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THE REGULARITY CRITERIA ON THE MAGNETIC FIELD
TO THE 3D INCOMPRESSIBLE MHD EQUATIONS*

XIANGXIANG GUOT, YI DU%, AND PENG LU

Abstract. This note is devoted to studying the regularity conditions of the mild solution (u,B)
to the 3D incompressible MHD equations. More precisely, for the 3D incompressible MHD equations,
[He and Xin, J. Diff. Egs., 213(2):235-254, 2005] (see also [Zhou, Discrete Contin. Dyn. Syst., 12:881—
886, 2005]) proved that the velocity field is dominant in the MHD fluids; meanwhile, the effect of the
magnetic field B is vague. In this note, we shall establish the regularity criteria for the MHD equations in

+|H83|7%753h||p 5 ds<oo,withp€(2,oo),6:3(17%)>0, here
14245 . r

) H™ P (R3)

r sufficiently close to 2. This result follows along the lines of [Chemin and Zhang, Ann. Sci. Ec Norm

Supér, 49:131-167, 2016], [Chemin et al., Arch. Ration Mech. Anal., 224(3):871-905, 2017] and [Han et

al., Arch. Ration. Mech. Anal., 231:939-970, 2019], which partially improved the works of [Yamazaki,

Bull. Sci. Math., 140:575-614, 2016] and [Liu, J. Diff. Egs., 260:6989-7019, 2016].

T
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1. Introduction
MHD system describes the motion of an electrically conducting fluid in the presence
of the magnetic field. The 3D incompressible MHD system reads as

ur+ (u-V)u—Au+VP=(B-V)B,
Bi+(u-V)B—AB=(B-V)u, T€R3t>0,
V-u=V-B=0,

(u, B)t=0 = (uo, Bo),

where u=(u1,us,us3) represents the fluid velocity field, B= (B, B2,B3) denotes the
magnetic field and P corresponds to the pressure.

If we take B=0, then the system (1.1) degenerates to the famous incompressible
Navier-Stokes (N-S) equations. For the 3D incompressible N-S equations, whether the
global solution exists or blows up in finite time is one of the most famous open problems.

To make our result clearer, we recall some relevant results about the incompressible
N-S equations beforehand. In [16], Leray proved the existence (but not the uniqueness)
of global weak solution to the N-S equations with initial data in L?(R3). After that,
there are huge literatures to study the uniqueness of the weak solution. One of the most
famous criteria is the so-called Prodi-Ladyzhenskaya-Serrin criteria (Ladyzhenskaya [17],
Prodi [21] and Serrin [22]). That is, for T* > 0, if the weak solution of the incompressible
N-S equations u € LP(0,7*; L1(R")) exists with the pair (p,q) satisfying

(1.1)

g+ﬁ§1, q € (n,+00], (1.2)
P q
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then the weak solution should be unique. For the borderline case %+ g =1, it is much
subtle, see Escauriaza-Seregin-Sverak [6] for details.

Here, when 24 2 =1, the space LP(0,7*; L9(R™)) is scaling invariant for the incom-
pressible N-S equations. The scaling invariant space reveals the fundamental physical
characteristics of the fluids, which means that if a pair of functions (u(z,t), P(z,t)) solve
the incompressible N-S equations, then

(ux, Py ) (,t) = Au(Az,A\2t), A2 P(\z,\?t)) (1.3)

is also a pair of solutions to the N-S equations with initial data (ux(z,0),Px(x,0))=
(Aug(Ax), N2 Py(\x)).

Recently, Chemin and Zhang [3] proved the regularlty criteria of the velocity field u
: 1+%ds<oo with p€ (4,6). This

interesting result is scaling invariant. Subsequently, the work of [3] has been extended
by [4] and [9] to 4<p< oo and 2 <p < co respectively.

Since the incompressible N-S equations and the incompressible MHD equations
share a similar nonlinear structure, the MHD equations has an analogous difficulty as
to the N-S equations. For instance, Duvaut and Lions [5] constructed a class of global
weak solutions with finite energy. For the 2D case in [23], the smoothness and uniqueness
of classical solutions have been proved. However, whether smooth solutions of the 3D
MHD equations with smooth large data break down in finite time remains quite open.

n [2], Caflisch et al. extended the well known result of Beale-Kato-Majda [1] for the
incompressible Euler equations to the 3D ideal MHD Equations (1.1). More accurately,
they proved that if the smooth solution (u,B) satisfies the condition

for the 3D incompressible N-S equations as fo [lus]?

T*
/ HVXuHLm(R;S)+||VXB||Lm(R3)dS<OO, (14)
0

then the solution (u,B) can be extended beyond T*.

Subsequently, for the 3D MHD Equations (1.1), He-Xin [8] proved that the weak
solution is globally regular when we LP(0,T;L4(R?)) with %—F% <1, ¢>3; simultane-
ously Zhou [28,29] obtained a similar result. These results imply that the velocity field
is more significant compared with the magnetic field.

Recently, some researchers are interested in the problem of the so-called “regularity
criteria via partial components”, which aims at reducing the components in the previous
works (see [10-13, 24, 30] and the references therein). Here let us state some results
directly related to our work. Yamazaki [25] proved the following regularity criteria in a
scaling invariant space as

N
/ husl” o +IBIP .
0 o (3)

2
H?2 HZ2 5(R3

)"‘”B”?pl(Ra)"‘”BHmz R3) ds < oo, with pe (4,6),
(1.5)
here p% + % =1 and p% + % =2. Then, Liu [18] sightly improved the work of Yamazaki
[25] as
-
|l s FIBIE L ds<ocwithpe o0), (16)
0 Th (s 270 (R3)

Soon after, Jia-Zhou [14] established some regularity criteria for the weak solutions of
the 3D incompressible MHD equations in terms of one component of the velocity field
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u and horizontal components of the magnetic field B. The result of Jia-Zhou [14] is not
a scaling-invariant case.

In this note, illustrated by the works of [3,4,9,14, 28], we shall present a regularity
criteria on one component of the velocity field w and horizontal components of the
magnetic field B with p € (2,00) for the MHD Equations (1.1). Our work here is at the
scaling-invariant level and the range of p is larger than the range of p discussed in the
works of [18,25]. What’s more, our result improved the works of [18,25] to some extent.

Before stating our result, we give the following notations beforehand.

