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NUMERICAL STUDY OF COMPRESSIBLE
NAVIER–STOKES–CAHN–HILLIARD SYSTEM∗

QIAOLIN HE† AND XIAODING SHI‡

Abstract. In this paper, we present a relaxation scheme coupled with a stabilized method to
numerically study the compressible Navier-Stokes-Cahn-Hilliard system, which has energy-decaying
property under certain conditions. Numerical simulations are carried out to verify the stability of the
scheme. Numerical results show that the average concentration difference for the two components of
the initial state determines the long-time behavior of the diffusive interface for the two-phase flow,
which are consistent with theoretical asymptotic stability results established by the authors.
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1. Introduction
The evolution of the binary compressible mixture is one of the fundamental prob-

lems in fluid mechanics, for example, the flow of fluids such as foams, solidification
processes, fluid-gas interface etc. These kinds of two-phase flows are supposed to be
macroscopically immiscible, but local mixing leads to a narrow transition, known as dif-
fusion interfaces. These flows with diffusion interfaces can be described by the coupled
system of Navier-Stokes equations and Cahn-Hilliard equations. This mathematical
model was first proposed by Lowengrub and Truskinovsky [1], they added the effect
of the motion of particles and the interaction with the diffusion into the Cahn-Hilliard
equation, and put forward the Navier-Stokes-Cahn-Hilliard system (the so called NSCH
model). A similar result was established by Abels and Feireisl [2], Anderson, McFad-
den and Wheeler [3], Heida, Málek and Rajagopal [4], Kotschote [5] and the references
therein. The global existence of renormalized weak solutions of this NSCH system in
three dimensions was obtained in Abels and Feireisl [2], the method they used is the
framework which was proposed by Lions [6]. Kotschote and Zacher [7] established a lo-
cal existence of strong solutions in a bounded domain in R

n. Ding and Li [8] presented
the global existence of strong solutions in an interval with no penetration boundary
condition in one dimension. Chen, He, Mei and Shi [9] study the asymptotic stability
of solutions for this system, they proved that the solutions are asymptotically stable
in time even for the large initial disturbance of the density and velocity data. They
showed that the average concentration difference for the two components of the initial
state determines the long-time behavior of the diffusive interface for the two-phase flow.

We also note that there are many theoretical and numerical results (see [10–15])
on Cahn-Hilliard equation. In [16], the authors presented a gradient stable scheme for
incompressible NSCH system with generalized Navier slip boundary condition. The
scheme is semi-implicit in time and is based on a convex splitting of the Cahn-Hilliard
free energy (including the boundary energy) together with a projection method for
the Navier-Stokes equations. The authors of [17] presented a least-squares/finite ele-
ment method for incompressible NSCH system, which is based on stabilized method for
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Cahn-Hilliard equation. In [18], an accurate and energy stable discontinuous Galerkin
method has been presented for phase field models of two-phase incompressible flows.
There are also other related works about incompressible NSCH system. To the best
of our knowledge, for quasi-incompressible and compressible NSCH models, there are
few works. The approaches which are used to propose energy-stable schemes for incom-
pressible flows are not applicable to quasi-incompressible and compressible cases, since
the pressure is now a function of density and concentration difference.

In this article, we are going to use the relaxation scheme for conservation laws
combined with a stabilized method to numerically simulate the coupled NSCH system.
The relaxation scheme is introduced by Jin and Xin in [19]. The idea is to use a local
relaxation approximation. They construct a linear hyperbolic system with a stiff lower
order term that approximates the original system with a small dissipative correction.
The main features of this class of schemes is its simplicity and generality. It uses neither
Riemann solver spatially nor nonlinear systems of algebraic equation solvers temporally,
yet can achieve high-order accuracy and pick up the correct weak solutions. Shen and
Yang [20] presented stability analysis and error estimates for a number of commonly
used numerical schemes for Allen-Cahn and Cahn-Hilliard equations, which will be used
in this article.

The rest of this article is organized as follows. In Section 2, the relaxation schemes
for 1-D case and 2-D case are described. In Section 3, we derive the energy law for the
PDE system. Discrete energy law of our scheme is derived in Section 4. Numerical tests
are performed in Section 5. The paper concludes in Section 6 with a few remarks.

2. The relaxation systems

In this section, first of all, we briefly recall the derivation of the NSCH model, for
more details please refer to [1]– [5] and [10]. Let Ω⊂R

N be a bounded domain, we define
Mi as the mass of the components in the representative material volume V , χi=

Mi

M
the mass concentration of the fluid, with i=1,2, and we introduce the concentration
difference of two components for the fluid mixture as χ=χ1−χ2. Let ρi=

Mi

V be the
apparent mass density of the fluid i. The total density is defined as ρ=ρ1+ρ2. The
average velocity u is given by ρu=ρ1u1+ρ2u2, where ui is the velocity of the fluid, with
i=1,2 in the mixed flow. Then the mass conservation equation is obtained immediately

∂tρ+div(ρu)=0. (2.1)

Let ε>0 be the thickness of the diffuse interface of the fluid mixture, the Helmholtz
free energy in the immiscible compressible two-phase fluids is expressed as

Efree(ρ,χ)
def
=

∫
Ω

( ργ

γ−1
+

ρ

ε
f(χ)+

ε

2
|∇χ|2

)
dx, (2.2)

where γ >1 is the adiabatic constant, and f represents a “double-well potential”, which
is defined as

f(χ)=
1

4
(χ2−1)2. (2.3)

We define the free energy density as

Ψ(ρ,χ,∇χ)
def
=

ργ

γ−1
+

ρ

ε
f(χ)+

ε

2
|∇χ|2, (2.4)
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then the non-hydrostatic Cauchy stress tensor P , which is assumed to be of the form

P
def
= ρ2

∂
(
1
ρΨ

)
∂ρ

I+ρ∇χ⊗
∂
(
1
ρΨ

)
∂∇χ

=ργI− ε

2
|∇χ|2I+ε∇χ⊗∇χ, (2.5)

where I is the unit matrix and ∇ is the gradient operator. Thus the momentum equation
reads as

