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A CONSISTENT KINETIC MODEL FOR
A TWO-COMPONENT MIXTURE OF POLYATOMIC MOLECULES*

CHRISTIAN KLINGENBERGT, MARLIES PIRNER!, AND GABRIELLA PUPPO$

Abstract. We consider a multi component gas mixture with translational and internal energy
degrees of freedom assuming that the number of particles of each species remains constant. We will
illustrate the derived model in the case of two species, but the model can be easily generalized to multiple
species. The two species are allowed to have different degrees of freedom in internal energy and are
modelled by a system of kinetic ES-BGK equations featuring two interaction terms to account for
momentum and energy transfer between the species. We prove consistency of our model: conservation
properties, positivity of the temperature, H-theorem and convergence to a global equilibrium in the
form of a global Maxwell distribution. Thus, we are able to derive the usual macroscopic conservation
laws. For numerical purposes we apply the Chu reduction to the developed model for polyatomic gases
and give an application for a gas consisting of a monoatomic and a diatomic species.
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1. Introduction

In this paper we shall concern ourselves with a kinetic description of gas mixtures
for polyatomic molecules. In the case of monoatomic molecules and two species this
is traditionally done via the Boltzmann equation for the density distributions f; and
fa, see for example [10,11]. Under certain assumptions the complicated interaction
terms of the Boltzmann equation can be simplified by a so-called BGK approximation,
consisting of a collision frequency multiplied by the deviation of the distributions from
local Maxwellians. This approximation should be constructed in a way such that it
has the same main properties of the Boltzmann equation namely conservation of mass,
momentum and energy, further it should have an H-theorem with its entropy inequality
and the equilibrium must still be Maxwellian. BGK models give rise to efficient numer-
ical computations, which are asymptotic preserving, that is they remain efficient even
approaching the hydrodynamic regime [4,5,12-14,22]. Evolution of a polyatomic gas is
very important in applications, for instance air consists of a gas mixture of polyatomic
molecules. But, most kinetic models modelling air deal with the case of a monoatomic
gas consisting of only one species.

In the literature one can find two types of models for polyatomic molecules using
the classical description of physics. We do not take into account quantum mechanical
effects, for this see for example [17]. In classical thermodynamics, there are models which
contain a sum of collision terms on the right-hand side corresponding to the elastic and
inelastic collisions. Examples are the models of Rykov [23], Holway [15] and Morse [21].
The other type of models contain only one collision term on the right-hand side taking
into account both elastic and inelastic interactions. Examples for this are Bernard, Iollo,
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Puppo [6] or the model by Bisi and Caceres [7] modelling chemical interactions. In this
paper we want to extend the model of Bernard, Iollo and Puppo [6] from one species
of molecules to a gas mixture of polyatomic molecules. In contrast to monoatomic
molecules, in a polyatomic gas energy is not entirely stored in the kinetic energy of
its molecules but also in their rotational and vibrational modes. For simplification we
present the model in the case of two species. We do not consider chemical reactions.
For models which include chemical reactions, see for example [1]. We allow the two
species to have different degrees of freedom in internal energy. For example, we may
consider a mixture consisting of a monoatomic and a diatomic gas. In addition, we
want to model it via an ES-BGK approach in order to reproduce the correct Boltzmann
hydrodynamic regime close to the asymptotic continuum limit. The presence of a tensor
in the attractors should allow to overcome the well known problem of incorrect Prandtl
number (analogously to paper [3] for a single gas) but the proof is still lacking. At
least, we will propose a model which is consistent in the special case of a monoatomic
single gas. The ES-BGK approximation was suggested by Holway in the case of one
species [15]. The H-Theorem of this model then was proven in [3]. Brull and Schneider
relate this model to a minimization problem in [§].

The outline of the paper is as follows: in Section 2 we will present the extension of
the BGK model for polyatomic molecules from [6] to two species of polyatomic molecules.
In Section 3, we extend it to an ES-BGK model and check if it is well-defined. In
Sections 3.1 to 3.4 we prove the conservation properties and the H-theorem. We show the
positivity of all temperatures and quantify the structure of the equilibrium. In Section
4, we compare our model with another model presented in the literature from [3] which
considers an ES-BGK model for one species of polyatomic molecules. In Section 5.1 we
apply the method of Chu reduction to our model in order to reduce the complexity of
the variables for the rotational and vibrational energy degrees of freedom for numerical
purposes. In Section 5.2 we give an application in the case of a monoatomic and a
diatomic molecule.

2. The BGK approximation

In this section we first want to motivate how our model with several coupled equa-
tions will look like. For the convenience of the reader, we will summarize all these
equations again at the end of the section such that one sees the whole model at a
glance. For simplicity, in the following we consider a mixture composed of two different
species. Let z € R? and v € R?,d € N be the phase space variables and ¢ >0 the time. Let
M be the total number of different rotational and vibrational degrees of freedom and
l;; the number of internal degrees of freedom of species k, k=1,2. Note that the sum
l1+15 is not necessarily equal to M, because the two species could both have the same
internal degree of freedom. Then n€RM is the variable for the internal energy degrees
of freedom, 1;, € RM coincides with 7 in the components corresponding to the internal
degrees of freedom of species k and is zero in the other components. For example, we
can consider two species both composed of molecules consisting of two atoms, such that
the molecules have rotational degrees of freedom in addition to the three translational
degrees of freedom. In general, a molecule consisting of two atoms has three possible
axes around which it can rotate. But since the energy needed to rotate the molecule
around the axes parallel to the line connecting the two atoms is very high (see for ex-
ample [16]), this does not occur, so we have two rotational degrees of freedom. In this
example we have M =1y =, =2.

Since we want to describe two different species, our kinetic model has two dis-
tribution functions f1(x,v,m;,,t) >0 and fo(z,v,m,,t) >0. Furthermore we relate the



CHRISTIAN KLINGENBERG, MARLIES PIRNER, AND GABRIELLA PUPPO 151

distribution functions to macroscopic quantities by mean-values of f, k=1,2 as follows

1 Nk
v A
My, _. | ek _
/fk(vamk) mk|U—Uk|2 dvdmk - dnleﬁ ) k*1727 (21)
M|y, — x| lenie T,
mg (v —ug(x,t)) (v —ug(z,t)) P,

where ny is the number density, u; the mean velocity, 7} the mean temperature of
the translation, 7} the mean temperature of the internal energy degrees of freedom for
example rotation or vibration and P, the pressure tensor of species k, k=1,2. Note
that in this paper we shall write T} and T} instead of kgT} and kpT}, where kg is
Boltzmann’s constant. In the following, we will require 77 =0, which means that the
energy in rotations clockwise is the same as in rotations counterclockwise. Similar for
vibrations.

The distribution functions are determined by two equations to describe their time
evolution. Furthermore we only consider binary interactions. So the particles of one
species can interact with either themselves or with particles of the other species. In
the model this is accounted for by introducing two interaction terms in both equations.
These considerations allow us to write formally the system of equations for the evolution
of the mixture. The following structure containing a sum of the collision operators is
also given in [10,11].

