COMMUN. MATH. SCI. (© 2019 International Press
Vol. 17, No. 3, pp. 653-667

SHARP ENERGY CRITERIA AND SINGULARITY OF BLOW-UP
SOLUTIONS FOR THE DAVEY-STEWARTSON SYSTEM*
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Abstract. By analyzing the geometric characteristic of related algebra equations, we first find
the sharp energy criteria of singular solutions and global solutions for the Davey-Stewartson systems.
Then, we study the limiting behavior of singular solutions, and obtain the rate of convergence of
singular solutions, rate of concentration of singular solutions for Davey-Stewartson systems with the
L? super-critical nonlinearity.
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1. Introduction

The Davey-Stewartson systems were firstly proposed by Davey and Stewartson in
1974 (see [5,28]). The original Davey-Stewartson system is the two coupled nonlinear
differential equations, which describe the evolution of a three dimensional wave packet
on water of finite depth. In terms of dimensionless variables, the two coupled nonlinear
differential equations have the following form.

{ W+ Voo, + 12000 =a|¢|2¢+b¢¢x1, (1 1)
V¢CC1C61 +¢12$2 = 7C(|w|2)117 -

where ¥(t,21,22) is the (complex) amplitude and ¢(¢,z1,z2) is the (real) mean veloc-
ity potential. The parameters p,v >0, a,b,c are real constants. In particular, as a
mathematical model for the evolution of shallow-water waves, the Davey-Stewartson
system is usually classified as elliptic-elliptic, elliptic-hyperbolic, hyperbolic-elliptic and
hyperbolic-hyperbolic according to the signs of (u,v): (+,+), (+,-), (=, +), (=, —).
But the last case (—,—) does not occur in the context of water waves. For the deriva-
tion and overview of the physical models for the Davey-Stewartson systems, one can
refer to Chapter 11 and 12 in [28]. Usually, by using the Fourier transform of the second
equation in Equation (1.1), the coupled system (1.1) is changed to the single equation
(see [4,8,33]), and the generalized Davey-Stewartson system has the following form:

iy + A+ alp P+ bE([y|*)h =0, (1.2)

$(0,2) =, (1.3)

where A = 8’9—; + 88—;% 4+ % is the Laplace operator on RY: F is the singular integral

operator with symbol o1 (€)= &, EERN, B(|?) =F [ Fl|v[2)), F and F~* are

the Fourier transform and Fourier inverse transform on RY, respectively.
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As the operator F is nonlocal in physical space and singular in frequency space,
studying the Davey-Stewartson system and its extensions is interesting and challeng-
ing. From the view-point of physics, the following problems are very basic and im-
portant. How large will the initial data be, whose corresponding wave will become
unstable to the singular solution (i.e. there exists a finite time 0 <7 <400 such that
tlirqr} | (€)|| g1 = 400, which is also called the collapse solution or the blow-up solu-
T

tion)? How small will the initial data be, whose corresponding wave will be stable for
all time (the global solution)? Then, the sharp thresholds of singular solutions and
global solutions for Equation (1.2) are pursued strongly, as well as the structure of sin-
gular solutions, including the rate of convergence of singularity, the limiting behavior
of singular solutions etc.

Plenty of mathematicians have devoted contributions on the global solutions and
singular solutions for the Davey-Stewartson system. Here, we just list some works but
this list is not exhaustive. Ghidaglia and Saut [8], Hayashi and Saut [13], and Linares
and Ponce [20] studied global well-posedness for some generalized Davey-Stewartson
systems in different spaces. Wang and Guo [29] investigated the initial value problem
and scattering of global solutions to the generalized Davey-Stewartson systems. Cipo-
latti [3], Ohta [22,23] studied the existence and stability of the standing waves for the
Davey-Stewartson system in the original and generalized forms. Gan and Zhang [12]
studied the sharp threshold of blow-up and global existence, and proved that the stand-
ing waves are strongly unstable in the general form by the cross-constraint variational
method. Ozawa in [24], Brown and Perry in [1] studied the exact singular solutions
of the hyperbolic-elliptic Davey-Stewartson system, which is a very different Davey-
Stewartson system in dimension two, namely the focusing DS II system. Papanicolaou,
Sulem, and Wang [25] studied the rate of convergence of singular solutions for Equation
(1.2) by numerical observations.

Motivated by these problems, we study the singular solutions of Equation (1.2) in
the focusing case: a =b=1. First, we find the sharp energy criteria of singular solutions
and global solutions for Equation (1.2) in Section 3 by using three sharp Gagliardo-
Nirenberg-type inequalities.

