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BOUNDARY LAYER ANALYSIS FOR
THE FAST HORIZONTAL ROTATING FLUIDS*

WEI-XI LI, VAN-SANG NGO?¥, AND CHAO-JIANG XU$

Abstract. It is well known that, for fast rotating fluids with the axis of rotation being perpen-
dicular to the boundary, the boundary layer is of Ekman-type, described by a linear ODE system. In
this paper we consider fast rotating fluids, with the axis of rotation being parallel to the boundary.
We show that, for certain initial data with special asymptotic expansion, the corresponding boundary
layer is described by a nonlinear, degenerated PDE system which is similar to the 2D Prandtl system.
Finally, we prove the well-posedness of the governing system of the boundary layer in the space of
analytic functions with respect to tangential variable.
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1. Introduction
The incompressible Navier-Stokes equation coupled with a large Coriolis term reads

X €
Ou® —vAuf +ut-Vut + % +Vp® =0,

div u® =0,

u6|t=0 :’LLS,

with Dirichlet boundary condition, where ®Z*= stands for the Coriolis force and w is
the rotation vector, e ! the rescaled speed of rotation, v the viscosity coefficient. The
above system is sufficient to describe the rotating fluids which is a significant part of
geophysics. Due to the earth’s self-rotation, we cannot neglect the Coriolis force in
order to model the oceanography and meteorology dealing with large-scale magnitude.
When the fluid is between a strip and the direction of rotation is not parallel to the
boundary, we have the well-developed Ekman layers to match the interior flow with
Dirichlet boundary condition, cf. [6,7,17,26] and the references therein. The situation
will be more complicated when the direction of rotation is parallel to the boundary,
considering cylinder for instance and letting the fluid rotate around the vertical axis.
Then we will have two types of boundaries, the perpendicular (with respect to the
rotation axis, also called horizontal as in [7]) boundary layer which is Ekman layer and
the parallel (also called vertical as in [7]) boundary layers for which much less is known,
despite various studies [7,35,38]. We refer to [7] for detailed discussions on the problem
of parallel (or vertical) boundary layers.

In this paper, we study the parallel boundary layers for the fast rotating viscous
fluids with a certain class of well chosen initial data. We want to show the similarity
of the governing equations for the parallel boundary layers, comparing to the classical
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two-dimensional Prandtl boundary layer system, and we prove the well-posedness of
these parallel boundary layers in the space of analytic functions. As mentioned in [7,34]
and [2], in the case where both parallel and perpendicular boundary layers exist, we have
to take into account the interactions of these layers and also the effect of the domain’s
corners. Here, as a preliminary step we first consider the half-space case R =R? x R,
The reason is to isolate the effect of the parallel boundary layers, since in this case, the
Ekman perpendicular boundary layers do not exist. In the more complicate case, the
interactions between parallel layers and Ekman layers will be studied in a forthcoming
work. More precisely, we consider the following system

g
8tu5—VAu5+u5-Vu5+w+Vp5:O in RZ xR, ,Vt>0
€
div u =0 in RZ xR, ,Vt>0 (N-S.)
U | pg=0=0 on R?
U |tm0 = ug, in RZ xRy,

where eo =(0,1,0) is the unit horizontal vector, v > 0 the coefficient of viscosity of fluids
and € the Rossby number. We suppose the initial data admit the asymptotic expansion.

1
il 1 ; z
ug(z1,x2,23) = g e {ué”(xl,xg,xg)wLug;’J <x1,x2,\/‘°’g>} + Ri(e),
=0

) (1.1)
i ; ; T
po(r1,22,73) = Z e {pé’](JChIQ,IS)JFP(?’] (1’1,902,\/35” + Ra(e),
j=—2

Ij
where uy”

case when

, uég J , pé’j , p(]f 7 will be determined later. In this paper we only consider the

Ri(e)=0(e%), j=1.2. (1.2)

So we impose a jump from the order 2 to 2 in the above asymptotic expansion. Note
that these initial data are quite special and they do not contain the orders ! and 5.
For example, we can consider such initial data that the remainder terms R;(e) and
Rs(e) in (1.1) vanish. For this class of initial data, we will explain in Section 2 how
to close the limiting system as £ goes to zero, which enables the study of the parallel
boundary layers.

These equations describe the evolution of an incompressible three-dimensional vis-
cous fluid in a fast rotating frame of angular velocity e~!. According to the Taylor-
Proudman theorem [37], the fast rotation penalizes the movement of the fluid in the
direction of the rotation axis. As a consequence, the fluid has tendency to move in
columns, parallel to the rotation axis, which are widely known as the Taylor columns.
This phenomenon is well-known in oceanography and meteorology, which is observed in
many large-scale atmospheric and oceanic flows. From a mathematical point of view,
when ¢ goes to zero, the rotation term % becomes large and can only be balanced by
the pressure. This means that, if u is the (formal) limit of u¢, as € — 0, then es X u needs
to be a gradient term, which implies that u is independent of 25 (more explanations will
be found in Section 2). In this paper, we will only consider the case where the initial
data are well prepared, i.e. u§ do not depend on zs.

When there is no Coriolis force, the zero-viscosity limit for the Navier-Stokes equa-
tions for incompressible fluids in a domain with boundary, with non-slip boundary
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conditions, is a challenging problem due to the formation of a boundary layer which is
governed by the Prandtl equations ( [31]). The mathematical analysis theory of Prandtl
equation is also a challenging problem, see [1,10,11,14,28] and references therein. Far
from the boundary, the inviscid limit problem was treated by several authors; we can
refer, for instance, to Swann [36] and Kato [22]. In another work, Kato [21] gives
some equivalent formulations of this problem in the case of bounded domains, showing
that the convergence to the Euler system is equivalent to the fact that the L? strength
of the boundary layer goes to 0. Caflisch & Sammartino [33] solved the problem for
analytic solutions on a half-space by solving the Prandtl equations via abstract Cauchy-
Kowaleskaya theorem. We also refer to [15,18,25] and the references therein for the
recent progress on the inviscid limit of the Navier-Stokes equations when the initial
vorticity is located away from the boundary. On the other hand, another commonly
used boundary conditions are Navier-type slip boundary conditions, in which case the
vanishing viscosity limit is rigorously justified; cf. [24,39-41] and references therein.

We want to say a few words to compare the system (N-S.) with the case where
the rotation axis is perpendicular to the boundary (the rotation axis is in the direction
of e3=1(0,0,1) instead of e3). If the domain considered is between two parallel plates
(T? x [0,1] or R? x [0,1]), it was proved in Grenier & Masmoudi [17], Masmoudi [26,27]
and Chemin et al. [6] that for the rotating fluids with anisotropic viscosity —vAj —e9? 5
all the weak solutions of Navier-Stokes equation converge to the solution of the 2D Euler
or 2D Navier-Stokes system (with damping term - effect of the Ekman pumping). The
vertical rotation and the specific form of the domain (between two parallel plates) permit
to explicitly construct the boundary layer velocity term from the interior velocity term
(which satisfies a 2D damped Euler system), without using the Prandtl equations. The
case of fast rotating fluids around e3 in the cylinder Q x [0,1] was studied by Bresch et
al. in [2] where Q is a bounded domain of R?. To avoid parallel boundary layers near
08 x [0,1], the authors considered anisotropic viscosity, where the horizontal viscosity is
supposed to be fixed. Thus, the main difficulty in [2] is to construct “corrector” layers
near the domain’s corners 92 x {0} and 92 x {1}. We also want to mention the work
of Dalibard and Gérard-Varet [9] in the case of fast rotating fluids on a rough domain
with non-slip boundary conditions. The boundary layer is also proved to be of size ¢
(contrary to the case of Prandtl equations where the boundary layer is of size \/g). We
also refer to a series of work for the rotating fluids with anisotopic viscosity (see for
example [4,5,12,13,16,20,29,30]).

We want to emphasize that the formation of the boundary layers in the case where
the rotation axis is perpendicular to the boundary is due to the incompatibility of the
Dirichlet boundary conditions with the columnar movement of the limit fluid (as € = 0).
Indeed, as the rotation axis is eg, the limiting velocity of the fluid is independent of x3,
and so, the Dirichlet boundary conditions imply that the limit velocity should be zero.
This incompatibility leads to the fact that a thin layer (Ekman’s layer) is formed near
the boundary, and the fluid’s evolution is violent in this small scale zone, in a way that
stops the fluid on the boundary.

In the case of horizontal rotation axis (in the direction of es), the incompatibility
of boundary conditions will be more complicated, because of the fact that the limit
velocity is independent of x5 instead of x3. In Section 2, we prove that the limit system
is a 2D Euler-like system. This means that we are no longer in the case considered by
Ekman. The techniques of [17] and [6] do not work and we can not explicitly calculate
the boundary layer. The fast rotation only penalizes the fluid motion in the x5 direction,
and leads to a problem very close to the inviscid limit of two-dimensional Navier-Stokes
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system. It is then relevant to look for a boundary layer of size /¢ and we will show
in Section 2 that in this boundary layer of size /g, the fluid velocity actually satisfies
a two-dimensional Prandtl-like system. Finally, we remark that in this paper, we only
consider the case where v =¢. Indeed, as explained in [17] and also in [7], if the ratio v/e
goes to infinity, the fluid rapidly stops after a few evolutions. It is then more interesting
to consider the case where v <e, which moreover better fits physical observations.

In this work, we study the formation of the boundary layer when v=¢c—0. We
suppose the existence of a boundary layer of size /¢ near the boundary {z3 =0} of Ri.
Our goal is to derive the limit equation and the boundary layer equation by using a
formal asymptotic expansion in the Section 2. We refer to the book of Pedlovsky [32]
for more detail about this formal expansion. Let us recall that in this paper, we only
consider a class of initial data in the form (1.1) with the assumption (1.2). Then, by
continuity in short time, we suppose that the solution of (N-S.) also accepts the same
asymptotic expansion

1
u€<t,$1,$2,I3):ZE% |:ulvj(t7x1,.’1,‘2,$3)+u37j (t T1,To, —= 3 )} +C’)( ) (1.3)
=0 Ve
1 .
p°(t,z1,%2,73) = Z £3 |:pI’j(t,-T1>x27x3)+pB (t 1,29, j})} —|—(’)( ) (1.4)
j=—2

where uP (t,21,29,y) and pP7(t,z1,22,y) exponentially go to zero as ydﬁf%—w—oo.