We are interested in a BGK approximation of the interaction terms. This leads us
to define equilibrium distributions not only for each species itself but also for the two
interspecies distributions. Then the model can be written as:

O fi+ Ve (vf1) =viini(Mi — f1) +vigne(Miz — f1),

2.2
atf2+vx'(vf2):VQQHQ(MQ—f2)+V21n1(M21_f2)7 ( )
with the Maxwell distributions
Nk 1 lo—ugl®  |m, ?
Mk(fﬂ}»??lkat) = d Ly exp(— 2& - 2@ )7
271'% 2#% Mk Mk
ng 1 lo—ug; > |, |2 #3)
Mkj(xvvvmkvt) = ’ d 15 eXp(* 21\ij o 2@kkj )’
\/271'[7\”—’“; \/271'% i e

for j,k=1,2,j#k, where vy11n1 and voono are the collision frequencies of the particles
of each species with itself, while 119n9 and vo1n1 are related to interspecies collisions.
In this model, the collision frequencies between interspecies operators can be taken
different allowing molecular mass discrepancies. This point is relevant for example in
the context of plasma physics, because the mass ratio between electrons and ions is very
small. To be flexible in choosing the relationship between the collision frequencies, we
now assume the relationship

Iy
e<1.
i+ —

Vg =ctevy1, 0< (24)

The restriction zllizfﬁl is without loss of generality. If lllTll26> 1, exchange the no-

tation 1 and 2 and choose é In addition, we assume that all collision frequencies are
positive.
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Since rotational/vibrational and translational degrees of freedom relax at a differ-
ent rate, Tf and T} will first relax to partial temperatures Ay and Oy respectively.
Conservation of internal energy then requires that at each time

d d l
—npAi= fnleg + *

Iy
— =1,2. 2.
5 5 5 ngOr, k=1, (2.5)

nkT,: — 5

Thus, Ax can be written as a function of ©. In equilibrium we expect the two temper-
atures Ax and © to coincide, so we close the system by adding the equations

Vg d+ g
75 d (M — My,) +vigny, (M, — fr) (2.6)

+viing(Myj — fi),

6th +v-V M=

for j,k=1,2,7#k, where Z* are given parameters corresponding to the different rates
of decays of translational and rotational/vibrational degrees of freedom. Here M, is
given by

1 _ 2 2
My (z,v,m,,,t) exp(fh)inf€| ‘;7[9’“1 ), k=12, (2.7)
,/27r A’“ 271' my
and M,  is given by
Myy=—k exp(—m’“v_u’“|2—m’“|mk|2> k=1,2 (2.8)
/Qﬂ&d""lk 213, 2T}, ’ ’
s
where T is the total equilibrium temperature and is given by
dAy +1xO,  dTE+1TT

Ty = kT iOp  ddy+ 1 ko (2.9)

A+l d+l
The second equality follows from (2.5). If we multiply (2.6) by |, |2
respect to v and 7, and use (2.9), we obtain

, integrate with

Vg

Bt(nka) +Vg- (nk@kuk) = 7nk(Ak - G)k) +kanknk(®k — T];)

+I/kjnjnk(@kj—le), k:].,Q (210)

We obtained a macroscopic equation which describes the relaxation of the temperature
O, towards the temperature Ay and the relaxation of ©, towards the rotational and
vibrational temperature 7] and of T} relaxing towards the mixture temperature O;
in accordance with Equation (2.2). Note that Equation (2.10) together with mass,
momentum and total energy conservation, is equivalent to (2.6). In addition, (2.2) and
(2.6) are consistent. If we multiply the equations for species k of (2.2) and (2.6) by v
and integrate with respect to v and 1, , we get in both cases for the right-hand side

Vigg N (Wil — Uk ),

and if we compute the total internal energy of both equations, we obtain in both cases

1
il/kjnknj [dAjk +lj@jk — (dAJ +lj@j)].
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We will see this in Section 3.1 in Theorem 3.2.

We recall that we assume that the mean values of the momentum due to the internal
degrees of freedom 71, 72, 12 and 721 are zero. The structure of the collision terms
ensures that at equilibrium or when v; — oo the distribution functions become Maxwell
distributions. With this choice of the Maxwell distributions M; and M5 have the same
densities, mean velocities and internal energies as fi respective fo. This guarantees the
conservation of mass, momentum and energy in interactions of one species with itself.
The remaining parameters ni2,n21,u12,u21,A12 , Aoy, ©12 and ©9; will be determined
further down using conservation of the number of particles, total momentum and total
energy, together with some symmetry considerations. We will determine n1o and ns;
in Equation (3.8) using conservation of the number of particles. The velocities o
and ugz; will be determined in Equations (3.9) and (3.10) by using conservation of total
momentum. Last, the parameters Ao, As1, ©12 and ©2; will be determined in Theorem
3.2 and Remark 3.2.

Now, for the convenience of the reader, we want to write down our model again such
that one sees on the first view which equations we want to couple. Our BGK model
for two species coupled with one relaxation equation and one algebraic equation for the
temperatures can be written as

O f1+ Ve (vf1) =viini(Mi — f1) +vigne(Miz — f1),
Ot fo+ V- (vf2) =vaona (Mo — fo) +va1ni (M1 — fa),

d d lk r lk
§nkAk = §nkT,§ + Enka — Enk@k,
Vi :
O (nkO) + V- (npOruy) = kak i i (Ak — Ok) + vining (O — T})

+vkjnng(Or; —Ty),
for k,j=1,2,k#j.

3. Extension to an ES-BGK model

In this section again we first want to motivate how our model with several coupled
equations will look like. For the convenience of the reader, we will summarize all these
equations again at the end of the section such that one sees the whole model at a
glance. It is well known that a drawback of the BGK approximation is its incapability of
reproducing the correct Boltzmann hydrodynamic regime in the asymptotic continuum
limit. Therefore, a modified version called ES-BGK model was suggested by Holway
in the case of one species [15]. In this standard ES-BGK model, in the Maxwellian
My, the scalar temperature T} related to the distribution function fj will be replaced
by a linear combination of the temperature 7} and the pressure tensor Py. In the
polyatomic case described in this paper the translational temperature T} is different
from the temperature Ay of the Maxwellian M} given by (2.7). Now, we want to
extend this temperature Ay to a tensor Aff” with trace(A}tfe”) =nAy such that again
we can consider a linear combination of the temperature Ay and the tensor A{*™. In the
BGK case described in the previous section we determined the time evolution of O by
considering Equation (2.6) with the Maxwellian M), given by (2.7) and the Maxwellian
M, given by (3.2) with the total equilibrium temperature T}, given by (2.9) which leads
to a time evolution of Oy given by (2.10). Ay is then obtained by (2.5). Now, in the
ES-BGK case we determine the time evolution of fj, in the ES-BGK case by

