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GLOBAL WELL-POSEDNESS OF THE FREE-SURFACE DAMPED
INCOMPRESSIBLE EULER EQUATIONS WITH SURFACE TENSION*

JIALI LIANT

Abstract. We consider a layer of an incompressible inviscid fluid, bounded below by a fixed general
bottom and above by a free moving boundary, in a horizontally periodic setting. The fluid dynamics is
governed by the gravity-driven incompressible Euler equations with damping, and the effect of surface
tension is included on the free surface. We prove that the problem is globally well-posed for the small
initial data; moreover, the solution decays exponentially to the equilibrium.
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1. Introduction

1.1. Eulerian formulation. We consider an incompressible inviscid fluid,
subject to the influence of gravity and surface tension forces, evolving in a moving
domain

Q)= {yET2 XR|—=b(y1,y2) <ys < h(t,yl,yg)}. (1.1)

We assume that the domain is horizontally periodic for T=R/Z the usual 1-torus. The
lower boundary of Q(t) is assumed to be rigid and given by the smooth function b> 0,
but the upper boundary is a free surface that is the graph of the unknown function h:
R, x T2 —R. For each t >0, the fluid is described by its velocity and pressure functions,
which are given by u(t,): Q(t) = R? and p(t,-): Q(t) = R, respectively. We require that
(u,p,h) satisfy the following free boundary problem:

Ou+u-Vu+Vp+au=—gez in Q(t)

divu=0 in Q(t)

ath:U3—U181h—’LL282h on {ygzh(t,yl,yg)} (12)
P=DPatm —0H on {ysz=h(t,y1,y2)}

u-v=0 on {y3=—b}.

The first two equations in (1.2) are the incompressible Euler equations with damping
(or dissipation) and gravity, where a>0 is the damping coefficient and g>0 is the
strength of gravity; the equations are used in geophysical models for large-scale processes
in atmosphere and ocean [11,26], where au models the friction due to the bottom of
the ocean or the Rayleigh friction (or the Ekman pumping/dissipation) in the planetary
boundary layer in the presence of rough boundaries [6,12,31]. We may refer to, for
instance, [4,7,9,19,27] for some mathematical results of the incompressible damped
Euler equations. The third equation in (1.2) states that the free surface moves with
the velocity of the fluid. pgp, is the constant pressure of the atmosphere, o >0 is the
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surface tension coefficient, H is twice the mean curvature of the free surface given by
the formula

Vh
e () .

and v is the outward normal vector to the lower boundary.

To complete the statement of the problem, we must specify the initial conditions.
We suppose that the initial upper boundary is given by the graph of the function
h(0)=ho:T? =R, which yields the initial domain €(0) on which the initial velocity
u(0) =ug:2(0) —R3 is specified. We will assume that hg > —b on T2.

1.2. Background. The early works for the free-surface incompressible Eu-
ler equations (without damping, i.e., a=0) were focused on the irrotational fluids
(i.e., curlu=0), which began with Nalimov [24] of the local well-posedness for the
small initial data and was generalized to the general initial data by Wu [34,35], see also
Lannes [22] and Ambrose and Masmoudi [2,3]. For the full free-surface incompressible
Euler equations, the first local well-posedness was obtained by Lindblad [23] for the case
without surface tension and by Coutand and Shkoller [10] for the case with (and with-
out) surface tension, see also Christodoulou and Lindblad [8], Schweizer [28], Shatah
and Zeng [29] and Zhang and Zhang [38].

For the free-surface incompressible Euler equations with the irrotational assump-
tion, certain dispersive effects can be used to establish the global well-posedness for
the small initial data; we refer to Wu [36,37], Germain, Masmoudi and Shatah [13,14],
Tonescu and Pusateri [20,21] and Alazard and Delort [1]. For the free-surface incom-
pressible Navier-Stokes equations, due to the dissipation and regularizing effects of the
viscosity, the global well-posedness has been established for the small initial data; we
refer to Beale [5], Hataya [18], Guo and Tice [15-17], Tan and Wang [32] and Wang,
Tice and Kim [33] for instance.

We may refer to the references cited in these works mentioned above for more proper
survey of the literature of the local or global well-posedness of free boundary problems.
In this paper, we will prove the global well-posedness for the free-surface incompressible
Euler equations with damping, gravity and surface tension for the small initial data.
The damping effect leads to the global well-posedness for the small initial data, which
may be expected; we may refer to, for instance, [25,30] for the global well-posedness of
the compressible damped Euler equations in fixed domains. Nevertheless, as we will see
later, the analysis for the free boundary problems is much more involved.

1.3. Reformulation in flattening coordinates. In order to transform the
free boundary problem (1.2) to be one in the fixed domain, we will use a flattening
transformation as [5] rather than the Lagrangian coordinate transformation. To this
end, we define the fixed domain

Q:=T?x (—b,0), (1.4)

for which we will write the coordinates as xz € 2. We shall write ¥ :={x3=0} for the
upper boundary and 3, :={x3=—b(x1,22)} for the lower boundary. We will think of h
as a function on R, x ¥, and flatten the coordinate domain via the mapping

Qo (z1,22,0(t,x) =z +n(t,x)) = D(t,2) =y € Q(1), (1.5)

where 1= (1+%)Ph, and Ph is the harmonic extension of h onto {x3<0} with P
defined by (7.1).
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Note that if & is sufficiently small in an appropriate Sobolev space, then the Jacobian
03¢ =14031>0 and hence the mapping ® is a diffeomorphism. This allows us to
transform the free boundary problem to one on the fixed domain 2. We define

o(t, ) =u(t,®(t,7)), q(t,2) = (p+gys —Parm)(t, (t,2)) in Q. (1.6)
Set
07 —0,— %0, i—i12, o= o, (1.7)
! Dz J3p
such that

diuo®(t,-)=0fv, i=t,1,2,3.

