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NUMERICAL APPROXIMATIONS FOR THE HYDRODYNAMICS
COUPLED BINARY SURFACTANT PHASE FIELD MODEL:

SECOND-ORDER, LINEAR, UNCONDITIONALLY
ENERGY STABLE SCHEMES∗

CHEN XU† , CHUANJUN CHEN‡ , XIAOFENG YANG§ , AND XIAOMING HE¶

Abstract. In this paper, we consider numerical approximations of a binary fluid-surfactant phase-
field model coupled with the fluid flow, in which the system consists of the incompressible Navier-Stokes
equations and two Cahn-Hilliard type equations. We develop two linear and second order time marching
schemes for solving this system by combining the “Invariant Energy Quadratization” approach for the
nonlinear potentials, the projection method for the Navier-Stokes equation, and a subtle implicit-explicit
treatment for the stress and convective terms. We prove the well-posedness of the linear system and
its unconditional energy stability rigorously. Various 2D and 3D numerical experiments are performed
to validate the accuracy and energy stability of the proposed schemes.

Keywords. Phase-field; fluid-surfactant; Navier-Stokes; Cahn-Hilliard; Second order; Energy
stability.
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1. Introduction

In this paper, we consider numerical approximations of a hydrodynamics coupled
binary fluid-surfactant phase-field model. The governing system consists of incompress-
ible Navier-Stokes equations and two Cahn-Hilliard type equations. Surfactants are
compounds that can alter the surface tension (or interfacial tension) between two liq-
uids, between a gas and a liquid, or between a liquid and a solid. They may act as
detergents, wetting agents, emulsifiers, foaming agents, and dispersants. In the model-
ing and numerical simulations for investigating the binary fluid-surfactant system, the
phase field method had been widely used to study the phase transition behaviors of
the monolayer microemulsion system formed by soluble surfactant moleculses, see the
pioneering modeling work of Laradji et. al. in [25, 26] where the first surfactant phase
field model was developed, and a number of subsequent modeling/simulation advances
in [2, 9, 24,42,43].

While numerous fluid surfactant phase models had been given attentions for more
than twenty years, a non-negligible fact is, almost all developed numerical algorithms
had been focused on the partial model, i.e., no flow field had been considered, which
implies that the inherent numerical challenges are greatly diminished. For the partial
model, one only needs to consider how to discretize the nonlinear stiff terms, for in-
stance, the cubic term induced by the double-well potential, or the term induced by
the logarithmic Flory-Huggins potential. To name a few, in [23], a second order in
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time, nonlinear scheme was developed based on the Crank-Nicolson method to solve the
partial model, however, the scheme is not provably energy stable. In [13], the authors
developed a first order in time, nonlinear scheme based on the convex splitting approach,
where the convex part of the free energy potential is treated implicitly while the concave
part is treated explicitly, but the arguments about the convex-concave decomposition
for the coupling potential are not valid as well since it is not sufficient to justify the con-
vexity of a function with multiple variables from the positivity of second-order partial
derivatives. In [57], the authors developed two provably, unconditionally energy stable,
linear and second order schemes. But the model considered in [57] is still the partial
model without considering the flow filed.

Compared with the partial model without flow fields, in addition to the stiffness
issue mentioned above, the full hydrodynamical surfactant model is conceivably more
complicated for algorithms design since one must consider developing efficient temporal
discretizations for the nonlinear coupling terms between the flow field and phase field
variables through stress and convective terms. Simple fully-implicit or explicit type
discretizations for those terms will induce unfavorable nonlinear and/or energy unsta-
ble schemes, so they are not efficient in practice. Therefore, in this paper, the main
purpose is to develop unconditionally energy stable schemes for solving the full hydro-
dynamics coupled fluid-surfactant model. Specifically, we choose the model developed
in [9, 42] since it is not only a typical representative of nonlinearly coupled multivari-
ate fluid-surfactant models, but also mathematically reasonable, i.e., the total energy
is naturally bounded from below. By combining some well-known approaches like the
projection method for Navier-Stokes equations, the Invariant Energy Quadratizaiton
(IEQ) approach for nonlinear stiff terms, and implicit-explicit treatments for nonlinear
stresses, we obtain two linear, second order, and provably unconditionally energy stable
time marching schemes. Moreover, we rigorously prove that the well-posedness and
unconditional energy stabilities hold, and demonstrate the stability and the accuracy
of the proposed schemes through a number of classical benchmark phase separation
simulations. To the best of the authors’ knowledge, the proposed schemes here are the
first linear schemes with second-order temporal accuracy for the hydrodynamics coupled
phase field surfactant model with provable unconditional energy stabilities.

The rest of the paper is organized as follows. In Section 2, we introduce the binary
fluid-surfactant phase field model developed in [9, 42] and reformulate it to couple the
Navier-Stokes equations. In Section 3, we present two, second order numerical schemes
for simulating the target model, and rigorously prove that the produced linear systems
are well-posed and the schemes satisfy the unconditional energy stabilities. Various 2D
and 3D numerical experiments are carried out in Section 4 to verify the accuracy and
stability of these schemes. Finally, some concluding remarks are given in Section 5.

2. The flow coupled surfactant model and its energy law
We fix some notations first. We consider an open, bounded, connected domain

Ω∈Rd,d= 2,3 with ∂Ω Lipschitz continuous. For any f(x),g(x)∈L2(Ω), we denote the
inner product and L2 norm as

(f,g) =

∫
Ω

f(x)g(x)dx, ‖f‖=

∫
Ω

|f(x)|2dx. (2.1)

Let W k,r(Ω) stands for the standard Sobolev spaces equipped with the standard Sobolev
norms ‖·‖k,r. For r= 1, we write H1(Ω) for W 1,2(Ω) and its corresponding norm is
‖·‖H1 .

We now give a brief description for the total free energy for the fluid-surfactant phase
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field model that was developed in [9, 42]. In the binary fluid-surfactant system, mono-
layers of surfactant molecules form microemulsions as a random phase. The phase field
modeling approach simulates the dynamics of microphase separation in microemulsion
systems using two phase field variables (order parameters). In the phase field frame-
work, a phase field variable φ(x,t) is introduced to represent the local densities of the
two fluids, fluid I and fluid II (such as water and oil), such that

φ(x,t) =

{
−1 fluid I,

1 fluid II,
(2.2)

with a thin smooth transition layer of width O(ε) connecting the two fluids. Thus the
interface of the mixture is described by the zero level set Γt={x :φ(x,t) = 0}. In the
fluid-surfactant model, an extra phase field variable ρ(x,t) is needed to represent the
local concentration of surfactants. Furthermore, we use % and u to represent the volume-
averaged density of the mixture system and volume-averaged velocity field, respectively.
Thus, after coupling with the hydrodynamics, the total energy of the binary mixture
fluid-surfactant system is the sum of the kinetic energy Ek(%,u), the mixing energy
E1(φ), the logarithmic energy E2(ρ), and the coupling entropy term E3(ρ,φ), given as
follows,

Etot(u,φ,ρ) =

∫
Ω

(
ε

2
|∇φ|2 +

1

4ε
F (φ))dx︸ ︷︷ ︸

E1(φ)

+

∫
Ω

(
η

2
|∇ρ|2 +βG(ρ))dx︸ ︷︷ ︸

E2(ρ)

+
α

2

∫
Ω

(ρ−|∇φ|2)dx︸ ︷︷ ︸
E3(ρ,φ)

+

∫
Ω

1

2
%|u|2dx︸ ︷︷ ︸

Ek(%,u)

, (2.3)

where ε,η,α,β are all positive parameters.
We describe these energy components as follows. First, E1(φ) is the mixing free

energy functional and F (φ) is the classical double-well potential which is defined as

F (φ) = (φ2−1)2. (2.4)

In fact, E1(φ) is the most commonly used free energy in phase field models so far,
where the first term in E1(φ) contributes to the hydrophilic type (tendency of mixing)
of interactions between the materials and the second term represents the hydrophobic
type (tendency of separation) of interactions. As a consequence of the competition be-
tween the two types of interactions, the equilibrium configuration will include a diffusive
interface. The phase field models that are derived by this part of free energy have been
extensively studied, see [1, 17,21,27] and the references therein.

