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EMERGENT BEHAVIORS OF THE DISCRETE-TIME KURAMOTO
MODEL FOR GENERIC INITIAL CONFIGURATION*

XIONGTAO ZHANGT AND TINGTING ZHU*

Abstract. In this paper, we will study the emergent dynamics of the discrete Kuramoto model for
generic initial data. This is an extension of the previous work [Ha et al., J. Math. Phys., 60(5):051508,
2019], in which the initial configurations are supposed to be within a half circle. More precisely, we
will provide the theory of discrete gradient flow which can be applied to general Euler iteration scheme.
Therefore, as a direct application, we conclude the emergence of synchronization of discrete Kuramoto
model. Moreover, we obtain for small mesh size that, the synchronization will occur exponentially fast
after some steps for initial data in non-bipolar set and sufficiently large coupling strength.
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1. Introduction

Collective dynamics of complex systems exist all around the world, in which self-
propelled individuals organize themselves into a particular motion through simple rules.
For instance, the aggregation of bacteria, flocking of birds, swarming of fish, and even
the motion of galaxy can be considered as various types of complex systems [2, 7,8,
17,32,39,45,47,53-56]. To model such collective dynamics, several phenomenological
models were proposed and have been studied analytically and numerically [4-6,9, 11,
14-19, 23, 25, 30, 33, 35-37, 41, 42, 48]. Recently, due to the relation with engineering
applications such as control of robots, sensor networks and formation of unmanned
aerial vehicles etc., the collective behaviors in complex systems have been extensively
studied [40,43-46]. In this paper, we will consider the well-known Kuramoto model
describing the motion of oscillators on the unit circle S*. The dynamics of Kuramoto
model are given by the following ordinary differential equations:

. K&
oi:QHNZsm(ej_ai). (1.1)

Jj=1

where 0; € R and (Q; are the phase and a natural frequency of i-th oscillator, respectively.
The Kuramoto model (1.1) has been extensively studied in many papers, to name a few,
synchronization and stability [1,10,12,21,22,26,28,31,32,34,38,49], mean-field limit and
corresponding neutral stability in kinetic Kuramoto model [3,29,50,51], Landau damp-
ing around incoherent state and partial phase locked state [20,24] and the sensitivity
analysis [27].

However, the continuous-time model is an ideal one and every time when we per-
form numerical simulations for the continuous-time model, we can only use discrete-time
model. Thus, it is necessary to study the corresponding discrete-time model. To dis-
cretize the continuous-time model (1.1), we follow [28] to choose the forward Euler
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536 DISCRETE-TIME KURAMOTO MODEL FOR GENERIC INITIAL CONFIGURATION

method. More precisely, for fixed time-step size h:=At >0, let 6 (n) be the phase for
the i-th agent evaluated at the n-th step. Then, for the original Kuramoto model, the
dynamics of 67 (n) is governed by the following discrete system:

N
hK
O (n+1)=07(n)+hQ; + WZsin(aj?(n) —0"(n)),n=0,1,---,1<i<N,
j=1
N J (1.2)
07 (0)=067, > 67 =0.
=1

The discrete-time model has an advantage that, the time-asymptotic behavior of a
non-all-to-all and non-symmetric model can be obtained by studying a corresponding
all-to-all symmetric system after several steps of iteration, while this kind of analysis
cannot be directly applied to the continuous model [8,13,41,42,48]. Therefore, in order
to understand the large-time behavior of Kuramoto oscillators, it’s very important to
study the discrete Kuramoto model under symmetric topology, i.e. (1.2). However,
there are two main difficulties while dealing with the discrete Kuramoto model (1.2).
First, we cannot follow the analysis on continuous model to construct the differential
equation of diameter, because of the existence of error along the iteration. Thus we have
to carefully estimate the higher order error and yield the time-asymptotic behavior.
Secondly, since the half circle is an invariant set for large coupling strength and, the
authors in [28] studied the identical model in half circle and non-identical model in a
quarter, respectively. However, the half circle is no more an invariant set for generic
initial data, thus we have to develop some new technique to overcome this kind of
difficulty. In [31], the authors applied the properties of gradient flow to prove for
continuous-time model that, frequency synchronization will occur for generic initial
data, provided the coupling strength is sufficiently large. Therefore, it is very natural
to ask whether similar results can be rigorously proved for discrete-time model. More
precisely, we address the following questions in the present paper:

e Question A: (Discrete gradient flow) Since the right-hand side of the itera-
tion scheme (1.2) preserves the gradient structure, is it possible to construct
the equilibrium state and the corresponding convergence as in continuous-time
model?

e Question B: (Synchronization) Can we combine the discrete gradient flow struc-
ture and higher order estimates on iteration errors to verify the emergence of
the synchronization for generic initial data, and can we obtain the asymptotic
convergence rate?

Our main results in the present paper are three-fold. First, we will estimate the
higher order error in the general discrete gradient flow and prove the asymptotic con-
vergence of the discrete gradient flow. Different from the continuous version, we have to
construct a convex combination of two adjacent steps to control the error from the iter-
ation, and thus yield the desired result (see Theorem 3.1). Secondly, based on the good
approximation between continuous-time model and discrete-time model, we will study
the identical discrete-time Kuramoto model and show, for almost all initial data, the
exponential convergence to either phase synchronization state or bipolar state. More-
over, we will construct all possible equilibrium states for identical discrete Kuramoto
model, which is the same as the continuous model (see Theorem 4.1). Third, we will
follow the similar idea in [31] and apply the discrete gradient flow theory to prove the
emergence of synchronization for non-identical discrete Kuramoto model (see Theorem

=

5.1).
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The rest of the present paper is organized as follows. In Section 2, we will review
some well known preliminary results such as the asymptotic behavior of the continu-
ous Kuramoto model, the total error estimates of the Euler scheme, the Lojasiewicz
inequality and the corresponding convergence result of gradient flow, etc. In Section
3, we will provide the theory of discrete gradient flow and prove it by higher order of
error estimates. In Section 4, we will construct all the possible equilibrium states of the
identical discrete Kuramoto model and show the exponential convergence of almost all
initial data to one of the equilibrium states. In Section 5, based on the results in the
previous sections, we will prove the emergence of the synchromzatlon of discrete non-
identical Kuramoto model for almost all initial data, provided the coupling strength is
suffciently large. Finally, Section 6 will be devoted to a brief summary.

2. Preliminaries

In this section, we will review some previous results for the continuous Kuramoto
model (1.1) in both identical and nonidentical cases. Then, we will introduce some well
known lemmas such as total error for discrete Euler scheme and asymptotic behavior of
gradient flow, which will be mainly used in the later sections.

2.1. Identical Kuramoto model. In this part, we will review some previous
results for identical Kuramoto model. First, we introduce the definition of order pa-
rameter which has been widely used in the study of Kuramoto model. More precisely,
for a configuration © =O(t) = (01(t),02(t), - ,0n(t)) governed by (1.1), the Kuramoto
order parameters are defined by the following relation:

N
NZ 10k , 90 roi= %Zew? . (2.1)

For identical oscillators, if we add all N equations together, we will find the mean
velocity to be equal to the common natural velocity ; =€, i.e.

1L, 1 Y
N;Gi:N;Qi:Q-

Then we let 6; =6; —Qt and 0; will satisfy the Kuramoto model with zero natural veloc-
ity. Therefore, without loss of generality, we may assume £2; =0 for all 7. Then, we first
recall the result in [3,31] which provided the possible asymptotic states for identical
Kuramoto oscillators.

LEMMA 2.1 ( [3]). Let ©=(bq,... HN) be K solution to the identical Kuramoto model

1.1) with initial phases ©¢ satisfying ~ =0 and ro >0, where rq is defined in
N
(2.1). Then, we have

Jlj

tlgn |6;(t) —¢(t)|=0 or m mod2m, forall j=1,...,N.
LEMMA 2.2 ( [3,31]). Let ©=(61,...,0n) be a solution to the identical continuous
Kuramoto model (1.1) with natural frequency §; and initial configuration ©q satisfying

N

1 o,
0, =0, NZH?:O, 00 #£602 mod 2w, i#j, 10>0, (2.2)

J=1
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where g is defined in (2.1). Moreover, we define the synchronization set I, and bipolar
set Iy as follows,

Is:= {j:tli>rrolo\9j(t)—¢(t)|20 mod 27}, Ib::{j:tli)rlgowj(t)—(b(t)\:ﬂ mod 2m}.

Then, we have |I,| <1, where |A] is the cardinality of the set A.

REMARK 2.1.  In the proof of Lemma 2.1 in [3], the authors constructed the time-
asymptotic limits of ¢(¢) and 6,(¢) (j=1,...,N), which are given as follows,

t——+o0 t——+oo

N
1
lim qS(t):fNZkﬂT::gb*, lim 60;(t)=kjm+¢*, k;€Z.
j=1

Moreover, the condition 6 # 69 mod 27 means the initial data are chosen in the set
RN\ (U#]{@ :Gizﬁj mod 27T}U{@ IT():O}).

As the sets {© :60; =0; mod 27} and {© :ry =0} are all lower dimensional manifolds in
RY, we immediately conclude that the sets U;£;{© :6; =6; mod 27} and {© :79=0} are
measure zero in RY. Therefore, Lemma 2.2 holds for almost all initial data ©y e RY.

2.2. Nonidentical Kuramoto model. In this part, we will review some results
for nonidentical Kuramoto oscillators. Actually, there are many works related to the
nonidentical Kuramoto model, but we will mainly focus on the asymptotic properties
of oscillators on half circle and whole circle, respectively.

LEMMA 2.3 ( [10]). Let ©=0(t) be the global smooth solution to the continuous
Kuramoto model (1.1) subject to initial data 0;(0) =09 and satisfying

0<D(Op) <, D(2) >0, K> K.,

D(Q)
sinD(Og) *

where K, = Then there exists to >0 such that

D(O(t)) <arcsin(sin D(©g)) for t>to.

LEMMA 2.4 ([31]). Suppose that the initial configuration ©¢y and the natural frequen-
cies §; satisfy the conditions below

1 & 1 &
=D =0, =Y 69=0, 09e[-mm), 1<j<N,
Nj:l Nj—l ’ ’ (2.3)

0_4 90 .
ro>0, 6;#0;, 1<j#k<N, 1gljang|Qj|<oo.
Then there exists a positive constant Ko, >0 such that, for sufficiently large coupling
strength K > Ko, there exists an asymptotic phase-locked state © satisfying
. _ooll —
Jim [[©() =€ =0,
where the norm ||-||oo is the standard 1°°-norm in RY.