Then in the new coordinates, the problem (1.2) becomes

Ofv+v-VPu+VPq+av=0 in

V#.u=0 in Q

Oth=v-N on X (1.8)
q=gh—cH on

v-rv=0 on Xy

(v,h) [t=0= (vo,ho)-

Here we have written (V¥), =07, i=1,2,3, V¥-v=07v; and N=(—01n,—0n,1).
We assume that the initial surface functlon satisfies the zero-average condition

/EhO:O. (1.9)

For sufficiently regular solutions, the condition (1.9) persists in time, that is,

/ h(t)=0. (1.10)
3

Indeed, by the third, fifth and second equations in (1.8), we have

/ /at /v N= /vw wdVy = (1.11)

where dV; stands for the volume element induced by the change of variable (1.5):
AV = 0spdz. (1.12)

The condition (1.10) will allow us to apply Poincaré’s inequality for h (and hence ¢) on
3 for all £>0. If it happens that the initial surface does not satisfy the zero average
condition (1.9), then we can shift the data and the coordinate system so that (1.9)
is satisfied, provided that the extra condition infb+ [;,ho >0 is satisfied; see [16] for
instance.

The problem (1.8) possesses a natural physical energy. For sufficiently regular solu-
tions, we have an energy evolution equation that expresses how the change in physical
energy is related to the dissipation induced by the damping;:

]. d 2 2 27 / 2 —
oy (/Q|v| th+/E<g|h| +O’(\/1+|Vh| 1)>>+a Q|v\ dV;=0. (1.13)
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1.4. Main results. We denote H*(2) with k>0 and H*(X) with s€R for the
usual Sobolev spaces on € and ¥, whose norms denoted by |-||, and |-|,, respectively.
For a generic integer n > 3, we define the energy as

n n—1 n+1
5n::ZHagv +ZHagq +Z’6{h
j=0 j=0 =0

Our main results of this paper are stated as follows.

THEOREM 1.1.  Let n>3 be an integer. Assume that vo€ H2™(), hge H2"H (%)
satisfy V0 -vg=0 in Q, vy-v=0 on Xy and the zero-average condition (1.9). There
exists a universal constant eg >0 such that if £,(0) <eg, then there exists a global unique

solution (v,q,h) solving (1.8) on [0,00). Moreover, there exists universal constants C,~y >
0 such that for all t>0,

2 2 2
i (1.14)

$(n—3) $(n—i)-} $(n—j)+1

En(t)—l—/té'n(r)drg(?é'n(o) (1.15)

and

E.(t) <CEL(0)e . (1.16)

REMARK 1.1.  Since h is such that the mapping ®(¢,-), defined in (1.5), is a diffeo-
morphism for each ¢>0. As such, one may change coordinates to y € Q(t) to produce
a global-in-time, exponentially decaying solution to (1.2).  Also, our theorem holds
for any n >3, which implies that the sufficiently small smooth initial data leads to the
global smooth solutions to (1.2).

We now present a sketch of the proof of Theorem 1.1. The local well-posedness of
the problem (1.8) in our energy functional &, (n>3) can follow exactly in the same way
as that of the problem without damping and gravity; indeed, the local well-posedness of
the incompressible Euler equations in the energy functional &3 (i.e., n=3) was proved
by Coutand and Shkoller [10], and, if we could derive the a priori estimates in the energy
functional &, (n>3), there would not be any essential difficulties to generalize the local
well-posedness result in [10] to the case n>3 or with damping and gravity. Therefore,
to prove Theorem 1.1, it suffices to derive the a priori estimates as recorded in Theorem
6.1.

The first step is to utilize the geometric structure of (1.8) and the energy-dissipation
structure (1.13) to derive the following temporal energy evolution estimate:

£u0)+ [ ulr)dr SEn0) - 0+ [ @l oas, (1.17)
0 0
where
(1.18)

2 2
8{1}“ + )
0 0

J
8th

En::zn:(‘ 5‘gh’j> and f?n::zn:‘
§=0 §=0

Note that 9" 'v € H3/2(Q) in &, (cf. (1.14)) rather than H'(Q) is important for closing
the highest order temporal derivative estimate (see [10]). Such a regularity gains from
the regularizing effect of surface tension and the vorticity estimates. We remark here
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that, required not only by even the local well-posedness with surface tension (see [10])
but also by the derivation of the dissipation estimates of ¢ and h (required also for the
global well-posedness without surface tension), we need to study the time-differential
problems.

