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STABILITY AND BACK FLOW OF BOUNDARY LAYERS FOR
WIND-DRIVEN OCEANIC CURRENT*

SHENGBO GONGT, XIANG WANG!, AND YAGUANG WANGS$

Abstract. The proposal of this paper is to study the well-posedness and properties of solutions to
the boundary layer problem for wind-driven oceanic current, which differs from the classical Prandtl
boundary layer equations with a nonlocal integral term arising from the Coriolis force. First, under
Oleinik’s monotonic condition [O.A. Oleinik, Dokl. Akad. Nauk SSSR, 150(4):28-31, 1963] on the
tangential velocity field, we obtain the local well-posedness of the boundary layer problem by using the
Crocco transformation. Secondly, we show that the back flow point appears at the physical boundary in
a finite time under certain constraint on the growth rate of the tangential velocity when both the initial
tangential velocity and the upstream velocity are monotonically increasing with respect to the normal
variable of the boundary, even if the momentum of the outer flow is favorable for the classical Prandtl
equations, in the sense with this favorable condition there will be no back flow in the two-dimensional
Prandtl boundary layer. This shows that the factor of the Coriolis force stimulates the appearance of
the back flow of the boundary layer.

Keywords. Boundary layer; Navier-Stokes-Coriolis equations; well-posedness; back flow.

AMS subject classifications. 35B40; 35Q30; 76D05; 76D10.

1. Introduction

In this paper, we study the well-posedness and qualitative properties of solutions
to the following initial and boundary value problem for the boundary layer equations
in Dr={0<t<T,0<x< X,y >0},

8tu+uamu+v8yu—GjuzatU—FanU—l—fj:oo(U—u)dy’,
Ozu+0yv=0,

ult=0 =uo(2,y), Ulz=0=u1(t,y),
(U,U)|y:0:(0,0), (t,x,y):U(t,x).

(1.1)
lim w
Yy—r—+00

where (u,v) represents the velocity field in the boundary layer, and U(¢,x) is the tan-
gential velocity of the outer flow. The problem (1.1) describes the motion of the
oceanic current near the western coast in some regimes, which can be derived from
the Navier-Stokes-Coriolis equations in the small viscosity and Coriolis parameter limit
under certain constraints. The detailed derivation of the problem (1.1) from the Navier-
Stokes-Coriolis equations will be given in Appendix A, it also can be found in [26]. By
observation, the equations given in (1.1) differ from the classical Prandtl boundary layer
equation studied in [15,17,19], only by the additional integral term, which arises from
the Coriolis force.

In the boundary layer, it is well known that the tangential velocity changes fast in
the normal direction and the vorticity is unbounded in the small viscosity limit. There-
fore, in order to study the stability of the two-dimensional boundary layer, a reasonable
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594 STABILITY AND BACK FLOW OF BOUNDARY LAYERS

approach is to control the vorticity of the flow under the monotonicity condition on the
tangential velocity field,

uy(t,z,y) >0, Vy>0, (1.2)

under which the vorticity in the boundary layer keeps the sign unchanged. In 1963,
Oleinik [15] obtained the existence of a classical solution to the two-dimensional classical
Prandtl equation in the monotonic class by introducing the Crocco transformation. One
motivation of this paper is to study the influence of the integral term on the local well-
posedness of (1.1) in the monotonic class by developing the idea given in [15,17]. In
contrast with the classical Prandtl equation, we will see that both, the equation and
the boundary condition given in the problem (2.2), derived from (1.1) by using the
Crocco transformation, have nonlocal terms with the integral of 1;—’7 Thus, we need
to estimate this quantity 1;—’7 carefully and it also appears when one establishes the
maximal principle for this problem.

On the other hand, it is an important problem to study whether the monotonicity
of the solution to the problem (1.1) is preserved when the time evolves, this is closely
related to the back flow of boundary layer, which is an important physical event, even-
tually leading to the separation of boundary layer. The first back flow point is defined
as (to,20,0) at which

Uy(to,xo,()):o, (13)
and
uy(t,z,y) >0, forall 0<t<ty, 0<z<X, 0<y<+oo. (1.4)

The second aim of this paper is to investigate whether there exists a back flow point
for the time evolution of the system (1.1) when both the initial tangential velocity and
the upstream velocity are in the monotonic class with respect to the normal variable
of the boundary. In fact, one can observe that the integration ffOO(U —u)dy’ in the
equation plays a role in decelerating the flow. In particular, the integral term could
be the dominating one near the boundary, which ensures that the total force near the
boundary is negative, even if the momentum U;+UU, is favorable for the classical
Prandtl equation studied in [28]. Consequently, we can obtain the occurrence of the
back flow point under certain condition by developing the Lyapunov functional argument
given in [27], in which it is interesting to see that the integral term has a damaging effect
on the monotonicity of flow.

Now we state the main results of this paper. First, we have the following result on
the local well-posedness of the problem (1.1):

THEOREM 1.1. For any given X >0 and Ty >0, assume that the initial and boundary
dataug € C8([0, X] x RT), u; € C3([0,Ty] x RT) and the outer flow U € C8([0,Tp] x [0, X])
satisfy the compatibility conditions of the problem (1.1) up to order 6. In addition, for
all y>0, uoy(x,y) >0 and uiy(t,y) >0, and there exist positive constants C1 and Co
such that

S0 Gom) < 7o <0 Tom) (15)
and
S0~ i) < Ty <0 T (16)
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Then, the problem (1.1) admits a unique classical solution (u,v) in Dy for some 0<
T <Ty. Moreover, one has

SM2(1_7)’ v(twray)EDTa (17)

for some constants My > M > 0.