V =(02,0y,0.) =(01,02,03), V3 =(01,02).
For u=(uy,us,u3) and B=(B1,Bs,B3), we write
up=(u1,u2), Bp=(B1,B2), (1.7)
as well as
w1 =01us — Oy, wo=01By—DsBj. (1.8)

For s€R, 1<g< oo, we denote the semi-norm: | f|}i-s.c = ||[V]*f||La. Particularly,
we write W2 = H*.
Our main result states as the following:

THEOREM 1.1.  Let (ug,Bo)€ H? and (u,B) be the local solution of (1.1) on [0,T*)
satisfying

(u,B)€C((0,T); H2)NL*((0,T7); H?).
Suppose that for a fired constant (5:3(% — %) >0 with r sufficiently close to 2 and sat-
isfying the definition in (3.1), there holds

-
p -39 p ;
/0 HU3HH%+%(R3)+|H83| 2 Bh||H1+%M(R3)ds<oo, with p € (2,00), (1.9)

then (u,B) should be reqular up to time T*.

REMARK 1.1. The local well-posedness for the Equations (1.1) with initial data
(ug,Bo) € H? can follow along the lines of Fujita-Kato [7] or Miao-Yuan [20]. Here, for
simplicity, we omit the proof.

REMARK 1.2.  During the process of proving our main theorem, due to the strong
coupling effect between the velocity filed u and the magnetic filed B, it requires careful
computations to control the coupling terms and nonlinear terms. For example, to the
term Dy = [p5(B- V)wowi [wi|"~?dz in (3.3), by decomposing B in the vertical direction
and applying the divergence-free condition, we have fRS |03| 71V}, - BpOzwaws [wy|"~2dz.
The embedding of [||@s] |V | Byl L &) cannot be bounded by |||5‘3|7%|Vh|Bh||L%(R1).
For this reason we use H|83|_%_5\Vh|Bh||L%(R1) with §=3(%—3) >0, where r is suffi-
ciently close to 2 and satisfies the definition in (3.1).

The remaining part of this paper is organized as follows: In Section 2, we shall
present some preliminary results. In Section 3 and Section 4, we shall prove the estimates
on the horizontal term (w;,ws2) and the vertical term (usz,Bs) respectively. In Section
5, the main theorem will be proved.

Throughout this paper, we sometimes use the notation A< B as an equivalent to
A<CB with a uniform constant C. To simplify the notations, we will use ||-||z» to
denote [ -|| L ®3)-
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2. Preliminaries
In our proof, we shall handle the velocity field and the magnetic field in the ver-

tical and horizontal parts respectively. To do this, we give the following propositions
beforehand.

PROPOSITION 2.1.  Denote Vii =(—05,01) and Ay =03 +03. (w1,ws) is defined in
(1.8), then there holds

uh:(ul,u2):VﬁAglw1—VhAglagu;;, (2 1)
Bh:(BI7B2):VﬁAglw2_VhAgla3Bg, '
with
(w1)t—Awi 4+ (u-Vwy — (B-V)ws
ZVﬁBg'agBh7V#U3'63Uh+33U3wl 7(9333002, (22)
and
(wa)t — Awz+ (u-V)wg — (B-V)wy
:VﬁBg -Ozup, — Vﬁug -03By, — V# . (’LLh . Vh)Bh +V# . (Bh . Vh)uh. (2.3)
Proof.  See for example in [3] and [26]. |

We shall also need the following well-known interpolation inequality.

PROPOSITION 2.2 (Gagliardo-Nirenberg-Sobolev Inequality). Let j,m be any integers
satisfying 0<j <m. Take ¢<q1,q2 <00, 0>1 and L <a<1, such that

1 m 1
:a(q;fg)+(lfa)a. (2.4)

| =
3 |~.

Then for any u € W42 (R™)N L9 (R™), there exists a positive constant C, such that
the following inequality holds

ijuHL"(]R”) <CIV™ul|gq, (R7) ||UH1L§1G(Rn)' (2.5)

Proof.  See for example in [27]. d

Let us recall the definition of homogenous Littlewood-Paley decomposition which
we will use to prove our results.
Take ¢ to be a radial function in C°(R™) and satisfy

0<po<l, Go(©=1 for [E<1, go©)=0 for Jg|> .

Let ¢(&) =d0(€) —d0(2¢) which is supported in %g €1 < %, For any feS(R"), jeZ,
define

P (&) =00(277€) (),

Pif(&)=¢(277¢)f(¢), ¢eRr™

We will also denote P.;=1I—P<; (I is the identity operator) for any —oco<a<b< oo
and Pg ) = ZGSijPj. For convenience, we apply the notations as f; =P; f, f<j =P<; f
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and fo<.<p :Z_l;:a f;. By using the support property of ¢, it is obvious that P;P;; =0

when |7 —7'|>1.
We have the following trilinear paraproduct decomposition as well.

LEMMA 2.1.  For any f,g,h€ S(R™), we have
s fghdx:zj:/ﬂ@ fjg[j73,j+3]h[j710,j+5] +fjg[j73,j+3]h<j—10
+fig<j—shpi—2,j12+ f<j—39ihj—2j+21dT.
Proof.  See for example in [9]. |

To prove our main results, it is sufficient to give the H' bounds for (u, B).

PROPOSITION 2.3.  Let (u,B) € L™ (O,T;H%) ﬂLZ(O,T;H%) be the local solution to the
system (1.1), (w1,ws) is defined in (1.8). When 2<p<4, write

T T
N(T) = / lusll? 4 o +1BAl?,» ds+ / lnl® o ds,
0 H2 ' »p H2'p 0 H 2'p

when 4 < p < oo, we replace N(T') by

T
N(T)= / lusl? o oo +BAl? o 2 ds+T- (14 sup lon )7,
0 A2t RN 0<t<T

where 1 satisfies 3 <+ <Z(1— %) Then we have

sup (g +1Bl) + 1Vl oz iy 1V Bl aomy iy S0 (2.6

For 4 < p< oo, we replace N(T) with N(T).

Proof. By the standard energy estimates, we obtain

1d
ga(nvu"%?+||VB||%2)+”AUH%2+“AB“%2

:/ (6kB-V)B-6kudx—/ (8kuV)u8kudx+/ (8kBV)u8dea:
R3 R3 R3

4
—/ (Oxu-V)B-0xBdz 2 "I,
R3

i=1

The structure of the above four terms are similar, therefore we just give details of I.

