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SPECIAL SOLUTIONS TO A FOURTH-ORDER
NONLINEAR PARABOLIC EQUATION IN NON-DIVERGENCE FORM*

XIANGSHENG XUfT

Abstract. In this paper we study a crystal surface model first proposed by H. Al Hajj Shehadeh,
R.V. Kohn, and J. Weare (Physica D, 240:1771-1784, 2011). By seeking a solution of a particular
function form, we are led to a boundary value problem for a fourth-order nonlinear elliptic equation.
The mathematical challenge of the problem is due to the fact that the degeneracy in the equation is
directly imposed by one of the two boundary conditions. An existence theorem is established in which
a meaningful mathematical interpretation of one of the boundary conditions remains open. Our proof
seems to suggest that this is unavoidable. We also obtain self-similar solutions to the crystal surface
model which are positive and unbounded. This is in sharp contrast with the linear biharmonic heat
equation.
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1. Introduction
Let © be a bounded domain in R with boundary 9. Consider the initial boundary
value problem

Oep+p°A%p> =0 in O, (1.1)
p=0 on X, (1.2)

Ap*=0 on X, (1.3)
pPlt=o=po on €2, (1.4)

where Qo =0 % (0,00), Yoo =002 x (0,00). If N =1, the equation in (1.1) was proposed
by H. Al Hajj Shehadeh, R.V. Kohn, and J. Weare [1] as a continuum model for the
evolution of a one-dimensional monotone step train separating two facets of a crystal
surface in the attachment-detachment-limited regime. In this case, the space variable x
is the surface height and p the surface slope. Since the surface height is increasing, we
expect that

p>0. (1.5)

The existence of a solution to (1.1)-(1.4) was left open in [1]. The mathematical diffi-
culty is due to the boundary condition (1.2), which forces the equation in (1.1) to be
degenerate. As a result, a priori estimates are difficult to obtain. In [6], an existence
assertion was established for (1.1)-(1.4) with boundary conditions (1.2) and (1.3) being
replaced by periodic boundary conditions. In [14], the authors reformulated (1.1) by
setting

Au= 1 (1.6)
P
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818 A FOURTH-ORDER PARABOLIC EQUATION IN NON-DIVERGENCE FORM

At least, one can formally show that u satisfies
du=A(Au)"% in Q. (1.7)

This equation was then coupled with the initial boundary conditions

u=bo(z) on X, (1.8)
Au=bi(x) on s, (1.9)
u(z,0)=ug(z) on (1.10)

for given data bo(x), b1, and ug(x) with properties:
(H1) bo(x) e WH2(Q)NL>(Q);
(H2) b1(x) e W22(Q)NL>(Q) and by (z) > o a.e. in Q for some co>0 ;
(H3) ug(z) e W22(Q), Aug(z) >c¢; >0 ae. in Q, and (Aug(z))° e W22(Q).
Under these conditions, the existence of a suitably-defined weak solution to (1.7)- (1.10)

was obtained in [14] for any space dimensions, where it was also revealed that there was
a singular part in Au. That is, one has

1
Au=—+uv;, (1.11)
p

where vg is a non-negative, finite Radon measure. The function p in (1.6) is also a
solution to (1.1) in a suitable weak sense only if one of the following conditions is met:

(1) p is continuous on Q;
(2) vs=0; or
(3) p satisfies the additional integrability conditions

pdipe L0, T;W,%(Q)), p? e L2(0,T;W?2(Q)) for each T>0.  (1.12)

Unfortunately, in multiple space dimensions, none of the above conditions can really be
expected. More recently, the authors in [10] introduced the change of variable

1
S =1+4w (1.13)
p
and transformed (1.1) into
Py L 4
V= TETE (1.14)

The equation was then coupled with the initial and periodic boundary conditions. The
existence of a “much stronger” weak solution than the one in [14] was obtained, provided
that the initial data was suitably small,. In particular, the weak solution was shown to
decay to 0 exponentially.

