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THE ASYMPTOTIC BEHAVIOR OF
PRIMITIVE EQUATIONS WITH MULTIPLICATIVE NOISE*

RANGRANGC ZHANG!, GUOLI ZHOU?*, AND BOLING GUO$

Abstract. This article is concerned with the existence of random attractor and the existence
of the invariant measure for 3D stochastic primitive equations driven by linear multiplicative noise
under non-periodic boundary conditions. To achieve these goals, the crucial step is to establish the
uniform a priori estimates in a functional space which is more regular than the solution space. But, it
is very difficult because of the high nonlinearity and non-periodic boundary conditions of the stochastic
primitive equations. To overcome the difficulties, we firstly obtain the existence of the absorbing ball
in the solution space. Then, we use Aubin-Lions lemma and the regularity of the solution to prove that
the solution operator is compact. Finally, by operating the absorbing ball with the compact solution
operator, we obtain a compact absorbing ball in the solution space, which ensures the existence of the
random attractor. Since the solution is Markov, the asymptotic compactness of the solution operator
implies the existence of an invariant measure.
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1. Introduction
The paper is concerned with the stochastic primitive equations (PEs) in a cylindrical
domain

O =M x (—h,0) CR3,

where M is a smooth bounded domain in R2:

6‘tv+(voV)v+w82v+va‘+Vp+le:Zakvodw,i, (1.1)
k=1
0.p+T=0, (1.2)
V-v+0,w=0,
T +v-VT+wd.T+ LT =Q+» BT oduwy. (1.4)
k=1

The unknowns for the 3D stochastic PEs are the fluid velocity field (v,w) = (v1,v2,w) €
R? with v=(v,v2) and v* = (—vs,v1) being horizontal, the temperature 7' and the
pressure p. f=fo(B8+y) is the given Coriolis parameter, () is a given heat source.
V =(0,,0,) is the horizontal gradient operator and A =92 +8§ is the horizontal Lapla-
cian. Let a;,3; €R,i=1,2,---,n, {w}, w?i=1,2,---,n} be a sequence of one-dimensional,
independent, identically distributed Brownian motions. Here, we take ZZ:1 agvodw;
and Y, BxT odw? to be Stratonovich multiplicative noise.
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The viscosity and the heat diffusion operators Ly and Lo are given by
Li:*ViAf,u'iazza i:1327

where 11 and p; are the horizontal and vertical Reynolds numbers and v, and ps are
the horizontal and vertical heat diffusivity. Without loss of generality, we assume that

m=pr=rve=pz=1.

The boundary of O is partitioned into three parts: I',, UT, UT', where

Ly={(z,y,2)€0:2=0},
Lp={(2,y,2) €O0:2=—h},
Ls={(z,y,2) €O0:(z,y) €OM,~h <z <0}.

Here h is a sufficiently smooth function. Without loss of generality, we assume h=1.
We impose the following boundary conditions on the 3D stochastic PEs.

d,v=n, w=0, 0, T=—(T—7) onTy, (1.5)
0,v=0, w=0, 0, 7=0 on T, 1.6)
v-n=0, Jdmuvxn=0, 9zT=0 on I, (1.7)

where n(z,y) is the wind stress on the surface of the ocean, ~y is a positive constant, 7 is
the typical temperature distribution on the top surface of the ocean and 7i is the norm
vector to I'y. For the sake of simplicity, we assume that @ is independent of time and
n=7=0. It is worth pointing out that all results obtained in this paper are still valid
for the general case by making some simple modifications.

Integrating (1.3) from —1 to z and using (1.5) and (1.6), we have

z

Wity 2) 2 @) (t,2,,7) = — / Veo(ta,y, )z, (18)
—1

0
/ V-vdz=0.
-1

Integrating (1.2) from —1 to z, set p, to be a certain unknown function at T'j, satisfying

moreover,

p(x,y7z7t)=ps(w7y,t)—/ T(x,y,7' t)dz".

—1
Then (1.1)-(1.4) can be rewritten as
O+ Liv+(v-V)v+®(v)0,v+ Vpy —/ VTd + fot :Zakvodwi, (1.9)
-1 k=1

T +LyT+v-VT+®()0.T=Q+Y BT oduwi, (1.10)
k=1

0
/ V-vdz=0. (1.11)
-1
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The boundary value and initial conditions for (1.9)-(1.11) are given by

aZU|Fuzaz’U‘pb:0, U'T_L"FSZ(L aﬁUXﬁlrszo, (112)
(0.7 +47) v, =0-Tlr, =0, 9:TIr, =0; (1.13)
U(a?,y,zato) =U0<$,y7z), T(m,y,z,to) :T(J(xvyvz)' (1'14)

The primitive equations are the basic model used in the study of climate and weather
prediction, which can be used to describe the motion of the atmosphere when the
hydrostatic assumption is enforced (see [16,23,24] and the references therein). This
model has been intensively investigated because of the interests stemmed from physics
and mathematics. As far as we know, their mathematical study was initiated by Lions,
Temam and Wang (see e.g. [28-31]). For example, the existence of global weak solutions
for the primitive equations was established in [29]. Guillén-Gonzélez et al. [19] obtained
the global existence of strong solutions to the primitive equations with small initial
data. The local existence of strong solutions to the primitive equations under the small-
depth hypothesis was established by Hu et al. in [25]. Cao and Titi [9] developed
a beautiful approach to dealing with the LS-norm of the fluctuation ¥ of horizontal
velocity and obtained the global well-posedness for the 3D viscous primitive equations.
Subsequently, Kukavica and Ziane [26] developed a different method to handle non-
rectangular domains and boundary conditions with physical reality. For the global
well-posedness of 3D primitive equations with partial dissipation, we refer the reader to
some papers, see e.g. [5-8,10].

Along with the great successful developments of deterministic primitive equations,
the random case has also been developed rapidly. Guo and Huang [17] obtained some
kind of weak-type compactness properties of the strong solution under the condition
that the momentum equation is driven by an additive stochastic forcing and the ther-
modynamical equation is driven by a deterministic heat source. When the noise is
multiplicative, Gao and Sun [20] proved the global existence and uniqueness for the
strong solution. Moreover, when the noise tends to zero, Gao and Sun [21] established
the large deviation principle for this stochastic system. In [22], Gao and Sun studied
the long-time behavior of stochastic PEs when the velocity is perturbed by an addi-
tive noise. Debussche et al. [12] concerned the global well-posedness of strong solution
when the primitive equations are driven by multiplicative stochastic forcing. Under
the periodic conditions, Glatt-Holtz et al. [18] constructed an invariant measure for the
3D PEs. The uniqueness of the invariant measures and large deviations for the 3D
stochastic primitive equations were obtained by Dong, Zhai and Zhang in [14,15] under
the periodic conditions. Some analytical properties of weak solutions of 3D stochastic
primitive equations with periodic boundary conditions were obtained in [13]. When
the noise is an additive fractional noise, the long-time behavior of stochastic primitive
equations is studied by one of the authors of this article in [34].

In this article, we aim to prove the existence of random attractor and the invariant
measures for 3D stochastic PEs driven by linear multiplicative noise under non-periodic
boundary conditions. The common method is to apply Sobolev compact theorem and
Krylov-Bogoliubov lemma (see [11]), which requires uniform estimates with respect to
the initial data in a functional space (H?(0))? that is more regular than the strong
solution space (H'(0))*. However, it is quite difficult because of highly nonlinear
drift terms and non-periodic boundary conditions. Instead of using that method, we
provide a new method to find a compact absorbing set in the strong solution space,
which guarantees the existence of random attractor. The main idea is that we firstly
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prove that the solution operator of 3D stochastic PEs is compact in (H!(0))4, P-a.s..
Then using the compact property of solution operator and continuous dependence on
initial data of the strong solution in a good space, we construct a compact absorbing
ball. The random attractor we obtained is stronger than that in [17]. Specifically, the
random attractor we obtain is compact in the strong solution space (H'(0))%, P-a.s.
and attracts any orbit starting from —oo in the strong topology of (H'(0))* while the
random attractor in [17] is not necessarily a compact subset in the strong solution space.

Taking into account the asymptotical compact property of the solution operator,
we can prove the existence of invariant measures by showing that the one-point motions
associated with the flow generated by 3D PEs define a family of Markov processes. Up
to now, there are no works on the existence of invariant measures for the stochastic
PEs subject to non-periodic boundary conditions. It may be an attempt to solve this
problem by proving the asymptotic compact property of the solution operator.

