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SOLVING THE YANG-BAXTER-LIKE MATRIX EQUATION WITH
NON-DIAGONALIZABLE ELEMENTARY MATRICES*
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Abstract. Let A=T—wuv”, where u and v are two n-dimensional complex vectors with v u=0.
Thus A is not diagonalizable. We find all solutions of the quadratic matrix equation AXA=XAX.
This is a continuation of the work [Computers Math. Appl., 72(6):1541-1548, 2016] from the case of
diagonalizable elementary matrices to non-diagonalizable ones.
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1. Introduction
In a recent paper [4], all solutions of the nonlinear matrix equation

AXA=XAX, (1.1)

where A is a diagonalizable elementary matrix, have been obtained. The above homo-
geneous quadratic equation, with A a given n xn complex matrix, is called the Yang-
Baater-like matriz equation. Its origin is the classical Yang-Baxter equation [1,13]. The
original Yang-Baxter equation has found many connections and applications to knot
theory, braid group theory, integrable systems, quantum theory, and statistical physics
in mathematical and physical sciences; see [10,11,14]. Solving (1.1) has been a research
topic of linear algebra in the past several years, and a few results on its solutions have
been obtained for various classes of matrices A with different approaches; see, e.g., [3,5].
Most solutions obtained so far are commuting ones, that is, solutions X of (1.1) such
that AX = X A. Although all commuting solutions have been constructed for diagonal-
izable matrices A in [8], nilpotent matrices A in [9], and general matrices in [12], it is
still challenging to find non-commuting solutions when the given matrix A is arbitrary.

There have been some efforts toward finding all solutions of (1.1) when A has a
special structure, e.g., [2,15]. In a recent paper [4], all solutions have been constructed
if A is a diagonalizable elementary matrix. This paper continues the study of [4] by
dropping the assumption of A being diagonalizable. As will be seen later, finding all
solutions with A not diagonalizable is much more tedious with many cases to consider.
The tediousness is compatible to our experience of solving polynomial equations.

If we multiply out the both sides of (1.1), solving the Yang-Baxter matrix equation
is equivalent to solving a system of n? quadratic polynomial equations of n? variables
with n the size of the matrix A, and the solution set of this system is a disconnected
nonlinear manifold in general. Thus, unlike solving linear matrix equations, it seems
that there is no effective way to express all the solutions in terms of a basis of elementary
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solutions such as some eigenvectors, even if A is symmetric. As a simple example, when
A is the 2x2 Jordan block J; given by (2.1) in the next section, all the solutions of
the corresponding matrix Equation (1.1) are the two trivial solutions X =0 and X = J,
together with the one-parameter nontrivial solutions

[z (z-1)?
X‘{—1 2z ]’Vf”’

none of which is a commuting solution.

To overcome the difficulty in finding non-commuting solutions of (1.1), our strategy
here is to use the Jordan decomposition of A to obtain a simplified Yang-Baxter matrix
equation with A replaced by a simple 2 x 2 block diagonal matrix, and then we solve
a system of four matrix equations for the smaller sized solution blocks. Because of the
special structure of the new system, we are lucky to be able to apply some spectral per-
turbation results proved about ten years ago for rank-one or rank-two updated matrices,
resulting in all the solutions of the original Yang-Baxter matrix equation.

We shall establish the equivalent system of four matrix equations and present the
result for commuting solutions in Section 2. The next three sections are devoted to
finding all solutions of (1.1) under different assumptions. We conclude with Section 6.

2. All commuting solutions of the equation

Throughout the paper we let the given matrix in the Equation (1.1) be A=1—
wvT, where u and v are two nonzero n dimensional complex column vectors such that
vTu=0. Let v1,...,v,_1 be linearly independent vectors in C™ such that vij =0 for
j=1,...,n—1. Then Av;=wv; for each j, from which 1 is an eigenvalue of A with
eigenvectors vy,...,v,—1. As usual, we use R(B) and N(B) in the following to denote
the range and null space of a matrix B, respectively.

Since Au=(1—vTu)u=u, clearly u belongs to the (n—1)-dimensional subspace
spanned by wvy,...,v,_1. Since A—IT=-uv?#0 and (A-I)?=(—uwv?)(—uw?)=
(vTu)uv? =0, the minimal polynomial of A is ¢(x)=(z—1)2. The fact that z=1 is
the double zero of ¢ ensures that the only eigenvalue of A is 1 with geometric multiplic-
ity n—1 while its algebraic multiplicity is n, so A is not diagonalizable. In this paper,
any eigenvalue, whose algebraic multiplicity is one more than its geometric multiplicity,
will be said to be of deficiency —1.

To find the Jordan form J of A and the corresponding similarity matrix W, from
w=(A-Dv=—|v||*u#0 and (A—Tw=(A—-1)*v=0, we see Alw,v]=[w,v]J; with

n=|51] (21)
the 2 x 2 Jordan block. Since v7w =0, we may let v,,_; =w in the basis {vy,...,v,_1} of
the eigenspace N(A—1T), getting the Jordan form decomposition A=W JW =1 where

W=[v1,...,vp—2,w,0] and J=diag(l,,—2,J1).
Solving (1.1) is equivalent to solving the simplified Yang-Baxter-like matrix equation

JYJ=YJY (2.2)

with the relation of solutions X to (1.1) and those Y to (2.2) given by X =WYW 1
We solve (2.2) by partitioning Y as J into a 2 X 2 block matrix

Y—{KZT ﬂ (2.3)
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where the (n—2) x 2 sub-matrices H = [h,h] and K = [k,k], and the 2 x 2 matrix

T=T(t,s,c,d) = [i 2] (2.4)

In the remainder of the paper, whenever the matrix Y appears, it always has the block
structure given by (2.3). Then (2.2) can be written as the system of four equations

72— 7 = —HJ, K7,
ZH = HJ(I-T),

KT7Z =({I-T)K7T, (2:5)
KTH = J,TJ,—-TJT,
which, after multiplying out, is equivalent to

72— 7 = —[hkT + (h+h)kT],

Zh = (1—t—c)h—ch,

Zh =(1-s—d)h+(1—d)h,

KTz =(1-t)kT+(1—t—s)kT,

kK'Z = —ckT+(1—c—d)k”, (2.6)

K'h = (t+c)(1—t)—sc,

ETh = (1—s—d)(t+s)+s2+c+d,
ETh c(l—t—c—d),

ETh = (c+d)(1—d)—sc.