Second, in the free energy E2(ρ), the gradient potential |∇ρ|2 is added in order to
enhance the stability, and the nonlinear potential G(ρ) is defined as

G(ρ) =ρlnρ+(1−ρ)ln(1−ρ), (2.5)

where β and η (both are in the same scale as ε) are two positive parameters. We note
that G(ρ) is the logarithmic Flory-Huggins-type energy potential which restricts the
value of ρ to be inside the domain of (0,1), and ρ will reach its upper bound if the
interface is fully saturated with surfactant, see [43].

Third, the free energy E3(φ,ρ) couples the two variables φ and ρ, which is the
penalty term that enables the concentration to accumulate near the interface with a
relatively high value.
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In this paper, we only consider the case where the two fluid components have
matching density and viscosity, i.e., %1 =%2 = 1 and ν1 =ν2 =ν for simplicity. Following
the generalized Onsager’s principle [29], we derive the following governing system of
equations and present them in dimensionless forms:

ut+(u ·∇)u+∇p−ν∆u+φ∇µφ+ρ∇µρ= 0, (2.6)

∇·u= 0, (2.7)

φt+∇·(uφ) =M1∆µφ, (2.8)

µφ=−ε∆φ+
1

ε
φ(φ2−1)+α∇·

(
(ρ−|∇φ|)Z

)
, (2.9)

ρt+∇·(uρ) =M2∆µρ, (2.10)

µρ=−η∆ρ+α(ρ−|∇φ|)+βln
( ρ

1−ρ

)
, (2.11)

where Z(φ) = ∇φ
|∇φ| , M1 and M2 are two mobility parameters. For simplicity, we take the

periodic boundary conditions to remove all complexities from the boundary integrals.
The above system (2.6)-(2.11) follows the energy dissipation law. To do so, by

taking the L2 inner products of (2.6) with u, of (2.8) with µφ, of (2.9) with −φt, of
(2.10) with µρ, and of (2.11) with −ρt, using integration by parts, and combining all
equalities, we obtain

d

dt
Etot(u,φ,ρ) =−ν‖∇u‖2−M1‖∇µφ‖2−M2‖∇µρ‖2≤0. (2.12)

In the sequel, our goal is to design temporal approximation schemes which satisfy the
discrete version of the continuous energy law (2.12).

Remark 2.1. For comparisons, we list the total free energy for the phase field model
developed by Laradji et. al. in [24–26], that is

E(φ,ρ) =

∫
Ω

(
α

2
(∆φ)2 +

ε

2
|∇φ|2 +

1

4ε
F (φ))dx+

∫
Ω

(
β

2
|∇ρ|2 +

1

4η
ρ2(ρ−ρs)2)dx

−
∫

Ω

θρ|∇φ|2dx (2.13)

We note that there are some substantial differences between (2.13) and (2.3). The first
difference is that the double-well-type potential is used for the concentration variable
ρ in (2.13), instead of the logarithmic potential used in (2.3). The second one is that
the format of the coupling free energy (associated with θ) are quite different. It is
remarkable that this coupling term in (2.13) actually brings up significant challenges to
prove the total free energy (2.13) to be bounded from below, see the detailed discussions
in [8].

3. Numerical schemes
We next construct schemes for discretizing the flow coupled surfactant model (2.6)-

(2.11) in time. To this end, there is a number of numerical challenges, including (i) how
to discretize the cubic term associated with the double-well potential (see the related
extensive studies in [4, 10, 20, 36, 48, 59, 61]); (ii) how to discretize the logarithmic term
induced by the Flory-Huggins potential; (iii) how to discretize the local coupling entropy
terms associated with ρ and φ; (iv) how to solve the Navier-Stokes equations; and (v)
how to discretize the nonlinear convective and stress terms.
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For (i), (ii) and (iii), we adopt the recently developed IEQ approach (cf. [18, 54–
57, 60, 61, 63, 64]) to design desired numerical schemes. The intrinsic idea of the IEQ
method is to transform the nonlinear potential into quadratic forms in terms of some
new variables. This method is workable since we notice that all nonlinear potentials
in the free energy are bounded from below. For (iv), we use the second order pressure
correction method [15], where the pressure is then decoupled from the computations
of the velocity. For (v), we use a subtle implicit-explicit treatment to obtain the fully
linear schemes.

Since the numerical scheme can hardly guarantee that the numerical solution ρ is
located in its domain (0,1), here we follow the work in [5, 7] to regularize the Flory-
Huggins potential from domain (0,1) to (−∞,∞). The idea is to replace the logarithmic
functional by a C2 continuous, convex and piece-wisely defined function. Namely, for
any ε̂>0, the regularized Flory-Huggins potential is given by

Ĝ(ρ) =


ρ lnρ+ (1−ρ)2

2ε̂ +(1−ρ)ln ε̂− ε̂
2 , if ρ≥1− ε̂,

ρ lnρ+(1−ρ)ln(1−ρ), if ε̂≤ρ≤1− ε̂,
(1−ρ)ln(1−ρ)+ ρ2

2ε̂ +ρ ln ε̂− ε̂
2 , if ρ≤ ε̂.

(3.1)

When ε̂→0, Ĝ(ρ)→G(ρ). Thus we consider the numerical solution to the model formu-

lated with the regularized functional Ĝ(ρ), but omit thê in the notation for convenience.
For the Cahn-Hilliard equation, it has been proved that the error bound between the
regularized system and the original system is controlled by ε̂ up to a constant scaling,
see [5, 7].

Note that G(ρ) is actually bounded from below even though it is not always positive
in the whole domain, thus we can rewrite the free energy functional in the following
equivalent form:

Etot(u,φ,ρ) =

∫
Ω

(1

2
|u|2 +

ε

2
|∇φ|2 +

η

2
|∇ρ|2 +

1

4ε
(φ2−1)2

+
α

2
(ρ−|∇φ|)2 +β(

√
G(ρ)+A )2

)
dx−βA|Ω|, (3.2)

where A is a positive constant to ensure G(ρ)+A>0 (in all numerical examples, we
use A= 1). Note the free energy is still the same because we simply add a zero term
βA−βA to the energy density functional. Then we define three auxiliary variables to
be the square root of the nonlinear potentials F (φ), (ρ−|∇φ|)2 and G(ρ)+A by

U =φ2−1, (3.3)

V =ρ−|∇φ|, (3.4)

W =
√
G(ρ)+A. (3.5)

In turn, the total free energy (3.2) can be transformed as

Etot(u,φ,ρ,U,V,W ) =

∫
Ω

(1

2
|u|2 +

ε

2
|∇φ|2 +

η

2
|∇ρ|2 +

1

4ε
U2 +

α

2
V 2 +βW 2

)
dx

−βA|Ω|. (3.6)

Then we obtain a new, but equivalent partial differential system as follows:

ut+(u ·∇)u+∇p−ν∆u+φ∇µφ+ρ∇µρ= 0, (3.7)
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∇·u= 0, (3.8)

φt+∇·(φu) =M1∆µφ, (3.9)

µφ=−ε∆φ+
1

ε
φU+α∇·(VZ), (3.10)

ρt+∇·(ρu) =M2∆µρ, (3.11)

µρ=−η∆ρ+αV +βH(ρ)W, (3.12)

Ut= 2φφt, (3.13)

Vt=ρt−Z ·∇φt, (3.14)

Wt=
1

2
H(ρ)ρt, (3.15)

with H(ρ) = g(ρ)√
G(ρ)+A

where g(ρ) =G′(ρ).

The initial conditions are correspondingly{
u|(t=0) =u0, φ|(t=0) =φ0, ρ|(t=0) =ρ0,

U |(t=0) =φ2
0−1, V |(t=0) =ρ0−|∇φ0|, W |(t=0) =

√
G(ρ0)+A.