Remark that, similar to the initial data, we have a jump from the order % to £2. This
assumption is very important for our study in order to close the limiting system. We
emphasize that we only study the short-time existence of the boundary layer systems,
so this hypothesis about the asymptotic expansion is reasonable with respect to the
initial data of the form (1.1) with the condition (1.2). If we do not have this hypothesis
and the expansion is continuous with all the orders from £ to €2, the problem will be
much more involved and we cannot obtain a closed limiting system. For more details,
we refer to Remarks 2.2, 2.3 and 2.5.

Throughout this paper, we will always use 9, 0; (or 9y,), ¢=1,2,3, and 9, to
respectively denote the derivatives with respect to the time variable ¢, the space variables
z;, 1=1,2,3, and the boundary layer variable y=“%. Using the same approach as in
the case of 2D Prandtl equations, we present the new unknown functions

Ut =0 +ul =12
(1.5)
Ut =l +u3 —|—y83u

where ul-* pl'k k=0,1 are the values on the boundary of the tangential velocity and
pressure of the outflow satisfying the Bernoulli-type law

atu +uy’ Oalul —|—81pI 0=0
atu +uy’ 081u + O09p!0=0

atu +uy’ 061 Uz’ +U3 183u +33p1 1=0

which is the restriction of the Euler system and linearized Euler system on the bound-
ary 3 =0, so that they depend only on the variables (t,z1). In Section 2, using the
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asymptotic expansions (1.3) and (1.4), we can deduce that the behavior of the fluid near
the boundary is governed by the following 2D Prandtl-like system

atul ,0 _aiul ,0 +ul 70811/[{7;0 +u3 ,1ayu{1;0 +81pB,0 +81p170 — 0’
QUL — D2ULT UL UL + UL O, UL+ DpT T+ yd3pl0 =0,

UM’ +a,Ub =0,

. (P1)
u{)70|y=0 =0, ygr—ir-loouf70(tvxlvy) :u{,07

1 . p1 71
Ul |,—0=0 lim UP*(t,z =uy
3 |y70 ) y—r+o00 3 (7 17y) 3

,0 )1 ,0 )1
(Uf ,Ug i=0= (uf,o 7”5,0 )s

with the unknown functions (Z/ll ’O,Z/I?f7 ’1,pB’O), and the horizontal second component

satisfies a parabolic-type equation

UL — UL + U 00 UL +UE O, UL =0

0 . 9,0 7.0
Ur®l,—o=0 lim UP"(t,z =uy
2 |y 0 5 yrtoo 2 (7 lay) 2

UL |0 =ULY.
Here the Taylor columns are represented by the condition
DUP? = DU = DoUP " = 0.

Let us make a few remarks concerning our model. At the first sight, one can say
that (P1) is very similar to the 2D Prandtl system, i.e. as the Prandtl equation, the first
equation in (P1) admits the same degeneracy in x; coupled with the nonlocal property
arising from the term ugj’layufv“. One can also say that the second equation of (P1) is
redundant since we can obtain U} ! from uy 0 using the incompressibility condition given
in the third equation of (P1). That is not really true because the system (P1) is really
a system of 3 equations with both the velocity (U°,U2") and the boundary pressure
pB0 to be determined. This unknown pressure p?-¥ is the crucial difference between
Prandtl equation and the first equation in (P1). We recall that the pressure term in
Prandtl equation comes from outflow and can be defined by the Bernoulli law, so that
the pressure therein is a given function and Prandtl equation is a kind of degenerate
parabolic equation. But here the situation is quite complicated since the unknown
pressure p?¥ in (P1) arises because of the fast rotation parallel to the boundary, and
cannot be defined by the Bernoulli law. Thus, the classical theory for Prandtl equation is
not directly applicable to our case and we cannot follow the same strategy as in Prandtl
equation to treat the the first equation in (P1). In order to overcome this difficulty, the
idea is to invert the method used to solve the Prandtl system: we first solve the second
equation to find U&"' and then, we can obtain U using the divergence-free condition
(see Section 3 for details) and directly calculate the unknown pressure term d;p?° using
the first equation of (P1). Finally we mention that the mathematical justification of the
inviscid limit for solutions to (N-S.), is also complicated as classical Prandtl boundary
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layer theory. We only concentrate in this work on the well-posedness of boundary layer
and will investigate this inviscid limit problem in the future work.

We remark that there is no coupling between (U] ’072/13’1) and L{g’o and so, we can
separately solve the systems (P1) and (P2). Using the definition (1.5), our strategy can
be expressed in the following steps:

(1) Find u!? by solving the limiting system (1.6) (of order £°), which is a 2D Euler
system, with three components.

(2) Find uf"! by solving the second equation of (P1) (see Sections 3 and 4).

(3) The value of uB ! on the boundary allows to determine the boundary condition of
the limiting system 1.7 (of order £2), which is a 2D linearized Euler system, with
three components.

(4) The first three steps give UL ! and so using the incompressibility condition, we can
determine Up " and then calculate p®

(5) Solve the system (P2) to find U2

In Section 2, we will prove that the limiting velocity of the outer flow satisfies the
following 2D Euler-type system with three components, which is,

ﬁtu +uy’ 081u +u3 83u +81p1’0:0

9 1,0 1,0 _

tu 04l 81u +ug 8u =0

Oyug® +up*Ouy® +ug*05ug® +05p" 0 =0
(')gu{’ozagué’ozagué’ozagpl’o:0 (16)
81’11 +83u ZO

u§70|$3:0 =0

u1’0|t:0 zué’o(xl,xg).

In the system (1.6), the components (u! QO, p!0) satisfy exactly a 2D incompressible

Euler system on the half-plane, so that the existence and regularity in Gevery class of
local-in-time solution is well known, (see Vicol [23] and references therein), but in the
study of boundary layer equation, we need some weighted analytic function spaces on
the tangential variables, as in Definition 1.1, and we cite in particular the results of [8].

The second step is much more difficult, which consists in the construction of bound-
ary velocity u3B’1 - the main result of this paper. By simplification, using the equations
satisfied by u/0 and u!"!, we can deduce from (P1) that u"! is solution of the system
(see Section 3 for more details)

(at 02+ 0gul® a) +( 0 p ol )alu
+( Y ud >8yu +83u10 24 <781F+y816‘3u§’>u{30 0,

B,0 B,1
Ovuy " +0yuy " =0,

udy—o=ust, lim ud'=0
3 ly=0=Uz , MM Us )

1 B,1
i |t:0—U3 5
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Note that at this step, we do not know anything about u/!. This means that the

boundary condition u3 |y 0= u3 ! has no sense and we need to replace this by another
boundary condition to complete the above system. Remark that the incompressibility

. . Bl B
condition gives Oyus ' =—01u; ¥ then on the boundary, we have
1,0
au |y 0——8111,1 |:v3 0—u1 .

The system for u3 ! becomes

((% 3 +83u yO0 ) ( Ol )61u (uf’l—uf’l(t,xl, ))8 uB !
+ 03 uIO B s (Bluf’l(t,m,O)—&-yalagué’ ) 190—0,
aluf’%a ut =0,
10 g B,1
Ayus | y—o=ub 7yll>r—ir-loou3 =0,

1 B,1
u3 " |t=0 =uzpg -

This system will be studied in Sections 3 and 4.

The third step consists in the study of the following linearized Euler system, which
describes the evolution of the fluids in the interior part of the domain, far from the
boundary, at the order /e.

8tu +uy’ Oalu +ug’ Oagu +u1 lalu +ug’ 183u —|—81p1’1 =0

8tu +uy’ Oaw +uy’ Oagu +u1 181u +ugy 119, u °=0

(“)tué’l +u{’031u§’1 —l—ué’oagué’l —&—u{’l(’?lu +ug 153u +83p1’1 =0

Doub! = dpubt =yudt =8,pTt =0 (1.7)
81u +53u =0

ué)l |13:0 = _u?)B71(t7$170)

ul! lt=0 :ué’l(xl,xg).

We remark that the compatibility conditions ask
I,1 B,1
uz’o(21,0) = —ugzy (21,0).

It is exactly the non-slip condition of (N-S.) at order 1. Because of its linearity, treating
the system (1.7) is still much easier than treating the system (1.6), even with the
presence of the given boundary function u‘3 (t z1,0). So, to prove Theorem 2.2, we can
simply follow the lines of the proof of Theorem 2.1 as in [§].

Finally, the fourth and fifth steps of our study will be expressed at the end of Section
2 and at Section 5

To resume, we prove the well-posedness results on (P1) and (P2) in the following
weighted analytic function spaces in tangential variables.
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DEFINITION 1.1.  Let %<€§ 1 be given throughout the paper. We denote by A, the

space of analytic functions with analytic radius >0, which consists of all functions
feL?(R2) such that

HfHATdZ Sup IO{|' H 8?fHL2(Ri) < 400.

DEFINITION 1.2.  Let 1/2<{£<1 be given. With each pair (p,a) with p>0 and a>0
we associate a space X, o of all functions u(z1,y) € H*(R,,; H?(Ry)) such that

2
Z:z || (z1) ) oy amaﬂu||L2(R2 + Z [ ] ||(x1>€6ay23{”8§u||iQ(Ri)<+oo,
0'”<'7f]<1 O<j<1

where we use the convention 0!=1. We endow X, , with the norm

2
ulk, . = 2 I (1) e amaau”m(IRz + Z [ } ||<x1>eeayza;na;u||;mi).
on<lj<1 05]_1

Here, we want to make a few comments about the X, ,, which will be used to
overcome the technical difficulties in order to obtain the uniform energy estimates for
our model. Unlike the 2D Prandtl equations, in our model, we have to deal with terms
that are linear in the normal variable y. To be able to balance this linear growth in
y, we consider data that decay in y with a speed of e=¥’. We remark that this kind
of data is relevant for general boundary theories as mentioned in the work of Oleinik
and Samokhin [31]. Another difficulty comes from the loss of one derivative in z; and
the nonlocal character of the term L{f9 ’0611/13})3 ! which is very similar the 2D Prandtl
equations. This difficulty logically leads to the consideration of an analytic norm with
a certain weight in x1, since we do not require the monotonicity of the data.