The remainder of this paper is organized as follows. In Section 2, some preliminaries
of 3D stochastic primitive equations are stated. In Section 3, the global well-posedness
of 3D stochastic primitive equations is proved. In Section 4, we establish the existence
of random attractor. Finally, in Section 5, the existence of invariant measures for 3D
stochastic primitive equations is obtained. As usual, constants C' may change from one
line to the next, unless we give a special declaration. Denote by C(a), a constant which
depends on some parameter a.

2. Preliminaries
For 1<p<oo, let LP(O) and LP(M) be the usual Lebesgue spaces with the norm

1
o= { (Jo 6@,y )P dudydz)7 , o€ LP(O),
P 1
v 6@, y) [Pdady) 7 :
(Jarlo(z,y)[Pdxdy)” peLP(M)
In particular, |-| and (-,-) represent norm and inner product of L*(O) (or L?(M)),
respectively. For me Ny, (W™P(O), || |lm.p) stands for the classical Sobolev space, see

[1]. When p=2, we denote by H™(O)=W"2(0) with norm || - |,,. Without confusion,
we shall sometimes abuse notation and denote by || ||, the norm in H™(M). Let

vl:{ve(CW(O))Q:azmz:O:o, 8.0]oe1 =0, v, =0,
0
Orv X il|p, =0, / V-vdzzO},
—1
Vo= {Te C=(0):0.T| ey =0, (8.T+~T)|seo=0, 0:T]r. :o}.
We denote by Vi and Vs, the closure space of V; in (H'(0))? and the closure space of
Vy in HY(O), respectively. Let H; be the closure space of V; with respect to the norm
||2. Define Hy=L2(0). Set
V:V1X‘/2, H=H1XH2.

Let U= (v,T), U= (0,T), V is equipped with the inner product

= (0,0, + (1, T,
U e/( VUJr@ gv)dxdydz
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(T, T)y, / <VT VT + ZT‘ZT> dzdydz+- / Ty Todwdy.
(@)

'y

Subsequently, the norm of V is defined by ||U||= (U, U}é The inner product of H is
defined by

(U,0) i < (0,0) +(T,T),

(v,v>def/ v-Udxdydz,
o

(T,T) def/ TTdzdydz.
]

Denote V/ the dual space of V;, i=1,2. Furthermore, we have the compact embedding
relationship

D(Al) cV,CH; C‘/i/ CD(Ai)/,

and

1 1

(Vv =(Air )= (A2 AZ"), i=1,2.

?

For the sake of simplicity, in the following, we denote

/-dxdydz:/-, /~dxdy:/-
o o M M

3. Global well-posedness of stochastic primitive equations

In this section, we aim to prove the global well-posedness of (1.9)-(1.14). Firstly,
we introduce the following definition. Given 7 >0, fix a single stochastic basis
(Q,F, {fto,t}te[to,ﬂ,mv where

Frot o (Wi(s) = Wi (to),s € [to,£],5 =1,2). (3.1)

DEFINITION 3.1.  Fiz T >0, a continuous V-valued Fi,:-adapted random field
(U(st))eerto, 1= (V(1), T (1) )tepto, ) defined on (2, F,P) is said to be a strong (weak)
solution to (1.9)-(1.14) if

U € C([to, THV)N L ([to, T); (H*(0))*) (U € C([to, TI; H)N L? ([to, T]; (H'(0))?) P—a.s..

and the following

/me—/to dS/O{[(v'V)(MJr‘P(v)c?zqﬁl]v—[(fk><v)-¢1+(/_1TdZ V-l

t
+/d8/’U'L1¢1
to

/vo ¢1+/ ZakUOdwk(s w)- 1,

Op=1

[ 100~ / is [ 1090+ 0010057 + /d [ rrate= [ T,
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+/t:ds/OQd)z+/t:/oéﬂkTodlU§(87w)'¢2,

hold P-a.s., for all t € [to,T| and ¢ = (¢1,¢2) € D(A1) x D(Az).

Consider

a(t)=exp(=)_agwy), B(t)=exp(=)_ Brug).
k=1

k=1

Then a(t) and 5(t) satisfy the following Stratonovich equations

da(t) ==Y aga(t)odwi(t), dB(t)=—_ BrB(t)odwi(t).
k=1

k=1

Define

Then, (u(t),0(t)) satisfies

atu—Au—@zzu—i—a*lwVu—i-a*lq)(u)azu—«—ful—|—an5—0¢6*1/ Védz' =0, (3.2)
-1
00— A0—0..0+a  u-VO+a '®(u)d.0 =BQ, (3.3)

0
/ V- udz=0. (3.4)
—1

The boundary and initial conditions for (3.2)-(3.4) are

6zu‘Fu :8zu|r‘b:0,u"ﬁ:|ps :O,aﬁuXﬁlr‘S:O, (35)
(azeﬂe)m:azemza 90/r. =0, (3.6)
(’U,’t079 to):(U07TO)~ (37)

DEFINITION 3.2.  Let T be a fized positive time and (vo,Tp) € V. (u,0) is called a strong
solution of the system (5.2)-(5.7) on the time interval [to,T] if it satisfies (3.2)-(3.7) in
the weak sense such that P-a.s.

ue C([to, TI;VI)NL2([to, T]; (H?(0))?),
96C([to,ﬂ;Vg)ﬂL2([t0,ﬂ;H2(O)>.

THEOREM 3.1 (Existence of local solutions to (3.2)-(3.7)). If Qe L*(0),vp V1,
To €Va. Then, for P-a.s., w €, there exists a stopping time T* >0 such that (u,0) is
a strong solution of the system (3.2)-(3.7) on the interval [to, T*].

The proof of the existence of local solutions to (3.2)-(3.7) is similar to [19] and hence
we omit it. Before showing the global well-posedness of the strong solution, we recall
the following Lemma, a special case of a general result of Lions and Magenes [27], which
will help us to show the continuity of the solution with respect to time in (H'(0))3.
We refer the readers to [32] for its proof.
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LEMMA 3.1.  Let V,H,V' be three Hilbert spaces such that VC H=H'CV’', where
H' and V' are the dual spaces of H and V, respectively. Suppose u€ L?(0,T;V) and
% € L2(0,T;V"). Then u is almost everywhere equal to a continuous function from [0,T)
into H.

THEOREM 3.2 (Existence of global solution to (3.2)-(3.7)). If Qe L*(0),vp V1,
To€Va, and T >0. Then, for P-a.s., w €S, there exists a unique strong solution (u,0)
of the system (3.2)-(3.7) or equivalently (v,T') to the system (1.9)-(1.14) on the interval

[thﬂ‘

Proof. Let [tg,7) be the maximal interval of existence of the strong solution. For
fixed weQ, we will establish various norms of this solution in the interval [tg,7.). In
particular, we will show that if 7, < 0o, then H'-norm of the strong solution is bounded
over the interval [tg, 7).

A priori estimates: Referring to [9], define

~ 0
o) = | Grp e, Y () M.
In particular,
0
aen)= [y i

Let

Notice that
=0, V-u=0 in M.

Taking the average of Equations (3.2) in the z direction over the interval (—1,0), and
using boundary conditions (3.5), we have

0 z
8tﬂ+a*1u~Vu+<I>(u)82u+fﬂJ‘—Q—cqus—aﬁ*l/ / VOdz'dz—Au=0. (3.8)
—1J-1

By the integration by parts, we get

/  B(u),uds / DY uds / " (v aids, (3.9)

—1 -1 —1
0 0
/ u~Vudz:/ u-Vudz+u- V. (3.10)
—1 —1

Substituting (3.9) and (3.10) into (3.8), u satisfies
ot — At+a Y (@-Va+av-a+a-Va)+ fut +aVp,

—aB” 1v/ / (z,y,\,t)d\dz =0, (3.11)
V-u=0 in M, (3.12)
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@-ii=0, dzux =0 on M. (3.13)
By subtracting (3.11) from (3.2) and using (3.5) and (3.13), we conclude that @ satisfies

Opt— Al — 0, i+ - Vi+a ' ®(4)0,0+a ta-Vi+a ta-Vi

z 0 z

fafla.vafaflav.mfalﬂw*l/ vedz’+a5*1/ / Vodz'dz=0, (3.14)
—1 —-1J-1

82ﬂ|Z:0:0, Bzﬁ\zz,lzo, ’[L-ﬁh*s:(), 8ﬁﬂ><’ﬁ:|ps:0. (315)

In the following, we will study the properties of u and .

(1) Estimates of |0|? and |u|?. Taking the inner product of equation (3.3) with 6 in
Hy, we get

fat\9|2+|ve|2+|9 24~|0(z= 5/ Q0 —a~ / u- V9+<I>(u)3z9)9.

