) :

2 S
=2 (ﬂ> 2.
v—1\ao

1 _3=7
Denote k1 = (%) ’ (Z—;) T an= (%) *07Y 4o, thus we obtain the curve T'y.

When a; <ay, I'; lies between I'y and I's. While a; > a,, I'; lies between I'; and
I's. We only consider the case a; < a,. The other case is similar.

Combining the above discussion, we have

<0, U, eTUI,
uU1C1 —UpCo >0, U, €lll,
<0,U;€V.
Therefore,
df >0, U;elul, dg <0, Uyelul,
— and —— (3.9)
dpy <0, Uy ellluV, duy >0, UyelllUV.

(1) U+ €1, the location of U,, has two subcases:
1) Uy, is below T'a, So(Up,Up) interacts with wu-axis at (@,0), since f'(p1)>0,
and f(p4)=0, so f(p1)<0 when 0<p; <py, thus So(Uy,Up) is on the left of
3(U4,Uy). See Figure 3.3.
2) Uy, is above I's. Denote U, = (u?,,ps,) = ﬁg(Um,U)ﬁF+, So(U,Uy,) jumps from
U, = (t,,p,) below 'y to U = (a*,p*) above I'y.. This case indicates that So(Uy,Up)
will penetrate through I's and stay above I's since the sign of ddTgl changes only

once when Uy € ITUTTUTIL. Therefore, So(Uy,Up) lies above ﬁg(UJr,Ul) both in the
supersonic and subsonic areas. See Figure 3.4.
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(2) Uy €ll, U, in TUTI, since dq <0 (U; €Il) and dq >0 (Uy €I). In the supersonic

area, So(Uy,Up) is above ﬁ (U+,U1) at first, mtersectb with ﬁ (U4,U1) and then
reaches U, below ﬁ3(U+,U1). See Flgure 3.5.

(3) Uy €lll, then Uy, €eMUIV. In this case 7->0. g(u4)=0, so g(u1) <0 when U, <
uy <ug. So(Up,Up) is below ﬁ U+,U1) in the supersonic area. See Figure 3.6.
(4) U4 €IV. Obviously.

(5) Us € V. Similarly, g(u1) <0 when 0 <wuy <ug. So(U1,Up) is below ﬁ3(U+,U1). See
Figure 3.7.

P r, TI. Iy Ty

x] T2
Fig. 3.8. Case 1. Uy = (u4,p+)€L. Fig. 8.9. The solutions for case 1.1.

Next, we will discuss the interactions case by case.
Case 1. Uy =(uq,pt) €1, U, is below I's. See Figure 3.8.
In this case, from the result 1) in Lemma 3.3, we draw curves ﬁ (U4,0),
ﬁ (U, U), So(U1,Up) starting from U, and Rl(U U) passing through U= (4,0) e
3(Uy,U). Denote the intersection point of So(U1,Up) and R1(U) (U is the right-
hand state) as U_,, which is obtained by Uy=U_ € ﬁ (U, U).

Case 1.1. U_ is between U, and U_ on the curve ﬁ3 (U, U).
We solve the initial boundary value problem (2.5) with

(u-‘rup-i-)u t=t1,x> w2,
(u,p)z (Ul,P1)7 t1<t<t2,$:£€2, (310)
(uf*vpf*); tZtQ,ZE:IQ,

in the domain {(:c,t)}:z: >x9,t>1t1}, where (u1,p1) € So(Ur,Up), Up € ﬁg(Um,U).

Because on the boundary Sy:t>t1,x=22+0,A 3=u1£c; >0, there exists a
unique solution in the domain from the theory of the isentropic gas dynamical system.
Finally, the large-time behavior of the solution is

U_ & So(U_s,U_)® R1(Us,U_) & B3(Uy,Us) B U,

where “@” means “follows”. The result is shown as in Figure 3.9.