Thus to the best of our knowledge, no existing work has directly dealt with the
boundary condition (1.2). In this paper, we shall consider an elliptic version of the
problem. Indeed, by seeking a solution of (1.1)-(1.3) of the function form

pla,t) = A)y(x), (1.15)
we arrive at the following boundary value problem for v

PAZPP =\ in Q, (1.16)
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¥=0 on 09, (1.17)
AY*=0 on 99, (1.18)

where X is a positive number. (See Section 2 for details.) Evidently, the forced degen-
eracy by the boundary condition (1.17) is still present in the Equation (1.16). For this
problem, we have the following

THEOREM 1.1.  Assume that Q is a bounded domain in RN with C*% boundary 09
for some a>0. For each A>0 there is a function ¥ such that

(C1) Y eC (), 2 e W22(Q), (x) >0 for z€Q;

(C2) =0 on 09;

(C3) (x)A%3(z) =\ for each x in Q.

The proof of this theorem will be presented in Section 2. Our investigations reveal
that it does not seem to be possible to obtain any estimates for VA3, Thus the sense
in which the boundary condition (1.18) is satisfied is an open issue. Physically, the
surface of a crystal below the roughening temperature consists of steps and terraces,
and the ODE describing the evolution of the discrete steps is exactly the finite-difference
analogue of problem (1.1)-(1.4) [1]. Thus the boundary conditions (1.2) and (1.3) arise
naturally. Obviously, (1.18) is from (1.3). How to bridge the gap here is an interesting
open question.

Observe that the function 1 only needs to satisfy the equation

PIA%YS =Xy in Q (1.19)

for A% to be a solution of (1.1). To find a solution to this equation, it seems to be
natural to consider the functional

1
H(U)ZE/Q(AUS)zd.’L‘—%/Q’UQd{L‘ on W={v:v3e W22(Q),v3|9q =0}. (1.20)

By the calculations in (2.42) below, we see that the functional is coercive on W for
each A >0, and hence it has a minimizer. Unfortunately, W does not seem to be a
linear space. As a result, we cannot compute the Gateaux derivative of this functional.
The connection of this minimizer to (1.19) is not clear, nor can we ascertain its non-
negativity.

Our solution in (1.15) satisfies the decay condition

C1

_a__ (121)
(CQ —1—4)\75)Z

[p(z,t)[[w22() <

where c1,c5>0 and A is given as in Theorem 1.1. We conjecture that this should be
true for any solution of problem (1.1)-(1.4).

It is also interesting to seek a self-similar solution of the equation d;p+p2Ap3 =0
in RN x (0,00) of the form

p(z,t)=t"f(y), y=15. (1.22)

By the calculations in Section 3, we see that o= 25 T L and f satisfies the equation

48—1
4

PPN y)—By-Viy)+ (y)=0 on R™. (1.23)
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If 3=0, then we roughly recover the equation in (1.19) in RY.
DEFINITION 1.1. We say that a function f is a weak solution of (1.23) if f>¢€ W120C2(RN)
and the equation

[arawgas [ pyveas CEE a0 2y
RN RN

holds for each £ € C§°(RY).
To gain some insights into Equation (1.23), we seek a solution of (1.23) in the
function form

fly)=cr?, (1.25)
where ¢ is a constant and 7 =|y|. A simple calculation shows
Vre=sr"%y, Arf=s(s+N-2)r 2 (1.26)

With the aid of this, we plug f in (1.25) into (1.23) to derive

46—-1
35(35—2)(3s+ N —2)(3s+ N —4)c*r**~* — Besr® +¢ 54 r®=0. (1.27)
For this to be an identity, we must take
4 1
s=1, "= . (1.28)

12(N—1)(N+1)

Subsequently, we obtain a non-trivial solution

fly)= o . Ui+ YR (1.29)

—1)(N+1))*

That is, no matter what value S is, we alway have a positive, unbounded solution to
(1.23) in RY. Obviously, nonlinearities in our equation have played a key role. As
we recall, the function f(y) in self-similar solutions to the biharmonic heat equation
Oyu+A?u=0 changes signs infinitely many times and decays to 0 exponentially as
ol 00 [4,5],

If >

4+2N and a weak solution f has the property

fPew?2®RY), feL*RY), (1.30)

then f=0. This is due to the fact that we can construct a sequence of test functions &
in C5°(RY) with the properties

&k(y)=1 on Bg(0), (1.31)
&k(y) =0 outside Bak(0), (1.32)
VeI T, 1865 onRY. (1.33)

Here and in what follows B,(2) denotes the ball centered at z with radius s for € RV
and s>0 and ¢ a positive number. Then we have

A(f36) =& A2 +2VENV 24+ AL — AP strongly in L2(RVN), (1.34)
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‘/ f2y~V§kdy’ < C/ f2dy—0 as k—o0.(1.35)
RN B2 (0)\ By (0)

Thus let £ =&, in (1.24) and take k— oo in the resulting equation to derive the desired
result.