3
Ii=| 0yB30sB-Ogudx+ | OxBp0nBsdyusda+ / Ok BrOn By, Opujda £ K.
R3 R3 R3 =1

Here we used the Einstein’s convention over repeated indices. The summation over k is
from 1 to 3 and the summations over h and h are from 1 to 2.
We first consider the terms Ky and K3. Applying the Sobolev embedding and the
Gagliardo-Nirenberg inequalities, when 2 <p<4, we have
[ Ko| +|E5| SIVB 2o, VB s [[Vulre

2p—




2262 THE CRITICAL REGULARITY CRITERIA TO MHD SYSTEM

2 1—2
SIBull 342 IVBIZIABI L2 " | Aull 2 (2.7)
When 4 < p < oo, we use the fractional Leibniz rule (see [15]) and obtain

1,2 1_2
K|+ [ Ks| SIIVIT2T 20k B 21| V|2 77 (0x B - 0w || .2
1_2 1_2
SUBll 342 - (NIVIET7 0k B sl Vul Lo + [V Bl Lo [[ V]2 77 Oul| o)

SUBull 33 - (IVBIZIABI 2 [ Aul e+ Vul fo | Aull 2 * [ AB] 12).
(2.8)

For the term K7, since
Kl = 8333833 . 83udx + 8hB3agB . 8hudx
R3 R3

= 03 B303B - 03udx + OpB303B30pusdx + 0pB303 By, 0pupdx
R3 R3 R3

=— V}, - BpO3 Bosudx — On B3V}, - Bropusdx + OnB303 By, Opup dx,
R3 R3 R3
(2.9)

here we use the divergence-free condition 03 B3 =—V}, - By, and the notation 9, =9y or
0. Thus we can estimate K3 similarly as in (2.7) and (2.8). Then we get the bound of
I as (2.8). Analogously, we get the bounds of I, I3 and I as

2 2-2
LS (lusll g2 +llonll  -3e2) - IVl L [[Aull. (2.10)
and
2 22
I3 Sllenll -2 +llusll  302) - IVBI L[ ABI L " + Bl 12
2 1—2 2 1—2
“(IVBI|L2[[AB| 2 " [[Aull g2 + [ Vul L2 [[Aull 2 * [|AB| £2), (2.11)
as well as

2 22
Ll gz +lnll—yo2) IVBIZIABIG. " +1Bal 4.

2
P P

2 1—2 2 1—2
((IVBI 72l ABl| 2 " |Aul[ 2 + [ Vul f2 [ Aul| 12 * | AB][ 2). (212)

Summing up the above estimates from (2.7)- (2.12), then by using the Young’s
inequalities and the Gronwall’s inequalities, we finish the proof. ]

3. The estimate of the horizontal terms
Based on the Proposition 2.3, in order to prove our main result, it is sufficient to
T P
get the bound for [, ||w1HH7%+%ds.

When 2<p<4 ( that is —%4—%20 ), we can replace HMHH—%J,% by the weak

norm |||Vh|_%+%w1||Lz7 then by using the Gagliardo-Nirenberg inequalities, we have
3(1—2)< 1 <3(3-2), there holds

T T
(3-2-2) (3+2-2)
[ tnlr g pds<c [l P19 E s,
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Recalling that 2 <p <4, the above estlmates will hold for 1 <= < 3
When 4 <p<oo ( that is —1 42 <0) we obtain

T
/ Jrll? . ds<T-(1+ sup wrllz)?,
0 H 2% 0<t<T

ot 1_1_2 1
where r satisfies 5 < <3(1—7).
Therefore, it is sufficient to estimate sup [lwi(f)||rr with 1 <2 <2 and £ <1<
0<t<T

%(17 Il)) for 2<p<4 and 4 < p < oo respectively.

PROPOSITION 3.1.  Let (wy,ws) be as defined in (1.8) and 2<p<oo, take § =3(1 —1)
with r sufficiently close to 2 and satisfying

%< <mm{2,876 32p, with 2<p<4;
t<ict, with p=14; (3.1)
%<%<min{%(1f%),§,%+%}, with 4 <p<oo.

Then there holds

1d 4(r—1)
5 g7 llen? ||L2+|||w2|2\|L2) 7 (IVwr [ + [ VeeZ)
4
<Cllusll” y 2 + 1195172 2 By||” Crzes) (eon B 172 + o2 1 2)
1 _ -
+ 15 (VI OFus |22 + [V A | =07 Bs|l72). (3.2)

Proof. Here and hereafter, we denote f(x1,72,23) = f(zp,73) and the mixed norm
for 1<p,g< oo as

[ nsnzsdloz, e |, o= 15122
and
|1 @nzs)lics, @ |, =] 11122,
By the standard L" estimate to (2.2) and (2.3) respectively, we yield
1d 4(r—1) -
el + R e 212
:/ 83U3|w1|rdxf/ Viuz - Ozupwi jwi "~ 2dx
R3 R3
—/ 8333WQUJ1|UJ1|T72(1(E+/ V}J{B3'83Bhw1|w1|T72dx
R3 R3
5
+/ (B'V)WQW1|W1|T72dIéZDi, (33)
R3 i=1
and

1d LAr=1)
2

r
g w2l + IV |z % 72
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/Vh (Bh Vh)uhw2|w2| dl’ /Vh Up - Vh)Bhwg\wg\
R3

*/ Vﬁu3~833hw2|w2|”2dx+/ Vi Bs - O3upws|ws|"2dx
R3 R3

10

—|—/ (B'V)W1W2|W2|T72dIéZDi. (34)
R3

i=6

First of all, we estimate the term D;. By denoting g =|w;|? and applying integration
by parts, when 2 <p < oo, we get the bound by

e 2 r 2—2
D1l S llusll | se, 1039lle2llgll | ez, Sllusll s 21V =] " (3:5)

Then, we handle the term D,. By applying (2.1),, Dy can be rewritten as
Dy = Vﬁu;),~VhA;18§U3w1|w1|r_2dx
R3

Vﬁuz),~VﬁA;163w1w1|w1|r_2dxéD21 +D22. (36)
R3

In the following estimates, we use the homogeneous horizontal Besov norm ||-|| zn.s
P,q

for a function f(xp,z3)= f(x1,22,23) as

1 Gl g = @ IPEFCan)llag) |- (3.7)

where seR, 1<p,qg<o00, and Pjh is the Littlewood-Paley projection operator in the
horizontal variable.