(3.16)

The transformed system still follows the energy dissipation law. By taking the sum
of the L2 inner products of (3.7) of u, of (3.9) with µφ, of (3.10) with −φt, of (3.11)
with µρ, of (3.12) with −ρt, of (3.13) with 1

2εU , of (3.14) with αV , of (3.15) with 2βW ,
using the integration by parts, we then obtain the energy dissipation law of the new
system (3.7)-(3.15) as

d

dt
Etot(u,φ,ρ,U,V,W ) =−ν‖∇u‖2−M1‖∇µφ‖2−M2‖∇µρ‖2≤0. (3.17)

In the following, we focus on designing numerical schemes for time stepping of
the transformed system (3.7)-(3.15), that are linear and satisfy discrete analogues
of the energy law (3.17). We fix some notations here. Let δt>0 denote the time
step size and set tn=nδt for 0≤n≤N with the ending time T =N δt. We de-
fine three Sololev spaces H1

per(Ω) ={φ∈H1(Ω) :φ is periodic}, H̄1(Ω) ={φ∈H1
per(Ω) :∫

Ω
φdx= 0}, H1

u(Ω) ={u∈ [H1
per(Ω)]d}.

3.1. BDF2 scheme. We first construct a second order time stepping scheme
to solve the system (3.7)-(3.15), based on the Adam-Bashforth backward differentiation
formulas (BDF2).

Assuming that (u,φ,ρ,U,V,W )n−1 and (u,φ,ρ,U,V,W )n are known:

step 1: we update (ũ,φ,ρ,U,V,W )n+1 as follows,

3ũn+1−4un+un−1

2δt
+B(u?,ũn+1)−ν∆ũn+1 +∇pn+φ?∇µn+1

φ

+ρ?∇µn+1
ρ = 0, (3.18)

3φn+1−4φn+φn−1

2δt
+∇·(ũn+1φ?) =M1∆µn+1

φ , (3.19)

µn+1
φ =−ε∆φn+1 +

1

ε
φ?Un+1 +α∇·(V n+1Z?), (3.20)

3ρn+1−4ρn+ρn−1

2δt
+∇·(ũn+1ρ?) =M2∆µn+1

ρ , (3.21)

µn+1
ρ =−η∆ρn+1 +αV n+1 +βH?Wn+1, (3.22)
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3Un+1−4Un+Un−1 = 2φ?(3φn+1−4φn+φn−1), (3.23)

3V n+1−4V n+V n−1 = (3ρn+1−4ρn+ρn−1)−Z? ·∇(3φn+1−4φn+φn−1), (3.24)

3Wn+1−4Wn+Wn−1 =
1

2
H?(3ρn+1−4ρn+ρn−1), (3.25)

with periodic boundary condition being imposed, where

B(u,v) = (u ·∇)v+
1

2
(∇·u)∇v,

u?= 2un−un−1,φ?= 2φn−φn−1,ρ?= 2ρn−ρn−1,

Z?=Z(φ?),H?=H(ρ?).

(3.26)

step 2: we update pn+1 as follows,

3

2δt
(un+1− ũn+1)+∇(pn+1−pn) = 0, (3.27)

∇·un+1 = 0, (3.28)

with periodic boundary conditions.

Remark 3.1. A pressure-correction scheme is used to decouple the computation of
the pressure from that of the velocity. For the Navier-Stokes equations, there exists a
large quantity of literature concerning the subjects about theoretical/numerical analysis,
scheme development, as well as their applications in various research fields, see [3,6,10–
12,16,19,22,30–35,40,41,44–47,49–53,58,62].

Remark 3.2. Note that the scheme (3.18)-(3.25) is purely linear, and the compu-
tations of the variables (φ, µφ, ρ, µρ, ũ)n+1 are decoupled from the pressure pn+1 by
combining the second order pressure correction scheme with a subtle implicit-explicit
treatment for the stress and convective terms. We are not clear how to develop sec-
ond order, energy stable schemes that can decouple the computations of all variables.
Indeed, it is still an open problem on how to decouple the phase field variable from
the velocity field u while preserving the unconditional energy stability and second or-
der temporal accuracy. So far, the best, decoupled-type energy stable schemes with
provable energy stabilities are just first order accurate in time (cf. [28, 37–39]).

Remark 3.3. The adopted projection method here was analyzed in [14] where it is
shown (discrete time, continuous space) that the scheme is second order accurate for the
velocity in `2(0,T ;L2(Ω)) but only first order accurate for the pressure in `∞(0,T ;L2(Ω))
due to the artificial homogenous Neumann boundary condition imposed on the pressure.
Since we use the periodic boundary conditions for all variables, the order of accuracy
of the pressure can be second order accurate, that is shown by the numerical tests in
Section 4.

Note that the new variables U , V and W will not bring up extra computational cost
through the following procedure. We rewrite the Equations (3.23)–(3.25) as follows,

Un+1 =A1 +2φ?φn+1, (3.29)

V n+1 =B1 +ρn+1−Z? ·∇φn+1, (3.30)

Wn+1 =C1 +
1

2
H?ρn+1, (3.31)

where A1 =Un†−2φ?φn†, B1 =V n†−ρ†+Z? ·∇φn†, C1 =Wn†− 1
2H

?ρn†, and Sn†=
4Sn−Sn−1

3 for any variable S.
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Thus the system (3.18)-(3.25) can be rewritten as

ũn+1 +
2δt

3
B(u?,ũn+1)− 2δt

3
ν∆ũn+1 +

2δt

3
φ?∇µn+1

φ +
2δt

3
ρ?∇µn+1

ρ

=un†− 2δt

3
∇pn, (3.32)

φn+1 +
2δt

3
∇·(ũn+1φ?)− 2δt

3
M1∆µn+1

φ =φn†, (3.33)

−µn+1
φ −ε∆φn+1 +

1

ε
2φ?φ?φn+1 +α∇·(ρn+1Z?−Z? ·∇φn+1Z?)

=−1

ε
φ?A1−α∇·(B1Z

?), (3.34)

ρn+1 +
2δt

3
∇·(ũn+1ρ?)− 2δt

3
M2∆µn+1

ρ =ρn†, (3.35)

−µn+1
ρ −η∆ρn+1 +αρn+1−αZ? ·∇φn+1 +

1

2
βH?H?ρn+1 =−αB1−βH?C1.(3.36)

Therefore, the practical implementation for solving the scheme (3.18)-(3.28) is solving
the above system to obtain (ũ, φ, ρ)n+1, and then update (U,V,W )n+1 through (3.29).

Now we study the well-posedness of the corresponding weak form of the semi-
discretized system (3.32)-(3.36).

We define

φ̄=
1

|Ω|

∫
Ω

φdx, ρ̄=
1

|Ω|

∫
Ω

ρdx,

µ̄φ=
1

|Ω|

∫
Ω

µφdx, µ̄ρ=
1

|Ω|

∫
Ω

µρdx.

(3.37)

By integrating (3.19) and (3.21), we obtain

φ̄n+1 = φ̄n= ·· ·= φ̄0, ρ̄n+1 = ρ̄n= ·· ·= ρ̄0. (3.38)

We let

φ=φn+1− φ̄0,µφ=µn+1
φ − µ̄0

φ,

ρ=ρn+1− ρ̄0,µρ=µn+1
ρ − µ̄0

ρ,

thus φ,ρ,µφ,µρ∈ H̄1(Ω). The weak form for (3.32)-(3.36) can be written as the following
system with unknowns φ, ρ, µφ, µρ∈ H̄1(Ω), u∈H1

u(Ω),

(u,v)+
2δt

3
(B(u?,u),v)+

2δt

3
ν(∇u,∇v)+

2δt

3
(φ?∇µφ+

2δt

3
ρ?∇µρ,v)

= (f1,v), (3.39)

(φ,w)− 2δt

3
(uφ?,∇w)+

2δt

3
M1(∇µ,∇w) = (f2,w), (3.40)

(−µφ,ψ)+ε(∇φ,∇ψ)+
1

ε
2(φ?φ,φ?ψ)−α(ρZ?,∇ψ)+α(Z? ·∇φ,Z? ·∇ψ)

= (f3,ψ), (3.41)

(ρ,$)− 2δt

3
(uρ?,∇$)+

2δt

3
M2(∇µρ,∇$) = (f4,$), (3.42)

(−µρ,%)+η(∇ρ,∇%)+α(ρ,%)−α(Z? ·∇φ,%)+
1

2
β(H?ρ,H?%) = (f5,%), (3.43)
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for any v∈H1
u(Ω) and w,ψ,$,%∈ H̄1(Ω), where f1 and fi,i=2,···,5 are the corresponding

terms on the right-hand side of (3.32)-(3.36).
We denote the above linear system (3.39)-(3.43) as

(L(X),Y ) = (B,Y ) (3.44)

where L is the linear operator, X = (u, µφ, φ, µρ, ρ)T , and Y = (v, w, ψ, $, %)T , and
X, Y ∈ (H1

u, H̄1, H̄1, H̄1, H̄1)(Ω).