∂t(ρu)+div(ρu⊗u)+∇p−(νΔu+λ∇divu)=−εdiv(∇χ⊗∇χ− |∇χ|2
2

I
)
, (2.6)

where div is the divergence operator, p=ργ and ν >0, λ>0 are viscosity coefficients.
Further, by using the second law of thermodynamics/local dissipation inequality etc.,
the convected analogue of the Cahn-Hilliard equation can be expressed as

∂t
(
ρχ

)
+div(ρχu)=Δμ. (2.7)

Here, μ is the chemical potential, and it can be obtained by the variation of free energy

ρμ
def
=

δEfree

δχ
=

∂F

∂χ
+div

∂F

∂∇χ
=

ρ

ε

∂f

∂χ
−εΔχ. (2.8)

So far, combining (2.1), (2.6), (2.7) and (2.8), the compressible Navier-Stokes-Cahn-
Hilliard system is derived

∂tρ+div(ρu)=0,

∂t(ρu)+div(ρu⊗u)+∇p−(νΔu+λ∇divu)= εdiv
( |∇χ|2

2
I−∇χ⊗∇χ

)
,

∂t
(
ρχ

)
+div(ρχu)=Δμ,

ρμ=
ρ

ε

∂f

∂χ
−εΔχ.

(2.9)

For simplicity, the initial value problem NSCH system in 1-D is

ρt+(ρu)x=0,

ρut+ρuux+px=νuxx− ε

2

(
χ2
x

)
x
,

ρχt+ρuχx=μxx,

ρμ=
1

ε
ρ
∂f(χ)

∂χ
−εχxx,

(ρ,u,χ)(x,0)=
(
ρ0,u0,χ0

)
(x).

(2.10)

We study two model cases for (2.10): periodic boundary conditions are applied for ρ, u,
χ and μ; another case is that u|∂Ω=0, ∂χ

∂x |∂Ω=0 and ∂μ
∂x |∂Ω=0. For a complex system,

in order to avoid solving a hyperbolic system by Riemann solver and achieving high order
accuracy, we approximate the original system with a small dissipative correction, see [21–
24]. Letting u=(ρ,ρu)T and F (u)=(ρu,ρu2+p−νux+

ε
2χ

2
x)

T , and introducing a new
variable v∈R2, following from [19], the relaxation system of (2.10) can be introduced
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as:

∂

∂t
u+

∂

∂x
v=0

∂

∂t
v+A

∂

∂x
u=−1

η
(v−F (u)),

ρχt+ρuχx=μxx,

ρμ=
1

ε
ρ
∂f(χ)

∂χ
−εχxx,

(2.11)

where u∈R2,v∈R2,x∈R1,t>0 and A=diag(a1,a2),ai>0(1≤ i≤2). For η sufficiently
small, it is expected that by solving (2.11) properly, one can obtain good approxima-
tions to the original equations (2.10), where η is a small positive parameter called the
relaxation time and A satisfies Liu’s subcharacteristic condition

A≥F ′(u)2, ∀ u, (2.12)

where F ′(u) is the Jacobian matrix of F . Since v can be eliminated from (2.11), the
first two equations in (2.10) can be approximated when η→0, i.e., small relaxation
limit. The viscosity term and a derivative term of χ appearing in the right-hand side
of (2.10) will be included in F (u) in (2.11). The relaxation system is a linear system
with a stiff lower order term, so we can use efficient splitting time discretizations. One
simple choice of the matrix A is

a1=a2=a=max

{
sup

(
u+

√
p′(ρ)

)2

, sup
(
u−

√
p′(ρ)

)2
}
. (2.13)

2.1. The relaxation schemes and stabilized method. Similarly as in [19],
we define the spatial grid points xj+ 1

2
with mesh size hj =xj+ 1

2
−xj− 1

2
. We denote by

uj+1/2 the approximate point value of u, and by uj the approximate cell average of u
in the cell [xj−1/2,xj+1/2]. A spatial discretization to system (2.11)1−2 can be written
as

∂

∂t
uj+

1

hj
(vj+1/2−vj−1/2)=0,

∂

∂t
vj+

1

hj
A(uj+1/2−uj−1/2)=−1

η
(vj−Fj),

(2.14)

where Fj is defined by Fj =
1
hj

∫ xj+1/2

xj−1/2
F (u)dx= 1

hj
F
(∫ xj+1/2

xj−1/2
udx

)
+O(h2)=F (uj)+

O(h2), for h=maxj hj . It is easy to observe that the relaxation system (2.11)1−2 has

two characteristic variables v±A
1
2u. We shall consider the upwind scheme and the

MUSCL scheme, which are described in [19].

The upwind scheme. When we apply the first-order upwind scheme to v±A
1
2u,

we obtain that

uj+1/2=
1

2
(uj+uj+1)− 1

2
A− 1

2 (vj+1−vj),

vj+1/2=
1

2
(vj+vj+1)− 1

2
A

1
2 (uj+1−uj).

(2.15)
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It is easy to obtain the following semi-discrete approximation to relaxation system
(2.11)1−2,

∂

∂t
uj+

1

2hj
(vj+1−vj−1)− 1

2hj
A

1
2 (uj+1−2uj+uj−1)=0,

∂

∂t
vj+

1

2hj
A(uj+1−uj−1)− 1

2hj
A

1
2 (vj+1−2vj+vj−1)=−1

η
(vj−F (uj)).

(2.16)

The MUSCL scheme. Instead of using the piecewise-constant interpolation
which yields a first-order approximation, the MUSCL scheme uses the piecewise-linear
interpolation, which is a second-order scheme. When the MUSCL scheme is applied to
the q-th components of v±A

1
2u, it gives that

uj+1/2=
1

2
(uj+uj+1)− 1

2
√
aq

(vj+1−vj)+
1

4
√
aq

(hjσ
+
j +hj+1σ

−
j+1),

vj+1/2=
1

2
(vj+vj+1)−

√
aq

2
(uj+1−uj)+

1

4
(hjσ

+
j −hj+1σ

−
j+1).