The next goal is to replace &£, and D,, in the left-hand side of (1.17) by the full
one &,. To derive the estimates for the normal derivatives of v, the natural way is to
estimate instead the vorticity curl?v=V¥ x v to get rid of the pressure term V¥¢q, and
the conclusion is that

sup Z H&j curlv

—|—a/ Z H@J curlv

gen(0)+sup(5n)2+/0 (En)2. (1.19)

(0,77

2(n—j) 2(n—j)-1

Note that to utilize (1.19) so as to employ the Hodge-type elliptic estimates of 8]
for j=0,...,n—1, we need to show that 8]1)3 eH3(n—i)~3 z(X). This requires us to chain
the Hodge -type elliptic estimates of v, the regularizing elliptic estimates of h by the
presence of surface tension and the derivation of the estimates of ¢q. Indeed, first we
have

n+1 n—1 2 ~
Z‘@jh‘  SDp+(£,)? and hence Z‘agq‘_§§pn+(gn)2. (1.20)
2 =1 2
We then use the following diagram to provide a sketch of the chaining procedure:
Of'h i, (1.8)5+Hodge i 1, (18)y  aj— 2
apvzaflq:aylh} """ Oh=———— 0 v=—"0,

1.21
(18, 2y {8fh:>6tv:>Vq:>Vh (1.21)

...... Sohess,
The diagram (1.21) means that if at the beginning 97*h € H' and 9'v € L?, then we can
derive the desired regularity of the following terms as described in &,.

Since [97'h|? <&,, the diagram (1.21) implies that for the estimates of &, in the
energy, we have (since |h|; <&,, Vg and Vh in (1.21) can be then replaced by ¢ and h)

+(En)2 (1.22)

However, for the estimates of &, in the dissipation, the difficulty is that \6‘tnh|? is not
controlled by D,,. The most crucial point of our global analysis is to discover the
following:

T T
/ 07 f; < sup (|07 ]} + 10707 ) +/ (lop=2mls +lor+tn”,). (1.23)
0 [0,7] 0 2 2
Hence, we have the following time-integrated dissipation estimate (the L? norms of ¢
and h are controlled by using Poincaré’s inequality since fz h=0)

T - T
/ EnSsupé, +/
0 [0,T] 0

+(&)?% . (1.24)

2(n—j)-1

Curlv
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Consequently, combining (1.17), (1.19), (1.22) and (1.24), we can close the a priori
estimates, as recorded in Theorem 6.1. The exponential decay estimate can also be
derived. Hence, the proof of Theorem 1.1 is completed.

1.5. Notation. We use the Einstein convention of summing over repeated
indices. Throughout the paper C' >0 denotes a generic constant that does not depend
on the data and time, but can depend on the the parameters of the problem, e.g., g,a,
o, b, n. We refer to such constants as “universal”. Such constants are allowed to change
from line to line. We employ A; < Ay to mean that A; <C A, for a universal constant
C>0.

We write N={0,1,2,...} for the collection of non-negative integers. When us-
ing space-time differential multi-indices, we write N'T¢={a = (ag,a1,...,a4)} to em-
phasize that the O—index term is related to temporal derivatives. For o€ Nt
0%=0;°0" ---05. For any differential operator 9%, we use the commutators

(0% flg=0°(f9) = f0%g and [0, f,9] =0 (fg) = fO"g— 0" fg. (1.25)

We denote x, = (z1,22) for the horizontal coordinates and v, = (vy,v2) for the hori-
zontal components of v. We denote V, for the horizontal gradient, div, for the horizontal
divergence and A, for the horizontal Laplacian. To simplify the notations, we still use
Vf to mean V., f, etc., when without confusion, for function f defined on ¥. We omit
the differential elements of the integrals over 2, ¥ and ¥, and also sometimes the time
differential elements.

2. Preliminaries

In this section we record some preliminary results that will be used in the derivation
of the a priori estimates for the solutions to (1.8). We will assume throughout the rest
of the paper that the solutions are given on the interval [0,7] and obey the a priori
assumption

Ea(t) <8, Vte|0,T] (2.1)

for an integer n >3 and a sufficiently small constant J >0. This implies in particular
that

%gaggo(t,x)gg, V(t,x) €0, x . (2.2)
(2.1) and (2.2) will be used frequently, without mentioning explicitly.

In order to derive the estimates for the time derivatives of the solutions to (1.8)
(essentially for the highest order), even for the local well-posedness of (1.8), it is natural
to utilize the geometric structure of the equations given in (1.8); this is also motivated
by the works [15-17] of viscous surface waves in which such geometric structure is crucial
for handling the pressure term when estimating the highest order time derivatives of
the solutions. We apply 8/ for j=0,...,n to (1.8) to find that

O Olv+v-VP v+ Ve g+adlv=F" inQ

Ve 0lv=F> in O
0,07 h=08/v- N+ F3i on Y (2.3)
dq=gdh—od H on ¥

Hv-v=0 on Xy,
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where
Fli—_ {3g,af+u-vﬂv— [ag’,vﬂ 4 (2.4)
F2i=_ [ag‘,w] v, (2.5)
P = [0],N] v, (2.6)

Furthermore, we may write that for j >1,

; ; Vh
e (2

Volh : 1
=V | — =4 Vhi} | —— | +
(,/1+|Vh|2 ‘ <«/1+|Vh|2>

J 1

0}, Vh, ————=
V1+|Vh]?

and

) o7
; B Vh-Vo;h

o) et L) it [ VO
\Vitivee) VI+IVA]P o\ vRe

Vh-Volh - Vh
__%—[aﬂ (e R (2.8)
V1+|Vh|? V1+|Vh|?
It thus follows that
; dh Vh-Vih :
HNH=V- Vo - Vo sVh+F4 |, (2.9)
VI+[VR[Z T EVA?
where
, . Vh , 1
Fii—— i~ — | voavh+ |0, ——— Vh|. (2.10)
lt VI+|VA[Z ERVAENNE
We present the estimates of these nonlinear terms F%7.
LEMMA 2.1. It holds that
12 2 2 2
[FH g+ E22] o+ 12 g+ [P ] 0 S (En)* (2.11)