REMARK 2.2. Actually, in the original papers [10,31], the authors constructed more
detailed structures in the proofs of Lemma 2.3 and Lemma 2.4.
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(1) The authors in [10] actually constructed a positive constant D> € (0,7 ), such that
D(O(t)) < D> for t>ty.
(2) For initial data satisfying (2.3) and sufficiently large coupling strength K > K,

the authors in [31] actually constructed positive constants Ny, [ and a time T, such
that,

_NO

, max
0 1<j,k<No

N N
NoeZtn (Q,N} , le <0,2arccos 10;(T%) — 0, (Ty)| < L.

2.3. Preliminary lemmas. In this part, we will provide some well known clas-
sical results which we will frequently use in the later sections. We first review the
classical numerical analysis for the Euler scheme. Consider Cauchy problems for the
first-order autonomous ODE system and its corresponding discretized system obtained
by the one-step forward Euler scheme with the same initial data: for T'€ (0,00),

%:f(y)v O§t§T, and yn+1:yn+hf(yn)a HZO, (2 4)
y(0) =yo, Yo=y(0).

Then, a standard convergence result from the discretized system to the continuous
system in (2.4) can be summarized in the following proposition. We first introduce
“truncation error” EM(n) and “global error” £ (n) as follows.

yn+l Yn

hy N B
t=nh h ’ &Y (n) = ly(nh) —ynl|.

’Hdt

LeEmMMA 2.5. [52] Let T, R € (0,00) be positive constants, and suppose that the continuous
and discrete system satisfy

(1) The forcing function f is Lipschitz continuous on the open set D with Lipschitz
constant L¢:

D:={(t,y) : 0<t<T, |y—wol <R}, sup Mz@«o&
Y17Y2,91,Y2€D ly2 — 1

(2) The discrete values y,, obtained by the discrete system in (2.4) satisfy
T
lyn—woll <R, for alln=0,1,---, [ﬁ}

Then, we have the following consistency and convergence results.
(1) (Consistency): Mazximal truncation error tends to zero, as time-step tends to zero:

lim max &'(n)=
h—00<n<[T/h]

(2) (Convergence): The global error can be controlled by the truncation error, more
precisely,

max &} (n)

&b (m) < == (1), 0<n< [T/, (2.5)
f
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REMARK 2.3.  Note that the term e“/™ —1 in the right-hand side of (2.5) grows
exponentially. Thus, the convergence result in Lemma 2.5 is valid only for a finite-time
interval.

Next, we introduce some properties of the gradient flow system and a simple inequality
of concave functions. The gradient flow structure is quite important to the emergence of
synchronization in Kuramoto model, while the sub-additive property of concave func-
tions will be frequently used in the later sections.

LEmMMA 2.6 ( [21]). (Lojasiewicz inequality) Suppose that f:D CR"™ =R is analytic
in the open set D. Let T be a critical point of f, i.e., V f(z)=0. Then there exist r >0,
¢>0, and n€[4,1) such that

IVf(@)| Zclf(z)=f(@)]", VeeB(z,r).
LEMMA 2.7 ( [21]). Suppose f(x) is an analytic function. Let x(t) be uniformly

bounded and follow a gradient flow with f(x) to be the potential, i.e., =—V,f(x).
Then x(t) converges to a limit x°°.

LEMMA 2.8.  Let f(x) be a concave function defined on [0,400) and f(0)>0, then f
is sub-additive on [0,+00) i.e.

fla)+f(b)= f(a+b), a,be0,+00).

Proof.  Due to the fact that f(z) is concave and f(0) >0, we immediately obtain
the following inequality

flta) = f(t+(1—1)-0) 2 tf(2) + (L= f(0) 2 tf(z), we(0400), 0<t<L.

Therefore, for a,b€[0,4+00), we have

10 =7 (D) s (L) 2 o+ L et = (a)

3. Discrete gradient flow

In this section, we will introduce an asymptotic stability for the discrete gradient
flow. It is well known that the gradient flow structure of dynamical system is very
important because it will generally lead to the stability of the system. For instance, the
author applied Lemma 2.6 and Lemma 2.7 in [21] to show the emergence of synchro-
nization of Kuramoto oscillators. However, the Lemma 2.7 cannot be directly applied
to the discrete model. Therefore, it is very important to establish a discrete version of
such kind of stability theory from the discrete gradient flow structure.

THEOREM 3.1. Let x(n)=(x1(n),z2(n),...,xn(n)) be a map from N to a convex
domain U and f(x) is analytic in this domain U. Moreover, we assume xz(n) are
uniformly bounded and the dynamic of x(n) follows a gradient flow in discrete sense
with potential f(x), i.e.

z(n+1)—x(n)=-Vyf(z(n))h, (3.1)
where h is the mesh size. Then for sufficiently small h, there exists a ©°° such that

lim z(n)=2>, V,f(x>)=0.

n—-+oo
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Proof.
e (Step 1.) In the first step, we construct the limit °°. Since z(n) is uniformly bounded
in U, we immediately obtain that there exists a subsequence x(ny) and 2°° such that

li =z, 3.2
m z(ng) =z (3-2)
In the following, we will prove that this subsequence limit is actually the limit of the
whole sequence.

e (Step 2.) In the second step, we show that £ is a critical point. As x(n) is uniformly
bounded and the domain U is convex, we can find a convex compact set D C U such that
x(n) €D for all n. Then, as f(x) is analytic, the second-order derivatives of f(z) can

reach the maximum and minimum value in D. More precisely, there exists a positive
constant C such that

102,02, f(@)| <C, w€D, C=maxmax|dy, 8y, f(z)|- (3.3)

,] x

Then let H(z) be the Hessian matrix at 2, we apply the Taylor expansion to imply that
there exists a £(n) such that

fx(n+1)) = f(z(n))
=V f(x(n))(z(n+1) —z(n)) + %(w(n+ D —z(n)H(E(n)(x(n+1)—x(n).  (3.4)

As D is convex, we know that £(n) also belongs to D and thus we can apply (3.3)
to conclude that |9,,0,, f(£(n))] <C. Therefore, we combine (3.1), (3.3) and (3.4) to
obtain

NCh?

Vel (39)

fla(n+1)) = f(w(n) < =|Vaof (x(n)h+

Without loss of generality, we can again denote NC' by constant C'. Then for sufficiently
small / such that k< 2, (3.5) implies that

Ch
Faln+1) = fa(n) < e ) Ph( - S <0, (3.
The inequality (3.6) shows that f(x(n)) is monotonic-decreasing. On the other hand,
as x(n) is uniformly bounded in D and f(x) is analytic in D, we obtain that f(x(n)) is
uniformly bounded. Therefore we can find a finite limit f°° such that

| lim_f(z(n))| =[] < +oc. (3.7)

n—-+4oo

Thus, combining (3.7) and the continuity of f, we immediately obtain that

f@®)= Tim f(z(ne))=f>.

k—+o00

Moreover, we add up the inequality (3.6) to obtain that

+oo +o0 Ch
f@(0) = lim fz(n) == (fe(n+1)=f(2(n) > |[Vaf(z(n)*h(1- - )
n=0

n—-+4oo
n=0
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As both f(z(0)) and lim,,_, 1 o f(x(n)) are finite and h is sufficiently small, the finiteness
of the sum of sequence |V, f(z(n))[? implies

lim |V f(z(n))|=0.

n—-+oo

Combining above formula, (3.2) and the continuity of |V, f(x(n))|, we can conclude
that

[V f@™)|= T [Vaf ()] =0. (3.8)

e (Step 3.) In this step, we connect the discrete-time profile to the continuous-time
profile. According to Lemma 2.6, there exist >0, ¢ >0, and n € [%,1) such that

IVf(@)| = alf(x) = f@®)", VeeB(@™,r). (3.9)

On the other hand, as f(x°°) is finite, without loss of generality, we assume f(z°°)=0.
Then we let

F(t)= t_h”hf(x(m 1))+ (TLLh)h_tf(x(n)), nh<t<(n+1)h. (3.10)

Due to the monotonic decrease of f(x(n)), it is obvious that f(t) is Lipschitz continuous
with respect to ¢t and monotonically decreasing to f(2°°) =0. More precisely, we combine
(3.5) and (3.10) and sufficiently small h to have

f(m(n—i_l)%_f(x(n))g—\fo(x(n))\ -0 tim Fo)= ™) =o.

2 t—+oo
(3.11)
Next we set g(t)=(f(t))*~" where 7 is from (3.9). From (3.10) and (3.11), we have
lim g¢(t)=0 and

t——+o0

d -
@f(t):

Ch

1L O <~ (=) (FO) VS am)Pa- T <0 (312

d _
Salt) = (=) (F(1)

Then we apply (3.9), (3.10), (3.12) and the decreasing of f(z(n)) to have an estimate
of [V, f(z(n))| in the interval nh <t < (n+1)h as follows

V. fa(n))
0 (G D)+ S ) )
=DVl )= F)
/()"
= w9 1)

e (Step 4.) In this step, we will show that {z(n)} is a Cauchy sequence by contradiction,
after doing this we will obtain that hIJIrl x(n)=x°. Now suppose not, then {z(n )}

&

does not converge to x°°. That is, there exists a positive constant [ such that, for any
M there exists an integer nys > M satisfying

|x(nar) — x| >1. (3.14)
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Without loss of generality, we can assume that [ is sufficiently small and [ <r where r
is in (3.9). Therefore, the Lojasiewicz inequality in (3.9) still holds in B(x*°,l). On the
other hand, due to (3.2), (3.7) and (3.11), we can find a sufficiently large ng such that

— _Ch
|~T(no)—m°c\<£, |g(t)|<lq(1 n)(1—5)

Moreover, according to (3.14), we can find n* such that
|z(n*)—a>|>1, n">ng. (3.16)

Now we consider the difference between z(n*) and x(ng). In fact, we apply (3.1) to
obtain

n*—1
o(n%) = a(no) = 3 (eli+1)= (i)
n'— n" =1 .(i+1)h
SN FEUIED S R CNET) TS

Next, we combine (3.9), (3.13), (3.15) and (3.17) to obtain that

n*)—
e d Lf (z(2))]"
P / (=@ >|vzf<x<i>>\<1—%>>dt
" G+h g 1
2 / (- @O =)
:""‘1<g<m>g<<i+1>h>)

2 U ampe—gp

noh)—g(n*h l

Combining (3.15) and (3.18), we obtain that
|z(n*) — 2| <|x(n*) —x(no)| +|z(ng) — 2| <, (3.19)

which is obviously contradictory to (3.16). Therefore, we conclude that liIJIrl x(n)=
n—r+00
™.