Ot fe+Va - (vf) = virna (Gr(fr) = fr) +vigng (M (fr, i) — fr), (3.1)
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for k,j=1,2,k # j. To keep it as simple as possible we only replace the collision operators
which represent the collisions of a species with itself by the ES-BGK collision operator
for one species suggested in [2]. The presence of a tensor in the attractors should allow
to overcome the well known problem of incorrect Prandtl number (analogously to paper
[2] for a single gas) but the proof is still lacking. We wanted to ensure that this is
consistent with the special case of a single monoatomic gas. Other possible extensions
are illustrated in the monoatomic case for gas mixtures in [20]. For further references
we denote the relaxation operators by Q11,Q12,Q21 and (J22. Then we define a function
G, with a linear combination AES given by

ten

A
APS = (1= pu) Aela+ e T’;’k, k=1,2.

with up € R, k=1,2 being free parameters which we can choose in a way to fit physical
parameters in the Navier-Stokes equations like the viscosity coefficient, analogously as
in the standard ES-BGK model given by

k

-1
n 1 1 £s 1 mlnr, |2

Gr(fr)(@,v,m,,,t) = NG ST T, SXP (‘2(11—7%)‘ (We) ‘(U—uk)—geikk )
det(2r Th—) /27

(32)

for k=1,2.
In order to determine the time evolution of A" we consider the equation

~ ~  Vkkne dHlp =~ A

WhGr+v-V,Gp= 75 4 (Gr—Gr) +viini (G — fu) +vign (My; — fr), k=1,2,

(3.3)

with the extended Maxwellian CAv'k given by

~ n 1 1 Aten -1 - )
G = : Aten 1, €XP (2(vuk)~< k > '(Uuk)]ng>a
det(2m55—) \/ﬁ me .
mp
(3.4)
for k=1,2, and the extended Maxwellian C:'k given by
- n 1 1 Tten -1 Lm 2
det(27r T’,ﬁbk ) 27T% & 2
(3.5)

The function ék has the total equilibrium temperature T} and the pressure tensor of
fr on the off-diagonals, namely

(TE™)ii =T for i=1,...d,

d (P, o . (3.6)
mteny.. =~ [ 2K f =1,... .
( k )z,] d+lk (nk)ij or 1,) ) d,?,?é]

The factor ﬁ in front of Py, in the definition of T}°™ has the following reason. The tem-
perature T}, given by (2.9) is a convex combination of T} and T}. Now, the off-diagonal
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elements of T}¢" have the same structure. It is a convex combination of the pressure
tensor Py, and the tensor corresponding to the rotational and vibrational temperature.
But since the rotational effects are diagonal, we have (T}");; = (ﬁ]?—i— #’“lkO)ij for
i#£].

We only extended Ay to a tensor and keep Oy, as it is. This has the following reason.
Since we assumed 7 =0, the microscopic velocities related to the internal degrees of
freedom are symmetric and then we do not distinguish different directions as we do in
the translational degrees of freedom.

Equation (3.3) leads to a time evolution of A" given by

en en 14 n d+l en en
On(mie(A™)i) V- (i (ML) ig Jur) = = =i (TE)ig = (AL™)i5)
+virning (MY ®)ij — (Pr)ij) +vignjne(Or; — T5) 8. (3.7)

The evolution of © is then obtained from (2.5).

For the convenience of the reader we want to summarize our model again. In the
case of the ES-BGK model we wanted to use ES-BGK equations for the mixture coupled
with a relaxation equation and an algebraic equation for the temperatures.

O fi + V- (vfr) = vienn(Gr(fr) = fr) +viing (M (fr, f5) = fr),

d d lk r lk
inkAk = inkTé + Enka — Enk@k,
en en Vi d+ Ui en en
A (i (AR )i) + Vi - (ni (AF™)ij )ur) = 75 g e (T )15 — (AE™)ij)

+viknrne (AS)ij — (Pr)ig) + vingne(Or; — Ti)dij,

for k,j=1,2,k#j. B
Since G, involves the term (AP¥)~1 and G}, involves the term (7}¢")~! we have to
check if APS and T}e" are invertible.

LEMMA 3.1.  Assume that f, and Gy are positive solutions to (3.1) and (3.3). Then
A" and T have strictly positive eigenvalues. Especially TE™ is invertible.

Proof. Let y€R%\ {0}, then

yaAteny Z Yi Ak z]yj Z yz/ V; — Uk, z _Uk,j)kade

1,7=1 1,7=1
2

-/ S (- ) | Gudvz0.

7,7=1
The inequality is true since we assumed that Gisa positive solution to (2.6).
If we use Equation (2.9) and (2.5)

d

Ty Z Yi (T )iy = Zyz/ —upi) (05— un ) frysdo+ > yiThy;

i,j=1 ig=1 i=1
1#£]
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d d d
dA; 41,0y
=> yi/(vi—Uk,i)(vj—Uk,j)fkyjdﬂ—zyileyi+Zinyi
inj=1 i=1 i=1
2
d d
:/ Z Yi(vi — k) fkdv—kaiTginO,
inj=1 i=1

where T} >0 because T} is defined via a positive integral of fj, see the definition in
(2.1). We even have strict inequality since {y;(v—u);}{_, are linearly independent. 0O

With the previous lemma, we can prove that APS is positive. This is the next
theorem. Positivity is also proven in [2] for the one species case, but for a different
variant of an ES-BGK model.

THEOREM 3.1. Assume that fi, >0 and —ﬁ <pr <1ifd>1. Then AES has strictly
positive eigenvalues. Especially AFS is invertible.

Aler = S Aten S, ! with a diagonal matrix Kf?‘ Then AP := S, AFSS, ! is also diagonal
since

Proof.  Since A} is symmetric there exists an invertible matrix Sy such that

APS = SLAFE ST = (1= ) AL+ A"

Here we can see that the eigenvalues of AFS are a linear combination of Ay and the

eigenvalues of /(t,};‘ which coincide with the eigenvalues of Al*". We denote the eigen-
values of Al by Ag1,Ak,2,...,Ak,a- Then by definition of Ay and A" we have

dA =Tr(AJF™) =1+ Ao+ + Aa-

This means for the eigenvalues of AZ denoted by 74 ;:

d d

1— 14+ (d— 1) 1— .

Thi ="y Z/\k,j + Ak, = 7 Akyi pi Z '/\k,ja i=1,2,3.
j=1 j=1,5%#i

Since Ak 1,Ak,2,. .-, Ak.a are strictly positive, the eigenvalues of AZS are strictly positive,

when 14+ (d—1)u, and 1—py, are positive. Since we restricted py to fﬁ <pp<1lif

d>1, AkES is strictly positive. ]

3.1. Conservation properties. Conservation of the number of particles and
total momentum of the model for mixtures described in Section 2 are shown in the same
way as in the case of monoatomic molecules. In the extension described in Section 3
these conservation properties are still satisfied since G; and G5 have the same density,
mean velocity and internal energy as f; respective f;. Conservation of the number of
particles and of total momentum are guaranteed by the following choice of the mixture
parameters:

If we assume that

Nnig=nq and N1 =MN2, (38)

we have conservation of the number of particles, see Theorem 2.1 in [19]. If we further
assume that uio is a linear combination of u; and us

U12:5U1+(1—5)U2, dER, (39)
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then we have conservation of total momentum provided that

m
Usy :uQ—mflg(l—a)(uQ—uly (3.10)

see Theorem 2.2 in [19].
In the case of total energy we have a difference for the polyatomic case compared
to the monoatomic one. So we explicitly consider this in the following theorem.