By integration by parts,

orl/o (u~V9+‘I>(u)5z9)9:O

Using the Holder’s inequality, we deduce that
1
SOOP + V0P +16.+l0(z=0) <5 | Qo<clo+CoIQP
o

Referring to equation (48) in [9], we obtain
10> <2|0.6]*+2/0(= =0)[>.
Then, we arrive at
OH02 +2|V012 + (2~ 46) 0.1+ (29— 4)0(: = 0) P < CAQE.  (3.16)
Hence, there exists a positive A such that
Q01+ NOP < CB2IQP.

Applying the Gronwall’s inequality, it follows that

t
0(t))2 < |04, |2 M) O | p2erE=D|Q)2ds. (3.17)
to
In view of (3.16) and (3.17), we obtain
sup |9(t)|2+/ 16(t)|2dt < C. (3.18)
tE[tU,T*) to

Taking inner product of (3.2) with v in Hy, by integration by parts, we have

Oul> + (1 —¢)|Vul® + |u.|? < C|)2. (3.19)
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Utilizing (3.18), we get

sup |u(t)|2+/T lu()||2dt < C. (3.20)

t€[to, ) to

(2) Estimates of |0|{ and |a|{. Taking the inner product of the equation (3.3) with
63 in H,, we have

1
1001+ FI98 P 116714 [ jpe=0)ft =5 [ Qo°—at [ fu Vo (.o
4 4 4 M o o
By integration by parts, we deduce that
ofl/ [u-V0+®(u)d.0]6° =0. (3.21)
o
Applying the interpolation inequality to |#?|3, we obtain
6°]3 < C16°|2 (|V6°|= +10.6°|= +al6*(z=0)]%). (3.22)
Using (3.22) and the Holder’s inequality, we get
/ BQO° <e(IVO?* +0.60 2 +al6%(z=0)*) + CB|QI* 0], (3.23)
o
Combining (3.21) and (3.23), we arrive at
04|03+ V6** +((6°) |2+a/ 0(==0)|* <CBIQI? 0], . (3.24)
Since

0
04 (z,y,2) = - / 0,64 (zy,r)dr + 0" (2 =0),

by the Young’s inequality, we have

0 0
\9|3:f// 8T94dr+// 0*(2=0)dz
1 2)(2 4 4
<SIO+80.00)F + | 0'(z=0),
then
1013 <1610 (6*)[* +2|0(==0)]1.
From (3.24), we get
aHl6l4+ 161 < CBIQIM 1y
8t|9|4+|9|4§05\62|3\9|5

Applying the Gronwall’s inequality, there exists a positive number which is still denoted
by A such that

t
|0()[3 < 165 |Fe ")+ C / B(s)e N =9|Q| ds (3.25)
to
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for t € [to,Ts)-
Taking the inner product of the equation (3.14) with |%|?% in Hy, we obtain

1. . 1
Joilt+g [ (190 P+ o.0aR)E) + [ (vl +lo.aR)
:7071/((ﬁ~V)ﬂ+<I>(ﬂ)3zﬂ)'\ﬂ|2ﬂ
(@]
—ofl/ (ﬂ~Vﬂ)~|ﬁ|2ﬁfofl/ (a-Va)-|a*a
(@] (@]
+or1/ av-a+a-Va-|a)*a
(@]

z 0 z
+a5—1/ (/ Vﬁdz’—/ / Vodz'dz)-|u|* .
o Ja —1J-1

Using integration by parts and the boundary conditions (3.15), we have
/ ((a-V)a+®(a)0.a)|a*a=0,
o

1
/(u-va)m\%:—f/ [*V =0,
(@) 4 (@)

L wa-pra=- [ (@ vira-a- | (7ol

/ P TR AT / Tty 0 (|%05),
o) (@)

and

where @y, is the k-th coordinate of u, k=1,2.
Based on the above equalities and by integration by parts, we obtain

Joilt+g [ (19 P+o.(aP)R) + [ a9k +lo.aR)
:a*l/a-(aV)mme /(v.a)a-|a|2a
(@] (@]

z 0 z
—a_l/ akajamk(m?aj)—aﬁ—l/ (/ HdA—/ / 9dAdz>V-|11|2ﬂ
o o -1 —1J-1

N+ L+ I+, (3.26)

Applying the Holder’s inequality, the Minkowski’s inequality and the interpolation in-
equalities, we obtain

0
11§or1/ |u|/ (|| Val|af2d=
M —1
1 0 2 2 % 0 4 %
Sof/ﬂ/avadz /ﬂdz
M||(71|H | ><,1" )
0 3
<a Yalwn VaP)I( [ (f jalta:?)
M —1
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0 1
1y . 8y 1 2
<a Yalpan VP ([ ([ Jak)a)
-1 Jum
0 :
<™ alwaan VR ( [ 10z 103 s can )
1= - TN R N PN PN
<aMalpsan V(@) (al) 2 [1(a®)]= + V(@)= +10:(al*)|=].
By the Young’s inequality and the interpolation inequalities, we get

L<e(|V(laf? al*)[?)+Cla”?[algaar +a alzaan lali

|l
<e(IV([al*)?+10:(1al*)[*) + Cla™?||ullt +a~* [ul* [u])]al;. (3.27)

By the Holder’s inequality, the Minkowski’s inequality, the interpolation inequality and
the Young’s inequality, we get

0
12:04_1/ u/ Vil dz
M —1
0 1 0 4 1
gofl/ U / Vil?|al?dz ) / la|*dz) "
al([ valapaz)" ([ jarta)
2\ 4
<o attia( [ ([ ira:) )
<[Vl / ([ )

<o vaallale( [ 1150 vl |L2<M>+|az|a|2|Lz<M>+|\a|2|Lz<M)>dz)

[N

<e([|Vallal* +[V[al*|* +10:|al*|*) + C(a~?|alf +a~"|aly)||a**
<e([IVallal* +[V|al** +10:|al*[*) + C (o |[ull} + o~ ul?||ull)|als.

Applying the Holder’s inequality, the Minkowski’s inequality, the interpolation inequal-
ity and the Young’s inequality, we have

Igz—a_l/ﬂkﬁjau(WQﬁj)
o
§ofl/ (/ |u|2dz)(/ |Vu||u|2dz)
o( /|Vu| jaf? (/ /|u|2dz )
at /|Vu| || 2(/ /|u| dz)2
o (Leaetne) ([ s 10 o)

<ca—1(/o\va\2|a|2)2(/1|a|§4(M)dz)2/1||a||H1(M)dz

<e /O IVl [al? + Ca|ul2ali.
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Analogously, we have

wea( i) ( ) ( )

<e / Vil + Ca28~ 2|62,
(@)

Collecting all the above inequalities, we have

ailt+ [ (IVUaPF+-(aPR) + [ [R(vaf+o.a?)
gcmﬂeﬁmwi+c<or2||u|\1+a 4|u| Jull)fat, (3.29)
and
O} < Ca?8~1013 + (a2 ull? +a~ uf?ul D]} (329)

Applying the Gronwall’s inequality, we conclude that

sup [a(t)[4+ / / 9 (af?) 2 +10- (1a?)| )ds+/t /o\a|2(|va|2+|aza|2)dsgc.
0

tG tg,‘r*
(3.30)

(3) Estimates of |Vu|? and |u,|?. Taking the inner product of equation (3.11) with
—Au in L?(M), we arrive at

1 R
—6t|Vu|2+|Aa\2=—of1/ a-VaAu—ofl/ -V At
2 M M
—ofl/ av-a-Aa—/ (@t +aVp,) Al
M M
0 z
+a5—1/ v/ / 0(z,y,\,t)d\dz - A
M Jo1J-1
By integration by parts and (3.12)-(3.13)(for more detail, see [9] ), we have
/ at-Au=0, / Vps - Au=0,
M M
0 z
/ V/ / O(z,y,\,t)dAdz- Au=0.
M Jo1J-

Applying the Holder’s inequality and the interpolation inequalities, we obtain
a‘l/ u-Vu-Au<Ca'al?|Val|Aal?
M
<e|Au? +Ca~*a)?|Val*.

