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GLOBAL SOLUTIONS OF 3D PARTIALLY DAMPED
EULER-POISSON TWO-FLUID SYSTEM*

YI ZHOU! AND YI ZHU#

Abstract. In this paper, we prove the global existence of small solutions to partially damped Euler-
Poisson “two fluid” system in three dimensional periodic domain. Different from the previous “two
fluid” Euler-Poisson systems, our model describes two fluids that obey different dynamical evolutions,
one is compressible Euler and another is compressible Euler with damping. We use a carefully designed
time-weighted energy frame to prove our theorem.
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1. Introduction

In this paper, we consider the initial-boundary value problem with periodic bound-
ary conditions for a “two-fluid” partially damped Euler-Poisson model. The system
describes the dynamical evolution of the functions pi,us+ and @ in the following

Op++ V- (pruy)=0,

atp* +v (p7u7> :07

P+ (Opug +us - Vuy)+pyimyus +Vpy(py) =Zep VO,
p—m_(Opu_+u_-Vu_)+Vp_(p_)=—ep_Vo,
—A®=dme(p-—Zpy),

V xu_=0,

(1.1)

for (t,x) € (0,400) x T2. These equations describe a plasma composed of electrons and
ions. Here electrons have charge —e, density p_, mass m_, velocity u_, pressure p_,
and the ions have charge Ze, density p4, mass m., velocity u,, pressure p,. We
have assumed that pressure pi is a smooth function depending only on the density p+
and satisfies p/, (p1) >0, for pL >0. The two fluids interact through the self-consistent
electric field E=V®.

We refer to [1,3,4,23] for more physical background about the plasma which can be
seen as a collection of fast-moving charged particles. We call such a system a “two-fluid”
model since at high temperature and velocity, ions and electrons in a plasma tend to
become two separate fluids. More exactly, two compressible Euler equations separately.
When the electromagnetic field is governed by the Maxwell equation, the system be-
comes the famous Euler-Maxwell model. While the Maxwell equation is replaced by a
simpler Poisson equation, it then turns to the situation that we are concerned with in
this paper.

Extensively impressive progress had been achieved in the past decades for these well
known models and some related simplified systems. In the physical case, the mass of
ions m is much bigger than the mass of electrons m_. Thus, we can set m; =1,m_ =0
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or my =00,m_ =1 which leads to so called “one fluid” models. In the case of Euler-
Poisson model for the electrons, Guo [9] proved the global existence of small, neutral
and irrotational solutions using the normal form method. The neutral assumption was
later removed in [8]. And we refer to [14,16-18] for the two dimensional case. While in
the case of Euler-Poisson model for the ions, [13] gave the similar results as in [9]. On
the other hand, in the case of Euler-Maxwell model for the electrons, [7] gave the global
existence of small neutral and irrotational solutions under additional generic conditions
which was removed later in [15]. Recently, the result for one dimensional space is shown
in [10].

For the “two-fluid” model, the global solutions of 3D Euler-Maxwell system was
solved in [12] and the Euler-Poisson system was proved in [11]. Also, we refer to [2,
5,6,20,21,24-28] for the damped systems. By the line, all these results are concerned
with “two-fluid” systems in which electrons and ions behave as the same equation while
system (1.1) describes two fluids that obey different dynamical evolutions and interact
with each other through a Poisson equation. One is compressible Euler equation and
another is damped compressible Euler equation. We call this system partially damped
Euler-Poisson system. And we want to derive the global existence of small, neutral
solutions to this system on periodic domains in 3D.

Before dealing with our main result, we first normalize the original system (1.1) to
a simpler one

Op++ V- (pruy) =0,

Op—+V-(p_u_)=0,

p+(Oruy +uy - Vug)+pruy +Vp(py) =—pi VO,
p—(Opu—+u_-Vu_)+Vq(p_)=p_Ve,
—A®=p,—p_,

V xu_ =0,

(1.2)

here we still use the same notations to present the new quantities for convenience. This
system is somehow partially dissipative and lacks symmetries. It doesn’t satisfy the
so-called Kawashima condition [22] even if the two fluids share the same damped Euler
equation. And so far there doesn’t exist a general theory to give the global existence of
solutions to such partially dissipative systems without the Kawashima condition.

Now we consider the system in a neighborhood of the constant solution
(p+,p—,uq,u_)=(1,1,0,0). For convenience, we set

pr=1+7y,  po=1+7,
and the system (1.2) turns to be

8t7'+ +V'U+:—V'(T+U/+),
OT—+V-u_=-V-(r_u_),

875U++U++V’T+:—U+VU++(1—%)V7’++V@, (1 3)

Ou_+Vr_=—u_-Vu_+(1—- p,’T(jijl))VL —-Vo,
—Ab=7_—7,
V xu_=0.

Without loss of generality, we can assume p/, (1) =1 and p’ (1) =1. The initial data are
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given as
t=0: pr=myo(x)+1, p_=7_o(x)+1,
up=ugo(r), u_=Vig(z), T

together with the neutral condition,

/TS ro(2) dx:/TB T o) dz =0. (1.5)

Now we can state our main result concerning the partially damped Euler-Poisson
system.

(1.4)

THEOREM 1.1.  Consider system (1.3) with smooth initial data (1.4)-(1.5). Then,
there exists a small constant € such that system (1.3) admits a unique global classical
solution provided that

ITvollms +I7—ollms + lluroll s +[[Yol go+r <e,

where s > 25 is an integer.

2. Time-weighted energy frame for partially dissipative systems

The inspiration of this paper comes from the authors’ previous works about some
partially dissipative models, such as the magnetohydrodynamics (MHD) systems [19,29]
and the Oldroyd-B models [30]. These systems are usually strongly coupled and involve
two entirely different phenomenon, one is no dissipation and no relaxation, another is
somehow dissipative. Our model (1.1) is systematically different from all the previous
related “two-fluid” models, no matter Euler-Maxwell or Euler-Poisson. Mathematically,
our model lacks symmetries which leads to the main difficulty that we are concerned
with.

Now, let us develop a flexible energy frame which can reveal the coupling between
different variables. Like the process when we deal with MHD and Oldroyd-B models,
our first step is to analyze the dissipation mechanism of all terms included, during which,
the linearized system plays an important role as well as the coupling between different
quantities. Then we try to build a carefully designed time-weighted energy frame in the
hope that all energies will close. One key point is to notice the transmission of regularity
for each term. Such energy frame not only shows the decay properties of different level
energies, but also gives the way how dissipation transfers in system. Next, we turn to
our system concerned in this paper.

We just deal with the system (1.3) and introduce the setting of energy frame in the
following. For s€N, the norm [|f||%, is defined by [|f]1%, =" g<r<, [IVFfII7., where

V=(8,,V) and V=(dy,02,03). For solutions of system (1.3) on [0,7]xT?, we define
the energies £, Dy, Hy (0 =1,2,3) as follows

&(1)= s (140 {[lm+ o+ 7= o+ sl s

T
o }+ 0
r 2
)= [ A o st

T
A (oY P R A P
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In the following, we will successively derive the estimates for the nine energies stated
above.

3. A priori estimates

3.1. Preliminaries. In this subsection, we will introduce some useful proposi-
tions which play an important role during the proof.

PROPOSITION 3.1.  For any smooth functions f and g on T2, we have the following
product estimate

IVECF L2 SN isseallglle +llgll s i I Fll g, kEN.