0

REMARK 3.1. The identical and non-identical Kuramoto model can be treated as a
gradient flow on the circle and real line, respectively. As circle is a compact manifold, we
can directly apply Theorem 3.1 to conclude the existence of the asymptotic equilibrium
and the corresponding stability for identical Kuramoto model. While for non-identical
Kuramoto model, we can obtain the stability once we show the uniform boundedness
of the oscillators on the real line. However, in order to obtain the convergence rate, we
need to analyze the Lojasiewicz exponent which is far from trivial.



544 DISCRETE-TIME KURAMOTO MODEL FOR GENERIC INITIAL CONFIGURATION

4. Discrete identical Kuramoto model

In this section, we will pay attention to the identical discrete Kuramoto model and
its large-time behavior. Due to the analysis in Section 2, without loss of generality, we
may assume that the natural frequencies for all particles are identically equal to zero.
According to Theorem 3.1 and Remark 3.1, although we can conclude the convergence
to the equilibrium state for identical oscillators, we cannot figure out any convergence
rate. Therefore, in this section, we will choose another manner to attain the convergence
and the corresponding rate.

For the case N =2, the two particles are always contained in a half circle. Then,
it is obvious that phase synchronization will emerge except for initial data such that
|01(0) —02(0)| =7. Therefore, we will only discuss the case when N >3. According to
Remark 2.1, almost all initial data ©¢ satisfy the condition (2.2). Thus, it is reasonable
for us to study the discrete model with the initial configuration with property (2.2).
Then, according to Lemma 2.2, the bipolar set Z; has cardinality no more than one in
the continuous Kuramoto model. Therefore, we can split the set of initial data with
property (2.2) into two subsets,

{Al(K) :={O0| |Z4(00)| =0, Oy satisfies (2.2)}, (1)

Ao (K):={0¢||Zp(0p)| =1, O satisfies (2.2)}.

Note that A; and Ay depend on K. More precisely, so far for a fixed initial data, we
cannot determine whether it will remain in A; (or As) when K changes. Then, applying
the conservation of the total phases, we can further construct the asymptotic limits in
Remark 2.1, based on the settings Z, and Z; in Lemma 2.2. More precisely, for case Aj,
we can represent the limits of ¢(t) and 0;(t) as below

t—+o0o

N
1
lim qﬁ(t):fNZijW::(bS, Jim 0(t)=2k;m+65, ki €Z, j=1,...N. (42)
j=1

Similarly, for case As, without loss of generality, we assume that Z,={N}. Then the
limits of ¢(t) and 6,(t) can be further represented as

N-1

: 1 .
t_l}glooqﬁ(t):—ﬁ[z 2k, + (2kn +1)7] := ¢}
j=1 (4.3)
t—ljg-nooej(t) =2k;m+¢7, j=1,...,N—1, t_l)i+m000N(t) =2kn+1)m+¢7.

Note that all the above analysis is based on the continuous Kuramoto model, but the
classification (4.1) of initial data can still be applied to the study of discrete Kuramoto
model. Then we have the following theorem for identical discrete Kuramoto model.

THEOREM 4.1 (Identical Kuramoto). For any K>0 and N >3, we let ©O"(n)=
(07(n),...,0%(n)) be a solution to the discrete identical Kuramoto model (1.2) with
initial phase O satisfying the following conditions:

N
1
0, =0, NZH?:O, ro>0, 09469 mod 2w, i#j, 1<ij<N.
Jj=1

Then, with the time-step h sufficiently small, there exists a phase-locked state ©>° |
constants C'>0,a>0, and a step n, >0 such that

||®h(n)_@oo”00<Ce—a(n—ne)h’ n>ne,
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where C,a are both dependent on the initial configuration. Moreover, all the possible
asymptotic phase-locked states can be expressed as follows:

(1) O°=2kim+¢),....2knT+ &), or
(2) ©°=2kim+¢7,....2kn_17+ &7, 2ky +1)7+ 7)),
where k; €Z, i=1,2,...,N.

In the following, we will fix K and prove Theorem 4.1 by studying the dynamics of
discrete Kuramoto model with initial data in A; and As respectively.

4.1. Case A; (phase synchronization). For initial data ©g€.A;, we have
|I,] =0. Then it follows from (4.2) that for any given ¢ >0 and any i € Zs, we can find
a time T, >0 and a equilibrium state ¢g such that

|0:(T:) —2k;m— | <&, 1€7,, (4.4)

where Z; is defined in Lemma 2.2 and 6;(¢) is the solution to the continuous Kuramoto
model (1.1) with initial data ©¢ and identical natural frequencies. Then, the solution
to the discrete identical Kuromoto model (1.2) on the interval [0,7:] can be well ap-
proximated by the solution to the continuous model with same initial data, provided
the step size h is sufficiently small. Therefore, we can obtain a good estimate on the
oscillators for discrete-time model based on the approximation.

Then we define the effective phase éh(n) for the discrete identical Kuramoto model
with respect to the initial data ©( as below,

0 (n)=00(n)—2kim— ¢,  n=0,1,... i=1,2,...,N. (4.5)

Note in this case, every oscillator belongs to Z,. Then, the effective phases for the
oscillators in the synchronization group Zs, can be defined as follows,

Ah._ (ph Hh : gh . gh pgho . hin AP
o .—(91-1,...,91»‘15‘)7 i €ZLs, QM.—ljr_rézz(Hj, 9’”"?&29]” »
ARy . Ah Ah)_ ph_ ph :
REMARK 4.1. The definition of the effective phase depends on ¢f which is the

asymptotic limit of the oscillators with initial data in A;. Therefore, the effective
phases actually depend on the initial data. More precisely, for any given fixed initial
data satisfying (2.2), we can define corresponding effective phases.

LEMMA 4.1.  For N >3, we let ©"(n)=(0%(n),05(n),...,0%(n)) be a solution to the
discrete identical Kuramoto model (1.2) with initial data ©g € Ay. Then for any given
e >0 and sufficiently small step size h<<1, we can find a positive integer l such that

D(O}(1)) <e,
where Ay and O" are defined in (4.1) and (4.6) respectively.

Proof. 'We will show the proof by two steps.
e (Step 1.) In this step, to avoid confusion, we will denote the solution to discrete-time
model by 7 (n) and the solution to the continuous-time model by 6;(t). According to
(4.1)-(4.4), for a given initial data ©g €.A; and positive constant €, we can find a time
T.>0 and a equilibrium state ¢g such that (4.4) holds, i.e.

|91-(T€)72ki7r7¢3|<§, e,
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where 6;(T%) is the solution to the continuous Kuramoto model (1.1) at time 7. On the
other hand, based on the result in Lemma 2.5 about the global error in Euler’s scheme,
there exist constants M >0 and Lj; >0 which are both independent of i=1,2,...,N
such that

|0;(nh) — 0 (n)| < MeEmTep, n=0,1,...,1, i=1,2,...,N,

% and [ is a positive integer. Then for the e given in (4.4), we choose the
step size h sufficiently small such that MeXT=h < £. Moreover, we require 22 to be an

integer and denote it by [. Therefore, we have

where h=

10:(nh) — 0" (n)| < Z, n=0,1,...,1, i=1,2,...,N. (4.7)
When n=1, we have T. =lh and thus we apply (4.4) and (4.7) to obtain that
\0?(1)72ki7r7¢8|§|9i(T5)79?(l)\+\0i(T5)72ki7r7¢8|<%, ieZ. (4.8)

e (Step 2.) In this step, we will use 07(n) to denote the n-th step of the solution to
the discrete-time model. According to the definition of effective phase in (4.5) and the
estimate (4.8), we immediately have

16k (1) < % iel,.
Hence, we find a step [ such that

D(O%(1) = max |0:() =8} ()| <&, ije.

a0

According to Lemma 4.1, in order to study the large-time behavior of the discrete-

time Kuramoto model, we can set [ to be the initial step. Therefore, without loss of
generality, we may assume that the initial configuration satisfies the properties below,

D(0(0) =65 (0)—67(0) <e, 8%(0)>0%_1(0)>--->67(0). (4.9)
Moreover, according to the discrete Kuramoto model (1.2), initial configuration Og

satisfying (2.2) and the definition of effective phase ©"(n) in (4.5), we immediately
conclude that ©"(n) satisfies the identical discrete Kuramoto model below

é?(nﬂ):éy(n)+%Zsm(é;(n)—éf(n)), i=1,2,...,N,
(4.10)

N
> 01 0)=0.

LEMMA 4.2. For N >3, we let ©"(n)=(6(n),...,0%(n)) be a solution to the discrete
identical Kuramoto model (4.10) with the initial configuration satisfying (4.9) i.e.

D(0"(0)) =0%(0)—0"(0)<e, 0%(0)>8%_,(0)>--->07(0). (4.11)
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where € is a sufficient small positive constant. Then we conclude that the effective phase
diameter is uniformly bounded by the same ¢ in (4.11) and the order of the effective phase
will be preserved for all n i.e.

D(O"(n)) <e, n=0,1,2,...,
0% (n) > 0% _ (n)>--->0%(n), n=0,1,2,....
Proof.

e (Step 1.) In the first step, we assume D(©"(n))<e holds for all steps n, then we
claim that the order of the oscillators is preserved for all steps n i.e.

0% (n)>0% [ (n)>--->0"n), n=0,1,2,.... (4.12)

Actually, according to (4.11), the order (4.12) automatically holds for the initial step
©(0). Now we assume that the order (4.12) is preserved for step k, i.e.