Proof.  We expand these commutators in F*J into a sum of products and then
control each product with the highest order derivative term in H" (r=0,1/2,3/2, ac-
cordingly) and the lower order derivative terms in H™ for m depending on r, using
Lemmas 7.2 and 7.1, the trace theory along with the definition (1.14) of &,; all of them

are bounded by &,. We remark that it is needed to have included the term ’(‘3{”‘111‘: /2
in the definition of £, so that when estimating F''", by Lemma 7.1,

o+ e g =103+ nlly < |07 Phlg S 07 R )7, <En. (2.12)

The estimate (2.11) follows by summing. a
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In order to utilize the linear structure of (1.8), it is convenient to write the equations
in the linear perturbed form

Ow+Vg+av=G' inQ

dive = G? in
Oth=v3+G3 on ¥ (2.13)
g=gh—0cAhR+G* on X%
v-v=0 on Xy,
where
=0md5v+Vndyq—v-V¥u, (2.14)
G*=Vn-v, (2.15)
G®=—v-Vh, (2.16)
G'=—oV-((1+|Vh]*) "2 =1)Vh). (2.17)
Here we have used the fact that, by (1.7), 87 —9; =—9;n0% for i=t,1,2,3.
We present the estimates of these nonlinear terms G*.
LEMMA 2.2. It holds that
Z_: (( aic||” +|oie?| +lojc?|’ >+zn: teal
— so-p-3 I g@—p-1 1 lmep-1) T =TT i1
j= j=
<(&n)2. (2.18)

Proof. The proof follows in the same way as Lemma 2.1, expect when estimating
O"G* we need to use first the structure of G*:

ERes o (((1+|vm2)*1/2f1)w)]z (2.19)

.5

and then estimate in the same way as Lemma 2.1. ]

Since the Jacobian of the change of variable (1.5) is 03¢, when performing energy
estimates it is natural to use on ) the weighted L? product fQ fgdVy, where dV; was
defined by (1.12). We have the following integration by parts identities for the operators
97 and the above weighted product:

LEMMA 2.3. It holds that

/wvwm:—/ﬂﬁww+/ﬁmﬁ- fovi, i=123,  (2.20)
Q Q >

3

d
/meﬁ—/mwr/mmwr/mwl (2.21)
Q dt Jq Q )

and

/(a“”fﬂ Ve fdVi= 2dt/|f| dV;. (2.22)
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Proof.  The formulas (2.20) and (2.21) are straightforward consequences of the
standard integration by parts formulas. Now, by (2.20) and (2.21) and using the second,
third and fifth equations in (1.8), we obtain

1d 1
/(8ff+v~V“"f)det:f—/|f|2dvt—f/V“”-v|f|2th
1 1
—5 [P @h—o N+ [ 1o
b 2y

1d )
*iﬁ/gm dv,. (2.23)

This proves (2.22). |
3. Temporal estimates
In this section we will derive the energy evolution estimates for the temporal deriva-

tives of the solutions to (1.8). For a generic integer n >3, we define the temporal energy
by

_ n 12 2
Eui=) <] o) + 8§h’1) (3.1)
7=0
and the corresponding dissipation by
_ n 2
D= ‘ dlv ] (3.2)
7=0

We derive the following time-integrated temporal energy evolution estimate.
PROPOSITION 3.1. It holds that

£.()+ /0 "B (r) dr < £a(0) + (En (1) + / (€ (r)2dr. (3.3)

0

~ Proof. Let j=1,...,n. Taking the inner product of the first equation in (2.3) with
O7v and then integrating by parts over { by using the second, third and fifth equations
in (1.8), we obtain , by Lemma 2.3,

li/
2dt Jq

By (2.11), we have

o

2 o
th+/V“’8§q~8§vth+a/
Q Q

.12 X .
8{1}‘ th:/Fl’J-afvth. (3.4)
Q

[ rt-otvavis | g <ex (35)
Q
Using the fifth, fourth, third and second equations in (2.3), we obtain
—/Vwﬁgq'afvdvt:—/Ggqagv-N—k/quV“’-agvth
Q b Q

:—/(gatjh—oﬁfH)(a{“h—F?”j)—i—/agsz’jth. (3.6)
P Q
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Integrating by parts in ¢ leads to

- I J“h:—ff/
/zgat o 2dt Eg

/EgﬁghF&jS‘afh’()’FSﬂosgﬁ/Q. (3.8)

(3.7)

By (2.11), we have

By (2.9), we may write

S J VY A
/aagHag“h / oV- ( Vo Vh-Vo Vh+F4»J>ag+1h. (3.9)
b

VIFIVRE T VAE

Integrating by parts in both z, and ¢, we find that

[ov (22 o [ Vo
S VI1+|Vh[? o \/1+|Vh|2

1d [ |[Voln? 1 1 ;
12 T ) e,

2d \/1+|Vh|2 V1+|Vh|?