Our novelty in using this technique relies in the fact that the analytic bandwidth
p and the auxiliary parameter a are time-depending functions that will be precisely
controlled. The idea comes from the fact that if we differentiate, with respect to the
time variable, a function of the type p(t) ey ®(t), we will obtain two additional “good
terms”, provided that p(t) and a(t) are well chosen. More precisely, we have

% (P07 B(1)) = p' (1) ¥ D (1) +a' (1) y2p(1) " D (1) + p(1) "DV ' (1),

We remark that this technique was already used in the article of Chemin [3], where
the author provides a new type of global existence result for Navier-Stokes equations in
some new classes of data. Then, if we choose a’(t) <0 and p/(t) <0, in our energy-type
estimates, these two additional terms provide some “smoothing effects”, allowing one
to absorb the linearly growing term (in y) and on another hand, adapt the abstract
Cauchy-Kowalewski theorem to our system. For more details, we send the reader to
Sections 3 and Section 4.
The well-posedness of the system (P1) can be stated as follows.

THEOREM 1.1. Suppose that the initial data

U30 —U30 +“30"’?/831& ’

3,0
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in (P1) satisfies that

B,1 I1 10
U3y € Xpoaos  Uslgs U)o € Arg

for some ag >0, po>0 and 79 >0 and
0 o Ba 7.0
Z/{{):O (z1,y)= —/ Oyugz  (2,9)dz+uyg(z1).
—oo

Then there exist T >0, 7>0 and a pair (p,a) with p,a>0, such that the system (P1)
admits a unique solution (Uf’o,lxlg’l,@lpB’o), and moreover

1 B1, TI1 7.0
UY" =ug” +uy” +ydsus

X1 R
Ui ’O(t7x1,y):—/ @uf’l(t,z,y)dz-i—u{’o(twl),
—00

with uf' € L= ([0,T); X,.4) and uy®ub® ubt € L ((0,T); A,).

REMARK 1.1. Here we consider the well prepared initial data, that is the initial data
are independent of x5.

Let uf’o,u?, ! be the solutions to the system (P1) given by the theorem above. Then,
(P2) is just a linear parabolic equation, and we have the following theorem concerned
with its well-posedness.

THEOREM 1.2. Let po >0, ag >0, 70 >0 be given. For any initial data
0_ B0, 1.0
U5y =1y +uyg

where ufbo €eX, and uég €Ay, there exist T >0, 0<7 <71 and 0 <a<ag, such that

0,00

the Equation (P2) admits a unique solution L{2’0 satisfying L{Q’O :u§’°+u§>° with
uy € L ([0,T], X poa), uy®€L®([0,T],A,).

By the two above theorems, we obtain the well-posedness for the boundary layer equa-
tion of the system (N-S.) in the frame of analytic space in tangential variables.

The paper is organized as follows. In Section 2, we formally derive the governing
equations of the outer flow inside the domain and the systems (P1) and (P2) which
describe the fluid motion inside the boundary layer. The Sections 3-4 are devoted to
proving the well-posedness of the system (P1). Finally, we give some brief ideas of the
proof of Theorem 1.2 for the well-posedness of Equation (P2) in the Section 5.

2. Formal asymptotic expansion

First of all, we want to give a few words to explain our special choice of the order
of the expansions of the velocity and the pressure. Indeed, we remark that as for the
formulation of Prandtl boundary layer equations, we are only interested in the leading
orders which are necessary to allow us to formally obtain the governing equations of the
evolution of the boundary layer. By using the asymptotic expansions (1.3) and (1.4),
we have the following asymptotic identities for the leading terms up to order ¢!/2 and
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all the remaining terms are of higher order in e.

1 .
Ot = et (0" + 0T 10 ()

=0

1 .
—eAu’ = —8§uB’O - E%BEUB’I — ZeH% (Aul’j + AhuB’j) +0 (52)

Jj=0

=0 k=0

1 ) J 1 ) J
uE~VuE:Z<€% { (ukaruék) 3yuB’j_k +Z€% [Z (uf’kwLqu’k) ~thB’j_k}
j=0 k=0
1T
ISP CRE i R

+0(e)

<
Il
j=}
S
Il
o

. o alpB’J: . 81pB’1 L ‘
Vp*=e 2 + Z e’ ngB"] +e2 [ OopPt | + Z e2VpI 4+ O(e).
o™ ) a=m2 \gyp”T 0

T (2.1)

2.1. Formal derivation of the fluid behavior far from the boundary. We
put all the asymptotic identities (2.1) into the system (N-S.) and we deduce that

1 1 ) 1 g

2z ; 2 1 2
E €2<9tumf§ 51+2Au1’3+§ g2
Jj=0 Jj=0

wlk g lik
0

=0 k=
1 ué’j 1
Y 0 4 Y EM=06). (22
— I1,j .
Jj=0 —Up Jj==2
Taking the limit y= % — 400 (¢ —0), the divergence-free property writes
div ul’ =0,  Vj>0. (2.3)
At the leading term of ¢! in (2.2), we simply have
ué"o 31pl’72
0 |+ [0ph2]=0. (2.4)
—u{’o dspl—2
Then, classical calculations (see Grenier-Masmoudi [17] or Chemin et al. [7]) give
Bop’ 2 = qul® = Byul® = Byud® =0. (2.5)
At the order £~ /2 in (2.2), we have
ué:l 81p1’71
0 + 82}71’_1 =0,

(2.6)
_u{,l 83]7[’_1
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which imply
Bop’ ™t = Dqul! = Bpuyt = Bpud !t =0. (2.7)
REMARK 2.1.  Identities (2.5) and (2.7) mean that the limit behaviour of the outer
flow is two-dimensional, as predicts the Taylor-Proudman theorem.

At the order £° in (2.2), taking into account (2.5) and the divergence-free condition
(2.3), we obtain

8tu +uy’ 081u +uy Oagu +01pP0=0
6tu +uy’ 081u +uy Oagu +8,p" =0
6tu +uy’ Log, u +u3 05‘3u 04 85p" 0 =0 (2.8)

1,0
(9211417 :82u (92 =

8111,{’0 + 83u§’0 =0
Now, by applying 9> to the second equation of the system (2.8), we obtain

82 1,0 __

which means that there exist g;(x1,23) and ga(z1,23) such that

p'0 =x201+ ga.

Now, differentiating the first and third equations of (2.8) with respect to xa, we obtain
8191 28391 =0.

By taking |z| — +oc0 in the second equation of (2.8), we conclude that g; =0. Thus,

the system (2.8) becomes the system (1.6), which is the following 2D Euler-type system

with three components in the half-plane and which is the formal limiting system of

(N-S.) far from the boundary as ¢ —0

atu +uy’ 08 u +u3 083u —|—61p1 V=0

9 1,0 1,0 _

sy +ul 08 ub 4 ut?dsul O =0
atu +uy’ O@w +uy’ 083u —l—@gpl’o =0
Oruy = 0ouy® = 0pui® = 95p" 0 =0

1,0 1,0
81u1 + 83’&3 =0

u§,0|w3:0 =0.

Since this system is independent of zo, for the compatibility, we need to impose the well
prepared initial data, which means that

uI’O(O7m1,x3) zu(l)’o(xl,x;g).
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The boundary condition will be discussed in (2.25).
The system (1.6) will be completed with a boundary condition for the second compo-

nent v, In fact, the trace function ul®(t,21) on the boundary {z5=0} satisfies the
following system

(9tu +uy’ 08 u 0—p

u2’ (O,xl) :ué:g(ml,O).

REMARK 2.2. We want to recall that the hypothesis of a jump from the order £z
to €2 in the asymptotic expansion (1.1) is very important at this step. Indeed, if this

hypothesis fails, then in the system (2.8) above, we have an additional term of the form
e
U3

0 . In the case of Ekman boundary layers, this term turns out to be a dissipative
—u{ 2
term, known as the so-called Ekman pumping. However, in our model, this term cannot

be determined and the system (2.8) cannot be closed.

Using Definition 1.1, we can obtain the following estimates, which are immediate conse-
quences of the definition of and Sobolev inequalities. For u{’o € L>([0,T); A;),

s
we have, for all p,q>0,

) B 1) | s, ey SN, TR 29)
Then, the equation
Aul® +uloul® +ubsul® +8,p"0 =0,
and Leibniz formula give
o) 0080808 e, e
O (12, +ad L sl + 0], ) E el (20)
The construction of the components (ui®,u? p’) is given in [8]. The construction of

uQO is standard, using the classical theory of transport equation. The wellposedness of

the system (1.6), needed in our study, is given in the following theorem

THEOREM 2.1 ( [8]). Suppose that the initial data ul® (u{ g,ug g,ué 0 in (1.6) satis-
fies
1,0 1,0
Uy 05 Ug > U3 0 € Ar,

for some 19>0, the divergence-free condition and the compatibility condition. Then
Euler-type system (1.6) admits a unique solution

(uy ub® ui®) € L ([0,T); A)

for some T'>0 and 7> 0.
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At the order ¢'/? in (2.2), using (2.7) and the divergence-free condition (2.3), we
obtain the system

8tu +uy’ 081u +ug’ 083u +u1 181u —|—u3 1(93u +31p1 1_0
Druy " +uy P Ovuy !+ Ozuy ! +uyt ug® +ug Dguy® +9pp"t =0
8tu +uy’ Oalu +ug’ Oagu +ub 181u +ugy’ 183u Oy a5pht =0

1,1 1,1 I,1
62111’ 282’&2’ :82u3’ :62]?]’1:0

811,6 +83u =0
We also remark that we can not obtain any determined boundary condition for u!:!,

but only a condition depending on the boundary condition of uP1. Indeed, on the
boundary, we recall the value of u is related to the value of u; B.j by the equation

uf’j(t,zl,O)+uf’j(t,x1,0)=0 j=0,1; i=1,2,3.
Using the same argument as for the order €%, we can prove that dop’'! =0, and we

obtain the system (1.7), which is the following 2D linearized Euler-type system with
three components in the half-plane

Opuy "y Orup !t +ug 0supt +up oruy® +uyt Osuy® +91pTt =0
6t“ +uy’ Oalu +uy’ 083u +u1 181u —|—u3 183u =0

6tu +uy 081u +uy’ 083u +u1 181u —|—u3 1(93u +(93p1’1 -0
Dyuy! = auy! = Dyt = Dp"t =0

81“{’1+33u§’1 =0

ué’l (t,z1,0)= —u3B’1 (t,21,0)

ul’l(O,xl,xg) zu(l)’l(a:l,xg).