Theorem 3.1. The linear system (3.44) admits a unique solution X = (u,µφ,φ,µρ,ρ)T

∈ (H1
u, H̄1, H̄1, H̄1, H̄1)(Ω).

Proof. (i). For any X = (u,µφ,φ,µρ,ρ)T and Y = (v,w,ψ,$,%)T with X,Y ∈ (H1
u,

H̄1, H̄1, H̄1, H̄1)(Ω), we have

(L(X),Y )≤C1(‖u‖H1 +‖µφ‖H1 +‖φ‖H1 +‖µρ‖H1 +‖ρ‖H1)

(‖v‖H1 +‖w‖H1 +‖ψ‖H1 +‖$‖H1 +‖%‖H1), (3.45)

where C1 is a constant that depends on δt,ν,M1,M2,ε,α,β,η, ‖φ?‖L∞ , ‖Z?‖L∞ , ‖ρ?‖L∞ ,
and ‖H?‖L∞ .

(ii). It is easy to derive that

(L(X),X) =‖u‖2 +
2δt

3
ν‖∇u‖2 +

2δt

3
M1‖∇µφ‖2 +

2δt

3
M2‖∇µρ‖2

+ε‖∇φ‖2 +η‖∇ρ‖2 +
2

ε
‖φ?φ‖2 +

β

2
‖H?ρ‖2 +α‖ρ−Z? ·∇φ‖2

≥C2(‖u‖2H1 +‖φ‖2H1 +‖ρ‖2H1 +‖µφ‖2H1 +‖µρ‖2H1), (3.46)

where C2 is a constant that depends on δt,ν,M1,M2,ε,η.
Then from the Lax-Milgram theorem, we conclude that the linear system (3.44)

admits a unique solution X = (u,µφ,φ,µρ,ρ)T ∈ (H1
u, H̄1, H̄1, H̄1, H̄1)(Ω).

The stability result of the BDF2 scheme follows along the same lines as the deriva-
tion of the new PDE energy dissipation law (3.17), as follows.

Theorem 3.2. The second order BDF2 scheme (3.18)-(3.28) is unconditionally energy
stable, i.e., it satisfies the following discrete energy dissipation law:

1

δt
(En+1,n

2nd −En,n−1
2nd )≤−ν‖∇ũn+1‖2−M1‖∇µn+1

φ ‖2−M2‖∇µn+1
ρ ‖2, (3.47)

where

En+1,n
2nd =

1

2

(1
2
‖un+1‖2+ 1

2
‖2un+1−un‖2

)
+
δt2

3
‖∇pn+1‖2

+
ε

2

(1
2
‖∇φn+1‖2+ 1

2
‖2∇φn+1−∇φn‖2

)
+
η

2

(1
2
‖∇ρn+1‖2+ 1

2
‖2∇ρn+1−∇ρn‖2

)
+

1

4ε

(1
2
‖Un+1‖2+ 1

2
‖2Un+1−Un‖2

)
+
α

2

(1
2
‖V n+1‖2+ 1

2
‖2V n+1−V n‖2

)
+β

(1
2
‖Wn+1‖2+ 1

2
‖2Wn+1−Wn‖2

)
. (3.48)

Proof. By taking the L2 inner product of (3.18) with 2δtũn+1, we obtain

(3ũn+1−4un+un−1,ũn+1)+2νδt‖∇ũn+1‖2 +2δt(∇pn,ũn+1)
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+2δt(φ?∇µn+1
φ ,ũn+1)+2δt(ρ?∇µn+1

ρ ,ũn+1) = 0. (3.49)

From (3.27), for any function v with ∇·v= 0, we can derive

(un+1,v) = (ũn+1,v). (3.50)

Then for the first term in (3.49), we have

(3ũn+1−4un+un−1,ũn+1)

=(3ũn+1−4un+un−1,un+1)+(3ũn+1−4un+un−1,ũn+1−un+1)

=(3un+1−4un+un−1,un+1)+(3ũn+1, ũn+1−un+1)

=(3un+1−4un+un−1,un+1)+3(ũn+1−un+1,ũn+1 +un+1)

=
1

2

(
‖un+1‖2−‖un‖2 +‖2un+1−un‖2−‖2un−un−1‖2

+‖un+1−2un+un−1‖2
)

+3(‖ũn+1‖2−‖un+1‖2), (3.51)

where we have used the following identity

2(3a−4b+c,a) = |a|2−|b|2 + |2a−b|2−|2b−c|2 + |a−2b+c|2. (3.52)

For the projection step, we rewrite (3.27) as

3

2δt
un+1 +∇pn+1 =

3

2δt
ũn+1 +∇pn. (3.53)

By squaring both sides of the above equality, we obtain

9

4δt2
‖un+1‖2 +‖∇pn+1‖2 =

9

4δt2
‖ũn+1‖2 +‖∇pn‖2 +

3

δt
(ũn+1,∇pn), (3.54)

namely, by multiplying 2δt2/3, we have

3

2
(‖un+1‖2−‖ũn+1‖2)+

2δt2

3
(‖∇pn+1‖2−‖∇pn‖2) = 2δt(ũn+1,∇pn). (3.55)

By taking the L2 inner product of (3.27) with 2δtun+1, we have

3

2
(‖un+1‖2−‖ũn+1‖2 +‖un+1− ũn+1‖2) = 0. (3.56)

By combining (3.49), (3.51), (3.55), and (3.56), we obtain

1

2
(‖un+1‖2−‖un‖2 +‖2un+1−un‖2−‖2un−un−1‖2 +‖un+1−2un+un−1‖2)

+
3

2
‖un+1− ũn+1‖2 +

2δt2

3
(‖∇pn+1‖2−‖∇pn‖2)+2νδt‖∇ũn+1‖2

+2δt(φ?∇µn+1
φ ,ũn+1)+2δt(ρ?∇µn+1

ρ ,ũn+1) = 0. (3.57)

By taking the L2 inner product of (3.19) with 2δtµn+1
φ , we obtain

(3φn+1−4φn+φn−1,µn+1
φ )−2δt(φ?ũn+1,∇µn+1

φ ) =−2M1δt‖∇µn+1
φ ‖2. (3.58)
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By taking the L2 inner product of (3.20) with −(3φn+1−4φn+φn−1) and applying
(3.52), we obtain

−(µn+1
φ ,3φn+1−4φn+φn−1)

=− ε
2

(
‖∇φn+1‖2−‖∇φn‖2 +‖2∇φn+1−∇φn‖2−‖2∇φn−∇φn−1‖2

+‖∇φn+1−2∇φn+∇φn−1‖2
)
− 1

ε
(φ?Un+1,3φn+1−4φn+φn−1)

+α(V n+1Z?,∇(3φn+1−4φn+φn−1)). (3.59)

By taking the L2 inner product of (3.21) with 2δtµn+1
ρ , we obtain

(3ρn+1−4ρn+ρn−1,µn+1
ρ )−2δt(ρ?ũn+1,∇µn+1

ρ ) =−2M2δt‖∇µn+1
ρ ‖2. (3.60)

By taking the L2 inner product of (3.22) with −(3ρn+1−4ρn+ρn−1), we obtain

−(µn+1
ρ ,3ρn+1−4ρn+ρn−1)

=−η
2

(
‖∇ρn+1‖2−‖∇ρn‖2 +‖2∇ρn+1−∇ρn‖2−‖2∇ρn−∇ρn−1‖2

+‖∇ρn+1−2∇ρn+∇ρn−1‖2
)
−α(V n+1,3ρn+1−4ρn+ρn−1)

−β(H?Wn+1,3ρn+1−4ρn+ρn−1). (3.61)

By taking the L2 inner product of (3.23) with 1
2εU

n+1, we obtain

1

4ε

(
‖Un+1‖2−‖Un‖2 +‖2Un+1−Un‖2−‖2Un−Un−1‖2 +‖Un+1−2Un+Un−1‖2

)
=

1

ε
(φ?(3φn+1−4φn+φn−1),Un+1). (3.62)