Here, notation LgJ means the maximum integer not larger than g

Proof.  The proof of this proposition is standard. For the completeness of this
paper, we shall give a simple proof. For k€N, direct calculation yields

IVl = > V¥ Vgl

0<k’'<k
= D VIR g+ Y IVE VR g e
0<k'<| %] L5 )<k’ <k

Then using Hoélder’s inequality and the Sobolev imbedding theorem, we can derive

VU= S D IVE fle IV gl + D V¥ IV gl

0<k'<| %] [E]<k<k
S D IV IV gl Y IV FlleIVE T gl e
0<k/ <[ 5] L5 I<k'<k

SN g ogseellgll e + gl g oee 171 e

This completes the proof of Proposition 3.1. ]

PROPOSITION 3.2.  Assume that p(t,z) is a smooth function on [0,T] x T with | p|| 7. <
1. Let f(p) be a smooth function of p with bounded derivatives. Then if f(0)=0, there
holds

IV*F ()L Slioll grses YO<E<s—2,
IV*f(o)llzz Sllpll e YOSk <s.

Proof. For k=0, notice the condition f(0)=0 and mean value theorem, we have
F(p)=7FO)+ f'(r(p)p=f'(r(p))p for some function 0 <r(p) < p. Then, it is easy to get,

1F (D)= Sllpllze Sl g2
1 (P2 Slpllze-

For k>0, V¥ f(p) can be seen as the sum of the following terms,

fﬂlvﬂ%"'vﬂm (p) @B1p652p . @/%np’
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where fA182:8m (p) are some derivatives of function f(-) and B+ B2+ + Bm =k,
moreover (1 < (s <--- < [,,. Hence,

VEfp)= > ¢V,
L& )<y<k

here ¢, is some product function containing derivatives of f and p. And the highest
order derivative of p in ¢, is not larger than [£]. Indeed,

IV =S D0 IesViplz=S Y0 llesll=lIV7pllze.

L[5]<v<k L5)<v<k

Notice that f(p) is a smooth function of p with bounded derivatives and ||p|| 7. <1, it
holds that,

IV OS> 19 plleee S loll s
L& <v<k

Similarly, we get,

IV S D0 Nyl Vol Slioll ge-
L5)<v<k

This completes the proof of Proposition 3.2. O

3.2. Basic energy estimates. Before deriving the energy estimates, we always
assume that u4,71 are smooth solutions of system (1.3) on [0,7] x T? and

Jutll o + 17l o <1, (3.1)

here s>25 is given in Theorem 1.1. Also, by the setting of initial data (1.4)-(1.5), the
periodic boundary condition and system (1.3), we have

/7‘+(t,.’[)d$:/ T_(t,x)dx=0, Vte[0,T],
u_(t,x)=Vp(t,xz), V(t,x)e[0,T]xT?,

(3.2)

for some scalar function ¥(¢,x).
In the following, we first turn to the basic energies &;,D1,H; and give the related
lemmas.

LEMMA 3.1.  Assume that energies are defined in (2.1), we then have
E1(T) SE(0)+E1(T)+&(T) + DY *(T) +H5(T).

Proof.  Applying vk derivative ( 0<k <s) on system (1.3), taking inner product
with VF7, for the first equation, V¥#7_ for the second equation, V*u, for the third
equation and V*u_ for the fourth equation . Adding them up, we shall get

1d
2dt
=L+ L+I3+14+ 15+ 1g+ 17+ I3, (33)

L 7= D I e W}l
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where

11:—/ Z @kV'U+@kT+—@kVT+@kU+ dx
T

0<k<s

/ Z VAV u_VFr_ —VFVr_VFu_ dz,
T3

0<k<s
L= / > VRVoVHu, - VPVeVEu_ da,
T 0<k<s
Z / (Tyu )VFr + VR (1 V) VR d,
0<k<s
k Pl (r4+1) = J;
L=>3 v T +1- : )vu}v uy dz,
0<k<s T+t
Z / VE(ug - Vuy ) VFug de,
0<k<s
Z / VAV - (r_u )VFr_ + VF(r V7 ) VFu_ dz,
0<k<s
_pi(r-+1) Sk
I;= Z / v‘f == A\ |VFu_ da,
0<k<s T-+1 ) ]

/ VF(u_-Vu_)V*u_ dz.

0<k<s

We shall estimate each term on the right-hand side of (3.3). First, for the term I,
using integration by parts, we can easily derive

I, =0. (3.4)

For the second term I, using the evolution equations of 74 and 7_ in system (1.3),
notice the definition of ®, we shall get

I= Z/V%VVu_ VY uy ) dz
0<k<s

=y / VE®o,VF (7, —7 )+ VFOVFV - (1, uy ) — VFOVFV - (7_u_ ) dx

0<k<s

:—§$H|V| Mry—7- )||HS+I22

Here and in what follows, for a function f(z) on T? with the integral fT s f(x)dz=0, we
use |V|~1f to denote the negative order derivative

V|7 f () Z
zEl*

The notations for other various operations are similar. Now we turn to the second part
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I5 2, using Proposition 3.1 we have

Rl S [ 1l (v g+ - ) do

SV e =7 e (el g e Nl e+ el e el g2
Tl gugsee lullga + -l g llu-ll g150+2)
SV e =7 e (e el e+ 174 el o

-l geollu—llge + Il gl o)

Thus, by (3.2) and Poincaré’s inequality, we can bound

T
/ [Lo(t)dt S sup [V 7y =) go (1wt go + el e + Il e + 7=l 7
0 0<t<T

T
/0 (| grome + 1 groms + 17l groms + 17—l gro—o ) it
1/2 1/2 1/2
SET) (& (1) + D3/ (1) +15/(1)). (35)
For the third term I3, we have the following computation,

|IB|§‘ Z /11,36]6(“""VT+)@kT++@k(T+V'U+)@kT+dx
0<k<s

+/11‘3 Z Z 6k/7+6k_k/v7—+€ku++ Z T+@kVT+@ku+da:‘

©0<k<s1<k'<k 0<k<s

< AARRTIRS VAol v v SAVAVAS I VAl
N‘/WZ Z Uy T+ T+—|—Zu+ T+V T4 dx

1<k<s1<ki<k 0<k<s

+ Z / T+@kV‘U+@kT+— (T+@k7+@kV"LL++VT+@kT+@kU+) dl"
0<k<s’ T

—I-‘ Z Z @k/7+@k_k,v~u+@k7'++@k/r+@k_leT+@ku+das‘.
0<k<si<k'<k’T?

Hence, using Proposition 3.1 and the Sobolev imbedding theorem, it holds that

3l SUVul 5 st oIVl ey IVl st o IVl o) 7l e

HIV gl oo [ e + VT el

Ut g7

HIVTEl 4 st IV il g H IV gl o IVl o) el e

2

Sl gzems + Il gzems) (sl + 74 11)-

FIVTL ot IV T o llusll 7

Obviously, we can directly get the estimate for I3,

T T
/ L@l sup (Jue ]2, +lmell%) / (et | oo + 17 1 oo ) i
0 0<t<T 0

<& (& (T)+Hy*(T)). (3.6)
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Py (r4+1)

For the term I, we define g4 (74)= (T+ +1-=

) and have the following

Z /V (g4 (T4)VTL)V u+dx+/ V(g4 (14)V7y) Vouy da

0<k<s—1
Z / V(g4 (740) V) VFEu, de+ Z / Vkig,(r kv, Vou, do
0<k<s—1 1<ki<s

+/ (94 (7)) VYT ) Vouy dx

Z / V g+ T+ VT+ V ’LL+ di[’+ Z / V g+ T+ leT+V U+ dx

0<k<s—1 1<k:1<s
- / (Vg (r )V )Ty / (g ) V)V s d
=41+ 14p.