THEOREM 3.2 (Conservation of total energy). Assume (2.4), conditions (3.8), (3.9)
and (3.10) and assume that Ao and ©12 are of the following form

Az=ali+(1-a)As+7lur —uzf?, 0<a<1,y>0,
1101 +1202 (3.11)
Op=—7—"7""
litly

Then we have conservation of total energy

/%(M?—i— I, ) Q1 (f1, f1) +Qua(f1, f2))dvdny,
[ TP )@ . f2) + Qi (s o), =0,

provided that

l 1 m
A21+§@21 = |:d€m1(1—(5) (Tn;€(5—1)-‘r5+1> —5’}/:| |U1 —UQ‘Q

1 lllg 1 l1l2
1—a)A1+(1—e(l—a))Ay+= Z(ly—
+e(l—a)Ai+(1—e(l—a)) 2+dsll+12®1+d(lg 511+12

)©s. (3.12)

Proof. Using the definition of the energy exchange of species 1 and Equation (2.5),
we obtain

m
Fg, , :2/7(\0\2—1—|7711|2)[Q11(f17f2)+Q12(f1,f2)]dvdml
1 2 2 d t ll T
:€V21§n2n1m1(|u12| — |ua] )+§€V21n1n2(/\12—T1)+§€V21711n2(@12—T1)
1 d l
:6V21§n2n1m1(|u12|2—\u1|2)+§€V21n1n2(/\12—A1)+§1€1/21n1n2(912—91)~

Next, we will insert the definitions of w2, A1 and ©15 given by (3.9) and (3.11).
Analogously the energy exchange of species 2 towards 1 is

1 d l
Fg,,=vy §n2n1m2(|u21 1 — us|?) + 51/21”1712(1\21 —Ao)+ §2V21n1n2(@21 —02).

Substitute ug; with (3.10) and Agl—l—%‘@gl from (3.12). This permits to rewrite the
energy exchange as

1
FE1,2 =El21 §n2n1m1(1 — 5) [(ul +7.L2) — 5(’11,2 — ul)] (u1 7'[,&2)

Il
L+

1
+§6I/21n1’/l2 (l—a)d(AQ—A1)+ (@2—@1)+’yd|u1—uQ|2 s (313)
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1 2
Fp,, :§V21m2n1n2 [ ((1 (19 - 1) Jua | + (”m“e(a— 1)) fur 2

1
+2(1 m2 (1 6))m72€(1 5)U1 Ug] + 2V217I1’I’L2[ (l—a)d(Al —AQ)
41
+e12 (0,-0,)+ <8m1(1—5) <ml5(6—1)+5+1) —E’yd) lug —us ]
l1+1s ma
(3.14)
Adding these two terms, we see that the total energy is conserved. ]

REMARK 3.1. The energy flux between the two species is zero if and only if u; =us,
A1 =As, ©1 =0, provided that a,d <1 and v>0.

REMARK 3.2. From conservation of total energy we get only one condition on Ag; +
%2@21 given by (3.12), but not an explicit formula for As; and ©9;. In order to keep the
model symmetric we again separate the temperatures corresponding to the translational
part and the one corresponding to the rotational and vibrational part and choose

A21 28(1 —Oé)Al —|—(1—€(1 —Oé))AQ

1
+ [5m1(1§) (”“5(51)+5+1> 57] g — usl?, (3.15)
d mao
I I
O =(1- 0 o,. 3.16
21 ( l1+12> 2+511+Z2 ( )

REMARK 3.3. If ll = lg, we have @12 = %(@1 +@2) ‘We then find @21 = @12 if the two
species have the same interspecies collision frequency (e =1).

REMARK 3.4. The fact that we only consider the two species case is just for simplicity.
We can also extend the model to more than two species, because we assume that we
only have binary interactions. So if we consider collision terms given by

N
Viini(Gi*fi)+ZVijnj(Gij*fi)a i=1,...,N,
J#i
we expect that we have conservation of total momentum and total energy in every
interaction of species i with species j. This means we require

/( U|2> vign; (G fl)d”+/(|;|2) vjini(Gji— f;)dv =0,

for every i,7=1,...N, i#j and so it reduces to the two species case.

3.2. Positivity of the temperatures.
THEOREM 3.3.  Assume that fi(x,v,m,,t), fa(z,0,m,,t) >0. Then all temperatures Ay,
As, ©1, Oy,and Ao, O12 given by (3.11), and Asy, O determined by (3.15), (3.16)
are positive provided that

ogyg%a—&) 1+ Meys+1- e (3.17)

ma ma
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Proof. The temperatures Aj,As,01,02,A15,015 and O9; are positive by definition
because they are integrals or convex combinations of positive functions. So the only
thing to check is when the temperature Ag; in (3.15) is positive. This is done in [19] for
d=3, so we skip the proof here. The resulting condition is given by (3.17). O

REMARK 3.5.  Since v>0 is a non-negative number, so the right-hand side of the
inequality in (3.17) must be non-negative. This condition is equivalent to

%671<5<1 3.18
1+ =" =7 (3.18)

mo

Note that we have to assume that the distribution functions f; and f, are posi-
tive. In [18], positivity of the distribution function for the model described in [19] for
monoatomic molecules is proven. This method can be extended to the model described
in this paper for polyatomic molecules.

3.3. The structure of equilibrium.
THEOREM 3.4 (Equilibrium). Assume f1, fo>0 with fi and fy independent of x and
t. Assume the conditions (3.8)-(3.12), § £1,a#1,l1,l2 #0, so that all temperatures are
positive.

Then f1 and fo are Mazxwell distributions with equal mean velocities w1 =us =u19 =
ug1 and temperatures T: =T =T5 =T{=Ti=A=A=01=03=013=09 =A15=
Aoy. This means fi is given by

\U—UI2 P

- T T
\/27r— 1/27rm—k 2mk 2mk
Proof.

Equilibrium means that fi, fo,A1,A2,01,05 are independent of  and t. Thus in
equilibrium the right-hand side of the equations (3.1) and (3.3) have to be zero. In
particular,

), k=1,2.