Note that if K7 H =0, then the last equation of (2.5) is just a 2x 2 Yang-Baxter-like
matrix equation J1TJ; =T J;T with all the solutions

T=0,J1, and T(t,(1—1t)%,—1,2—1), Vt

given by (2.4), after a direct computation. This fact will often be used when we solve
(2.5) under different situations of H and K.
We first find all commuting solutions of (2.5) by requiring further that

I,2 0 Z H| | Z H||I,20
0 Ji||KTT| |KTT 0 Ji|
This additional equation implies H =HJ;, KT =J, K", and J;T=T.J,. It follows that

H= [O,iAL],K: [k,0], and T =T(t,s,0,t) for any numbers ¢ and s. Therefore, HJ; KT =
0,HIL(I-T)=1—-t)H,(I-T)J; KT =(1—-t)KT, and

0 kTh

KTH=
{0 0

- — __ 42
}7 J1TJ1TJ1T[t(1 t) s+2t—2ts t}

0 t(1—t)

Hence t=0 or t=1 from the last equation of (2.5), from which T'=T(0,s,0,0) or
T(1,s,0,1) for any number s, respectively. Substituting the two values t=0 or t=1
with the corresponding T expressions respectively into (2.5) gives the following two
systems of equations for the remaining unknowns with any number s:

72— 7 =0, 72— 7 =0,
ZiL = il, Zil - 07
KTz =kT,  YkTz =07,

kKTh =s KTh =1-—s.
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A matrix whose square equals itself is a projection. It is well-known that a projection
is diagonalizable with exactly two eigenvalues 1 and 0, except for the zero matrix with
the only eigenvalue 0 and the identity matrix with the unique eigenvalue 1. We therefore
have obtained the following result for commuting solutions.

THEOREM 2.1. AAll commuting solutions of (1.1) are X =WYW ™1, in which Z is any
projection, H=[0,h] and K =1[k,0], and either
(i) T=1T(0,s,0,0) for any s, iLGR(Z), and k€ R(ZT) with kTh=s, or
(i) T=T(1,s,0,1) for any s, he N(Z), and ke N(ZT) with kTh=1—s.

We tabulate the above result in Table 2.1 where Z,H,K”, and T are the four
submatrices of the partitioned 2 x 2 block matrix (2.3) of the solution matrix Y to the

simplified Yang-Baxter-like matrix equation JY J=Y JY, from which the solutions of
the original Yang-Baxter-like matrix Equation (1.1) are X =WYW L.

Z H K T Conditions
Z=27%1[0,h] | [k,0] heR(Z),ke R(ZT),kTh=s

O =IO O
_»n | O W

Z=27|10,h] | [k,0] heN(Z),keN(ZT),kTh=1—s

TABLE 2.1. All Commuting Solutions

In the remaining sections, we will find all non-commuting solutions of (1.1).

3. Solutions with one of H and K zero

From now on we look for all solutions of (2.5) to obtain all solutions of (1.1), which
is a tedious process. Let r(B) denote the rank of matrix B. We divide our analysis into
three non-overlapping assumptions on H and K in the solutions Y of (2.5), based on
their ranks: (i) r(H)=0 or r(K)=0; (ii) r(H)=r(K)=1, (iii) r(H)=2 and K #0 or
r(K)=2 and H#0.

Suppose H=0 or K =0. Then the second or third equation of (2.5) is satisfied, and
the first and last ones are Z2=2 and J,TJ, =TJ;T. All solutions of the above two
equations are projections Z and T'=0,Jy, or T(t,(1—t)?,—1,2—t) for any number ¢.
We next determine the structures of K,H and T from the remaining equation of (2.5)
for various situations. We have two cases to investigate.

Case 1: H=0. If K=0, then all solutions of (2.5) are diag(Z,T). Suppose K = [k,0]
with k#0. If T=0 or .J;, then the third equation of (2.5) is kT Z=kT or kT Z =07,
respectively. If T=T(t,(1—t)?,—~1,2—t), then k=0, a contradiction.

Suppose K =[0,k] with k#0. If T=0,.J;, or T(t,(1—t)2,—1,2—t) with ¢#£0,1,
then the third equation of (2.5) implies k=0, a contradiction. If T=7(0,1,—1,2) or
T(1,0,—1,1), then the third equation of (2.5) is kT Z=07T or kTZ=kT, respectively.

Suppose k#0 and k0. If T=0 or J;, then the third equation of (2.5) gives

K'Z=k" +k7 and kTZ=k", or kTZ=—k" and k'Z=0",

respectively, from which k=0, a contradiction. If T=T(t,(1—t)%,—1,2—1), then the
third equation of (2.5) becomes

KTZ=01-t)kT +t(1—t)k" and kT Z=kT +tk",
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from which [k+ (t—1)k]TZ=07.

Case 2: K=0. Suppose H=]0, iL] with ﬁ;é() If T'=0 or Jp, then the second equation
of (2.5) is Zh=h or Zh=0, respectively. If T=T(t,(1—t)2,—1,2—t), then the second
equation of (2.5) leads to h=0, a contradiction.

Suppose H = [h,0] with h#0. If T=0,J;, or T(t,(1—t)?,—1,2—1) with t#1,2,
then the second equation of (2.5) implies h=0, a contradiction. If T=T(1,0,—1,1) or
T(2,1,—1,0), then the second equation of (2.5) is Zh="h or Zh=0, respectively.

Suppose h#0 and E#O If T=0 or Jy, then the second equation of (2.5) leads to
h=0, a contradiction. If T=T(t,(1—t)%,—1,2—t), then the same equation becomes

Zh=(2—t)h+h and Zh=(t—1)(2—t)h+(t—1)h,

so Z[(t—1)h—h]=0.
In summary, we have the following theorem.

THEOREM 3.1.  All solutions X =WYW =1 of (1.1) under the assumption that either
H=0 or K=0, are such that Z is any projection and

(i) Y =diag(Z,T) with T=0,J1, or T(t,(1—t)%,—1,2—1t) for any number t;
(i) H=0,k=0, and either k#£0€ R(ZT) and T=0 or k0 N(ZT) and T=J; ;

(ili) H=0,k=0, and either k#0e N(ZT) and T=T(0,1,—1,2) or k#£0e R(ZT) and
T=T(1,0,—-1,1);

(iv) H=0,k,k#0,T=T(t,(1—t)%,—1,2—1), and k+ (t—1)ke N(Z7) for any t;
(v) K=0,h =0, and either h#0€ R(Z) and T=0 or h£0€ N(Z) and T=J;;

(V)K 0,h=0, and either h#0€ R(Z) and T=T(1,0,—1,1) or h#0€ N(Z) and T =
T(2,1,—-1,0);

(vii) K=0,h,h#£0,T=T(t,(1—t)%,—1,2—t), and (t—1)h—he N(Z) for any t.