0% (k) > 0% (k) >---> 0% (k). (4.13)

Then, for the step k+ 1, the difference of 07 (k+1) and 67 | (k+1), where i=2,3,---,N,
satisfies the following equation,

0'(k+1)—0" (k+1)

N N
=0 ()~ 01, () + > sin(01 ) — 02 (k) — - > sin@ () 01y ()

i—1

=0} (k) =01, (k) - ffv"g [sin (6 (k)= 0} (k) —sin(Bl, (k) — 0} (k)]
N
S [0 ) 01 ) im0 )~ 010
=T+ To +Is. (4.14)

The first term Z; is obviously positive due to the assumption (4.13). For Zy and Z3,
we note that 7 and ¢ —1 are two adjacent oscillators. Therefore, according to the order
(4.13), the differences Qf(k)ft%‘(k) and fol(k)fﬂgl(k) are of the same sign for all
j#i, i—1. Moreover, as D(O"(k)) <e < 1, the difference 7 (k) — é?(k) and sin (0] (k) —

éj‘(k)) are of the same sign. Then, we can apply Lemma 2.8 to obtain
i—1
=3 [sin (B (k) — 0 (k) —sin(y (6) — 00 (k)] > — (i — 1)sin(B (k) — B, (k).

N
=3 |sin(0 (k) =2 (k) = sin(@ (k) = 01 (k)| =~ (N — i+ D)sin(0} (k) 0} (k).
]4 (4.15)

We combine (4.14) and (4.15) and apply the inequality sinz <z for x>0 to obtain the
estimate of the oscillator difference at (k+1)-th step as below,

0h(k+1)—0" | (k+1)
>00 (k) — 00", (k) — Kh(0! (k) — 00", (k)) = (1 — Kh)(00 (k) — 0 (k).
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Now, we can choose h sufficiently small so that 1—Kh>0. Then, according to (4.13),
we have

Oh(k+1)—0" [(k+1)>0, i=2,3,...,N

Therefore, it follows by induction principle that the order (4.12) holds for each step n
and we finish the proof of our claim.

e (Step 2.) In this step, we claim that D(6”(n))<e holds for all steps n. We will
prove our claim by contradiction. Actually, suppose the inequality D(©"(n))<e does
not hold for all n. Then, there exists the “stoping step” ng such that

D(O"(n))<e<1, 0<n<ny,
{ (©5(n)) <e <n<ng (4.16)

D(O(ng+1))>¢

Using the same argument as in step 1, we can immediately conclude that the order
(4.12) is preserved for each step 0<n<ng+1, i.e.,

0h(n)>0" \(n), i=2,3,---,N, 0<n<ng+1. (4.17)

Then, according to (4.17), the diameter can be represented as D(0%(n)) = 0" (n) — 0% (n)
for all steps 0 <n<ng+1. Therefore, the phase diameter of the (ny+ 1)-th step can be
obtained as below,

D(ég("0+1)):é}ﬁ/(”o+1)*é?(n(ﬂrl)

N
~ K .
:9]}{7(710) 91 Un) +7ZSIH eN Tlo Wz_: Hh no 9{’(710)) (418)

Then, due to (4.16) and (4.17), we can apply the same argument in step 1 and Lemma
2.8 to obtain that

Zsm — 0% (no)) Zsm —0"(ng)) < —Nsin(0% (ng) — 0% (ng)) <0.

(4.19)
Therefore, we combine (4.18) and (4.19) to obtain that

é?\[(nO + 1) —é{b(n() + 1) < é;{,(no) — é{b(no) <g,

which is contradictory to (4.16),. Therefore, we finish the proof of our claim and
conclude that D(6"(n)) <& holds for all steps n. d

Combining Lemma 4.1 and Lemma 4.2, we know that, for all initial data ©g € Ay,
the diameter of effective phase and the corresponding order will be invariant after a
particular time [. Next, we will study the asymptotic synchronization behaviors of
oscillators in Z, ={1,2,...,N} for discrete system. The following result states that the
convergence to zero of effective phase diameter is at least exponential, which implies that
the effective phases of all oscillators in Zg will converge to zero at least exponentially.

LEMMA 4.3.  For N>3, we let ©"=(0(n),...,0% (n)) be a solution to the discrete
identical Kuramoto model (4.10) with the initial configuration satisfying D(©"(0))<e,
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where € is a sufficiently small positive real number. Then, there exists a positive number
ho >0 such that if 0 < h < hg, we have

D(6/(n)) < D(O!(0)) exp (— K;ijgnh) ,

Ksine
2e

(4.20)

|é?(n)|<D(éZ(O))exp(— nh), n=0,1,2,..., JjEeLs.

Proof. We can apply Lemma 2.8 and the same argument as in the proof of Lemma
4.2 to obtain that

D(O"(n+1))=0% (n+1) =07 (n+1) <% (n) — 67 (n) — Khsin(0% (n) — 07 (n)). (4.21)
Since the function $22 is monotonically decreasing in [0,] when ¢ is sufficiently small,
we can apply Lemma 4.2 to obtain that

0l(n)) _ sine

(n) €

D(O"(n))=0%(n)—0"(n) <e, Sm( o (n) —

3 (n) 3 (4.22)

Hence, we combine (4.21) and (4.22) to obtain

0% (n+1)—0"(n+1)<(1— Kh%)(e]v() 6" (n)). (4.23)

Then, the iteration of (4.23) leads to the estimate of the diameter of effective phases at
step n as below,

ploit= (1 Kh) <9’&<O>é?<o>>D(@mo»exl)[nhbgﬂ—émﬁf)]_

(4.24)

Now, we can choose the step size sufficiently small to guarantee (1 —KhSi‘T‘E) >0, so
that the last term in (4.24) is well defined. Moreover, according to L’Hospital’s rule, we
have

log(1— Kh®2<) sine

lim - =—K—. (4.25)

The estimates (4.24) and (4.25) imply that there exists a positive constant hg such that
if 0 <h < hg, we have

log(lthSi%e) _ Ksine Ksine

h 2e

,D(ég(n))<D(ég(0))exp(— nh), n>0. (4.26)

N
Moreover, from (4.10) and the fact Z Gh( =0, we immediately obtain that Y 6% (n)=
Jj=1 Jj=1
0 holds for all steps n. Therefore, (4.26) implies that

N
)] = | () — 2= I;H >‘§zi_1|0§l<;>—e?<n>|_ :

which finishes the proof of the lemma. ]
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REMARK 4.2. For initial data ©g € .4y, we can construct ¢ as in (4.2) based on the
asymptotic behavior of continuous-time model. Then the relationship between 6% (n)
and 67 (n) can be written as below

01 (n) =00 (n) — 2k;m — &3, i€,
Note k; and ¢f satisfying (4.2) i.e. , 1121 |0;(t) — 2k;m — ¢§| =0, where 6;(t) is the solution
—>+00
to the continuous model with initial data ©¢ € A;. Therefore, Lemma 4.1, Lemma 4.2,
Lemma 4.3 and (4.2) together show that, for initial data ©¢ € .A;, the solution to the
discrete identical Kuramoto model and the solution to the continuous Kuramoto model
have the same asymptotic limits, i.e.

lim [0 (n) —2k;m — ¢j| =, lim |6;(t) —2kim — g5 =0, i€,

n—-+o0o

4.2. Case A, (bipolar formation). For initial data ©¢ € .4y, we have |Zy| =1
and |Zs| = N —1. Without loss of generality, we suppose that

I,={1,2,....N—1}, T,={N}.

From (4.3), for any given positive constant £ < 1, we can find a large enough time T >0
such that all oscillators are close to their corresponding limit, i.e.

N-1
lim ¢(t)= —%[Z 2k;m+ (2ky +1)7] =}

t—+oo .
Jj=1

€ 4.27
On (1)~ 2y +Dm—gil< S, NeT, (420

* € .
6,(T2) —2kym— 7| < 5, JET,.

Similar to (4.5), for the discrete-time Kuramoto model, we can define the effective phase
for oscillators in Z, and Z; respectively. More precisely, we let

0" (n) = 0" (n) — 2ksm — &7 — % n=0,1,2,--- i=1,2,...,N. (4.28)

According to (4.27) and (4.28), it is obvious that 67 (n) satisfy the identical Kuramoto
model (4.10). Then, similar as Lemma 4.1, we can prove that the solution of the discrete
Kuramoto model with initial data ©g € Ay is close to the solution of the continuous
model with same initial data. More precisely, we define the effective phases for the
oscillators in the synchronization group Z as follows,

Ah._ (jh Hh . jh . jh phoo_ s Gh

Og:=(0;,--.0;, ), k€Ls, Oy .—?réz%)s(@ , o .—?Euzrsl@ , w29)
AhY . jh_ phy _ ph Bl ‘

D(©y) —11?2%2 0;' _ej | =0% — 05,
Then, we can apply, (4.27)-(4.29) and Lemma 2.5 to have the following lemma without
proof.
LEMMA 4.4. For N >3, we let ©"(n)=(07(n),05(n),...,0%(n)) be a solution to the
discrete identical Kuramoto model (1.2) with initial data ©g € Ay. Then for any given
e >0 and sufficiently small step size h<< 1, we can find a positive integer l such that

N-1

i (1) — = o Bt rl < il N
|9N(l) N ﬂ-‘<2a D(@s(l))<€7 |91 (l)+N7T|<2v Zﬁla 7N ]-7

where N €Ty, Ay and O are defined in (4.1) and (4.29) respectively.
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4.2.1. (The synchronization group Z;). We first study the oscillators in
the set Zs. Then, similar as in Case A;, we can set [ as the initial step and study the
large-time behavior after [. In fact, we have the following result which is almost the
same as Lemma 4.2.

LEMMA 4.5.  For N >3, we let ©"(n) = (éh( )y ,éf{,(n)) be a solution to the discrete

identical Kuramoto model (4.10) and "= (87,...,0% ). Moreover, we let the initial
configuration satisfy the following properties,
D(0L(0) =6 _1(0) =67 (0) <e, O} 1(0)>8% 5(0)>-->67(0), (4.30)

where € is a sufficiently small positive constant. Then we conclude that the effective
phase diameter of G)h is uniformly bounded by the same € in (4.30) and the order of the
effective phases in @Z will be preserved for all n i.e.

D(O"n))<e, n=0,1,2,...,
0% (n)>--->0"(n), n=0,1,2,....
Proof. R
e (Stepl.) If D(O©"(n))<e holds for all steps n, the proof of the first part of Lemma

4.5 is done. Then we will prove by induction that the order of oscillators in (;)Z will be
preserved for all steps n. In fact, for the initial step, we have

0% _1(0)> 0% _5(0)>--->01(0).