By comparing with the results in [11,12,27], the sharp energy criteria obtained in
this paper are precisely in the sense that they were expressed by the L2-norms of the
corresponding ground state solutions. These results also improved our previous results
in [19,32] by extending the range of p to 1 <p <3, and here these sharp energy criteria of
singular solutions and global solutions may have a potential application for the physical
scientists in the experimental study of the Davey-Stewartson systems.

For the rest of this paper, we are focusing on the limiting behavior of singular
solutions for Equation (1.2). For the L? critical case: p=3 and N =2, Li, Zhang,
Lai and Wu [18] studied the rate of convergence of singular, limiting behavior and
concentration of singular solutions in H!. Feng, Ren and Wang [7] studied the blow-
up solutions with several blow-up points. Richards [26] studied the concentration of
singular solutions in L2, Zhu [33,34] proved the limiting profile and concentration of
singular solutions in L? by the nonlinear profile decomposition argument.

However, when N =3 and p#3, Equation (1.2) is not L? critical and loses the
scaling invariance. The well-known arguments in [17,21] to study the dynamics of
singular solutions for the L? critical nonlinear Schrédinger equations fail. We first inject
the sharp Gagliardo-Nirenberg-type inequalities into the Strichartz estimates. And then
we can obtain the following rate of convergence of singular solutions for Equation (1.2)
with p#3.
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THEOREM 1.1. Let N=3 and vo€ H'. Assume that (t,x) is the corresponding
singular solution of the Cauchy problem (1.2)-(1.3), where 0<T < +oc0 is the singular
time. Then, we have the following estimates.

(i) For 2<p<3, there exists C >0 such that

C
V()| > ——— f 0<t<T < . 1.4
| w()llz_(T_t)g or 0< +00 (1.4)

(ii) For ¢ >4 and 2<p<3, there exists C >0 such that

H'll)(t)”qzm for OSt<T<+OO (15)

(#ii) For 3<q<4 and 2§p<§, there exists C >0 such that

C

In the proof of the above theorem, we adapt the ideas and techniques from [2]. But,
when p # 3, Equation (1.2) does not have the scaling invariance, and the main difficulty

is that there is no comparison of ||¢|,, and ||¢||,, when p; #ps. And we need some
new ideas to obtain a uniform estimate for

IV (B 2))l and [[V([o["" )]l s

8 4 8 4 .
Ly ((taT);Lg ) Ly ((th)§L5s3)

And then we can obtain the rate of convergence of singular solutions for Equation (1.2)
in Theorem 1.1.

Moreover, as a direct application of the rate of convergence of singular solutions, we
can obtain the rate of Hz-norm concentration of singular solutions for Equation (1.2).
Let Q be the solution of

—AQ+(~0):Q-E(Q)Q=0, (1.7)

where the pseudo-differential operator (—A)* is defined by F[(—A)* f1(€) =|€|* F[f](€)
for s€R, which in turn defines the homogeneous Sobolev space H® = H*(RN)= {fe
S'(RN): [1€1?%| F[f1(€)|?d€é < oo} with its norm defined by || f|| 5. =||(—2)2 f]|2, where
S’(RY) denotes the space of tempered distributions. The existence of nontrivial solu-
tions of (1.7) has been given in [6]. Now, we obtain the rate of Hz-norm concentration
of singular solutions for Equation (1.2), which improves Feng and Cai’s results in [6],
as follows.

THEOREM 1.2. Let N=3, 2<p<3 and g€ H'. Assume that (t,z) is
the corresponding blow-up solution of the Cauchy problem (1.2)-(1.3) satisfying

sup ||¢(t)\|H% <400, where 0<T <400 is the blow-up time. Then, there exists
tel0,T)

y(t) €R® such that

liminf [ (t,2)]

1 L >0)12 1.8
te[0,7) Hf(\wfy(t)\s@ft)ﬁ*)—”QHH%’ (1.8)

where Q is the solution of (1.7) and %— is denoted as the real number %—e for any
sufficiently small € > 0.
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2. Notations and preliminaries

In this paper, we use the notation L7:=L(R?), ||| pas):="|lq, H®:= H*(R?)
and C standing for variant absolute constants. First, we recall some known facts of the
singular integral operator F.

LEMMA 2.1 ( [3,9,10]).  Let E be the singular integral operator defined in Fourier
variables by

FIEW)](E) =0o1(E)FI(E),

where 01(§) = %, £€R? and F denotes the Fourier transform in R3. Assume 1<p<
+o0.