My (z,v,m;,,t)

(viing +rvi2n2) fi =viiniGr +vi2ne Mo, (3.19)
(V22712+V217l1)f2:V22712G2+V21711M21~ (3-20)

Since the right-hand side of (3.1) and the right-hand side of (3.3) have to be zero, the
difference of the right-hand side of (3.1) and the right-hand side of (3.3) has to be equal
to zero. If we compute the translational temperature of this difference, we obtain

Aler =Tten, (3.21)
Al =T, (3.22)

Especially, from the diagonal part of (3.21) and (3.22) we can deduce

A =0y, (3.23)
Ay =0, (3.24)

When we consider the moment of the velocity of (3.19), we get

(v11m1 +v12n2)ur =viiniug +vianats.
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Substituting uyo =dus + (1 —0)ug, we have
Ul =1uz, (325)

for 6 #£1.
Using (3.23), (3.24) and (3.25), the temperatures of the mixture Maxwellians (3.11) and
(3.15), (3.16) simplify to

I lo

Ao =aA 1—a)A = A A 2

=ali+(1—-a)Az, O tl 1+ll+l2 2, (3.26)
Iy 1y

Ao =c(1—a)A 1—e(1— A = A 1— As. 2

o1 =e(l-a)A1+(1—e(1-a))A2, O S 1+ ( Ell+l2) 2 (3.27)

When we consider the moments of the translational and the rotational and vibrational
temperatures of (3.19) and (3.20), we get

(uunl +V127’L2)T1t = (unnl +l/12’n20{)A1 +l/12’n2(1 - O()AQ, (328)
l l
(v11n1 +v12n2) T = (vi1n1 +viane 1 JAL+v1an 2 Aa, (3.29)
141 li+1o
(va2ng +vo1n)Ts = vaana Ao +vaing Aoy, (3.30)
(vaang +vo1n1) Ty = vaanaAg + 19111001, (3.31)
where we used the definitions of the mixture velocities and temperatures (3.8)-(3.11)

and Equations (3.23), (3.24) and (3.25). Analogously, Equations (2.5) simplify to

d+ll d ll
A =-TI+ =17 3.32
d+l2 d l2
Ap=-TI+ =T7. 3.33
5 N2=g5le + 512 (3.33)
Inserting (3.28) and (3.29) in (3.32), we obtain
d V11n1+1/12n2aA1 vigna(l—a) A2)+ll(y11n1 +V12n27hljl2 At V127’L27111ﬁl2 A»)
2" viini +riang V11m1 +V12Mn2 2 V11M1 +V12n2 V111 +v12n2
d+1
= Al,
2

which, provided da+lllllﬁ #d+1;, is equivalent to
A=A, (3.34)

This condition is equivalent to d(1—a)+ lf{g #0 which is satisfied since a#1,11,l5 #0.

With (3.34) we can deduce from (3.28) and 63.29) that

Ti=A;, and T]=A;. (3.35)
Condition (3.27) together with (3.34) leads to
A1 =001 =A,. (3.36)
Inserting (3.34) and (3.36) in (3.30) and (3.31) leads to

Ti=TJ =A,. (3.37)
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If we compute the pressure tensor of (3.19) using that all temperatures are equal to Ay
we obtain

P,
(viima —|—u12n2)n— =vi1n1 (1= p1) A1 L+ viing p A" +vianaAq 1.
1

Using (3.6), (3.21) and (3.35), we have that

d P, Ik

p— ATOtI :Aten:Tten
dilong Cdip TN 1

and therefore

(r11n1 (1= )+ riang)Aq 1,

P, d
21 1y
)+V12n2)n1 (r11ma( 'uld—i—lk

d
d+1y
for j #1i, which shows that the pressure tensor of f; is diagonal since p1 <1. Similar for
T2 using (3.20), (3.22) and (3.35).

So all in all, in equilibrium we get that f; and f; are Maxwell distributions with
equal mean velocities u; =us =wujs =ug; and temperatures T =T =Ti{=Ti=A, =
Ay=01=03=012=02=A1p=Ay;. o

DEFINITION 3.1.  If fi and fo are Mazwell distributions with equal mean velocities
u=u1=uz and temperatures T=T7 =Ty =T{=Ti=A=Ay=01,=0,, then we say
that f1 and fo are in local equilibrium.

Note that for a=1 or § =1, we have no exchange of momentum and energy of the
two species, so we do not expect a relaxation towards a common equilibrium. So in the
following, we always assume a,d # 1.

3.4. H-Theorem. In this section we will prove that our model admits an
entropy with an entropy inequality. For this, we have to prove an inequality on the
term [In fi,(Gy, — fi)dvdm, coupled with the right-hand side of Equation (3.3) and an
inequality on viong [(Mi2 — f1)In fidvdn, +voing [(May — f2)In fadvdn, coupled with
the right-hand side of Equation (3.3). We prove the first one in Subsection 3.4.1 and
the second one in Subsection 3.4.2.

3.4.1. H-Theorem for the one species relaxation terms.
REMARK 3.6. From the definition of the moments of fi,k=1,2 in (2.1) and the defi-
nitions of the extended Maxwellians G,k=1,2 in (3.2), we see that the pressure ten-
sors and the temperatures, do not coincide. Now, we consider extended Maxwellians
Gk, k=1,2 which have the same moments as f;,k=1,2. Then from the case of one
species ES-BGK model we know that

/@klnékdvdmk s/fklnfkdvdmk,

for k=1,2, see Equations (20) and (21) in [2] in the monoatomic case. The polyatomic
case is analogous to the monoatomic case.

LEMMA 3.2. Assume that fi,fo>0. As in Remark 3.6 let G}, be the extended
Mazwellians with the same moments as fr,k=1,2 and Gy the Mazwellians defined by
(3.4). Then we have

/éklnékdvdmkg/@klné’kdvdmk, k=1,2,
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/éklnékdvdmkE/lendevmk, k=1,2,

/lendevdmk Z/Mklandvnlk, k:1,2.

Proof. The proof of the second inequality is analogous to the proof in the
monoatomic case of Equation (21) in [2]. So we only prove the first and the third
one. Using that

2 2
_ ng 1 I i ‘Wlkl
In M =1In — —; S5 3Ok
or =k 2 —k mp my,
—1 2
N ng 1 1 Py, o _my
=t | ety o | 2T (%) - mu)= S
€ Trmk 2Tr7nk. Mk
~ ten 1
_ ng 1 1 Ty [m, |
InGj, =In( = lk)_E(U_“k)'(mk -(v—uk)—Q&7 and
det(27‘r ) 27"7 Mk
_ ng 1 1 ES\—1 Im1, |
InGr=In NS G)klk —§mk(’U—Uk)-(Ak ) -(’U—Uk)_ 2Ok
$ det (277"’7) 2m my, mE
’!'N.k

we compute the integrals and obtain that the required inequalities are equivalent to

1
nk ten lk Sln
A/ det(QTF%) 277%’; det 27T /2 T7
In M >In _ "k
AES - A d
det( Tgk ) 27rm—kk

This is equivalent to the conditions
Indet(T}™) + 1, InT), > Indet Py, + 1 In T},

(Ag)?>det(ALS). (3.38)

We first look at the first inequality. If we insert the expression for T}, given by (2.9) and
use the concavity of In, we obtain

Indet(T}™) 41y, InT} >IndetPy, + 13 In T}, (3.39)

diiklk InTy +1 ﬁ

Now we use the Brunn-Minkowsky inequality (inequality (27) in [2]) given by
det(aA+ (1 —a)B) > (det A)*(det B)* ¢,

for 0<a<1 and A, B positive symmetric matrices. Since we can write T;*" as

d l
ten __ IP) k

fen _ _k_m
L T A

we can apply the Brunn-Minkowsky inequality on (3.39) and obtain

d Ui Ui d
d—|—l lndetIP’k—i—dd I InTy, —de I InTy, —|—de I lnTk>lndetIPk+lklnTk
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So it remains to show that
(TH)?> detPy.