Here, we also suppose that the initial data are well prepared, i.e. independent of x5.

REMARK 2.3.  Here, as for the system (2.8), the hypothesis of a jump from the order

£ to 2 in the asymptotic expansion (1.1) allows to close the above system, if not, we
1,3
us

will have to deal with the additional term of the form 0 , which is undetermined.

1,3
—uy’

For this linearized Euler system (1.7), we have

THEOREM 2.2. Let £>1/2, 19>0 and uf’l(t,zl,O) a given function such that

m—1 2
S [ o O+ S [(;?_3),] o) o (1.0) g <-+o0.
m<2 m>3 :
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Suppose that the initial data up* = (ub é,ué é,ué o) in (1.7) satisfies the divergence-

free condition, the compatibility condition and

Il Il
Uy 0a“20a“30€ATo

Then the linearized Euler system (1.7) admits a unique solution
(uyyuy ™ ug ) €L ([0,T); Ar)

Uy’ Uy, Ug

for some T'>0 and 7> 0.
2.2. Formal asymptotic expansions inside the boundary layer. Inside the

boundary layer (in the domain 0 < x5 <./), we consider the Taylor expansions

ul? (t,xy,x3) =ul? (t,24,0) +2303ul 7 (t,24,0) + 332 LIt 2,0) + ...
pI,j(taxhax?)):pl’j(tazhao)+x3a3p1’j(tazh30)+?Ba??pI’j(taxhaO)+"'

Performing the change of variable y = \f’ we have

uzI’j(tvxhax?)):W‘Fs%yal%u{?j 32 IJ+O(€%)
(2.11)

p" (t,wn,w5) = pld +e7ydsp! i+ 8§p1ﬂ+0(5%>

where f= f(t,x1,22,0) is the trace of f on {x3=0}. Now, we will rewrite the identities

(2.1), taking into account the expansion (2.11). First, we have
ut = (uB’OJruLO) te? (uB’l +u1v1+y83u1’0)

k—1 k
( J '8§_1u171+i'8§u1’0)+(’)(62)

k=2
3., y*
=YPO fe3ypl _|_Z€§ ((: 0 6 k=111 1—|— 8’%1 0) +O(52) (2.12)
k=2
where we note
(2.13)

uP,OZUB,O+uI,07 up,lzuB,l 4+l —l—y(?guI’O.

The derivatives of u® with respect to tangential variables write
O yus = O JUPO 3O JUP
Yk
+ ZE 2 < 1!

where m=1,2. For the normal variable, we have

ol + L a§u10>+o( 7). (2.14)

3 k— k
1 ) sy y
dzut =e"20,uP0+ (ayUB’l +63u170) +k§:152 <(k_ 1)!8§u171 + Ma§+lul’0) +0(?)
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and

1 =75
O3uf =¢ 13§u3’0+5 28§u3’1+5‘2u170

+Zs2(

8’“*1 i Y 3k+2u10)+@( 2).

Thus,
—eAUF = —eARUPO 3 A UPT — 82L{p70 — 5%822/11”1 —ed3ul0

((gk_l) ak+1 11+ 8k+2u10>+0< ) (2.15)

wje

—&

For the non-linear term, we only give the explicit calculations for the first orders of
its expansion. We write

u®-Vu =uj, - Vau' +us0su’.
Then, we have
us - Vut =UPC U0+ 3UPC U 23 UP U0+ O (e) (2.16)

and

u§O5us =U DU + e UL O UP 4¢3 <yagu§ 82 ”) QU +0(e). (2.17)

For the Coriolis forcing term (the rotation term), we have

e X uf 0 1 ufr’[’)’l
227 10 |42 0
£ ,0 )
uy U
8. S o tul! S hus’
) M\
Finally, the pressure term is
0 0 , 517)17’3‘

Vpi=e2 | 0 |+ et apri
o,Pr2) =2 \g,prit!

(917)’)’1 4k 0
1
te3 | [ a,pr2 +Z% 0 +0(e). (219)
0 k= Okpl:2—k
where
Pp,—ZzpB,—Q_*_pI,—Q’ Pp7_12p37_1+p17—1 +ya3p17_2 (220)
- 2
7):0,0:pB,OerLOeragpI,flJr%agpl’*Q (2.21)

- 2 3
PPl =pBl pIl L ydypl0 4+ %83}7[’*1 + %8%19[’*2 (2.22)
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2.3. Incompressibility and boundary conditions. The divergence-free
property of the velocity field is rewritten as follows

: -1 B,0 T3 - 1,0 B0 B,0 T3
0=div u* =&~ 2d,us <t’xh7ﬁ>+ |:le11, +01uy " + Oguqy —|—8yu <t xh,ﬁ)}

te? [div ul'?t +81u119’1 +62u23"1} +e

Inside the boundary layer, using the expansion (2.3) and (2.11), we deduce the following
divergence-free condition

5_%8yu3 (81u +82u +8 u3 )+52 (81u1 —|—82u2 )20.

Thus, we obtain the incompressibility of the boundary layer

81’11,13704*62’11, +5 UB ! *O
- (2.23)
81u1’ —|—82u2’ =0.
Moreover, we have
@,uf’o =0,
which, by taking y — 400, gives
uf’o =0.
For the boundary condition in (N-S.) on {z3=0}, we have
1
ZE% Li(t,xp,0) +ubB(t, z,0)] =0,
7=0
which implies that
ul0(t) +uBO(t,x5,0) =0,
w00 +u0 (8,2, 0) (2.24)
ul 1) +uP 1t (t,2p,,0) =0.
In particular, u3 =0 imply
ul),,—o=ul? =0, (2.25)

which is the boundary condition for Euler equation in (1.6), and the third component
in (2.24) gives the boundary condition of linearized Euler equation in (1.7).

2.4. Formal derivation of the governing equations of the fluid in the
boundary layer. Now, we consider the system (N-S.) near {x3=0}, using the
asymptotic formal (2.12) - (2.19).

At the order 5’%, we have
8ypB’72 =0,

which implies that p?~2=0 because p®~2 goes to zero as y— +oo. Using the new
notation of the pressure defined in (2.20), we get

9y PP 2 =0.
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At the order ¢, using the fact that u3 —0 u3 =0 and pB=2=0, we get

0 0 0
0 |+ O |+ 0 +Vpl—2=0,
_u11'3,O _u{,o aypB,fl

which implies that dp’>—1=0pl,—1 =0 and

—ul? —ub —I—ayp L4 9spli—2=0. (2.26)

Using the new velocity and pressure defined in (2.20) and taking into account the fact
that Us =0, we can also write

0 9, PP2
0 |+ [a.Pr2] =0 (2.27)
—up’ 0y PPt

At the order /2, we have

uf’l ué’l 83u§’0 81pB,—1 31p17*1 3133]91,72
0 + 0 +vy 0 + 82}?3’71 + 82}7[’*1 +y 82(93])[7_2 :O7
B1 0 B,0 T

—Pt) \aft) \eaf?) \owt* ) \awr=r) g

or in a equivalent way, using the new velocity and pressure defined in (2.21),

ur! PPt
0 |+[oPr1t|=0. (2.28)
—urt 9, PP0
then
QPP =0.
and

U’ = 0,0, PP = 0,0, PP =0
(92[/[5’1 = _8281’]DP=_1 = _6182’]31’7_1 =

Using the divergence-free properties (2.3) and (2.23), we also have
UL’ =—01UP" —0,Ut =—0,0,PP " — (9,0, PP ") =0.

We deduce that (UP%,Ub° UE") is a divergence-free vector field which is independent
on z3. The fact that 82uI o_ 32u1 L =0 implies that

oul® = 9pud’ = 0ut =o0. (2.29)

REMARK 2.4. The leading order of the velocity of the fluid inside the boundary layer

also obeys the Taylor—Proudman theorem

At the order £°, recalling that uf 0 —u3 —0 we get the following equation
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Oy (uf’o—&—ui’o) 82uh ( —|—uh ) Vi (uh +uh )

83u§’1 2 8§u£’0
+< a4 ydaud )ayuf’0+y 0 +5 0
—dzul? 8§u{0
8, pB0 9, pl0 91 0spT—1 2 0,02pT 2
+ [ 02050 | + | 0opT0 | +y | 0205pT 1 | + 5 | 0203pT -2 | =0.
B,1 W] -
Oyp O3p!0 ozpl—1 d3pl—2

From (2.4) and (2.6), we deduce that

2
I, y T — Y . —
—Zlﬁsul,l 5 = 92uy 0 +yd2pl—1+ ?33&]31, 2.

We also remark that the boundary condition applying to the third equation of the Euler
system implies that

83]9[70 :07

and so, dyp?!t =0, which means that

since lim,_, 4 oo p?1 =0. Then, using the new velocity and pressure defined in (2.13)
and (2.20), we get

51p3,o+51p1,o) -

atuf:”a;uf;”+usv°.vhu::’°+u§“é‘y“f’i’°+( 5y PP

Taking into account the divergence-free condition (2.23), the identities (2.26) and (2.27),
and (UP°,UL° UP') is independent on 29, we deduce that (UP°, UL UP") satisfies the
following system

0P — OFUP + UL UPC + U DU +01pP 0 + 01pT 0 =0

WU — 2L + UL UL + UL 0, UL + 9, PP =0

HUP° +-a,Ult =0,

U = DU = DoUE ' = 0.