Now we assume that the order is preserved for step k, then we claim that the order will
be preserved for step k+1. Actually, we can estimate the difference of 0% (k+1) and
0" (k+1), where i=2,3,--- N —1, as follows,

0" (k+1)—0" | (k+1)

=07 (k) =0y (k) +

Z\N

N
Z (sm (0" (k) — Qh(k))fsm(éf(k)féf_l(k))). (4.31)

Then, we apply Lemma 2.8 and the mean value theorem to estimate the summation
part of (4.31) as below,

Zsm 07 (k)) —sin(6} (k) — 07, (k)]
= [sin 0l (k) — 07 (k) —sin(@% (k) ~ 81, (k) |
3 i@} 06 s, 00,0
o (N 10 0) 0y 89 ol 04 4)
> N(B7 (k) — 00, (k)), (4.32)

where the value of 67, ; is a constant between 0% (k) — 0" (k) and 0% (k)— 6" | (k), and
the last inequality holds because the order of oscillators at step k is preserved Thus,
we combine the above estimates (4.31), (4.32) and let h sufficiently small to obtain

0h(k+1)—0" [(k+1)>(1—Kh)(6!(k)—0! (k) >0. (4.33)
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Therefore, it follows by induction that the order of the oscillators in ©” is preserved for
each step n.

e (Step2.) In step 1, we show the order is preserved if the diameter is uniformly small.
In this step, we will prove by contradiction that D(6"(n)) <e for all n, and then the
proof in step 1 is also closed. In fact, we assume D(O"(n))<e does not hold for all
steps n. Then, same as in Lemma 4.2, there exists a step ng such that,

(4.34)

D(O"(n))<e<1, 0<n<ny,
D(O%(no+1)) 2¢

Using the same argument as in Stepl, we can obtain that, for each step 0 <n <ng+1,
the order is preserved, i.e.,

0"(n)>0" [(n), i=2,3,---,N—1, 0<n<ng+1. (4.35)

Now, according to the discrete iteration scheme, we can express the phase diameter
D(0©"(n)) at (ng+1)-th step as below,

D(O" (ng+1)) = 0%, (ng) — 0l (ny)

N
Kh -
+W§ Sin(H;l(no —0% 1 (no) ——E sin(0" (ng) — 07 (no)). (4.36)
j=1

According to (4.34) and (4.35), the terms (é;l(no) — 6% (ng)) are negative and close

to zero, while (é?(no) — 0" (ng)) are positive and close to zero. Therefore, we can apply
Lemma 2.8 and mean value theorem to obtain,

Z sin(6 91\1 1(n0))—Sin(é?(no)_é{l(no))]

N-1 N .
[sin(6 —0% (ng)) —sin(@?(no) — 01 (no))]

+sin(0% (no) — 0% 1 (no)) —sin(O (no) — 0% (o))

J

<= (V= D)sin(BR 1 (n0) =01 (no)) —cosiy 1 1(B 1 (n0) 0} (o))
<~ (V1) 225 (@l (n0) — B} (n0)) + (1 (mo) B (o)), (4.37)

where the last inequality follows from the fact that % is monotonically decreasing in
[0,e] when ¢ is sufficiently small, and 63, ; is a constant between 0" (ng) — 0% _, (no)

and 0% (ng) — 0% (ng). Therefore, we combine (4.36), (4.37) and the fact that N >3 to
obtain that

O atma+ )=+ 1)< | 1= T (V=) 1) | @ (o) 8. (438)

=1 and ¢ is sufficiently small, we immediately conclude from (4.38) that
for sufﬁmently small h,

D(O"(ng+1))=0%_(no+1)—0"(ng+1) <% (ng)—0"(no) <e,
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which is a contradiction to (4.34),. Therefore, D(©"(n)) < for all steps n and we finish
the proof of the lemma. 1]

Next, we study the asymptotic synchronization behaviors of oscillators in Zs. The
following result states that the convergence to zero of phase diameter D(©%(n)) is at
least exponential.

LEMMA 4.6. For N >3, we let ©"(n)=(0"(n),...,0%(n)) be a solution to the discrete

identical Kuramoto model (4.10) and ©"=(0},...,0% ). Moreover, we assume that
the initial configuration satisfies the following condztzons

0% _1(0)>0% _5(0)>-->00(0),  D(OK0))<e,

where ¢ is a sufficiently small positive number. Then, the diameter D(O©"(n)) is strictly

monotonically decreasing, and moreover there exist positive numbers hy and o such that,
for 0<h <hg,

D(0"(0))exp{—2Knh} < D(O©"(n)) < D(©"(0))exp{—anh}, n>0.

Proof. According to Lemma 4.5, we know the order and diameter are both
preserved for ©"(n). Moreover, we have the estimate (4.38). Then, the iteration of
(4.38) leads to the estimates of the diameter of ©%(n) as below,

D©"(n+1)) < {1 o <(N e 1)]n+1p(ég(0)),

€

where N >3. As ¢ and h are sufficiently small, we can follow the proof of Lemma 4.3
and apply L’Hospital’s rule to obtain that

D(©"(n)) < D(O"(0))exp{—anh}, a:K[(N_;Ji;%_”m, n>0.  (4.39)

On the other hand, according to Lemma 4.5, we can apply similar analysis in (4.37) to
obtain the following estimate,

D(O!(n+1))=0%_(n) +—Zsm t‘)h —0% 4 ( *%Z r(n))

>0%_1(n)— 0% (n)— Kh(GN_l (n)— 07 (n))
=(1—-Kh)D(6} (n)). (4.40)

Then, following again the proof of Lemma 4.3, we apply (4.40) and L’Hospital’s rule
to obtain that

D(6"(n+1)) >exp{—2K (n+1)h} D(6"(0)). (4.41)

Finally, we combine (4.39), (4.40) and (4.41) to finish the proof of the present lemma.
O

REMARK 4.3. The results in this part only show the asymptotic synchronization of
@Q, but we still do not know which equilibrium state does (:)Q‘ approach. To study the
asymptotic equilibrium state, we have to use the conservation of the mean phase of all
oscillators. Therefore, we need the information of the N-th oscillator.



554 DISCRETE-TIME KURAMOTO MODEL FOR GENERIC INITIAL CONFIGURATION

4.2.2. (The behavior of N-th oscillator).  According to Remark 4.3, in order
to understand the asymptotic behavior of all oscillators, we have to study the behavior
of N-th oscillator. For the continuous Kuramoto model, O(t) will approach bipolar
formation if ©¢ € Ay. However, for the same initial data © € Ay, we cannot guarantee
the emergence of bipolar formation in discrete-time Kuramoto model, which may be
due to the instability of the bipolar formation in the continuous model. More precisely,
according to (4.27) and the definition of the efficient phases, we know that ; are close
to — 4 fori€Z; and Oy is close to %W at T, after a translation. Therefore, as bipolar
formation emerges asymptotically for ©y € Ay, we immediately have

91(t)+7r<9]v(t)<9]v_1(t)+ﬂ', @06./42, t>1T,. (442)

Otherwise, all the particles will be contained in a half circle at some time ¢ >T., and
thus the complete synchronization will emerge asymptotically which is a well known
result for continuous identical Kuramoto model. However, as ©"(n) and ©(nh) have
nonzero error, we cannot tell if (4.42) holds for ©" at step I, where [ = % and O" is
the solution to the discrete-time identical Kuramoto model with initial data ©¢ € A,.
Therefore, we will study the large-time behavior of discrete-time Kuramoto model with

initial data ©¢ € Ay in two different cases.
o Case (i): (bipolar emergence) According to Lemma 4.4, C:)}Sl are close to —%71’ for
i €T, and 0% is close to N7 at step I. Let’s suppose (4.42) holds for ©"(n) at any

step n>1, i.e. we assume

0" (n)+m <0k (n) <% _ (n)+m, n>1. (4.43)

LEMMA 4.7. For N >3, let ©"(n)=(0"(n),...,0%(n)) be a solution to the discrete
identical Kuramoto model (4.10) and "= (7,...,0% ). Moreover, we assume that

0% _1(0)> 0% _5(0)>--->01(0),

N-1m, ¢
( N) <5,
Of () +7 <0} (n) <O} (n)+m, n

D(O"(0)) <z, |6%(0)— (4.44)

Then, for sufficiently small time-step h, we have

nh N-1)m N-1 Ah —anh

e P A

2N —1
N

Proof.  According to (4.27) and (4.28), the sum of effective phases is equal to zero.
Therefore, it is clear that

8} (n) + 57| < 5= DOk (0)e ", jeT..

Sy (B () +m) +8)(n) _ (N —D)r (4.45)
N N '
As the initial data satisfies (4.44), according to Lemma 4.6 and the condition (4.44),,

we have for j € Z; that,

0% (n) = (07 (n) +m)| < (O _1 (n) +7) = (6} (n) +m) e D(OL(0)). (4.46)
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Combining (4.45) and (4.46), we obtain that

_ . N—l ’\h n - Ah "
\%(n)f%ﬂ:%(n)f&:l (67 ( ])V+ )+ 0% ( )|
NLon n)— Ah n T _ )
- )N(QZ( st )]\<NN1D<@Z(0))e—anh.

Finally, for i € Z,, we have

61 (n) + | = 101 (n) = (B (n) =) + (B3 (m) = m) + |
N—-1

N

2N -1
N

< (B (n) +m) = 0% ()| + |0 (n) - 7| < D(OL(0))e= """,

]
REMARK 4.4. Owing to (4.27) and (4.28), we obtain from Lemma 4.7 for (Case (i))
that

101 (n) — (2 + Dy — 5| < L D@1 (0))en,

N
2N -1

107 (n) — 2k;m— 61| < D(OL(0)e ", jeL,.

o Case (ii): (phase synchronization) According to Lemma 4.7, we know the bipolar
formation will emerge if (4.44) holds. Then, the second case is that (4.44), does not

hold for some step. In other words, there exists a step n. >1 such that, é?\, gets out of
the region (9 (n)+m,0% _,(n)+m) for the first time at step n.. Then, as the step size
h is sufficiently small, it’s obvious that 67 (n.) is either slightly smaller than 67 (n.)+m
or slightly greater than é};F 1(ne)+m. As these two cases can be analyzed similarly, we
will only study the following case,

0% (ne) < 0% (ne) <0"(ne +,
e 1(n0) <O <6 () .
O (n)+m <Ok (n) <Ok _(n)+m, 1<n<n,.