When 2 < p <4, applying the Holder’s inequalities and the Sobolev embedding, one
can deduce that

IVal™ 153u3||

D21l 5| IValus]

3 H pr+2p 4ar

2(r—1)
-

5
s S lusl ez IVl O3 us]| 2

| en Ilon 1 sy

L,
Slusll 52 1Vl 533U3||L2H|w1|ZHLzT P||VIW1|5||sz- (3.8)

In the above, we take r sufficiently close to 2 and satisfying

1<1< ,{2 2}
—<=<min{=,=}.
2 r p’ 3

When p=4, we have

|D21‘§|th|ug||m 7'—1”

|||Vh|_13§U3||L}§

AL Ly
2(r—1)

—5 z
Sllusll g l1Va ~203us |2 || e |2 %HLW

r  S_2

Sllusll g N1V al =2 03us ) ol lwr | 1527 1V w15, (3.9)
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where for

Newilz || se-n H , we used the interpolation inequalities to get
L 57—6 Lgo
h

- 2—r r
| Menti gep S [\ A

L
2r—2
< V1T o 15 IV e 2 05
Ly,
SN0 o £ 52 |V e 155
3r—4
Sl 17577 IV w515 (3.10)

In the estimates of (3.9) and (3.10), we take r sufficiently close to 2 and satisfying
F<i<

When 4 < p < oo, applying the fractional Leibniz rule [15] and the Holder’s inequal-
ities, we get

1,2_96
|D21|5H”|Vh|2+?’ Sugl|2

L—
—192 248 r—2
([nenagusl 3 |, T lkal e g
-1 2.9 r—1
—i—H|||Vh| 275 H5 02| m 12 HL,f’Pﬁ% Lv‘g)
. b-3e% y
Shusl g2 11V 7203wl oa (|| 1191 wrllf7 + ol ™, o || s
P 3 Lu 5
Br2(r 1)1
< —5Aa2 r 1—%4—% T 1—%
Slull o2 119a1 2 0us 2l |21 7 IV £ 7 (3.11)

Again, by using the interpolation inequalities, we need r sufficiently close to 2 and
satisfying

2

mZn +
2 3

; (1_%)}, (4<p<oo).

As to the term Dy, when 2<p <4, by the Holder’s inequalities and the Sobolev
embedding, we have

1Doal <[ W1¥nbuslicy || e || 1901 0ol g | [ Mleonl M0 |
—1
Slessl o sl e | el £l 7 \\i)
s 2 r 2—2
S [P A A (3.12)

here, we need r sufficiently close to 2 and satisfying % < % < min{%,%

When p=4, we take r sufficiently close to 2 and satisfying % < % <1, we get

[ Daa| S 11Valus| 22

A A
Lh

L3

SO2usl| L2

r r
[0lwr|= |22 [[|lws ][ 22
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Szl g [ VIwn ] ] 2

el 22

L

5112

(3.13)
when 4 < p < oo, we have

3

LS

(iwni o,

2,496
IDal S| 19413+ Sz

e | Men e | e
—6r—pro LT L}?—p(i LU3 5
2_39 _
o Y I (A T e T
Ly h Ly
2 )

Slusll, 5+2 Verll-(

- 3
|97 ol ™, s
b8

‘ 6(r—1) )
Lv3745
r2(r—1)

2 r2—2
Slusll g2 llwi 21 221V w227

(3.14)
Similar to (3.11), here we take r sufficiently close to 2 and satisfying

1

1 22 1
§< <mm{ +-

3= ) (d<p<oo).

Combining the estimates from (3.8)-(3.14), we get the bound of Ds.
Afterwards, using the divergence-free condition d3 B3 = —V}, - By, the terms Dy, Dg
and Dg can be bounded by a similar process of Dy. We show the results as following
_1_
|Da| S||05] 2

4 —892 cl=2+32 r1-2
Bl 1245 IIVn] 7205 Bl 2lllen ]2 [l 2 " " I V]wr 2|2

_1_5 r 1—%-1‘% r 1—%
851727 Ball a2 s Verllpr llenl =2 " " [ VIwn]2 ]2 7 (3.15)
and
r 2 r 2_2
| Ds| Sllusll 342 Mozl 2122 [ VIwa[ 2] 2 ”
—5a2 T 1—%4‘% r 1—%
Fllusll 12 [IVAl ™05 Bsll 2 [llw2| 2| 2" 7 I V]wal 2 2" (3.16)
as well as

—i- - £ 1-242 L2
[ Dol 5|05 6Bh||-1+z+alllvh| 66§U3HL2|HW2|2HL2 MIViwa 2l 2

p | V]wa (3.17)
Subsequently, we consider the term D3. When 2 < p <4, using the divergence-free
condition d5B3=—V},- By, and the Gagliardo-Nirenberg inequalities gives

D3| || 11901 Bal 2

-4
+[[0s72 7 Bu]| . i zsl Vo]l f[Jws

r
2

r
2

p
Ly

o el 0

2(7 1)

’ =
2r—
L2r»

SIBull 342 [Vewz]lzr

IIIW1|5 Iz

v
2p(r—1)
2

r—p

SIBhll 342 [[Ver|

(p—2)r 2(r—1)
V[ o2 7

LT
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o 1-242 r1-2
SUBull gz Vw2l fllon =" " IViwr =] 2" (3.18)

here, we take r sufficiently close to 2 and satisfying
1 1 2 2
—<— in{—,= 2 4).
5 < . <mm{p,3}, (2<p<4)

When p=4, we have

D3| SIIVaIBrllpz w2l e w7 jeeg
o201
S8l g Vel e £
3.2 sk
SIBull g Vsl Lrlllwi 2 [ 72 "I VIw |2 |72, (3.19)
here r is sufficiently close to 2 and satisfies % < % < %.
When 4 < p < oo, there holds
D3| SNV 2 Bullae: (|92 Pl oo | | Menl " o || o
3~ h hi|lL h 2 L,f”*Gﬁer‘s ng 1 L}?f’)"s Lffﬁ
12 r—2
ol e [, 09012 e 20 )

SHBhHH%% [Vwall L

ot s |
Oy

r2(r—1)

6(r—1)
[ 3725

SIBull 342 [Vewrl|rr

r1-242 r1-2
jwil 22" IV |w | Bl " (3.20)

here, by using the Gagliardo-Nirenberg inequalities, we take r sufficiently close to 2 and
satisfying

1

2

1 1 12 1
<-<min{=+-,=(1—-)}, (“A<p< .
C<min{z 4o (1= ) (d<p<o)
Combining the estimates from (3.18)-(3.20), we get the bound of Ds.
Furthermore, to the term Ds, we need to estimate it in two cases. On the one
hand, to the term | [p; BsOswowi|wi|""?dz|, when 2<p<4, applying the divergence-
free condition 03 B3 =—V},- By, and the Sobolev embedding, we have

|/ B3830J2W1|W1|T72d1‘|
R3

2r_ ||Vwz| L
’Lf?f” '

S [N
Lh,pr "

r—1
[
2(r—1)
_1l_5 Spr—6p—4r r —
SOsI™= 7" Ball oz s [ Vwszllr || VAl wn [ [z || a=p
_1l_5 pr—2r ﬂ 2(Tl—l)
SOs1 ™27 Ball oy 2 s Vea|[ oo [V 2P0 fwn 2] o7
< _1_ 5 r 1*%+% r 1*%
SOs™2 7" Ball a2 sl Veallor flon [ 2" 7 IV]wi ][] . " (3.21)