1d |V8Jh|2 3
<—-— +CE32, 3.10
=T 2dt )y T VAP (3.10)

Similarly, we have

. J . 1 . J 7,12
- /UV(WIW)W% d /Jm+cgg/2, (311)
>

VIT VAR T 2dtJy JTE[VHP

By (2.11), we obtain

4,5 aj+1 4,5
/ZUV-F o< P,

8§+1h‘ <&, (3.12)
—1/2
Now we write

—/EaagHFS’j:—/EJB{H(B{Ner[8§,N,~UD. (3.13)

The integration by parts in x, yields, by estimating ‘ [8,{,N,~v] ‘ <&, as Lemma 2.1,
1

—/angH [8f,N,-v] :/208,{ (%) ~V[6Z,N,~v}

<lop (- ‘ 8N, 11” <32, (3.14)
VI+|Vh?
It follows from (2.9) that
- j Vo _ .
f/aagHagN.%/ Vo Vh vath3Vh+F4ﬂ v-Volh. (3.15)
R VIHIVIE T VAP
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By (2.11), we directly have
/UV~F4’jv-V8{h§]F4’j|1‘v~vagh‘0582/2.
>

Upon an integration by parts in x,, we find that
Volh : Volh »
oV-| —t—— |v-VIh=— | 6———-V(v-VIh
/2 («/1+|Vh|2> ‘ s /1+|Vh[? (v-V0;h)
_ [, Von
s /1+|Vh|?

Similarly, we have

; 1

v ,
odiv, | ———— | |V/h
= <\/1+|Vh|2>‘ '

h-Volh ;
v (Ww) o VO <EV?.
)

~/1+|Vh|23

Finally, we turn to the last F2J term in (3.6). If j <n—1, then we have

/8gqF2’jth§’8tjq
Q

), s e

2
<&/
~ N N

597

(3.16)

(3.17)

(3.18)

(3.19)

For j=mn, since 0;'q is out of control, we need to integrate by parts in ¢t. We may use

the following decomposition

5
F2,n _ —8390?2’n with F?,n _ Zﬁfﬂz’
=1

where

FP=ndN-07 1050, F2"=nd,dsndf tdivev., Fy"=0"N-dsv,
n—1

Pt =0posndiviv,, Fo"=Y " ChL(O/N-0p " 05v+0f0sn-0p " div,v,).
=2

Accordingly,

5

/ fqF* AV == / apqF".

Q —Ja
By the integration by parts in ¢, we have

. d [ -
_/ Fﬁ’”@fq:—%/ E2"or g+ RE,

Q Q

where, estimating as Lemma 2.1,

Ry :/ B2 < Hatﬁg’"
Q

n—1 3/2
OHGt q”og‘gn :
Integrate by parts in t to write

2,n d [2,m an—
_/Ff’ 8?q=‘@/FZ’ o+ RY,
Q Q

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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where, by further integrating by parts in x3 and the trace theory,
Ry :/ (071 93 div. v, + 0] 035m0, div.v,) 0] g
Q
:/ 8f+1hdiv*v*3t”71q—/ Pt nos (div*v*afflq) +/ 030, div, v, 0] q
b Q Q
SEN2. (3.27)
Similarly, integrate by parts in both ¢ and x, to write
—2.,n —2.n n d —2.,mn —2.mn — n
—/ (F22 o )8tq:——/ (F§ +E? )at" L+ RY (3.28)
Q dt Jo ’
where

3’3:/9@ (F3m+Bpm)op—tas el (3.29)

Now we turn to the most delicate term that involves F 12 ' Integrate by parts in x3 first
to get

—/Ff’”@t"q:—/natN'atnflvafq—k/nag(afqatN)'atnflv. (3.30)
Q b Q
Integrating by parts in ¢, we obtain
n n—1 d n—1 n—1 n
/nag((?t qoN) - 0] U=$/n83 (07 'qoN) -0 v+ RY, (3.31)
Q Q
with
RY = —/ nos (8f_1q8tN) -0fv+nos (8f_1q8t2N) -8;‘_111552/2. (3.32)
Q
By ¢q=gh—0oH, we have
—/natN-ﬁf’lvafq:—/n@tN-at”’lv(afh—aafH)582/2. (3.33)
by b
Hence, (3.24)—(3.33) implies that
/ oL qF*™dV, < —iBnJrcsf;/% (3.34)
Q dt
where
5 ~
B,=>)_ /Q F2rop—lg+ /Q nds (0 'q9,N) -9yt S E/2. (3.35)
j=2

Consequently, in light of the estimates (3.5)—(3.19) and (3.34), we deduce from (3.4)
by summing over j=1,...,n and (1.13), by integrating in time from 0 to ¢, that, by the
definitions (3.1) of &, and (3.2) of D,,

En(t)+ / t@n(T) dr S En(0) + (En(0))%2+ (En(8))*? + / t(En(T))3/2dT. (3.36)

The estimate (3.3) thus follows. O
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4. Vorticity estimates

In this section we will derive the estimates for the normal derivatives of v. The
natural way is to estimate instead the vorticity curl?v= V¥ X v to get rid of the pressure
term V¥gq; applying curl? to the first equation in (1.8), we have

Of curl?v+v- V¥curl?v +acurl¥v = — [curl?,v] - V¥v. (4.1)

Note that our energy functional &, involves the fractional Sobolev regularity of
the solutions, and we can not apply the fractional spatial derivatives to the equations
in a domain with boundary. Traditionally, the fractional Sobolev regularity estimates
follow by the interpolation from the ones of integers. For this, we let j=0,...,n—1 and
then apply D;, where D; denotes for any 0% a€ N3 with ap=7j and a3 +as+as <
|2(n—7)] -1, to (4.1) to find that

If D jeurl?v +v- VD jcurl¥v +a®jeurl v =, (4.2)
where
3 =—[0,,0f +v-V?]curl?v —D; [curl?,v]- V¥v. (4.3)
The estimate of F is recorded as follows.