REMARK 4.5. It’s possible that % (n.) =00 (n.)+ at step n.. However, according to
Lemma 4.6, we know the diameter D(@Q) will be nonzero at any finite step if it is nonzero
initially. Therefore, there must be some oscillator 6 such that 6% (n.) < 0" (n.) <%
Then, if 67 (n.) =0%(n.)+7 at step n., the attraction from 67 to 6 and 67 will force
them to tend to be closer in the next step, i.e.

0% (ne+1) <0 (ne+1)+.

Therefore, we only need to study the case (4.47).

According to (4.47) and the Remark 4.5, we can find a positive constant 7 such that
the oscillators ©" satisfy the following properties at step n.,

0l (ne) <---< 0% (ne) <0 (ne), 0% (ne)—0"(n.)<n<m. (4.48)

Now, we can set n. as the initial data and study the large-time behavior of the discrete-
time model after the step ne.
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LEMMA 4.8. For N >3, we let ©"(n)=(6(n),...,0% (n)) be a solution to the discrete

identical Kuramoto model (4.10) with initial zero total phase ZZ 09
assume that the initial configuration satisfies the following conditions:

=0. Moreover, we

01(0) <---<O%_1(0)<0%(0),  D(6"(0)<n.
Then for n>0, we have

D(©"(n))=_ max |6} (n)—0}(n)|<n<m,

1<i,j<N

0" (n) <--- <@ (n)<0%(n).

Proof. 1f D(O"(n)) <n <= holds for all steps n, we can apply the same argument
in Lemma 4.5 to prove that the order of oscillators D(©" (n)) is preserved for any step n.
Therefore, we only need to verify the inequality D(0"(n)) <n<n for n>0. Actually,
suppose not, then there exists some step ng such that

{D(éh(n))<n<7ﬂ n < no, (4.49)

D(O"(no+1))>7

Then, similar to the argument in Lemma 4.5, we can derive the order of @h(n) for time
steps not more than ng+1, i.e.

0hn) <0h(n) <<% (n), 0<n<ng+1. (4.50)

Then, applying Lemma 2.8 and monotonic decreasing of function *2Z in (0,7), we
obtain the estimate for the phase diameter at the (ng+ 1)-th step as follows,

D(©"(ng+1))

N N
=0} (no) =07 (no) KWZ (6" (no) — 0% (no)) KWZ (6" (no) — 01 (no))

IA
N
D‘

77
<0l (no) — 8} (no), (451)

where the last inequality holds if we choose sufficiently small . Then (4.49), and (4.51)
immediately imply that D(6" (ng +1)) <7, which is obviously a contradiction to (4.49),.
Therefore, we conclude D(0"(n)) <n<n for n>0, and thus the order (4.50) holds for
all n>0. 0

Next, we study the asymptotic synchronization behaviors of N oscillators in (Case (ii)).
The following result states that the effective phases ©"(n) will converge to zero expo-
nentially in (Case (ii)).

LEMMA 4.9.  For N >3, we let ©"(n)=(0"(n),...,0%(n)) be a solution to the discrete

identical Kuramoto model (4.10) with initial zero total phase ZZ 109
assume that the initial configuration satisfies the following conditions:

=0. Moreover, we

0 (0) <<, (0)<0%(0),  DO"0)<n.
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Then, there exists a positive constant hy such that for 0 <h <hyg,

D(6"(n)) < D(O(0)) exp (- K ;innnnh> ,

Ksinn

16" (n)| < D(O(0))exp (— nh) n>0.

Proof. From Lemma 4.8 and the estimate (4.51), we can apply the same argument
in Lemma 4.3 to obtain the desired results. ]

REMARK 4.6. Owing to (4.27) and (4.28), we obtain from Lemma 4.9 for (Case (ii))
that

~ Ksi
|9§L(n)_2m_¢;_;|<D(@(0))exp<_ ;;“”nh>, i=1,2,...,N.

Now, we are ready to prove Theorem 4.1.

Proof. (Proof of Theorem 4.1.) Actually, combining Remark 4.2 and Remark
4.4, we directly conclude that, for any initial data satisfying the condition in Theorem
4.1, we can find a time step n. and an equilibrium state ©>° such that

H@h(n)—®°°||oo<C’e*a("7”6)h, n>ne,

where C, a and n. are positive constants depending on initial data. Moreover, according
to the expression of ¢§ and ¢j, the form of phase locked state in Remark 4.6 are
equivalent to the equilibrium state constructed in Remark 4.2. Therefore, we only have
two types of phase locked states as mentioned in Theorem 4.1, i.e.

(1) ©°=2kim+¢,...,2knT+ ), or
(2) ©°=2kim+o7,....2kny_ 17+ 07, (2kn + 1)+ 07),
where k; €Z, i=1,2,...,N, which finishes the proof of the theorem. 1]

5. Discrete nonidentical Kuramoto model

In this section, we will consider the discrete non-identical Kuramoto model (1.2).
Actually, from the analysis in [28], if the initial data is contained in a quarter, then
the synchronization of the oscillators in discrete nonidentical Kuramoto model will be
guaranteed for sufficiently large coupling strength K. If the initial data is contained
in a half circle, Lemma 2.3 shows the oscillators in continuous nonidentical Kuramoto
model will concentrate into a quarter after finite time for sufficiently large coupling
strength. Therefore, combining Lemma 2.5 and the analysis in [28], we can conclude
the emergence of synchronization in nonidentical discrete-time model for sufficiently
large coupling strength. Moreover, if the initial data ©¢ € A, (K) for sufficiently large K,
according to [31], both identical and nonidentical oscillators will concentrate into a small
region after finite time, provided the coupling strength is sufficiently large. Therefore,
we can again apply Lemma 2.5 and the analysis in [28] to obtain the emergence of
synchronization in the nonidentical discrete-time model.

However, if initial data ©¢ € As(K) for a large K, although synchronization still
emerges in the continuous-time model, the oscillators may not move to the quarter.
Thus we cannot apply previous analysis to yield the emergence of synchronization in
the discrete-time model. Fortunately, we have Theorem 3.1 based on the gradient flow
structure of discrete model. Therefore, the strategy in [31] can be extended to the
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discrete version. More precisely, in order to show the emergence of synchronization,
we only need to show the uniform boundedness of the nonidentical oscillators. In the
following lemma, we will provide a sufficient condition for uniform bound of the first
Ny nonidentical oscillators.

LEMMA 5.1.  Let N >3, suppose that the initial configuration ©(0) and natural fre-
quencies satisfy the following conditions,

1 1 .
NZ@(O):O, NZQJ:O, 0,(0)€[-m,m), 1<j<N.

Moreover, we let Ny, | and K be positive constants which satisfy the following conditions,

N N — N,
No€Z™n| —,N|, le | 0,2arccos 0 ,
2 No

5.1)
D(©) (
max _[0,(0)—0x(0)| <, K>
12, () = 0 O] Nyl 20N 1
Then, for the solution ©"(n) to the discrete non-identical system (1.2), there exists a

positive constant hg such that, for 0 <h <hg we have

R\ _ gh >
1<rjn};aé<N 07 (n) =0 (n)| <, for alln>0. (5.2)

Proof. Let ©"(n)=(07%(n),0%(n),...,0%(n)) be a solution to the discrete system
(1.2) subject to the initial configuration satisfying the conditions in the statements of
the theorem. Then [ is obviously less than 7, i.e. 0 <l <, owing to the assumption on
I'in (5.1). Then, we will prove (5.2) by contradiction. In fact, suppose (5.2) does not
hold, then there exists a step n, such that

h(y_ gh
| nax 07 (n) =0 (n)| <, 0<n<n.,

h
: - >1.
1§§1}]?§<N0|0] (e +1) =07 (ny+1)| >1

(5.3)

Let P, p, @ and ¢ be integers in [1,Np]. Without loss of generality, we may set the

P-th and p-th oscillators to be the maximum and minimum of the first Ny oscillators at

step n., respectively. Similarly, we let Q-th and ¢-th oscillators be the maximum and

minimum respectively of the first Ny oscillators at step n. +1, i.e.

h h h . h

Op(n.)= max 07(n.),  Oy(n.)= min 6j(n.), o

h h h . h :

1) = (nse+1), 1) = 07 (n.+1).

06 (n.+1) 1%1};1)](\’00](114- ) 0y (ns+1) 1§I§1g}voj(n+ )

Then, the phase diameter of the first Ny oscillators at (n. + 1)-th step can be expressed
by the n.-th step information due to the iteration scheme,

0% (n«+1) =0 (n.+1)

=6(ne) =03 (n) +h(2 = Q) szsm ) — 05 (n)) —sin(6! (n.) — 6" (n.))]
<0l (n.) ~ 61 (n) + hD(@) — 2P 3 00 (1) 0 ) Zcos (ah n. _<">;9h<">>
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Now, we will first show that the last term in (5.5) is positive and then, we can apply
the estimates on the trigonometric functions to obtain desire results.

e Step 1. (Positivity) In the last term of (5.5), to deal with the summation of trigono-
metric functions, we may divide it into two parts as follows,

E : Q q
j:1COS (0§L(n*) . 2 )

N o7 (n*)—i-ﬂ ah & () +00(n.)
zj:%o:ﬂcos <9§’(n*) ) +ZCOS <9h M) 2) .
(5.6)

For the first term, we apply the uniform boundedness of the trigonometric functions to
have the simple lower bound estimates as below,

N
Z cos (0;1(71*)—0%(71*)2%) >—(N —Np). (5.7)
j=No+1

For 1<j <Ny, according to (5.4), fp and 6, are the maximum and minimum at n,-th
step. Therefore, we can apply (5.3) to obtain the following estimate,

9?(71*)— 0% (n.) + 0% (n.)
2
= 5 |~ (Oh (1)~ () + 0 () Ol ()|
< %maxﬂ@?(n*) — 0 (n.)], |60 (n)) — 0 (n)|} < é (5.8)