Here, I4; contains the first three terms on the right-hand side above and I, > denotes
the last term. Using Proposition 3.1 and Proposition 3.2, we have

(Ll SUge (Tl g1z 2 IVl oot H g4 (Tl goa VT4l 552 42 ) Tl o
oL =2

gl
+ (199l 2NV D gres HIV T4 st IV ()l s Yl
Vg (Tl 17+l s 1wt [ 7
Srel gzt ool l el l

Sl llge-ollmell go llwtll e

Notice here, we use the fact that g () is a smooth function around zero and g, (0) =0.
Indeed,

T T
| atede< sup el sl [ lirel e
0 0<t<T 0
<&(TYH*(T). (3.7)
When dealing with I, 2, we should notice the following equality,

8t7'+ +U+ VT+

-V u,=
+ T++].

)

then I, o becomes,

~ ~ 3{r+ +’LL+'VT+
- s s d
4,2 /T3(9+(T+)V )V ( P ) Z

g+\T 1 7 s—k1
:/T L'E) (5‘tV Ty +uy - VViT, + Z vk, v kVn.)dx

s T+ 1<k1<s
+ Z / g+ (T4)V 7'+Vk1 Vé (B +uy - Vg )da
1<k1<s

1d ~ 1 -
sz/ h+(7'+)‘v87’+|2d$—*/ W, (14) 04 | Vo4 |? da
2 dt T3 2 T3
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1 7S
_5/1r3 (ut - Vhi(m) +hi (1) V) |Vorg [Pde

+ Z /]1-3 h+(T+)@ST+ (@k1u+~@sfk1V7’+)dx

1<k:<s
. 1 -
b Y [T ek G Ve
1<k;<s T3 T++1
— 9+(74)

here h4(74) T is a smooth bounded function. By Hélder’s inequality and the
Sobolev imbedding theorem, we will get

T T
[ ma@a] S suw | [ ne9on s+ [ ol o oo e . o

ogth‘ T3

T
+/0 el N () oo 1741+ Ve (7)o 7 1 e N e d

1

T
+ [ sl =

e (7 e+l D s e ) .

Notice the fact hy(0) =g+ (0) =0 and the a priori Assumption (3.1), using Proposition
3.2 we can obtain

T T
[ Ta00at] s sup herodlom e+ sup By, [ 0] o
0 0<t<T 0<t<T 0

T
+ sup ||T+||?~{s/ |t | r1.oodt
0<t<T 0

T
e+ e 2 / I

SENHT)+ & (TYHY(T) +E(T)EY*(T). (3.8)

+ sup [l |z (
0<t<T

Next, we turn to I5, by Proposition 3.1 and Proposition 3.2, it is easy to get

L=—> Y /TS@MUJF-@’“_MVUJF@’“M— > /TsUJF'V@kUJrﬁkUJr

1<k<s1<ki<k 0<k<s
Sl .

Thus,

T T

[ stolaes sup s [ sl

0 0<t<T 0

3/2
<&V (). (3.9)

The estimate for I is similar to I3, we have the following computation

‘I6|5’ Z /Tg?k(u—'VT_)@’CT—"'?IC(T_V'U—)@I“T_dx

0<k<s

Jr/T3 Z Z AVAR S vl vl VAT Z r_VEVTr_VFu_ dx

0<k<s1<k’'<k 0<k<s
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10
/ Z Vkiy_ VR Ve 4+ Z u_-VV*r_VFr_dx
T3 | <p<s1<ki<k 0<k<s
+ Z / T,@kVﬂ,@kT,—(T,@kT,@kV-u,+VT,@kT,@ku,) dx‘
0<k<s’T

+ Z Z Vk/T_@k_k,VM_@kT_—&-@k/r_@k_k,VT_@ku_ dx‘.
0<k<s1<k'<k
Similarly, by Proposition 3.1 and the Sobolev imbedding theorem we shall derive

‘IG| S(HVU—HHLS;HHHVT—”HS—l + HVT—HHLS;HH HVU—HFIS—l) HT—HHs

u_|lzs

IV u e ll7- [ + IVl = -
HIVT- gt IVt e H IV uc g VTl o) 17—l e

IV gt IV o

Sl ges + 17Nl oo ) (lu-[ +lI7-11%.)-

Hence,
T T
| msoldes sup (-l +1m-1) [ (sl st Il e-a) d
0 0<t<T 0
SEUT) (D5 () + 1y (D). (3.10)
The estimate for I; is similar to I, we can define g_(7_)= (7: +1-— p,’:ijl)), it
holds that
Z /Vk (7)) VFu_ dx—|— V(g (7_)VT_)\Vou_ dx
0<k<s—1
= Z VE(g_ (7 )V )VFu_ dx
0<k<s—17T°
+ > /V’“l S5\ VARER VAR VAT dx—l—/( ()Y )Vou_ da
1<k;<s T
/vk (r )V )VFu_de+ > /v’ﬂ VR Vo _dx
0<k<s—1 1<ki<s
—/ (Vg,(T,)@ST,)@Su,dx—/ (9- (T )V )V*V-u_ da
T3 T3
=I71+1I7.

Here, the definition of I7; and I7 o is similar to 41 and I 2. Like the previous process,
we directly show that

u—|| g

[Tzl Sl gl -

Also, we have used the fact that g_(+) is a smooth function around zero and g_(0) =0.

T
ulge | NIl ge-odt
0

Hence,

T
/ s (Ol < sup -]
0 0<t<T
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<&E(T)H*(D). (3.11)
For the term I7 2, we notice the equality

- 8t7'7+u,'v7',

-V-u_ ,
u T_+1

and then I7 2 becomes

_ 97(7'7)~5 v . v k1 s—ki
7/@ T_HVT_(atv Ttul VT Y VRV VT_)dl‘

1<k1<s

+ Z / V’“ 7 \Val kl(atr +u_ VT,)dx

1<k;<s

_1 d =S 2 2
=37 Tah,(7',)|V T_|*dx— / ()0 |Vi7_ > dx

_%/ (u_~Vh_(7'_)+h (T-)V )|V T |dx

+ Z /h T_) (Vkl -@S_MVT_)dw

+ Z / (T_)V* T_Vle_+1VS kl(atT_Jru_ Vr_)dz

1<k:1<s

here h_(7_)= g;_(:_*l) is a smooth bounded function. By Holder’s inequality and the
Sobolev imbedding theorem, we have

T
‘/ Ira(t)dt| S sup ‘/ h(T_)|VST_|2dx‘+/ B ()| o 0| oo I 1. d
T3 0

0<t<T

s dt

+/O lu—llwre (=) llweee =115 + IR [ = [

T
1
+ [ =Moo Il = e (1= + e

| H) dt.
Notice the fact h_(0)=g_(0)=0 and the a priori Assumption (3.1), we then have
T T
[ Fatyat| < sup h- (st s el [ o de
0 0<t<T 0<t<T 0
T
+osup o [ s
0<t<T 0

T
+ s g (-l ) [ e

SENHT)+ & (TYHYH(T) +E£.(T)EY(T). (3.12)
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Finally, we turn to the last term Ig,

R D YL IR TR R Dl IE R 8

1<k<s1<k<k ‘ 0<k<s
Slu-ll g IVu—ll grgire +llu—ll grss2 IVu_ll go) lu—|l 7
+[IV-u | o fJu—|%.-

We then obtain

T T
[ msonaes sup Jucl, [ uslgesde
0 0<t<T 0
SE(T)D (D). (3.13)

Now, integrating (3.3) with respect to time and summing up the estimates for I; ~
I, namely (3.4)-(3.13). We then derive the estimate for energy &;(T) in the following

E1(T) SE(0)+&(T) +&"*(T) + D5 (1) +H5 (7).
Here, we have used the Young inequality and this gives rise to the lemma. 0
LEMMA 3.2.  Assume that energies are defined in (2.1), we then have

Dy(T) SE(T).