By taking the L2 inner product of (3.24) with αV n+1, we obtain

α

2
(‖V n+1‖2−‖V n‖2 +‖2V n+1−V n‖2−‖2V n−V n−1‖2 +‖V n+1−2V n+V n−1‖2)

=α(3ρn+1−4ρn+ρn−1,V n+1)−α(Z?∇(3φn+1−4φn+φn−1),V n+1). (3.63)

By taking the L2 inner product of (3.25) with 2βWn+1, we obtain

β(‖Wn+1‖2−‖Wn‖2 +‖2Wn+1−Wn‖2−‖2Wn−Wn−1‖2

+‖Wn+1−2Wn+Wn−1‖2) =β(H?(3ρn+1−4ρn+ρn−1),Wn+1). (3.64)

Combination of (3.57), (3.58)–(3.64) gives us

1

2
(‖un+1‖2−‖un‖2+‖2un+1−un‖2−‖2un−un−1‖2+‖un+1−2un+un−1‖2)

+
3

2
‖un+1− ũn+1‖2+ 2δt2

3
(‖∇pn+1‖2−‖∇pn‖2)

+
ε

2

(
‖∇φn+1‖2−‖∇φn‖2+‖2∇φn+1−∇φn‖2−‖2∇φn−∇φn−1‖2

+‖∇φn+1−2∇φn+∇φn−1‖2
)

+
η

2

(
‖∇ρn+1‖2−‖∇ρn‖2+‖2∇ρn+1−∇ρn‖2−‖2∇ρn−∇ρn−1‖2

+‖∇ρn+1−2∇ρn+∇ρn−1‖2
)
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+
1

4ε

(
‖Un+1‖2−‖Un‖2+‖2Un+1−Un‖2−‖2Un−Un−1‖2+‖Un+1−2Un+Un−1‖2

)
+
α

2

(
‖V n+1‖2−‖V n‖2+‖2V n+1−V n‖2−‖2V n−V n−1‖2+‖V n+1−2V n+V n−1‖2

)
+β

(
‖Wn+1‖2−‖Wn‖2+‖2Wn+1−Wn‖2−‖2Wn−Wn−1‖2

+‖Wn+1−2Wn+Wn−1‖2
)

=−2νδt‖∇ũn+1‖2−2M1δt‖∇µn+1
φ ‖2−2M2δt‖∇µn+1

ρ ‖2.

Finally, we obtain the result (3.47) after dropping some positive terms from the above
equation.

3.2. Crank-Nicolson scheme. One also can easily develop an alternative ver-
sion of second order scheme based on the Crank-Nicolson-type scheme. It reads as
follows.

Assuming that (u,φ,ρ,U,V,W )n−1 and (u,φ,ρ,U,V,W )n are known,

step 1: we update ũn+1, φn+1, ρn+1, Un+1, V n+1, Wn+1 from

ũn+1−un

δt
+B(u[,ũn+ 1

2 )−ν∆ũn+ 1
2 +∇pn+φ[∇µn+ 1

2

φ +ρ[∇µn+ 1
2

ρ = 0, (3.65)

φn+1−φn

δt
+∇·(ũn+ 1

2φ[) =M1∆µ
n+ 1

2

φ , (3.66)

µ
n+ 1

2

φ =−ε∆φn+ 1
2 +

1

ε
φ[Un+ 1

2 +α∇·(V n+ 1
2Z[), (3.67)

ρn+1−ρn

δt
+∇·(ρ[ũn+ 1

2 ) =M2∆µ
n+ 1

2
ρ , (3.68)

µ
n+ 1

2
ρ =−η∆ρn+ 1

2 +αV n+ 1
2 +βH[Wn+ 1

2 , (3.69)

Un+1−Un= 2φ[(φn+1−φn), (3.70)

V n+1−V n= (ρn+1−ρn)−Z[ ·∇(φn+1−φn), (3.71)

Wn+1−Wn=
1

2
H[(ρn+1−ρn), (3.72)

with periodic boundary condition being imposed, where

ũn+ 1
2 =

ũn+1 +un

2
,

φn+ 1
2 =

φn+1 +φn

2
,ρn+ 1

2 =
ρn+1 +ρn

2
,

Un+ 1
2 =

Un+1 +Un

2
,V n+ 1

2 =
V n+1 +V n

2
,Wn+ 1

2 =
Wn+1 +Wn

2
,

φ[=
3

2
φn− 1

2
φn−1,ρ[=

3

2
ρn− 1

2
ρn−1,u[=

3

2
un− 1

2
un−1,

Z[=Z(
3

2
φn− 1

2
φn−1),H[=H(

3

2
ρn− 1

2
ρn−1).

(3.73)

.
step 2: we update un+1 and pn+1 from

1

δt
(un+1− ũn+1)+

1

2
(∇pn+1−∇pn) = 0, (3.74)

∇·un+1 = 0, (3.75)
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with the periodic boundary conditions.
The well-posedness and unconditional energy stability of the Crank-Nicolson scheme

can be easily proved in the similar way of handling the BDF2 scheme. Therefore we
just present the energy stability theorem and leave the detailed proofs to the interested
readers.

Theorem 3.3. The second order Crank-Nicolson scheme (3.65)–(3.75) is uncondi-
tionally energy stable, i.e., it satisfies the following discrete energy dissipation law:

1

δt
(En+1,n

2nd−cn−E
n,n−1
2nd−cn)≤−ν‖∇ũn+1‖2−M1‖∇µ

n+ 1
2

φ ‖2−M2‖∇µ
n+ 1

2
ρ ‖2, (3.76)

where

En+1,n
2nd−cn=

1

2
‖un+1‖2 +

δt2

8
‖∇pn+1‖2

+
ε

2
‖∇φn+1‖2 +

η

2
‖∇ρn+1‖2 +

1

4ε
‖Un+1‖2 +

α

2
‖V n+1‖2 +β‖Wn+1‖2. (3.77)

4. Numerical examples
We now present numerical experiments in two and three dimensions to validate

the theoretical results derived in the previous section and demonstrate the efficiency,
energy stability and accuracy of the proposed numerical schemes. In all examples, we
set the domain Ω = [0,2π]d,d= 2,3. If not explicitly specified, the default values of order
parameters are given as follows,

ε̂= 1×10−4, Mµ=Mρ= 1×10−2, ε= 5×10−2, α= 1×10−2, β= 5×10−2, ν= 1, A= 1.(4.1)

We use the Fourier-spectral method to discretize the space, and 129d Fourier modes
are used so that the errors from the spatial discretization are negligible compared to
the time discretization errors.

4.1. Accuracy test. We first test convergence rates of proposed BDF2 scheme
(3.18)-(3.28). The following initial conditions{

φ0(x,y) = 0.1cos(3x)+0.4cos(y),

ρ0(x,y) = 0.2sin(2x)+0.5sin(y)
(4.2)

are used. We perform the refinement test of the time step size. Since the exact solu-
tions are not known, we choose the approximate solution obtained by using the scheme
with a tiny time step size δt= 1.5625×10−4 as the benchmark solution for computing
errors. We present the L2 errors of all variables between the numerical solutions and the
benchmark solution at t= 0.2 with different time step sizes in Figure 4.1. We observe
that the scheme is almost perfect second order accurate in time.

4.2. Coarsening effect of two circles. In this example, we test the scheme
BDF2 by using the initial conditions of two circles with different radii to see how the
coarsening effects execute. We set the initial condition as

φ0(x,y) =

2∑
i=1

−tanh(

√
(x−xi)2 +(y−yi)2−ri

1.2ε
)+1,

ρ0(x,y) = 0.3,

(4.3)
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Fig. 4.1. The L2 numerical errors of all variables φ,ρ,u= (u,v),p at t= 0.2 that are computed
using the scheme BDF2 and various temporal resolutions with the initial conditions of (4.2) for mesh
refinement test in time.

Fig. 4.2. Time evolution of the free energy functional (3.48) for four different time step sizes,
δt= 5×10−2, 1×10−2, 5×10−3, and 1×10−3 for the Example 4.2 with default parameters (4.1). The
energy curves show the decays for all time step sizes, that confirms that our algorithm is unconditionally
stable. The left subfigure is the energy profile for t∈ [0,2], and the right subfigure is a close-up view
for t∈ [0,0.2].

where (x1,y1,r1) = (π−0.7,π−0.6,1.5) and (x2,y2,r2) = (π+1.65,π+1.6,0.7).