(2.17)

The approximation of the relaxation system (2.11)1−2 is componentwise as

∂

∂t
uj+

1

2hj
(vj+1−vj−1)−

√
aq

2hj
(uj+1−2uj+uj−1)

− 1

4hj

(
hj+1σ

−
j+1−hj(σ

+
j +σ−

j−1)+hj−1σ
+
j−1

)
=0,

∂

∂t
vj+

1

2hj
(uj+1−uj−1)−

√
aq

2hj
(vj+1−2vj+vj−1)

+

√
aq

4hj

(
hj+1σ

−
j+1+hj(σ

+
j −σ−

j−1)−hj−1σ
+
j−1

)
=−1

η

(
vj−F (q)(uj)

)
,

(2.18)

where u and v are the q-th components of u and v respectively, aq is the q-th component
of the principal diagonal in A, F (q) is the q-th component of F , σ±

j is the slope of
v±√aqu on the j-th cell, defined by Sweby’s notation [26],

σ±
j =

1

hj

(
vj+1±√aquj+1−(vj±√aquj)

)
φ(θ±j ),

θ±j =
vj±√aquj−(vj−1±√aquj−1)

vj+1±√aquj+1−(vj±√aquj)
.

(2.19)

The minmod slope φ(θ)=max(0,min(1,θ)) is used in this article.

The time discretization. We use a second-order TVD Runge-Kutta splitting
scheme for (2.11), which is introduced by Jin [25]. The scheme takes implicit stiff steps
and explicit convection steps alternatively, which is given by the following

χ∗
j =χn

j , (2.20)

u∗
j =un

j , (2.21)

v∗
j =vn

j +
Δt

η

(
v∗
j −F (u∗

j )
)

(2.22)

μ
(1)
j =

1

ε

(
Sχ

(1)
j −Sχ∗

j +fχ
∗
j

)
− ε(χ

(1)
xx )j
ρ∗j

, (2.23)
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χ
(1)
j =χ∗

j −Δtu∗
jχ

(1)
xj +

Δt(μ
(1)
xx )j

ρ∗j
, (2.24)

u
(1)
j =u∗

j −
Δt

hj
(v∗

j+1/2−v∗
j−1/2), (2.25)

v
(1)
j =v∗

j −
Δt

hj
A(u∗

j+1/2−u∗
j−1/2). (2.26)

The equations (2.20)–(2.26) is the intermediate step of second-order TVD R-K scheme
to update χ,u and v, where S is the stabilized parameter which is defined in (4.1) for
Cahn-Hilliard equation. The idea of keeping the convection terms explicit has great
advantages.

χ∗∗
j =χ

(1)
j , (2.27)

u∗∗
j =u

(1)
j , (2.28)

v∗∗
j =v

(1)
j −Δt

η
(v∗∗

j −F
(
u∗∗
j )

)−2
Δt

η
(v∗

j −F
(
u∗
j )
)

(2.29)

μ
(2)
j =

1

ε

(
Sχ

(2)
j −Sχ∗∗

j +fχ
∗∗
j

)
− ε(χ

(2)
xx )j
ρ∗∗j

, (2.30)

χ
(2)
j =χ∗∗

j −Δtu∗∗
j χ

(2)
xj +

Δt(μ
(2)
xx )j

ρ∗∗j
, (2.31)

u
(2)
j =u∗∗

j −
Δt

hj
(v∗∗

j+1/2−v∗∗
j−1/2), (2.32)

v
(2)
j =v∗∗

j −
Δt

hj
A(u∗∗

j+1/2−u∗∗
j−1/2). (2.33)

The equations (2.27)–(2.33) is the second step to update χ,u and v in the TVD R-K
scheme. Since the source terms are treated implicitly, this time discretization is stable
and independent of η, provided that the CFL condition from the convection is satisfied.
Finally,

χn+1
j =

1

2
(χn

j +χ
(2)
j ), (2.34)

un+1
j =

1

2
(un

j +u
(2)
j ), (2.35)

vn+1
j =

1

2
(vn

j +v
(2)
j ), (2.36)

where uj+ 1
2
and vj+ 1

2
can be taken as upwind scheme (2.15) or MUSCL scheme (2.17).

In (2.23)–(2.24) and (2.30)–(2.31), we have used a first-order stabilized semi-implicit
method for Cahn-Hilliard equation introduced by Shen and Yang in [20]. Actually, a
second-order stabilized semi-implicit method for Cahn-Hilliard equation in [20] can still
be applied to (2.23)–(2.24) and (2.30)–(2.31) like the following

−εχ
n+1
xx

ρn
+S

χn+1−2χn+χn−1

ε
−μn+1=

fn−1
χ −2fn

χ

ε

1

2Δt
(3χn+1−4χn+χn−1)=

μn+1
xx

ρn
−unχn+1

x

(2.37)
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where S≥ L
2 and max

χ
{|fχχ|}≤L. From (2.22), the algorithm will break down if Δt=

O(η). Therefore, we choose Δt �=O(η).

2.2. Two dimensional case. Refer to the Navier-Stokes-Cahn-Hilliard system
(2.9), the initial value problem NSCH system in two dimensions can be reduced to

ρt+(ρu)x+(ρv)y =0,

(ρu)t+(ρu2+p)x+(ρuv)y

=ν
2∂ux

∂x
+ν

∂(uy+vx)

∂y
+λ

∂(ux+vy)

∂x
−ε

∂( 12χ
2
x− 1

2χ
2
y)

∂x
−ε

∂(χxχy)

∂y
,

(ρv)t+(ρuv)x+(ρv2+p)y

=ν
∂(uy+vx)

∂x
+ν

2∂vy
∂y

+λ
∂(ux+vy)

∂y
−ε

∂(χxχy)

∂x
−ε

∂( 12χ
2
y− 1

2χ
2
x)

∂y
,

(ρχ)t+
∂(ρχu)

∂x
+

∂(ρχv)

∂y
=Δμ,

ρμ=
1

ε
ρ
∂f(ρ,χ)