Proof. Applying 0;V- to the third equation of system (1.3), we shall get

P (my+1)

2 . .
02V uy +0,V ( o

VT+> :—8tVu+—8tV(u+Vu+)+6tA<P (314)

Notice the first, second and fifth equations of system (1.3), we can write
atA(b :at (T+ - Tf)
=—V.uy —V-(rpuq)+Veou_ + V- (1_u_). (3.15)

Combine (3.14) and (3.15) together, define Py (1) = [;* pl*:flrl) dr, we now have

V-u_ :8EV'U+ +8tAP+(T+)+8tV~u++8tV-(u+ VU+)
+Vouy +Ve(rpup) =V (rou_).

Applying —(—A)~1V derivative to the equality above, notice the condition (3.2), i.e.,
u_ =V, we then have the following

—Uu_ :6?(—A)_1VVU+ —(9,5VP+(T+) +6t(—A)_1VV~u+
+0,(—A) 'YV - (uy - Vuy) +(—A) VYV g
+(=A) VYV (Trug) — (A TV - (ru). (3.16)
From (3.16), we directly know that
lu—11%. s Sllu . + 1P () 0 1y A g - Vg 1%,

e s+l e (3.17)
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Next, we will derive the bounds for all the right-hand side terms above.
Firstly, by Proposition 3.1, Proposition 3.2 and a priori Assumption (3.1), we can
derive

1P (r) 0l SO o + 1P = DOl

SN0 G-

Notice the first equation of system (1.3) , we then get

T T T
/ 1P )Ohre |3, 1t < / IVl i+ / IV ()2, dt
0 0

T T
S [ lusldes s el [ i @)
0 0<t<T 0

Similarly,
T T
| sV e S sup sl [ el (3.19)
0 0<t<T 0
For the last two terms in (3.17), it holds that
T
[ (s sl e
0
T
< su T l|% |l ||% . / U o Hu_||%. ) dt. 3.20
ogth(” 28 - [ ) ; (s oo+ lu-l1. ) d (3.20)

Now, we can combine all the estimates together, i.e. (3.18), (3.19) and (3.20).
Integrating (3.17) with respect to time, using Young’s inequality and Assumption (3.1),
we directly get

Di(T) SET) +E(T)* +E(T)Di(T)
S & (T)v
which completes the proof of Lemma 3.2. O

LEMMA 3.3.  Assume that energies are defined in (2.1), we then have

H(T) SE(T)+ Dy (T).

Proof. Due to the Assumption 3.2 and Poincaré’s inequality, we only need to
consider the highest order terms in H;(T). Applying V53 derivative on the third
and fourth equations of system (1.3), taking inner product with V*=3(=A)~1V7, and
V5=3(—A)~'Vr_ respectively, adding them up and noticing the definition of ®, we will
get

R e T I
T3 T3
@s_3atu+@s_3(—A)_1VT+dx— 65_35tu,@s_3(—A)_1V7;dm
T3 T3

—/ @s_3u+@3_3(—A)_1VT+dx—/ 68_3(u+-Vu+)@s_3(—A)_1VT+dx
T3 T3
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—/ \VA (u_ ~Vu_)@573(—A)*1V7’_ dz
T3

o B [(Be= sy L e e

T3 T++1
/
Ss—3 _p,(n—kl) Ss—3(  Ay—1
+/Tgv (1 — )V | (=) Y de, (3.21)

Next, we will derive the estimates for all terms on the right-hand side of (3.21). Using
Assumption (3.2) and Poincaré’s inequality, we directly know that

V30, VO3 (= A) IV, dx
’]I‘S
SIVE 20y | L2 [ V3V g 2
~ tU+(|L T+IL
Sl ll o=z 174 o=

Similarly, there holds

VB0V (= A) V- de S | el o

T

<t

By V= A) IV S s sl s,

@

<

T uy - Vuy )V =A) TV rde S ug |G Il es,

[

BV )V A) VT de S uc s,

@\.ﬁ\:}\c}\
<t

= Pl (m4+1) = _
V(- ) OV ) e S el
/
= s—3 _p—(T—+1) s—3( 1 <
/TSV (- D) e 93 a) e de S el sl

Integrating (3.21) with respect to time, combining all the estimates above and keeping
the a priori Assumption (3.1) in mind, we finally get

Hi(T) SE(T) +Di(T) +E/*(T) +DY*(T)

SE(T)+D(T),
which completes the proof of Lemma 3.3. 0
3.3. Decay energy estimates. Since the energies (2.1) include time-space

derivatives, we can not derive the estimates for €5, Dy, H4 directly through interpolation
theorem. Next, we shall turn to the decay energies &, Dy, Hs,E3, D3, Hs respectively
and give the lemmas.

LEMMA 3.4. Assume that energies are defined as before, we then have
E2(T) SE(T) +Dy(T) +Ha(T)+E5*(T) + D3/ *(T) + 13/ (T).

Proof. Applying V* derivative (0<k<s—3)onsystem (1.3), takmg inner product
with V*7, for the first equation, V¥7_ for the second equation, V¥u, for the third
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equation and VFu_ for the fourth equation. Adding the time weight 1+¢ and summing
them up, we shall get

1d
S D U B+ s e 1o 1) }

1
- 5(\\T+||§;,S_3 |7 s e 1 Fms e 1 Fa) + (L) [Jug 5.
=D +Jo+ I3+ 4+ 5+ Jg+ I+ g, (3.22)

where
Jl:_(1+t)/ Z ﬁkV'u+@k7—+_ﬁkv7-+@ku+ dx
T3 h<k<s—3

—(1+t)/ Z VAV u_VEr ViV VFu_ dz,
T3

0<k<s—3

J2:(1+t)/ > ViVevtu, - VIVeVru_ de,
T3

0<k<s—3
JSZ_(1+t) Z /ﬁkV'(T+U+)@k7++€k(7'+v7+)@kujpdﬂ?,
0<k<s—3*T?
/
. 1 _
T=(1+1) Y / Vk{(7++l—ZM)VT+}Vku+daz,
0<h<e_3 T3 T++1

Js=—(1+1%) Z / VF(uy - Vuy ) VFuy de,
T3

0<k<s—3

Jo== () 3 [ TV T 4 T ) P da,
T

0<k<s—3
- ' (r_+1 -
J=(1+t) Y / vk{(r_ﬂ—w)vr_}vku_dx,
0<k<s—3 T3 T_+1

Js=—(1+1) Z /Tsﬁk(u,-Vu,)@ku, dx.