We remark that the above system is not complete, since we need another equation for
the component 42",
At the order £'/2, using the fact that p' =0, we have

8z?/lp'l—651/{’)’1+Z/I5’O~thp’1+U,’:’1-Vh2/{,’:'0+l/{§’18yup’l+(y83u3 +Z 02 )a Uy’

2 1 3 1,0 koL i—Fk
B2uy 3 [ O3uy x [01035p

3
o o U R Z% 8,05pT1—F | =0.
—92 92, 1,1 3,,1,0 k=0 " \ gktlpr1—k
Uy’ —03uy’ 3 P
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Here, we are only interested in the component U2"'. Using the fact that dUL" =0, we
obtain

UL — OgUE +UPC UL + UL O UE + D3pT T +ydZpT 0 =0.

REMARK 2.5. The hypothesis of a jump from the order £2 to £2 in the asymptotic
expansion (1.1) also allows to close the equations of UP* and UP'1. Without it, there

up”® u?
will be undetermined terms of the form 0 and 0
_ul 72 _ul 73

Collecting all the above formal calculations, we deduce the following governing
equations of the boundary layer

U — U + UL UL + UL O, U +01pP 0 +01pT0 =0
atug)al _ 85[/[571 —1—2/{{)7081[/{571 +u§),1ayu§71 +83p1,1 _|_ya32pf,0 =0
U’ +0,Ult =0

UL = 0,UL " =0

U (11,00 =0, - lim U (ts,9)=up (1) "
ULt (t,x1,0)=0, UL (t,21,0)=0
UP(0,21,y) = ug (w1,y) +ub S (1)
UL (0,21,y) = ugy (21,y) b (1) +ydsub 3.
and
UL — FUL + UL UL + UL O UE + 0, PO =0
ULP(0,21,y) = by (x1,y) +uf )y (x1)
(P2)

UO(t,21,0)=0, lim UL(t,21,y)=ul’(z1)

Yy—r—+o00

0 _ B 7,0
Z’lg (0,1‘1,y)—u02(l‘l,y)+U072(CE1).

Claim: The pressure term of the (P2) satisfies 9o PP° =0.
Indeed, applying ds to the first equation of the systems (P1) and (P2), and using
the fact that

DUP? = DUL° = DoUP " =0,
we deduce that

0 PPO =093 P70 =0.
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This means that, modulo a constant, we have

Pp’ozszH(t,y)—i—/xl f(t,x,y)dzx
—co
where
G =— (O — 2P+ UP UL + LD 0,8

is to be determined and

f=00PP0 = ot + 92Ul —ut o’ —u o, Ul — ( 92ul +ydsul ) :

We recall that, from (2.28), we have

0y PPO =,

where UP" is the solution of the system
OUPY — OFUP UL - U +UEC - 0U + U DU U O U

i,y 1,0 o, [¢? i,y 1,0 - y*
+<y83u3’ + 5 OFuy )a,,uﬁ +{28§u3’ +68§u3’] Z;? 0105pT 1k =0
k=

Uu; ’1(0»56175102,11) = u[]iil(xlay) +Uéﬁ($1) +y33u(l)j(1)($1) +ai(y)ra
U (t,1,0) =0.

We remark that 9,G1(t,y)=dUP" and we recall that 89U =d3UP". So, in fact,
we will find d,G; by solving the following system

0:(0,G1) = 95(8,Gr) + (U °)(9,G1) + UL 8,(0,G1) =

9yG1(0,y) =1 (y) (2.30)
9,G1(t,0)=0

where oy is a given function, with a3(0)=0. For the case of well prepared data, we
consider the initial data to be independent of x5, so a1 =0 and it is easy to see that the
system (2.30) admits 0 as a trivial solution. Then, the uniqueness of this solution implies
0,G1(t,.)=0. Replacing y=0 in (2.30), we obtain G1(¢,0)=0, and so G;(¢t,.)=0, for
any teR,.

3. Well-posedness of the boundary layer system

In this section we will prove the well-posedness for system (P1). Since the pressure
term in the first equation of (P1) is unknown, we begin with handling the second one
to prove the existence of L{S’l and then use the divergence-free property to find UY 0
To do so we insert the representations

0_ B0, 1,0 ,
Ur =ui" 4 uy”, L{g —u3 —|—u3 +y83u

into the second equation of (P1), and then make use of the Equations (1.6) and (1.7) of

IO Bl BO 1,1

us” and u3 . It then follows that the unknowns u3 '~,u;" and uy " satisfy the equation
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(00— 02+ Dgui® a) + (P ul®)
+( +u3 )8 ufl-i-(’)gum Bly (—81E+ym)uf’020,

and the divergence-free properties (2.23) and (2.29) yield
/ dyult(t,z,y)dz.

Thus the above is just an equation for u3 . To solve the system (P1), we consider the
following nonlinear initial-boundary problem,

(@ 82—|—83u (‘3)u+(v+u1 )81u

+ (u—u(t,z1,0)) Oyu+ 83u§’0u + (81u(t,x1,0) +y5‘153u§’0> v=0, (3.1)
8yu‘y:O:_83u§70(t7xl)a lim U(t xhy):O?

y—+

u‘t:O ZUO(xlvy)v

where the unknown functions u and v are linked by the relation

v(t,z1,y) / Oyu(t,z,y)d (3.2)

Recall the functions ul®,ul? are the solutions to the Euler-type system (1.6). By

Theorem 2.1, we see u) %, uy” € A, for some 7> 0.
The main result of this section can be stated as follows.

THEOREM 3.1.  Suppose the initial data uo € X,,.q, for some po>0 and ag>0 and
satisfies the compatibility conditions. Then the system (3.1) admits a unique solution

uwe L™ ([0,T,]; X,, o)

for some p. >0, a>0 and T, >0.

We now proceed to the proof of the Theorem 3.1 through the following parabolic
approximations.
The approximate solutions. Consider the following regularized system, for € >0,

(90— 202 — 02+ 05 y0, ) u + (07 + ] 7) Oy
+ (u® —u®(t,21,0)) Oyu +53UIO £+ (81u(t,x170)+y8183u§’0)U:O, (3.3)

3yu5(t,$1,0)261u{’0(t,$1), lim u®(t,x1,y) =0,

Yy—r—+00

Us|t:0=u0($17y)~

The above is a nonlinear parabolic equation, and from classical theory we can deduce
the following local well-posedness result.

THEOREM 3.2. Suppose the initial data uy € Xopy,q, for some pg>0, ag>0 and
satisfies the compatibility conditions. Then the system (3.3) admits a unique solution

u® eL>® ([07Ts];Xpo,a)
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for some 0 <a <ag independent of ¢ and T, >0 depends on €.

Uniform estimates for the approximate solutions. We will perform the uniform
estimates with respect to ¢ for the approximate solutions u® given in the previous
Theorem. The main result here can be stated as follows.

PROPOSITION 3.1.  Suppose u® € L™ ([0,7%]; X p,,a) is a solution to the initial-boundary
problem (3.3). Then there exists 0< p. <po, depending only on \uo\xm w such that

u® € L>([0,1.]; X,, o) for all e>0. Moreover

HUEHLOO([(),TE};XP*,Q) < C‘“O|xp0,a0 ) (3.4)
where C' is a constant depending only on ao,p0,7,| ué’OHAT and Hu{’OHAr, but are inde-

pendent of €.

To prove the above proposition, we need another two auziliary norms |~|Yp . and
|| 2, Which are defined by

2

s, = > | 22 e e o djul o

m<2 \0<j<1
_"_Z Z (m 1)1/2 —1/2 P 'H Z ayza{naguullz(RQ) , (35)
m>3 \0<;<1 *

and

|“‘22pfz Z H<x1>éeay281ﬂlai“HL2(Ri)

m<2 \1<;j<2

pmt pav? gm
w2 X WH 22) e 07 0|z

m>3 \1<;j<2

The following energy estimate is a key part to prove Proposition 3.1.

PROPOSITION 3.2.  Let u® € L™ ([0,T:];X,y,a) be a solution to the initial-boundary
problem (3.3) and let 0<p(t) <min{py/2,7/3} be a smooth function. Then for any
te[0,T:],

T. T
WOt [ O, 0= [ IOWOR,,
Te 4
<luolk,, . +C /O (Ip’(t)lp(t)”Iua(t)lxp(t,,a +ut ()%, +Iu€(t)lxp(t),a)dt
T:
+C /O |u5(t)|Zp(t)’a|u5(t)\§/p(t)yadt. (3.6)

The proof of the proposition above is postponed to the next section, and we now
use it to prove Proposition 3.1.
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Proof. (Proof of Proposition 3.1.) To simplify the notations we will use C' in
the following discussion to denote different suitable constants, which depend only on
1,0 1,0 .
ao,po,T,Hu3 HA and ||u1 HA , but are independent of ¢.
Let p. be the solution to the differential equation:

/ |, E
{mt)— WO,

(3.7)
pli=o=min{po/2,7/3},

or equivalently

pelt) =min{po/2:7/3) = [ (@)l s (3.

pe(s),a

Observe, for any 0< p, p < po/2, we have

€ € I ~
16415, w5, | < Clefly, o7,

which along with Cauchy-Lipschitz Theorem gives the existence of p. to Equation (3.7).
Now choosing p(t) =p.(t) in (3.6) and observing (3.7), we can rewrite (3.6) as

2
W, .+ [

T:
2 — 2 4
<ol ., +C [ (02, T, T )