Using the Holder’s inequality, the Minkowski’s inequality and the Sobolev embedding
theorem, we have

1
a—l/ aV~a-Aa+a—1/ ﬂ~Vﬁ~Aﬁ§a‘1|Aﬁ|(/ |a|2|va|2)2
M M O
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§5|Aﬂ|2+cof2/ ||| Val?.
o
Collecting all the above inequalities, we conclude that
2| Va|* +|Au)? < Ca*ul?||ul|?|Val? +Ca’2/ |a|?|Val|?. (3.31)
o

Therefore, applying Gronwall’s inequality and (3.20)-(3.31), we arrive at

sup |Va(t)*<C. (3.32)

tE[tU,T*)
Denote u, = 9%, from (3.2), we get

Oty — Ay —Oouy +a - Vu, +a tu, - Vu—a ', Veou+a & (u)u..,

+ fkxu, —aB"'VO=0. (3.33)

Taking the inner product of the equation (3.33) with u, in H;, we obtain

1
fat|uz|2+|Vuz|2+|uzz|2:—ofl/ ((UOV)uz+<I)(u)uzz)'uz—ofl/ [(us - V)] s
2 o o

+a*1/(V~u)uz~uZ7/ujueraﬁ*l/ Vo -u,.
o 1} o

By integration by parts, we deduce that

ofl/o((u~V)uz+<I>(u)uzz)~uz:0.

Thanks to the Holder’s inequality, the interpolation inequality and the Sobolev embed-
ding theorem, we reach

a_l/[(uz-V)u]-unga_l/ |u||w, || V|

o o
§0a71|Vuz|\u|4|uz|4
< Ca Vs fulafus | (|Vaa |5 + (0% + Jua|¥)
<e(|Vu|? +0.u. 2+ Cla"8|Val|® + 1) |u, |

Similar to the above, we get
/O(V-u)uz-uz§6(|Vuz|2+|uzz\2)+C(a_8|Vﬁ|8+1)|uz|2.

Collecting the above inequalities, we have
Aus? + | Vus | + |z 2 < Cla8alf +a 8| Val® + 1) |u. . (3.34)

Applying Gronwall’s inequality to (3.34), and by (3.32), we reach

sup \uz(t)|2+/T*(|Vuz(s)|2+|uzz(s)|2)ds§0. (3.35)

tE[to,T*) to
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(4) Estimates of |Vu|? and |V0|2. Taking the inner product of equation (3.2) with
—Auw in Hq, we reach

1
§8t|Vu|2 +|Aul? +|Vo,ul?

:afl/o[(u'V)u—HI)(u)azu]~Au+/ofk><u~Au

+a/ VpSoAufaﬂfl/ (/ Vodz")- Au.
o o Ja

By the Holder’s inequality, the interpolation inequality and the Sobolev’s inequality, we
have

ofl/ [(u-V)u]-Au

o

<Ca | Aul||Vu4|uls

<o Aul [Vl (|Au|* + Vo] +[Vul ) uls

<e(|Aul? +[Vus*) + Cla™?[uli +a~"[ul})|Vul*

<e(|Aul? +|Vu, [*) +Cla a3 +a | Va)? +a 8als + o8| Val®) | Vul?. (3.36)

Utilizing the Holder’s inequality, the Minkowsky’s inequality, the interpolation inequal-
ity and the Sobolev embedding theorem, we get

ofl/ocp(u)uz.Augorl/]L (/01|V.u|dz/01|uz|.|Au|dz)
<ol ff -aae) ([ f o)’

0 s i .
SCoF1|Au|(/1|Vu|52(M)(|Au|22(M)+|Vu|£2(M))dz)

0
X (/ |Uz|L2(M)(\VUZ\H(M)-|'|Uz|L2‘(1v1))d2)2
-1

<e(|Aul* + |[Vus*) + CVul* (a2 |us [* + a7 [u. ||V, |
Fa M u [P o P Vs [2). (3.37)

We also have
/(kau)-Au:O7 /Vps-Auzo.
1) 1)

Collecting all the above inequalities, we get
O | Vul? 4 | Aul? + |V, ul?
<C(@*B720|1F +a 2 alf +a Balf + a2 | Val]? +a 8| Val®
+a u Pt a2 Vg P+ a2 Vs ) [ Va2 (3.38)
Applying the Gronwall’s inequality, and by (3.18), (3.30), (3.32) and (3.35), we obtain
sup |Vu(t)|2—|—/ (|JAu(t)* +|Vo.ul?)dt < C. (3.39)

tEto,T*) to
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Taking the inner product of the equation (3.3) with —A@—0,, in H,, similar to the
above, we get

1
SOIVOP +10:1 +4IVO(z =0)[*) + A0 +2(|VO.[* +9|VO(z = 0)[) + 0= |

z/ (@ 'u-VO+a t®(u)b, — Q) (AI+0..)
SE(TM\ZJr|9zz|2+|V9z|2)+032\Ql2+004_4|VU|2|AU|2\9Z\2
+C(a”?|alf +a7?|Val + o ®lal} + o~ |Val®) | Ve[
Utilizing the Gronwall’s inequality, we get
[VO]? +10:]* ++|V6(2 =0)|?
+/tt[|A9|2+2(V92|2+’y|v9(z:())2)+|9zz2]ds§0. (3.40)

In the following, we will divide the proof of the global well-posedness of stochastic
PEs into three steps. Concretely, firstly we prove the global existence of strong solution.
Then, we show that the solution is continuous in the space V with respect to t. At last,
we prove the continuity in V' with respect to the initial data.

Step 1: The global existence of strong solution.

Previously, we have obtained a priori estimates in V. As we have indicated before,
that [to,7.) is the maximal interval of existence of the solution of (3.2)-(3.7), we infer
that 7. =00, a.s.. Otherwise, if there exists A€ F such that P(A)>0 and for fixed
we A, (w) <oo, it is clear that

limsup ([Ju(®)||1 + |0(¢)||1) = o0, for any we A,

t—7. (w)

which contradicts a priori estimates (3.35), (3.39) and (3.40). Therefore 7, =00, a.s.,
and the strong solution (u,#) exists globally in time a.s..

Step 2: The continuity of strong solutions with respect to t.
Multiplying (3.2) by n €V, integrating with respect to the space variable, yields

(0: AT u,m) = (Opu, Af ) = = (Avu, A7) — o™ ((u- V)u, A7 1)
—a  H®(w)d.u, A7) — (fu™, AP n)

+a5’1</ Vod:' A1),
-1

where (Vps,AI%m =0 is used. Taking a similar argument in (3.37), we get
1 1
(@(u)02u, At n) <|lul[[lull2[ A7 nl.
By the Holder’s inequality and the Sobolev embedding theorem, we have
10e(AF w)llvy < Cllullz + llullllullz + [ul +V6]).
Since

u€ L>([to, T1; Vi) N L2([to, T); (H?(0))?), VT >to,
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we obtain

Afue Lo, ThVA),  9r(Afw) e L ([to TI:VA).
Referring to Lemma 3.1, we deduce that

A%ueC([to,T];Hl) or u€C([to, T];V1)P—a.s..
To study the regularity of 6, we choose £ € V5. By (3.3), we have

(0,430,) =010, A3 €) = (420, A3 ) — 0™ (u- V6, 43€)
+a” @W).0, A1) +B(Q. A7 €).
Taking a similar argument as above, we get
(@(w)0.0,45) <Clull}lull3 |01 61} 143 .
Then by the Holder inequality’s and the Sobolev embedding theorem, we have
10043 8]y <C(|Az6] 4+~ [uull[8]12 -+~ ] [[ull 16112 615 +51Q))-

In view of step one, we have

0€ L>([to, T);V2) N L2([to, TI; H*(0)), VT >to.
Therefore, by the same argument as above, we get

A0 L2([t0, TIVa),  91(A30) € L*([t0, T1:V3).
We deduce from Lemma 3.1 that

AZ0€C([to, T); Hz) or 0€C([to, T Va), P—a.s..

Step 3: The continuity in V' with respect to the initial data.

Let (v1,71) and (v2,7T%) be two solutions of the system (3.2)-(3.7) with corresponding
pressures p,’ and py”, and initial data ((vo)1,(T0)1) and ((vo)2,(T0)2), respectively.
Denote by v=1v1 —va,pp =pp’ —pp’" and T =T; —T5. Then we have

O —Av—0,,v+a v -Vot+a  (v-V)vg+a 1@ (v v, +a @ (v)d, v,

—|—fk><v+anb—ozﬁ_1/zl VTdz =0, (3.41)
KT —AT -0, T+a v - V_T+a—1(U-V)T2 +a o (v) T, +a o). Ty =0, (3.42)
/OIdezO, (3.43)
v(x,y,2,t0) = (vo)1 — (vo)2, T(z,y,2,t0)=(To)1 — (Tv)2, (3.44)
(v,T) satisfies the boundary conditions (3.5) — (3.7). (3.45)

Multiplying Liv in equation (3.41) and integrating with respect to the spatial variable,
we have

1
O ([V? +10:0%) + | Av[* + |00 + V- |*
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=—a ' [ (- V) - Liv—a™t [ &(v1)v,-Liv
] @]
fofl/o(@(v)azvg)~L1v—a71/o[(v'V)v2]~L1v

—/ (kav)-Lw—!—oz,B*l/ (/ VTdZ)- Lyv
o o Ja
SR () + Ko () + K3 (t) + Ky (t) + K5 () + Ko (£). (3.46)
Using the Agmon’s inequality and the Holder’s inequality, we obtain
K1 (t) <a Mot |oo| Vo[ | L1

2 1 %
<Caoa|[={losl3 vl [[vll2

<Ca”?|lurlloallallv]l* +ellv]3-

Applying the Holder’s inequality, the interpolation inequality and the Sobolev embed-
ding theorem, we get

0
Kg(t)gofl/ |/ V-vrdz|[v.]-|L1o]
O J-1

0
SOé_1|V-171|L4(M)/ ‘UZ|L4(M)|L1U|L2(M)dZ
—1
-1 1 1 1 1
<Cavill2 [[oall3 [[0]lZ |0]l3 f[v]l2
<ellvll3+Ca™?[[orl*lor|I3]fv]*.