The above result is listed in Table 3.1, in which 7" is given by (2.4) and ¢ represents
any number. Among all solutions (Z, H, K”,T) such that at least one of H and K7 is
a zero matrix, the matrix Z is any projection.

4. Solutions with r(H)=r(K)=1

In this section, we will find all solutions of (1.1) under the condition that both ranks
of H and K are 1. This can be done by solving (2.5) under different situations. To
reach our results that will be summarized into three theorems, we need the following
rank-one spectral perturbation result (Theorem 2.1 of [6]).

LEMMA 4.1. Let M be an m xm matrix with eigenvalues pii,2;...,Wm, counting al-
gebraic multiplicity, and let x and y be two m-dimensional column vectors such that x
is an eigenvector of M or y is a left eigenvector of M associated with py. Then the
eigenvalues of M +zxy” are py +yTx, po,..., fhm, counting algebraic multiplicity.

For the sake of simpler presentation, we divide our discussion into several situations.
First we assume that only one column of both H and K is zero, which has four cases.
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Case 1. H=[h,0] and K =[k,0]
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H K T Conditions
t (1-1)?
[070] [an} O,Jl, —1 2—¢
[0,0] | %,0] 0 FZ0ER(ZT)
[0,0] | [k,0] Ji k£0eN(ZT)
0,01 | [0.%] ° h£0e N(ZT)
0.0 | [0.5] 4 k0 R(ZT)
0,0 | [k, ! (12‘_?2 k£0£ Tkt (t— 1)k e N(ZT)
[0,2] | [0,0] 0 h#0€R(Z)
[h,0] | [0,0] _11 (1) h#0€ R(Z)
0] | [0,0 2 hA0eN(Z)
) | (0,0 ’ (12:t22 h£0£h,(t—1)h—heN(Z)

TABLE 3.1. All Solutions with H=0 or K=0

with h#0 and k#0. Then (2.6) becomes

7% -7 = —hk",

Zh = (1—-t—c)h,

0 =(1-s—dh,

KTZ = (1- )7,

0T = —ckT, (4.1)
K'h = (t+c)(1—t)—sc,

0 =(1—s—d)(t+8)+s>+c+d,

0 =c¢(l—t—c—d),

0 = (c+d)(1—d)—sc.

In the above system, the third and fifth equations imply s+d=1 and ¢=0, so s>+d=0
and d(1—d)=0 from the seventh and ninth equations. But the equalities s+d=1,s%+
d=0, and d(1—d)=1 are contradictory. Hence, system (4.1) has no solution.

Case 2. H=1[h,0] and K =[0,k] with h#0 and k#0. Now (2.6) is

72— 7 = —hk?,

Zh  =(1—t—c)h,

0 = (1-s—d)h,

07 = (1—t—s)k”,

Tz =(1-c—d)kT, (4.2)
0 = (t+c)(1—t)—sc,

0 = (1—-s—d)(t+s)+s*+c+d,

ETh  =c(l—t—c—d),

0 = (c+d)(1—-d)—sc.
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In the above system, the third and fourth equations ensure s+d=1 and t+s=1, so
d=t, and then the seventh and ninth equations imply s?+c+d=0 and d(1—d)=0.
Consequently ¢=—1 with either d=t=1 and s=0 or d=t=0 and s=1. Hence
(4.2) is reduced to the systems Z2 —Z = —hkT, Zh=h, kT Z=kT kTh=0or Z2—Z =
—hI%T, Zh=2h, IAcTZ:QIQJT, ETh= —2, which can be shortened to

72— Z=—hk", Zh=h, KT Zz=k"
or
22— Z=—hk", Zh=2h, kT Z=2k",

corresponding to T=T(1,0,—1,1) or T=T(0,1,—1,0), respectively.
Case 3. H=10,h] and K =[k,0] with h#0 and k0. Then (2.6) is simplified to

72_7 =0,

0 = —cﬁ,

Zh = (1—d)h,

KTZ = (1-tk7,

o7 = —ckT,

0 = (t+c)(1—t)—sc,

ETh = (1—s—d)(t+s)+s2+c+d,
0 =c¢(l—t—c—d),

0 = (c+d)(1—d)—sc.

Clearly ¢=0. From the first equation above, Z is a projection, so its eigenvalues are
either 1 or 0. This implies that d and ¢ are 1 or 0. The possibilities that d and t take
different values are excluded since otherwise we would obtain contradictory systems
Zh= 0,kTZ = kT,kTﬁ =1or Zh= iL,k'TZ:O,k:TIAz =1. Thus, we obtain the system

722=2, Zh=h, kTZ=k", kTh=s
or the system
Z2=7, Zh=0, kTZ=0, kTh=1—s,

corresponding to T'=T(0,s,0,0) or T=T(1,s,0,1) for any number s, respectively.
Case 4. H=10,h] and K =[0,k] with h#0 and k#0. Then (2.6) can be written as

72— 7 = —hk",

0 = fciAL,

Zh = (1—d)h,

07 = (1—t—s)k”,

ETZ  =QQ—c—d)kT,

0 = (t+c)(1—t)—sc,

0 =(1-s—d)(t+s)+s*+c+d,
0 =c(l-t—c—d),

ETh = (c+d)(1—d)—sc.

Consequently, c=0 and t+s=1, so s(1—s)=0 and s> —s+1=0, which is impossible.



400 SOLVING THE YANG-BAXTER-LIKE MATRIX EQUATION

In summary, the key system (2.6) has solutions only in Cases 2 and 3. Using Lemma
4.1 and the same technique as in [4,8], we can prove the following theorem.

THEOREM 4.1.  All solutions X =WYW =1 of (1.1) under the assumption that r(H) =
r(K) =1 with exactly one zero column from H and K each are such that

(i) h=0 and k=0. Either T=T(1,0,—1,1) and Z has eigenvalue 1 of deficiency —1
with corresponding eigenvector h and left eigenvector kT satisfying lAcThzo, and the
other possible eigenvalue of Z is O that is semi-simple, or T=T(0,1,—1,0), and Z is
diagonalizable and has one simple eigenvalue 2 with corresponding eigenvector h and
left eigenvector kT satisfying kTh=—2, and the other eigenvalues in {0,1};

(i) h=0,k=0, and Z is any projection. Either T =T(0,5,0,0),h€ R(Z), and k€ R(ZT)
with kTh=s or T=T(1,5,0,1),h€ N(Z), and k€ N(ZT) with kT h=1—s, for any s.

Proof. The proof of the first part of (i) is exactly the same as that for Proposition
2.5 (iii) of [4], and the second part of (i) can be shown the same way as Theorem 4.1
in [8]. The conclusion of (ii) is obvious. O

REMARK 4.1.  Compared with Theorem 2.1, all solutions from Theorem 4.1(ii) are
exactly the commuting ones.
There are also four cases when exactly one of the four columns of [H K] is zero.