(i) E€L(LP,LP), where L(LP,LP) denotes the space of bounded linear operators

from LP to LP.

(i1) If p € H®, then E(¢) € H®, s€R.

(1i7) If p e WP then E() € W™P and OpE () = E(0rv),k=1,2.

(iv) E preserves the following operations:
~ translation: E(Y(-+y))(z)=E@)(x+y),y € R
— dilatation: E(Y(A))(z)=E(W)(Ax),\>0;
— conjugation: W):E(@), where 1 is the complex conjugate of 1.

Guo and Wang [10] studied the local and global well-posedness for the Cauchy-

problem (1.2)-(1.3). In particular, the local well-posedness is in the following.

PROPOSITION 2.1 ( [10]).  Let N=3 and o€ H'. There exists a unique solution
Y(t,x) of the Cauchy problem (1.2)-(1.3) on the mazimal time interval [0,T) such
that ¥ (t,x) € C([0,T); H') and either T =+o00(global existence), or else 0 <T < +o00 and
thrr:lr||¢(t’x)”Hl =+00 (blow-up). Furthermore, for allt€[0,T), ¥ (t,z) satisfies the con-
—

servation laws:

(i) Conservation of mass:
M) = [ 1000 ds =)
(i1) Conservation of energy:

Hly(t)]:= /(va(i)l2 - @) - %E(\w(t)lz)lw(t)\z)dw = H{to].

p+1

Furthermore, in order to study the singular solution for Equation (1.2), in terms of
Weinstein’s arguments in [30], we need the following proposition, which can be obtained
by some basic calculus(see also [12,22,23]).

LEMMA 2.2 ( [12,22,23]). Assume that N =3, ¢y € H', |z[tpg € L? and the correspond-
ing solution (t,x) of the Cauchy-problem (1.2)-(1.3) on the interval [0,T). Then, for
all t€[0,T) we have |z|y(t,x) € L*. Moreover, let J(t):= [|z|*|¢(t,z)*dz. We have
J'(t)=—4S [ 2y Vibdz, and

J”(t):8/|Vw|2d:c—122%/|w|p+1dx—6/E(|w|2)|z/}|2dx. (2.1)

Finally, we collect three sharp Gagliardo-Nirenberg-type inequalities.
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LEMMA 2.3 ( [32]). Let N=3 and Q be the ground state solution of

3 1
—SAQ+5Q-1QPQ-B(QPQ=0, QeH" (22)
Then, we have the following sharp Gagliardo-Nirenberg inequality,
[ttt B s < o Vulul,. uet (2:3)

This inequality is sharp in the sense that the equality can be obtained by taking u=Q.
LEMMA 2.4 ( [32]). Let N=3 and R be the ground state solution of

3 1
—§AR+§R—E(|R|2)R=07 ReH'. (2.4)

Then, we have the following sharp Gagliardo-Nirenberg inequality,

/E(|U| )uf?da < ||R”2||VU|| sllully, uweH. (2.5)
This inequality is sharp in the sense that the equality can be obtained by taking u= R.
LEMMA 2.5 ( [30]). Let N=3 and P be the ground state solution of

3(p-1)

. AP+5 Pp_|pp-t=0, PeH' (2.6)

Then, we have the following sharp Gagliardo-Nirenberg inequality,

fuptt < 2Ly

2P ||uH2 , ueH'. (2.7)

ull,

This inequality is sharp in the sense that the equality can be obtained by taking u=P.

3. Sharp energy criteria

In this section, we will answer the first question mentioned in the introduction: How
to distinguish between the domains of initial datum for singular solutions and global
solutions? The known results on this topic rely heavily on the scaling invariant of
the evolution equation (see [14,15,31]). But the scaling invariant of Equation (1.2) fails
when p# 3. Our main argument is choosing various ground state solutions corresponding
to Equation (1.2) and constructing six pairs of invariant sets. Here, we will give the
detailed proof for the case 1 <p< 1—|—§7 and for the other cases, we will just give the
mainline.