∂χ
−εdiv(∇χ),

(ρ,u,v,χ)(x,y,0)=
(
ρ0,u0,v0,χ0

)
(x,y),

(2.38)

where λ is also a viscosity coefficient, u represents horizontal velocity and v represents
vertical velocity. As in [19], consider the two dimensional relaxation system in Eulerian
coordinates,

∂

∂t
u+

∂

∂x
v+

∂

∂y
w=0,

∂

∂t
v+A

∂

∂x
u=−1

η
(v−F (u)),

∂

∂t
w+B

∂

∂y
u=−1

η
(w−G(u)),

(2.39)

where A=diag(a1,a2,a3) and B=diag(b1,b2,b3) with ai>0,bi>0 for 1≤ i≤3. In two
dimensions, u=(ρ,ρu,ρv)T and

F (u)=(ρu,ρu2+p−2νux−λ(ux+vy)+
1

2
εχ2

x−
1

2
εχ2

y,ρuv−ν(uy+vx)+εχxχy)
T ,

G(u)=(ρv,ρuv−ν(uy+vx)+εχxχy,ρv
2+p−2νvy−λ(ux+vy)− 1

2
εχ2

x+
1

2
εχ2

y),

and p=ργ is the pressure. Similar as (2.13), the simple choice for matrix A is

a1=a2=a3=a=max

{
sup

(
u+

√
p′(ρ)

)2

,supu2,sup
(
u−

√
p′(ρ)

)2
}
, (2.40)

for matrix B is

b1= b2= b3= b=max

{
sup

(
v+

√
p′(ρ)

)2

,supv2,sup
(
v−

√
p′(ρ)

)2
}
, (2.41)
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which corresponds to the eigenvalues of 2-D Euler equations. Suppose the spatial grid
points are located at (xi+1/2,yj+1/2), the mesh size is hx

i =xi+1/2−xi−1/2 and hy
j =

yj+1/2−yj−1/2. For u(x,y), the point value ui+1/2,j+1/2=u(xi+1/2,yj+1/2) and the cell
average value is defined as

ui,j =
1

hx
i h

y
j

∫ xi+1/2

xi−1/2

∫ yj+1/2

yj−1/2

u(x,y)dxdy. (2.42)

A semi-discrete differencing scheme to (2.39) is

∂

∂t
ui,j+

1

hx
i

(vi+1/2,j−vi−1/2,j)+
1

hy
j

(wi,j+1/2−wi,j−1/2)=0,

∂

∂t
vi,j+A

1

hx
i

(ui+1/2,j−ui−1/2,j)=−1

η
(vi,j−F (ui,j)) ,

∂

∂t
wi,j+B

1

hy
j

(ui,j+1/2−ui,j−1/2)=−1

η
(wi,j−G(ui,j)) .

(2.43)

The similar upwind scheme and MUSCL scheme which are described in [19] can be
used in (2.43). For the time discretization, we use the algorithm (2.20)–(2.36), which is
second-order in time. The second-order stabilized method (2.37) can be applied in the
two dimensional case.

3. Energy law for the system
In this section, we will give the energy equation of system (2.9). We define

G(ρ)
def
= ρ

∫ ρ

ρ̄

p(s)−p(ρ̄)

s2
ds. (3.1)

where ρ̄= 1
|Ω|

∫
Ω
ρ0(x)dx is the average of the initial density. Observing that

G′(ρ)=
G(ρ)+p(ρ)−p(ρ̄)

ρ
, and G′′(ρ)=

p′(ρ)
ρ

,

one has G(ρ̄)=G′(ρ̄)=0, and then, combining with the convexity property of p, there
exist positive constants c1,c2>0 satisfying

c1(ρ− ρ̄)2≤G(ρ)≤ c2(ρ− ρ̄)2. (3.2)

Combining with the mass conservation equation (2.9)1, so that

G(ρ)t+div
(
G(ρ)u

)
+
(
p(ρ)−p(ρ̄)

)
divu=0. (3.3)

Lemma 3.1. Assume that the initial value (ρ0,u0)∈H3 and χ0∈H4, then ∀T >0, it
holds that

sup
t∈[0,T ]

∫
Ω

(ρu2

2
+

ε

2
|∇χ|2+c1|ρ− ρ̄|2+ ρ(χ2−1)2

4ε

)
dx

+

∫ T

0

∫
Ω

(
|∇μ|2+ν|∇u|2+λ|divu|2

)
dxdt

≤
∫
Ω

(1
2
ρ0u

2
0+

ε

2
|∇χ0|2+c2|ρ− ρ̄|2+ ρ

4ε
(χ2

0−1)2
)
dx, (3.4)
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where C is a positive constant.

Proof. Multiplying Equation (2.9)2 by u and Equation (2.9)3 by μ, integrating
over Ω and adding them up, one has

d

dt

∫
Ω

(ρu2

2
+

ε

2
|∇χ|2+ ρ(χ2−1)2

4ε

)
dx+

∫
Ω

(
|∇μ|2+ν|∇u|2+λ|divu|2+u∇p(ρ)

)
dx=0.

Integrating (3.3) and adding the result to the above equation, one then gets

d

dt

∫
Ω

(ρu2

2
+

ε

2
|∇χ|2+G(ρ)+

ρ(χ2−1)2

4ε

)
dx+

∫
Ω

(
|∇μ|2+ν|∇u|2+λ|divu|2

)
dx=0,

integrating the above equation over [0,T ], one has

sup
t∈[0,T ]

∫
Ω

(ρu2

2
+

ε

2
|∇χ|2+G(ρ)+

ρ(χ2−1)2

4ε

)
dx

+

∫ T

0

∫
Ω

(
|∇μ|2+ν|∇u|2+λ|divu|2

)
dxdt

≤
∫
Ω

(1
2
ρ0u

2
0+

ε

2
|∇χ0|2+G(ρ0)+

ρ

4ε
(χ2

0−1)2
)
dx, (3.5)

combining with the inequality (3.2), the standard energy estimate (3.4) is obtained.