Then, we apply (5.8) and the simple triangle inequality to obtain the estimate of the
last term in (5.6) as follows,

055 (n..) + 00 (n..)
9;’(n*)—f
<|o( )_9%(71*)—%92(71*) 0% (n.)+6"(n.) QQ(n*)+93(n*)
<1607 (n. : 5 y
%+;max{\9p () — 065 ()], 105 () — 00 ()|} (5.9)

Next we will estimate |67 (n..) fﬁg(n*ﬂ and |0%(n.) — 0! (n.)|, respectively. According
to the definition (5.4), it is clear that

05 (n.) <OB(n.), 0 (n.) >0y (n.), 5.10)
Ol (nu+1) > 0 (na+1), 0" (nu+1) <0"(n.+1). '

Therefore, according to the iteration scheme (1.2) and the uniform bound of the trigono-
metric functions, the quantity \9(’}9 (ne+1)—0%(n,+1)| can be estimated as below,
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0% (ni+1) =0 (n, +1)

= (Og(n*) —0%(n.)) +h(Qg —Qp)
Kh h h .ok h
S (0] (1) — Ol (1)) —sin (0 () — O . )]

Jj=1

— (0 (ns) — 00 (ny)) + hD(Q) + 2K h. (5.11)

Thus, we combine (5.10) and (5.11) to obtain the estimate of the quantity |0%(n.)—
Og(n*ﬂ as follows,

103 (n4) — 00 ()| = 05 () — 663 (1)
—(08(nu+1) =0 (nu+ 1))+ h(D(Q) +2K) < h(D(Q) +2K).
(5.12)
Similarly, we can apply the same argument as above to obtain the estimate of the
difference between the p-th and ¢-th oscillators, i.e.

16} () = 0 (n.)| < A(D(Q) 4 2K). (5.13)

Since 0 << 2arccos NN o <7, thus for sufficiently small h, we combine (5.9), (5.12)
and (5.13) to obtain for 1< j < N that,

08 (n)+0"(n)| 1 DQ)+2K .«
h QN (AN n
07 (1) 3 =5 + 5 h< 5" (5.14)
Thus for 1 <j < Ny, it is easy to see that
0% (n,)+ 60" (n,
cos (9;?(n*)—Q()2q() > cos (;—i—D(m;_ﬂ{h) >0. (5.15)

Next, to estimate the sinusoidal part in (5.5), we have to study the difference between
the Q-th and ¢-th oscillators at step n.. According to (5.3),, (5.4) and (5.5), we can let
h be sufficiently small to obtain,

T>1>04(n,) — 02 (n,) >1—hD(Q) —2Kh>0, (5.16)

where we choose h < m.

tivity of the last term in (5.5),

o8 (n.) Hh (n 0% () +00 (n.)
. Q * * h * q *
sin —-— 1~ E cos (9 M) —2 > 0.

Thus we combine (5.32) and (5.16) to obtain the posi-

e Step 2. (Uniform bound) In this step, we will continue to prove the uniform bound
of the first Ny oscillators. According to the property of trigonometric functions and the
estimate (5.14), we obtain for small 2 >0 that,

cos <; + D(Q);_QKh) :cosécos (D(Q);_QKh) fsinésin(D(Q)%ZKh)
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2
S cost [1- (PE)+2K)" _Sm(D(m+2Kh>
2 8 5
| (D(Q)+2K)? , D(Q)+2K
> a ~ f—
_COS2 COS2 3 h 5 h
D(Q)+2K)? D(Q)+2K
ZCOSQ_[COSQ (@+210° | D)+ }h. )

Therefore, for sufficiently small i, we combine (5.14), (5.17) and the property of trigono-
metric functions to obtain that

N 0% () + 060 (n.)
;cos <9;L(n*) - 2)

No N hin h N
= + Z cos (9;?(11*) GQ(*H_Q‘J()>
1

2
j=No+1

ZNOCOSé —No (COSl (D) +2K)" + D(Q)+2K> h—(N — Np). (5.18)

2 8 2

According to (5.1), we have Nycos — (N —Ng) >0. Moreover, for simplicity, we define
the following notation,

A:=N, (cosl (D) +2k)” + D(Q)+2K> > 0.

8 2

Then, by choosing h sufficiently small such that (5.18) holds and, moreover, h<

Nocos £t —(N—N, .
02#(0), we obtain

N h h
E cos <9;1(n*)—Q(n)2q(n)> ZNocosé—(N—No)—Ah>0. (5.19)
i=1

On the other hand, according to the iteration scheme (5.5) and the positivity in (5.15)
and (5.16), we obtain that

08 (nu+1) =0 (nu+1) <03 (n.) — 00 (n.) + hD(Q).

Then, according to (5.3) and the definition (5.4), we can choose h sufficiently small such
that h < ﬁ to obtain that

m>1> 00 (n.) — 00 (n.) >1—hD() >0,

0y () ~0;(n) _ _ 1=hD(S) (5.20)

i >0.
sin 5

Then, we combine (5.20) and the properties of trigonometric functions to obtain for
sufficiently small h that

_ 1—hD(Q) } lcoshD(Q) cosls' hD(£2)
SIN —————— = S1n — 3 — —sin
° 2 2 D 2 2
l 1 (D(0))? D(Q l
>sin§—sin§( (8 ) h*— ( )hzsini—Bh, (5.21)
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where B :=sin é( (22)) + D(Q) > 0. Then based on the choices of small h, we may com-
bine (5.5), (5.14), (5.19)-(5. 1) to yield that

Gg(n* +1) —93(71* +1)
9Kh . 1—hD(Q)

l
Sﬁg(n*)—ﬁg(n*)+hD(Q)— N sin 5 |:N0C082—(N—N0)—Ah:|

SQ%(m)—H?(m)—l—hD(Q) QNh (smé—Bh) {Nocosé—(N—No)—Ah]

< 0% (ny) — 00 (n.) +hD(Q) — ihsml {Nocosl—(N No)} +Ch*+ ER?
<08(ny) — 0 (n.) +h[—F+(C+E)h], (5.22)

where for notational simplicity, we apply the notations A in (5.19) and B in (5.21) to
further define C, E and F' as below,

2KA | 1

2KB l
C:= N |:N0C082—(N No)] 0, E:= N Sll’l2>0

oK 1 l (5.23)
F::Wsm {Nocos—(N No)} D(Q) >0,

where F' >0 is due to the assumption on K in (5.1). Therefore, we combine the con-
straints on h in (5.14), (5.19), (5.20) and further choose h < % to set hg as below,

he —mi m—1 Nocos £ — (N —Ny) l F
0TI Dy 2k A ' D) C+E

Then for the mesh size 0 < h < hg, we combine (5.3), (5.22) and (5.23) to obtain that
1< 9Q(n* 1)— Hg(n* +1)< 9%(71*) - Hg(n*) <l,

which is obviously a contradiction. Therefore, we complete the proof of of the lemma.
O

In the next lemma, we will make the first Ny oscillators as a reference and imply
the uniform boundedness of all oscillators. Thus, the gradient flow structure guarantees
the convergence of the solution to the static state.

LEMMA 5.2.  Let N >3, suppose that the initial configuration ©(0) and natural fre-
quencies satisfy the following conditions,

N N
1 1
N§ 0](0):03 NE szon 9]’(0)6[_7{’7‘-)’ 1<j<N.

j=1 j=1

Moreover, we let Ny, | and K be positive constants which satisfy the following conditions,

N N — N,
NoeZ™n|( —,N|, le | 0,2arccos 0 ,
2 Ny

D(Q)
2 O =00 <L K> e

(5.24)
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Then, for the solution ©"(n) to the discrete non-identical system (1.2), there exists a
positive constant hg and an equilibrium state ©°° such that, for 0 <h <hy we have

sup D(O"(n))<4n+2l, lim [|0"(n) -0/, =0.
0<n<+oo n—-+00

Proof. We will prove the lemma in two steps. In the first step, we will show the
uniform boundedness of the phase diameter D(©"(n)). While in the second step, we
will apply the gradient flow structure and Theorem 3.1 to prove the convergence of the
phases of oscillators.

e Step A. (Uniform bound of relative distance) In this step, we will study the dynamics
of the oscillators {67 (n),...,0% (n)} and prove by contradiction that the relative distance
between any two oscillators is uniformly bounded. Suppose not, i.e.

limsup D(0"(n)) = +oo0.

n—-+oo
In Lemma 5.1, we already prove the uniform bound of the first Ny oscillators. Therefore
we may define

So(n) :z{&?(n),...,ﬁﬁo (n)}, S_1:=59—2m, S1:=S9+2m,

Then, combining the =zero mean phase property and the assumption
limsup,,_, +C>oD(@h(n)) =400, we immediately conclude that, at least one oscilla-
tor in the set {0% ,,,...,0%} is unbounded with respect to Sp(n), say 6% .. Then
before it tends to —oo or +o0, this oscillator will enter the neighborhood of one of the
sets Sk, k=—1,1. Without loss of generality, we may assume 91’2,0 41 gets into 57 for
some steps. In other words, we may assume that there exists a step n. such that
h h
a0, 1 (n) = (6 () + 2m)] <.