Case 3.1: 1<p<1+%

Applying the sharp Gagliardo-Nirenberg inequalities (2.5) and (2.7), we deduce that
for a solution ¥(t) of Equation (1.2), for all ¢ € I(the maximal existence interval)

HIp ()] + M[p(0)] > [Vo(0) |3+ o(0)3 - |:f;(”’2”§ (V) I3+ 16 (6)13)
- (TS + 1
o el ,
= (1 g DI T L (3.1)



658 SHARP ENERGY CRITERIA AND SINGULARITY FOR THE D-S SYSTEM

Define f1(y)=(1— H”}fﬂ%ﬂ_gl)y— IIB}sz2’ y>0. We see that (3.1) is equivalent to
2 2

H[p@)]+M [ ()] = filllw ()1 71)

for all te . Next, we will analyze the geometric characteristic of the algebra equation
fy)=0 to construct the invariant flows. Obviously, fi(y) reaches the maximum at
RIS UIPIE " ~llvoll5)
. 2P
«y _ IRIZAIPIE " —llvoll5)
Al = ez

the point y} = provided ||P|[Z~" > ||vo][8. More precisely, fimas=
1 2 2

. Now, we define

2 p—1_ p\2
& :—{u€H1 Su(llln) < H{ud + M) < LEEUPIE = lold)”
2

IRIZPIE "~ [[oll5)
2| Pl

-1
JulZn < L g <Pl }

G2 :={u€H1:f1(||U|?p) <H[u]+M[u] <K, |ull§ <§[Pl5™",

IRI3AIPIE " —3(p—1voll) }

Hu”ill > 1
3|13

where K — IRIBAIPIE™ =3G=1 4ol PI;™ +3¢=3)1%0l5) W claim that G and G are
slPI57 ' ' :

two invariant evolution flows generated by the Cauchy problem (1.2)-(1.3). Indeed, let
¥(t) be the solution of the Cauchy problem (1.2)-(1.3). It follows from the conservation
of mass and energy that

_IRIBAPIE — llvoll5)?

Frlhe(®) ) < HRo(0)] + M (1) T

::flmaz

2 -1
and [[v(t)[|5 < ||P|5~" are true for all te I. If )3 < ”R”Z(”;]g”p_:”%”g) is not true
2

for all t €1, then by the continuity of the solution (t,2) with respect to t, there exists

2 p—1__ P
a to €l such that [[¢(to)||%: = l‘RHQ(‘IQﬁH;‘Ig,lWO”z). And then f(|[¢(to)]|%:) = fi(y) =

fimaz, which is a contradiction with the fact that for all t € I, f(||1(¢)]|%1) < fimaz- This
completes the proof of the invariance of G;. Furthermore, we can prove the invariance
of G5 by the same argument.

Hence, we can obtain the following Theorem.

THEOREM 3.1. Let N=3,1<p< 1—|—%, R and P be the ground state solution of (2.4)
and (2.6) respectively. Then, we have the following:

(i) if Yo € G1U{0}, then ¢ (t,x) exists globally in H';

(ii) if 1o € Go and |xhg € L2, then (t,x) is a singular solution in a finite time,
where Y(t,x) is the solution of Equation (1.2) corresponding to vyg.

Proof.

(7) It follows from the invariance of G that the corresponding solution v (t,z) of
Equation (1.2) with the initial data 1 € G, must be bounded in H! for all t€ I, and
then these solutions exist globally by Proposition 2.1.
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(#4) Suppose g € G2, then the solution ¥(t) € G, that is, for all t€ [

Hp@)]+Mp(t)] <K and |[¢(t)]F > IR (4P|3P||p(§9 Dll$oll2)

Injecting above estimates into Lemma 2.2, we see that

(1) < 12K —a([Vp@2-+ o) 12) + L=l G iy ot

o L
4||P||5 18—-6
<12K — H ”2 |PSHP 1P)||1/)0||2”¢(t)‘|§{1
IRIBANPIE =3 —1)lol5) 21 P15~ +(3p—9)llvoll5)
3P

<0.

This implies that for sufficiently large |¢|, J(¢) is negative, while J(t):= [ |z|?|¢|*dz is
non-negative, which means that both 7_ and T, are finite. Specifically, the solution
¥(t,x) is a singular solution of the Cauchy problem (1.2)-(1.3). d

Case 3.2: p=1+2
Applying the sharp inequalities (2.5) and (2.7), we have, for all te T

N ol

%ol
1Pl

Hy ()] +M[y(#)] = (1

@

M)l — ”RHQIW( Wi = F2(l @) 7)),

2
where fg(y):(lf%)yf HRlllzyQ’ y>0. Obviously, fa(y) reaches the maximum
P13 2

2
at the point y4 = — IRIEAPIZ loll?) provided || P|2> ||1)o|l2- More precisely, faomas =
QHPHz

Falys) = LI WP =190l Dyefine
4Pl

G3:={UEH1 2f2(||UH12L11)<H[U}+M[u]< HRH (HPHQ _H’L/}Ollg) ;
4P|

2
R 2 P 3 _ 3
Hu”%”<|| 1201 Pl3 ZIIMJon)
2||P||3

Null2 < ||P||2},

G4I—{UEH1 fQ(Hu”?—[l) <H[u]—|—M[u] < 2||RH (”P”Q - H"/)OHQE) ,
P13

2 2

2 2RIEAPIS — lYoll5)
2
3173

We can prove that G3 and G4 are two invariant evolution flows generated by the Cauchy
problem (1.2)-(1.3). Then, we have the following theorem.