4. Discrete energy law

4.1. The Cahn-Hilliard equation. In this section, we will discuss the discrete
energy-decaying property for (2.11). To illustrate the procedure, we consider the pure
Cahn-Hilliard equation. For the first-order semi-implicit method

−ε (χ
n+1
x )x
ρn

+S
χn+1

ε
−μn+1=

Sχn−fn
χ

ε
, (4.1)

χn+1−Δt
μn+1
xx

ρn
=χn, (4.2)

similar as Lemma 3.2 in [20], we have the following

Lemma 4.1. For S≥ L
2 and max

χ
{|fχχ|}≤L, the scheme (4.1)–(4.2) is unconditionally

stable and the following energy law holds for any Δt:∫
Ω

(
ε

2
(χn+1

x )2+
1

ε
ρnf(χn+1)

)
dx≤

∫
Ω

(
ε

2
(χn

x)
2+

1

ε
ρnf(χn)

)
dx. (4.3)

Remark 4.1. The linear version of the second-order scheme (2.37) is conditionally
stable for all S≥ 0, which is the same as Lemma 2.3. in [20].

4.2. Discrete energy law for the relaxation scheme (2.11). We now present
the discrete energy law for the total energy. This also implies the stability of the time
discretization scheme (2.20)–(2.36). For simplicity, we consider the first-order TVD
Runge-Kutta scheme and use a uniform grid, hj =h.

χ∗
j =χn

j , (4.4)
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u∗
j =un

j , (4.5)

v∗
j =vn

j −
Δt

η

(
v∗
j −F (u∗

j )
)
, (4.6)

μn+1
j =

1

ε

(
Sχn+1

j −Sχ∗
j +fχ

∗
j

)
−ε

χn+1
j+1 −2χn+1

j +χn+1
j−1

h2ρ∗j
, (4.7)

χn+1
j =χ∗

j −Δtu∗
j

χn+1
j+1 −χn+1

j−1

2h
+Δt

μn+1
j+1 −2μn+1

j +μn+1
j−1

h2ρ∗j
, (4.8)

un+1
j =u∗

j −
Δt

h
(v∗

j+1/2−v∗
j−1/2), (4.9)

vn+1
j =v∗

j −
Δt

h
A(u∗

j+1/2−u∗
j−1/2), (4.10)

where A=diag(a,a) which satisfies Liu’s subcharacteristic condition, uj+1/2 and vj+1/2

can be calculated by the upwind scheme (2.15), therefore equations (4.9)–(4.10) can be
rewritten as

un+1
j =u∗

j −
1

2
k(v∗

j+1−v∗
j−1)+

1

2
k
√
a(δ2xu

∗
j ), (4.11)

vn+1
j =v∗

j −
1

2
k(u∗

j+1−u∗
j−1)+

1

2
k
√
a(δ2xv

∗
j ), (4.12)

where k= Δt
h , δ2xuj :=uj+1−2uj+uj−1, and v∗

j can be solved in (4.6),

v∗
j =

1

1+ Δt
η

(
vn
j +

Δt

η
F (un

j )

)
. (4.13)

We define the discrete l2 inner product of two real vectors U and V when total cell
numbers is J , as follows:

〈U,V 〉=h
J∑

j=1

UjVj , (4.14)

for which we have ‖U‖= 〈U,U〉1/2.
Theorem 4.1. Let un,vn,χn,μn satisfy equations (4.4)–(4.10) with periodic boundary
conditions for un,vn,χn and μn. For S≥ L

2 and max
χ
{|fχχ|}≤L, and if Δt

h

√
a≤1, we

have

‖√aun+1‖2+‖vn+1‖2≤‖√aun‖2+‖v∗‖2. (4.15)

Moreover, if at t= tn, the solution is in local equilibrium, i.e.,

v∗
j =vn

j , (4.16)

we have

‖√aun+1‖2+‖vn+1‖2+ ε

2h2

J∑
j=1

(χn+1
j −χn+1

j−1 )
2+

1

ε

J∑
j=1

ρn+1
j fn+1

j

≤‖√aun‖2+‖vn‖2+ ε

2h2

J∑
j=1

(χn
j −χn

j−1)
2+

1

ε

J∑
j=1

ρnj f
n
j . (4.17)
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Proof. From (4.11) and (4.12), using (4.14), we have

‖un+1‖2=‖u∗‖2+k2‖Δ0xv
∗‖2+ k2

4
a‖δ2xu∗‖2

−k〈u∗,2Δ0xv
∗〉+k

√
a
〈
u∗,δ2xu

∗〉−k2
√
a
〈
Δ0xv

∗,δ2xu
∗〉 , (4.18)

‖vn+1‖2=‖v∗‖2+k2a2‖Δ0xu
∗‖2+ k2

4
a‖δ2xv∗‖2

−ka〈v∗,2Δ0xu
∗〉+k

√
a
〈
v∗,δ2xv

∗〉−k2a
3
2

〈
Δ0xu

∗,δ2xv
∗〉 . (4.19)

where Δ0xuj :=
1
2 (uj+1−uj−1). Using a times (4.18) and adding to (4.19), we obtain

that

‖√aun+1‖2+‖vn+1‖2=‖√au∗‖2+‖v∗‖2+k2a‖Δ0xv
∗‖2

+k2a2‖Δ0xu
∗‖2+ k2

4
a2‖δ2xu∗‖2+ k2

4
a‖δ2xv∗‖2

−ka
3
2 ‖δxu∗‖2−k

√
a‖δxv∗‖2, (4.20)

where δxuj :=uj+ 1
2
−uj− 1

2
, we have used periodic boundary conditions and the sum-

mation by parts formulae. The above equation can be rewritten as

‖√aun+1‖2+‖vn+1‖2≤‖√au∗‖2+‖v∗‖2

+
k2

2
a‖Δ+xv

∗‖2+ k2

2
a‖Δ−xv

∗‖2−k
√
a‖δxv∗‖2

+
k2

2
a2‖Δ+xu

∗‖2+ k2

2
a2‖Δ−xu

∗‖2−ka
3
2 ‖δxu∗‖2, (4.21)

where Δ+xuj :=uj+1−uj and Δ−xuj :=uj−uj−1. If k
√
a≤1, we obtain

‖√aun+1‖2+‖vn+1‖2≤‖√aun‖2+‖v∗‖2, (4.22)

where u∗=un has been used, v∗ is composed of un,vn and χn. If at t= tn, the solution
is in local equilibrium, by (4.16), we have