Case 1.2. U_ is below U_ on the curve ﬁ3(Um,U). In this case, Us turns to vacuum.
See Figure 3.9.
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Case 2. U =(uy,p+) €1, Uy, is above T's. See Figure 3.10.

Subcase 2.1. As U_ ¢V, which is on ﬁg(Um,U) and in the supersonic area, it is
similar to the Case 1.1. We omit it. See Figure 3.9-3.10.

Subcase 2.2. As U_€V, which is in the subsonic area and below U,;, both on
ﬁg(Um,U). So(U1,Up) touches T, at U, and coincides with OU, on T, in the su-
personic area. The interaction starts at time ¢ =¢;. The process of interaction includes

two parts. In the first part from ¢ to t2,Up€ R3(U,U-) (U is between Uy, and US,),
Uy € So(Uy,Up) (Uy is between Uy and U,). This process is the same as the above case.
In the second part from t5 to t3, Upe Ty ﬁ%l(U,Um) (Un € ﬁg(Um,U) is between U2,
and U_ ), Uy € So(U1,Up) (U is between U, and Us.). We need to solve the initial
boundary value problems of (2.5) on the left-side of x =5 with

=1 2e. 26\ ((E-w?\ T
) (’Y"‘l (u__'y—1+'y—1>’( s ) ),(x,t)eC_,u_—c_<§<um—cm,

U= to <t <13,2=21x2,
(U2vp2), t>t3,x=1x9,
(3.11)
and on the right-side of x =z, with
(ug,py), t=t1,2> 29,
(u1,p1), t1<t<tz,x=m2,
(u.p) = (3.12)

u=koc, ta<t<tls,x=uws,

r=1T2,

respectively, where £ is the given slope of the characteristic lines of <]?1(U7,1,U,), C_
is denoted as the penetrating backward characteristic, see Figure 3.11, kg is given in
Lemma 3.1. The existence and uniqueness of the two problems can be obtained by the
classical theory from Li et al. [14] and Wang et al. [21]. The solutions are shown in
Figure 3.11.

Furthermore, we get the large-time behavior of the solution from the theory of isentropic
gas dynamical system (2.5) as

(_
U_® R1(Us,U_)® So(Use,Us) & Ry (Us,Us ) ® R (U, Us) & U

1 2

Fig. 3.10. Case 2. U_ is below U_. Fig. 3.11. The solutions for subcase 2.2.
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Fig. 3.12. Case 3. (u4,p+)€1l.

Case 3. Uy =(uy,py)€Il. See Figure 3.12.
By 2) in Lemma 3.3, So(Uy,Up) penetrates ﬁg(U_HU) from above, intersects with
3(U+,U) at Uss, WhiCEE obtained by So(Us,Uss) (Us Eﬁg(Um,U))7 touches I', at
U*, and coincides with OU, on T, in the supersonic area. B
By virtue of (2.17), from any point U €T, there exists a point U € Dy such that
the 1-shock speed from U to U vanishes, i.e., o1 ((7,U) =0. Such states U form a curve
in Dy, denoted by f, see Figure 3.12. [ is determined by

2 ~~9 ~ ( ’ ) (3 3)
1) =(u /) EI * l

We will show that I' and ﬁ3(U+,U) have only one intersection point. On Ty,
u=koc, where ko> 1 is given in Lemma 3.1. Substituting it into (3.13), we have

kgyp T4 = (kgy+1)p75=0,

where p>p. By a similar calculation as in Lemma 3.1, we obtain that there exists
a constant ko, 0< ko<1, such that ﬁ:léog. Denote the two curves I' and ﬁg(U+,U)
as p=p(u) and p= p(u) respectively, and f(u)=p(u)—p(u). Firstly, from f(0)=p(0)—
p(0)=—p<0, f(4+00) >0, we conclude that the two curves have at least one intersection.
Secondly, a direct calculation shows that d f /du > 0. It follows that the intersection point
is unique, which is denoted by [7@*.