Then, we claim that the oscillator 07\70 41 will stay in the above region for all steps after
ne. More precisely,

h _(ph
| Dnax |07, +1(n) — (0 (n)+2m)| <1, for all n>n,. (5.25)

Suppose (5.25) does not hold, then there exists a step n., satisfying n, >n., such that

h — (6" <n<
1gg§0|0%+1(n) (0f(n)+2m)|<l, n.<n<n,

(5.26)
; h
(a0 41 (s +1) = (05 (n +1) +2m) [ 2 1.
According to (5.26) and Lemma 5.1, there exist two possibilities at (n.+1)-th step.
More precisely, 0%, | (n.+1) is either greater than (mini<;j<n, 0} (n.+1)+27+1), or
less than (maxi<j<n, Gf(n*+1)—27r—l). As the two cases can be dealt with in the
same manner, in the following, we will only study the case below,

91}@0_‘_1(71*4—1)— ( min 9?(7@—}—1)—!—271’) >1. (5.27)

1<j<No

Let’s assume the g-th oscillator to be the minimum in the first Ny oscillators at step
n.+1. Then, we have the estimate of (5.27) as below,
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O%y41(ns+1) = (0 (nu +1) +2m)

=041 (ns) — (92(71*) +27) +h(Qny+1 — Q)

%Z 00} (1) — 0,1 (1) —sin(0 () — (6 (m.) +27))]

<Ol () = (61 (n.) +2m) + hD(Q)

2h [ Oy (n) = (Oh(n) +27)
11
N 2

N

Similar to Lemma 5.1, we will show the positivity of the last term. Actually, according
to the iteration scheme (1.2) and (5.27), we have

0%y +1(n) — (00 (n) +27)
= 0% 11 (e +1) = (00 (n+1) +27) — (v 41— Q)
Khn, h h o gh h
— S S0 () — 0%, 11 (1) —sin(0% () — (61 () +27))]
j=1
>1—hD(Q) —2Kh. (5.29)

Then, we combine (5.26) and (5.29) and choose a sufficiently small & such that h<
m to obtain the following estimates,

oh <) — (07 (ny)+2
0< 0l o1 (n)— (0" (n.) +2m)<l<m,  sin Ny 11(1) éq(n) ™ o0 (530

Next, we will study the cosine part in (5.28). Note Gg(n*) is not the minimum in the
first Ny oscillators at the step n,. Therefore, we may assume the p-th oscillator to be
minimum of the first Ny oscillators, i.e.

h —
0, () +2m = 131;1}\[09 (n4)+2m. (5.31)

Then, we can split the cosine part in (5.28) into two parts and apply the boundedness
property of trigonometric functions to obtain that

icos <9h(n )— 91}%+1(n*) + (92‘(71*) +27r)>

2

N

No
Z-i— Z cos ((9?(71*)4-270— 91%0+1(n*)+;93(n*)+2ﬂ')>

j=1 j=No+1

No
ZZCOS (9;1(71*)_’_271__ 97V0+1(n*)+;63(n*)+2’ﬂ')> —(N—No) (532)
J=1
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Then the summation in (5.32) can be estimated term by term. In fact, for j-th oscillator
where 1< j <Ny, we have

0Ny 1 (1) + (0 (n) +2m)
(8] (n.) +2m) — =
(08 (n) +142m) + (08 (n.) 4 27)
< (9;»’(71*)—1—277)— 5
| Op () +142m) + (B (n) +2m) Oy (1) + (B (1) + 27)
2 2

For 7;, as the diameter of the first Ny oscillators are uniformly bounded by [, we apply
(5.26);, (5.30) and (5.31) to obtain that

(6% (n,)+2) - (65 () +1+ 2“; + (05 (n) +2m)
= 310 (n2) 4 2m) — (B4 (n.) 1 2m) + (8 () +2m) — (B () +-2m)|
S%maX{\ () +2m) = (00 () +142m) |, | (67 (n) +2m) — (62 (n) +2) |}
Sé' (5.34)

For I,, we first deal with the difference between 6/(n.) and 6! (n,). According to the
definition of p-th and ¢-th oscillators in (5.27) and (5.31), we have

(08 (n.)+2m) — (00 () +2m) <0, (0 (n.+1)+27) — (0 (n.+1)+27)>0.  (5.35)

Therefore, according to the iteration scheme (1.2) and (5.35), we have the following
estimates for the difference,

(0 (1) +2m) = (6, () +2)
(n

)—
—[(oF +1)+27r) (00 (ns +1) +2m) ] + h(, — Q)

+ KWh >_[sin(0] (n.) =6, (n.)) —sin(6} (n.) = 05 (n.)]
<hD(Q)+2Kh. (5.36)

Then we will deal with the difference between 6% (n,)+1+2r and 0%, (n.) in Zo.
Similar to the estimate in (5.36), we can estimate the difference between p-th and ¢-th
oscillators at step n.+1 as below,

(9p (n* +1)+42m)— (Gg(n* +1)+2m)

= [(62(ny) +2m) = (61 (ns) +2m)] + 1(Qp — Q)
Kh l : h h : h h
+ WZ[SHI(% (14) = 0, () —sin(07 () — 07 (n4))]

Jj=1
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<hD(Q)+2Kh. (5.37)

Then, we directly apply the iteration scheme (1.2), (5.27) and (5.37) to obtain the
estimate of the difference between 6} (n.)+1+2m and 0%, (n.) as below,

(O () +1+27) = 0, 11 (na)
= [(0] (4 1) +142m) = 0%, 1 (e +1)] + [0 (2 +1) = 0} (0. +1)]

Kh al . h h : h h
Fh@g1 = Q)+ 1 D (O () — 2 (1)) —sin (O} () — % ()]

<2hD(Q)+4Kh. (5.38)

Therefore, by choosing h sufficiently small, we combine the estimates (5.33), (5.34),
(5.36), and (5.38) to obtain for 1 <j <N, that

01 (n) + (05 (n) +27)
2

3D(Q)+6K
2

<-4 h< g (5.39)

B[ =~

(Hf(n*) +27)—

Combining (5.30) and (5.39), we obtain that the last term in (5.28) is positive. There-
fore, we can apply the same argument in the second step of the proof of Lemma 5.1 to
show that there exists a positive constant hg such that

O 1 (1) = (01 (. +1)+2m) <l,  0<h<ho,

which is obviously a contradiction to (5.27). Thus the proof of claim (5.25) is completed.
Moreover, the case when oscillator 9?{,0 1 enters the set S_; at step n. can be dealt with
the same method. Therefore, we combine Lemma 4.1 and (5.25) to obtain that

hin)—2m — h in 0" >ne. :
1;1;2}}(\,0@(71) 27 l<9NO+1(n)<1§r51%I}V09J(n)+27r—|—l, n>ne (5.40)

Equation (5.40) immediately implies the uniform bound of the diameter D(©"(n)),
which is a contradiction to the assumption limsup,,_, . D(©"(n))=+oc0c. Therefore,
we conclude that the diameter D(©"(n)) is uniformly bounded. Moreover, according to
(5.40), we have

sup  D(O"(n)) <4r+2l. (5.41)
0<n<+oo

e Step 2. (Asymptotic synchronization) According to the conservation of the total
phase, we have zero total phase for any solution to (1.2) with initial data stated in the
lemma. This directly impies that

|0k (n)| < D(O"(n)) < . sup  D(0"(n)) <4m+2I.
<n<+o0

Then we exploit Theorem 3.1 to obtain that for sufficiently small 0 < h < hg, there exists
O such that

lim ||©"(n) —0%|| =0.
n——+00
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Now, we are ready to prove the main theorem in the present section. For any given
initial data, we only need to check if the conditions in Lemma 5.2 hold at some step.
As in [31], the authors already verified this in the continuous model, we can simply use
the approximation between continuous model and discrete model to obtain the desired
results.

THEOREM 5.1. Let N >3, suppose that the initial configuration ©¢ and natural
frequencies §; satisfy the conditions (2.3) and

ro>0, 6)#0), 1<j#k<N, 192000 = | max |92 <oo.

Then, there exists a large coupling strength Ko, >0 and a small mesh size hg >0 such
that, if K> Ko and 0<h <hyg, then the emergence of phase-locked state will asymptot-
ically occur. More precisely, we can find a phase locked state ©>° such that the solution
to system (1.2) with initial data ©¢ satisfying

. h %) o
Jim [|©%(n) = 0%l =0,

provided that K > Ky, and 0<h<hg. Moreover, for any fivred K > K, if Og € A1 (K),
then the convergence rate would be exponentially fast after n., i.e.

||@h(n) _ @00”00 < e—C(n—nE)h’

where C' is a positive constant.

Proof.  According to [31], for continuous model and the same initial condition,
for a fixed initial data ©¢, we can find a sufficient large K. If the coupling strength
K > K, then there exists a time 7. such that the conditions in Lemma 5.2 hold at T-.

N — N,
Nog=N -1, l€<0,2arccos N 0),
0
D(Q) (5.42)
%sinl—%siné.

1§I;}]?“%(N0‘6j(TE)79k(TE)|<la K>

Then, we apply the continuity of the solution ©(t) and the approximation property in
Lemma 2.5 to conclude for sufficiently small h that, there exists a step n. such that

N — N, D(§2
Nog=N -1, lE(O,Qarccos 0), K> 2(N)N ,
No %sinl—i( ~ 0) siné (5.43)
1§?3§N0\0§L(n5)—92(n5)|<l, neh <T.<(n.+1)h.

Now, we combine Lemma 5.2 and (5.43) to conclude that, for any fixed initial data
Op, there exist constants K., and hg such that the phase locked state ©°° will emerge
asymptotically, provided K > K, and 0 < h < hy, i.e.

. h et _
lim [|0"(n) ~ O] =0.

Moreover, if further ©¢ € A;(K) for a fixed K > K, then, according to the above analy-
sis, the solution ©(t) of the identical continuous-time model with coupling strength K
will concentrate in a small region, inside the quarter for instance, after time 7.. Then
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by the choice of K, we know the solution ©V!(¢) of nonidentical continuous model
will be very close to ©7(t) at T.. Therefore, ©V!(T.) also belong to a quarter. Finally,
we let h sufficiently small so that the solution ©"(n) of the nonidentical discrete model
will be in a quarter at n. too, where n. has been introduced in (5.43). Thus, we can
apply the results in [28] to conclude the exponential decay of the solution ©"(n) to ©>
after ng, i.e.

16" (1) — 8% |oe < &=,

where C' is a positive constant. 0

6. Summary

In this paper, we first provided a discrete version of the gradient flow theory, and ac-
cordingly prove the emergence of synchronization of the discrete-time Kuramoto model
in both identical and non-identical cases. Then, in order to yield the convergence rate,
we apply the approximation between continuous model and discrete model to obtain the
exponential decay rate for discrete identical Kuramoto model. Moreover, according to
the definition (4.1), for initial data ©} € A;, we proved that the time-asymptotic equi-
librium states of discrete and continuous models coincide with each other. For initial
data ©} € Ay, we cannot prove this, which may be due to the instability of the bipolar
states. Finally, for non-identical model, we apply the theory of discrete gradient flow
to yield the emergence of synchronization. However, so far, we can only obtain the
exponential decay for initial data in A;(K) when K is sufficiently large. Therefore, we
can apply the results in [28] to conclude the uniform-in-time convergence from discrete
Kuramoto model to continuous Kuramoto model in this case. The case O € Ay (K) will
be studied in our future work.
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