We emphasize that any time step size δt is allowable for the computations from the
stability concern since all developed schemes are unconditionally energy stable. But
larger time step will definitely induce large numerical errors. Therefore, we need to
discover the rough range of the allowable maximum time step size in order to obtain
good accuracy and to have as low computational cost as possible. This time step
range could be estimated through the energy evolution curve plots, shown in Figure
4.2, where we compare the time evolution of the discrete free energy (3.48) for four
different time step sizes until t= 2 using the scheme BDF2. We observe that all four
energy curves decay monotonically, which numerically confirms that our algorithms are
unconditionally energy stable. For smaller time steps of δt= 1×10−3, 5×10−2 and
1×10−2, the three energy curves coincide very well. But for the largest time step of
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(a) t= 1. (b) t= 20.

(c) t= 50. (d) t= 80.

(e) t= 98. (f) t= 200.

Fig. 4.3. Snapshots of the phase variables φ and ρ are taken at t= 1,20,50,80,98,200 for Example
4.2 by using the initial condition (4.3). For each panel, the left subfigure is the profile of φ and the
right subfigure is the profile of ρ.

(a) t= 20. (b) t= 80. (c) t= 98.

Fig. 4.4. Profiles of the velocity field u together with the interface contour {φ= 0} for Example
4.2 by using the initial condition (4.3). Snapshots are taken at t= 20, 80, 98.

δt= 5×10−2, the energy curve deviates viewably away from others. This means the
adopted time step size should not be larger than 5×10−2, in order to get reasonably
good accuracy.

In Figure 4.3, we show the evolutions of the phase field variable φ and concentration
variable ρ at various times by using the time step δt= 1×10−3. We observe the coars-
ening effect that the small circle is absorbed into the big circle, and the total absorption
happens at around t= 98. The velocity field u, together with the interface contours of
φ, are plotted in Figure 4.4. The time evolutions of the two free energy functionals,
the modified free energy (3.48) (in terms of the three new variables) and the original
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Fig. 4.5. Time evolution of the two free energy functionals for the Example 4.2, the modified
energy (3.48) and the original energy (3.2), by using the initial condition (4.3). The small inset figure
is a close-up view.

(a) t= 10. (b) t= 80.

(c) t= 200. (d) t= 500.

(e) t= 1500. (f) t= 2000.

Fig. 4.6. 2D spinodal decomposition for random initial data of (4.4). Snapshots of phase variables
φ and ρ are taken at t= 10, 80, 200, 500, 1500 and 2000. For each panel, the left subfigure is the profile
of φ, and the right subfigure is the profile of ρ.

energy (3.2), are plotted in Figure 4.5. It is remarkable that these two energies actu-
ally coincide very well, and both of them decay to the equilibrium, monotonically. At
around t= 100, the energies undergo a rapid decrease when the small circle is compeletly
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(a) t= 5.

(b) t= 15.

(c) t= 25.

(d) t= 95.

Fig. 4.7. 3D spinodal decomposition for random initial data of (4.5). Snapshots of phase variables
φ and ρ are taken at t= 5, 15, 25, and 95. For each panel, the left subfigure is the profile of φ
(isosurfaces of {φ= 0}), and the right subfigure is the profile of ρ (that is visualized by 128 cross-
sections along the z-axis).

absorbed. Soon after that, the system achieves the equilibrium of circular shape.
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Fig. 4.8. The isosurfaces {φ= 0} of the steady state solution at t= 95 of the 3D spinodal decom-
position example for 4 periods, i.e., [0,8π]3. The two subfigures are from different angles of view.

Fig. 4.9. (From left to right:) Time evolution of the free energy functional (3.48) of the 2D and
3D spinodal decompositions, respectively. The small inset figure is a close-up showing where the energy
decreases fast.

4.3. Spinodal decomposition in 2D and 3D. In this example, we study the
phase separation behaviors in the 2D and 3D spaces that are called spinodal decomposi-
tion. The process of the phase separation can be studied by considering a homogeneous
binary mixture, which is quenched into the unstable part of its miscibility gap. In this
case, the spinodal decomposition takes place, which manifests in the spontaneous growth
of the concentration fluctuations that leads the system from the homogeneous to the
two-phase state. Shortly after the phase separation starts, the domains of the binary
components are formed and the interface between the two phases can be specified.

The initial conditions are taken as randomly perturbed fields. For 2D, it reads as

φ0(x,y) = 0.4+0.001rand(x,y), ρ0(x,y) = 0.3; (4.4)

and for 3D, it reads as

φ0(x,y,z) = 0.4+0.001rand(x,y,z), ρ0(x,y) = 0.3, (4.5)

where the rand(·) is the random number in [−1,1] and has zero mean.
We choose the time step size δt= 1×10−3 to perform both the 2D and 3D simula-

tions. In Figure 4.6, we show the snapshots of φ and ρ for the 2D simulations, where
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(a) t= 0. (b) t= 3.

(c) t= 30. (d) t= 100.

(e) t= 300. (f) t= 1500.

Fig. 4.10. Snapshots of the phase variables φ and ρ are taken at t= 0, 3, 30, 100, 300, and 1500
for Example 4.4.2, where the surfactants are distributed uniformly initially. For each panel, the left
subfigure is the profile of φ and the right subfigure is the profile of ρ.

we observe the coarsening dynamics that the fluid component with the less volume ac-
cumulates to small satellite drops everywhere. When the time evolves, the small drops
will collide, merge and form drops with bigger sizes. The final equilibrium solution is
obtained around after t= 1700, where all small bubbles accumulate into a big bubble.

In Figure 4.7, we show the snapshots of φ and ρ for the 3D simulations. Similar to
the 2D case, the two fluids initially are well mixed, and they soon start to decompose
and accumulate. The final steady state (shown in Figure 4.7(d)) is consistent with the
2D results, namely, all small bubbles accumulate to form the final big bubble. In order
to obtain a more accurate view, since the computed domain is periodic, in Figure 4.8,
we plot the isosurface for 4 periods, i.e., [0,8π]3. In Figure 4.9, we present the evolution
of the total free energy (3.48) for both these simulations, that clearly shows that the
energies always monotonically decay with respect to the time.

4.4. Surfactant absorption.

4.4.1. Surfactant uniformly distributed initially. We assume the fluid in-
terface and the surfactant are uniformly distributed over the domain initially and the
specific profiles (shown in Figure 4.10 (a)) are chosen

φ0(x,y) = 0.1+0.01cos(6x)cos(6y), (4.6)

ρ0(x,y) = 0.2+0.01cos(6x)cos(6y). (4.7)
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(a) The first component of the velocity field u= (u,v) at t= 30,300,1500.

(b) The second component of the velocity field u= (u,v) at t= 30,300,1500.

(c) The pressure p at t= 30,300,1500.

Fig. 4.11. Profiles of the velocity field u= (u,v) and the pressure p. Snapshots are taken at t= 30,
300 and 1500 for the Example 4.4.1.

We take the time step size δt= 1×10−3. Figure 4.10 shows the snapshots of coars-
ening dynamics at t= 0,3,30,100,300,1500 and the final steady shape forms a big drop.
Driven by the coupling entropy energy term, the surfactant is absorbed into the binary
fluid interfaces so that the higher concentration appears near the interfaces than other
regions. In Figure 4.11, we show the profiles of the velocity u and p at t= 30, 300 and
1500.

4.4.2. Surfactant locally distributed initially. In this example, we assume
the fluid interface and the surfactant field are mismatched over the domain initially.
The specific initial profiles (shown as Figure 4.12 (a)) are chosen as

φ0(x,y) = 0.1+0.01cos(6x)cos(6y), (4.8)

ρ0(x,y) = 0.8exp
(
− (x−π)2 +(y−π)2

1.252

)
. (4.9)

When t= 0, the phase field variable φ is same as the previous example, but the surfactant
concentration variable φ is locally accumulated around the center of the domain. We
still take the time step size δt= 1×10−3 for better accuracy. Figure 4.12 shows the
snapshots of the dynamics behaviors of φ and ρ at various times. We observe that,
since the surfactant is initially concentrated at the center, it takes longer times for the
surfactant to diffuse away from this center region. Consequently, during the early stage
of the evolution, the higher concentration of surfactant only appears around the center
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(a) t= 0. (b) t= 10.