Denote Ug, :ﬁg(UJr,U)ﬁF*, which is obtained by Us, €'y. We find a point
Use ﬁg(Um,U), which is connected with Ue, by <}_%1(UCI,U4). Denote Ugy € Ty, which
is obtained by a zero-speed shock gl(ﬁc*,UC*): al(ﬁC*,Uc*) =0. Ugs connects with
Uc €T by a stationary wave So(Ucs,Uc), denote U2=<}_31(UC,U)ﬁﬁg(Um,U). By
(2.17), we know that Us is a critical point. When U is above Ug, on Ty, it gets to a
point U on ﬁ3(U+,U) by a shock wave with positive speed o1 (U,U)>0. When U is
below Ucs on T'y, it gets to a point U on ﬁ3(U+,U) by a shock wave with negative
speed o1 (U,U) <0.

Subcase 3.1. U_ is between U, and Us on the curve §3(Um,U) (Figure 3.12), it is
similar to Case 1.1. See Figure 3.9.
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Subcase 3.2. U_ is between Uz and U}, on the curve ﬁg(Um,U) (Figure 3.12). The
interaction includes two parts, the first part from time ¢1 to to, Uy€ R3(U,U-) (Up
is between U, and Us), Uy € So(U1,Up) (Uy is between Uy and Us,). This process is
similar to the Case 1.1, we get the solution in Figure 3.13 (right). Figure 3.13 (left)
shows the critical case that U_ =Us. In this case (u,p)=Us. = (u3x,p3x) € So(Uss,Us)
in the domain {2 < s+ (ug. +c3.) (L —t2)[t > L2}

In the second part from to to t3, where Uy is between Us and U_ on the curve
ﬁg(Um,U), Uy € So(U1,Up) (Uy is between Us, and U_,), we solve the free boundary
value problem

1
dz _ (pr(p(pr)—p(pz))> ’
— =y )
dt pi(pr—p1) ) .
1 1 2z (the Rankine — Hugoniot condition of S';)
Up = Uy — (H (— ——) (pl—p7)> :
Pl Pr
l‘(tz):,fg,
13 -
dur = /P, 7 dpr, pes < p1 < p3s, (U, € R3(U,U_,) on the left side of 5 1)
13 _ -
du, = \/ﬁp:2 dpr, D_, < pr < p3s, (U, Eﬁg(U,U,*) on the right side of S1)
(U3*7p3*)7 wt:tw; = U3+ C34,T > T2,
(U,p): (ulvpl)v t2<t<t37I:I27
(Ui, o), > t3, 2= Xa.
(3.14)

where p(p;) =kp] ,p(pr) =kp] and x=x(t) is the shock wave supplemented by the Lax
d —
entropy condition: 0<u,—c, < d_)t{ <u;—c;. So the shock wave S propagates with

%
positive speed in the domain, from [3], we know that the speed of S will be decreasing

during the process of penetrating ﬁg, see Figure 3.13 (right). Furthermore, the large-
time behavior of the solution from the theory of isentropic gas dynamic system (2.5) is
given as

— __ __
U_®So(U_s,U_)D S 1(T—.U_)® Bs(Us,U_.) DU,

t t,
T — T2

=U3x +C3x

t—1to

x
z1 z2 1 z2

Fig. 3.13. The solutions for subcase 3.2.

Subcase 3.3. U_ is between U? and U, on the curve ﬁg(Um,U) (Figure 3.12). The

interaction includes three parts, the first part is from time ¢ to to, where Uy € R3(U,U-)
(U is between U, and Us), and the second part is from time ty to t3, where Uy €
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ﬁg(U, U_) (Up is between Us and UZ,). Both the above parts are the same as subcase
3.2, which we have discussed. The third part is from ¢3 to ¢4, where Uy € ', N <}_%1 (U,Un)
(U, is between Ug, and U_), Uy € So(Us,Uy) (Uy is between Us, and U,). A backward
rarefaction wave reflects in this part and coincides with Sy, which is similar to the
subcase 2.2. At the critical case U_ =U,, we have Uy =U¢, Uy =Ug., the speed equals
to zero in this case. Similarly, we get the solution by solving initial (free) boundary
value problems as (3.10), (3.11) and (3.14), see Figure 3.14. The large-time behavior of
the solution from the theory of isentropic gas dynamical system (2.5) is