THEOREM 1.2. Assume

1
—— < B3<0. 1.36
IN-T) = B< (1.36)
Then for each pair of positive numbers co,c4 there exists a radially symmetric solution
f=rf(yl)=f(r) to (1.23) with the property

ca+cor?< f3(r) <catcor’+er*  for some positive number ¢ = ¢(N,B,c2).  (1.37)

The proof of this theorem will be given in Section 3. Since (1.37) holds, degeneracy
does not occur and solutions in Theorem 1.2 are very smooth. In addition, they seem
to lie in a “small” neighborhood of the solution in (1.29). The existence of any sign-
changing weak solutions to (1.23) remains an open question.

Self-similar solutions were also studied in [1,15]. They focused on the case where
Q2=(0,1). Their methods and similarity variables were both different from ours.

Finally, we remark that continuum models for the evolution of a crystal surface
have received considerable attention recently. See, for example, [3,11, 16, 18,19] and
the references therein. Mathematical analysis of these models have revealed some very
interesting properties of solutions. To mention a few, we refer the reader to [7,13,14]
for solutions that contain measures. The study of exponential decay of solutions can
be found in [10,12]. Development of singularity and finite extinction of solutions were
considered in [8]. Also see [2] for the existence of analytic solutions.

2. Solution by separation of variables
We seek a non-trivial solution of (1.1) of the function form

p(x,t) = At)y(x) (2.1)
coupled with the boundary conditions
Yp=Ay3=0 9N. (2.2)
Substitute this into (1.1) to obtain
A ()0 () + A% ()9 (2) A% (z) =0. (2.3)
If both A(t)#0 a.e and ¥(x) #0 a.e., then

A'(t)

(g = AN @), (2.4)

This is true if and only if both sides of the equation are a constant. Denote this constant
by —A. We obtain

A'(t)=—NA5(t), t>0, (2.5)
Y(2) A% ()=, Q.
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Multiplying through (2.6) by ¥? and integrating over Q, we derive, with the aid of (2.2),

A/wdx/ Ay @7

Here and in what follows, whenever there is no confusion we suppress the dependence
of a function on its dependent variables. Consequently,

A>0. (2.8)

If A=0, then A(t)=A(0) and v can be any non-zero constant. The resulting solution
is a constant solution of (1.1). From here on, we assume

A>0. (2.9)
We solve (2.5) to obtain
A(t):;l. (2.10)
(A=4(0)+4Xt)*
Set
v=Ay3. (2.11)
This leads to the consideration of the system
{223 zf (2.12)

We first consider an approximation to the above system.

PROPOSITION 2.1. Let Q be a bounded domain in RN with Lipschitz boundary 02 and
A a positive number. For € >0 there exists a pair of functions (1,v) such that

(R1) ¥,veWh2(Q)NC%"*(Q) for some a€(0,1);
(R2) ¢(x)>0,v(x) <0 for each x €;
(R3) They satisfy the boundary value problem

—div(3(¥+¢)*Ve)) =—v in €, (2.13)
A

—Av:—¢+8 in €, (2.14)

»=0 on 0%, (2.15)

v=0 on 9N (2.16)

in the weak sense.
Later we shall see that we actually have that the strict inequality in (R2) holds.
Proof. ~ We define an operator T' from L*°() into L>°(2) as follows: We say
T(g)=1 if ¥ is the unique solution of the problem
—div (3(gt +¢)’Vy) =—v in Q, (2.17)
=0 on 01, (2.18)
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where v solves

A
gt +e
v=0 on 9. (2.20)

—Av=—

in

Q, (2.19)