(c) t= 100. (d) t= 200.

(e) t= 300. (f) t= 1000.

Fig. 4.12. Snapshots of the phase variables φ and ρ are taken at t= 0, 10, 100, 200, 300, and
1000 for Example 4.4.2, where the surfactants are initially distributed in a center circle. For each
panel, the left subfigure is the profile of φ and the right subfigure is the profile of ρ.

Fig. 4.13. Time evolution of the free energy functional (3.6) for the Examples 4.4.1 and 4.4.2,
respectively. The small inset figure is a close-up view showing where the energy decreases fast.

area of the domain. The surfactant completely diffuses and is absorbed into the binary
fluid interfaces after around t= 300. We finally plot the evolution of energy curves in
Figure 4.13 for the Example 4.4.1 and the Example 4.4.2, respectively. Overall, the
numerical solutions of both the examples present similar features to those obtained
in [13,42].
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5. Concluding remarks

In this paper, two efficient schemes are developed for solving the hydrodynamics
coupled binary fluid-surfactant phase field model. The scheme is designed by combining
the second order pressure correction method, the newly developed IEQ approach, and
implicit-explicit treatments for the stress and convective terms. The obtained schemes
are purely linear and second-order accurate in time. We rigorously prove that the
induced linear systems are well-posed and the schemes are unconditionally energy stable.
Finally, various 2D and 3D numerical examples are presented to validate the accuracy
and stability of the proposed scheme.
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[17] M. E. Gurtin, D. Polignone, and J. Viñals, Two-phase binary fluids and immiscible fluids described
by an order parameter, Math. Models Meth. Appl. Sci., 6(6):815–831, 1996. 2

[18] D. Han, A. Brylev, X. Yang, and Z. Tan, Numerical analysis of second order, fully discrete energy

https://mathscinet.ams.org/mathscinet-getitem?mr=1609626
https://doi.org/10.1016/j.jcp.2016.06.008
https://doi.org/10.1016/j.apnum.2015.05.004
https://doi.org/10.1016/j.apnum.2015.05.004
https://doi.org/10.1016/j.apnum.2018.02.004
https://link.springer.com/article/10.1007%2FBF01385847
https://doi.org/10.1093/imrn/rns270
https://doi.org/10.1137/S0036141094267662
https://doi.org/10.4208/cicp.120712.281212a
https://link.springer.com/article/10.1007%2Fs00205-006-0012-x
https://doi.org/10.1137/16M1100885
https://doi.org/10.1137/16M1100885
https://doi.org/10.1016/j.amc.2008.03.016
https://doi.org/10.1016/j.amc.2008.03.016
https://doi.org/10.1016/j.jmaa.2009.01.039
https://doi.org/10.1016/j.jcp.2014.03.060
https://mathscinet.ams.org/mathscinet-getitem?mr=1685751
https://doi.org/10.1016/j.cma.2005.10.010
https://doi.org/10.1090/S0025-5718-08-02109-1 
https://doi.org/10.1142/S0218202596000341


C. XU, C. CHEN, X. YANG, AND X. HE 857

stable schemes for phase field models of two phase incompressible flows, J. Sci. Comput.,
70:965–989, 2016. 3

[19] Z.-J. Hu, T.-Z. Huang, and N.-B. Tan, A splitting preconditioner for the incompressible Navier-
Stokes equations, Math. Modelling and Anal., 18:612–630, 2013. 3.1

[20] Q. Huang, X. Yang, and X. He, Numerical approximations for a smectic–a liquid crystal flow
model: First-order, linear, decoupled and energy stable schemes, Discrete Contin. Dyn. Syst.-
B, 23:2177–2192, 2018. 3

[21] D. Jacqmin, Calculation of two-phase Navier-Stokes flows using phase-field modeling, J. Comput.
Phys., 155(1):96–127, 1999. 2

[22] S. Jiang and Y. Ou, Incompressible limit of the non-isentropic Navier-Stokes equations with well-
prepared initial data in three-dimensional bounded domains, J. Math. Pures Appl., 96:1–28,
2011. 3.1

[23] J. Kim, Numerical simulations of phase separation dynamics in a water-oil-surfactant system, J.
Colloid Interface Sci., 303:272–279, 2006. 1

[24] S. Komura and H. Kodama, Two-order-parameter model for an oil-water-surfactant system, Phys.
Rev. E., 55:1722–1727, 1997. 1, 2.1

[25] M. Laradji, H. Guo, M. Grant, and M. J. Zuckermann, The effect of surfactants on the dynamics
of phase separation, J. Phys. Condens. Matter, 4(32):6715–6728, 1992. 1, 2.1

[26] M. Laradji, O. G. Mouristen, S. Toxvaerd, and M. J. Zuckermann, Molecular dynamics simula-
tions of phase separation in the presence of surfactants, Phys. Rev. E., 50:1243–1252, 1994.
1, 2.1

[27] C. Liu and J. Shen, A phase field model for the mixture of two incompressible fluids and its
approximation by a Fourier-spectral method, Phys. D, 179(3-4):211–228, 2003. 2

[28] S. Minjeaud, An unconditionally stable uncoupled scheme for a triphasic Cahn-Hilliard/ Navier-
Stokes model, Commun. Comput. Phys., 29:584–618, 2013. 3.2

[29] L. Onsager, Reciprocal relations in irreversible processes. II, Phys. Rev., 38:2265, 1931. 2
[30] Y. Ou, Low Mach number limit of viscous polytropic fluid flows, J. Diff. Eqs., 251:2037–2065,

2011. 3.1
[31] Y. Ou and D. Ren, Incompressible limit of global strong solutions to 3-D barotropic Navier-

Stokes equations with well-prepared initial data and Navier’s slip boundary conditions, J.
Math. Anal. Appl., 420:1316–1336, 2014. 3.1

[32] D. Ren and Y. Ou, Strong solutions to an Oldroyd-B model with slip boundary conditions via
incompressible limit, Math. Meth. Appl. Sci., 38:330–348, 2014. 3.1

[33] X. Ren, J. Wu, Z. Xiang, and Z. Zhang, Global existence and decay of smooth solution for the
2-D MHD equations, J. Funct. Anal., 267:503–541, 2014. 3.1

[34] X. Ren, Z. Xiang, and Z. Zhang, Global existence and decay of smooth solutions for the 3-D
MHD-type equations without magnetic diffusion, Sci. China. Math., 59:1949–1974, 2016. 3.1

[35] X. Ren, Z. Xiang, and Z. Zhang, Global well-posedness for the 2D MHD equations without mag-
netic diffusion in a strip domain, Nonlinearity, 29:1257–1291, 2016. 3.1

[36] J. Shen, J. Xue, and J. Yang, The scalar auxiliary variable (SAV) approach for gradient flows,
J. Comput. Phys., 353:407–416, 2018. 3

[37] J. Shen and X. Yang, Decoupled energy stable schemes for phase filed models of two phase complex
fluids, SIAM J. Sci. Comput., 36:B122–B145, 2014. 3.2

[38] J. Shen and X. Yang, Decoupled, energy stable schemes for phase-field models of two-phase in-
compressible flows, SIAM J. Num. Anal., 53(1):279–296, 2015. 3.2

[39] J. Shen, X. Yang, and H. Yu, Efficient energy stable numerical schemes for a phase field moving
contact line model, J. Comput. Phys., 284:617–630, 2015. 3.2

[40] N.-B. Tan, T.-Z. Huang, and Z.-J. Hu, A relaxed splitting preconditioner for the incompressible
Navier-Stokes equations, J. Appl. Math., 2012:402490, 2012. 3.1

[41] N.-B. Tan, T.-Z. Huang, and Z.-J. Hu, Incomplete augmented Lagrangian preconditioner for
steady incompressible Navier-Stokes equations, Sci. World J., 2013:486323, 2013. 3.1

[42] C. H. Teng, I. L. Chern, and M. C. Lai, Simulating binary fluid-surfactant dynamics by a phase
field model, Discrete Contin. Dyn, Syst.-B, 17:1289–1307, 2010. 1, 2, 4.4.2