— —
U_-® R1(Us,U_)®So(Usx,Us) D SI(U67U5*)@ﬁ3(U+7U6)@U+-

z—x
t—t; = U3+ C3x

Hs

Tl T2

Fig. 3.14. The solutions for subcase 3.3.

Subcase 3.4. U_ is between Uy and Uy on the curve ﬁg(Um,U) (Figure 3.12). The
interaction includes four parts. The first three parts from time ¢; to ¢4 are the same

as subcase 3.3. A shock wave S1 with positive speed transmits during the interact(ign
process, see Figure 3.15-2. When Uy goes down along I' | passing U¢, the speed of S
decreases in ﬁg as t >to by (2.17). At the critical case Uy = U, the speed of S1 equals
to zero and becomes negative when Up is below Uc on the curve I'y. It keeps a constant
negative speed after penetrating K s.

The fourth part is from t4 to ts. <§1 penetrates ﬁg and touches Sy at t =15 during
this period. Figure 3.15-1 shows the transition between subcase 3.3 and 3.4. On the
one hand, U_ connects with Uy on I'y through <}_31(UA,U_), Ua jumps to Ua, by
So, and Uy, gets to Us on ﬁg(UJr,U) by a backward shock wave with negative speed:
01(Us,Uax) <0. On the other hand, we solve a generalized Riemann problem at time
t =t5. The solution includes backward waves <}_%1 and <§1, which connects U_ and Us.
U7 jumps to U7 by stationary wave, and U7 connects with Ug by a forward shock wave.
Here, U7,U7 and Ug are determined by

dz _ . _ (m(p(m)—p(pz)))%
dt pi(pr—p1) ’ ) —

1 1 3 (the R—H condition of S1(U7,U;)) (3.15)
U7 =up— </€< ) (P;—P7)>

pr Pt

3

1‘(t5) =2x2,
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and
duy=/myp, > dpi, pa<pi<pr, (U € R3(U,U_) on the left side of S1)
Ao P77 = (Ilp;u?
uf N 2 B us? N cx? (Ur, U# are connected by So(Uz,U7))
2 =1 2 =1
u*:u _|_ K i_i (p'y_p*’y) ? . ? %
T8 ot ps 8 7 ' (the R—H condition of S 3(Us,U%)).
Ps <Pz,
(3.16)
p
P
P)

T )

Fig. 3.15-1. The transition between subcase 3.3-3.4. Ilig. 3.15-2. The solutions for subcase 3.4.

1 €T

Fig. 3.15-3. The critical case U_ =Uy.

There exists a unique solution of (3.15) by using the phase plane <inalysis method,
see Figure 3.15-1. The shock wave S'; interacts with R, and leaves R, on the left of
So when t — +o00. On the right of Sy, S35 will interact with R3, a direct calculation
shows that ?3 does not cross ﬁ3 completely, see Figure 3.15-2.

When U_ is close to Uy, the speed of both S; and ?3 will decrease. At the critical
case U_=Uy, t4 and t5 coincide. We have U; =Us=U¢,, U7 =Us = Uél; in this case,
so there are no shock waves emitted when ¢ >t5. See Figure 3.15-3.