Similar to the above, we obtain

0
Kg(t)ga—l/ |/ V- vdz|-|0.vs] - |L1o]
O J-1

0
‘6ZU2|L4(M)|L1’U|L2(M)dZ
1

1 1 3
<Co o] F[lv]3 /

S071|V'77|L4(M)/

0 1 1
ool 2 a2l s ol oz
1

<elloll3+Ca™|[o]*[lvz]|*[|v2 13-
With the help of the Hélder’s inequality, we deduce that
Ky (t) < aHola|Voala|Lyo]z <elfv[|5 + Ca™? o] |23,
and
Ks(t)+ Ko () <e||v[3+Clvf3 + Ca?872|| T,

From the boundary conditions, we know that |T'|? is smaller than |T,|?+|T(z=0) \%2(M),
then ||T|* is equivalent to [VT|*+|T.|*+|T(2=0)|72(,. Keeping this in mind and
taking an inner product of the equation (3.42) with LoT', we have

1
5at(|VT\2+ IT. 1> +7|T(2=0)|?) +|AT |2 + |T..|* + |VT. > +~|VT (2 =0) >
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:—ofl/ (Ul-VT)LgT—ofl/(v~VT2)L2T
O (@]

— oﬂ/ ®(v1)ToLoT 4o~ ' ®(v)d, To Ly T
(@]

CET () + o () + J5(£) + Ja(t).

By the Agmon’s inequality, we get that
1)+ Jo(t) @ Hor|oo| VT || Lo T |+ ola|VT2]a| Lo T|
1 1 _
< Ca |2 [lr 3 1T T |2+ Ca v [ T2 ]2 Tl2
<e|| T3 +Ca?|ul* | T2l3+Ca?|lvi || [[or [l T

Taking a similar argument as K»(t), we obtain

0
Jg(t)gofl/ (/ |V~v1|dz)~|Tz|-|L2T\
O —1

0 0
Sa—l(/ |L2T‘L2(M)|TZ|L4(M)dZ)‘/ |V"Ul|dZ‘L4(M)
—1 —1

0 3 1 0
gca—l/_lHT||,32(M)|\T||,31(M)CZZ/_1|v.m|L4(M)dz
N A 3
<Ca 7 |T|Z [T _1”UlHHl(M)HUl”H?(M)dZ
1 3 1 1 1
<Ca TSI 2 [ |7 [Joa I3
<e|| T34+ Ca | T|1?||vr |2 [|v1 3.

Similarly, we can prove that

0
Jit)<a™? / ( / Vo)) 0. Tl | LT
O —1

0
§a71(/ |L2T|L2(M)|8ZT2|L4(M)dZ)‘/
-1

0 N s
<o ([ I lean Ty el o ) |

0
. ‘V'U|dZ|L4(M)

0
|V'U‘L4(M)dz
1

1 1 z 1 1
SCo T2l 217 172113 loll 2 [lv]|3
<e|T|5+elvl3+Ca™ | Ta| | T3]0
Denote

() E ()2 + 1T ()12,
def

£(t) =

a2 [lor[[[[lorflz+a” o ]P[lon]13
+a oo ?[loa][3 +®[|va |3 + @® | T3+ | T2 || T2 13+ 1.
Notice that [Vv|*+[0,v[* is equivalent to [[v]|* and [VT|*+|T.[> +|T(2=0)(72(p is

equivalent to ||T|?; letting € be small enough, we deduce from the above estimates of
Kl —KG and J1 —J4 that
dn(t)

SIS+ I3+ I3 < m(e)€ ). (3.47)
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Since (v;(t),T;(t)),i=1,2, is the solution of stochastic PEs in the sense of Definition 3.2,
we have

¢
/ &(s)ds < o0, a.s., for all t € (tg,00),

to

which implies that
n(t) <n(to)e s,

Therefore, we proved that for any ¢ € (to,00), (u(t),0(t)) is Lipschitz continuous in V; x Vs,
with respect to the initial data (u(tg),0(tp)), which is equivalent to stating that the
strong solution (v(t),T(t)) of (1.9)-(1.14) is Lipschitz continuous in V; x V with respect
to the initial data (v, T}, ), for any ¢ € (t9,00). d

REMARK 3.1.

(1) In the above theorem, we have obtained the continuity of the strong solution with
respect to the initial data in (H'(0))3. This is the key to prove the compact
property of the solution operator in V. Notice that the authors only proved that
the strong solution is Lipschitz continuous in the space (L?(0))? with respect to
the initial data in [17], which is not enough to obtain the asymptotical behavior
in (HY(0))3.

(2) With the help of Lemma 3.1, we have established the continuity of the strong
solution with respect to time in V and a priori estimates to prove the compact
property of the solution operator in V.

(3) We release the regularity of @ from H'(O) to L?(0), which is more natural.

4. Existence of random attractor

In this section, we establish the existence of random attractor. Firstly, we recall
some preliminaries from [3]. Denote by Cy(R;X) the space of continuous functions with

values in X and equal to 0 at t=0. Let (X,d) be a Polish space and (Q,F,P) be a
probability space, where €2 is the two-sided Wiener space Cp(R; X).

DEFINITION 4.1. A family of maps S(t,s;w): X — X, —o00<s<t<o0, parametrized
by we, is said to be a stochastic flow, if P-a.s.,

(1) S(t,r;w)S(r,s;w)x=>5S(t,s;w)x for all s<r<t, r€X,

(i)  S(t,s;w) is continuous in X, for all s <t,

(iii) for all s<t and x € X, the mapping
wS(t,s;w)x

is measurable from (Q,F) to (X,B(X)) where B(X) is the Borel o-algebra of
X

(iv) for all t,x € X, the mapping s+— S(t,s;w) is right continuous at any point.

J

DEFINITION 4.2. A set-valued map K : Q— 2X taking values in the closed subsets of X
is said to be measurable if for each x € X the map ww d(z,K(w)) is measurable, where

d(A,B) =sup{inf{d(z,y):y€ B} :x € A} forA,B€2X A B#0),

and d(x,B)=d({z},B). Since d(A,B)=0 if and only if AC B, d is not a metric.
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DEFINITION 4.3. A closed set-valued measurable map K:Q—2% is called a random
closed set.

DEFINITION 4.4.  Given t€R and weQ, K(t,w) C X is called an attracting set at time
t if for all bounded sets B C X,
d(S(t,s;w)B,K(t,w)) =0, provided s — —oc.
Moreover, if for all bounded sets B C X, there exists tg(w) such that for all s<tp(w)
S(t,s;w)B C K(t,w),

we say K(t,w) is an absorbing set at time t.

Let {¥;: Q- Q},t €T =R, be a family of measure-preserving transformations of the
probability space (€2, F,P) such that for all s<t andw € (2, the following
(a) (t,w)— Yw is measurable,
(b) D4(w)(5) =w(t+5)—wl(b)
(c) S(t,s;w)z=8(t—s,0;9:w)z,
hold. Then, (¥;):er is a flow and ((Q,F,P),(9;)ier) is a measurable dynamical system.

DEFINITION 4.5. Given a bounded set BC X, the set

Q(B,t,w)= mUStsw

T<ts<T

is said to be the Q-limit set of B at time t. Obviously, if we denote Q(B,0,w)=Q(B,w),
we have Q(B,t,w)=Q(B,%w).

It is easy to identify

O(B,t,w)={z € X :there exists s, -+ —o0 and z,, € B such that lim S(t,s,,w)z, =1z}

n—0o0

Furthermore, if there exists a compact attracting set K(t,w) at time ¢, it is not
difficult to check that Q(B,t,w) is a nonempty compact subset of X and Q(B,t,w)C
K(t,w).