‖√aun+1‖2+‖vn+1‖2≤‖√aun‖2+‖vn‖2. (4.23)

Using μn+1
j times (4.8) and summing up over all j, using χn+1

j −χn
j times (4.7) and

summing up over all j, we have

1

ε
S

J∑
j=1

ρnj (χ
n+1
j −χn

j )
2− ε

h2

J∑
j=1

(χn+1
j+1 −2χn+1

j +χn+1
j−1 )(χ

n+1
j −χn

j )

+
1

ε

J∑
j=1

ρnj f
n
χj(χ

n+1
j −χn

j )=

J∑
j=1

ρnj μ
n+1
j (χn+1

j −χn
j ), (4.24)

J∑
j=1

ρnj μ
n+1
j (χn+1

j −χn
j )=

Δt

h2

J∑
j=1

(μn+1
j+1 −2μn+1

j +μn+1
j−1 )μ

n+1
j

−Δt

2h

J∑
j=1

ρnj u
n
j (χ

n+1
j+1 −χn+1

j−1 )μ
n+1
j , (4.25)
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where we have used that ρ∗j =ρnj . Adding (4.24) and (4.25) together and using (4.7)
and periodic boundary conditions, we obtain

1

ε
S

J∑
j=1

ρnj (χ
n+1
j −χn

j )
2+

ε

2h2

J∑
j=1

(
(χn+1

j −χn+1
j−1 )

2−(χn
j −χn

j−1)
2

+
((
χn+1
j −χn+1

j−1

)−(
χn
j −χn

j−1

))2)
+

1

ε

J∑
j=1

ρnj f
n
χj(χ

n+1
j −χn

j )

=−Δt

h2

J∑
j=1

(μn+1
j −μn+1

j−1 )
2

−Δt

2h

J∑
j=1

un
j (χ

n+1
j+1 −χn+1

j−1 )

(
S

ε
ρnj (χ

n+1
j −χn

j )+ρnj
fn
χj

ε
−ε

χn+1
j+1 −2χn+1

j +χn+1
j−1

h2

)
,

therefore, we arrive at

1

ε
S

J∑
j=1

ρnj (χ
n+1
j −χn

j )
2+

ε

2h2

J∑
j=1

(
(χn+1

j −χn+1
j−1 )

2−(χn
j −χn

j−1)
2

+
((
χn+1
j −χn+1

j−1

)−(
χn
j −χn

j−1

))2)
+

1

ε

J∑
j=1

ρnj f
n
χj(χ

n+1
j −χn

j )

≤−Δt

2h

J∑
j=1

un
j (χ

n+1
j+1 −χn+1

j−1 )

(
S

ε
ρnj (χ

n+1
j −χn

j )+ρnj
fn
χj

ε
−ε

χn+1
j+1 −2χn+1

j +χn+1
j−1

h2

)
.

(4.26)

Multiplying the first equation of (4.11) by fn+1
j and taking summation over j, we have

J∑
j=1

ρn+1
j fn+1

j =

J∑
j=1

ρnj f
n+1
j +

k

2

J∑
j=1

ρnj u
n
j (f

n+1
j+1 −fn+1

j−1 )

+

√
ak

2

J∑
j=1

ρnj (f
n+1
j+1 −2fn+1

j +fn+1
j−1 ), (4.27)

where periodic boundary conditions and the summation by parts formulae are used.

Using (4.27) and Taylor expansion, with S≥
max

χ
{|fχχ|}
2 , the sum of the terms in (4.26)

related to 1
ε can be reduced to 1

ε

∑J
j=1(ρ

n+1
j fn+1

j −ρnj f
n
j ). Then the following formula-

tion can be obtained

ε

2h2

J∑
j=1

(χn+1
j −χn+1

j−1 )
2− ε

2h2

J∑
j=1

(χn
j −χn

j−1)
2+

1

ε

J∑
j=1

(ρn+1
j fn+1

j −ρnj f
n
j )≤0. (4.28)

Combine (4.28) and (4.23), since Δt
h

√
a≤1, we obtain that

‖√aun+1‖2+‖vn+1‖2+ ε

2h2

J∑
j=1

(χn+1
j −χn+1

j−1 )
2+

1

ε

J∑
j=1

ρn+1
j fn+1

j
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≤‖√aun‖2+‖vn‖2+ ε

2h2

J∑
j=1

(χn
j −χn

j−1)
2+

1

ε

J∑
j=1

ρnj f
n
j . (4.29)

Remark 4.2. The singular limit of the solution for Jin-Xin relaxation system (2.11)
as η→0+ is an open and important problem. Formally, the relaxation system (2.11) can
be approximated to leading order by (2.10) as η→0+. In Lemma 3.1, we have shown
the energy law for NSCH system (2.9). Since the upper and lower bound estimates of
density ρ have been proved in reference [9], the energy in discrete level in Theorem 4.1 is
matched with energy in continuous level in Lemma 3.1 up to an error of O

(
η
Δt

)
. Thus,

we have the stability of method (4.4)–(4.10). Although we only present the stability
proof when applying the upwind scheme (2.16), numerical results in Section 5 show that
when applying MUSCL scheme, stability still holds. Though we only show the stability
for first-order TVD Runge-Kutta scheme, it is not difficult to generalize the results to
second-order TVD Runge-Kutta scheme (2.20)–(2.36).

5. Numerical results

In this section, we present several numerical examples to study the large-time be-
havior of solutions to the initial value problems. We use the above second-order TVD
Runge-Kutta scheme (2.20)–(2.36) , where MUSCL scheme is used in space. The pa-
rameters that we choose for example (1) – example (4) in one dimensional cases are

ε=10−3, η=10−3, ν=1.0, γ=1.5 (γ≥1). (5.1)

According to Lemma 4.1 and Theorem 4.1, the stability parameter S is taken to be 1.5,
both 1-D and 2-D numerical results are given. We will numerically verify the discrete
energy law of our scheme which is proved in Theorem 4.1, which is defined as

Eng1D=‖√aun‖2+‖vn‖2+ ε

2h2

J∑
j=1

(χn
j −χn

j−1)
2+

1

ε

J∑
j=1

ρnj f
n
j . (5.2)

We will also show that the average concentration difference for the two components
of the initial state determines the long-time behavior of the diffusive interface for the
two-phase flow. This leads to a separation of two regions for the initial concentration
difference: regions Astable and Aunstable, which correspond to the stable region and
unstable region.