Case (i): h#0,h=ah with «#0,k=0, and k#0. Then we can express (2.6) as

72— 7 = —(1+a)hk?,

Zh = (1—t—c—ca)h,

Zh = (==%4+1-d)n,

0T =(1 —t—s)kT

172 =(1—-c—d)k”,

0 = (t+c)(1—1t)—sc,

0 =(1-s—d)(t+s)+s*+c+d,
ETh  =c(l—t—c—d),

]%Th _ (c+d)(1—d)—sc.

[e3%

Again t+s=1. Then t(1—t)=0 from the sixth equation above. So t=0 and s=1, or
t=1 and s=0. So ¢=—1 by the seventh equation. Thus the above system is split to

Z2—7 = —(1+a)hkT, 72— 7 = —(1+a)hk?,
Zh = (24a)h, Zh = (14a)h,
d 1
A e L S w3
= (2—d)k7, KTZ = (@2-d)kT
ETh  =d-2, ETh  =d-1,
Th = d(2a—d) T = U al)Q.

We first solve (4.3) with a«=—1. Then Z is a projection, so the equation KTz =
(2—d)k” implies d=1 or 2. If d=1, then (4.3) becomes

72— 7 =

m Z*-7 =0,

iz —jr, 2 =0
S KTz =kT

n =-1 ’
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corresponding to T=T(0,1,-1,1) or T7(1,0,—1,
spective two systems of (4.3) are

1), respectively. If d=2, then the re-

2_ =
270 72-7 =0,
Zh =0,
Zh =h, or { on
Tz =0 kZ =0
Tho—1,
corresponding to T=T(0,1,—1,2) or T(1,0,—1,2), respectively.

Next we assume ov# —1. Then d=—a # 1 in the left system of (4.3) and d=1—a #2
in the right one of (4.3), and the two systems are reduced to

Z2—7 = —(a+1)hkT, 7%~ 7 = —(a+1)hiT,
Zh = (24+a)h, or { Zh = (1+a)h,
ET7Z = (24+a)kT 7 =(14a)kT

since the last equation in (4.3) is now redundant, corresponding to T=T(0,1,—1,—«)

or T(1,0,—1,1— «), respectively.

Case (ii): h#0,h=ah with a#0,k#0, and k=0. Then (2.6) is simplified to
7% -7 = —hk",
Zh = (1—t—c—rca)h,
Zh = (*==%41-d)n,
K'Z = (1-t)kT,
o7 = —ckT,
kTh :(t+c)(1—t)—sc
]{)Th _ (1—s— d)(t+s)+s +c+d
0 = (1—t—c d),
0 = (c+d)(1—d)—sc.

We have ¢=0, so d=0 or 1 by the last equation above. Thus,

72— 7 = —hk", 72— 7 = —hkT,
Zh = (1-Dh Zh = (1—t)h,
Zh = o« Zh = _i )
k.TZ ( k‘TZ — (1—t)k‘T, (44)
E'h  =t(1— t) ET'h  =t(1—1),
LTh _ t(d—s)+s ETh 1—ts
The first three equations of the left or right system in (4.4) imply kTh=(s—1)(1—

t)/a or kTh=—ts/a, respectively, which contradicts respectively the last equation.
Hence neither system in (4.4) has a solution.

Case (iii): h=0,h#0,k#0, and k= Bk with 3#0. Simplifying (2.6) leads to ¢=0

and t=0, or c=0 and t=1, with their respective systems

727
Zh
kT 7
kT 7
kTh
kTh

—BhkT,
=[1+p(1

s+d(1—
_ d(=4d
- B

- (1—d)k;,3)]kT7
s),

or

72— 7 = —BhkT,

Zh  =(1-dh,

K'Z = BskT,

K7 = (1-d)kT, (4.5)
KTh o =1—ds,

Wi A
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The first, third, and fourth equations of the left or right system in (4.5) imply
kTh=(s—1)(1—d) or kTh=—ds, respectively, which contradicts the respective fifth
equation. Hence neither system in (4.5) has a solution.

Case (iv): h#0,h=0,k+0, and k= Bk with 8+0. In this case we have

7%~ 7 = —(1+B)hkT, 72— 7 = —(1+B)hkT,

Zh = (2—1t)h, Zh = (2-t)h,

ETZ  =[1—(148)tk7, KTZ = (1+8)(1-t)k"

Kz = (5+2)7, TNz = (A1) (4.6)
ETh  =t(2-1), K'ho = —(t—=1)%

KT'h =2 KTh =5

with s=1,c=—-1, and d=0, or s=0,c=—1, and d=1, respectively. The next step is
similar to case (i ) Assume = —1 first. Slnce Z is a projection, the second equation of
both systems in (4.6) implies t=1 or 2. If t=1, then (4.6) is reduced to

2— =
WT 7 :k,T or « Zh  =h,
Kho =1 Kz =07,

corresponding to T=T(1,1,—1,0) or T'(1,0,—1,1), respectively. On the other hand, if
t=2, then we have

72-Z=0 22-2 =0,
Zh =0, or {20 =0
KTz =kT kZ =0,

B K'h = -1,

corresponding to T'=T'(2,1,—1,0) or T'(2,0,—1,1), respectively.
Suppose now 3# —1. Then t=—1/8+#1 in the left system of (4.6) and t=1—1/5#
2 in its right system, so (4.6) is

Z2—7Z = —(B+1)hkT, 72— 7 = —(B+1)hkT,
Zh = (2+%)h, o {Zh = (1+3)h
K17z = (2+5)k" K'Z = (1+5)k,

after removing the redundant last two equations therein, corresponding to 7=
T(-1/8,1,—1,0) or T(1—1/3,0,—1,1), respectively.

To summarize, the system (2.6) has a solution only for Cases (i) and (iv) above,
and the resulting theorem is as follows.

THEOREM 4.2.  All solutions X =WYW = of (1.1) under the assumption that r(H) =
r(K)=1 with exactly one zero column from [H K| are such that

(i) h#£0,h=—h,k=0,k#0, and Z is any projection.
a. T:T(O,l,— 1),heR(Z), and ke R(ZT) with kTh=—1.
b. T=T(1,0,—1,1),he N(Z), and ke R(ZT).

c. T:T(O,l, 1,2),he R(Z), and ke N(ZT).

d. T=T(1,0,—1,2),he N(Z), and ke N(ZT) with kTh=1.
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(i) h#0,h=ah for any a#0,—1,k=0, and k#0. Either T=T(0,1,—1,a), and Z
is diagonalizable and has one simple eigenvalue 2+ o with corresponding eigenvector
h and left eigenvector kT satisfying kT h= —(2+a), or T=T(1,0,—1,1—«), and Z is
diagonalizable and has one simple eigenvalue 1+ o with corresponding eigenvector h and
left eigenvector kT satisfying kTh=—a. The other eigenvalues of Z are in {0,1}.