The second result concerns the appearance of a back flow point in the evolution
of the boundary layer under certain growth rate constraint of the initial and boundary
data, even though both the initial tangential velocity and upstream flow are strictly
increasing with respect to the normal variable of the boundary.

THEOREM 1.2.
(1) For any fized X, T >0, and A>0 being given in (3.1), if there exists a positive
constant k such that the outflow, the initial and boundary data satisfy

Uoy Uiy —\t
k 1.
I%S;X<U(O,x)—uo7U(t70)—u1€ )<’ (18)
and
U +UU, e ™
< 1-2 1.
< f—(1-2) (19)

for a positive constant 0 <§ < % Then, the first zero point of Oyu(t,z,y), when the time
evolves, should be at the boundary {y =0}, if it exists for some time t > 0.

(2) Moreover, when the initial velocity uo(x,y) satisfies

[[ St

for a positive constant C, depending only on X, T, U, 6, A and k, then there is a back
flow point (t*,2*) € (0,T) x [0, X], such that

{ayu(t ,x*,0)=0, (1.11)

Oyu(t,z,y) >0, YO<t<t*,ze[0,X],y>0.

REMARK 1.1.  Compared with the results obtained in [27] for the classical Prandtl
equation, due to the additional integral term given in (1.1), here the condition of the
outflow momentum satisfying 0;U + U0, U <0 has been relaxed to the conditions given
n (1.8) and (1.9). It shows that the Coriolis force stimulates the appearance of the back
flow of the boundary layer for the problem (1.1).

Before the end of this section, let us briefly review the related work of the classical
Prandtl equation. As mentioned before, the local well-posedness of classical solutions
to the two-dimensional steady and unsteady Prandtl equation was obtained in the pi-
oneering work [15-17], with the monotonicity assumption on the tangential velocity
for the unsteady problem. This local well-posedness result of the two-dimensional un-
steady Prandtl equation was re-studied in [1,13] by developing an energy method. A
local well-posedness of classical solutions to the three-dimensional Prandtl equation was
given in [12]. Under the assumption of adverse pressure gradient of the outflow, Oleinik
( [16,17]) and Suslov ( [24]) proved that the two-dimensional steady Prandtl boundary
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layer separates from the boundary. The asymptotic behavior of flow near the separation
point of the two-dimensional steady Prandtl equation was formally investigated by Gold-
stein in [10], and improved by Stewartson in [23]. A rigorous analysis of this asymptotic
behavior of flow near separation was first given by E and Caffarelli in an unpublished
manuscript mentioned in [7], then was studied in detail recently by Dalibard and Mas-
moudi in [4], and by Shen, Wang and Zhang in [22]. In [28], Xin and Zhang proved
that there is a global weak solution to the two-dimensional unsteady Prandtl equation
in the monotonic class under the assumption of the favorable pressure gradient. How-
ever, Moore ( [14]), Rott ( [20]) and Sears ( [21]) pointed out that the back flow point
defined as in (1.3)-(1.4), in general, is not a separation point in unsteady flow, and they
concluded that separation occurs at the point of zero shear stress within the boundary
layer, rather than on the surface as in the steady case, and it is a singular point of the
flow. Since then, many people studied singularities in boundary layers, cf. [2,9,25] and
references therein. Several rigorous results on the singularity formation of the classical
Prandtl equation were given in [3,8,11]. Recently, in [27] we have obtained a result on
the existence of a back flow point for the unsteady Prandtl equation, when the data
satisfy the monotonicity assumption but with an adverse pressure gradient.

The remainder of this paper is arranged as follows: In Section 2, we construct
the solution of the problem (1.1) by using the Crocco transformation. In Section 3,
we study the existence of the back flow point for the boundary layer described by the
problem (1.1), and conclude the results given in Theorem 1.2 by using a Lyapunov
functional argument. In Appendix A, by multi-scale analysis we derive the boundary
layer problem (1.1) from the Navier-Stokes-Coriolis equations in the small viscosity and
Coriolis parameter limit, and in Appendix B, we construct the auxiliary function used
in the barrier function in Lemma 3.2 for proving the first zero shear stress point being
on the boundary.

2. Local well-posedness in the monotonic class

In this section, we study the local well-posedness of the boundary layer problem
(1.1). In the monotonic class (1.2) of solutions, as in [15,17], we introduce the following
Crocco transformation

u =Y

= — pum— 2.1
=g W= (2.1)

then from (1.1), we know that the new unknown w(r,&,n) satisfies the following problem
for a degenerate parabolic equation with a nonlocal term in Qr={0<7<T,0<{<
X,0<n<1}:

wr +nUwe + Aw,, + Bw —w?w,,, =1 -1,

w|T:0:w0, w|5:0:w1, (2,2)

wly=1=0, (wwn— 01 177",617]’—1-0) ln=0=0,

where w; = u[}y (1=0,1),

A=(=n) -0 [

n

1 !
1_77 / _Ut o Ui
5 dn’, B—U—i-nUz, C—Uz-i-U.

Similar to [15,17], to solve the problem (2.2), we construct the approximation solutions
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via the following iteration scheme:
Drw" +nU0w" + A" 19w + Bw" — (w"1)?02w" =1 -1,
wn|‘r:0:W0a wn|§:0:w17 (23)

W"|py=1=0, (wnflanw"_ o o 1d77 —|—C') ly=0=0

where A"t =(1—n)¥ +(1 f e 1 dy’. The existence of w™(n > 0) can be ob-
tained by extending the domaln constructlng the zeroth-order approximate solution
and approximating the linear degenerate parabolic equation given in (2.3) by a non-
degenerate one, which is similar to that given in [17, pp. 201-211], and we omit the
details here.