In the above, there needs

1 1 556 2
—< - i<, — = 2 4).
2<r<mm{8’6 3 b (2<p<d)
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When p=4, we get

| / Bg@ngwl ‘(.Ul ‘r72d$|
R3

S| 10119 IBl oy || 3 W9l Bl || Heoa B oM || g
L, Ly L} L,
_1_ 3_2
SOl Ball s Vel B 15 9k 122, (3.22)

here r is sufficiently close to 2 and satisfies 3 <1 < 2.
When 4 < p < oo, we have

| / Bg(?g(dgwl |w1 |T72d$‘
R3

_ r 1_r 1

<| |15 IVl [ la S n 0 g ],

< _1l_5 i 1—%+% r 1—%

SN2 Buall vz s [Vewrllnrlllwn| 2l 2" " VIen ]2l 2 " (3.23)
here for || |||wa|' % wi|" Y| >, we use the Gagliardo-Nirenberg inequalities to

2+p5 L3_26
get
=5 =1 o5 2
[ el Epear =11 ,%SHIIIsz?IILg AR [

L 2r+pré—2p+pr
h

-1

p=
4p(r—1)
L 2rfpré—2p+pr

- 2—1r
S| el 21,2

=T
F=r3—1
Ly

>< z 1-24 % T 1—%
Slewal5lE Mo 5l 7 [0k B 1527 (3:24)

r 2—r pr—2r r
< leel 5155 N1V 525 o ] a7
In the estimates of (3.23)-(3.24), we need r sufficiently close to 2 and satisfying

1 1 2 1
<, <mm{ (1—5)}7 (4<p<o0).

On the other hand, to |fR3 By, - Vipwowi [wi|"~2dz|, using the Holder’s inequalities
and the Gagliardo-Nirenberg inequalities, when 2 <p <4, there holds

\/ Bh'Vhw2w1|w1|T_2dx|
RS

SIBull, s, 1V]ws!? |2 [Jwal 2 w7

Lvta
2(r=1)
SIBull, 2+2IIVIszQIILzaHIwzleLz S i
L 2pr+2r—3p
r =242 c1=2
SIBull 32 IVeallor llewon £l 7 Pk Bl (3.25)

here, we take r sufficiently close to 2 and satisfying % < % < %
When p=4, we have

|/ By, - VhWle‘wl‘r_2d$|
RS
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S iBlag |, 1wler [ a0 e | e
- L 2(r=1)
SIBull g [Vewrll e [V w2 ]| 7
;o 3.2 el
SIBull g [Vl e fllwn 2 | 22 [ VIwi |2 (|22 (3.26)
where r sufficiently close to 2 and satisfying % < % < %.
When 4 < p < oo, one has
|/ By, - Vwowr [wi|"2d|
R3
SUBA e, IVl lleon ] age
r 2(r—1)
SIBul 3 Vel e B0 ey
< r 1242 r1-2
SIBull sz lVwzllerllen 2l 2" "I VIwn =27, (3.27)

here, we take r sufficiently close to 2 and satisfying % < % < mm{% + %, %(1 — %)}
Combining the estimates from (3.21)-(3.27), we get the bound of Ds.
Likewise, we give the bound of Di( as

_1_5 r 1—%4—% r 1—%
[Drol SH10517 27" Bull av24s[IVeorlorlllwzl 212" " [V w2| 22" (3.28)
Finally, we handle the terms Dg and D7;. Owing to
Onup=TRa(w1) +Ra(3u3), (3.29)

where R, is a Riesz transform, which is a bounded operator with 1 <p<oco. Thus we
get

2
Dg —|—D7§/ 8hBh’R2(w1)w2\w2\“2dm—|—/ 8hBhR2(83u3)w2|w2|’”*2dxéZFi.
R3 R3 i=1

To the term F}, it is similar to the term Ds. For 2<p< oo, we give the result as
follow

v 1-242 r1-2
[P SIBR g2 V@l lllwn 2l 2™ 7 IV |wal 2l a7 (3.30)

As to the term F5, when 2 <p <4, using the Gagliardo-Nirenberg inequalities, we get

EA S| V1Bl e ||, | 1R @5t} ||y | Mol g | 2
h v v v
2(r—1)
_5 rp—p_T r I
1Bl 2 N8l BRuslle || NIVal T fenl 2z || e
v
< a2 rp—2r £, 2D
SUBI 32 I1VAl = OFusll 2 [ V15D [wal 8] 2
—5a2 r1-242 r1-2
SUBI 32 VAl OFusllcollws 5 12 [ Jwa 517, (3.31)

Here, we need r sufficiently close to 2 and satisfying % < % < %
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When p=4, we have

|Fo| SIIVaIBallee || 19suslpa || 2o || w2l za || 5mg
A= A%
2(r—1)
. g EESNNTTIN
SUBull g VA= O5usl e || IValF= w22 [z || 2=

” L, 20=1)
Ir—1) |w2| ] ”LQT

Sllusll g2 11Vl =2 0Bus 2 | wal 1727 1V Iwal 15,

-6
SIBull 2 I1Va| = 03us] 2 [V

(3.32)
here, we have r sufficiently close to 2 and satisfying § <1 <2
When 4 < p < oo, we get
142
|F2| SIIVa| 7277 0nBall 2
12 _
(= = TR
+|[IRe@su)ley |y 9t Fwaloal ey || 2 )
1-2_28
<|IB v 56 v —2 3 r—1 r—1 B
SIBull 342 [IVal ™ 05us][ L2 (|| [[[ V] willgy” w2l 5 g || 2eon)
Lh, I »
Br,2(rll)
5 3+2 3
SIB 342 VI 05 us | 2 [|wa | ® I IV el ] (3.33)
here, we need r sufficiently close to 2 and satisfying § <1 <min{}+ %, 21— %)}
Combining the estimates from (3.30)-(3.33), we get the bound of Dg and D7
Summing up the bounds of D;-D1g, we get
1d 4(r—1) -
Sl + ==Vl |7]I7:
P r 2—2
5||U3|| ez lllen]? ||Z2||V|u11|2 2"
Fllusll 4 Va3
—-1-6 -5 r *;JFE T 17%
+[l0s[ = Bh||H1+%+s|||Vh| O Bsll 2 llwr B[l 2" 7 IV |wn] 2]
_1_5 r1-242 r1-2
10727 Ball av 2 s [ Vel llenl 2 [ 2" " I V]wi ]2l 7 (3.34)
and
1d A1) .
el + Ikl
2
Sllusll-% |||w2|2||Lz||V|w2|2HLz

—5a2 r 1-%4-% r 1—%
Hlusll 342 1Vl 0 Bsll ez lllwa| [l 2" " [ VIw2| ] -

+[llos|"2 0B V| 002 TR Vw527
3 wll ez llVial kU3||L2|||w2| ||Lz IV]wa] =]l

+ 11951 72" Bal| . ez Vel f[lw:

r
2

T
2

5Vl

(3.35)
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r d= A
Then, multiplying the inequalities (3.34) and (3.35) by [[|wi|?]|7a~ and |||wa|?]|}s
respectively; what’s more, summing up the two inequalities together and using the
Young’s inequalities, we complete the proof of the proposition. 0

4. The estimate of the vertical terms
Recalling the Proposition 2.3 and Proposition 3.1, we still need to get the bounds
for |||V5| 0 Vus||z2 and |[|V| °VBs]|L2.