Obviously, ﬁeL‘”(Q) and the two equations in (2.17) and(2.19) are both linear
and uniformly elliptic. Classical theory [9] for this type of equations asserts that there
is a unique weak solution v to (2.19)-(2.20) in the space W12(Q)NC%*(Q) for some
a€(0,1). This, in turn, implies that problem (2.17)-(2.18) has a unique weak solution 1)
in the same type of function spaces. That is, T is well-defined. We can further conclude
from these relevant a priori estimates that 7' is also continuous and precompact. To
apply the Leray-Schauder fixed point theorem ( [9], p. 280), we still need to establish

that for each o € (0,1] and each 1 € L>°(2) such that

v=0T(v), (2.21)
we have
[¥]lc,02 < c. (2.22)

Here and in what follows ||-||,.o denotes the norm in LP(Q). To see this, we observe
that (2.21) is equivalent to the following equations

—div(3(¥ T +¢)’V¢)) =—0ov in Q, (2.23)
A .

—A'U— —m m Q, (224)

=0 on 01, (2.25)

v=0 on ON. (2.26)

Note that the term on the right-hand side of (2.24) is non-positive. Thus by the maxi-
mum principle, we have

v<0 a.e. in Q. (2.27)
With this in mind, we can apply the maximum principle to (2.23) to obtain
>0 a.e. in Q. (2.28)
Consequently, 1™ =1 and we can write (2.23) as
A(Wp+e))=0v ae. in Q. (2.29)

By the classical uniform estimate for linear elliptic equations, we deduce that for each
p>Z% there is a positive number c=c(N,Q) such that

max((¥+6)* - ) <cllul, (2:30)

gcé. (2.31)
p,§2 €

)<
mgx( v)<c

P+e

Combining the preceding two estimates yields (2.22). This completes the proof. ]
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Proof. (Proof of Theorem 1.1.) For each k€ {1,2,---} let {t¢,v} be a solution
of the problem

App=v in Q, (2.32)
AU;.C:L1 in Q, (2.33)
wk‘i’E
¥, =0 on 99, (2.34)
v, =0 on 09

in the sense of Proposition 2.1, where

ThuS we haVe

ve <0, Y>>0 in Q. (2.37)

We add the term —uvj, to both sides of (2.32) and square the resulting equation to derive

/(Agpk)de+/v,%dm:2/Acpkvkd:c:fQ/ Vi Vugdz. (2.38)
Q Q Q Q

Note that
pr=0 on 0Q. (2.39)

Multiply through (2.33) by the term and integrate the resulting equation over € to

obtain
1\? 1

Substitute this into (2.38) to derive

2 : L 1y’
/Q(Agok) dm+/gzvkdx+2)\/§2k3 et D) d:c—2)\/ﬂ <wk—|—k) dx. (2.41)

We deduce from Poincaré’s inequality that
/goidxgc/ |Voor|2de
Q Q
—c [ vV - pde)ds
Q
:—c/ wrAprdr
Q
< 1 2d 2
< prdr+c | |Agg| de, (2.42)
2 Jq Q

from whence follows

/goidxgc/ |Apy|2da. (2.43)
Q Q
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With this in mind, we are ready to estimate

1\ 2 1\3 3

3 ¢
<c |A<pk|2dac> +ﬁ' (2.44)
Q
Use this in (2.41) to obtain
1
(Agpk)zdx+/ vzdach?)\/ ——dx<ec. (2.45)
/Q Q" k3 (Ve + 1)

Since we have assumed that 9Q is C%© for some a > 0, the classical Calderén-Zygmund

estimate implies that { (v + %)3} ={¢r+ 75} is bounded in W22(Q2). Thus we extract
a subsequence of {yy + %}, still denoted by {¢x + %}, such that

1
e+ - —1p strongly in L?(Q) and a.e. in §2, (2.46)

3
<¢k+li> — 43 weakly in W22(Q) and strongly in W2(Q). (2.47)

Similarly, we may assume that

v —v weakly in L?(Q). (2.48)
Now we can take the limit in (2.32) to obtain

Ay?=v in Q. (2.49)

PROPOSITION 2.2. The sequence {vy} is bounded in WL2(€2).