0<k<s—3

Like the process in Lemma 3.1, we shall estimate each term on the right-hand side
of (3.22). For the first term Jq, through integration by parts we know

J1=0. (3.23)
For the second term Js, using the equations of 7o, 7_ and &, we have
Ja=—(1+1) / VFO(VEV uy — VAV u_) da
k<s—37T°

=(14t) > / VF®O,VF (1 —7_ )+ VEOVFV - (ryuy ) — VFOVFV - (_u_) da
k<s—37 T

dio-
(L) VI e =) e+

d -1 2 1 —1 2
WOV e =l 45 IV e =) s+ 2

DN = N =
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Let us focus on the term Jy 3. By Proposition 3.1 and Poincaré’s inequality, we can
write

|J2,2|S(1+t)/TS IV go—s (It ll s + 17wl go—s) d

SAHONVIT e =) grems (Il 5 esz ol goms + 17l gemallus |l 5 o2 4
H gl—="1+ H H gl=—=-1+

7l g2 el e 7l sl 5 252 1)

SA+D)[ (74 =7 )l go-s (HT+ lge-ollutll go—s + 174l go-s lutll gos
N go-ollu—ll go—s + 17—l s llu— IIgH).

Obviously, we can derive the bound

T
/ | J2,2(t)|dt < sup (1+t)||(7+—77)||gsfs(IIU+|Igsfs+||u7||gsfs+||7+||ﬁs—s
0 0<t<T

T
) [ sl s + el s+l

SE(D) (& (1) +Dy* (1) +15%(1). (3.24)
Next, we turn to Js, similar to I3, we have the following computation
s—3 k
\J:ﬂf,(l—i—t)‘/ Z Z Vkiu, VR Ve, + Z uy - VVFT V7, d
T3 k=1 0<k<s—3

+ Z / T VYV uy VA — (1 VR VAV cuy + Vi Vi Vi) da:‘
0<k<s—37T°
s—3 k
+(1+t)zz ‘/ @’ﬁ}@k_klv-u+@k7'+—i—@k/ﬂr@k_k/Vnr@kqudm‘.
k=0k'=1 “T°
It yields that,

|3l SAH+O (IVutll g ootV grams HIVT 2500 Vi | grama) 7l s

2 2
+ ) (IV usllpoe I I Fes IV iz el s sl ge-a)
AVl st 0 IV wsl goma IV vl 2 ogs IV goma) Il e

2

FAHDIVT 5 og 2 IVl gomallug | go—s

SO+ (gl go-s + 17l gro-o) (e 1 Fams + 174 1u—s)-
Hence, we have
T

T
/ s()]dt S sup (146) (s s 17 13 ) / (et l o7 | o)
0 0<t<T 0

<SE(T)(&(T)+Hy*(T)). (3.25)

P (T441)

For the term Jy, recall the definition g4 (74) = (74 +1— T

computation of I, we can derive

J4:(1+t){ Z /Es@k(g+(7+)V7—+)@ku+d:E

0<k<s—4

) and following the
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+ Z / @klg_i_ (T+)65737k1 VT_A,_@SiSU_i_ d.’,E
1<k <s—37T°
[ o) T S de [ (g1 (r) 9T v d)
T3 T8
=Jy1+Jap.

Also, J4, contains the first three terms above and Jy o denotes the remaining term.
Using Proposition 3.1 and Proposition 3.2, we have

| Ja,1]
S(1 +t){|\g+(7+)VT+||gsf4 i [ ge—a H IV (T ) [ oo 1 roms 1w re-s

(Vg (Tl grest 2 IV D grema IV TN o501 ||@9+(T+)Hﬁs—4)||U+||ﬁsf3}
SA+O) el go-o Tl go-sllut [l gro-s-

Here, we should notice the fact g4 (-) is a smooth function around zero and g4 (0)=0.
Obviously,

T T
/ Tan()1dt S sup (146) e L gros | ocs / (e
0 0<t<T 0

SE(T)H(T). (3.26)
For the term J4 2, according to the equality

8t7++u+-VT+
VU=

and following I, 2, we directly write
1d —s—3 2 1 —s—3 2
Jap=5—(1+t) [ hi(r )|V Pde— o | by (7)) | Vo [P da
’ th T3 2 T3
1 -
_(1—|—t)§/'ﬂ‘3 h;(7+)3t7+|vs—37_+|2 dx
1 S
—(1+t)§/w (g - Vha (74) b (7)) 99374 [2de

+(1+41) Z /h+(7'+)63737+(@k1u+-@Sf&lenr)da:
1<k;<s—37T°

- - 1 -
+(1+1) Z / g4 () VB3 VR V3R (9, uy VT ) da
1<k;<s—3 T3 T++1

Remember here that hy(74)= % is a smooth bounded function. By Holder’s in-

equality and the Sobolev imbedding theorem, we have

T
‘/ J4,2dt‘
0

T
< sup (1+t)‘/ h+(T+)|V873T+|2d$’+/ (L4 8)[|hg (7 ) | e 7 1 s
0<t<T T3 0



18 PARTIALLY DAMPED EULER-POISSON SYSTEM

T
+ / U O () e e o [ 1ot

T
[0 (s s ()l 7 P s ()l e s s )
0

1

T
]. t oo [7s— I——
+/0 A+)lg+ (r)llzee I+l by

s (17 s+l sl s )

Indeed, it holds that
T
[ hattyit] S sup Ol e~ 2
0 0<t<T
T
b osup (Ll [ o d
0<t<T 0
T
+sup (L0l s [ sl [5G et
0<t<T 0
T
+ sup (L0 les (Il st e lems) [ el
0<t<T 0

T
+ sup (1+t)”g(7—+)”L°°||7_+H%[s—3/ 1741 oo dt
0<t<T 0

SE(T)+E(T)H(T) +E(T)E*(T). (3.27)
Now, we turn to deal with J5 and get

Js=—(1+1) Z Z Vkiu, VR, VR, d

1<k<s—31<k,<k

—(141¢) Z / uy - VVFu, VP, do
T3

0<k<s—3
S48 [Jug |1,

Thus,

T T
/ ()] dt S sup [l | s / Ay %, de
0 0<t<T 0

<&(T). (3.28)

The estimate for Jg is similar to J3, we can write the following inequality directly,

s—3 k
‘J6|§(1+t)‘/Zzﬁkluf'@k_kIVTfﬁka-l- Z u_ -VV*Rr_V*r_ dx
T8 =1k, =1 0<k<s—3
0<k<s—3" T
s—3 k

+ (1+t)z Z ‘ . VARSI Vil vAVYI P v vl v vV dx‘.
k=0k'=1
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Then, using Proposition 3.1 and the Sobolev imbedding theorem, we will get

ol SO+ (1Vull ety o I97— ema IV ot a1V o) = s
+ A+ (IV L 17 s IV Lo 17| ge—s =] s
F AV 5 ost 2 IV gema IV ot o VT s 7= [ s
+AADIVT 2ot VT el s
SA+) (lull groms + 7=l gramo) (o s + =17 s)-
Hence,

T T
/ o(t)]dtS sup (1+6)(lu_ | o+ 7| 3>/ (o + 17 o) dt
0 0<t<T 0

<SE&(T)(Dy*(T) +#Hy*(T)). (3.29)

Next, the estimate for J7 is similar to J4. Notice the definition of g_(7_), we have

J7—1+t > /vk (1 )V )VFu_ dx

0<k<s—4

+Z/ Vg (r )V hvr vty dx+/

(g (T_)V* 3V )V 3u_ dac}

k=1 T

—(1+1) { 3 (r_ )V )VFu_ da

0<k<s—4

+ > / Vig () V3 Ry Vet da
1<k1<s—3

— / (Vg_ (7 )V 3\ 3u_ do— / (9 (T )V 37 )\Ve3V dw}
T3 T3

=J71+J72.