ProroSsITION 4.1.  Let 6:3(%—%), with r sufficiently close to 2 and satisfying the
definition in (3.1), take (w1,w2) as defined in (1.8). For 2<p<oo, then there exists a
uniform constant C, such that

3 3
d _ _ _ _
%Z(H\Vhl 2Oug|| 2+ VAl "0k Bsll72) + Y _(IIVal ~°0fusl| 72+ || Val ~°07 Bsll72)
k=1 k=1
1 _1_
STO(HVMH%HF||Vw2||2Lr)+C(||U3||Z%+%+|H33| : 5Bh||21+%+5)
r o 4 T é
(11 n]Bus|[T2 + 11Vl Ok Bsll72 + w21l 12 + w2l 51 72)- (4.1)
Proof. Applying 0 (k=1,2,3) to the third component of (1.1) yields
atakU3+(U'V)akU3—(B'V)akBg—AakU3
3
Z(akBV)Bg, - (8kUV)’LL3 —838kA’1 Z (@BZ&B] —8jui8iuj), (42)
ij=1
and

0;0y, B3+ (u . V)@kBg, — (B . V)aku?, — A0 Bs = —(8ku . V)Bg, + (8kB . V)u;),. (4.3)
Taking the L? inner product of Equations (4.2) and (4.3) with |Vj| 2°0zus and
|V1,| =290, B3 respectively, then adding them together, we have

3 3 3

d - _ _ _

2 2 IVl Bus |2+ 19| "0 Bsl| ) + D IV~ Ok Vusl|Ze + Y [Val = 0V Bs| 72
k=1 k=1 k=1

3
Z (—/ (8ku~V)U3 . |Vh|_258kU3d$
= R3

k=1

—/ (U*V)akU3'|Vh|7268k21,3d$+/ (akB~V)B3-|Vh|72éakU3dZE
R3 R3
—/ 636kp-‘vh|7268kU3d.T+/ (B~V)8kBg~|Vh|*258ku3dm

R3 R3

+/ (B-V)@ku;;-|Vh|_258kBgdx—/ (Oru-V)Bs-|Vi| 20 Bsdx
R3 R3
9
*/ (U’V)akBg‘|vh|7268k33d$+/ (BkB«V)ug-|Vh\*256k33dx)éZEi.
R3 R3 i=1

It is obvious that the structure of the terms E;, E7, Fy, the terms E5, Eg and the terms
FEs, Eg are similar respectively. Therefore, we combine them to estimate together.

We start with the term F;. Decomposing u in horizontal and vertical direction re-
spectively, we have [o5 Opusdsus-|Vy| 2 0pusdz and [ps(pun - Va)us-|Vi| "2 pusde.
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To fRa OpuzOsus - | V| "2 Opusdz, for 2<p<4, by using the fractional Leibniz rule
[15] and the Gagliardo-Nirenberg inequalities, we have

‘/ akU383U3-|Vh|_268kU3dx‘
R3

11V R =2 Bjus| Lz

S|l e, |, [ 100aloy

L2 L% LI=%
-5 5 —602, 11277
Slusll 42 VA" Okusll Ll Val ™" Ous| 2" - (4.4)
When 4 <p< oo, we obtain

1,2
|/38k“3aSU3-|Vh|_263ku3d3?|5|||V| 25 Opusl| L
R

4
Lv1+26

25

1_2
(|nviE-2osusl s
L

3+28
h

V| Okus|| _s
L
h

2
L 1-26 )

2 2
-5 » -5 23
Sllusll 342 11Vn] = Onus| L2l VAl = Fusl " (4.5)

4
Lv1—26

1_2
Va2V 1275 Ous |l 3

+H |03usl| L2

1
LS

As to the term ng (Okun - Vi)us-|Vi| "2 0puzdr, which has the following two cases:
fR3 (8k|Vh|‘1w1 . Vh)u:), . |Vh|_268ku?,dx and fRS (8k|Vh|‘183u;), . Vh)ug, . |Vh|_268kU3dl‘.
Applying the Littlewood-Paley decomposition on the horizontal direction and Pjh de-
notes projection in the horizontal variable, one has

/3 (8k|Vh|_1w1 -Vh)u3 . |Vh|_258ku3dx
R

= Mg(aﬂvulpfwl Vi) PLjus - |V |20, Plusda (4.6a)
j=1
+/ (Ok|Vh| " Plwi - V) Plug - |V | 200, P2 jusda (4.6b)
R3 -
+/RB (Ok|V 1| PE w1 - V3) Plhug - [V | 7200 Plusda (4.6¢)
+/ (8k|Vh|_1Pth1'Vh)Pjhu3'Vh|_26akpjhu3dx:|' (46d)
R3

By taking r sufficiently close to 2, for 2 <p < oo, there holds

24—15p+8p

. ) .
(4.62) <1270k V|~ Pl | (A >J|vh|pgju3uL

oo

r12
Lriy

55
2L

i

= wl

3p—24—8ps \ . 95
AR

8r
5r—8 32
Ly, I

_ 1—2 _ 2
SNVl llusll 2 I1Val = OFus|| 2 " 11V A] = Okl £, (4.7)

1
2

and

—3p+6+pd

| 1275, s

(4:60) S| 1961V al ™ PLjn Iy

rad 3—4 72
Ly lj [ Ly lj
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)j —26 h
[ vl |,
2 2
-5 ~» ) »
SIVerlzrlfuall 2 1194 Sl Ul (48)

The remaining terms (4.6b), (4.6d) can be handled similar to (4.7)-(4.8).
With regard to the term [o(9|V| ™ 05us- Vi )us - |Vi| 2 dpusdz, similarly, we
get

/3(8k|vh|_1837~t3'vh)u3-|Vh\_258ku;3dw
R

_ / (DUl POy V) Py |90, Plusda (4.92)
j=1
/ (O[]~ PP Oyuz - Vi) Plus - [V |20 P jusd (4.9b)
/ (8k|Vh| P<j(3'3U3 Vh) U3 |Vh| 268kPhU3dl’ (4.9C)
R3
/ (8k|Vh| 1Ph63u3 Vh) U3 |Vh‘ 25akPhU3dl':| (4.9d)