This inequality has the same structure as the second inequality in (3.38). So we prove
only the second inequality in (3.38). We observe that trace(AFS)=dAy, so we have to
show

d
trace(AFS
<( £)) > der(AFS).
d
Let Aq,...,\q the eigenvalues of the symmetric positive matrix AES , then this inequality
is equivalent to
d
Ay eee N
<1++d> > A g
d
This is true since it is the inequality of arithmetic and geometric means. ]

LeEMMA 3.3 (Contribution to the H-theorem from the one species relaxation terms).
Assume f1,fo>0. Then

/lnfk(Grfk)dvdmk+/1nc?‘k(érék)dvdmkgo, k=1,2,

with equality if and only if My = fi, and A, =0, =T} =T}.
Proof.  Since the function H(z)=xzlnz—x is strictly convex for x>0, we have
H'(f)(g—f)<H(g)— H(f) with equality if and only if g=f. So

(9=f)Inf<glng—finf+f—g. (3.40)
Apply (3.40) on both terms of

Sk(fk)2:/lnfk(Gk7fk)dUdmk+/1Hék(ék76k)dvdmk.
Then we obtain

Sk(fk)S/lendeUdmk —/fklnfkdvdmk—/devdmk—F/fkdvdmk
+[/C~¥klné’kdvdmk_f/ékln@kdvdmkf/ékdvdkar/@kdvdmk],

with equality if and only if fr =Gy and Gy = ék from which we can deduce fi = My by
computing macroscopic quantities of fr =Gy and Gy =Gy. Since fi, Gi, G and Gy
have the same density, we obtain
S(fk)S/lendevdmk —/fklnfkdvdmk—l—[/éklnékdvdmk —/@kln@kdvdmk].
(3.41)

According to the second part of Lemma 3.2, we obtain
S(fr) g/éklnékdvdmk —/fklnfkdvdmk‘ (3.42)

Here we have equality if and only if G = ék, which means Ay =©;,. Now, using the first
part of Lemma 3.2 and Remark 3.6, we can estimate [ Gy InGydvdn, by [ filn frdvdn, .
So, all in all, we obtain Si(fx) <0 with equality if and only if fr =M} and Ay =0, =
Ty =T} 0
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3.4.2. H-Theorem for mixtures of polyatomic molecules. Define i =

Z%: dfil’“, k=1,2 and the total entropy

H(fhfz):/(fllnfl+321§11n@1)dvdml+/(fglnfg+322@21n@2)dvdm2. (3.43)

We start with an inequality which is used to prove Lemma 3.5. Lemma 3.5 is then
needed to prove the H-theorem in Theorem 3.5

LEMMA 3.4. Assume fi1,f2>0. Assume the relationship between the collision frequen-
cies (2.4), the conditions for the interspecies Mazwellians (3.8)-(3.12) and the positivity
of all temperatures, then

Iy lo 1 Iy
€dlnA12 +€ ln@12—|—dlnA21—|——ln@21 d€IHA1+d1HA2+ 6111@14—*111@2
(3.44)

Proof. First we consider the part F := gh’lAlg + % In©15. We insert the definitions
of A5 and ©15 into F7 and use the monotonicity of In to drop the velocity term. Then
we obtain

Iy l2

d l
fl A 1-a)A .
n(a 1+( a) 2) (ll +12®1+ l1 +12®2)

Now we use that In is concave and get

d d i Iy Iy Iy
Ei> -alnA l—a)lnAs+—=——InO; + ———1n0O,. 3.45
1250t 5—a)nds+ 5O 4 5 =6 (345)
Doing the same with the second part Fs:= d lnAgl +L ln®21 using that ; l e<1, we
obtain
Ey> d(l )1A+d(1 e(1- ))1A+ € l@+l( )In©
— ao)ln a))ln = n n
-2 ! 2 l1 —‘rlg ! ll —l—lz >
(3.46)
Multiplying (3.45) by € and adding (3.46), we get
d d I Iy
EEl +E2 €1IIA1 —|—*11’1A2—|— 6111@14—*111@2
which is the required inequality. 0

LEMMA 3.5.  Assume f1, fo>0. Assume the relationship between the collision frequen-
cies (2.4), the conditions for the interspecies Mazwellians (3.8)-(3.12) and the positivity
of all temperatures. Then

I/12n2/M121HM12dUdT]ll+I/217L1/M211HM21dUd’I712

§1/12n2/M11nM1dvdml+1/21n1/M21nM2dvde.

2
. - \1)711,12|2 g |
Proof. Using that In M7 =In( Aw 012 ) e 5012
2m 2 my mi my
In My, = In(—— L) ol Ingl”

a T A ©
o 21 o 21 2 2 21 22217
mo mo m2
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2 2
_ . .
In M}, =1In( kg L )— lo—usl” ln(_’jl , k=1,2, we compute the integrals and
271'A—k 27r®—k k 2mk ka
™y ™ k k

obtain that the required inequalities are equivalent to
ny 1
eln( y] - )+
[opdiz /90, O12 /92 A21 /2 @21
mi mi mg
nq 1
<eln( | )+
,/QWQ ,/277& ,/ A2 \/ 2T @2
mq mi mo mo

This inequality is true since after a brief manipulation of the inequality it is equivalent
to Lemma 3.4. 0

THEOREM 3.5 (H-theorem for mixture).  Assume f1,fo>0. Assume vi1ng >viang,
VooNg > Vo1, a,07# 1,l1,lo #0. Assume the relationship between the collision frequen-
cies (2.4), the conditions for the interspecies Mazwellians (3.8)-(3.12) and the positivity
of all temperatures, then

2
Z kank/ Gr — fr.)In frdvdn,, +kank/(Gk —Gi) InGhdvdn, |
=1

+V11n1/(é17@1)hlald1}dﬂll +V22n2/(627@2)111@2d1}d77[2

+V12n2/(M12—fl)lnf1dvd7711 +1/21n1/(M21—fz)lﬂfzdvdﬂ12 <0,

with equality if and only if fi and fo are in local equilibrium (see Definition 3.1).

REMARK 3.7. The inequality in the H-Theorem is still true if {; =0 or I =0 which
means that one species is monoatomic. In this case only the equalities with ©; and O,
respectively in the local equilibrium, vanish.