Subcase 3.5. U_ is between Uy and U = (0,p) on the curve ﬁg(Um,U) (Figure 3.12).
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The interaction includes four parts, the first three parts from ¢; to t4(¢5) are the same
with subcase 3.5. The fourth part is from t5 to tg. At the time t=t5, we solve a
generalized Riemann problem. The solution includes a forward rarefaction wave R 3
connecting Uy and U, on the right side of Sp, see Figure 3.16 (left). On the left side
of Sy, we solve the initial boundary value problem of isentropic gas dynamical system

with
1 2e. 2 (E-w)TT
_ 3 )52
L(u_— 4 ), “ — |, (z,t) eC_ju_—c_<E<ud, —c
v+1 =1 y=1)" (ky)7
(u,p)=( U=¢6 ty3<t<ts,xr=1xo,
U =0y, ts <t <tg,x=uw3,
(U‘gapg)a t>t6,$:$27

(3.17)
where Uy € So(U1,Up), U € ﬁg(U+,U), ps < p1<pg,- There exists a unique solution
for (3.17) on the left side of Sp. See Figure 3.16 (right). The large-time behavior of the
solution from the theory of isentropic gas dynamical system (2.5) is as follows

U_@ﬁl(Ug,U—)GBSo(Ug*,Ug)@33(U+,U9*)EBU+.
¢ S

P r. TI. TIi Iy

Um

el

Fig. 8.17. Case 4. (uy,p4) €.

Case 4. Uy =(uy,py)€lll. See Figure 3.17.
So(Uy,Up) is below R3(Uy,U) in the supersonic area, touches T, at U,. As case
3, we denote Uc*zFﬂﬁg(U+,U), ' is denoted in (3.13). Ucs and Uc, €T, are con-
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nected by a zero-speed shock wave. Uc, and Uc €'y are connected by a stationary
wave So(Ucx,Uc). Denote ngﬁl(Uc,U)ﬂﬁﬁUm,U). Then U, is a critical point.
Denote Ug, = 3g+,U)ﬁ1"*, which is obtained by Uc, on I'y with So(Ug,,Uc, ).
Us=Rs(Upn,U)N R1(Ue,).

Subcase 4.1. U_ is between U, and U}, on the curve ﬁg(Um,U). We solve a free
boundary value problem as (3.14) in the rectangular domain {(z,t)|z > z2,t > t1}. There
exists a unique solution in the domain including a shock wave from the theory of the
isentropic gas dynamical system. The large-time behavior of the solution is the same
with subcase 3.2, see Figure 3.18.

Subcase 4.2. U_ is between US, and U (Figure 3.17). The interaction includes two
parts. The first part from ¢; to ¢y is the same with subcase 4.1. In the second part
from t5 to t3, we solve the boundary value problems as (3.11) and (3.14). A backward
rarefaction wave reflects in this part and coincides with Sy, see Figure 3.18. The large
time behavior of the solution is the same with subcase 3.3.

t — t
SO S 1 <§1
Hs
Hs
t=t1
Uy Ut
x x

Fig. 3.18. The solutions for subcase 4.1. Fig. 3.19. The solutions for subcase 4.2.

Subcase 4.3. U_ is between Uy and Uy (Figure 3.17). The interaction includes three
parts. The first two parts from time ¢; to t3 are the same with subcase 4.2. When Uj
goes down along I'; passing Uc, a shock wave S 1 transmits during the interaction. The
speed of S'1 decreases in R 3 from time ¢; to t3. At the critical point Uy=Ug,U; =Ugx,
the speed equals to zero, and then become negative when Uy is below Ugs on the curve
', it keeps a constant negative speed after penetrating Rs.

The third part is from ¢3 to t4, S'1 penetrates R 3 and touches Sy during this period.
Figure 3.20-1 shows the transitionﬁetween subcase 4.2 and 4.3. On the one hand, U_
connects with U on I'y through R1(Ua,U-), Ua jumps to Uas by So, Uasx connects
with Us on ﬁg (U4,U)) by a backward shock wave with negative speed: o1(Us,Uax) <O0.
On the other hand, we solve a generalized Riemann problem as (3.15) at time t=14.
The solution includes backward waves <}_%1 and S 1, which connect U_ and Ug. Up
jumps to Uj by stationary wave, and Uy connects with Ug by a forward shock wave.
Here Up, Uj and U(g_ are obtained by (s_olving a similar problem as (3.15).