Astable=

(
−∞,−

√
3

3

)
∪
(√

3

3
,+∞

)
, Aunstable=

(
−
√
3

3
,

√
3

3

)
.

5.1. One dimensional case. The computational domain is (0,1). For example
(1) and example (2), periodic boundary conditions are applied for ρ, u, χ and μ. For
example (3) and example (4), mixed boundary conditions are u|∂Ω=0,

∂χ
∂x |∂Ω=0 and

∂μ
∂x |∂Ω=0. For both these boundary condition cases, asymptotic stability results are
presented in [9].

(1) The initial data that lie in the unstable region Aunstable with

(ρ0,u0,χ0)
T =

(
0.9,0.5e−4(x−Gx)

2

,0.4+0.4sin(2π(x−1))
)T

.
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Fig. 5.1. Plot of χ at time T =100.
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Fig. 5.2. Plot of ρ at time T =100.
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Fig. 5.3. Plot of u at time T =100.
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Fig. 5.4. Behavior of energy as a function of
time.

(2) The initial data that lie in the stable region Astable with

(ρ0,u0,χ0)
T =

(
0.9,0.5e−4(x−Gx)

2

,0.7+0.3sin(2π(x−1))
)T

.

Figures 5.1–5.3 show the behaviours of χ, ρ and u at T =100. It is obvious to
see that when the average of initial data of χ is in Aunstable (example (1)), the
separation of phase is obtained in steady state. When the average of initial data
of χ is in Astable(example (2)), the solution remains in stable region. In both these
examples, the discrete energy defined in (5.2) decays in time which is shown in
Figure 5.4. The difference between example (1) and example (2) is the initial data
of χ0, which is the essential reason that leads to the different asymptotic behaviors.
The numerical simulations verify Theorem 4.1.

(3) The initial data is taken as

(ρ0,u0,χ0)
T =

(
0.9+0.001cos(2π(x−1)) ,0.5e−50(x−Gx)

2

,tanh

(
x−Gx

0.1
√
5.0

))T

.
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Fig. 5.5. Plot of χ at time T =100.
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Fig. 5.6. Plot of ρ at time T =100.
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Fig. 5.7. Plot of u at time T =100.
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Fig. 5.8. Behavior of energy as a function of
time.

(4) The initial data is taken as

(ρ0,u0,χ0)
T =

⎛
⎝0.9+0.001cos(2π(x−1)) ,0.5e−50(x−Gx)

2

,
tanh

(
x−Gx

0.1
√
5.0

)
5.0

+0.75

⎞
⎠

T

,

where Gx=0.5. Figures 5.5–5.7 show the behaviours of χ, ρ and u at T =100. The
phase separation is observed when initial average concentration difference χ lies in
unstable region (example (3)), in contrast, there is no phase separation when initial
average concentration difference χ lies in stable region (example (4)). Discrete
energy defined in (5.2) decays rapidly in time which is shown in Figure 5.8. The
difference between example (3) and example (4) is the initial data of χ0. The
numerical results are consistent with theoretical results in Theorem 4.1. We present
another two examples related to compressible flows with ε=10−3, η=10−8, ν=
10−4 and γ=1.4.

(5) The initial data is taken as

(ρ0,u0,χ0)
T =(1.0,0.0,0.3+0.3sin(2π(x−1)))

T
, 0≥x<0.5,

(ρ0,u0,χ0)
T =(0.125,0.0,0.3+0.3sin(2π(x−1)))

T
, 0.5≥x≤1.0.
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Fig. 5.9. Plot of χ at time T =0.16.
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Fig. 5.10. Plot of ρ at time T =0.16.
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Fig. 5.11. Plot of u at time T =0.16.
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(6) The initial data is taken as

(ρ0,u0,χ0)
T =(0.311,0.698,0.3+0.3sin(2π(x−1)))

T
, 0≥x<0.5,

(ρ0,u0,χ0)
T =(0.5,0.0,0.3+0.3sin(2π(x−1)))

T
, 0.5≥x≤1.0,

where Gx=0.5. Figures 5.9–5.11 show the behaviours of χ, ρ and u at T =0.16
when initial data is taken as (5). Discrete energy decays in time which is shown
in Figure 5.12. Figures 5.13–5.15 show the behaviours of χ, ρ and u at T =0.17
when initial data is taken as (6). Discrete energy decays in time which is shown
in Figure 5.16. Both cases show that for low viscosity cases, phase seperation will
greatly affect the evolution of density and velocity. This scheme can be capable of
simulating low viscosity cases which are like Euler equations but with additional
phase variable.

5.2. Accuracy check. To check the accuracy of our scheme, we simulate example
(1) and example (3) in 1-D case with different mesh sizes. The grids used are J =
64,128,256,512,1024, and the time step is taken to satisfy the condition in Theorem
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Fig. 5.13. Plot of χ at time T =0.17.
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Fig. 5.14. Plot of ρ at time T =0.17.
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Fig. 5.15. Plot of u at time T =0.17.
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Fig. 5.16. Behavior of energy as a function of
time.

N EJ(χ) Rate EJ(u) Rate EJ(ρ) Rate
(64)-(128) 1.85e-3 3.58e-4 4.34e-4
(128)-(256) 4.52e-4 2.03 8.86e-5 2.01 1.05e-4 2.04
(256)-(512) 1.12e-4 2.01 2.19e-5 2.01 2.61e-5 2.00
(512)-(1024) 2.81e-5 1.99 5.50e-6 1.99 6.62e-6 1.98

Table 5.1. L2 norm of the error (5.3) and convergence rate for phase χ, velocity u and density
ρ at time T =1.0 with different grids for example (1).