LEMMA 4.1.  Denote rj=3(n—j)—|2(n—j)| €[0,1). It holds that
1117, < (€a)*. (4.4)

Proof. The proof follows in the same way as Lemma 2.1. a0

We first prove a general estimate for the following damping-transport equation

Of f+v-V?f+af=3. (4.5)

LEMMA 4.2.  For any r€10,1], it holds that

T T
sup 12+ [ IS IO+ [ 112, (46)
(0,7] 0 0
Proof. The standard energy estimate of (4.5) implies , by Lemma 2.3,
d
G [irtaveea [ (s avis s, (4.7
Q Q
Similarly, applying V to (4.5), we find that
d
G L9t [ (VR an SIVSE+19.07 4091505 @)
Q Q
Note that
8t<p—v~N

Of +v-VP=0,+v,-V.+ 05, (4.9)

O3

and it is straightforward to estimate as in Lemma 2.1 that

I[V,8f +v-V¥] fllo SE IV Flp- (4.10)
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Since &, <4 is small, we then have from (4.8) that

d
G L9 avira [ (9P avis s, (411)
Q Q
By integrating directly in time (4.7) and (4.11), we may conclude that the estimate (4.6)
holds for r=0,1. The estimate (4.6) for € (0,1) then follows by the interpolation. 0O
We now derive the following energy estimates of the vorticity.

PROPOSITION 4.1. It holds that

el 2 Tzl 2
sup ‘ 8! curlv —|—a/ ’ & curlv
[mT];} ' se-p-1 Jo ;0 ‘ Sn-i)-1
T
e+ sup(En)+ [ (62 (4.12)
[0,7] 0

Proof. Let j=0,...,n—1. Applying Lemma 4.1 to (4.2) with f =97 curlv, F=3’
and r=r;, by (4.4), we have

T T
sup ||33jcurl“"v||ij —l—a/ Hﬁjcurl‘pvﬂzj S ||C‘churl‘pv(0)||3j +/ H%]Hi
0 0 !

T
SOt o) + [ @7 (113)
0

This implies that, by summing over such a in D,

2

, T, 2
sup Hagcurl“’vH : —|—a/ H@gcurl‘pv

[0,T7] $(n—j 3 (n—j)—1
. 2 T
gHagcurl%(O) + / (&) (4.14)
$(n—-0)-1 Jo
Since H&f(curl“" —curl)v i)t < (€,)% as Lemma 2.1, we deduce from (4.14) that
$(n—i)-
, 2 T, . 2 T

sup (|0] curlv +/ ‘6§curlv sgn(0)+(€n)2+/ (&.)% (4.15)

0,77 S(n=n)-1 Jo $(n—j)-1 0
This yields the estimate (4.12). |

5. Elliptic regularity

In this section we will chain the Hodge-type elliptic estimates of v, the regularizing
elliptic estimates of h by the presence of surface tension and the derivation of the
estimates of ¢ by using directly the fourth and first equations in (2.13), to get the full
energy estimates &, in terms of &, and D,, (recalling the definitions (1.14), (3.1) and
(3.2) of them).

We first present the result in the “energy”.

PROPOSITION 5.1. It holds that
~ n—1 9
j=0 2

& curlv + (&) (5.1)

z(n_j)_l
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Proof. We first derive some preliminary estimates resulting from the control of D.,
(weaker than &, , cf. (3.1) and (3.2)). By the normal trace estimate (7.6), the second
equation in (2.3) and (2.11), we obtain

Sfoie [, <3 (Joie oo,

> (Hai'vHO+ ||F“||§> <D+ (€)% (5.2)
7=0

By the third equation in (2.3), (2.11) and (5.2), we have

n+1
Z‘ajh‘ 1/2<Z(“9] ‘21/2+|F3’j‘1\2_1/2>Sﬁn+(6n)2. (5.3)
=

By the fourth equation in (2.13), (5.3) and (2.18), we obtain

n 2

2

Jj=1

’25) SDn+(En)?. (5.4)

2
On the other hand, by the first equation in (2.13) and (2.18), we have
ez 1al S toroll + [ortul 4 | G R <D k(8 65
Then by the Poincaré-type inequality, (5.5) and (5.4), we obtain
Jo=al* < Jor 9l +[or -l , <Du+ (&) (5:)

By the standard elliptic regularity of & of the fourth equation in (2.13), the trace theory,
(2.18) and (5.6), we have

L Slor el + 1o G S 00 el + (€S Dat (€2 (5T)

Next, we will prove an iteration-type argument: we absume the control of

‘(‘W for j=1,...,n, then we derive the estimates of (for
F(n—j)+1 3(n—=(-2)+1
j—2>0). We write compactly
o 2
—&-Z’ curly - N (5.8)
j:O 2 n ] H 2

By the third equation in (2.13) and (2.18), we have

R 2
F(n—(G-1))-3

%(”*(] )- %(n*(jfl))*%

2
I +(€n) . (5.9)

ajh
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Then employing the Hodge-type elliptic estimates (7.7), by (5.8), (5.9) and (2.18), we
obtain