DEFINITION 4.6.  For allt€R and w € Q, a random closed set w— A(t,w) is called the

random attractor, if P—a.s.,

(1) A(t,w) is a nonempty compact subset of X,

(2) A(t,w) is the minimal closed attracting set, i.e., if A(t,w) is another closed attract-
ing set, then A(t,w)C A(t,w),

(3) it is invariant, in the sense that, for all s<t, S(t,s;w)A(s,w)=A(t,w).

Let A(w)=.A(0,w), then the invariance property can be written as
S(t,s;w)A(Ysw) = A(Yw).

We will prove the existence of the random attractor by applying Theorem 2.2 in [3].
For the readers’ convenience, we state it here.

THEOREM 4.1. Let (S(t,8W));> 4 0weq be a stochastic dynamical system satisfying
(i)-(iv) in Definition /.1. Assume that there exists a family of measure-preserving
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mappings Ui,t €ER such that(a)-(c) in Definition 4./ hold and there exists a compact
attracting set K(w) at time 0, for P-a.s.. Set

Alw) = U Q(B,w)

BCX,B bounded

where the union is taken over all the bounded subsets of X. Then we have ]f”—a.s.,

(1) A(w) is a nonempty compact subset of X. If X is connected, it is a connected
subset of K(w).

(2) The family A(w), weQQ, is measurable.

(3) A(w) is invariant in the sense that S(t,s;w)A(V,w) = A(Vw), s<t.

(4) It attracts all bounded sets from —oo: for bounded BC X and w €}
d(S(t,s;w)B, A(Yw)) =0, when s— —oo.

Moreover, it is the minimal closed set with this property: if A(Ww) is a closed
attracting set, then A(Vw) C A(Yw).
(5) For any bounded set BC X, d(S(t,s;w)B,A(%:w)) —0 in probability when t — co.
And if the time shift 9;,t €R is ergodic,
(6) There exists a bounded set BC X such that

A(w) =A(B,w),
(7) A(w) is the largest compact measurable set which is invariant.

Before showing the existence of random attractor, we recall the Aubin-Lions lemma
from [33].

LEMMA 4.1. Let By,B,B; be Banach spaces such that By, By are reflexive and By -
BCB;y. For0<T <00, set

Xdéf{h‘heLQ([O,T];Bo),% GLQ([O,T];Bl)}.

Then X is a Banach space equipped with the norm |h|2((0,1);8,) + |1 | £2(j0,11;8,)- More-
over,

X C L2([0,T); B).

The main result in this paper reads as

THEOREM 4.2. Let Q€ L*(0),vo V1, To€Va.  Then the solution operator
(S(t,8:w)) > 5. weq of 3D stochastic PEs (1.9)-(1.14): S(t,s;w)(vs, Ts) = (v(t),T'(t)) sat-
isfies (i)-(1v) in Definition 4.1 and possesses a compact absorbing ball B(0,w) in V at
time 0. Furthermore, for P-a.s. we, set

Aw) = U Q(B,w)

BCV

where the union is taken over all the bounded subsets of V. Then A(w) is the random
attractor of stochastic PEs (1.9)-(1.14) and possesses the properties (1)-(7) of Theorem
4.1 with space X replaced by space V.
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Proof. Denote by w= (w; % S pWE W def >or_ Brw}) the R?—valued Brow-

. . . . . def X . .
nian motion, which has a version w in Cy(R,R?) = (2, the space of continuous functions

which are zero at t=0. In the following, we consider a canonical version of w given by
the probability space (Co(R,R?),B8(Co(R,R?)),P), where P is the Wiener-measure gen-
erated by w and B(Cy(R,R?)) is the family of Borel subsets of Cy(R,R?). Now, define
the stochastic flow (S(t,8w));>, weq PY

S(t,s;w)(vs, Ts) = (™ (H)u(t,wr), 71 E)0(t,w2)), (4.1)

where (v,T) is the strong solution to (1.9)-(1.14) with (vs,Ts)=(a"1(s)us(s,w1),
B71(8)0s(s,w2)) and (u,0) is the strong solution to (3.2)-(3.7). It can be checked that
assumptions (i)-(iv) and (a)-(c) of stochastic dynamics are satisfied with X =V. In-
deed, properties (i), (ii), (iv) of the solution operator (S(t,s;w))t>5’w€§2 follows by
Theorem 3.2 and property (iii) of the solution operator also holds with the help of the
global existence of strong solution to (1.9)-(1.14) resting upon Faedo-Galerkin method.
Furthermore, (€,B8(Co(R,R?)),P,9) is an ergodic metric dynamical system.

In the following, we will prove the existence of the random attractor. Let
(u(t,w;to,up),0(t,w;te,00)) be the solution to (3.2)-(3.7) with initial value u(to) =wug
and 6(tg) =6y. By the law of the iterated logarithm, we have

D1 KW > o1 Brwi _
t

lim ==—*%= lim
t——00 t t——o00

0. (4.2)

Obviously, t — 32(t)e* is pathwise integrable over (—oc,0], where ) is positive. And we
have

lim B2(t)eM =0, P—a.e. (4.3)

t——o0

In view of (3.16), (3.17) and (4.3), for P-a.e. w €, there exists a random variable 7 (w),
depending only on A, such that for arbitrary p> 0, there exists t(w) < —4 such that for
all tg <t(w) and (ug,lp) €V with ||ug||+ |00l < p, O(t,w;to,00) satisfies

0
sup |9(t,w;t0,90)|2+/ 10(s) 1 2ds <1 (w). (4.4)
te[—4,0] —4

In view of (3.19) and (4.4), taking a similar argument as (4.4), for P-a.e. weQ, we
deduce that there exists random variable ry(w), depending only on A, such that for
arbitrary p>0, there exists t(w) < —4 such that for all to <t(w) and (ug,0) €V with
[lwoll 4+ 100l < p, w(t,w;to,up) satisfies

0
sup [ut,wito,uo) + / lu(s)|Pds < ra(w). (4.5)
te[—4,0] 4

By (3.25), repeating the argument as in (4.4), for P-a.e. w €, there exists random
variable r3(w), depending only on A, such that for arbitrary p> 0, there exists t(w) < —4
such that for all ¢y <t(w) and (ug,00) € V with |Jug|| +1|6o]| < p, 0(t,w;t0,00) satisfies

sup |0(t,w;to,00)|3 <r3(w). (4.6)
te[—4,0]
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Integrating (3.29) with respect to time over [¢,—3] yields,

-3

Iﬂ(*3)\i§(\ﬂ(t)li+c/ aQ(s)B’Q(S)W(S)Iid«S)
t
w eIt a 2 @lu) I (a2 () lu(s)[*)ds (4.7)

Integrating (4.7) with respect to ¢t over [—4,—3], we obtain

-3 -3
a-af<( [ lawhasrc [ ot pefs)

 C I Ea 2@ u()P(1+a™()|u(s)P)ds (4.8)

Therefore, by virtue of (4.4)-(4.6), we conclude that for P-a.e. w € €, there exists random
variable Cy (w), depending only on A, such that for arbitrary p >0, there exists t(w) < —4
such that for all t) <t(w) and (ug,00) €V with ||ug||+ ||6o]| < p, @(—3,w;te,up) satisfies

a(=3)I3 < C1(w). (4.9)

Integrating (3.29) with respect to time over [—3,t], we get

R <8+ [ a2 00))
w oC JLsa 2 (S)lluls)[1*(1+a ™2 (s) u(s)[*)ds
In view of (4.4)-(4.6) and (4.9), for P-a.e. w € Q, we deduce that there exists random

variable r4(w), such that for arbitrary p>0, there exists t(w) <—3 such that for all
to <t(w) and (ug,0p) €V with ||ug||+ |60 < p, w(t,w;to,ug) satisfies

sup |ﬁ(t,w;t0,ﬁo)|i§r4(w). (4.10)
te[—3,0]

Taking integration of (3.28) with respect to time over [—3,0] yields,
0
/ (v (al)? + 0 (1a*)[* +|alvall* +|alo.al|*)dt

o0 [ gt +0 [ @l o WP @

By (4.5), (4.6) and (4.11), for P-a.e. w€Q, we infer that that there exists random
variable Cs(w), such that for p >0, there exists t(w) < —3 such that for all ) <t(w) and
(ug,00) €V with [Jugl|+ /6ol < p, U(t,w;to,uo) satisfies

0
ﬁg(lv(lﬂ\2)|2+\3z(|11|2)|2+\ﬂIVﬁll2+Iﬂlé‘zﬂIIQ)dtSCQ(w)- (4.12)