THEOREM 3.2.  Let N=3, pzl—f—%, R and P be the ground state solution of (2.4)
and (2.6), respectively. Then, we have the following:

[l

Nulla < P||2}.
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(i) if Yo € G3U{0}, then v(t,x) exists globally in H';
(ii) if o € G4 and |x|hg € L2, then (t,x) is a singular solution in a finite time,
where Y(t,xz) is the solution of Equation (1.2) corresponding to vg.

Proof. The global existence part is obvious (see the first part of the proof of
Theorem 3.1). Now, we give the proof of (ii). It follows from the invariance of G4 that
for all t € I(the maximal existence interval),

J" () < 12(H ()] + M (0)]) — 4V |3+ [0 (1)13)
LT 1573 (8) ]| (£) |2

1P \2
<12 0]+ M) — 40~ T e

1Pl

<0.

Case 3.3: 1—|—§ <p<1+%
Applying the sharp Gagliardo-Nirenberg inequalities (2.5) and (2.7), we obtain that,
for all ¢ € I(the maximal existence interval),

5—p
Yolly® s lo|l3
HI()+ MRS [0 3~ L2y Ll iy, (3
IEE IRl
5—p
e
Denote f3(y):=y— ”ﬁg”gi y3(4 2 l}ﬁé’ll‘gy% y>0. Then,
(= Dllvoll,™  swon_y 3[40l
3(p—1 3(p=1) _; 3 1
. L Y ()N CE

— Yy
4| P|p-t 2||R||3

where F(y)= %y?’@[” -1 32|}|1/1j§|}|22 yz. Obviously, F(y) has only one positive

minimizer y* >0. Writing F,,,;, = F(y*) and adding the condition of F,;, <1, we claim

that there exists a unique positive solution yg for the equation f}(y)=0. Indeed, we

have f5(y*)>0, and lirf fi(y)=—o0. Since f}(y) is continuous on [0,400), there
y—> o0

exists a unique positive yo € [y*,+00) such that f}(yo)=0. Therefore, we can deduce
that 0 and yo are two minimizers of f}(y), and f5(y) is increasing on the interval [0,yo)
and decreasing on the interval [yg,+00). Note that

5-p
(p—3)[[vollp® | 2erv

1
—Yo+ — Yo * - (3.4)
2| P|5~

famaz = f3(y0) = 3

We define
Gsi={ueH": fs(|lullfp) < Hu] + M[u] < f3(yo), lullFrr <yo, Fmin <1},
Ge:={ueH": fs(|lullf) < Hlu]+ M[u] < f3(yo), [ ull 7 > Yo, Fynin <1}

We can prove that G5 and G¢ are two invariant evolution flows generated by the Cauchy
problem (1.2)-(1.3). Then, we have the following theorem.

THEOREM 3.3. Let N=3, 1+%<p<1+§, R and P be the ground state solution of
(2.4) and (2.6) respectively. Then, we have the following:



J. ZHANG AND S.H. ZHU 661

(i) if 1Yo € G5, then 1(t,x) exists globally in H';

(ii) if 1o € Gg and |x|hg € L?, then (t,x) is a singular solution in a finite time
where Y(t,xz) is the solution of Equation (1.2) corresponding to 1.

Proof. Here, we just give the proof of blow-up case, as the global existence case is

obvious. From the invariance of Gg and Lemma 2.2, we obtain
36 — 12p
—lv@®)ph

J"(t) =12(H[1/)(t)}+M[7//(t)])—4||V¢(t)|\§—12||7/1( Mz + pr1
(3.5)
18—6 3(p—1
<12/aly0) ~ 40+ ”f]’j|'|';”_(3”2 <||¢<>||§p)%
2
Let g(y)= %ywﬁ) —4y. By some simple computations, we know that

Imaz =9(ym) as well as g(y) is increasing on the interval [0,y,,) and decreasing on the
interval [y,,,+00). Moreover, we find that yg € (ym,+00), and then when y >y,