T 9
()], , dt

pe,a

Thus, using (3.7),

Pe,a

€ 2 1 Te € 2
[ (®lx, . +5 | [u=(t)7,, ., dt
2 T 2 2 4
<luol%, .. +c/0 (o 1P, +hel, +hel, )t (3.9)
In view of (3.8) for T, be small sufficiently, we have
I
th[O,TEL pE(t)ngln{pOaT/S}y

and thus it follows from (3.9) that, for any ¢ €[0,7¢],

2 I 2 2 I 2 4
WO, [ O, <ol 0 [ (W, T )

with C depending only on ag, pg, T, Hué’OHA and ||u{’0|}A , but independent of €. Thus
by general Gronwall’s inequality, we conclude .
2 2
|u6(t)|xp5,a < C|u0|Xpo,a0 ) (3.10)

and

Te
2 2 4
|, <, + ol

PO ag
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As a result, in view of (3.8) we see

pelt) =min{po/2:7/3) = [ W)l ds

pe(s),a

T, 1/2
>min{po/2,7/3} "/ (/0 Ius(t)lépg,adt>

) 1/2
>min{po/2,7/3} 112 (2uol, | +luolk, ) -

So if we choose T, such that

—1 2
T*:4—1(3|u0|§p0’a0+|u0|§(%1a0) (min{pO/Z,T/S}) . (3.11)

Then
def 1 .
Vte[0,T.]C[0,Ts], pe(t)>ps = Zmln{po,T/S}.
By (3.10), it follows that

Vie0, T C0, T, [us ()%,  <Cluolk

P00 ’
This completes the proof of Proposition 3.1. ]

REMARK 3.1. The main difficulty in the proof of Proposition 3.1 is that, when
applying the standard energy method, to obtain a control of u in X, ,-norm, we need
a control of u in Y, ,-norm, which in turn needs a control of v in Z,, ,-norm, .... So
the main idea to close the process is to take advantage of the additional “good term”

T
- [ dwleoR,,
i |

and to precisely choose the auxiliary function p(t) as in (3.7) in order to cancel the
uncontrollable term which contains |u®(t)] Zy).. O0 the right-hand side of (3.6). We
remark that since p(t) is bounded from below in [0,7], we have a good control of the
width of the analyticity band, and assure that does not shrink to zero.

Proof. (Completion of the proof of Theorem 3.1.) Due to the uniform
estimate (3.4), we can extend the lifespan T, to T} with T, defined in (3.11), following
the standard bootstrap arguments. Thus we see for any >0 the system (3.3) admits
a unique solution u® € L ([0,7,]; X,, o) such that

HUEHLOO([O,TE];X ) < Cluolx

)
pPx,a PO-aQ

with T}, p«,a,C independent of e. Thus letting € — 0, the compactness arguments show
that the limit ue L ([0,74]; X,, o) solves the system (3.1), proving Theorem 3.1. 0O

Proof. (Proof of Theorem 1.1.) Taking

3
B,1 B,1
u=usz v:—/ Oyus " (t,2,y)dz,
— 00
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the system (3.1) implies that the function

urt =ul —I—u3 +y63u

satisfies
.1 _ 927/p,1 P,0 1 1 1 7,1 2,1,0 —
ayu??)l(t’xlao) :07
, B,1 T1 7,0
U 0,21,y) = ug 3 (21,Y) +ug’s(21) +ydsugy’s(w1),
with

ur® = / dyut(t,z y)dz—i—u1
So we need to check the boundary condition
UL | o = (t,21,0) + b (¢,21) = 0. (3.12)

For this purpose, we first use Theorem 3.1 to determine u3 , then use Theorem 2.2 to
solve the linearized Euler system (1.7) with the boundary condltlon

u§71 |w3:0 = —uf’l(t,xl,O).

For the component U} ’O, using the divergence-free properties of u:?, we have firstly
U|y—o=— / dyuy tzO)dz+u1 (t,x1)
/ 33u (t,z dz—|—u1 O(t,21)

/ 81u tzdz—i—u1 O(t,21)

On the other hand, since u3 Ye L ([0,T.]; X,. o), we have the limit

x

lim UPO(t S B t,z,y)d t
Jm U (teny)=— lim . (42 dz+ul ()

:F(tﬁml)-

So the boundary conditions for U? 0 are satisfied. Finally, for the pressure term of the
first equation in (P1), once we obtain %", Y and d;p’0, it is enough to put

01pP 0 = =0 + OgUL " —UP oUL” — UL O,U° — 0y pT .

We then complete the proof of Theorem 1.1. ]
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4. Uniform energy estimates
In this section we proceed through the following lemmas to prove Proposition 3.2.
To simplify the notations in the following proof we will write u instead of u®, omitting
the superscript €, and use C' in the following discussion to denote different suitable
. 1,0 1,0
constants, which depend only on ao,p0,7,| Uz’ HA and Hul HA .
In view of the definition of || it suffices to estimate terms

a 2 m pm_l a 2 m
> (H<x1>ee Vo uHLz(Ri)) +> (Mu@lye Vo UHLz(Ri)) (4.1)
m>3

m<2
and
a 2 uo pm_l a 2 o
S (e e oronul s )+ 3 (rgyllien e ool ) @42)

Here we first treat the terms in (4.2), and the ones in (4.1) can be deduced similarly

with simpler arguments. To do so, we use the notation w=0yu. Then it follows from
(3.1) that

(00— 02+ 05} *, ) wt (v+ul®) Do

+(u—u(t,x1,0))8yw+2&),7§70w+ (81U(t,$1,0)+ym) a,v

+(6yv) 31U+w2+8183u§’0v:0, (43)
w|y:0:(9111{’0(15,%)7
Wlt—o = ayugbl.
Thus the function, defined by
{ ay? am £ ay?® am
Om=(x1) €™ "w(t)=(x1) e 07" Oyu(t), (4.4)

solves the equation
((% -2 +83T§’°y5y) om —a' (t)y*om + (v +ﬁ) O1m
+ (u—u(t,21,0)) 9yom =R™(t),
oml,_o= (1) O ur(t,21),
oo = (1) eV OO,y

where
11
R™(t) =Y Ry (t)
j=1

with

7' =—daydypm +40°y* o — 2a0m,
Ry =20y O " + 2ay (u—u(t,71,0)) P,
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o= <81 <x1>€> e’ (v—&—@) 07w,

RT—‘Z(?) (x1)’e ay’ (3153u )y@ﬁ}"*kw,
k=1
Q’—Z(C’Z) ()’ e’ (81 +0fu “’) gmktly,
k=1
E==> (7:) (1) e (OFu—fu(t,21,0)) 0" *0,w,
k=1
p o3 () e (oF0mad ) op
k=0
p=- 3 (1) e (0 e 0) 000 o~
k=0
mi<m> <£E >K ay (ak-‘rl )am ka v
9 k 1
k=0
%: Z(;:) <$ >€ ay? ((81w)am kw+ak+la3 IOam k )
k=0

From the first equation in (4.3), it follows that

((at 02+ 05ul® 8><pm7 som) — (@ Oy em, om) 2z

L2(R%)
+ (o400 drom + (w—ult,0,0) By (8), om) 0
= (R™(), em(t) 12z ) (4.5)

with R™ given above. Here, the main difficulty comes from the terms which contain

m+1 derivatives in z1, say Rg* and Rg'. Then, the main part of this section consists in

the proof of Lemma 4.2, which gives an estimate of Rg* term. The estimate of Rg" term

will be given in Lemma 4.3. The estimates of other terms are almost straightforward.
In the following lemmas, let 0 <a(t) <ap to be determined later, and let

0<p=p(t) <min{po/2,7/3}
be an arbitrary smooth function of ¢.

LEMMA 4.1. A constants C exists such that for any N >3,

() 5 s <55 (1

m=3

) oo

and

iv: ((:){:’:—;)!)2 (R3", ¢m) L2 (R2) iv: (

m=3 m=3

) Hy(pmHL2(]R2 +C|U|X
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Proof. We have, integrating by parts,
(RY", @m)m(R‘j‘r) = (4a®y*pm, ‘Pm)Lz(Ri) :4“2HQ‘PMHQL%R1)
Direct verification shows

(R3", Spm)L?(R’f;) < <2a||33ué'0||1;oo +a2) HySOmHQL%R‘i) +4||u||i°°(lR3_)H(pmHi?(Rﬁ_)'

Observe
055 || e < Cllus®l| ;.
and
N pmfl [ee] pmi 2 ) )
mz::s m H‘PmHLz(RZ)_z;B m HQOmHLQ(Ri)_\MXP,a,
and thus the desired results follow, completing the proof. 0

LEMMA 4.2.  There exists a constant C such that for any p with 0<p<7/3, we have

N pm—l 2
2 (o) 5 e
1
<l tc Z( ) (el Y

Proof. Recall ng’ can be written as, for any £ >0,

m - m ay? —
(R, wm)La(mF(—Z( k><x1>% v (@ (e, 0)) 70y, som)
k=0

L2(R2)

" (m 2 TR 70N\ ame
+ (Z <k> (o) e (yor P osud”) oy oy, gom>

k=0 L2(®3)

m
Z ( ) akHUHLgOLgl ||eay251n_kayUHL§Lg°1 ||‘PmHL2
k=0

([ I e
k=0

JngHy(pmHiQ(Ri)'

y -y

ru (R?or

Then it suffices to show that

= PWF1 < m £ ak+1 2 am—k
Y I L T I
m=3 k=0 ; ¢
<Cluly, .l . . 46)

and
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[t 1NN (m CARFIAL T0 ay? qm—k i 2
S| [ () oo e o ol | <M, (41

m—
m=3 3 k=0

We will proceed to prove the above estimate through the following steps.

Step (a) We begin with several estimates to be used later in the proof. Firstly in view
of the definition of |-, given in (3.5), we may write

july, . = +§OO Juli
Yo ™ Yoam
m=0

where [uly, - is defined by

0 ay? ;
20§j§1H<x1> ey ainai/“HLz(Ri)’ Osm=2

|U|Yp,a,m =

_ m—1 YA a 2 m .
Yo<jer (m=1)2p7 2 o[ (1) e 0] 3§“|‘L2(R1)’ mz3.