By (3.31), (4.6) and (4.12), proceeding as (4.10), for P-a.e. w €, there exists random
variable C3(w), such that for arbitrary p>0, there exists ¢(w) < —2 such that for all
to <t(w) and (up,0p) €V with ||ug||+ |00 < p, @(t,w;to,Tg) satisfies

sup |Va(t,w;to,to)|? < Cs(w). (4.13)
te[—2,0]
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In view of (3.34) and (4.13), following the steps in (4.10), for P-a.e. w €, there exists
a random variable r5(w), such that for arbitrary p >0, there exists ¢(w) <—1 such that
for all to <t¢(w) and (ug,0p) € V with ||ug||+]|6o]| < p, satisfies

0

sup |8zu(t,w;to,u0)|2+/ |V, (s,w;to,up)|>ds <rs(w). (4.14)
te[—1,0] -1

Regarding (3.38), (4.4), (4.5) and (4.14), we repeat the procedures of deriving (4.10) and

(4.11). For P-a.e. we Q, there exists a random variable r4(w), such that for arbitrary p>

0, there exists t(w) < —1 such that for all ) <t(w) and (ug,bp) €V with |Jugl|+ [|6o]| < p,

u(t,w;to,up) satisfies

0

sup |Vu(t,w;t0,u0)\2+/ |Au(s,w;to,uo)|*ds <re(w). (4.15)
te[-1,0] -1

By (3.40), (4.4), (4.14) and (4.15), proceeding as above, for P-a.e. w e, there exists

a random variable r7(w), such that for arbitrary p >0, there exists ¢(w) <—1 such that
for all to <t(w) and (ug,0p) €V with |Jug||+ |60 < p, O(t,w;to,00) satisfies

sup ||0(t,w;to,60) ||2 <r7(w).
te[—1,0]

Now we are ready to prove the desired compact result. Let r(w)=1r5(w)+1rs(w)+
r7(w), then B(—1,r(w)), the ball of center 0 €V and radius r(w), is an absorbing set
at time —1 for (S(¢,8w));>, ,eq- According to Theorem 4.1, in order to prove the
existence of the random attractor in the space V, we need to to construct a compact
absorbing set at time 0 in V. Let B be a bounded subset of V', set

Cr ™ {(Af v, A3 T)|(0(~1), T(~1)) € B, (u(t), T($)) = S(t, ~ L) (o(~1), T(~1)), £ € [-1,0]}.

We claim that Cr is compact in L?([—1,0]; H). Indeed, the space V; x Vo C Hy x Hy is
compact as V; C H; is compact. Let (v(—1),T(—1)) € B; by the argument of step 2 in
the proof of Theorem 4.1, we have

(AZu, AZ0) € L2(|-1,0;Vi x Va), (8iAZu,8,A30)€ L2([—1,0];Vi x V).
Therefore, we deduce the result from Lemma 4.1 with
Bo=VyxVa, B=HyxH,, B=V/xVj.

Now, we aim to show that for any fixed ¢t € (—1,0],w € Q,S(t, —1;w) is a compact operator
in V. Taking any bounded sequences {(v,n,70.n)}nen in B, for any fixed ¢ € (—1,0],
weQ, we devote to extracting a convergent subsequence from {S(t,—1;w)(¥o.n,70.n)}-
Since {(A%v,AQ%T)} CCr, by Lemma 4.1, there is a function (vs,0,) € L?([—1,0];V) and
a subsequence of {S(¢,—1;w) (Vo n,To,n) tnen still denoted by {S(¢,—1;w)(10.n,7T0,n) nen,
such that

0
lim (1S (t,—1;0) (V0.nyTo.n) — (Ve (£),04(2))||2dt =0. (4.16)

n—oo | _4

By the measure theory, we know that the convergence in mean square implies almost
sure convergence. Therefore, it follows from (4.16) that there exists a subsequence
{S(t,—1;w)(Vo,n,T0,n) }nen such that

nli_{réoHS(t,—l;w)(Vo,n,To,n)—(V*(t),e*(t))H:0, a.e. t€(—1,0]. (4.17)
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Fix any t € (—1,0]. By (4.17), we can select a tg € (—1,¢) such that
lim |[S(to,—1,w)(¥0,n,70.n) = (= (t0),0x (o)) ]| = 0.
n—oo
Then, by the continuity of S(t—to,to;w) in V' with respect to the initial value, we have

S(t,—1L;w)(v0,n,T0,n) = S(t —to,to;w) S (to, —1;w) (Y0,n,T0,n)
—)S(t—to,to;w)(l/*(to),a*(to)), inV.
Hence, for any te€(—1,0], we can always find a convergent subsequence of

{S(t,—1;w)(o,n,To.n) neny in V, which implies that for any fixed t€(—1,0l,we
Q,5(t,—1;w) is a compact operator in V. Set

B(0,w)=5(0,-1;w)B(-1,r(w)),

then, B(0,w) is a closed set of S(0,—1;w)B(—1,7(w)) in V. Using the above argument,
we know that B(0,w) is a random compact set in V. Precisely, B(0,w) is a compact
absorbing set in V' at time 0. Indeed, for (vgn,70.n) € B, there exists s(B) €R_ such
that for any s <s(B), we have

S(0,8;w) (Vo,m,T0.n) =S(0,—1;w)S(—1,8;w) (Vo.n,T0,n)
CS(0,—1;w)B(—1,r(w)) C B(0O,w).

Therefore, we conclude the result from Theorem 4.1. 0

5. Existence of invariant measure

Now, we are ready to prove the existence of invariant measure of the system (1.9)-
(1.14).

Let Uy=(vo,To) €V, U(t,w;Uo)déf (v(t,w;to,vo), T (t,w;to,Tp)) is the solution to
(3.2)-(3.7) with the initial value Uy. Following the standard argument, we can show
that U(t,w;Up),t € [to, T] is a Markov process in the sense that, for every bounded,
B(V)-measurable F: V =R, and all s,t€ [to,T], to<s<t<T,

E(F(U(t,w;Uo))|Fs)(w) =E(F(U(t,s,U(s)))) for P—a.e. we,
where Fy=F, s (see (3.1)), U(t,s,U(s)) is the solution to (1.9)-(1.14) at time ¢ with

initial data U(s).
For Be B(V), define

B, (Uy, B) =P((U(t,w;Up) € B).

For any probability measure v defined on B(V'), denote the distribution at time ¢
of the solution to (1.9)-(1.14) with initial distribution v by

(V@t)(-):/@t(m,~)u(dx).
1%
For t >ty and any continuous and bounded function f € Cy(V;R), we have

B,/ (Uo) = ELf (U(t,w: Up)] = /V F(@)By(Us, der).
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DEFINITION 5.1.  Let p be a probability measure on B(V'). p is called an invariant
measure for Py, if

| #@ptdn) = [ Bisotan

for all f€Cy(V;R) and t>0.

Let p. be a transition probability from QtoV,ie., 1. is a Borel probability measure
on V and w— p.(B) is measurable for every Borel set B C V. Denote by Pg(V) the set
of transition probabilities with y. and v. identified if P{w: 1, # v } =0.

In view of Proposition 4.5 in [4], the existence of random attractor obtained in
Theorem 4.2 implies the existence of invariant Markov measure p. € Ps(V) for S such
that s, (A(w)) =1, P-a.e.. Therefore, referring to [2], there exists an invariant measure
for the Markov semigroup P; and it is given by

p(B) = /Q 1o (B)B(dw),

where BCV is a Borel set. If the invariant measure p for P is unique, the invariant
Markov measure u. for S is unique and given by

uw:tgr&S(O,—t,w)p.

Based on the above, we arrive at

THEOREM 5.1.  The Markov semigroup (P;)s>o induced by the solution (U (t,w;U))t>0
to (1.9)-(1.14) has an invariant measure p with p(A(w))=1 P—a.e..

Acknowledgment. The authors deeply appreciate the valuable suggestions
given by the anonymous reviewers. This work was partially supported by NNSF
of China(Grant No. 11401057), Key Laboratory of Random Complex Structures and
Data Science, Academy of Mathematics and Systems Science, Chinese Academy
of Sciences(No. 2008DP173182), National Natural Science Foundation of China
(NSFC) (Grant No. 11801032), China Postdoctoral Science Foundation funded
project (No. 2018M641204), Natural Science Foundation Project of CQ (Grant
No. c¢stc2016jcyjA0326), Fundamental Research Funds for the Central Universi-
ties(Grant No. 2018CDXYST0024, 106112015CDJXY100005) and China Scholarship
Council (Grant No. 201506055003).