5—p
18 —6p)||volly?  3e-n
g(y)Sg(yo):( ”P|)|p_(f”2 Yo * —Ayo=—12f3(yo).
2

By injecting above fact into (3.5), we deduce that when |[4(¢)[|%. > yo,
J"(t) <12f3(y0) +9(yo) <0

Case 3.4: p:l—i—%
By (2.5) and (2.7), we deduce that for all teT

HE @)+ MEb()] > Vo) |3+ [0) |3~ ”1";)'45 AIVS@E+ e(0)]3)
Rllg<||w<t>||2+||w<t>||§>2

==L 01— O = 0O,

1213

4
where the function f4(y) is defined on [0,00) by fa(y)=(1— ”1""”5 Jy— HRHQy We easily
17113

observe that f4(y) has a similar structure as f>(y), by the same argument as in Case

3.2, we define
4 4
R 2 P 3 _ 3)\2
G7:—{u€H1:f4(||u||§{1)<H[u]+M[u]< ” ”2(” H2 §||1/J0H2)
4||P|13
RIZ(IPIS — [wold)
s < 122Ul — ol ,||u||2<|P|2},
1P| 5

Ggi{u€H1 f4(||u||fq1)<H[u]+M[u] 2||R|| (”P”Z 7Hw0”2§) ,
9| P|);

4 4
2| RIZ(IPI3 —lvoll3 )
a2 2 ullz <[Pz -

%
12115

ull 2 >
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By the same argument as in the Case 3.1, we can prove that G7 and Gg are two
invariant evolution flows generated by the Cauchy problem (1.2)-(1.3). Then, we have
the following theorem.

THEOREM 3.4. Let N=3, pzl—i—%, R and P be the ground state solution of the
nonlinear elliptic Equation (2.4) and (2.6) respectively. Then, we have the following:

(i) if Yo € GrU{0}, then v (t,x) exists globally in H';

(ii) if 1o € Gg and |x|hg € L?, then (t,x) is a singular solution in a finite time,
where Y(t,xz) is the solution of Equation (1.2) corresponding to .

Proof. The proof of Theorem 3.4 is similar to that of Theorem 3.2. O

Case 3.5: 1—|—§<p<3

Let us recall the estimate (3.2). Here, we use the same algebra function

5-p
_olla secn ol g
1PII5~ IRIIZ "

f5(y):=

but the parameter p and the method are different from the case 1—|—§ <p<l+ %. We

4lps=t "~ 2[R[3
positive solution yg for the equation fi(y)=0. Indeed, by some computations, we have
for y >0

5—p
_ 2 — 2
have fi(y)=1— 3eDlivoll, * , 2ert—1_ 3livolls y2. We claim that there exists a unique

5-p
3(p—1)Bp=T)lollo® s, 3lwll}

f5(y) =~ - y - y
b 16| P|5~" 4[| R|I3

<0, (3.6)

which implies that fi(y) is decreasing on [0,400). Notice that f{(0)=1 and
fé((i’?\Iltﬂli)%) <0. Since f(y) is continuous on [0,+00), there exists a unique positive
yo such that ff(yo)=0.

B=p)lvol3 & 3p=T7
0

3p—T
meax:f5(yO) = Yo+

. 3.7
-0" T G- DIRE Y 73— (37)
We define
1 2 3p—7 2
Go:=queH :f5(||u||H1)<H[u]+M[u]<3(p_1)y0,|\u||H1<yo ,

3p—
3(p—1)

Gip:= {uGHl fs(lull?n) < Hlu] + Mu) < Yo, |lul| % >y0}.
By the same argument as in the Case 3.1, we can prove that Gy and Gy are two

invariant evolution flows generated by the Cauchy problem (1.2)-(1.3). Then, we have
the following theorem.

THEOREM 3.5. Let N=3, 1+ % <p<3, R and P be the ground state solution of the
nonlinear elliptic Equation (2.4) and (2.6) respectively. Then, we have the following:
(i) if 1o € GoU{0}, then ¢(t,x) exists globally in H*;
(ii) if 1o € G1o and |z|pg € L?, then 1(t,x) is a singular solution in a finite time,



J. ZHANG AND S.H. ZHU 663

where Y(t,x) is the solution of Equation (1.2) corresponding to vg.
Proof. The proof of Theorem 3.5 is similar to that of Theorem 3.3. 0

Case 3.6: p=3

Applying the sharp Gagliardo-Nirenberg inequalities (2.5) and (2.7), we see that for
all ¢t € I (the maximal existence interval),

H[p()]+ M ()] = [l (817 — ‘gllw()l\m: Fo(llw®)II), (3.8)

QI

where the function fs(y) is defined on [0,+00) by fe(y)=y—
[ H

y2. Obviously, fs(y)
Il
6)="1°

_1
Qi3
More precisely, femaz = f6(y.

reaches the maximum at the point yg =
We define

2 2
Gui={ue  fululf) < i+ b1} < 1902 gy, <192,

2(|Q|I2 2/|Q1I3
G12::{UEH12f6(||’u/||%[1)<H[u]+M[u]< H9||2,Hu||%11> ”3”2 .