Jr.1 contains the first three terms above and we can directly bound

J71 (1+t){||g—(T—)VT—||gs—4||u—Hgs—4+||V9—(T—)HL°°|\T—||Hs—s||u—||gs—s

+(IVg= (T o5t IV Tl roma IV T o210 Vg (Tf)llgs%)llufllgsfs}
SA+D)NT-lge-o 7=l s llu—ll o5
Thus,
T T
[ 1ra0lae< sup @0l lgesllu g [ lr-lesd
0 0<t<T 0
<E(T)H;(T). (3:30)

For the term J7 5, using the following equality

OyT_+u_-Vr_
T_+1

_V.u_:

)
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it becomes

1d

Tre=3 g

- 1 -
(1+1) h_(T_)|V5737'_|2dx—f/ h (e )V P da
T3 2 Js
1 -
—(1+t)§ B (1)0r_ |V 37 |2 dw
T3
1 .
—(1+t)§/ (u_ - Vh_(r_)+h_(12)V-u_) |V 37_2dz
T3

+(1+t) > /h_(T_)@S*ST_(Wlu_.@S*HIVT_)d:c
-

1<k1<s—-3

EHEDY / VR VR VTR (9 tu VT ) da

T_+1
1<k1<s—3 +

Recall the definition h_(7_)= <= (r +1) , using Holder’s inequality and the Sobolev imbed-

ding theorem, it yields that

T
S sup (1+0)] [ ()9 37_|2dx\+/ U+ (7 oo 7% d
0<t<T

T
+ / U)o | e 7 3o d

T
+/0 (L+8) (lullwroe = (o) e I 1 + 1hm (7o) e 7= [ s [ || oa ) d

T
1
e L L P e A (L PO O PSS L PR 2
Similar to (3.27), we can obtain
T
[ 1ratoldes 2@y e @+ a@E @ G
0

For the last term Jg we can easily get

Js=—(1+1) Z Z Vkiy_ VR Yu_VFu_dx

1<k<s—-31<k:<k

—(1+1) Z /u, VVFu_VFu_ dx

0<k<s—3
SO [Fo s llu—l gre—s,

which means,

T T
|1 s e 0u B [l
0 0<t<T 0

<&(T)DYA(T). (3.32)
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Next, integrating (3.22) with respect to time and summing up the estimates for
J1 ~Jg, namely (3.23)-(3.32). We then derive the estimate for energy & (T") in the
following

E(T) SE(T) +Di(T) +Hi(T) +E*(T) + Dy * (1) + 1y * (T).

Here, we have used the Young inequality and this gives rise to the lemma. 0
LEMMA 3.5.  Assume that energies are defined in (2.1), we then have the following
inequality

Dy(T) SE(T).

Proof. The proof of this lemma is similar to Lemma 3.2. From (3.16), we directly
know that

(Lt 1s S AHO] fus cs + PO
g Vel e |5+ -}

We shall derive the bounds for all the terms on the right-hand side above. Firstly,
by Proposition 3.1, Proposition 3.2 and noticing the first equation of system (1.3), we
get

T T
/0 (O P () |y adt < / ()9 3, ot

T T
< / (L) [y |2, e+ / 6|V ()|, dt

T T
5/ (1+)[[us |G, st + sup ||T+qusfs/ (L)t [ dt. (3.33)
0 0<t<T 0
Similarly,
T T
|0l V< sup sl [0l i @30
0 0<t<T 0

And for the last two terms,

T
| s (Ireudy s+l )
0

T
< sup (||T+||§;[375+||77H§;575)/ (L 8) (lug s+ llu— 1 Fs ) dt. (3.35)
0<t<T 0

Finally, we combine all the estimates together, i.e. (3.33), (3.34) and (3.35). Notice
Young’s inequality and Assumption (3.1), we directly get

Do(T) S E(T) +E(T)* + E1(T)E(T)
SE(T),

which completes the proof of Lemma 3.5. ]
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LEMMA 3.6. Assume that energies are defined in (2.1), we then have
Hao(t) SE(T)+Do(T).
Proof. Similar to Lemma 3.3, applying V=6 derivative on the third and
fourth equations of system (1.3), taking inner product with V*=6(—A)~1Vr, and

V5~ 6(—A)"1V7_ respectively, adding them up and noticing the definition of ®, we
will get

[ a9 pars [ evapa:
T3 T3

Vi 09,u, VS (—A) "IV, daz—/ Vi 00u_ VoS (—A)TIVr_ dx
3 T3

3

570y V5 (=A) IV, da:—/ \Am (us -Vu_s_)@s_(;(—A)_le_ dx
T3

<t

50 (u- Vu_)@sfe’(—A)*lVT_ dz

3

|
S—
<t

R [(Be s o N
+/Ts @S—G[(1—%)%,]@8—6(—A)—1v7, dz. (3.36)

Adding time weight 1+t to (3.36), we shall derive the estimates for all right-hand side
terms in the following. Firstly,

(1+t)/ Ve 50,u Vo5 (= A) IV da
T3
SAHOIVIT0ur |2 [V~ VI e S (L)l fue | goms |7 ] oo

Similarly,

(1) [ 90005 (8) Ve S (4 ol o
(14-15)/TS Ve Ouy VI (= A) TV de S (148w | goms 74| gomss
(1+t)/1rs V0 (uy - Vuy )V (=) Vrpde S (10 [ug [ 5o 174l oo
(1th)/Ta 6576(11,_'VU_)@876(7A)71VT_CZI§(1+t)||u_|‘§:1575||7'_”gs—6,

S pl(my+1) s _
(1+1) /Ty - )V T A e S A el o,

/
—5—6 _pf(T*—i_l) 7s—6/ —1 < 2 5
(1+t)/TSV (- B v 95 (- a) 9 de S (0l e

Integrating (3.36) with time, combing all the estimates above and keeping the Assump-
tion (3.1) in mind, we will get

Ha(t) SE(T)+D:(T),
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it completes the proof of Lemma 3.6. O

LEMMA 3.7.  Assume that energies are defined in (2.1), we then have the following

E3(T) S E(T) +Da(T) +Hao(T) +E3*(T) + Dy * (1) + 13 *(T).