Thus

luly, . 0<m<2,
p.a
< (4.8)

lemll 2z m2p 2By >3,

|U|Y,,,a,_,m

Next, from the relations (3.2), it follows that

170,013, s ) <€l 1) €7 2l gy <Cll,

Ry LS (
and that for j>1,

Heayza{ayUHLg( ):Heayza{ilagun%(

Ri; L (R) Ry; L (R))

.
SCH<$1>E€(W aia;““m(ﬂﬁ)
< C(|u|Zp,aa IS,JSZ’
"\ Cluly,, B2 53,

1
pra,i P’ ’

where |u|Zp ... is defined by the relation [u[, =3 ;- \u|2zp . .» S0 that

Sigsen ) e o Oful| oy 0k <2

|U|ZMJc = ’

e“yzaf@ZUHLQ(RQ k>3.

k—1
Di<j<o (i_?,)! || (x1) 3 T=

Thus we conclude
C’|u|Zpﬁa ) =J =

ay® qj
e el i <] gy

LT =1
p.a,g P’ ’

(4.9)

Using the Sobolev inequality

I <x1>éa{u”L§°(R+; L2 (R)) <C|| <x1>€‘9{“”L2(R+) +C|| <$1>ea{6y“||L2(R+)’

Tl
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gives
. C|u|Y if 0<5<2,
J

[ 22) aluHLZC(RJr; Lil(R))S Cluly, 121/ (] 31) ) if j>3. (4.10)

Finally,
(okiia 1,0 7 (k+3)!
VE>0, o) o 05 o ) <Cllus®l| s, s (4.11)

due to (2.9).

Step (b). We now prove (4.7). For this purpose we use (4.11) and (4.9) to calculate

m

m a 2 m—K
) [ e PN e P

k=0
- m! (k+3)! (m—k-3)!
A,Z Kl(m—k)! rk+3 pm—k—1 Ju |Z,,nm k
k=0

< Clus®|

1,0 i m! (k+3)
+CHU3 ||AT Z k!(m_k). Tk+3 | lZpam k
k=m—2
m—3 m
(m—3)! m3 2k pk (m—3) 2k pm—1
< P L k3 (m—k—2)? 7+ 13 [z, pe € pm—1 k_z_2 s lulz, s
m—3 m
— 3! ok ok —3) ok ym—1
S CT_3 (mmfl) 5 |u|Zp,a,m—lc + 07_3 (mmfl) Z i—k‘ ‘u|Zp,a,m—k ’
P k=0 P k=m—2
which yields
2
N 7n 1 m 8k+16 o ay28m7ka
Z Z 3U3 HL;l(R)He 1 y”’|L5(R+; L (R))
m=3 k=
_ 2
m 2kpk m 2k m—1
SCZ Z Tk‘ |u|Zp,a,7n—k +CZ Z | |Zpa7n k .
m=3 \ k=0 m=3 \k=m-—2

On the other hand, by virtue of Young’s inequality for discrete convolution (cf. [19
Theorem 20.18] ) we have

N m*32kpk 2 ok ph )
Z(Z klum> <C<Z ) Z| uly,  <Cluly, .

m=3 \ k=0 k=0

)

since p<7/3. And direct computation yields

N m k. m-—1
2%p
> (3 <o

m=3 \k=m-—2

Then we obtain (4.7), combining the above inequalities.
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Step (c). Now we check (4.6) and write

m

a 2 . —
kz—o< >|| 1) akJr1u||Lf,“(R+; Lil(ﬂ%))He Yo kayv||L§(R+; L;?l(R))|‘<pm||L2(R2+)

<S1+ 85+ 53
with
2 m 2
:Z <k> ak+1u||L§°(R+; Lgl(R))Heay afn_kay”||L§(R+; L;ﬁ(R))H‘pmHL%Ri),
k=0
m—3 m
S (9 [N S P, 5
k=3
and
S3= Z ( )H 8k+1uHL5°(R+; Lﬁl(R))||€ay281n_kayv|‘L§(R+; qu(R))H‘PmHLQ(Ri)'
k=m—2

For the term Ss ,,, we use (4.8), (4.9) and (4.10) to compute

pm71 2 m—3 m p
k
e I VL S T

k=3

X Heayza?%kayvnm (Ry; L;OI(R))meHLQ(Ri)

SO{(m_g)!] kZ:g,k!(m_k)! [k P ok ||Ypak+1

(m k— 3) _1 ;(m—?))'
X pm k—1 | |Zpu.7n km 2p pm—l | ‘Yp,am
iy m3 1 1
<C’/0|U|Ypam kQ(m—k‘—Z)?’k 2m 2 ‘U|Ypak+1| ‘Zp,am "
k=3

m—3 3 2
m e uf?
<Cp|u|y/’a7n ( kQ(m—k—Q)gk m |u|Yp,a,k+1>

m—3 3 1/2
e T L
X k2 (m— ke — 2)3 m Zp,a,m—k

2
< CP|U|Zp‘a,m |U|YM,m )

and thus
1 1
N N 2 [ N [m-3 m? . . 2\ 2
2
> sam o Sl | (30 [ g b b bl
m=3 m=3 m=3 [ k=3

m=3 L k=3

N m—3 1 2 %
<Cpluly, , Z [Z k2 [l o i |u|Zﬁvu’mk}
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N [m-3 1 2\ 2
+C'O|u|Yp,a Z |:Z (m—k—2)3 |u|yp,a,,k,+1 |u|Zp,a,,m—k:|

m=3 L k=3
the last inequality following from the fact that

m3 1 1 1 1
V3<k<m-3, —— =k m 2<C — .
e = T I E A (k2+( —k—2)3>
Moreover, by virtue of Young’s inequality for discrete convolution (cf. [19, Theorem
20.18] ) we obtain

N m—3 1 2 1/2 +o00 1/2
2
>[5 bl | ) 20(S 02 S,
m=3 Lk=3 m=3
+o0 1/2 +o0 1/2
<Cluly,, (Xlh >
- u Zp,a — u Yp,a.k Pt kj4
<Cluly, luly,,
Similarly
_— o\ 1/2
> 3 Gt el | | <Ol b
m=3 k:3
Combining these inequalities we conclude
N
2 2
Z S2,m < CP|U|ZM |U|Yp’a < C|U|ZM |U|Yp,a
m=3

The estimates on the rest two terms S; and S3 can be deduced similarly and directly,
and we have

N
2
Z (S1m+S3.m) <C Mzm |U‘YM )

m=3
proving (4.6). The proof of Lemma 4.2 is complete. d

LEMMA 4.3. A constant C exists such that

m—1 2
p m 3
() (R3" ‘Pm)ﬂ(Ri) <cC <|U|Xp,a,m + |“|Xp a m)

N
'rnz::S (m—3)!
N = 2 1
m
z:s((mg)') ( 4 (pm)LQ(]Rz g U‘Z +CZ < > Hy(PmHLz RQ)’
N Y 3
Z ((m3)'> (R, ‘Pm)LZ(Ri)SC<|U|Xp +|U|Xpam)
m=3 ’
= PN 2
Z ((m_3)|> (RgnV QOm)LZ(]Ri)§C|U‘Zpﬁa|u|yp)a7
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pm—l 2 )
((m3),> (R7', om) 2z <Clulx, . »

M= 31>

m—1 2
P m 2
((m_s)!> (RS> pmrag) <Clulz, , luly, .

3

m

] =

m—3)!

pm—l 2
m 3 2
() Rt omdisyy <€ (lulk, 1l ).

3

3
I

Proof.  The treatment of Rg, R is exactly the same as in the proof of (4.6). The
other terms can be deduced similarly by following the proof in Lemma 4.2 with slight
changes, and the arguments here will be simpler since there is no term with the highest
derivative 9]" ! involved. This means we can perform the estimates with the norm Y, ,
in Lemma 4.2 replaced by X, , here. So we omit the proof for brevity. ]

Combining the estimates in Lemma 4.1-Lemma 4.3, we have

COROLLARY 4.1. There are two constants C,Cy such that

N pm_l 2 10
m
2 ((m_s)!> 2 (RE om)raqea)
m=3 k=1
N m—1 2
<L 40 S (L) fyen|Pas, +Cluly,  lul2 +C (Jul,, +lulk, ., )-
=%z, ., Pt (m—3)! L2(E2) Zpa Uy, , Xpa Xpa

LEMMA 4.4. We have

((at 02+ 95ulyd )gom, wm) = (@' Oy’ em: om) p2ge)

L2(R2)
+ ((v+u1 )81<pm (u—u(t,x1,0)) Oyom(t), %")L?(R?)
2
1d 2
53”907””142(1&2 +Hay‘pm||L2(R2 (t)Hy‘PmHLQ(Rﬁr)

d oLl (¢ Coputyan,0)de—c (7 g
o - (z > (351)< 1) 0" u(t,r1,0)dxy — W \“|Xp,a,m-

_|_

Proof. Firstly we calculate, integrating by parts and using the relation (3.2),

—i—)((v—i—ul )61<Pm (u—u(t,1,0)) Oy pm, wm)LQ(Rﬂ
2

1
‘ (83U3’Oyay¢m7 wm) o)
2

1/ = To —70 2
<5 (1255l o+ 0501 ) o 2 e - (4.12)

Integrating by parts and using the boundary condition in (4.3), we have

(0= ;) @m, Lpm)m(ﬂai’) 5 dt”‘pmHLz R2)+Ha7/50mHL2 R2)
—I-/ (x > 8””'1 Ot, 21) (Oypm) (t,21,0)dzy.  (4.13)
R

1
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Now we check the boundary value of 9,¢. In view of (4.4) we see
£ am
8y<pm‘yzoz<m1> o] 8§u’y:0.
And moreover, using the relation
(xl)zﬁiu}yzo = 0pu(z1,0) — agué’ou(:cl,O) +ul ((’91u) (21,0)
which follows from (3.1), we conclude
£ am
8y<pm]y:0=at (1) 07 u(t,x1,0)
~(an) o (83u3 ult, xl,O)) +(z1)om (u{’o(alu)(t,th)).