For 2 < p < oo, there holds

6

(4.92) S[127 =00, V3|71 P Osus | 22

s(2=p h
”21( > )|Vh|PSjU3||LU2%

L2005
2+p6
127 == vl DonPLus) o P
L1
h "3
_ 2 _ 2-2
Slusll 521Vl 53kU3|\£2|||Vh| AT P (4.10)
and
s 1k 24—15p+8ps h
(4.90) SN1270 =0, V| PP Osus| 2z || 1277 2 |Vl P usll, 5 Lhe
3p—24+4p3 24+4p5 s
HHZ( 2 |V, |2 akP<]U3H 255 o
h'j
-5 b -5 2-3
Slusll 342 [Vl 3kU3HZz|||Vh| Opusl|y=" (4.11)
as well as
— 12— 6p+p6
(4.90) 5 | 191V 7 P2 sl 2 | 5 Hnw( 1OlP sl g || s,
h J
H”QJ 12+6p p5)|vh‘ 268kPh N
R Ay
Slusl 32 11741 Busl 221V \*532U ||2_%- (4.12)
~IY3 g3ts h kW3l 2 h kW3l 2

Analogously, we get the bound of (4.9d) from (4.10) — (4.12).
Combining the estimates from (4.4)-(4.12), we get the bound for Fj.
Similar to Es, we get the bounds of F7 and Ey as

-5 2-2 -5 2 _1_5
|Er| Sllusll 3421Vl O Bsll 2" 1Vnl 0k Bs| 7 + /05| 2 Bl j1e24s
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_ _ 2 _ 1—2
(V@1 + Va7 Ous )l 2) Vil 0k Ball - [ Val 02 Ball 275 (4.13)
and
_ 2 _ 2-2
| Eol Sllusll 2 11Vl ™0k B3l 121 Val 0 Bsll 2"

+llusll 5+

2
2 P

(Ve |

L+ Va0 Bl 22) Il VAl ~ 6akBSHL2|th| 68kBSHL2
(4.14)

Next, we estimate the term Fp. Noting that — [os(u-V)Ous-|Vs| 2 Opugde =
Jrs uOkus - V|V, | "2 0pusda, then it is sufficient to estimate [5; uzOpusds| V| 2 Opusda
and f]R3 upOpus - Vh|Vh|‘256ku3dm.

To fRB U36ku333|vh\_256ku3dx, for 2<p< o0, using the Gagliardo-Nirenberg in-
equalities and the Holder’s inequalities gives

|/ u:;@ku;gag\vhr%@ku;;dﬂ5” |||vh|*5aku3||L%
h

Ly
_25
(Uvalusl e, ||z, 198170,
+H||u3|| _ap_ ‘ 27P|||vh|_6838ku3“L2)
Lp=2llpp—2
-5 b 602, 11277
Slusll 342 [IVal ™ Okusl| L2 [V Al Opus|l L. " (4.15)

To the term [ps updpus - Va|Vi| 2 dpusda, using a commutator estimate (see [19]),
we get

2/ uhakU3-vh|vh|_268kU3dx

R3

_—/ |Vh|_26Vh-(uhaku;g)aku?,dm—l-/ uh-Vh\Vhrzéakug&kugdx
R3 R3

§|/ |V |t~ 20wy, O usdpusd|.
RS

For 2 <p < o0, noting (2.1), and applying the Gagliardo-Nirenberg inequalities, we
have the following two situations:

| / \Vh|*25w18ku38ku3da:|

S (A

2p
p+2 S m Lp=t
3 , )
SIlellﬁTIIlellLr‘J||u3IIH%+%IIIWI Ojus]| 2, (4.16)

and

| / |Vh|72563u38kU3akU3dx‘

s ivaioaltual

1
[[103]% Orus]| L2

2
L s L% L2
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2 2
) » ) -3
Sllusll y+2 11V0] ™ Ok L2 || Va ]~ OFusl . " (4.17)

Combining the estimates from (4.15)-(4.17), we get the bound for .

Likewise, to the term FEg, it is similar to Fy. Here we just give the details for the
part of Fjg: fR3 |Vh|’26w18kBgakB3dm, which is different from the estimate of E5. For
2 <p< oo, we have

[ 100050, e 5 H|vh|5|as|—16k3hnL%
R ha

L

(el 2, 0Bl
h

L 1-95

Ll 25 L2

| 11902

||L2)

_1_ _ 2 _ 1—2
SOsI™2 = Bull vz s (V@1 o |1V 0 ] =00k B | £ [ Va| =0} Bsll 2 ”
2 1—2 _
+lwrll 2 V@il " Va0 07 Bs|l £2)- (4.18)
Thus we can further bound by
552 p.112 "7 -5 ]
|Es| Sllusll 12 VA7 0iBsll L2 " IV A" Ok Bs|l .-
_15 2 1-2 52
851727 Ball av 2 s llwnl| 2o Vel - " [[[Va] ™0 Bs|l 2
1 _ 2 _ 1—2
+11[05] 2 5Bh||H1+§+aHVMHLT\HVh\ Ok Bs| L2 IVh 2R Bsll " (4.19)
Furthermore, we consider E5. It can be divided into f]R3 OxB303Bs - |V1,| =0 uszdx

and [os (O Bh-Vi)Bs-|Va| 2 Ojusdz. By using the fractional Leibniz rule [15] and the
Gagliardo-Nirenberg inequalities, for 2 < p < oo, we obtain

1

|/ akBgang-|vh|-256ku3dx|5H |||V|%ak33||L2
R3

[ 10uBal s |,

ﬁ HLI 26

- 22 _ 2
R e AR R AT (1.20)
and
[ (@B B 1WAl 2 0sdal S| V1Bl s || o,
R3 Lt llpe=
1 S
S (R N T Y ey

+ 119l

-)
Li=?