(iii) h#O,ﬁ:O,k#O,l%:fk, and Z is any projection.

a. T=T(1,1,-1,0),h€ R(Z), and k€ R(ZT) with kTh=1.
b. T=T(1,0,—1,1),h€ R(Z), and ke N(ZT).
c. T=T(2,1,-1,0),h€ N(Z), and k€ R(ZT).
d. T=T(2,0,—1,1),h€ N(Z), and k€ N(ZT) with kTh=1.

(iv) h#0,h=0,k+#0, and k= Bk for any B8#0,—1. Either T=T(-1/5,1,—1,0), and Z
is diagonalizable and has one simple eigenvalue 2+ 1/ with corresponding eigenvector h
and left eigenvector kT satisfying kTh=—(28+1)/8%, or T=T(1-1/83,0,—1,1), and Z
is diagonalizable and has one simple eigenvalue 141/8 with corresponding eigenvector
h and left eigenvector kT satisfying kT h=—1/3%. The other eigenvalues of Z are in

{0,1}.
The remaining situation is h # 0,h=ah for any a#£0,k#0, and k= Bk for any 8 #0.
Then (2.6) becomes

Z?2—7Z = —[1+(1+a)B)]hk™,
Zh  =[1—t—c(1+a)lh,
Zh = (=2 41-d)h,
KTZ  =[1—t+B8(1—t—s)kT,
T _ - T
Kz = <—§+1—c—d)k : (4.7)
ET'h = (t+e¢)(1—t)—sc,
kTh _ (l—s—d)(t-l;‘s)+52+c+d,
kTp = cl=t=c=d)
kTh _ (c+d)[(31/gd)—sc.

Since 1 —t—c¢(1+a) and its square are an eigenvalue of Z and Z? respectively, the first
two equations of (4.7) and Lemma 4.1 imply

[1—t—c(l+a)?P=1—t—c(l+a)—[1+14+a)B|[t(1—t)+c(1—t—s)].

The second and fourth equations of (4.7) guarantee 1 —t —c(1+a)=1—-t+p(1—t—s),
so 1—t—s=—c(1+a)/B. Tt follows that

A(1+a)

I—t—c(l+a)P=1—t—c(l+a)—[1+(1+a)f] [t(1—t)— 5 :

which can be simplified to
(a+1)(c—pt)(c—pt+pB)=0.

Therefore, a=—1,c=1p, or c=pF(t—1). We analyze each case as follows.
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Case I: a=—1. Then 1-d—s=0 and (4.7) becomes

72— 7 = —hk?,
Zh = (1—1t)h,
Zh = sh,

KTZ = (1- kT,
KTZ =(—§+1—c—d)kﬁ

KT'h  =t(1-1),

kKT'h  =t(s—1)—s—c,

kTh _ c(l—t,gc—d)

T _ c(s—1)—d(1—c—d)
k'h = G
from which

1—t—s =0,
1+t8 =0,
t(l—t)+t(l—s)+s+c =0,

c(l—t—c—d)+c(l—s)+d(1—c—d) =0.

All solutions of the above system are

1 1 1 1
c=—1,d=1,s=1+—,t=—= or c=—1,d=2,s=—,t=1——.
B g g g
We therefore have two respective systems to solve:
2 _ T
Z‘Z——M; 727 — _hiT,
Zh =(1+5)h or { Zh = %h, (4.8)
lkT

KZ = (14+3)k" Kz =5

Here we have dropped the redundant equations of each system.

We first solve the left system of (4.8) with 3=—1. Then it becomes Z?—Z=
—hkT,Zh=0,kTZ =0, and Z cannot be diagonalizable since otherwise Z? — Z =0 from
the fact that all eigenvalues of Z? — Z are zero. In this case, T=T(1,0,—1,1). Similarly,
when # —1, the corresponding T=T(-1/5,1+1/8,—1,1).

By the same token, for the right system of (4.8), if §=1, then the corresponding

T=T(0,1,—1,2), and if 8#1, then the corresponding T=T(1-1/8,1/8,—1,2).
Case II: ¢=tf. The second and fourth equations of (4.7) give 1 —t—c(l4+a)=1—t+
B(1—t—s), so s=1+ta. Equating the second and fifth equations gives 1 —t —c¢(1+«a) =
1—c—d—t, from which d=taf. Then comparing the sixth and seventh equations sets
at(l—t)+ac(l—t—s)=t(1—s)+s+c+d(l—t—s), which implies c=t8=—1. Substi-
tuting the expressions t=—1/8,s=1—a«a/8,c=—1,d=—a into (4.7) and removing those
equations that depend on others, we obtain the simplified equivalent system

72— 7 = —[1+(1+a)p]hkT,
Zh 2+0¢+% h,
kT Z

2+a+% kT,

By the same idea as for Case I, we reach the following conclusions:
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(1) If 2+a)f#—-1#(1+a)B so that 2+a+1/8#0 or 1, then T=T(-1/8,1—
a/ﬂaf]-v*a)'

(2) If 2+a)B=—1,then T=T(2+a,(1+a)?,—1,—q).

) If (1+a)B=—1,then T=T(1+a,(1+a)?—a,—1,—a).

Case IIL: c=(t—1)8. Now s=(t—1)a from equating the second and fourth equations
of (4.7). Comparing the second and fifth equations gives d=1+ (t—1)af. Then the
sixth and seventh equations imply ¢=(t—1)8=—1. Putting t=1-1/8,s=—a/f,c=
—1,d=1—« into (4.7) and removing the redundant equations, we have

72— 7 = —[1+(1+a)BlhkT,
Zh l+a+3)h,
kTZ

1+a+% kT,

This gives the following parallel assertions:
(a) If 1+a)B#—-1#apf, then T=T(1-1/8,—a/B,—1,1—a).
(b) If 1+«a)B=—-1, then T=T(2+a,a(l+a),—1,1—a).
(c) If af=—1, then T=T(1+a,a? —1,1—a).
In summary, the system (2.6) has solutions in all the three cases, which are obtained
by Lemma 4.1 and the same technique as above.