The shock wave S 1 interacts with R, and leaves ?1 on the left of Sy when ¢ — +o0.
On the right of Sy, S 3 will interact with ﬁg, a direct calculation shows that ?3 does
not cross R 3 completely, see Figure 3.20-2.

F
When U_ is close to Uy, the speed of both S; and ?3 will decrease. At the critical
case U_=Uy, t3 and t4 coincide. We have Uy =Up=U¢,, Ug=Us= Uél in this case,
so there are no shock waves emitted when ¢ >t5. See Figure 3.21-1.
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Subcase 4.4. U_ is between Uy and U = (0,p) (Figure 3.17). The interaction includes
three parts. The first two parts from ¢ to t3(t4) are the same with subcase 4.3. The
third part is from ¢4 to t5. At the time t4, we solve a generalized Riemann solution
as (3.16). There exists a unique solution including a backward rarefaction wave <}_%1
connecting U_ and Uy, a stationary wave Sy(Ugs,Uy) and a forward rarefaction wave

3 connecting Uy, and Uy. See Figure 3.21-2. The large-time behavior of the solution
from the theory of isentropic gas dynamical system (2.5) is

U_@gl(Ug,U_)GBSo(Ug*,Ug)@33(U+,U9*)EBU+-

p
I'y Tk Iy Te
p
p
x
Fig. 3.20-1. The transition between Fig. 3.20-2. The solutions for subcase 4.3.

the subcase 4.2-4.3.

Ut

Tl T2 1 T2

Fig. 3.21-1. The critical case U_ =Uy. Fig. 3.21-2. The solutions for subcase 4.4.

Case 5. Uy =(uys,py)€V. See Figure 3.22.

In the subsonic area, So(Uy,Up) is below ﬁg(U+,U), touches p-axis at U= (0,p).

The interaction process is from 1 to to. Uj € S1(U,U-), denote U = So(U7,Us)N
ﬁg(U+,U), which is obtained by Us € <§1(U, U_). We solve the initial boundary value
problem (2.5) with

<i (§—C_+7—_1u_) , (M) ﬁ) =11, 2 <x2,
(u,p)=4 \7H1 2 Ky (3.18)

Uo = (u0,p0), i1 <t <tg,x=1m2,
Ug, t>1la,x =12,
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where Uy € So(Uy,Up) is obtained by U € ﬁg(UJr,U) (U; is the right-hand state). The
solution of (3.18) contains a reflecting shock wave. See Figure 3.23. The large-time
behavior of the solution from the isentropic gas dynamical system theory is

%
U_69S1(U2,U_)6950(U2*,U2)@23(U+,U2*)EBU+.
ry I, I't T2 ¢ So

5

U Uz

Sy (U, U_) U- /

t1
Um U+
U x
1 T2
Fig. 3.22. Case 5. (u4,p4)€V. Fig. 3.23. The solution for Case 5.

3.2. The interaction of shock wave with stationary wave. In this section,

we also consider the initial value problem of (1.1) with (3.1). U, E?g(U, U.), Use
So(U,Up,), we have

1 1 1/2
u_um+<n<———)<pz—p:n>) > o
S 5(Un,U-): Pm P~ 4 (3.19)
03<Um,U_>:u_+(P_mu) >0,
P~ Pm—pP—

A0 PmUm = a1 P4 U,

2 ~y—1 ) y—1
So(UsUn): § iyt =200 = 4 =, (3.20)

0'0:0.

The state U = (u,p) € ?3(U+,U) (Uy is the right-hand state) is given by:

u(p) =uy+ (H (i—l> (p”—pl))%, p>pi.