By the same argument as in the Case 3.1, we can prove that G1; and G2 are two
invariant evolution flows generated by the Cauchy problem (1.2)-(1.3). Then, we have
the following theorem.

THEOREM 3.6. Let N=3, p=3 and Q be the ground state solution of (2.2). Then we
have the following:

(i) if o € G11U{0}, then 1 (t,z) exists globally in H*;

(ii) if 1o € G1a and |x|1pg € L?, then 1 (t,x) is a singular solution in a finite time,
where Y(t,xz) is the solution of Equation (1.2) corresponding to vg.

Proof. The proof of Theorem 3.6 is similar to that of Theorem 3.2. a

4. Rate of convergence of singular solutions and concentration

In this section, we study the rate and concentration of singular solutions for Equa-
tion (1.2). Here, our main tools are the Strichartz estimates(see [2,16]). As p#3,
Equation (1.2) does not have the scaling invariance, and the singular integral operator
FE also has a bad effect on the study of the rate of convergence of singular solutions. We
inject the Gagliardo-Nirenberg inequality and conservation of mass into the Strichartz
estimates, and we give the proof of Theorem 1.1.

Proof. (Proof of Theorem 1.1) First of all, we recall the Strichartz admissible
pair and Strichartz estimates for the linear and nonlinear Schrodinger equations.
A pair is called L? Strichartz admissible, iff 2<gq,r <+o0, (¢,r)#(2,00) and 2 =

N(3—1), where N is the space dimension. It is easy to check that for N =3, (g, ):

(0,2) ;nd (¢,r)=(%,4) are L* Strichartz admissible pairs.
Denote the Schrodinger semigroup by eitﬁw(m):.7-'_1[6_”'5'2.7[1/}]} for any tem-
pered distribution ¢, and f(¢)) = E(|{)|?)1 + [1|P~14). Then, the Cauchy problem (1.2)-

(1.3) is equivalent to

P(t,x)= ety — i/t ei(t_T)Af(z/)(T,x))dT. (4.1)

0
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For any L? Strichartz admissible pair (¢,7), we have the following Strichartz estimates:

el g (e, ry:2p) < Cllll 2. (4.2)

t
II/0 DA L)l g SCIFW)I

. 4.3
Ly (7)) Ly ) (43)

where %—I— qi, =1, 1+ %, =1 and [ La(t,ry;zr) = (ftT(f]RZ |¢(t,x)|rdx)%dt)%.

Secondly, by injecting the fact that (oo 2) and (q,r)z(%,él) are L? Strichartz ad-
missible pairs, and the corresponding (¢ ,r") = (2,%). into the Strichartz estimate (4.2)-
(4.3), we obtain

||V¢HL;>°((t,T);L§)+HV¢HL%((t )

< ClIViollz +CIVE(D) ¥ s 1 +CIV ([Pl

8
L ((tm);LE) Ly ( (tT)LS)

Indeed, for the term ||V (E(|y|*)y)]| [ T
Gagliardo-Nirenberg inequality: ||¢||] < C||1/JH [V4)[|3, we deduce that

(4.4)

, by the interpolation estimate and the

VBP9 5 < C||1/’||%§||V1/)”L§SOHvd}H%gHVUJHLg-

L3

Then, for any 0 <t <7 <T <400, we deduce that

IVEHD) s

4
Lp((t,7);L3)
3 T g 5
CO+HITUlr a2 ([ 1196 d)?
t A

COA+ VYl oo (tryinz)? (T—)F Vo] s

Ls((t 7);L3)
1 s
<O(r=} W+ ITblqeman +IV0l 5 (4.5
p—1
For the term |V (|¢] z/J)HLS((t N we see that

IV ([P~ )l §§C||7/1||p2<p 1>||V¢||L4<CII1/JIIL2 IIWJIILz IIWJIIM

where in the last step, we use 0 < 3(”; 2) <3 3 for 2<p<3, and the Gagliardo-Nirenberg
inequality: ||1/1||2(2p(p 13) §C||¢||4L2P||v¢\|3(” 2) . Thus, by the same argument in (4.5), we
have

1 1 5
VP03 e SCE=0F Vel @nen IV %,

(4.6)
for any 0 <t <7 <T <+o0o. This completes the proof of Claim (4.4).