Observing the structure of the problem (2.3), in order to obtain the convergence of
{w"}n>0, we shall study the uniform estimates of % and its derivatives up to order
two, which is different from the study given in [15,17] on the estimate of w™ in C?(Qr)
for the classical Prandtl equations.

To study the upper and lower bounds of the solution w™, denote by the lower barrier
function

V=m(2—e *")(1-n)e” "
and the upper barrier function
V=M(1-n)e .
As in [17, Lemma 4.3.2], we have the following result:

LEMMA 2.1. Suppose that w™ is a classical solution to the problem (2.3), then there
exist T >0, m>0, M >0 and properly large aqg, o, Po >0 such that the inequalities

V(r,&n) Sw™(1,6,m) <V(7.6,1) (2.4)
hold in Qr for all n>0.

This lemma can be proved in a way similar to that given in [17, Lemma 4.3.2] by
using the maximal principle for the problem (2.3), we omit the details for simplicity.

To study the estimates of the first and second-order derivatives of {*—, let V" =
we™ with a positive constant a to be chosen later, then we know that V" satisfies the
following problem:

LO(V™M+BrYn=—(1— n)a
VL@,V —aVm) —

(2.5)
dn’'+C=0, onn=0,

0 m

with LY (V™) = (w"1)202V" -0, V" —nUde V" + A", V™, and
A\nzi(Anfl +20[(&)7171)2)7
§n2a2(wn71)2+aAnfl _B

Due to the nonlocal integration in A" and the boundary condition at n =0, we study
the first-order derivatives of lv_—n with the aid of the following auxiliary functional

Ve, W

n__ 2 2 n\2 n
@ = (T () V) K Ko,
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where Ky and K7* are positive constants to be determined later, especially the depen-
dence of KT* on n will be specified.

LEMMA 2.2. For some T, Ko, K{' >0 and suitably large o, the functional ®" satisfies

{L%(@"HR”@" >0, i Qr, 26)

@ >a®"— 50" on n=0,

n—l

where K71' depends only on wl:_n and = — T and R™ depends on
derwatives.

“i_;}l and its first-order

Proof. Here, we divide the proof into three steps.

Stepl. The derivation of equation for ®": For [ €{{,7}, applying the operators
2(1‘:#)281 and 2V,,0, on the first equation given in (2.5), by a direct calculation, we
know that the functional ®" satisfies

LO(®") — A"K1 +2B"®" —2B™(Kin+ Ko)+ I + I + Is =0, (2.7)
where
n— Vn n— V7:n n— n
11:—2(w 1)2(8n(ﬁ))2_2(w 1)2(877(m))2_2(w 1)2(‘/777’)27 (28)
and
v v Ve
_ n—1\2 £ £ 2\ 921,/ n nysn n—1\2
Io=—4(w"™) (1_n>28n(1_n)+2(1 e 5 (O (W™ - O,V 2V V0 O (W)
o n—1\2 T T T n—1\2\92y,/n
4(w ) (1_n>28ﬂ(1_n)+2(1_n)2(aT(W ) )anv )
ve Ve A\n v vn
Iy=—2—5 0 (U)VE + s e AV — £ )22 T 8, (nU)V
3= 2 Ve (e % o Ty TR e e
v An v
+—=0; A"V” =2V, U V™ 42V, 0, A”V” V) 2
TEE 1_77(1_77) 3 +(Vi)
Ve o
+2-—0 B"V" 42 507 B"V"+2V"8 B"V"+2V"8 e
Step 2. The estimates of Is and I3. By using the Cauchy inequality, it is easy to know

that there is a constant ¢; depending on ‘/1:71 and its derivatives such that for any

4 >0, we have

%4 VAL
[l S8 O (@ O (TP @ V)?)
e VI VL s
PR+ P D), (29)
Similarly, Is can be bounded by
VTn ‘/:én n
|13 §C2((1_n)2+(ﬁ)2+(vn )%)+cs, (2.10)

anl
1-n°

Vn—l

= and its derivatives, and c3 depends only on

in which co depends on
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Thus, by plugging (2.8), (2.9) and (2.10) into (2.7) it follows that there is a large
Ky such that

L2(®™) 4+ R™"®™ >0, (2.11)

holds, where R™ depends on Vln__nl and its derivatives.

Step 3. The boundary condition for ®™ at n=0.
Obviously, one has that on {n=0},

or—2 V" g (V) 1o 4 d Y +2Vr0, VI + K =JT +JS + Jo+ KT
71— "\1-9 1-n "\1-n n YnVy 1=JdprdrrdaT Ay
(2.12)
By using the equation and the boundary condition given in (2.3), there holds

J{ |77:0 = 2V‘rn (anv‘rn + Vrn)

n—1 1 1_ /
=2(V")2 2V (av;u L£: (/ Ty +C)
0

(Vn—l)Q wn—1
L e
_V”*(/o (wn1)2 i/ ~0:C))
n—1
> ny2 _ X pny2 G4 pn-1y2 G5 wrhe
>2(a+ 1) (V) = (V) = (V7 7)? = —max| ce,

n 1 11_77/ 1 n_ Anym_ pY/m ey
Blyea =20V 4 iy [ L 00) gy (v R BV - (e
(0%
2_5(‘/7'”)2_07’

and Jf satisfies the same estimate as that of J{ given above. Choose a large enough
such that % < g and & < %, and K7 is given in the form