As a result,

(1) 07 ul O (t,21) (21)" (Byom) (t,21,0) day

1

=— Veor 1y 04 21) (1) Omu(t, 21,0) day
dt J,,

/ () DO (4 ) (21) Ot 1, 0) dan
R,

&%\

/ 3m+1 (t x1)07" (Eu(xh())) dxq
R,

r1

+/R (z1) amT(t x1)07" (7(81u)(t,x1,0)> dzy.

z1

Moreover, In view of (2.10), we can repeat the arguments in Lemma 4.2 and Lemma
4.3, to obtain, observing p<7/4,

—3)1\?
<o () i s, ..

/ <x1> 8t8m+1 (t x1)<x1>Z8{"u(t,x1,0)dx1
R

r1

/ <x1>fa;"+1 LO(t,20)07 (83u3 u(x1,0)> dx,
R

z1

(m=3)\* 1, ,
<0 (LY ol )L o, ..

and

/ (o) Ol (1,2)0p (ul (Oru) (t,21,0) ) day
R

31
(m—3)1\? 0112
§C<pm_1) x|, lulx, ...,

Combing these inequalities above, we conclude
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/R (1) O Lul Ot 0) (1) (Byom) (t,21,0) day

x]

m—1

— )1\ 2
> (x ) 8"’“ (t x1) (x1>£8{”u(t,x1,0)dx1 -C ((m?,)) ul ,
dt Js,, P piam

which, along with (4.12) and (4.13), yields the conclusion, completing the proof. |

LEMMA 4.5.  Let a(t)=ao— (2ai + Cy) t with Cy the constants given in Corollary /j.1.
Then for any N,

1d N pm 1 2 ¢ ay® omep )
5@ (m 3)! H‘pmHm(R? +3 Z H<$1> e 0 ayu(t)“L?(Ri)
N p 2
1/2 —-1/2

<1|U|220,a_c(iitm§_:3((51—_3)!> /Rl (@) 07l (t) (21) O ult, 21,0) dary

°1

_ 2 4
+C (o2 uly,, +ufk, , +lulk,,)-

Proof. Using the equality (4.5) and Lemma 4.4, we obtain

m—1
Z(m o) 5 tllon s, +Hl0sonl s, ~a Olsonls,

<_ ji( P )2/R (@) T a0 (4 1) (1) O u(t,1,0) day

m=3 Tl

+Z(2m—2)M/R (1) 07l O (b)) (1) O u(t, 21, 0) day + Jul, ,

= [(m=3)1” Jr.,
N ol 2 /10
—|—ZS<(m_3)|> <kZ(R7kn(t)7 @m(t))LQ(JR{ ))
m— =1
d N m—1 2
ST u (h) /R (@) o7 uy Ot @) (1) 07 u(t, 21,0) da
m=3 : Tl
3 P prEEm ‘
+Z(2m—2)m/R < > 3m+1 (t x1)<1'1> 8{”u(t,l‘1,0)dl‘1+|u|p7a
m=3 : T1
1 N pm_1 2 2
110,00 3 (L) Ml +Clads, ol +C (1, +lulk, ).
m=3

the last inequality following from Corollary 4.1. On the other hand,

N ( ) 2m—3 -
Z (2m—2)” / (@) OO (421 (1) O u(t, 21, 0) dan
[(m=3)1 Je,,
N m / m—3 _—
2 m m
<03 oy e o Tl e, (w0 O ull o + 121} 07 9y o)
m=3
N

m—1
P m m
Z TWH e {O\IGT[(m_?,)!(HmfaluHLQ+\y<m>’falayuHL2)]
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<Clp'[p ?|uly,

the last inequality used the fact that p<7/3. As a result, combining the inequalities
above yields

al Pt N\ 1 d 2 2 2
> () [zaillenliss HIovenlags, ~¢Ollvenlas |

1 d : e m
§Z|u|zzp,a*d*m (ﬁ)/R (@) O g O () (1) O ult, 21, 0) da

x]

N m

—1 2

P = 2 4
+Co 23 <(m73)!) Hy@mHm(Ri) +C|“|Zp,a ‘“|Yp,a +C (‘p |p |“|Xp,a + |u|xp,a + ‘“|Xp,a) :
Moreover from the relations

1
||3y‘Pm||L2(R2 25 ||<$1>e “ 81”62 )H2L2(R2+)*QGgHy‘PmHZL?(Ri)

and

1d pm—l 2 pm—l
Sd ((mg),> H@mHiz(Ra )+ <(m3> 18y0ml72¢ E2)

m—1 —1 2
—a'<t>(<p) [l =) (=122 L ol e )

m—23)!

2
pmfl
:<(m_3),) [Mn@mnw 18y emll72 e <t>\!wml|ima>]

it follows that

1d ol pm71 2 2 1 al M7 2 £ cl,y2 m a2 2
5% (m_3)| HSDMHLZ(RQ 52 ' <fL'1> (& 81 ayu(t)|’L2<R2+)
al - al 1 1 p™m” 2
)+ 200) Z{ } e e mz:s(m e QWH%HL?(RZJ

< - dzNj{ o r/m (1) BT UIO (1, 20) (1) O u(t 21,0) ey

m=3 r]
N m—1
v 3 [ 2] ol + s, luth, 0 (18107l +lul, +Hulk,. ).
m=3
Now observing a(t) =ag — (2(1(2) +C’0) t, we complete the proof. 0

REMARK 4.1. Here, we are using the fact that the time derivative a’(t) = —(2a3 + Cp) <
0 to be able to cancel all the terms which contain the linearly growing term in y, say

lvomll72 e -

Proof. (Completion of the proof of Proposition 3.2.) By Lemma 4.5, we
integrate both sides over [0,¢] C[0,7] and then let N — +o0, to obtain that for any
te[0,7],

too pm—l 2 9 T +oo pm—l 2 P 5 ) 9
S (55 MmOl [ 3 (Zgyy) M) o0 oRu(o)] e

m=3 m=3
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[ /(t)fﬂ L_l e ()] e
0 P (m 3 QDm Lz(R%r)

P
T 2 T 2 4
<lwolk, .0+ / ()3, di+C / (P @l 2w, , + @), , + Ok, )dt

T
e / u(t)] 5, , a2, dt.

Direct computation also gives

5 lom @i, | 3 ) e orutil s it 51 0 om0

m<2 m<2

<\uo\X,,0a0 /|ut>\z dt+c/ 0] ), , @), +uCl, ) de

Similarly, using the notation

U = (1) e Omu(t),

we can deduce, following the proof of the above two inequalities with slight modification
and simpler arguments,

S [on @+ 3% ((Eg) Ol

m<2

m—1 2
/ (Z | Z a’y 8m y’u, |‘L2(R2 + Z (T?))) H <l’1>4@ay281n8y’u(t)”iQ(Ri>) dt
m<2

[ <z|\wmy|L2+zm ML (L) Wl >dt

m<2
2 1 T 2 T 2 2 4
<ol ., g [ OB, a0 [ (I @l W, , O, + Ok, )d
+C [ ), [w@), , dt

Combining these inequalities we conclude, observing the definition of || Xy |~|Yp , and
|'|Z,, _and any p<min{po,7/3},

T T
u(t)f, .+ / u(t)f3, dt— / OIGIR G

1 T T 3
<luol,, ..+ / ()3, di+C / (1P @l 2w, , + @), , + O, )dt

T

+C [ fult)ly,  lu@®), | dt

0 P

Thus Claim (3.6) follows and the proof is complete. |
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5. Existence of solution for second component
In this section, we determine the second component U5 0 by solving the parabolic-
type equation

UL — OgUY +UPC UL + UL O, UL =0,
u§70(ta$170)207 yETmu§7O(t,x1,y):'Ué’O(-Tl),

UB° (0,01,) = ugy (@1,9) +upy(@).

We recall that
atu +uy’ 08 uéO—O. (5.1)

Then, the system (P2) becomes
3tu23’0—3§uf’0—|—< O pub )81u

+< +u3 +y83u >8u +81u10 BO—O,
dud’ =0, (P2bis)
uf’o(t,xl,()):—@, BIJPOOUZ (t x1,y)=0,

B, B,
U2 O(valay) :Uo,QO(IEl,y).

We have the following results

THEOREM 5.1. Let po>0, ag>0. For any initial data ugboeXpmao, there exist
T>0,7>0and0 < a < ag, such that the system (P2bis) admits a unique solution

uy €L ([0,T], X pga)-

Proof. 1In order to prove Theorem 5.1, the idea is to define an auxiliary function
v—u2 04 e200y @,
which satisfies the following boundary conditions
v(t,z1,0) :yl}riloov(t,acl,y) =0.
Then, the first equation of the system (P2bis) becomes
o, (v—e 2a0y? ub 0) 82 ( _anyzﬁ) +( 0 4ol )81 ( _2a0y2@)
—l—( w4+ ydsuy )8y<v—e_2“°yu )+81 L0y B0~y

Using (5.1), we can rewrite the system (P2bis) as

8,511—8511—1—( —l—ul )81v+(u3 +u3 +y(‘33u3 )6 v+ R=0,

82’0 = 0,

v(t,z1,0)=0, lim u2 O(t,21,y) =0,

y—r+oo

—
0(07(E1,y> = u[)B7’20(‘r17y) +6_2a0y Ué:g (.’171)7
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where
2 2 —2apy? 1,0 B,1 1,1 1,0 —2apy? 1,0
R=(16agy® —4ag) e >*Y uy” +4ag (u3 +uz” +yosus )ye Yy
—2agy? 1,0 B,0
+(17€ Oruy uy ™.

We remark that the system (P2,) is in the same form as the system (3.1) with Dirichlet
boundary conditions. Thus, we can prove Theorem 5.1 in the same way (with a lot of
simplifications) as we did to prove Theorem 3.1. O
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