Proof. Let r>0,z€€ be such that
B,(z)CQ. (2.50)
Choose a cut-off function ¢ € C°°(R¥Y) with the properties

1if x€ Bz (z),

g(x):{OifxeRK’\Br(z), (2.51)
0<¢<1, (2.52)
V¢l < ; (2.53)

We easily see from (2.33) that

A(—v) <0 in Q. (2.54)
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That is, —vy is a non-negative superharmonic function in 2. Since vy cannot be iden-
tically 0, the strong maximum principle asserts that

—vg(xz) >0 in Q. (2.55)

Furthermore, we can conclude from Theorem 8.18 in ( [9], p.194) that

Bi;l(fz)(—vk(x)) > CB?%Z)(_vk (x))dz. (2.56)
We claim that
/ (—o(x))dz > 0. (2.57)
B.(z)
Were this not true, we would have
v=0 a.e. on B,(z). (2.58)

We calculate from Fatou’s lemma, (2.46), (2.33), and (2.48) that

/ ld:cg/ £d:c
Br(z) ¥ B,.(z) ¥

<liminf / < dx
B

k—o0 (2) ’ll)k—k%

1
= —liminf/ AvgCdx
By (2)

(Vb

k—o0

1
= —liminf v ACdr =0. (2.59)
k—oco Br(z)
That is, ¥y =o0c on Bz (z). This contradicts (2.46). The claim (2.57) follows.
Use %vk@ as a test function in (2.54) to obtain

1 1
/ — |V 2CPda g/ —— Vu,2(V{dz, (2.60)
Q Vi Q Uk
from whence follows
1
/ — |V |*dz <erV 2. (2.61)
Bz (2) Vk

We can easily deduce from (2.56) and (2.57) that there is a positive number ¢ such that

inf (—vg)>c for k sufficiently large. (2.62)

Bz (?)

This together with (2.61) implies that

/ |Vog|2de <er™ =2 for k sufficiently large.. (2.63)
Br (Z)
2

Since this is true for each >0 and each z € Q with B,.(z) C {2, the proposition follows.O
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To continue the proof of Theorem 1.1, we see from the proposition that v € Wlloi(Q)
This along with the fact that —v is superharmonic in 2 asserts that

inf (—U)Zc/ (—v)dz>0. (2.64)
Bz (2) B, (z)

We see from (2.49) that 1 is also superharmonic in 2. Thus there holds

inf ¢3>c 3dx for some ¢> 0. (2.65)
By (=) B.(2)
We can claim that
/ Y3dr >0 for each r>0 and each z € Q with B,.(z) CQ. (2.66)
B, (z)

Were this not true, we would have
=0 in B,(z) for some r >0,z € with B,.(z) CQ. (2.67)
By (2.49), we also have that v =0 on the same ball. This contradicts (2.64). Obviously,
if we replace ¥ by v in(2.65), the resulting inequality still holds. This combined with
(2.66) implies that
Y >c on Bg(z) for some ¢>0. (2.68)

Hence we can pass to the limit in (2.33) to get
Av=— in Q. (2.69)

This, along with (2.65), implies that v is locally bounded. With this in mind, we can use
(2.49) again to conclude that 1 is also locally bounded. We have actually established
that for each r >0,z €Q with B,(z) C(Q there is a positive number ¢ with

1
c<y(z) <~ for each z € Bz (2). (2.70)
c

We can conclude (C1) from a boot strap argument. Take the Laplacian of both sides
of (2.49) and substitute (2.69) into the resulting equation to yields (C3). The proof of
Theorem 1.1 is complete. |

We would like to point out the negative impact of the boundary condition (1.17)
on a priori estimates. Observe from (2.32) that

1\ 1 N1
/QA(%-FIJ dw—/892(¢k+k)v¢k'l/d7'l

2 1\2
_ 2k 3 +=) Vi -vdHN~!
3 Joa k

3
:% A z/JkJrl dx:%/vkdx%foo as k— oo.
3 Ja k 3 Ja
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We infer from (2.32) and (2.33) that