. N 1 w¢71 9 w’nfl 9
K] :K1+4max<| 1_77| +|1’5_—n| ) (2.13)

then from (2.12) we get

at the boundary =0, therefore it implies that (2.6) holds, which completes the proof
of this lemma. d

Similarly, to study the second-order derivatives of %, we introduce the following
second -order functional W":

vn
U= Z (612612 ?)24_ Z (alvnn)2+(vn7;7)2+N{1n+N07
01, ,01,€{07,0¢} 0,€{0,,0¢}

where Ny and N{* are positive constants to be determined later.
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LEMMA 2.3. There exist some No >0, and NT* >0 depending on the second-order deriva-

wn—l

- with respect to T and &, such that U™ satisfies:

tive of

LO(U™)+C™ U™+ D" >0, in Qr,

Op¥"™ > a¥™ — %\I/”’l, on n=0,

“in:nl and its first and second-order derivatives, and D™ depends
and their first-order derivatives.

where C™ depends on

wn 1 wn,—Q

on w”
n’ 1-n’ 1-n
Proof.  The first inequality given in (2.14) can be obtained in the same way as
given in the proof of Lemma 2.2, so we omit the detailed calculation. To verify the
second inequality given in (2.14), by definition

Vi, o (Y
9, 0" =2 llll;a < “l:])mv;:;a Vi 42V 0, Vi + NJ* =2 Js + Jy+ J5 + N7

By using the equation and the boundary condition given in (2.3), there are constants
¢; (9<j<13) depending on ®* (n—2<i<n), such that it holds

J3 |"7:0 = 2%?[2 (‘/l?lg + a”]‘/l?lg)
2 1NV, « v 2 €9 anl 2 Cio l1 2
(a+1)(V,)? _5( Ihz) _E( ) —Emax‘l ‘ —,

1
Jialn=0> —5(‘//7’-)2 —ci2,

J5|p=0 > —ci3.
Next, let a be large enough such that %9 < % and % < i, and choose N7 in the form
n—1

wlllz |2

1
NT —N1+imax| -

with N properly large, there holds
6,7\11” Z O[‘I/n - %‘I’n_l - (INQ —C14 —‘r]vl

«
> \Iln——\lln_l
ZQ 5

)

from which the second inequality of (2.14) follows. |

LEMMA 2.4. For some T >0 and the solution w™ of the problem (2.3) in Qr, we have
that f’fn and its derivatives up to order two are bounded uniformly in n>1.

Proof. Tt suffices to show that there exist M7y, My and T >0 such that ok < My,
Uk < M, for all k>0. We prove it by induction, assume that it holds for all 0 <k <n — 1.

Let &} =®"e™ 7" with ~ large enough such that R" —y<—1 in Q7. According to
Lemma 2.2, it follows that ®7 satisfies

LY(DT) + (R" =)@} >0, in Qr, (2.15)
and

On®7 > ad®? — %@?‘1, on n=0.
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Therefore, by applying the maximal principle to the Equation (2.15), ®} can only attain
its positive maximum at either 7=0, £=0 or n=0.
If it happens at either 7=0 or £ =0, then we know from (2.13) that

1
Ol =" 7T <P < kg + le,
where the constant &y is determined only by the initial and boundary data.
If ®} attains its positive maximum on Qr at n=0, it follows from the boundary
condition in (2.6) that at this point,
1

1
Pr<_Prl< 5 M.

[\

In summary, we conclude that for all (7,£,1) € Qr,
n 1 1
i (7-7577]) < maX{§M17k1 + ZMl}

Thus, ®™ < M; holds on QiTl if we initially choose M; =4k; and e’ =2.

Similarly, by using Lemma 2.3 we can obtain that there is 75 >0 such that " < M,
holds on Qr,. Finally, by taking T'=min{7;,T5} >0, then ®" < M; and ¥" < M, hold
on Qr for all n>1. 0

Based on the above result, we are ready to give the proof of Theorem 1.1.

Proof. (Proof of Theorem 1.1.) Since the Crocco transformation is invertible in
the monotonic class (1.2), it suffices to prove the well-posedness of the problem (2.2),
the reverse from w to u refers to [17].
To show the convergence of w™, let us introduce
n

9”:1w , and P"= (" -4~ 1)eoTHAn
-n

with the parameters o and 3 to be chosen later.
~ n—1\2 ~
Denote A”fl:A”*1+2(w1_n) and B" '=B-— ‘Li - then from (2.3), we know
that P" satisfies

(W22 P — 9, P — U P — (2B(w" 1)+ A" 19, P" — AP" + R(P" ™) =0,
(2.16)

where

——BQ(wnfl)z—l—a—Bﬁnfl —|—§n71,

—1 -1 2\ 42 gn—1 0! (1-n)? 1 —Bn'+Bn 4.1
R(P"™1)=(1 =) (" +w""2)020"1 P +1_n/17 A Pt on'vongy

1 o
_(/ (]‘ 77) P 1 7ﬁn+,877d,’7 +2( n— 1 W™ Q)Pn l)a g7 1
n

wn—1yn—2
In addition, at n=0, we also have that
Oy P"—SP"+ K(P" 1) =0, (2.17)

where S — WTll and K(Pn—1)= A=m)oy0" 10" "1 pp 1_|_f1 udn/.

wn—1 0 fn—1gn—2
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Now we choose proper constants « and 3, such that the inequalities

‘R(P"—1

K(Pr!
)‘SqH&XIP"”L ‘Q < qmax|P" |
A Qr

S Qr

hold for some positive constant 0 < ¢ < 1. Therefore, by noting the above estimates and
the fact that P*"=0 at 7=0 and £ =0, we apply the maximal principle for the problem
(2.16)-(2.17) to obtain

max|P"| < gmax|P" '],
T T

oo
This implies that the series Y P"™ is uniformly convergent.
n=1
On the other hand, due to the uniform boundedness of the first and second-order

derivatives of 1‘”_—77, one has

w" —w uniformly in C*(Qr), as n— 4o0.