N EJ(χ) Rate EJ(u) Rate EJ(ρ) Rate
(64)-(128) 8.85e-3 8.86e-4 9.43e-4
(128)-(256) 2.15e-3 2.04 2.16e-4 2.04 2.23e-4 2.08
(256)-(512) 5.37e-4 2.00 5.25e-5 2.04 5.47e-5 2.03
(512)-(1024) 1.37e-4 1.97 1.33e-5 1.98 1.38e-5 1.99

Table 5.2. L2 norm of the error (5.3) and convergence rate for phase χ, velocity u and density
ρ at time T =1.0 with different grids for example (3).
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time step EΔt(χ) Rate EΔt(u) Rate EΔt(ρ) Rate

(Δt)-(Δt
2 ) 4.43e-2 7.65e-3 8.12e-3

(Δt
2 )-(Δt

4 ) 1.09e-2 2.02 1.91e-3 2.00 2.01e-3 2.01
(Δt

4 )-(Δt
8 ) 2.72e-3 2.00 4.82e-4 1.99 5.08e-4 1.98

Table 5.3. L2 norm of the error (5.4) and convergence rate for phase χ, velocity u and density
ρ at time T =1.0 with different time steps with h=1/512 for example (1).

time step EΔt(χ) Rate EΔt(u) Rate EΔt(ρ) Rate

(Δt)-(Δt
2 ) 9.72e-2 1.23e-2 3.32e-2

(Δt
2 )-(Δt

4 ) 2.46e-2 1.99 3.08e-3 2.00 8.26e-3 2.01
(Δt

4 )-(Δt
8 ) 6.23e-3 1.98 7.79e-4 1.98 2.09e-3 1.98

Table 5.4. L2 norm of the error (5.4) and convergence rate for phase χ, velocity u and density
ρ at time T =1.0 with different time steps with h=1/512 for example (3).

4.1. The L2 norm of the error is calculated by

EJ(·)=
[

J∑
i=1

[(·)J(i)−(·)2J(2i)]2h
]1/2

, (5.3)

where (·)J is calculated for three different variables ρ,u,χ in the following tables and
h=1/J . The convergence rate is calculated by log2 (EJ/E2J). The results in Table 5.1
and Table 5.2 show second-order accuracy for all quantities χ, u and ρ. In order to
verify the rate for time, we calculate the L2 norm of the error for h=1/512,

EΔt(·)=
[

J∑
i=1

[
(·)Δt(i)−(·)Δt

2
(i)

]2
h

]1/2

. (5.4)

The convergence rate is calculated by log2

(
EΔt/EΔt

2

)
. Table 5.3 and Table 5.4 show

second-order accuracy in time.

5.3. Two dimensional case. For the two dimensional case, the computational
domain is (0,1)×(0,1) and the viscosity coefficient λ in (2.38) is λ=1.0 and parameters
ε,η,ν are chosen as in (5.1). Periodic boundary conditions are applied for ρ, u, v, χ
and μ both in x and y direction. The energy has a similar formulation as in the one
dimensional case:

Eng2D=‖(√a+
√
b)un‖2+‖vn‖2+‖wn‖2+ ε

2h2

J∑
i,j=1

(∇χn
i,j)

2+
1

ε

J∑
i,j=1

ρni,jf
n
i,j , (5.5)

where a and b are defined in Section 2.2.

(1) The initial data is taken as

(ρ0,u0,v0,χ0)
T =

(
1.6,0.5e−4((x−Gx)

2+(y−Gy)
2),0.5e−4((x−Gx)

2+(y−Gy)
2),

tanh

(
−√(x−Gx)2+(y−Gy)2+0.25

0.05

))T

,



QIAOLIN HE AND XIAODING SHI 589

-1
1

-0.5

1

0

0.8

χ
0

0.5

y

0.5 0.6

x

1

0.4
0.2

0 0

Fig. 5.17. Surface plot of χ at time T =0.
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Fig. 5.18. Surface plot of χ at time T =100.
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Fig. 5.19. Surface plot of ρ at time T =100.
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Fig. 5.20. Behavior of energy as a function of
time.

the initial average concentration difference lies in the unstable region Austable. Fig-
ures 5.17–5.19 show the separation of phase, and Figure 5.20 shows that energy is
decaying, which is similar to the one dimensional case.

(2) The initial data is taken as

(ρ0,u0,v0,χ0)
T =

(
1.6,0.5e−4((x−Gx)

2+(y−Gy)
2),0.5e−4((x−Gx)

2+(y−Gy)
2),

1

5.0
tanh

(
−√(x−Gx)2+(y−Gy)2+0.25

0.05

)
+0.8

)T

,

the initial average concentration difference lies in the stable region Astable, where
Gx=0.5,Gy =0.5. Figures 5.21–5.23 show the solutions go to a stable steady state,
and Figure 5.24 shows that energy is still decaying, which is similar to the one
dimensional case.

6. Concluding remarks
We present a relaxation scheme coupled with a stabilized method to solve compress-

ible Navier-Stokes-Cahn-Hilliard system. The scheme is shown to have energy-decaying
property which ensures stability of the scheme. Numerical results show that the aver-



590 NUMERICAL STUDY OF COMPRESSIBLE NSCH

0.6
1

0.7

1

0.8

0.8

χ
0

0.9

y

0.5 0.6

x

1

0.4
0.2

0 0

Fig. 5.21. Surface plot of χ at time T =0.
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Fig. 5.22. Surface plot of χ at time T =100.
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Fig. 5.23. Surface plot of ρ at time T =100.
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Fig. 5.24. Behavior of energy as a function of
time.

age concentration difference for the two components of the initial state determines the
long-time behavior of the diffusive interface for the two-phase flow, which verifies the
asymptotic stability in [9] numerically. In the future, we will extend our method to
the situation for large viscosity ratio. We will also work on the gas-liquid phase tran-
sition represented by a diffuse interface model with van deer Waals equation of state,
and is composed of the compressible Navier-Stokes system and a modified Allen-Cahn
equation.
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