THEOREM 4.3.  All solutions X =WYW =1 of (1.1) under the assumption that r(H) =
r(K)=1 with no zero columns in [H K] are such that
(i) h#0,h=—h,k+#0, and k= Sk for any 3#0.

a. f=-1,T=T(1,0,—1,1), and Z has eigenvalue 0 of deficiency —1 with corre-
sponding eigenvector h and left eigenvector kT satisfying kTh=0. The other possible
eigenvalue of Z is 1, which is semi-simple.

b. B£-1,T=T(-1/8,1+1/8,-1,1), and Z is diagonalizable and has one simple
eigenvalue 1+1/8 with corresponding eigenvector h and left eigenvector kT satisfying
kTh=—(B+1)/B% The other eigenvalues of Z are in {0,1}.

c. B=1,T=T(0,1,—1,2), and Z has eigenvalue 1 of deficiency —1 with corre-
sponding eigenvector h and left eigenvector kT satisfying kTh=0. The other possible
etgenvalue of Z is 0, which is semi-simple.

d. B#1,T=T01-1/8,1/8,-1,2), and Z is diagonalizable and has one simple
eigenvalue 1/ with corresponding eigenvector h and left eigenvector kT satisfying

kTh=(8—1)/B%. The other eigenvalues of Z are in {0,1}.
(ii) h#0,h=ah,k+#0, and k= Sk for any a#0 and 340, and c¢=f3t.

a. (a+2)B#-1,(a+1)8#-1,T=T(-1/8,1—a/B,—1,—), and Z is diagonaliz-
able with simple eigenvalue 2+ a+1/8, corresponding eigenvector h and left eigenvector
kT satisfying kTh=—[(2+«a)B+1]/B%, and other eigenvalues in {0,1}.

b. (a+2)3=-1,T=T(2+a,(1+a)? —1,—a), and Z has eigenvalue 0 of deficiency
—1 with corresponding eigenvector h and left eigenvector kT satisfying kTh=0. The
other possible eigenvalue of Z is 1, which is semi-simple.

c. (a+1)B=-1,T=T(1+a,(1+a)?—a,—1,—a), and Z has eigenvalue 1 of de-
ficiency —1 with corresponding eigenvector h and left eigenvector kT satisfying kT h=
a+1. The other possible eigenvalue of Z is 0, which is semi-simple.

(iii) h#0,h=ah,k+#0, and k= Sk for any a#0 and 340, and ¢=S(t—1).
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a. (a+1)p#£-1,a8#-1,T=T(1-1/8,—a/B,—1,1—a), and Z is diagonalizable
and has one simple eigenvalue 1+a+1/8 with corresponding eigenvector h and left
eigenvector kT satisfying kT h=—(aB+1)/B%. The other eigenvalues of Z are in {0,1}.

b. (a+1)8=-1,T=T2+a,a(l+a),—1,1—a), and Z has eigenvalue 0 of defi-
ciency —1 with corresponding eigenvector h and left eigenvector kT satisfying kT h=
—a—1. The other possible eigenvalue of Z is 1, which is semi-simple.

c. af=—-1,T=T(1+a,a? ~1,1—a), and Z has eigenvalue 1 of deficiency —1
with corresponding eigenvector h and left eigenvector k™ satisfying kT h=0. The other
possible eigenvalue of Z is 0, which is semi-simple.

Table 4.1 below combines the results of Theorems 4.1-4.3, in which 0 =0(Z) is the
set of all eigenvalues of Z, and « and 8 are any numbers but 0 or —1. Also when h,h,k,
or k appears, it is assumed nonzero.

5. One of H and K is full ranked

It is time to study the last assumption that one of H and K is full column ranked
and the other is nonzero. Suppose r(H)=2. Then the first two equations of (2.5) and
the fact that H.J; is of full column rank give rise to KT H= (I —T)[I —J;(I —T)]. Since

JTJ, —TJT= [(”C)(l—“—sc (1_t)(d+5—1)—d8+c+1}

c(l—t—c—d) (c+d)(1—d)—cs

and

(I-T)I—J,(I-T)]= [(t—FC)(l—t)—sc (1_t)(d+8—1)—ds]7

c(l—t—c—d) (c+d)(1—d)—cs

the last equation of (2.5) is also satisfied if and only if ¢=—1. Similarly, if r(K)=2,
then ¢=—1. Thus, (2.5) is reduced to

72— 7 = -HJL KT,
ZH =HJ(I-T), T=T(ts,—1,d)
KT7Z =(I-T)LKT,

since the last equation of (2.5) can be removed.
We need a rank-2 spectral perturbation result (Theorem 2.2 in [7]) as follows.

LEMMA 5.1. Let M be an m X m matriz with eigenvalues i, 2. .., hm, counting
algebraic multiplicity, and let U and V' be two m x 2 matrices such that MU =UA or
VIM =AVT for a 2x2 matriz A and the eigenvalues of A are py,po. If U or V is
full column ranked, then the eigenvalues of M+UV™ are ny,m2,13,. .., bm, counting
algebraic multiplicity, where n1,m2 are the eigenvalues of I=A+VTU.

To apply the above lemma, to our problem, we let M =Z,U=H,V' =—J, K, and

2—t1—d—s
A:Jl(I—T):[ 1 1—d }
Then

(t—2)2+1—-d—s (3—d—t)(1—d—s)