3
/ (¢k—|—1> A da: /vavkdx:—/ |V |2de. (2.71)
Q (e Q Q

The left-hand side of the above equation can be calculated as follows:
1\ A 1\* 1
Y+ — ) dx /A(t/} —|—> )x(—k)dac
/Q ( ’ Yr + Q "k Vk+1
1\3
+)\/€/A<wk+k> dx
1
:_)\/ (Wﬁ- ) dm—l—/\k‘/ vpdx
Y+
:3)\/ |V¢k\2dx+/\k/vkdx. (2.72)
Q Q
Combining this with (2.71) yields
3/\/ |Vwk|2dx—|—/ |Vvk|2dac=—/\k/ vgdr — 00 as k— oo. (2.73)
Q Q Q

It does not seem to be possible to have any estimates on Vv on the whole domain 2.
Thus the sense in which the boundary condition v=0 on 0f) is satisfied is an issue.

3. Self-similar solutions
We seek a solution of the equation d;p+ p?Ap3 =0 on Q. of the form

plx,t)=t"f(y), y=t%- (3.1)
We compute
@p:at“’lf(t )— Bt“Vf(y)tﬁJrl
=t""Naf(y)-By-VI(y)), (3.2)
P AP =57 f2 () A% 3 (y). 3.3

Substitute these into (1.1) to arrive at
P A2 f3y)t o — By -V f(y)+af(y)=0 on RV. (3.4)
Thus we need to choose «, 3 so that
da—40+1=0. (3.5)

This gives (1.23).

Proof. (Proof of Theorem 1.2.) As before, we transform the fourth-order Equa-
tion (1.23) into a system of two second-order equations

Af(y)=v(y) inRY, (3.6)

oL ) 4= 1
Aoly) ﬂyv(f(y)) iy ME 3.7
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We seek a radially symmetric solution. That is, we assume that

v=uv(r), f=f(r), (3-8)

where r=y| is the same as before. Then a simple calculation shows that

(f3(r))// n N
v (r) +

@Nluv»’ﬂ<r%)3(MN”ﬁ+””73 (3.11)

Integrate to yield

T c 4(N=1)B+1 [T N1
V(r)=- ; + Nl—l + ( N)€
fr) r 4r o f(s)
We take the constant of integration ¢; to be 0 to avoid a blow-up at r=0. Continue to
integrate the preceding equation to derive

ds. (3.12)

4(N — 1 1
_CQ_g/ )5+ /Gl dr, (3.13)
f(s
where
TyN-l Gl | if N>2,
G(r,r)= ———ds= (N—2)rN=2 3.14
1(7:7) /T sN-1 {TlnT if N=2. ( )

Multiply through (3.9) by N ~! and integrate the resulting equation to deduce
) =t [ o)

=c3+cor ,5/ N- 1/ —des
B B+1/ /9 N 1C;’l 7—75)
drds
4 o Jo f(r)

B N " Hy(T,7) 4N-1D)p+1 [T Gy(r,r)
=c3+cor ﬂ/o ) dr + 1 ) dr, (3.15)

where

T 1
Hl(T,T):/ TsN*IdS:NT(erTN), (3.16)

Gao(1,7) z/ N1, (1,8)ds

_{ 1 (1TTN §T2N1+%TN+1)HN>2,
- 2_r2)

N_2) T 3.17
iT’I“anT T =7 if N=2. (3.17)
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As before, we let ¢3 =0 to derive

* Hy(r,s)
f3(r)=cq+cor? —6/ N1 drds
5+1 G2 TS
/ / SN (r d ds
(1,7)
=c4+c r2+/ ~Ldr. 3.18
et [E0 (3.18)
where
THl(Tas) 4(N71)B+1 TGQ(Tvs)
:7B/T N1 ds+ 1 /T v ds. (3.19)

Observe that Hy(7,7),G1(T,7),G2(T,r) are all non-negative for 0 <7 <r. This combined
with our assumption (1.36) implies

G(r,r)>0 for 0<7<r. (3.20)

This fact is the key to our proof. Set

h(r)= f3(r). (3.21)
We can write (3.18) as
h(r)zq—k@ﬁ—k/!%dr (3.22)
Now fix
cyy, €2>0. (3.23)
Consider the function space
W ={g(r) €C[0,00): g(r) > c4+cor® for each r >0}. (3.24)