Proof.  The fact that vy [(Gr — frx)In frdvdn, +ukknkf((~¥k — @k)lnékdvdmk <
0,k=1,2 is shown in Lemma 3.3. In both cases we have equality if and only if f; =G,
with A1 :@1 ZTlt:Tlr and fg :GQ with Agz@g =T2t:T2T
Let us define

S(f17f2) =r11na /(él —él)lnéldvdml —|—1/22n2/(é2 —GQ)IHGQd’Ude
+V12n2/(M12 — fi)In fidvdm, +va1ny /(M21 — f2)In fadvdn,,.
The task is to prove that S(f1,f2) <0. Since the function H(z)=xzlnx —z is strictly
convex for x>0, we have H'(f)(g— f) < H(g) — H(f) with equality if and only if g= f.
So
(9=f)Inf<glng—finf+f—g. (3.47)
Consider now S(f1, f2) and apply the inequality (3.47) to each of the terms in S.

ng/unl[/éllnéldvdml —/éllnéldvdnll+/§1dvdnll—/éldvdml]

+V12n2[/M121HM12dUd7711 —/flllflf16h)d77l1 +/f1dv77—/M12dvdml]
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—|—l/21’/l1 [/MgllnMgld’L}dﬁlz —/f2111f2d11d77[2 +/f2dUd77—/M21dUd7712]
+V22n2[/éghlégdvd7712 f/agln(?dedeJr/édede f/ézdvdnb],
with equality if and only if fi = Mo, fo= Moy, C:‘l :@1 and 62 :@2. Combining this
with the condition for equality of the single collision term f; =Gy with A; =0, =T =TT
and fo =Gy with Ay =0, =TI =T}, we get that we have equality if and only if we are

in local equilibrium (see Definition 3.1). Since éhél, f1 and M7, have the same density
and Ga,G2,Ms1 and f5 have the same density, too, the right-hand side reduces to

Sgyllnl[/éllnéldvdml —/@ﬂnéldvdml]
—|—1/12712[/Mlglangdvalm1 —/fllnfldvdml]
—|—y21n1[/M211nM21dvdmZ—/lenfgdvdmz]

+V22n2[/églnégdvd’l7[2 —/églnégdvdmz].

According to the second part of Lemma 3.2, we obtain

Sgynnl[/é’llnéldvdml —/GllnGldvdml]
+1/12n2[/M121nM12dvdml 7/f11nf1d1)d7711]
+V21TL1[/M2111’1M21d'Ud7712—/lenfgd’l)dnlz]

+V22n2[/621n62d1}dm2 —/GglﬂngUd?’]l2].

According to Lemma 3.5, the last part of Lemma 3.2 and the assumption that vggng >
vging, k,j=1,2,k#j, we get

Sgyllnl[/éllnéldvdml */GllnGldvde
+V12n2[/G11nG1dvdml —/fllnfldvdml}
+vo1n [/Gglnngude —/fglnfgdvdm,z}
+u22n2[/é21né2dvdmz —/Gglnngvdmz]

§y12n2[/élln§1dvdml —/f11nf1dvd77l1]

+ o1 / GaInGaduvdn, — / FoIn fodvdny,).

which leads to S <0 using the first part of Lemma 3.2 and Remark 3.6. 0
Using the Definition (3.43), we can compute

(?tH(fl,fg)—&—Vm-/(fl In f1 +2z1@11n@1)vdvdml
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+Vx~/(f21nf2 +225GoInGo)vdvdny, = S(f1, f2)+R(f1, f2),

by multiplying the BGK equation for species 1 by Inf;, the BGK equation for the
species 2 by In fo, Equations (3.3) by 3z;InGj and sum the integrals with respect to v
and n;, and n;,, respectively. The remaining term R(f1, f2) can be bounded by zero from
below by an explicit computation assuming that Ay and ©y are bounded from below
and above and assume that 7} > COy, for an appropriate C and zj, small enough. The
additional estimate T“’f > C@k helps to indicate how to choose the initial data of the
artificial temperature @k.

CoOROLLARY 3.1 (Entropy inequality for mixtures).  Assume fi,f2>0, Ay and Oy
are bounded from below and above and T} °" > C®Oy, for an appropriate C and z, small
enough. Assume relationship (2.4), the condztwns (3.8)-(3.12) and the positivity of all
temperatures (3.17), then we have the following entropy inequality

O (H(f1,f2))
+Vg- (/U(fl 1nf1 +3zléln§1)dvdml +/’U(f21nf2+322§21n§2)d’0dm2> <0,

with equality if and only if f1 and fa are in local equilibrium (see Definition 3.1).

REMARK 3.8. By computing the integrals
/éklnékdvdmk and /v@kln@kdvdmk for k=1,2,

we see that
a,g[/é1 InG1dvdn;, +/@21n@2dvdn12]+vz~[/val InG1dvdn;, +/véglnagdvdmz] <0,
is equivalent to
Dy (det(At™)O! +det(AL™)OR) +V,, - ((det(ALF™)O 4 det(AL™)02)uy,) <0,

so we could also consider the entropy

2
H(f1.f2)=)_ / feln fodvdi, + z1 det(ALFF™)O8 + 2o det(AL™) Ok,
=1

4. Comparison with the ES-BGK model for one species of polyatomic
molecules by Andries, Le Tallec, Perlat and Perthame

We will now consider a different ES-BGK model for a single species ES-BGK model
of polyatomic molecules. In [3], they consider a distribution function f(¢,z,v,I) depend-
ing on the position x € R3, the velocity v € R? and internal energy (1) :I%, TeRT at
time t. ¢ denotes the number of degrees of freedom in internal energy. In [3], it is
assumed that the mass of the particles is equal to 1. In the following, we assume addi-
tionally that kg =1 in this model. The mass density p and mean velocity u are defined
as in the model described in the previous subsection integrating with respect to v and
I. The energy is defined as

1 1
E(:E,t)://(§|U\Q+I%)fdvd1':§p|u\2+pe.
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The specific internal energy can be divided into

1 1
etT:f//f|v—u|2fdvdI,
P 2
1
€int = / / I3 fdvdl,

and associate with this the corresponding temperatures

3446
e=¢ey t+eint = TRTequa

3
Cir = 5 RTt’r 5

é
Cint = 5 RT‘?m‘ 5

and define Tye; =0T.qy + (1 —0)T;pni. They consider the generalized Gaussian for the
single species ES-BGK model

~ pAs 1 1 . Is
Glf)= —~(v—u) T (v—u)+
1= e gt 20 T

with the tensor 7=(1-6)((1—-v)RT;1+v0O)+0RT,4,1 where only the translational
part is replaced by a tensor. © denotes the pressure tensor, As is a constant ensuring
that the integral of G[f] with respect to v and I is equal to the density p and R is the
gas constant. The convex combination in 6 takes into account that T3, and Tj,: relax
towards the common value T,q,. In the space-homogeneous case we see that we get the
following macroscopic equations

),

atTtr = C<Ttr(1 - 9) + HTequ - Ttr) = CG(Tequ - Tt’r‘),
atT‘int = Ce(Tequ - Tint)a

with some coefficient C'. These macroscopic equations describe a relaxation of T}, and
Tine towards Tegqy.

In this paper, we took [6] as basis to extend it to mixtures. The main differences
of the model in [3] and the model in [6] are the following. The model in [3] has one
variable I € R* for all degrees of freedom in internal energy and the model in [6] has one
variable n € RM for each degree of freedom in internal energy. Moreover, the relaxation
of the translational and rotational/vibrational temperatures to a common value is done
in [3] by introducing a relaxation temperature 7., and in the model [6] it is done by
the additional relaxation Equation (3.3).