H:Jl(I—T)—J1KTH:A2:{ 3_d—t (d—=2)(d—1)—s

The characteristic polynomial of A is

PN =M —A|=X2+(d+t—3)A+(1—d)(2—t)+d+s—1,
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zZ H K T Conditions
oc{0.1} (,0] (0.%] [_11 (1)] heN(Z—1I).keN(ZT —1I)
0 is semi-simple h#0 k #0 l;:Th:(), 1 has deficiency —1
diagonalizable [R,0] #0 [0,k] #0 [ fl é] heN(Z—2I),ke N(ZT —2I)
oc{0,1,2} 2 is simple, kTh=—2
projection [0,A] #0 [k,0]#0 g S he R(Z), ke R(ZT),kTh=s
projection [0,] #£0 [£,0] 0 (1) ; heN(Z),ke N(ZT),kTh=1—s
projection [h, —h) [0, ] 701 i 0#£he R(Z),0#4ke R(ZT),kTh=—1
projection [h,—1) [0,%] _11 (1) 0£he N(Z),04ke R(ZT)
projection [h,—h] [0,%] o) 0£he R(Z),04ke N(ZT)
projection [h,—hR] [0, %] jl g 0#£AheN(Z),04keN(ZT),kTh=1
diagonalizable [h,ah] £ 0O [0,k]#£0 Bl (11 he N(Z—(2+4+a)l),2+ « is simple
occ{0,1,2+a} a#—1,0 ke N(ZT —2+a)D),kTh=—(2+«)
diagonalizable [h,ceh] #0 [0,k] #0 [jl 1 E a:| he N(Z—(1+a«)l),1+« is simple
occ{0,1,1+a} a#—1,0 ke N(Z" —(Q+a)1),k"h=—«a
projection [R,0] #£0 [k,—k]#0 _11 (1) he R(Z), ke R(Z"),kTh=1
projection [h,0] #0 [k, —k]#0 711 (1) he R(Z),ke N(Z™)
projection [h,0] #0 [k,—k]#0 31 (1) heN(Z),ke R(ZT)
projection [h,0] %£0 [k, —k] #£0 fl ‘]) heN(Z),ke N(ZT),kTh=1
T
—I 1
diagonalizable [R,0] #£0 [k,Bk]#0 7‘13 0 he N(Z—(2+ %)I),2+ /% is simple
oc{0,1,2+ %} B#—1 keN(Z"—@+5HD,k"h=224
—_ I
diagonalizable [h,0] #0 [k, BK] #0O [17111 (1):| heN(Z—(1+%)I),1+ % is simple
occ{0,1,1++} B#—1,0 ke N(Z" —(+)I),k"h= 3}
oc{0,1} [P, —h]#0O [k, —K]#0 |:_11 (I):I he N(Z),0 has deficiency —1
1 is semi-simple ke N(Z"),k"h=0
—LT 1+ L o
occ{0,1,1+ £} [h,—h]#0 [k, BK] #0O |:7‘1j 1”] heN(Z—(1+%)I),1+ % is simple
diagonalizable B#A—1 keENZ" -+ 5)I),k"h= 243
oc{0,1} [h,—h]#0 [k, k] #£0 [Bl ;] he N(Z—1),1 has deficiency —1
0 is semi-simple ke N(Z¥ —1),k"h=0
1— LI I
oc{0,1,% [h,—R]#0 [k,Bk]#0 [ 71/3 g] hEN(Zf/‘?I),/'; is simple
diagonalizable B#1 ke N(Z" —11),k"h= 23
[ N -
oc{0,1,2+a+ 3} | [h,ah]#0 [k,BK] #0O [7? 7(;"} heN(Z—(2+a+£)I),2+a+ 4 is simple
diagonalizable B# = B# =4 keN(ZT —(2+a+ L)), kT h= Ct0+1
oc{0,1} [, ach)] [k, = k] [Zfl" a f:)'] he N(Z),0 has deficiency —1
1 is semi-simple h#0 k#0 ke N(Z"),k"h=0,
oc{0,1} [h, cch] [k(\;ﬁlk] |:1j1a 1+j:a ] he N(Z—1T),1 has deficiency —1
0 is semi-simple h#0 k#0 ke N(ZT -1, kTh=1+a«
1— I —a
o {0,1,1+a+%} | [h,ah]#0 [k, Bk]#0 [ 715 1730] heN(Z—(1+a+4)I),1+a+ 4 is simple
diagonalizable B#A—L ﬁ#fﬁ ke N(ZT —(1+a+ %)1),/(:7“/7,:%
oc{0,1} [h, cxh] [~, ﬁk] [lea a(llj(iy)] h e N(Z),0 has deficiency —1
1 is semi-simple keNZ"),K"Th=—a—1
oc{0,1} [h,ah] # 0O [k,*%k];é() [ljlcx l(ia] he N(Z —1),1 has deficiency —1
0 is semi-simple ke N(ZT" —1),k"h=0

TABLE 4.1. All Solutions with r(H)=r(K)=1

so the eigenvalues of A are

—d—t+/(1+d—t)2+401—d—
W/:3 d V( +d2 )2+4(1—d 3)’ (5.1)

in which p and v correspond to the plus and minus signs, respectively. It is easy to see
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that pu,r#0 if and only if s#(d—1)(1—t) and p,v#1 if and only if s#£1—dt. Also
p#v if and only if s#1—d+ (1+d—1t)?/4.

By Lemma 5.1 with p; =y and up = v, the eigenvalues of Z2 are 01,12, 43, - .+, fin—2,
where n; = 2 and 12 =v2. On the other hand, the eigenvalues of Z?2 are the squares of
those of Z, so p1j =0 or 1 for j=3,...,n—2.

There are several cases on the eigenvalues of A.

Case 1): u=0and v=0. Then ¢()\) = \? gives (d+t—3)A+ (1 —d)(2—t)+d+s—1=0,
so d+t=3 and s=(d—1)(1—t). Thus t=3—d and s=(d—1)(d—2), and T=T(3—
d,(d-1)(d—2),-1,d).

Case 2): p=0and v=1or p=1and v=0. Then d+t=2 and s=(d—1)(1—¢) from
d(N)=AA—1). Sot=2—d and s=(d—1)? thus T=T(2—d,(d—1)?,—1,d).

Case 3): p=1 and v=1. Then ¢(\)=(A—1)2, so d+t=1 and s=(d—1)(1—t)+1.
Therefore t=1—d and s=d(d—1)+1. Hence T=T(1—d,d(d—1)+1,—1,d).

Case 4): p=0and v#0 or 1. In this case v=3—-d—t#0 or 1, thus t#3—d or 2—d,
and s=(d—1)(1—t). Consequently T=T(t,(d—1)(1—¢),—1,d).

Case 5): pu=1and v#0 or 1. Now t#2—d or 1—d, and s=1—dt. It follows that
T=T(t,1—dt,~1,d).

Case 6): u#0or 1, v#0 or 1, and p#v. From ¢(0)#0,4(1) #0, and the equivalent
condition for u# v, we see that T'=T(t,s,—1,d) such that

(1+d—t)?

s#(d—-1)(1—1t), s#1—dt, and s#1—d+ 1

Case 7): p=v#0or 1. Then p=v=(3—-d—t)/2 by (5.1), so t#3—d or 1—d, and
s=1—d+(1+d—1t)?/4. Now T=T(t,1—d+ (1+d—t)*/4,—1,d).

From the above analysis, and using the same arguments as in the proofs of Propo-
sition 2.5 (iii) in [4] and Theorem 4.1 in [8], we obtain the following result.

THEOREM 5.1.  All solutions X =WYW =1 of (1.1) under the assumption that r(H) =
2 and K#0 or r(K)=2 and H#0 are such that

(i) T=T3—-d,(d—1)(d—2),-1,d) for any d. And Z has eigenvalue 0 of deficiency
—1 with respective eigenvector HE and generalized eigenvector Hé, and left eigenvector
CTJ KT and generalized left eigenvector éTJlKT, where 0 is the eigenvalue of Jy (I —T)
of deficiency —1 with respective eigenvector & and generalized eigenvector f, and left
eigenvectors (T and generalized left eigenvector (fT, satisfying

d—2 (d—1)(2—d)

Ty
K H= 1 1-d

The other possible eigenvalue of Z is 1.