Meanwhile, it follows from the equation given in (2.3) that wy, also converges uniformly
to wyy, for any n<1 . Hence, w is a classical solution to (2.2).

Similarly we can obtain the uniqueness of the solution to the problem (2.2) by
considering the difference 6 = “1’;77‘:’ of two solutions w and @. It ends the proof of this

theorem. 0

3. Back flow of the boundary layer

In this section, we investigate the effect of the integral term fj_’oo(U —u)dy’ on the
formation of the vanishing shear stress point during the evolution of the solution of
(1.1) in the monotonic class, which leads to the back flow phenomenon ( [27]) after this
point.

For given X >0 and T >0, we assume that the boundary layer problem admits a
classical solution in the monotonic class u,(t,x,y) >0 for all (t,z,y) € {0<t<T,0<x <
X,0<y< 400}, otherwise the vanishing shear stress point has already occurred.

Comparing the system (2.2) with the model derived from the Prandtl equation,
the integrations in the equation and the boundary condition bring us new difficulties
in exploring the features of the solution, especially when using the maximal principle.
In addition, there is a non-negative source term 1—7 in the equation, formally, it may
prevent the appearance of the back flow. However, if we take V=C(t,xz)(1—n) as a
barrier function, then this source term can be exactly balanced by the term

1 1— T]/
— [ ——dn'V,.
n Vv T

Hence, one could not simply view it as a source term. On the other hand, formally from
the boundary condition given in (2.2) one may have ww,(7,£,0) >0 if 1fn is sufficiently
small, this could lead to the appearance of back flow in boundary layer. For this reason,

let us first give an upper bound result of w in Qr={0<7<T,0<¢(<X,0<n< 1}

LEMMA 3.1. For given X, T >0, and a fized

U, U,
A> | T +1Ue || o (jo,71x[0,x]) + Yl (L4 Uel Lo (j0,77 % [0,X]) (3.1)
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if there is positive constant k satisfying

wo(fﬂl) <k(1777)7 wl(Tan)ei)\T <k(1*77) (32)
and
U, +UU:; e
i < 2 (3.3)
for all0<n<1,0<7<T and 0<E< X, then the inequalities
w(r,&me ™ <k(1—n) and  ww,(7,£,0)>0 (3.4)

hold for the classical solution w of (2.2) in Q.

Proof.
(1) If the first assertion given in (3.4) is true, then from the boundary condition
given in (2.2) we have that

1 ! —AT
1~ ., UUc+U, _e UUe + U,
= dn’ — > - .
D e L B e

holds by using (3.3). Thus, the second assertion given in (3.4) holds.

(2) We shall use the maximal principle to prove the first inequality of (3.4). Setting
O=we " with A being given in (3.1), from (2.2) we know that & satisfies

5 1 1_ /
@T+nUJJ5+(A—/ T”dn’e—“)@nJr(BH)@—w%m:(1—n)e—“, (3.6)
n

where A= (1=n) ¥+ (1—n?)Uk.

Denote by
L1(<1>);Z¢T+an>£+(A—/l:ﬂ/dn’e—”)@ﬁ(BM)@—oﬂq),m. (3.7)
7
Setting F(7,£,n)=k(1—n), with k being given in (3.2), it is easy to have
Ly(F)=(1=n)e " +k(B+A— 15177)(1 =) > (L=n)e " =Li(@) (3.8)

for 0<n <1, by noting that A> |B|p«~ "“%hw
If the first inequality of (3.4) does not hold in Qr, then @w— F >0 at some point in
the domain Qr. From (3.2), we know that

@=F)|,_,=0, @-F)[_,<0, @-F)|,_,<0,

then by continuity, there must be a first time 75 > 0 and the smallest £y >0, and 0 <7y < 1
such that

(F_&))(T07603770):O7 F_(:)ZO (39)

for all points in {0<7<7),0<E<E;,0<n<1}. On the other hand, from the computa-
tion given in (3.5) and using (3.3), (3.9) we have w,(79,&0,0) > 0. Obviously, F,,=—k <0,
so F'— is strictly decreasing in n at (79,£0,0). Thus, from (3.9) we get 0 <ng <1, and

(3.10)

7o is a minimal point of (F—®)(79,&0,7),
aT(chD)(TOaSOaWO)SO’ aE(F*Q)(TO’fo’nO)SO.
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Consequently, it follows that

14 _ 7
Ll(F)—Ll(cb):(F—Q)T—an(F—dj)g—k(A—/ 1777d77’e*’\7)(}7—d;),7

+(B+>\)(F—a;)+/1 %dn’e*”m—w?w—w)mgo (3.11)

at (70,&0,70), which is a contradiction to (3.8). Hence F>& in Qr, which ends the
proof of this lemma. 0

REMARK 3.1.
(1) The conditions given in (3.2) and (3.3) immediately follow from the assumptions
given in Theorem 1.2.