Proof. Following Lemma 3.4, we apply V* derivative (0 <k <s—6) on system (1.3)
and take inner product with @km_ for the first equation, V*7_ for the second equation,
V*u, for the third equation and V¥u_ for the fourth equation (here k <s—6). Adding
the time weight (1+¢)? and summing them up, we then have

1d
O+ (I e+l o+ e 1) }

2.dt
= (L) (I s+ |7 s g e+l [Feme) + (L) Jug |5,
=K1+ Ko+ K3+ K4+ Ks+Kg+ K7+ Kg, (3.37)
where

K== (407 [ 3 94V oy 9, S o
T

? k<s—6
S [ Y OV Thr - T,
T8 k<s—6
=1+t [ Y VEVeVFu, —VFVeVFu_ da,
T? k<s—6
Ky=—(1+1)? / VAV - (rou )VEry + VF (7 V7, ) VEu d,
1 -
—(1+1)? Z / v’c r L1 Pt ))VT+]vku+dx,
T3 Ty +1
k<s—6
Ks=—(1+1) Z / VF(uy - Vup ) VFuy de,
k<s—6
Ke=—(1+1)? / VAV - (r_u )VFr_ +VF(r_Vr ) VFu_ d,
k<s—6

=(1+1)? Z/Vk T_—I-l /(T_—l_l))VT_}@ku_dx,

1
k<s—6

Kg=—(1+1%) Z / VE(u_ -Vu_)V*u_ da.
k<s—3” T

Like before, we shall estimate each term on the right-hand side of (3.37). Using
integration by parts, it is easy to get

K;=0
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For the term K5, we still have the following

Ky=—(1+1t) Z / @kq)(@kv-u_‘_—@kv'u_)d:c
k<s—6" T°
=(1+t)? Z VF®O,VF (1 —7 )+ VFOVFV - (1 uy ) = VFOVAV - (7 u_ ) da
k<s—67 T°
1d

=—§£{(1+t) NV~ (e =) 1% 6}+(1+t)|||v|—1(T+_T,)H%HJFKZ2

Now, we focus on the estimate of K35 and derive

|K2,2|5(1+t)2/ 12l go-s (17 e | oo + 17— 1 || o) d

SA+? NV 7 =) oo (Il 5 g0 ol ll oo + 17l e s [ 2 oo

Tl g ogo o il goms Nl go-slu—ll f 50 1)

SA+? VI 7 =) oo (Il oo sl oo 17 oo lu ll e

7l oo lull oo + 17Nl oo lu—ll gos),

which yields,

T
/|Km<nﬁ<sm>u+ﬂMV|%u 7| oo
0
(Ut e+ oo+ oo+ 7l o)
/\Wﬂm%+WJm%+mew+Wﬂmwmt

<S&(T) (&) + Dy (1) +Hy*(T)).

Next, we turn to handle K3, similar to J3 we have

s—6 k
|Ks| <(1+1) ‘/ SN VRu VRV VR 4+ Y uy VR Vi da
k=1k1=1 0<k<s—6

+ Z / 7 V¥V u, Vhr, — (T+V T VY uy V7 Vi, v u+) dx‘
0<k<s—6
s—6 k
1+t QZ Z ‘ @k/T+@k—k/V.u+@kT+ +@k/T+@k_kIVT+€kU+ d{L‘ ;
k=1k'=1 7 T°

which yields,

K| SAHO2 (IVur Dl oom o IVl goer IVT N on7 oIVl geee) Il a-o
F A (IV v oo |7 [ ao + IV Lo (17| oot [ ro—o)
F A2 (VT o574 IV s e H IV vy o IV reme) 7l s
)

F AVl oot o IVl reme s [ s

SA+)? (lur | oo + 174l 5o 9)(||U+H?f[s—6+||T+||§:[s—6)‘
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‘We then have

T T
/ Ks(t)]dt S sup (1462 (g [+l 12 o) / (Ut Lo+ 174 | o—o) lt
0 0<t<T o

<S&(T) (&2 (D) +Hy*(T)).

~

For the estimate of Ky, we still use the function g (74)= (T+—|—1 — %) and

have

K4:(1+t)2{ Z AS @k(g+(7+)VT+)@ku+ dx

0<k<s—T7

+ Z Vkig, (1) Ve 6~y veSu, dz
T3

1<ki<s5—6
*/ (V9+(T+)65767+)@876U+dﬂf*/ (9+(T+)@876T+)6576V'U+dﬂf}
T3 T3
=Ky1+Kyp.

K, 1 stands for the first three terms and we can bound

| K41

s( +t)2{llg+(7+)VT+Hgs—v il v + NV g4 (T )l Lo 174l oo 1wt 5o

ST | 2o PN N RN 2N O] o [0 Py

+(|W9+(7’+)HHL = =

SA+2 Il ;o7 ol oo llusll oo
<

2

L2174 ool o et | s

Thus,

T T
| Kaatolde< sup (2 lgemalius oo [ 74l oo
0 0<t<T 0

< &(T)H* (D).
For the term K} o, according to the equality

8t7'+ + ’lL+ . VT_;,_

VYV u, =
Ut P )
it becomes
1d - -
Kia=y U7 [ haml 9 0n o= (140 [ he(r) 90 0r o
2 dt TS 'H‘S

1 ~
7(1+t)2§/ W, (74074 |75 5r,  do
T3
1 S
*(1+t)2§/ﬂ‘3 (U+'Vh+(T+)+h+(T+)V'U+)|VS 6T+|2dl’

+(1 +t)2 Z / h_;,_(T_‘_)@SiGTJ,_ (@k1u+ '@5767’61VT+) dl’
1<ki<s—6”T?
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N 1 -
+(1+1)? Z /g+ TV Gnv’“ilvﬂ**’“(atr++u+-vr+)dz.
1<k;<s—6 T+t

Recall that hy(74) = “”(T*) , by Hélder’s inequality and the Sobolev imbedding theorem,
we have

T
‘/ Kia2(t) dt‘
0

T
< sup (1+t)2’/ h+(T+)\VS_6T+\2d$‘+/ T+ )2 hg (T )| oo 174 1 5o it
0<t<T 3 0

T
+ / (U 02, () e |9 e [ 1o

T
+/0 (140 (et llwroe Vo ()l oo I s+ Vo (7)o 17 I o | oo ) it

T
1
e R PN a0 PR N (PP MY P P 2
0 T++1

T
‘/0 Ky(t) dt‘

T
< sup (L+)?[[A(r) ool [ .- o+ S (1+t) [ 6/ [10e7 || L dt
0<t<T 0

Hence,

T
+ sup (148)% 7[5, 6/ [t llwroe [2(74) I dt
0<t<T 0

T
+ sup (1+t)2||7+|\gs—s(||T+||gs—e+IIU+||gs—6)/ |74 [[Loedt
0<t<T 0

T
+ s (14 02lgtra) el [ el ot
0

<& (D) +E&(THY(T).

Now, we turn to K5 and directly give

Ks=—(1+1)? Z Z Vi, VR vu, VP, de
1<k<s—61<ki<k

—(1+1)? Z /u+ VVFEu, VP dx

0<k<s—6
SA+[lwr G

which means

T T
11 s (el el [ (02l
0 0

<E(T).

Next, we turn to K¢ and similar to K3, we have
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s—6 k
LAEIEREY 3D SAATER (el R LD SR LA S
T3 k=1 0<k<s—6
+ VAV Vi~ (r Y VAV 4+ 9 Vi VR ) de|
0<k<s—6”T
s—6 k
A2 S| [ VR Vhr 4 O e R VR da.
k=0k=1 “T°
Thus,
K| SO (IVu-l 257 o V7= e HIVT 257 o VUl rome) = s

+ (0 (IV -l e I7- G s + VTl oo 17| o lu— 7o)
¢ e ([ P Y ) 7 P ) 7 . N v [ 1 L o
)

S G o9 VA PP N v [V [

SO+ (lu—ll gremo + 7=l gremo) (lu— s + 7= 115 6),

which yields

T
/ [Ko()dt S sup (1+6)*(lu-[F. o +II7-[17. o)
0 0<t<T

T
- / (N s+l | oo dt
SE&(T)(DY*(T)+Hy*(T)).