REFERENCES

[1] R.A. Adams, Sobolev Spaces, Academic Press, New York, 1975. 2

[2] H. Crauel, Markov measures for random dynamical systems, Stochastics Rep., 3:153-173, 1991. 5

[3] H. Crauel, A. Debussche, and F. Flandoli, Random attractors, J. Dynam. Diff. Egs., 9:307-341,
1997. 4, 4

[4] H. Crauel and F. Flandoli, Attractors for random dynamical systems, Probab. Theory Relat. Fields.,
100:365-393, 1994. 5

[5] C. Cao, S. Ibrahim, K. Nakanishi, and E.S. Titi, Finite-time blowup for the inviscid primitive
equations of oceanic and atmospheric dynamics, Comm. Math. Phys., 337:473-482, 2015. 1

[6] C. Cao, J. Li, and E.S. Titi, Global well-posedness of strong solutions to the 8D primitive equations
with horizontal eddy diffusivity, J. Diff. Eqgs., 257:4108-4132, 2014. 1

[7] C. Cao, J. Li, and E.S. Titi, Local and global well-posedness of strong solutions to the 3D primitive

equations with vertical eddy diffusivity, Arch. Ration. Mech. Anal., 214:35-76, 2014. 1


http://mathscinet.ams.org/mathscinet-getitem?mr=450957
https://doi.org/10.1080/17442509108833733
https://link.springer.com/article/10.1007%2FBF02219225
https://link.springer.com/article/10.1007%2FBF02219225
https://link.springer.com/article/10.1007%2FBF01193705
https://link.springer.com/article/10.1007%2Fs00220-015-2365-1
https://core.ac.uk/display/24992552
https://link.springer.com/article/10.1007%2Fs00205-014-0752-y

RANGRANG ZHANG, GUOLI ZHOU, AND BOLING GUO 1711

[8] C. Cao, J. Li, and E.S. Titi, Global well-posedness of the three-dimensional primitive equations with

only horizontal viscosity and diffusion, Commun. Pure Appl. Math., LXIX:1492-1531, 2016. 1

[9] C. Cao and E.S. Titi, Global well-posedness of the three-dimensional viscous primitive equations of

[10]
[11]

[12]

[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]

21]

[33]

[34]

large scale ocean and atmosphere dynamics, Ann. Math., 166:245-267, 2007. 1, 3, 3, 3

C. Cao and E.S. Titi, Global well-posedness of the 8D primitive equations with partial vertical
turbulence mizing heat diffusion, Comm. Math. Phys., 310:537-568, 2012. 1

G. Da Prato and J. Zabczyk, Stochastic Equations in Infinite Dimensions, Cambridge University
Press, Cambridge, 1992. 1

A. Debussche, N. Glatt-Holtz, R. Temam, and M. Ziane, Global existence and regularity for the
3D stochastic primitive equations of the ocean and atmosphere with multiplicative white noise,
Nonlinearity, 25:2093-2118, 2012. 1

Z. Dong and R. Zhang, Markov selection and W-strong Feller for 8D stochastic primitive equa-
tions, Science China Mathematics, 60:1873-1900, 2017. 1

Z. Dong, J. Zhai, and R. Zhang, Large deviation principles for 8D stochastic primitive equations,
J. Diff. Egs., 263:3110-3146, 2017. 1

Z. Dong, J. Zhai, and R. Zhang, Ezponential mizing for 3D stochastic primitive equations of the
large scale ocean, preprint, arXiv: 1506.08514. 1

A.E. Gill, Atmosphere-ocean Dynamics, International Geophysics Series, Academic Press, San
Diego, 30, 1982.

B. Guo and D. Huang, 3D stochastic primitive equations of the large-scale ocean: global well-
posedness and attractors, Commun. Math. Phys., 286:697-723, 2009. 1

N. Glatt-Holtz, I. Kukavica, V. Vicol, and M. Ziane, Ezistence and regularity of invariant measures
for the three dimensional stochastic primitive equations, J. Math. Phys., 55:051504, 2014. 1, 3.1

F. Guillén-Gonzalez, N. Masmoudi, and M.A. Rodriguez-Bellido, Anisotropic estimates and strong
solutions for the primitive equations, Diff. Int. Eqs., 14:1381-1408, 2001. 1

H. Gao and C. Sun, Well-posedness and large deviations for the stochastic primitive equations in
two space dimensions, Commun. Math. Sci., 10:575-593, 2012. 1, 3

H. Gao and C. Sun, Well-posedness of stochastic primitive equations with multiplicative noise in
three dimensions, Disc. and Cont. Dyn. Sys. B, 21:3053-3073, 2016. 1

H. Gao and C. Sun, Hausdorff dimension of random attractor for stochastic Navier-Stokes-Voight
equations and primitive equations, Dyn Part. Diff. Egs., 7:307-326, 2010. 1

G.J. Haltiner, Numerical Weather Prediction, J.W. Wiley & Sons, New York, 1971. 1

G.J. Haltiner and R.T. Williams, Numerical Prediction and Dynamic Meteorology, John Wiley &
Sons, New York, 1980. 1

C. Hu, R. Temam, and M. Ziane, The primitive equations of the large scale ocean under the small
depth hypothesis, Disc. and Cont. Dyn. Sys., 9:97-131, 2003. 1

I. Kukavica and M. Ziane, On the regularity of the primitive equations of the ocean, Nonlinearity,
20:2739-2753, 2007. 1

J. Lions and B. Magenes, Nonhomogeneous Boundary Value Problems and Applications, Springer-
Verlag, New York, 1972. 3

J.L. Lions, R. Temam, and S. Wang, New formulations of the primitive equations of atmosphere
and applications, Nonlinearity, 5:237-288, 1992. 1

J.L. Lions, R. Temam, and S. Wang, On the equations of the large scale ocean, Nonlinearity,
5:1007-1053, 1992. 1

J.L. Lions, R. Temam, and S. Wang, Models of the coupled atmosphere and ocean(CAO I), Com-
putational Mechanics Advance, 1:1-54, 1993. 1

J.L. Lions, R. Temam, and S. Wang, Mathematical theory for the coupled atmosphere-ocean models
(CAO I1I), J. Math. Pures Appl., 74:105-163, 1995. 1

R. Temam, Navier-Stokes Equations. Theory and Numerical Analysis, Third Edition, AMS, 2001.
3

R. Temam, Navier-Stokes equations and nonlinear functional analysis, Second Edition, CBMS-
NSF Regional Conference Series in Applied Mathematics, Society for Industrial and Applied
Mathematics (STAM), Philadelphia, PA, 66, 1995. 4

G. Zhou, Random attractor of the 3D wiscous primitive equations driven by fractional noises,
arXiv:1604.05376. 1


https://doi.org/10.1002/cpa.21576
https://doi.org/10.1002/cpa.21576
https://link.springer.com/article/10.1007/s00220-011-1409-4
https://doi.org/10.1017/CBO9780511666223
http://iopscience.iop.org/article/10.1088/0951-7715/25/7/2093/meta
http://www.cnki.com.cn/Article/CJFDTotal-JAXG201710009.htm
https://doi.org/10.1016/j.jde.2017.04.025
https://www.researchgate.net/publication/279458753_Exponential_Convergence_for_3D_Stochastic_Primitive_Equations_of_the_Large_Scale_Ocean
https://www.jstor.org/stable/27852267
https://link.springer.com/article/10.1007%2Fs00220-008-0654-7
https://doi.org/10.1063/1.4875104
http://mathscinet.ams.org/mathscinet-getitem?mr=1859612
http://dx.doi.org/10.4310/CMS.2012.v10.n2.a8
http://www.aimsciences.org/journals/displayArticlesnew.jsp?paperID=13218
http://dx.doi.org/10.4310/DPDE.2010.v7.n4.a2
http://library.isical.ac.in/cgi-bin/koha/opac-detail.pl?biblionumber=11262
http://www.aimsciences.org/article/doi/10.3934/dcds.2003.9.97
http://iopscience.iop.org/article/10.1088/0951-7715/20/12/001/meta
https://link.springer.com/book/10.1007%2F978-3-642-65217-2
http://iopscience.iop.org/article/10.1088/0951-7715/5/2/001
http://iopscience.iop.org/article/10.1088/0951-7715/5/5/002/meta
https://www.researchgate.net/publication/268634833_Models_of_the_coupled_atmosphere_and_ocean_CAO_I_-_Part_I
https://www.researchgate.net/publication/266436234_Mathematical_theory_for_the_coupled_atmosphere-ocean_models_CAO_III
http://mathscinet.ams.org/mathscinet-getitem?mr=609732
https://doi.org/10.1137/1.9781611970050
https://arxiv.org/abs/1604.05376v2