(2) If the outer flow satisfies
U(r,§)>0, U, +UU:<0, VO<7<T,0<z<X, (3.12)
then (3.3) does not give any constraint on k>0. Otherwise, if (3.12) is changed as

U(r,€)>0, x (U, +UU¢)>0, (3.13)

ma.
0<7<T,0<z<X

then the conditions given in (3.2)-(3.3) imply that the initial, boundary data and the
outer flow of the problem (2.2) should satisfy the constraint

max(w0<£7n) wl(T777>e—)\T> < Ue—AT

-y 1— U, 40U
@r K 7 0 1 (Ur +UTe)

(3.14)

Next, we will make use of the smallness of w in Q7 and the reverse force fol :—”dn
to prove the existence of the vanishing shear stress point. First of all, by developing the
idea given in [27], we have the following result.

LEMMA 3.2.  Under the same assumption as given in Lemma 3.1, the first vanishing
shear stress point (Te,&x,Mx), i.€.

W(Te,&x,m5) =0, w(1,£,m) >0, YO<7<7,,0<6<X,0<n<]1, (3.15)

can only occur at the physical boundary, i.e. 1, =0.

Proof.

(1) If the conclusion is not true, it means there is an interior point, 0 <7, <1, such
that (3.15) holds. Then, the Crocco transformation (2.1) is invertible in the region
Q.={0<7<7,0<{< X, 0<n<1}.

(2) In order to use the comparison principle for the problem (2.2) after the Crocco
transformation, fix three different points n; (i=1, 2, 3) with 0<m <n2<n3 <1, and
choose a non-negative function ¢(n) satisfying

1) ¢(n)=an for 0<n<n,

2) ¢'(n) =0 for n € [n1,m2],
) [y Sodn'¢' () =o(n)(n—1) for 1€ [n2,1m3],
)

@(n) =1—n for ne[ns,1],

3
4
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for a positive constant a > 0, where o(n) is a smooth function defined on [13,73] satisfying
0<o(n)<1and o(nz) =0. The construction of ¢(n) satisfying the above third condition
shall be given in Appendix B.

We choose a barrier function F(7,17) =e¢(n)e ™7 with the parameters ¢ small and
M >0 large to be determined later, such that

wo>F(0,n), wie ™ >F(r,n), for0<7<7,,n€(0,1). (3.16)
We are going to prove that there is M >0 large such that
w>F (3.17)
in Q,, with @ =we™*7. Letting 7 =7, £ =&, and n—1n,, from (3.17) it yields
&(Te,60,me) Z 0 (ms)e M > 0. (3.18)

This is a contradiction to the assumption w(7y,&x,74) =0.
(3) Define the operator Lo by

Loth :=tp, +nUbe + Arhy + (B+N)p —w? iy,

1 1_77/ 1 1 _77/ B
—(X[om(??) / 5 A0+ X 11 (1) / 7 dn’)e AT,
n n

with A being given in (3.6), X[0,n5)(n) and Xy, 1](n) being the characteristic functions
on [0,m2] and (n2,1], respectively.
In the next point (4), we shall determine a large M >0 such that

LoF —Lyo=(F—@), +nU(F—@)¢ + A(F = @), + (B4+A)(F —@) —w?(F — &)y
11777/ / 11777/ n.—AT ~
—[x10,m21(n) —dn' +X(5,11(1) ——dn'le” " (F &),
n w n w
1 ~
(A=) F-©), ,
4‘)((772,1](77)/77 Tdﬁle A F,

<0 (3.19)

in Q..
Now, assume that the assertion (3.17) fails. From (3.16), we suppose that the first
zero point of w—F in Q. is (79,£0,M0), and

@(70750777)—F(70,77)20a VOSUSL
@(r,&m) = F(1,n)>0, Y0<7<79,0<¢<X,0<n<1.

By noting from (3.4) that @(7,£,0) >0, one has 0 <1y < 1. Thus, 79 is the minimal point
of ‘:}(7_0550377) 7F(7_0377) on [Oa 1}
Noting F, <0 in [n9,1], from the expression of LoF — Low given in (3.19) we have

LQF*LQG)ZOa at (7_035077’0)

which is a contradiction to (3.19). Thus, the inequality (3.17) holds in Q. when (3.19)
is true.

(4) Tt remains to verify the inequality (3.19) by choosing M properly large.
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—AT

First, from (3.6) we know that w=we satisfies:

Lo@=(1—n)e 7, (3.20)

For n€[0,m], by a direct calculation, one has

1 !
- 1—
L2F:€a67MT(A+(B+/\fM)7]—/ 4dn’67)‘7)
@
n
1 /

zsozefMT(C'—F()\—M)n—/ &)n dn'e ") <0 (3.21)
n

when M >\, by using (3.2) and (3.4).
For n € [m1,712], by definition, one has

/

1 —
LaF =7 (46! () + (B A= M)~ — |~/ )
n
<ee MTAY () + (B+A—M)p—w?¢"] <0, (3.22)

when M is large enough, by using ¢'(n) >0 and ¢(n) >an; >0 on [n1,72].
For n € [n2,7n3], by a direct calculation it follows that

14
LaF = M7 A0/ 1)+ (B+A-M)o -2~ [ =il (n)e >
n

1 /
<= [ e e =1 -me T < L, (3.23)
n @

when M is large enough, by using that ¢ is bounded from below and 0<c(n) <1 on

[7727773]'
When n€[ns,1), since ¢(n)=1—mn, we have

LoF=ce ™ MT[— A4+ (B+X—M)(1—n)]+(1—n)e "
< L&, (3.24)

when M is large enough.
Summarizing (3.20)-(3.24), we get the conclusion (3.19). It ends the proof of this
lemma. |

Based on the above two lemmas, we are ready to prove the back flow result given in
Theorem 1.2. The proof idea is inspired from the Lyapunov functional approach given
in [27] for the classical Prandtl equation.