The estimate for K7 is similar to K4 and we can write

Kr=(1+1)? Z /vk 7 )VFu_ da
O<k<s 7
+ > / VR (r )V R Ve de
1<k1<s—6

f/Es(Vg_(T_)@SfﬁT_)@Sfﬁu_ dxf/TB (g_ () V* 57 )V OV .u_ dx}
=K71+K7ps.

Here K7 is similar to K4, and yields,

Ko SO0 g ()Tl ot o+ 19 el ol e
(V9= )l 257 a9l rame 17— 1 [ V0= () e i 1o

SA+2 Il o=l =l oo lu—l g—o-

Thus,

T T
/ Kra(®)ldt < sup (140217 oo i oo / 17 ot
0 0<t<T 0

< &(TYHY*(T).
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Like before, the estimate for K7 7 is based on the following equality
1d 2 = s—6 2 = s—6 2
Kro=——(1+1) h_(T)|VPr_|*de— (1+t) | h_(7-)|V* °1_|“dx
’ 2 dt T3 T3
1 -
—(1—|—t)27/ B (7)o |V 8 |2 dx
2 Jra

- (1+t)2%/T3 (u— - Vho(72)+h_(72)V-u_) |V 57_[da

+(1+8)7 Y / (r)Ve 57 (VFru_ - ve=hyr_ ) de

1<k1<s—6

And similarly,

‘/OTKM(t) dt’

S s (107 [ h G el [ Q0PI ol
0<t<T T3

T
4 / (62 (7| e By o [ |
T
+ / (U0 (il Ve () e 7 P o () L [ [ s )

T
1
T N P Y (L PR PR Y PO '

It yields,

T
] / Ky(t) dt‘
0

T
< sup (L+)?[[A(r-) | e[l 1% o+ sup (1+t) lr-11%.- G/ 1057 Lo dt

0<t<T

T
b sup (P B [ lluc s ol e
0<t<T 0

T
+ sup (1+t)2||77||gs—6(||Tf||1;rs—6+||U7Hgs—e)/ 7l oo dt
0<t<T 0

T
oo L+l gz 1. 6/0 17—l oo dt

<SE(T)+&(T)HY(T).
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Finally, we turn to the last term Kg and give

Kg=—(1+1) Z Z Vku_ - VF Ry VFu_dr

1<k<s—61<ki; <k

—(1+¢)? Z / u_-VV*u_VFu_ dx
0<k<s—6" T

SO+ u— s llull gos-

Thus,
T T
| sl sup (Pl [ el
0 0<t<T 0

SE(T)D3*(T).

Following the same process as in Lemma 3.1 and Lemma 3.4, we then finish the
proof of this lemma. 0

LEMMA 3.8.  Assume that energies are defined in (2.1), we then have
D3(T) S &E(T).
Proof.  Like before, from (3.16) we directly have

(Tt lue 5. s SA+0)* {llug 5.6 FIPL(T) 0 15
g Vg% r+ sl s+ llm—u_]%. s }-

Firstly, using Proposition 3.1 and Proposition 3.2, noticing the first equation of
system (1.3), we can get

T T
/ (L 02| Pl () [y, ot < / (L 02|02, dt
0 0
T T
< / (L 02|V |3 odi+ / U+ 02V ()13t
0 0

T T
5/ (L+8)?[Jus . —odt + sup ||T+H§qke/ (1+8)?[lus 1. odt.
0 0<t<T 0

Similarly,

T T
/ (02 fug Vg |5, odt< sup [fug |3 / ()2 g .t
0 0<t<T 0

At last,
T
|t (e Byl )
T
2 2 2 2 2
< s (el ) [ 02 et )i

Combining the above estimates together and using Young’s inequality, we then get

D3(T) S E3(T)+E(T)? +E(T)E5(T) +E3(T)? S E3(T),
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which completes the proof of this lemma. ]

LEMMA 3.9. Assume thatl energies are defined in (2.1), we then have

H(t) S E3(T)+Ds(T).

Proof. Like before, we directly apply @“{derivative on the third and fourth equa-
tions of system (1.3), take inner product with V*=9(—A)~!V7, and V*=2(-A)"1V7r_
respectively. Adding them up,

/ 9507, 24 9597 [2da + / 75OV 2dx
T3 T3

Vi 00,u, Vo (= A) " VT da — / Vi 00u_ VO (=A) IV dx

T3
— [ Ve Ou VI (—A) TV da 7/ AV (u+ . VU+)@879(7A)71VT+ dx
3 T3
— [ v (u- 'Vu_)@sfg(fA)%VT_ dz

@

<Jz

+

S—

9_9{(1_p’+(u+1)
T++1

(g_g{(l_p’f(tﬂ)
T_+1

) vT+i| V(=AU da

3

“
T3

Adding the time weight (1+t)2, we then have the following estimates

<t

)VT_} Vo0~ A) IV da. (3.38)

(1 +t)2/ Vo200 VI (=) T VT de S (144 us || s |74l oo

(1402 [ T8 (- 8) MV de SO 0P sl

=
W

O V(= A) T Vrda S (1462 | oo 74 s,

—
+
~

e

—
<

(1+t)2/ Vo (ug - Vuy ) VP (=) TV de S (L) s [ o174 oo

(1+1)° / VO (us V)V (= A) TV de S (L0 u [l o,

=
W

~ ! 1 ~
(1+t)2/ v5—9[(1—w)vu}vs—"(—m—lvudm
T3 T++1
SA+ I 1ol oms,
/
2 &s5—9 _p—(Tf"‘l) Ss—9/  Ay—1
(1+1) /Tgv [(1 e )vr_}v (—A)'Vr_da
SO = [ Fao 7=l gro-s-
Integrating (3.38) with time and combing all the estimates above, we finally get

H(t) S E3(T) +D3(T) + &> (T) (E3(T) +Ds(T)) S E3(T) +Ds(T).

It then completes the proof of Lemma 3.9. ]
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4. Proof of the Theorem 1.1

In this section we will combine the above a priori estimates for all energies defined
in (2.1) together and give the proof of Theorem 1.1. First, we define the total energy
as follows,

3
Erotar(t) =Y Eo(t)+Do(t) +Ho(t).
=1

Now, multiplying each inequality in Lemma 3.1 to Lemma 3.9 by a suitable number
respectively and summing them up, we then obtain the following

gtotal (t) S Clgtotal(o) + Clgt?o/fal (t)7 (41)

for some positive constant C.

Although FE}ota1(0) contains some space-time derivatives at time ¢t =0, we can derive
Etotal(t)|t=0§ lus(0,)]|%« +||7(0,-)||%. from system (1.3) easily. Hence, the setting
of initial data in Theorem 1.1 yields that Cy Eyota1(0) < Cae for some positive constant
Cs. Since the local well-posedness result can be achieved through basic energy method,
there exists a positive time T such that

Erotal(t) <202, Vte0,T]. (4.2)

Let T* be the largest possible time T for which (4.2) holds, we only need to show
T*=o00. Notice the estimate (4.1), we can use standard continuation argument to show
T* =00 provided that € is small enough. We omit the details here and finish the proof
of Theorem 1.1.
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