P+ P

From (3.19) and (3.20), we have o3(U,,,U_) > 0¢ =0, which means ?3 will overtake S.
Liu [15,16] has concluded that flows along an expanding duct are stable. Moreover,

he has proved that shock waves tend to decelerate along an expanding duct, which is

equivalent to o3(Up,,U_) > 03(U4+,U) here. We discuss the interactions case by case.
Case 1. U,,,Uy are on the right of I'y . So we have wy, > ¢, ut > cq, and uy, <us

when the cross section increases. When S 3(Uy,,U_) overtakes So(Us,Up,), we solve a
new Riemann problem of (1.1) with

_ U—:(u—ap—7a0)7x<x27
t=ty U+=(u+,p+,a1), T>2x2.

(u,p,a) (3.21)
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This case indicates that U_ will jump to U_, by Sy first. According to relative position
of U_, and ?3(U+,U), we discuss as follows.

Case 1.1. U_, is on the left of ?g(UJr,l(]_) (Figure 3.24). Then U_ jumps to
U_. by Sy first, then U_, connects with Uy by R1(U,U-_.), finally U; jumps to Uy by
Sa(U, ).

S (U, U_)® 80Uy, Un) = So(U—n, U R1 (U1, U-_)® S (U, UL).

Which means that the forward shock wave will transmit a backward rarefaction wave
when it penetrates the stationary wave.

p t

x1 o

Fig. 3.24. U_y is on the left of S3(U4+,U).

Case 1.2. U_, is on the right of %(UJF,U) (Figure 3.25). Then U_ jumps to U_, by
So first, U_, connects with Uz by 6 1(U,U_,), finally Us jumps to Uy by S 3(Us,Us).
The solution for (3.21) in this case is

S 5 (Unms U_)  So(Us,Up) = So(U—r,U_) B S 1 (U, U_) & S 3(U,Us).

‘Which means that the forward shock wave will transmit a backward shock wave when
it penetrates the stationary wave.

P r t So &

F3Um.U) S
U_ ?3
Uz
U_
t1
?3 Uy
Um
u xr
xr1 xr2

Fig. 8.25. U_. is on the right of S3(U+,U).

Case 2. Uy, <Cp,ut <cy and u_ <c_ (Figure 3.26). Here we choose the subsonic
solution when using the stationary wave. We discuss the results as follows.

Case 2.1. U* is below ?3(U+,U). U_ connects with Uz by <§1(U3,U_), Us jumps to
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Ui by So(Uj,Us), finally Ui jumps to Uy by ?3(U+,U§). See Figure 3.26. The states

Uz and U3 are determined by
t

P ry - So
S ?
3(Um,U)
Us
Uz 3(U4,0) Ug
U,y S JUs U_
LU \5,
: U t1
Um ?3 Ut
Um
u T
1 xr2

Fig. 3.26. U* is below 8 3(Uy,U).

de _ _(p3(p(p3)—p(p—))>5
a p—(p3—p-) ’

e (i)

app3us = aip3us,
u3 N g uj? N 52 (Us,Uz € So(U3,U3))
2 -1 2 =1

(the R—H condition of <§1(U3,U_))

11 z
* Y *y
Uy = Ut <” (; ——) (P} =5 )> » (the R—H condition of ?3(U+,U§)).

3 P+
P5> P+

The solution of (3.21) in this case is

%
S5 (U U_) & So(Us,Up) — S 1(Us, U_) @ So (U, Us) & S (U, UD),

which means that the forward shock wave will reflect a backward shock wave when it
penetrates the stationary wave.
Case 2.2. U* is above ?3(U+,U). We denote Uczﬁl(U, U_)NT4, see Figure 3.27.
<_
If U} is below ?3(U+,U), then U_ connects with Uy by R1(Uy,U-), Uy jumps to
Us by So(Ujs,Uy), finally U; jumps to Uy by ?3(U+,UI). The states Uy and U} are
determined by

2 2c_
Ugq + ’Yi41 =u_+ ﬁ, (the Riemann invariant of ﬁl(U4, U-)).