Proof. (Proof of Theorem 1.2.) Assume that w is a classical solution of the
problem (2.2) in @Qr, introduce the Lyapunov functional for 0 <7 <T,

dédn (3.25)

A P(&)
G(T)_/o /o Vw2(1,€,m) +n2

where (&)= (X —¢ )% Due to the invertibility of the Crocco transformation, it suffices
to prove that the functional G(7) will blow up in a finite time under the assumptions.
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Denoting W (7,£,1) = \/w;Tnz’ from (2.2) we know that W satisfies
1 /
1-— U, +UU,
W, +nUWe+ (A / W, BW—i—n(/ ndn’— +U Syw?
n n
3 1—
I (3.26)
(W?+n?)2 (w2+n?)2

Therefore, one has

//{ nUWe —| A/ —dn )W, BW]+n(/nll:’/dn'

U +UU; w3 B (1—n)w }
ik @ W OEN
5
=2 L (3.27)
=0

Now, it remains to estimate the five terms given on the right-hand side of (3.27)
one by one. The main idea is to prove the blowup of G in virtue of the cubic term W3
in the equation. Note that the coefficient of the cubic term is only positive for n away
from the upper bound n=1. However, by the definition of W, it is controllable for n >4
for any 6 > 0.

For this reason, we can estimate the cubic term in the following way:

=+ [ A - T e dean

/ / / ar - 2L i ) dedn - e (r,X)

> [ [ s pwrn@ain i), (3.28)

by using (1.9), with

(1, X) // /1 U U+UUU5)W3¢(§)d§dn.

For the term I; given in (3.27), by using integrating by parts,

! X rl
h= [ oW e 0mp o+ [ [ e+ 0w €)dean

X 5
> —e5(r, X)G(7) +e3(7, X) + / / DWU (€)dédn

/ / (25 —m)W3(€) dgdn%/ / (26—n)" 2'%’?'2@@7)3
—a(7, X)G(7) +e3(7, X)

[N
I

"7(25 —U)W3¢(§)d€dn— 02(T7X)G(T) +CS(T’X) - C4(T’X)7

>
- 2k
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with ¢o(7,X) = [nUe|,

ST >4H,V>C >

X 1
5(r, X) = /0 /5 DU (€)dédn

and

[SE

[N
I

8ke>\T 7/ / 25 77 — g|w;i€)|2d£d77
For the term I of (3.27), one has
X B 11_77/ , X 1 1_77
— [ =1 a -—n
b= [ (A= [ e, w@des [ [ Ay T wedean
X X 14
— [ anneoperas+ / / (U W €)deen
0

2_/0 o (7,6, 0)) d§+// —yy(e)dedn—es(r, X)G

and

X 1772W2w2—77w Wy
fi= [ wtre o d«s+3// e G

1 n2w2w2—w
2/ wy (1,€,0)(§)dE+ = / / §)dédn
0 (W241n2)3

X 2 2 2
3
z “n _Z
> [ an(re0iee+; /0 /O LT Ve = 5G(r).

Combining the above four estimates for I; (i=1, 2, 3, 4) and (3.27), it leads to

n (26 — ) W3y(€)dedn + / / T yap(€)dedn

Tﬁ

2k‘
/ w2+77 &)d&dn — (2¢o(T )+§)G (c1(7) —c3(T) +ea(T))

n(26 —n) W3 (&) dgdm// Sw )d€dn
2]€ 0 ww2+77 2

—(2¢2(r )+§)G (c1(m) —e3(T) +ea(r))

2)6—(er(r) —ex(r) +ea(r).
(3.29)

(20 —n)W3p(€)dEdn — (2c2(7) +

>
- 2k

By using Cauchy-Schwartz’s inequality, then

// (26— )]~ 24p(&)dedn) 2

— (2co(7 )+§)G (c1(7) —es3(7) +ca(r))

7'_2k:
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)dtdn)® — (2es(r) + 5)G (e () —es(r) +ea(r),

(3.30)
with s =3[ [ (26 — )]~ 2(€)dedn) 2
Since fo fé Wh(€)dEdn < cg(X), it is reduced as
dG o (G —c6(X))® = (2¢ (T)+§)G—(C (1) —c3(T)+ca(r)) (3.31)
dT k: 6 2 5 1 3 4(7)), :
which implies that G(7) = G(7) — cs(X) satisfies
—AT ~
flif e G3—(2CQ(T)+2)G—C7(7) (3.32)

with ¢7(1)=c1(7) —c3(7) +ca(7) +c6(7) (2¢2(7) + %)

Thus, G(7) will go to infinity at some time 7 € (0,77 if the initial data G(0) is large
enough, which is equivalent to that lim,_, G(7) =400 as G(0) is large. This implies
that w(7,£,0)=0 for some 0<7<T and 0<¢< X, which is the vanishing shear stress
point at the physical boundary n=0. It ends the proof of this theorem. ]
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ural Science Foundation of China (NNSFC) under Grant No. 11631008.