[43] R. van der Sman and S. van der Graaf, Diffuse interface model of surfactant adsorption onto flat
and droplet interfaces, Rheol. Acta, 46:3–11, 2006. 1, 2

[44] Y. Wang, C. Mu, and Z. Xiang, Properties of positive solution for nonlocal reaction-diffusion
equation with nonlocal boundary, Bound. Value Probl., 207:064579, 2007. 3.1

[45] Y. Wang and Z. Xiang, Boundedness in a quasilinear 2D parabolic-parabolic attraction-repulsion
chemotaxis system, J. Korean Math. Soc., 21:1953–1973, 2016. 3.1

[46] Y. Wang and Z. Xiang, Global existence and boundedness in a Keller-Segel-Stokes system involv-
ing a tensor-valued sensitivity with saturation: The 3D case, J. Diff. Eqs., 261:4944–4973,
2016. 3.1

https://link.springer.com/article/10.1007%2Fs10915-016-0279-5
https://doi.org/10.3846/13926292.2013.868839
http://aimsciences.org/article/doi/10.3934/dcdsb.2018230
10.1006/jcph.1999.6332
https://doi.org/10.1016/j.matpur.2011.01.004
https://doi.org/10.1016/j.matpur.2011.01.004
https://www.sciencedirect.com/science/article/pii/S0021979706006345
https://doi.org/10.1103/PhysRevE.55.1722
https://iopscience.iop.org/article/10.1088/0953-8984/4/32/006
https://journals.aps.org/pre/abstract/10.1103/PhysRevE.50.1243
https://doi.org/10.1016/S0167-2789(03)00030-7
https://doi.org/10.1002/num.21721
https://doi.org/10.1103/PhysRev.38.2265
https://doi.org/10.1016/j.jde.2011.07.009
https://doi.org/10.1016/j.jde.2011.07.009
https://doi.org/10.1016/j.jmaa.2014.06.029
https://doi.org/10.1002/mma.3071
https://doi.org/10.1016/j.jfa.2014.04.020
https://link.springer.com/article/10.1007%2Fs11425-016-5145-2
https://iopscience.iop.org/article/10.1088/0951-7715/29/4/1257
https://doi.org/10.1016/j.jcp.2017.10.021
http://www.math.purdue.edu/~shen/pub/SY13a.pdf
https://doi.org/10.1137/140971154
https://doi.org/10.1016/j.jcp.2014.12.046
http://dx.doi.org/10.1155/2012/402490
http://dx.doi.org/10.1155/2013/486323
http://citeseerx.ist.psu.edu/viewdoc/download?doi=10.1.1.369.8464&rep=rep1&type=pdf
https://link.springer.com/article/10.1007%2Fs00397-005-0081-z
http://citeseerx.ist.psu.edu/viewdoc/summary?doi=10.1.1.504.5081
https://www.sciencedirect.com/science/article/pii/S0022039616301759
https://www.sciencedirect.com/science/article/pii/S0022039616301759


858 EFFICIENT SCHEMES FOR FLUID-SURFACTANT MODEL

[47] Z. Wang, Z. Xiang, and P. Yu, Asymptotic dynamics on a singular chemotaxis system modeling
onset of tumor angiogenesis, J. Diff. Eqs., 260:2225–2258, 2016. 3.1

[48] X. Wu, G. J. van Zwieten, and K. G. van der Zee, Stabilized second-order convex splitting schemes
for Cahn-Hilliard models with application to diffuse-interface tumor-growth models, Int. J.
Numer. Meth. Biomed. Engng., 30:180–203, 2014. 3

[49] Z. Xiang, The regularity criterion of the weak solution to the 3D viscous Boussinesq equations
in Besov spaces, Appl. Math. Comput., 34:360–372, 2011. 3.1

[50] Z. Xiang, Q. Chen, and C. Mu, Blow-up rate estimates for a system of reaction-diffusion equations
with absorption, J. Korean Math. Soc., 44:779–786, 2007. 3.1

[51] Z. Xiang, Q. Chen, and C. Mu, Critical curves for degenerate parabolic equations coupled via
non-linear boundary flux, Appl. Math. Comput., 189:549–559, 2007. 3.1

[52] Z. Xiang, Y. Wang, and H. Yang, Global existence and nonexistence for degenerate parabolic
equations with nonlinear boundary flux, Comput. Math. Appl., 62:3056–3065, 2011. 3.1

[53] Z. Xiang and H. Yang, On the regularity criteria for the 3D magneto-micropolar fluids in terms
of one directional derivative, Bound. Value Probl., 2012:139, 2012. 3.1

[54] X. Yang, Linear, first and second order and unconditionally energy stable numerical schemes for
the phase field model of homopolymer blends, J. Comput. Phys., 302:509–523, 2016. 3

[55] X. Yang and D. Han, Linearly first- and second-order, unconditionally energy stable schemes for
the phase field crystal equation, J. Comput. Phys., 330:1116–1134, 2017. 3

[56] X. Yang and L. Ju, Efficient linear schemes with unconditionally energy stability for the phase
field elastic bending energy model, Comput. Meth. Appl. Mech. Engrg., 315:691–712, 2017. 3

[57] X. Yang and L. Ju, Linear and unconditionally energy stable schemes for the binary fluid-
surfactant phase field model, Comput. Meth. Appl. Mech. Engrg., 318:1005–1029, 2017. 1,
3

[58] X. Yang, G. Zhang, and X. He, Convergence analysis of an unconditionally energy stable pro-
jection scheme for magneto-hydrodynamic equations, Appl. Num. Math., 136:235–256, 2019.
3.1

[59] X. Yang, J. Zhao, and X. He, Linear, second order and unconditionally energy stable schemes
for the viscous Cahn-Hilliard equation with hyperbolic relaxation using the invariant energy
quadratization method, J. Comput. Appl. Math., 343:80–97, 2018. 3

[60] X. Yang, J. Zhao, and Q. Wang, Numerical approximations for the molecular beam epitax-
ial growth model based on the invariant energy quadratization method, J. Comput. Phys.,
333:104–127, 2017. 3

[61] X. Yang, J. Zhao, Q. Wang, and J. Shen, Numerical approximations for a three components Cahn-
Hilliard phase-field model based on the invariant energy quadratization method, M3AS: Math.
Models Meth. Appl. Sci., 27:1993–2030, 2017. 3

[62] Y. Zhang, M. Feng, and Y. He, Subgrid model for the stationary incompressible Navier-Stokes
equations based on the high order polynomial interpolation, Int. J. Num. Anal. Modelling,
7:734–748, 2010. 3.1

[63] J. Zhao, Q. Wang, and X. Yang, Numerical approximations for a phase field dendritic crystal
growth model based on the invariant energy quadratization approach, Inter. J. Num. Meth.
Engr., 110:279-300, 2017. 3

[64] J. Zhao, X. Yang, Y. Gong, and Q. Wang, A novel linear second order unconditionally energy
stable scheme for a hydrodynamic Q-tensor model of liquid crystals, Comput. Meth. Appl.
Mech. Engrg., 318:803-825, 2017. 3

https://doi.org/10.1016/j.jde.2015.09.063
https://doi.org/10.1002/cnm.2597
https://doi.org/10.1002/mma.1367
https://doi.org/10.4134/JKMS.2007.44.4.779
https://doi.org/10.1016/j.amc.2006.11.130
https://doi.org/10.1016/j.camwa.2011.08.017
https://link.springer.com/article/10.1186/1687-2770-2012-139
https://doi.org/10.1016/j.jcp.2015.09.025
https://doi.org/10.1016/j.jcp.2016.10.020
https://doi.org/10.1016/j.cma.2016.10.041
https://doi.org/10.1016/j.cma.2017.02.011
https://www.sciencedirect.com/science/article/pii/S016892741830240X
https://doi.org/10.1016/j.cam.2018.04.027
https://doi.org/10.1016/j.jcp.2016.12.025
https://doi.org/10.1142/S0218202517500373
https://www.researchgate.net/publication/267174845_Subgrid_model_for_the_stationary_incompressible_Navier-Stokes_equations_based_on_the_high_order_polynomial_interpolation
https://doi.org/10.1002/nme.5372
https://doi.org/10.1016/j.cma.2017.01.031