5. Applications

5.1. Chu reduction. In order to reduce the complexity of the variable for rota-
tional and vibrational energy degrees of freedom p1,....u7, we apply the Chu reduction
proposed in [9]. It is possible to apply the Chu reduction since 7y,...1m;, do not appear
in the transport operators in (3.1). We consider the system of equations

O fr+v-Vufi=v11n1(G1— f1) +riene (M2 — f1),

Orfa+v-Vy fa=van(Ge — f2) +va1n1 (Mar — fo). (5.1)
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Now, consider the reduced functions

glz/fldnlu 92:/f2d7712~

Then they satisfy the equations

891 +v-Vaogi =111 (G1— g1) +viana(Miz — g1),
Otg2+v-Vago = 1/22112(52 —g2) +vo1ni (Mo —g2),

where él,éQ,M12 and Mgl are given by

é1=/G1d77117 ]\712=/M12d7711

GQZ/szmQ, Mle/Mmdmz-

It is possible to compute the densities

n1=//f1dmldv:/91d%
ﬂzi//fzdmzdvz g2dv,

/
ulz//vfldmldv:/vgldv,
/

uQ://vfgdedv: vgadv,
the temperatures

1 1
A1:*//|U—U1|2f1d7711d7):*/‘”_“1‘291%’
ni ni

1
Ao = —/|U—u2\292dv,
T2

1 1
61:7//|77l1|2f1d7711d1}:7/|77l1|2h1dv
ni ni

1
Oy =— / |70, | hadv,
ns

the velocities

if we define the reduced functions
h1:/|7711|2f1d7711a h2:/\7712\2f2d7712a
which solve the equations

Och1+v-Vzhy :1/11711(51 *h1)+V12ﬂ2(M12*h1),

Orhy 40V phg = vagng(Ga — hy) +V21ﬂ1(]\721 —ha),

169
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where 61,62,1\712 and ]T/fgl are given by

61:/|7711‘2G1d77l1, M12:/|77l1|2M12d77’

62=/|7712|2G2d77127 leZ/\mz\QM?ldnlz-

If we compute ék, Mlg, M21, ék, Mlg, ]T/.fm for k=1,2, we get

~ Nk _
Gila,,t) = e exp(—mi (v — i) - (AF*) 7 (v —ur)), k=12,
det(2m—£—)
my
— ny |’U—U12|2
Mis(z,v,t)= exp(— ),
i 28 (5.4)
mi
— %) |'U—'LL21|2
Moy (z,v,t) = dexp(— Aoy )s
o At 2
mo
= n _
Gk(x,v,t):ﬁexp(—mk(v—uk)-(AkES) L(v—ug))Or, k=1,2,
det(2m—=—)
my
—~ ny ‘U*U12|
Mo (z,0,t) = = exp( i )O12, (5.5)
o Az my '
my
—~ no "U—’U,21|2
Moy (z,v0,t) = 76Xp(— 75, )01,
ozl 27"2
ma

We are able to compute all the six Maxwell distributions because we can compute all
moments by the previous computation.

5.2. A mixture consisting of a mono and a diatomic gas. We consider
now the special case of two species, one species is monoatomic and has only translational
degrees of freedom [; =0, the other one is diatomic and has in addition two rotational
degrees of freedom ls =2 and both have the number of degrees of freedom in translations
given by d with d€N. In this case the total number of rotational degrees of freedom
is M =11+15=2 since in sum we have two possible rotations. Our variables for the

rotational energy degrees of freedom are n€R?, n, = <8 , M, =1, since 7, coincides

with 7 in the components corresponding to the rotational degrees of freedom of species
k and is zero in the other components. So our distribution function f (z,v,t) of species
1 depends on z,v, and ¢ and our distribution function fy(z,v,n,t) of species 2 depends
on z,v,n and t. The moments of f; are given by

1 ni
v . ni1uy
/ A(v) o ? do= | it (5.6)
my(v—u(2,t))® (v—uy(z,t)) Py,
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and the moments of species 2 are given by

1 no
v noU2
n 0
/fg(v,n) malv— g2 dvdn =: dnoTt | (5.7)
m2\77|2 ZQnQTI:;
ma(v—us(z,t)) ® (v—wuz(x,t)) P,

The third equality is an assumption. We could also consider a general 7. Our model
reduces to

O fr+ V- (vfi)=v11n1(G1(f1) — f1) +viene(Maz(f1, f2) — f1),
Orf2+ V- (vfa) =v22n2(Ga(f2) — fo) +va1ni (M1 (f1, f2) — f2),

with the modified Maxwellians

n Bs\ !
G1(f1)(x,v,t):71mexp (—;(’U—Iﬂ)' </7\7'1L> '(U_u1)> )
det(2r 1) !

2

AEs\ ! 1 ma|n|?
2(f2)(x,v,m,t) \/r ( NCE “2)'<m2> (v—uz)— 2 0, |’

2
niz v—ui2
Mz (z,v,t)= - €xp (— | | ) ,

Ao
,/QW% 2m1
7\vfu21|27 |n[?
Aoy 921 |’
V2 A21 V2 ?f; e s

(5.8)

(5.9)

Mo (z,v,m,t) =

where

P,
APS =(1—m)Ti1 nJFHl*

ni

ten

AES (1— ug)Agln‘FlM

N2

with ui €R, k=1,2. For A¥" we use the additional relaxation equation

~ ~  Uypong d+2
0,Go+v-V,;Gy= 22222 7 (Gy — Ga) +va9na(Ga — fo) +varni (Mag — fo),  (5.10)
Here @2 is given by
N 1 Aten -1 2
GQZTLQMCXP<—2(U—U2)'< 2 > (U_U2)—7TL22{Z|ZZ.| >’ I{J:l,2
det(271'AWzL2 ) 2 2
(5.11)
and C~;72 is given by
~ n 1 1 Tgen\ ! 1 ma|n|?
G2: - Tten 2€Xp<_2(v_UZ)'< . ) .(’U—uz)_i C2Z—|‘77| )’
det(2r2—) ,/or L2 2 2
m2 ma
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ten

where the components of 75" are defined in the following way.

d 2
Ty =Ty = ——Ag+——0 for i=1,...d,
(T5°") 2509 2+d—|—2 2 or ¢
d (5.13)
(Tgen)ij:m(PQ)ij for i,j=1,...d,i#],
We couple this with conservation of internal energy of species 2
d d l l
577,2]\2 = §n2T2t + 5277,2T2T — 52712@2. (514)

If we multiply (5.10) by |n|? and integrate with respect to v and 7, this leads to the
following macroscopic equation

OuNE™) + 1z Vo (A"

voong d+2 , on on r
- 22222 (T3 = AZ™) +vaana (A5 —Po) 1511 (O12 — T). (5.15)

If we assume that

nig=n; and ng; =ng,
U12:5U1+(1—5)UQ, 6€R,

and
Ao =aT{+(1—a)Ay+ylu; —uz|?, 0<a<1,y>0, (5.16)
we have conservation of mass, total momentum and total energy provided that

m
u21 ZUQ—mflf(l—(S)(UQ—ul), (517)

A21+%@21 = [;gml(l —9) (nmte(é 1)+6+ 1) 57] |ug —us|?
+s(1—a)Tf+(175(1—a))A2+%@2. (5.18)
We take into account the symmetry of the temperatures and choose
Aoy=e(1—a)A1+(1—e(l—a))As
+ [;eml(l—& (nmte(é—l)—l-é—&— 1) —5'7] luy —ug|?, (5.19)

©91=6. (5.20)
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