appatiy =aipyuy,

ud o wup? (Us,Uj  are connected by So(Uy,Us))
. iy

2 -1 2 v—1 )
’U,*:’U, I i_i (p’Y_p*’y) 2 N ? )

470 i ey +7 P * (the R—H condition of S3(Ut,Uy)).
P1> Py

(3.22)
The solution of (3.21) is

H
S (U, U_)® So(Us,Un) = R (Us,U_) B So(UL,U) ® 8 3(Us, UL,
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which means that the forward shock wave will reflect a backward rarefaction wave when
it penetrates the stationary wave.

P t
r —
+ 7, So
ERCINS S,
\Jr \“ ,U; 3(Um,U)
UM U_
\ t1
Unm ¢ Uy
U U~ EE .
m
i T
xr1 €2

Fig. 8.27. U* is above S 3(Uy,U), U? is below S3(Uy,U).

If U¥ is above ?3(U+,U) (Figure 3.28), U_ connects with U, by ﬁl(UC,U,), U.
jumps to Uex by So(Uex,U.), and U, jumps to Us by ?1(U5,Uc*) with o1 (Us,Ues) >0,
finally Us connects with Uy by S 3(Uy,Us). Ues and Us can be determined as (3.22).

S (U, U@ So(U,Upn) = B (Ua, U ) So(Uen, Up) & S 1 (Us, Unn) & S 5(Uy,Us).

This case means that the forward shock wave will reflect a backward rarefaction wave,
it will coincide with the stationary wave and transmit a backward shock wave.

t
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SaUL,U)
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Ucx Um
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Fig. 3.28. U* is above ?3(U+,U), U is above ?3(U+,U)

Case 3. Uy, <cpm,uy <cq and u_ >c_. See Figure 3.29-30. We discuss the results as
follows.

Case 3.1. Denote U_ € <§1(U, U_) which satisfies oy (U_,U_)=0, U_ jumps to U*
by So(U*,U_). If U* is below S3(Us,U), then U_ will first jump to Us above U—
by <§1 (Us,U-) with o1 (Us,U—) <0, Ug jumps to Ug by So(Ug,Us), finally Ug connects
with Uy by S5(Us,Ug). See Figure 3.29.

H
S (U, U_)® So(Us,Un) = §1(Us, U_) ® So(UZ,Us) & S 5(Us, UZ).

The interaction result is the same as in Figure 3.26.



W.C. SHENG, AND Q.L. ZHANG 1683

Case 3.2. U_ jumps to U_, by So(U_,,U_). Denote U_, € <§ (U,U_.) which satisfies
o1 (U, U_)=0. If U_, is above 8 3(Us,U), then U_, jumps to U7 by §1(Us,U_.)
with o1 (Ur,U_,) >0, Uy connects with Uy by S 3(Us,Un).

<_
S s(Un,U) @ S0(Uy,Up) = So(U—,U-) & S 1 (Un,U) & S5 (Uy, Us).

The interaction result is the same as in Figure 3.25.

P P
r, r,
3(Um,U) 3(Um,U)
5,
Uy 5(Uy,U) U_ 5(U4,U)
= \U6
. 5 U_
Ut ! R UL” ! .
\ U_ \ o -
Um' U
u u
Fig. 8.29. U* is below S 3(Uy,U). Fig. 3.30. U_, is above S 3(Uy,U).

In summary, we have obtained the results of rarefaction wave as well as shock wave

interactions with the stationary wave in a variable cross-section duct. When a forward
rarefaction wave interacts with a stationary wave, it will transmit a forward rarefaction
wave. During the process, a backward wave will transmit or reflect as well. When the
transmitted wave is a backward compressible shock wave, we further discuss the shock
intensity by solving free boundary problems. When a forward shock wave interacts with
a stationary wave, it will penetrate the stationary wave, and either transmit or reflect
a backward rarefaction wave or shock wave.

(10]
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