Thirdly, let Fi(r) =1+ V9]l erap) F V9l 5 . Then, it follows from

(4.4), (4.5) and (4.6) that there exists Cp >0 such that

Fy(r) < Co(1+ V()| 2) + Colr—t)F i (), (4.7)
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for any 0<t<7<T <+o00. Now, we investigate the properties of F;(7). For any t€

(0,T), if T <400, then by Proposition 2.1 the solution (¢,z) is the singular solution

of the Cauchy problem (1.2)-(1.3), and limTFt(T) =+400. And F;(7) is continuous and
T

nondecreasing on (t,7), and for 7>, we see that Fy(7) = 1+[|[V(t)||2 as 7—t. It
follows from the continuity of Fy(7) with respect to 7 that there exists 79 € (¢,7") such
that

Fi(10) = (Co+ 1)1+ [V (D) 22), (4.8)
where Cp >0 is the constant in (4.7). Taking 7 =7 in (4.7), yields

L+ ([V(t)|[ L2 = Fi(10) = Co(1+ |V () 22)
<Colro—t)T (Co+1)3 (1+||V1P(t)||Lg)%
<(Co+1)E(T—1)7 (14| Ve(t)llz2)?,

and so

for 0<t<T <+o0.

L+[Vo)lls =

This completes the proof of (1.4).
Finally, we prove L?-norm of blow-up solutions for Equation (1.2). By the assump-
tion 3 < ¢ <4, we use the Holder interpolation estimate to obtain

12-3¢ 2q

/E(W(t)lz)llw(t)Ide <Clly@lz < CIVe@ L lv@®lg (4.9)
for all 0 <t <T < +o0. It follows from 2<p< % and the Gagliardo-Nirenberg inequality
that there exists 0 < Cp < % and C7 >0 such that

5— 3(p—1)
2 2

@ IEE <C 1@l Ive@ls 7 <Col VeE)3+C (4.10)

for all 0<t<T <+oo. Inject (4.9) and (4.10) into the energy. For all 0 <t <T < +o0,
we have

2C)
p+1

2C4 R=h =
ijl+CIIV¢(t)II2 lY@®)llq

(1 )IVe(8)|I5 < 2H [ho] +

which implies that

IO IT > CIVe@) |3

and then (1.6) follows from (1.4).
For (1.5), it follows from the assumption 2<p<3 and the Holder interpolation
estimate that for all 0 <t <T < +o0,

@) P < Cllw@) s @) P < Co+ 1w (1)1, (4.11)

where 9:2%11’ €(0,1) and Cy>0. We remark that when 2<4<gq, from the Holder
interpolation estimate, we deduce that

2(¢g—4)

@I <Clv®L*= vl (4.12)
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for all 0 <t <T < +oo. Now, inject (4.11) and (4.12) into the energy. For all 0<t <T <
400

) 20, waen o
IV (#)]l2 < 2H [t)0] o +OI®I" lle@lla,
which implies that
I @)l > CIVe@L"
and then (1.5) follows from (1.4). This completes the proof of Theorem 1.1. |

At the end of this section, we obtain the rate of H2-norm concentration of singular
solutions for Equation (1.2) and give the proof of Theorem 1.2.

Proof. (Proof of Theorem 1.2) Denote A(t) >0 such that
ADIVE@)IE—+oo, as t—=T, (4.13)

where @ is the solution of (1.7). Then, it follows from the results in [6] that if
(¢, z) is the singular solution of the Cauchy problem (1.2)-(1.3) satisfying (4.13) and

sup ||¢(t)] .1 <+oo, then there exists y(t) € R? such that
t€[0,T) H=

liminf —N)iep(t,z)2de > |02 . . 4.14
it [ A Pl 2GR (1.14)
From Theorem 1.1, we can obtain (1.8) by taking A(t)= (T —¢)s~ in (4.14). Indeed, it
follows from (1.4) that |V (¢)|2 > C(ﬁ)%. And then we see that
ADIVY@IE=(T 05 VY@= +oo as t—T.

Therefore, A(t) = (T'—t)s~ satisfies (4.13), which implies that (4.14) is true, so is (1.8).
]
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