(i) T=T(2—d,(d—1)?,~1,d) for any d. And Z is a projection since it is diagonaliz-
able with eigenvalues 0 and 1, with respective eigenvectors Hf,H{C and left eigenvectors
CTKT,éTKT, where 0 and 1 are eigenvalues of J1(I —T) with respective eigenvectors
5,5 and also eigenvalues of (I —T)Jy with respective left eigenvectors (T,CAT, satisfying

KTH=o.

(i) T=T(1—d,d(d—1)+1,-1,d) for any d. And Z has eigenvalue 1 of deficiency
—1 with respective eigenvector HE and generalized eigenvector HE, and left eigenvector
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CTJ KT and generalized left eigenvector éTJlKT, where 1 is the eigenvalue of Jy (I —T)
of deficiency —1 with respective eigenvector § and generalized eigenvector &, and left
eigenvectors (T and generalized left eigenvector CT, satisfying

1-d d(dl)}

Trr _
=[5

The other possible eigenvalue of Z is 0.

(iv) T=T(t,(d—1)(1—1t),—1,d) for any t and d satisfying t#3—d. And Z is diago-
nalizable and has eigenvalues 0 and 3—d—t, with respective eigenvectors H{,Hé and
left eigenvectors (T KT ,(TK™T, where 0 and 3—d—t are eigenvalues of Jy(I—T) with
respective eigenvectors f,é and also eigenvalues of (I —T)Jy with respective left eigen-
vectors CT@AT, satisfying

(1—t)(d+t—2) (d—1)(t—1)(d+t—2)

T _
K=" 049 (1=d)(d+t—2)

The other possible eigenvalue of Z is 1.

(v) T=T(t,1—dt,—1,d) for anyt and d satisfyingt#2—d. And Z is diagonalizable and
has eigenvalues 1 and 2—d —t, with respective eigenvectors Hf,Hf and left eigenvectors
CTKTfTKT, where 1 and 2—d—t are eigenvalues of Ji(I—T) with respective eigen-
vectors f,é and also eigenvalues of (I —T)Jy with respective left eigenvectors CT,CAT,
satisfying

t2—d—t) dt(d+t—2)

T _
KEH=1"gi—2" a@—d—1)

The other possible eigenvalue of Z is 0.

(Vi) T=T(t,1—d+(1+d—t)?/4,—1,d) for any t and d satisfyingt#3—d or 1—d. And
Z has eigenvalue (3—d—1)/2 of algebraic multiplicity 2 and deficiency —1 with respec-
tive eigenvector HE and generalized eigenvector Hf, and left eigenvector (T LK™ and
generalized left eigenvector (T J KT, where (3—d—t)/2 is the eigenvalue of Jy(I—T)
of deficiency —1 with respective eigenvector & and generalized eigenvector f, and left
eigenvector (T and generalized left eigenvector fT, satisfying

l—d+W—(l—t)2 d(d_le

KTH=
d+t—2 d(1—d)+ Lrd=t*

The other eigenvalues of Z are in {0,1}.

(vii) T=T(t,s,—1,d) for anyt,s, and d satisfying s#1—d+ (1+d—1t)?/4,(d—1)(1—1),
or1—dt. And Z is diagonalizable and has eigenvalues p#v given by (5.1), other than 0
and 1, with respective eigenvectors H@HéC and left eigenvectors CTKT,(ATKT, where 11
and po are eigenvalues of Jy (I —T') with respective eigenvectors f,é and also eigenvalues
of (I—T)Jy with respective left eigenvectors CT,CAT, satisfying

T [s—=(1—t)% (1—t)(d+s—1)—ds
KEH= " o s—(1—d)?
The other eigenvalues of Z are in {0,1}.

In Table 5.1 below, p and v are given by (5.1). We denote e=3—d—t,f=2—d—
t,g=l—d—to=s+dt—1,p=(d—1)(1—t),q=1—d+(1+d—1t)?/4.
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7 T K A Conditions H Conditions K Conditions
o<l [3—d (d-1)d-) [d—? (d—l)(?—d)] ¢ell \)é Ny HeeN(?) KJ{ (eN(Z)
CoL Lol (N eN YY) HeeN(Z) | KCeN(Z'))

., 2-d (d-1) EeN(h-1 HeeN () KJ{eN(Z')
oon l-1 | d)] ” E\'(\(T))E\(E\T )1) BeNz-1) | KIKeNZ-]
1-d dd-1)41 -4 dd-1) te(h- )e\((\ 9 | HeeN(Z-I) | KICeN(Z'-)
o [-1 d ] [-1 d ] e\(\T CEN\T-I) | HEeN(z-1f) | KJTCeN(Z-1)
dingonalizable [t (d—l)(l—f}] l(l—t)(d+t—2) (d—l)(t—l)(dH—?)] (N[N feNA-el) HEeN(Z) KJfceN(Z")
scflee#l | |1 d -2 (1-dfi+-) e\w),ge VA=) | HEEN(Z-l) | KITCeN(Z"-dl)
digonalzabl [t l—dt] [t(?—d—t} df(d+t—°)] ( -1 §eN(A-{I) ngw'(z | KJfceNz-)
oA |-l -1 dd-d-4 (eNW™-D.GeNW-f1) | BéeN(z-) | KifCeN’-f)
ocflg) || 11— 14 B 14 g ) D] Ee N-SIGEN(A-517) | HeeNa-g1) | KafceN’-4l
A |1 d4-2 -t || N 51) (eN(-1) Hﬁe\((Z <IF) | KACeN(2"-217)
figlate fs s-{1-t1 (1-4)d+s-1)-ds (eNi-p)eN(iool) | BeeNZ-) | RATCeN -y
Uig]ﬁlfdy} M [dﬁ? s=(1-df ] (NI -u\eN' -1 | HeN(Zl) | KCeN(Z"-ol)

TABLE 5.1. All Solutions with r(H)=2 and K#0 or r(K)=2 and H#0

We have found all the solutions X of the Yang-Baxter-like matrix Equation (1.1)
when A is a non-diagonalizable elementary matrix, after all the solutions of the equation
for diagonalizable elementary matrices were obtained in [4]. Because of the simple and
special structure of the Jordan form for A and with the help of spectral perturbation
results for rank-1 and rank-2 perturbations of matrices, we were able to completely solve
the quadratic matrix equation for general elementary matrices.

Our approach may be extended to solve the same matrix equation for more general
matrices A, which will be further explored in the future work.
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