Appendix A. Derivation of the problem (1.1). To derive (1.1), we consider
the vanishing viscosity limit for the incompressible geophysical equation with rotation, it
is governed by the following problem for the Navier-Stokes-Coriolis equations (see [5,18])
in {t>0,zeR,Y >0}:

B0l +uP Y 0 uP Y + 0P Oy uP )+ ovP Y + 0, PPV = Ky + v AU,

B0 +uPv 9,08 40P Oy vP ) — xuf + Oy PPV = kg +v AV,

ulv 4ol =0, (A.1)
(uﬁ’yavB’V”Y:O =(0,0),

(w0 im0 = (g, 05",

where k= (k1,k2)7 represents the shear tensor created by wind, the term z (v, —u®")
is due to the Coriolis force. The parameters 8 and v are relatively small due to the
large scale effect.

First, as (8,v) — (0,0), from (A.1) it is easy to deduce formally that

w90 = —curlk
0,0 0,0 _ 0,0 _
uy? 4y =0, v"%y=0=0

It is easy to know that u®? defined above does not satisfy the no-slip boundary condition
given in (A.1) in general. Therefore, as in [15,17,19], boundary layers should be involved
to describe the limit of ©u?" as 3, v go to zero.

For the special case of 3 :O(u%), we have a balance between convection, Coriolis
force and viscosity of the fluid near the boundary by choosing the thickness of bound-
ary layer as e=v3. Applying the classical boundary layer theory ( [19]), we take the
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following ansatz for the solutions (u®¥,v%¥) and P#¥ of (A.1):
(o) .
PV (tx,Y) =3 v (uli (ta,Y) FuP (tx, X)),

I
7=0 v3

VAV (ta,Y) = io: V%( Li(t,z,Y)+vB (t,z, X)),

j= v

PRY(tx,Y)=S v (Pli(t,z,Y)+PBi(t,z, X)).
] =0 v3

[}

with the terms like «”7(j=0,1,---) exponentially decaying in the fast variable y= Y.

v

1
3
Plugging the above expansion into the problem (A.1), for points away from Y =0,
gathering the terms of the order of O(1) leads to

20 40, P10 =gy,
—zul 0+ 0y P10 =gy, (A.2)
IO+11Y =0.

It implies that u/® = —curlk, and then
uP0|,—o = curlk(t,z,0). (A.3)
Meanwhile, to solve the problem (A.1) up to the order of O(¢?), we also have
I’L)I’l Jrazpl,l — 7atul,0 7u1’03mu170 71}],03}/”],0’
—zul 40y PT = — 9,070 — 108,570 — 10810 (A.4)

“—i—vY =0.

For points near the boundary, it follows from the divergence-free condition and the
matching condition at infinity that

vBO(t,z,y)=0. (A.5)

As a result, we have v!0|y_q=—v50],_g=0, which is the boundary condition for
solving the problem (A.2).

Similarly, gathering the terms of the order O(¢™!) in the equation of v in (A.1),
we obtain

PBO(t,2,y)=0. (A.6)

On the other hand, setting Y = V%y for the term u!+7 etc., taking the Taylor expan-
sions of terms varying in Y =v3y at y=0 and collecting the terms of O(e) and O(1) in
the equations of u?¥ and v#", respectively, we have

A (ul 0 4 uB0) 4 (ul 0 4+ uP0)9, (ul-0 4+ uP0) + (vP! 4 vT1 4 ydy v1:0)d,ul 0
FowP 40T+ ByaT) 40, (PP 4 TT 43y PT0) =gy + 02,
—z(ul0+uP0)+ 0y P10+, PPl =0,
9 (ul0 +uB0) 49, v P! + 9y 010 =,
where f denotes the trace f(t,z,0) of f(t,2,Y) at Y =0. Combining (A.7) with (A.2)
and (A.4), it follows that
Drul 0 4 (ul 0 4 uB0)9,uP 0 + 4B, ul 0+ (vB! ol 4 ydyvl:0)9,ub0
+zvBl 409, PB1 :(951130,
—zuB0+9,PP1=0,
0, uP 0+ 9,081 =0.

(A7)

(A.8)
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From the second equation of (A.8), we know that
Yy

amPB’l(t,:c,y):/l uPO(t,x,2)dz — xvPt.

oo

Setting (u,v) = (uP0,05 1 4011 4 ydyol0), from (A.8) we get that

{8tu+(uLO+u)3zu—|—uazu170+v€)yu—fy+ooudz:8§u, (A.9)

D (u+ul0) +9,v=0,

which are exactly the equations we considered in (1.1) if we introduce new u for u+uf-9.

Appendix B. Construction of the auxiliary function ¢(7). In this appendix,
we construct the function ¢(n) introduced in the proof of Lemma 3.2. To satisfy the
condition for ¢(n) given in the proof of Lemma 3.2, we require that ¢(n) satisfies

/ L ”dqs — () 1) (B.1)

as 1’ €[ne,1], for any given smooth function o(n) satisfying that 0 <o (n) <1, o(n2) =0
and o(n) =1 when 73 <n < 1. Integrating (B.1) with respect to n’ over [n,1] for ne <n <
1, one gets that

! 1_77/ ’ o ! ’ . ,
/ ¢(n,)dn o) = [ (ot + 101y B2)
Letting F(n) = [ $-% (B.2) that
F'(n) _
Ty (B.3)
with
v(n)=- L : (B.4)

For any ne <n<ns, integrating (B.3) over [n,ns] it follows that

1;(:)3 =exp ( /n " v(n’)dn’>

/771 ;(_7;,7)/ dn’ = (1—ns3)exp (—/777737(77')@’) : (B.5)

By differentiating the identity (B.5), we get

which implies

o) = — /nl< () + 1)1 — ) exp(/nnsv dn) (B.6)

1—mn3
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