. 2
‘ai_lv . <H6] H —&—‘8] curlvH
3(n—(-1)) §(n—(j-1))-1
1 1P i—1 |2
—&—H@g dive ’6f v3
F(n—(G-1))-1 3(n—(-1)-3
5XR+H8§"1G2 +‘6{ +(&,)?
S(n—(j-1))-1 §(n—j)+1
‘aﬂh X+ (E0)2. (5.10)
3 (n—j)+1
By the first equation in (2.13), (5.10), (5.8) and (2.18), we have (for j —2>0)
2 , 2 , 2
i 2 ’ag Wl )ag% o )ag*%;l o
Sn—G-1) "~ 3(n—(-1) 5(n=0G-1) 5(n—(G-1)
<|o¢ + X, + (€)% 5.11
S L PR (€n) (5.11)

. 2
We then use Poincaré’s inequality to estimate Hag _QqH . If j—2>1, then we use the
0
boundary estimate (5.4); if j —2=0, then we need to estimate for |q\2_% in a different
way. For this, we recall here that |h|; <&,. By the fourth equation in (2.13) and (2.18),
we obtain
2
0l <IBIZ 4 +[GH 2y SIAZ, + ()" (5.12)
Hence, by the Poincaré-type inequality, (5.11), (5.4) and (5.12), we have that for j —2 >
1,

2 2

o |2 i 2
‘8? K $(n—(j—-2))- S‘at va %(nf(jfl))+ % q‘*%
aJh + X+ (En)? (5.13)
2(n—j)+1
and that
a3 s SIValE oy +laP s SBE s +102H]5 o+ X+ (ED2 (5.14)

By the elliptic regularity of the fourth equation in (2.13), the trace theory, (2.18), (5.13)
and (5.14), we have that for j—2>1,

i—2p j—2 i—2 u|?
o S0 e i G
%(n G-2)+1" 2(n—(j—2))-1 2(n—(j—2))—1
5 6j_2q + 571 2
b Mg am(—2))-1 (&)
J 2
<91k g(n_j)+1+X"+(g”) (5.15)

and that

|h| n+1,\,|q| n— 1+|G4‘ n 1~||Q|‘3n_l+((€)
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2
g|h\2_%+|8§h|%(n_2)+1+)(n+(£n)2. (5.16)

We have thus arrived at the iterated estimates.
By a simple inductive argument on (5.15), combining with (5.16), we have

§ ’ag’ h
§=0

This together with (5.7) and (5.3) implies

V)HS|8fh|f+|6t"_1h|2§+|hl2_;+Xn+(€n)2. (5.17)
J 2 2

2
3

n+1 2

> |on

Jj=0

oy SIOTB By + Xt (€)%, (5.18)

$(n—4)
We then obtain that by (5.10) and (5.18),
§=0
and that by (5.6), (5.13), (5.14) and (5.18),
n—1
3=0

Consequently, combining (5.18)~(5.20) and recalling (5.8), by the definitions (1.14)
of &, and (3.1) of &,, we have

.2
0o, SIOBITHIRL  + X+ (En)° (5.19)

5(n—j

dlq

SIOPRIT B+ X+ (€)% (5.20)

2
2(n—j)

En SIOFRIT+ P12 s + X+ (En)?
n—1 ) 2 n—2
<En+ ‘ 3jcur1vH + ‘
;0 ' $(n—j)-1 ;

We may use the Sobolev interpolation to improve the above to be

. 2
v, +(En)2. (5.21)

-3

_onzl, 2 n=2 2
5,L§5H+ZH8fcurlv . +ZH8§UH +(&n)?
— §(n—3)—1 — 0
j=0 7=0
n—1
SEn+ H@gcurlv . +(&)% (5.22)
= $(n—g)-1
This is the estimate (5.1). |

Now we present the time-integrated result in the “dissipation”.
PROPOSITION 5.2. It holds that

T

B T _ n—1 ] 2
En S supgn—l—/ ’Dn—l—Z‘ 0! curlv”g( ) 1-|—(5n)2 ) (5.23)
0 = 3(n—j)—

0 [0,7]

Proof. We remark that we may not be able to show a pointwise-in-time estimate of
&, in the dissipation as that in the energy of Proposition 5.1 since we can not control
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|8{‘h|§ and |h\2_% by D,, (cf. the first inequality in the estimate (5.21)). To get around
that |8t"h|? is not controlled by D,,, our crucial observation is that we can show an
Ll-in-time estimate of |6{Lh|§ by the control of the L!-in-time bound of |8f+1h|2_1/2 +
‘8"71h’§/2 and L°°-in-time bound of |8"h|f+ |8”71h‘?; while to get around that |h|2

is not controlled by D,,, we will modify those estimates in Proposition 5.1 that 1nv01ve

|h|_1 /2 S0 as to remove |h|_1 /2 from the right-hand sides of those estimates to have the
improvements.

We first derive the Ll-in-time estimate of |8fh|f We can still use the estimates
(5.2)=(5.7) in Proposition 5.1. By Parseval’s theorem, we have that, by (5.3) with
j=n+1and (5.7), using Cauchy’s inequality, by the definition (3.1) of &,,

/|a"h\1—/ ST (1+1?)

ccz?

8"1

£ez? £ez?