We define an operator 7" on W as follows: For each g€ W we let

T(g):c4—|—027“2+/r Glrr) dr. (3.25)

o g5(7)
To see that T is well-defined on W, we will have to separate the case where

N>2 and N #4 (3.26)

from the remaining cases. Assume (3.26) to be true. We calculate from (3.16) and
(3.17) that

s AN=1)B+1 [ HrsN —Ls2rN-1 4 27N+
N J. st AN-2) /. SN—1

_ 6 1 2 N 3 1 —N+2__N+1
- 2 TTan—y) tv—p" T

ds
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4N-1)B+1 /1 , 1 3 1 Ny Nt
4(N —2) (QNTT toa-m’ vt T
AWN-DF+L s N
8N _2)(N _4)
48+1 126+1 3 ANHDB+T N Nt
= reT — T — r T
SN (N —2) S(N—2)(N —4) SN(N—2)

AN-1)B+1  _nNiy N1
— 2
sv_oy(N—1) T (3.27)
from whence follows
"G(rr) ' 1
——dr<c | G(r,r)dr<cr® for each geW. (3.28)
0 g3(7) 0

The case where N =2 or 4 can be handled in an entirely similar manner. We shall omit
it here. By virtue of (3.20), the range of T is contained in W.

CrLamM 3.1. For each R>0 the operator T has a fized point in the space Wgr=
C[0,R|NW . That is, there is a function h in the space such that

h=T(h). (3.29)

Proof.  'We wish to apply Corollary 11.2 in ( [9], p. 280). Evidently, Wg is a
closed convex set in C[0,R] and T maps W into itself. To check that T is continuous,
we observe that s~ 3 is uniformly Lipschitz on [c4,00). Let g1,92 € Wg be given. We
estimate for r € [0, R] that

1 1
. —

gi (1) g5 (7)
§0H91—92||c[o,3]/ G(r,r)dr <cR'|g1 — g2llcio,r)- (3-30)
0

T(g)(r) - T() (M) < [ Clr.r) dr

0

That is, T is Lipschitz on Wg. To see that the range of T is precompact in C|0, R], for
g € Wg we differentiate (3.25) to derive

"0,G(7r)

(T(9)) (r) :202r+/ . (3.31)
o g3(7)
Here we have used the fact that
G(r,r)=0. (3.32)
In view of (3.27) and (3.28), we deduce
[(T(g)) (r)| <2c2R+cR® for r€[0,R). (3.33)
This completes the proof of the claim. 0

Fix R>0 and denote by h(r) the fixed point given by the above claim. We differ-
entiate (3.31) three more times to obtain

T 92 T 92
(T(g))//(r):202+arcj(ﬁ7‘)+/ 8rr§(7—7r)d7-:2C2+/ wdTv (3_34)
g3(r) o g3(T o g3(7
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2 T 53 T 93
(T(g))'”(r):aTTG(r’T)—i—/ OTTTG(T,r)dT_ cr +/ 8TTTG(T’T)dT, (3.35)
0 0

g3 (r) 93 (7) gi(r) 93 (7)
(4) r) = cr ' 8§rrG(rvr) TaﬁrrrG(TaT) .
(T(g)" (r)= <g§(r)> + pEy +/0 g%(T) dr. (3.36)

Note from (3.27) that 93.,.G(r,r) =c and

T g4
/ aTTTTlG(T’ ’r) dT’ S
o g3(7)
This indicates that the function & lies in C4[0,R]NC*(0,R], and hence f(r)=h3 (r) is
a solution to (1.23) in Br(0). Observe that h=(h,h’,;h” h"") is a bounded solution of
a system of ordinary differential equations of the form h’ =F(r,h) on [0, R], where F is
locally Lipschitz in (0,00) x (0,00) x R3. Thus we can extend h(r) to [0,00). The proof
of Theorem 1.2 is complete. O

(3.37)

REMARK 3.1. It seems to be possible to find more general conditions under which
G(r,r) is non-negative. We leave this to the interested reader. The existence of a
solution remains unsolved when G(7,r) changes signs for 0 <7 <r.
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