-5 1-2 -5 2 -5
SIBull 342 - (Vi O Bs| 12" [1Vn] =20k Bs| 121V |~ O us]| 2

4p
[ PT2+p
h

_ -2 2 _
VAl =20zl 2 " 1Va| = Orus 12 [ Vol ~° 02 Bsll2). (4.21)

Combining the estimates of (4.20)-(4.21), we get the bound for Ej.
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With regard to the term Ej4, we infer that
f]R3 838kP|Vh|*258ku3dx:fR3 Zlgm 1(913 8 Bl)é)g,ak *1(|Vh|*255‘ku;3)dx

3
— f]R3 (Zl,m:l 8lum8mul)838kA (|Vh| 258ku3)dx E41 +E42
Due to the similar structure of F4; and FEyo, it is only necessary to estimate Fyi.
Noting that I,m € 1,2, for 2<p<4, we have

|/ (01 BinOmB1)Rs(| V|~ 2 dpus)dz]
RS

<( ;+HII83B:3||L;+425\H) X
S\IuBIIH%%IIwzlliHszlli:%+||u3H 12 [[[Va]™ 53klelL2|||Vh| ‘SaklelL[- (4.22)
For 4 < p < oo, there holds
|/RS(&Bm&mBl)Rg(Wh|—26aku3)dx|
5|/RS Ry(03B3)R2(93B3)Rs(|Va| > Ous)da| (4.23a)
+\/RS Ro(w2)Ra2(93Bs)R3(|Vi| =2 djus)dx| (4.23b)
+\/RSR2(W2)R2(wz)R3(|Vh|_258kU3)dx|, (4.23¢)

where Ry and R3 are Riesz transforms in R? and R? respectively. For 4 <p< 0o, we
have

1_2
(4.2321)5“”8333 L1+865 »03B3 LSJE*M LUH%‘S
—25 |7 |—3+2
[ sl |,
R L AR AT A b (4.24)

and

_ 1.2
(1230 5 [ Il 219145 Ol |

([ nviE-Fosm

Lhﬁ“ LI

sl s [ e+ [ 00581 [ [ 1913l |5
snugnﬁ%<Hw2||ymvhr&awgné|||vh|-56233||22%
1V~ 02Bsl [ Vews | 1 sl ), (4.25)
as well as
(4. 23c><uam||w _g o [ |, 2
1.2 (4.26)

2 P
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Then, noting F4; with [ =3 or m =3, which is analogous to Ej3, there hold similar
bounds from (4.20)-(4.21). Then, we give the bound for the term E45 as

_ 2 _ 2_2
Eaa Slusll 342 1IVal = Onus| £ [ Va] = Ofusll 2 7
_ 2 1—2
NVl Gusllze + [ Veor | o) llwor | £ [ Veor | - " (4.27)

Hlusll 142

Combining the estimates of (4.22)-(4.27), we get the bound for Ej.
Finally, using a commutator estimate (see [19]) for E5, Eg gives

Es+Eg=— /]R ] B Bs-V|V| "2 dpusdz — /R ) Bojusz-V|Vy|~2°0, Bsdx
Z—/R3 B38k33|vh‘_26838ku3d$—/ﬂ§3 Bs0yus| V|2 830, Badx
+/Rs(|vh‘_2évh'(BhakBS)_Bh'Vh|Vh‘_25akBg)akU3dx
§|/R3 BsakB?,Wh|_263:33k1t3,d56\—H/]R3 B30yus| V|2 030, Bad|

‘H/Rg|Vh|1_25Bhaku35kB3d$|- (4.28)

To the term | [ps B30y B3|V}, |22 050),usdz|, using the Gagliardo-Nirenberg inequal-
ities, for 2 < p < oo, we have

| / B36kB3|vh|726338kU3d1'|
R3

< masl1wniall s

p
P—2—po
h

0% Bs |
L

11941 0s0us]]

1 T P 5 2 2 ‘
L Lrpe g I=28 =Lz
1—2

1 - ] - - -
SNOsI™2 = Bull a2 s VRl ™00k Bsll £ Val 0 Bsll 2 " IVl 0Fuslle,  (4.29)
As to the term |fR3 B30pus| V| 20030, Bsdz|. For 2<p<4, we have

| / B3oyus |Vh ‘ _26538k33dx|
R3

< —20
Simsl g [, e [ 00wl | s 10100000, |,
_ 2 _ 22
Sllusll 342 11VR] ™00k Bsl| 72 IVl = 0i Bl 12" (4.30)
for 4 <p< oo, using the divergence-free condition 03 Bs=—V}, - By, we have

|| Badus| 94l 25001 Bacel < 1104194l
R

2p 1
p—2—pd LS
h v

| 12w

=55
L’U -

Vil 2050, Bs| 2
1V h|™=° 030k 3“L,}36 e

1 P B

Lh+P
2 1—2

§|||a3|_%_5Bh”Hl+%+é|||vh|_6aku3”£2|||vh‘_5aiu3”L2p|||vh‘_§8}%B3”L2- (4.31)

The term |fR3 |V 1|12 B, 0pus30y Bsdz|, can be separated into
| Jos [V R| "2 w0k u3) Bsdz| and | [gs |Va|~2° 05 B30, u30) Bsdz| through using (2.1),.
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To the term | [, |V 1|~ 20wy 0k uz0k Bsdz|, applying the Gagliardo-Nirenberg inequal-
ities, for 2 <p <4, we have

| / |Vh|_26w23kU3akB3dx|
R3

< -2 .
S [ (e s
2 1—2 _
Sllwall - IVw2ll- " sl g2 1Vl 7007 Bsll e, (4.32)
for 4 <p< oo, one has
1,2
I/ V|~ w20kusdh Bsda| S [[[V]2 7 us| 2
R3
—25 1_2
(Hleh‘ VI? Pw2” 255 Ly~ 3= HHakBBH +31p5 vaiﬁ
S N2 P O )/ W= S (Y
h v v
§IIU3HH%+%Hszllu|||Vh\*53ilelL?HIVhI*‘Sc?klelfz' (4.33)

As to the term \fRS |V 1| 2005 B3Oy u30, Bsdx|, which is similar to (4.4)-(4.5), here
we just give the result as

| / |Vh|_2663338ku;>,8;@33dl“

SIHVal™ 6akBS||L2p|th| ‘Saklelellu?,ll iz (4.34)

Combining the estimates of (4.29)-(4.34), we get the bounds for E5 and Fs.
Adding the bounds from E; to Ey and using the Young’s inequalities, we proved
this proposition. ]

5. Proof of the main theorem
Proof. (Proof of Theorem 1.1.) By summing up (3.2) in Proposition 3.1 and
(4.1) in Proposition 4.1, and using the Young’s inequalities, one yields

3
d
7 219 Dk 19 %0 Byll32) + lwn 17 + el 1
Cllusll? s + 1106l 7Bl 5.,)
: -5 2 ) 2 Ea =
(U B 32+ 1194l 00 Bll2) + e £ 72+l Bl ) - (5.1)
k=1

Then, using the standard Gronwall’s inequalities shows that

. -5 2 -5 2 sE E
Y (IVal = Ohuslfe + 1Vl = 0 BsllFe) +lllwr |11 7a + ewal 2 72
k=1

3
< (D2 UIVal = s ()32 + 1V~ Ba(0)[32) + llea (0)
k=1
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1+%Mds}. (5.2)

t
r, 4 _1_
a1 ) eoplC [ sl +10a Bl
0 H2 r H

We finished the proof. ]
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