- Z (a+ |£|2>a?*%a;%) ()= ((+Igor horh) (o)

£€Z? E€Z?
/ Z 1+|€| 5/2871 1h(1+‘€| ) 1/28n+1h
0 ¢eze

T
<[soup](yan [? - lopnl) + /0 (jor="nl3 +lop+ ], )

T
Ssupc‘fnJr/ (Dn+ (&)%) (5.24)
[0,7] 0

Now we continue to proceed with the estimates in Proposition 5.1. We can use
the estimates (5.8)(5.11). But we can not use the estimate (5.12) since |h|” 1 is not
2

controlled by D,,. We can use the estimates (5.13) and (5.15), and we need to remove
|h|2_% from the right-hand sides of the estimates (5.14) and (5.16). Indeed, by the trace
theory and (5.11) with j=2, we obtain

IV.q)3 35 2N||V*q||3(n 1y S ]thy + X, + (€)% (5.25)

n2+1

But since fzh:O and hence fzq:() by the fourth equation of (1.2), by Poincaré’s
inequality and (5.25), we have

2
0301 SIVatl§na S107A]s g 4y +Xn+(En)* (5.26)
Hence, we have improved (5.14) to be (5.26), and thus we can improve (5.16) to be
2712 2
115,011 S 107 Rl gy pq X+ (En)*. (5.27)

Therefore, comparing the estimates (5.26) and (5.27) with the estimates (5.14) and
(5.16) implies that we can remove |h\31 /2 from the right-hand sides of the estimates
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(5.17)—(5.20); summing the resultings in the estimates (5.18)—(5.20) then yield, by the
definition (1.14) of &,,

En SIOPRI + X0+ (E0)*. (5.28)

Consequently, combining (5.28) and (5.24), we deduce that

T T B T
/ Sng/ (\afh|f+2€n+(€n)2) Ssup5n+/ (X + (&)%) (5.29)
0 0 [O,T] 0

This thus implies (5.23) in the same way as in Proposition 5.1 that (5.21) implies (5.1).
]

6. Global energy estimates

Now the proof of Theorem 1.1 follows, in a standard way, by the local well-posedness
theory, a continuity argument and the following a priori estimates.
THEOREM 6.1. Let n>3 be an integer. There exists a universal constant § >0 such
that if

Ea(t) <8, Wtelo,T), (6.1)

then
<5'n(t)—F/té'n(T)dT,§<S’,L(0)7 Yt e[0,T]. (6.2)
0

Moreover, there exists a universal constant >0 such that

En(t) <E(0)e™, VEe[0,T]. (6.3)

Proof. By (6.1), combining Propositions 3.1, 4.1, 5.1 and 5.2, we deduce that

T t
sup En(7)+ /0 En(T)dr <EL(0)+ sup (E.(7))**+ / (En(T))? dr

0<7<T 0<s<T

,SSn(O)—i—\/S( sup Ep(7)+ Otgn(T)dT>. (6.4)

0<7<T
This implies (6.2) since § is small.
Now we prove the decay estimate (6.3). Following the proof of (6.2), we may deduce
that
t
En(t)—i—/ En(T)dr SEL(s), VE>s>0. (6.5)
If we define
t
Ves)= [ Ealr)ar (6.6)
S

then by (6.5), we have that there exists a universal constant >0 such that

2V(3) < Enls) =LV (5). (6.7)
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Applying the Gronwall lemma to (6.7), we obtain

V(s) <V (0)e 275 < ien(())e*‘“% (6.8)

Now integrating (6.5) in s from /2 to ¢ implies that, by (6.8),

t ¢ t 1
- < =V(=z)<=— -t :
805 [ aoin=v (5) <5100 (69)
This together with (6.2) yields (6.3). d
Appendix. Analytic tools.

7.1. Harmonic extension. We define the Poisson integral in T2 x (—00,0) by

Pf(z)=)_ emieeemlel f(g), (7.1)
£ez?
where
fe)= . fla)e2mises, (7.2)

We have the following boundedness of P.
LEMMA 7.1. It holds that

IPflsSIfls21/2, sSER. (7.3)
Proof. We may refer to Lemma A.9 of [15] for instance. 0
7.2. Estimates in Sobolev spaces. We will need some estimates of the

product of functions in Sobolev spaces.
LEMMA 7.2. Let the domain be either Q or X, and d be the dimension.
1. Let 0<r<sy<sy be such that sy >d/2. Then

N gl SN gen gl s - (7.4)
2. Let 0<r<s1<sy be such that so>r+d/2. Then

19l g Sl s

Proof. These results are standard and may be derived, for example, by use of the
Fourier characterization of the H® spaces and the extension if the domain is €. 0

190l g2 - (7.5)

7.3. Normal trace estimates. We need the following H~'/?(X) boundary
estimates for functions satisfying v € L?(Q2) and V¥ -v e L(9).

LEMMA 7.3. Assume that [|Vo| ;. <C, then

|”'N|71/2§||”H0+HVSO'U”0~ (7.6)

Proof. We may refer to Lemma 3.3 of [15]. O
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7.4. Elliptic estimates.  Our derivation of high order energy estimates for the
velocity v is based on the following Hodge-type elliptic estimates.

LEMMA 7.4. Let r>1, then it holds that for v-v=0 on X,

[oll, Sllvllg+llewrlofl, _y +[Idivoll, _y +[vs],_y /- (7.7)

Proof. The estimate is well-known and follows from the identity —Awv =curlcurlv —
Vdivw. O
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